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INTRODUCTION
This report discusses the use of adjoint variable formulation to seek the
transient solutions for problems in gun dynamics. The theory from variational
principle iﬁvolving adjoint variables solves a mixed boundary and initial
value éroblem. The partial differential equation governing the motion has a
fourth order partial in spatial domaln and a second order partial in time
domain. It also involves a few step functions and delta functions as
follows.l»2
pAy + (EIy")" - [P(x,t)y']' + Ty"H(x-xp) =
m[épzy" + 2§p§' + y]é(x-xp)
- mg cos a 6(x-xp) - pAg cos a (1)
The above equation can be simplified into the following form \
Ly+ Q=0 (2)
where
Ly = (ayp)e = Qyxx)xx + (Gyx)x + Qpyx)xH(x=xp) (3)
and .
-Q = m[ipzy" + 2§p§' + y]d(x—xp) - mg cos a é(x—xp) - pAg cos a (4)
We seek the explicit numerical transient solutions of y, yt, Vx> ¥Yxt> Yxx>
and yyxxt for some given boundary and initial conditions. The term yxx will

give the stress wave and the term yy will show the slope in bending, along

1Simkins, Thomas E., "Transverse Response of Gun Tubes to Curvature—Induced
Load Functions,” presented at the Second US Army Symposium on Gun Dynamics,
Watervliet, NY, September 1978.

ZWu, Julian, "Gun Dynamic Analysis by the Use of Unconstrained, Adjoint
Variational Formulations,” presented at the Second US Army Symposium on Gun
Dynamics, Watervliet, NY, September 1978.



the axis of the gun tube. The solution is the extension of our previous

work on initial and boundary problems.3»4

VARIATIONAL PRINCIPLE USING ADJOINT VARIABLE

If the inner product of the variable y, and the adjoint forcing function
a are used for variational purposes, the accuracy is much less than the method
using the following inner product by adding a term involving the adjoint
variable ; as the Lagrange multiplier (see Appendix).

Iysy) = <Quy> + <3,(QHLy)> = 0 (5)

where the partial differential equation 1is given in Eq. (2). By taking
variation on Eq. (5) we have

6J = <8y,(Ly+Q)> + <8y,(Ly+Q)> - <8y,Ly> + <y,Léy> =0 (6)

The above variation vanishes if

Ly + Q=0 (7
E;+5=o (8)

and = =
<y,L8y> - <8y,Ly> =0 9

We know that Eq. (7) is actually the original p.d.e. and Eq. (8) is its
adjoint equation. A method should be established s¢ that Eq. (9) holds true

for all arbitrary variation §y.

3Shen, C. N. and Wu, J. J., "A New Variational Method for Initial Value
Problems Using Piecewise Hermite Polynomial Spline Functions,” presented at
the 1981 Army Numerical Analysis and Computer Conference, Huntsville, AL,
February 1981.

4Shen, C. N., "Method of Solution for Variational Principle Using Bicubic
Hermite Polynomial,” presented at the 27th Conference of Army Mathematicians,
West Point, NY, June 1981, :



BILINEAR CONCOMITANT
We will find out the conditions for the assumed equality in Eq. (9) to be
true. Let us consider the following bilinear concomitant:?
D = <y,Ly> - <y,Ly> (10)
The above expression can be integrated in two different ways and can also
be written in terms of boundary conditions and initial conditions. It is
assumed that these boundary conditions are assigned in such a manner that the
above bilinear concomitant 1is identically zero for all independent variables,
i.e.,
B 2 0 113
Then the first variations of D also vanish.
D = GD(G;) + &D(8y) =0 ’ (12)

Since Sy and Sy are independent of each other, then

<Sy,Ly> - <y,L8y>

§D(8y) 0 (13)

$D(Sy) <y,L8y> = <{8y,Ly>

0 (14)
Equation (14) is identical to Eq. (9), which is the assumed equality
previously. The implication is that if Eq. (1l1) is true then Eq. (9) or (14)
is automatically true.

Since Eq. (10) can be expressed in terms of some integrals involving
boundary conditions, Eq. (11) can be true if these boundary conditions are
satisfied. The next section will discuss integral of bilinear expression and

its boundary conditions.

5Stacey, W. M. Jr., Variational Methods in Nuclear Reactor Physics, Academic
Press, 1974,




INTEGRAL OF BILINEAR EXPRESSION
The integral of a bilinear expression for a two dimensional problem
having second order partial derivatives in time and fourth order partial
derivatives in space can be written as
Xp tp -
I=] [ Qly(x,t)y(x,t)]dedx (15)
Xo to

where Q[y,y] is a given bilinear expression in the form

Qly,y] = ayeye + Ayxx¥xx + 4¥x¥x + L*yxyxH(x-xp) (16)

The subscripts t and x indicate the partial derivatives of the functions y and

V.
Equation (16) can be integrated by parts. Two different forms of
integration and end conditions are given. The first form of the integral is

obtained by integrating by parts on the adjoint variable.

tpy xXp - Xb th
I=- [ yLydtdx + I ayey| dx +
o Xo Xo to
tp - X - Xp Xp Xh
f ] {XYXXYXl - (XYXX)XYI + jz'Y)(Yl + jz'*Yx}’l Ht (17)
to Xo Xo Xo Xp
where
Ly = (aYt)t - (AyXx)xx + (lYX)x + (Q*YX)XH(X"XP) (18)

On the other hand, we can perform integration on the original variable to

give
tpy Xp - Xp - th
I=-/ [ yLydtdx + / ayty| dx
to Xo X0 to
ty - X - Xp - Xp = X}H
+ f {AyXXYXl = (AYXX)XY| + jz'Y)(Yl + 2*YXY| }dt (19)
to Xo X0 X0 Xp .



where

Ly = (GYt)t = ()\Y)(x)xx + (lyX)x e (lpyX)xH(x—xa) (20)
For a fourth order spatial partial and a second order temporal partial system
Eq. (10) becomes .
' Xp th - Xp tp —
D=/ [ ylydtdx - [ [ yLydtdx (21)
Xo to X0 bo
By equating Eqs. (17) and (19) and solving for D in Eq. (21) we are converting
the double integral into two single integrals in terms of the boundary
conditions.
We can express the quantity D as the sum of three parts on end conditions
Dy, D2, and D3 as
D = D] + Dy + D3 : (22)

The terms in D; involve the initial conditions of y and y as

Xp -ty - th
Dy = [ fayey| = ayey| Ydax
Xgo to to
X = _ " S
= fx {op(YebYb-YebYb) = %(YtoYo~YtoYo) }dx (23)
O

The terms in Dy involve the boundary conditions from the second partials of y

and y as
t - X Xp

b Xp -  Xp b =
Dy = [ {ayxy| = fyxy| + fryxy| - fRyxy| Mt
to Xo Xo Xp Xp

tb - - s =
= [ {8pyxb¥b ~ %o¥xoYo — %bY¥xb¥b *+ Lo¥xoYo

to

+ 25%yxbYb ~ Lp¥xp¥p ~ %b¥xb¥b + LpY¥xpY¥pldt (24)
pyp p



The terms in D3 involve the boundary conditions from the fourth partials of y

and y as
X

- X}
+ (£Yxx)xY| }dt
X,

ty - Xp - Xp -
D3 T ft {AYxxYxl = (AYxx)xYI = AYxx)’xl
0

o Xo Xo Xo

ty == = = -

= ft {(Xbyxxbyxb = Mo¥xxo¥xo - (Lyxx)xb¥b + (Ayxx)xoYo
o

= ApYxxbY¥xb * Ao¥xxo¥Yxo + (4¥xx)xb¥b - (Ayxx)xoYo tdt (25)

In order that D = 0 in Eq. (22) it is sufficient that

Dl =0 (26&)
Dy 20 (26b)
and D3, = 9 (26c)

END CONDITIONS FOR THE ADJOINT SYSTEMS
In order to satisfy the requirements in Eq. (26) we separate them again
in three different parts.

(a) Let us assume that the adjoint variables are

Yb = K1¥o » Yo = Klyp (27)

Yep = o lagklyeo Yo = oo~ opkyyep (28)

where k) 1s a constant. The above adjoint boundary conditions satisfy the
requirement thét D; = 0 in Eq. (23):

(b) Let us assume the following adjoint variables

= = k1?2 =

Yb = k2yp Yo = ;;- Yo ¥yp = k3yp (29)
= = ky?2
Yxb = k2yxb Yxo © E;; Yxo ¥Yxp = K3yxp (30)



Where Eq. (29) 1s inconsistent with Eq. (27) and ky 1is another constant.
Equations (29) and (30) 1imply that D2 = O in Eq. (24).

(c) The following boundary conditions are assumed

= k12 = = = k12

Yo = """ Yo » Yxo T ¥xo » Yxxo = Y¥xxo » Yxxx0o = (EE-) ¥xxxo (31)

3]

Yb = k2¥b » Y¥xb = ¥xb s Yxxb = Yxxb » Yxxxb = K2 Yxxxb (32)

Equations (31) and (32) satisfy Eq. (25). Thus D3 = 0.

By glving the appropriate values of the adjoint variables in terms of the
original variables one may find that the requirement D = 0 can be satisfied.
This leads to the condition in Eq. (6) that

§J =0

for all arbitrary variations 8y and Sy.

FIRST VARIATION
Since the variations 6y and 8y are independent to each other, the part of

8J in Eq. (6) with variation 8y can be expressed as

= Xp tp - Xp tp -
§J(8y) = [ [ SyLydt + [ [  &yQdtdx = 0 (33)
Xo to X0 to

Where Ly 1s given in Eq. (18) and c?ntains second and fourth partial
differentiations in y. It 1s intended to include only low order partial
differentiations in GJ(G;). This can Se achleved by considering the
variations of the bilinear expression I given by Eqs. (15) and (16) as,

= th Xp

8J(8y) = [ [ layeSyr + AyxxSyxx + 2yxSyxldtdx
to Xp .
th Xy =
+ f f Lpyx Syxdtdx (34)
to Xo



A different form of the above variation can be obtained from Eq. (17) as

- - Xb - tp
§I(8y) = ~[[ SyLydtdx + | aygdy| dx
Xo to

b - Xp - Xp - Xp
- Oyx)xdy|  + Lyxdy|  + Lxyey|  lde (35)
X X

_ty = X
+ f {kax5Yx|
to o Xo P

Xo
Equating Eqs. (34) and (35), solving for the term containing integrals for
G;Ly and substituting into Eq. (33) we have

Xh - tp t Xh

(“Yt)5Y| dx + f >‘}’xxé}’ﬂ dt
Xo to to Xo

83(8y) = |

ty - Xp Xh th Xp -
i f {[2yx - (xYxx)x]5Y| + Z*YX5Y| He + f f SyQdtdx
to Xo Xp to Xo
ty Xp = = - =
- ft [ {ayedye + AyxxS¥xx + 2¥xSyx + Lxyy SyxH(x~xp) }dtdx = 0 (36)
o Xo ;
This is the key equation which uses variational principle in solving a

mixed initial and boundary value problem for a fourth order partial

differential equation.

DISCUSSION OF THE VARIATIONAL EQUATION

Let us discuss the various terms in Eq. (36),.the variational equation
for the beam problem, into three parts as follows.

(1) The initial conditions of the original variables are given and
variations of the adjoints at the far end are zero. The first term in Eq.
(36) contains the product of yt5; evaluated at the initial condition Ytoa;o
and at the final condition Ytba;b- Since the value of y} are known as given

by Eqs. (27) and (29), S8yp = 0. That is, the variations of the adjoint

variable at the far end are zero.



(2) The boundary conditions of the original variables and variation of
the adjoints can be determined. The second through fourth terms are the

boundary terms involving the variations 8y and Sy, and the variables Yx> YXX>

and yyxyx at both boundaries. For a beam the end conditions can be expressed

as
Fixed End y=20 ; =0 Ey =0
Sea = @ ;x =0 5;x =0
Hinged End y=20 ; =0 6; =0
yxx = 0 ;xx =i 19 5;xx =0
Guided End yx = 0 ;X =0 a;x =0
Yxxx = 0 ;xxx =0 6;xxx =0
Free End yxx = 0 ;xx =0 5;xx =0
Yxxx = 0 ;xxx =0 6;xxx =0

The-variations in the adjoint variables shown in the last column coincide to
the same end conditions in the original variables given in the first column,
whether it is on the left or thé right boundary. It is noted that the third
partial derivatives can be evaluated at the boundaries.

(3) Interior region - The last two terms give the interior where the
forcing function Q, the adjoint-variations 6;, S;t, S;X, and 5;xx and the
variables y¢, yx, and yxx are shown. No third order partial of y with respect
to x is present. Thus the variables that are needed for the computation are

2

¥> Yes ¥x» Yxt> Yxx» and yxxer. This requires a c“ continuity in the spatial

1

direction and a ¢* continuity in the time domain.



TRANSFORMATION OF COORDINATES
The integral signs in Eq. (36) can be converted into summation signs 1f
discrete intervals for integration are used. We may take some scale factors
to nondimenéionalize the problem by giving
to =0 , tp =1 0<t<l (37)
X =0 , xp=1 0 <x <1 (38)
Moreover, Eq. (36) can be discretized by letting

g

Ht - 1+l 0< g < 1 i1=1,2,.0.,H (39)

n Kx - j+1 0<n«<l 3 1,2,...,K (40)
where H and K are number of intervals for t and x respectively. Thus the

partial derivatives are

9y oy N
yp = — = H ~= = B (41)
B 5 ek E
3y 3y
yx = — = K == = Kyj (42)
9X on
32y dyx
Vygyx = === = K === = K? (43)
XX _3x2 an Ynn
33y d¥xx 3
Yxxx = 773 = K =7== = K'yqnn (44)
9x on

Use of Egs. (36) through Eq. (44) then leads to

ol = T8y
K1 - th 1
= H (isJ)]5 (i;j) -d
jzl IO [oHyg y |t0 g n
H o ] = iy S 1
+ 1 [ [%kyn - K3yn)nléy(1,3)] =~ de
i=1 O T ML

10



H

1 = .y, Xb 1
+ | ORynmksyn(1:3)] = 4g
H - Xp 1
+ z f Q*Kynéy(i:j)l - dg
i=p 0 Xp H
LS B S B i 1
+ 1 [ U] [ sy(1,3)q - dg}= an
j=1 0 1=1 O H K
K 1 H 3 - - = m 1
- 2 f { 2 f [aszg(i:j)Gyg(isj) + )\Kkynnﬁynn + .Q,sznéyn] - dg} = dn
j=1 0 4i=1 "0 H K
§ jl i § jl (R Byl ' dE1 B e (45)
i=p 0 4i=] "0 ynBynilxxp H K

GRID SYSTEMS
The (24x1) vector Y(1,3) has a grid of four (6x1) vectors Yl(i’j) through
Y4(isj), thus
| y(1,j) = (3D 1Ty (2,30 1 Trya(4,3) Ty, (4,3) T (46)
Each of the (6xl) vectors has six components consisting of the function, its
first and second partials in spatial directions, and its mixed partials in

space and time.

y(E1,n4) “ y(E1,n5+1)
Yl(i’j) ) yg(E1,n5) Y3(i,j) ) ye(E1,ny41)
yn(€1,n4) yn(€1,n5+1)
yen(€4,5n4) yen(€1,n5+41)
Ynn(€i,n4) ynn(&1sn5+1)
Yenn(€1,n4) | YEnn(E4,n5+41

11



y(E1+1,03) y(E1+15Nj+1)

£,(41) = yg (E1+15N3) £ (01 = yE(E1+15N5+1)
yn(E1+15n3) yn(Ei+15N5+1)
Yen(E1+1513) yenCEi+1>N3+1)
ynn(Ei+15n3) Ynn(EL+1>N5+1)
yeEnn(E1+15n3) yEnnCE1+1sNj+1) B

If we increase the row index from i to i+l, then the grid point shifts
down by one step and the following holds
v, (1+1,3) = yp(1,3) v45(1+1,3) = y,(1,3) (48)
If we increase the column index from j to j+l1 then the grid point shifts to
the right by one step and one obtains

g (1,341 = 73(1,3)  yp(,3+D) = g, (1,3) (49)

The following diagram shows the relationship of the grid system.

Yl(i’j'*'l) ] Y3(i’j+1)

v, (1,3) v3(1,3) =
[v(1,3)] [y(i,3+1)]
Yo(1s3) 1, (1,3) = y,(1,3+D) v, (1,3+1)
T lf(i+1,j) Ll(i+l,j) = iT(1+1,j+1) Ll(i+1,j+l) T
[y(i+1,3)] [y(i+1,3+1)]
7, (1+1,3) 7, (1+1,3) = yp(3+1,341) v, (1+1,3+1)

12




SPLINE FUNCTION
We may express the variables y(1,3) and 6;(1»j) in Eq. (45) in terms of
the (1x24) spline function al(g,n) and the (24x1) node point function y(1,3)
as fOllOWS.‘
y(1,3)(g,n) = aT(g,n)¥(1,3) (50)
where
aT(g,n) = {[alg,m]T [a%(¢,m]T [a3(g,m]T [a*(g,m1T (51)
and
a§(i,j)(g,n) = aT(r,,n)as—z(i,J') (52)
A typical term for a product can be written as

sy(1,3)9(1,3) = [67(1,3)]1Ta(g,n)aT(e,n)¥(1>3) (53)

CONCLUSION

A bilinear form of the original and adjoint variable is employed in
detérmining the coefficients of the variations of the functions and their
first derivatives. There 1s no term involving the variations of any higher
derivatives than second. In solving mixed boundary and initial value problems
of a fourth order partial differential equation using spline functions, the
computation way be simplified considerably if the variable in time can be
truncated into arbitrary sections. The entire problem is divided into several
strips of distinct time intervals, each~strip containing mostly the boundary
value problem.

The variational principle for spatial and temporal problems with boundary
and initial conditions have been investigated. This variational principle 1is

very general in scope and can be applied to many linear partial differential

13



equations. The principle is applicable if the bilinear concomitant is
identically zero. This leads to the requirement that a set of end conditions
for the adjoint systems must be found to satisfy this condition. Otherwise
the variatiénal principle as stated may not be applicable.

Thé beam equation (with one dimensional spatial direction) satisfy these
variational principles. For future work the analytic solution of these
equations using finite element method will be studied. The assembly of the
elements of the matrices involved in the formulation will be demonstrated.
The stability problem in numerigal solutions on these equations will also be

investigated. This lays the foundation for the gun dynamics problem to be

studied in the future.

14
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APPENDIX
THE VARIATIONAL PRINCIPLE
A more accurate estimate can be made by constructing a variational
principle.s‘ By using the adjoint variable y as a Lagrange multiply we have
| Jly,y] = <Qy> + <y,(QHLy)>
= Q> + <y, + <y,Ly> (A1)
In order that J be a variational principle the following requirements must be
satisfied.
(a) J is stationary about the function ¥s which satisfies the following
relation
Lyg = =Q (A2)
(b) The stationary value of q deduced from Eqs. (2) through (55 is
Iy,y] = <Qys> > <Qyad> (A3)
where y,; is the actual solution. Consider first the stationarity of J by

taking the variation of Eq. (Al)

§J = <Q,8y> + <8y, + <Sy,Ly> + <y,Léy>
= <6Y:(Ly+Q)> + <5y:(Ly+Q)>

- <8y,Ly> + <y,Léy> (A4)
We will make an effort later to impose certain conditions in order that

the following equality holds:

<y,Léy> = <8y,Ly> (AS5)

where L is the adjoint operator.

5Stacey, W. M. Jr., Variational Methods in Nuclear Reactor Physics, Academic
Press, 1974,




By combining Eqs. (A4) and (AS5) one obtailns

6J = <8y,(Ly+Q)> + <8y,(Ly+Q)> = 0 (A6)
Since the variations 8y and 8y are arbitrary it leads to the requirement that
the stationary values yg and ys must satisfy
Lys = -Q (A7)

Lys = =Q (A8)

Since Eq. (A7) 1is the same as Eq. (A2) therefore, J is stationary about the
function yg.

Equation (A8) 1s the adjoint equation in terms of the adjoint operator,
E, the adjoint variable ;, and the adjoint forcing function a.

It is noted that 8J in Eq. (A6) vanishes and 1s independent of .the
arbitrary variations Sy and 6;. By using 68J one can claim that the estimate
is very accurate and free from the arbitrary variations.

. Using the relationship in Eq. (A7) the stationary value of J from Eq.
(Al) 1is
I¥s,¥s] = <Qye> + <Is,Q + <Ys,Lys> = <QYsd (49)
Since J is stationary and 6J > 0, then
<a.ys> > <a,ya> (A10)
which 1s the requirement given in Eq. (A3).

It is noted that Eq. (A6) contains no boundary terms to be satisfied.

This bears an important point 1in the future discussion.
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