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1. INTRODUCTION

In order to achieve accurate artillery fire, the net effect of winds on the
projectile at various altitudes must be taken into consideration., One aspect
of quantifying this effect involves the computation of ballistic wind velocity
from data collected by any of several types of meteorological (MET) data
acquisition systems. Inherent errors In measurement propagate to producrs an
undesirable error in the computed value of ballistic wind, since the measure-
ment errors depend on the particular type of MET system employed. It is
useful to have methods by which the performance of various systems of interest

can be compared.

In this report, three error analysis models are presented, each of which {s
applicable to one general type of MET data system. Each system modeled mea-
sures a particular set of variables to determine successive positions of a
balloon-borne radiosonde as 1t ascends through the atmosphere. Known or
estimated errors in the geometric varlables, an actual or postulated wind
profile, and certain other parameters are inputted to the appropriate model.
From thls {nformation the model computes, among other results, a quantity

called the component velecity variance (CVV) of the ballistic wind.

For a given direction of artillery fire, the ballistic wind can be resolved
into range wind and crosswind components. The CVV {s obtained by averaging
the varfance associated with either of these components over all possible
directions of fire in the horizontal plane. The CVV represents a general
error quantity that can be used as a basis for comparing MET systems or for

evaluating suggested improvements in them.

The fovllowing general assumptions are made: (l) the CVV exists and 1is a
useful characterization of the measuring system, and (2) first—order error
analysis 1s sufficient to determine the CVV to an acceptable accuracy.
Although not absolutely necessary, it is convenient to assume that errors in

measurement are normally distributed. Further assumptions are noted later as

they are required.




The error analysis models are outlined below:

(1)

(2)

(3)

RAWIN models the case of a balloon-borne radiosonde and a ground-based
set for radiodirection finding (RDF) and telemetry data reception. This
model is applicable, for example, to the Rawin Set AN/GMD-1. It 1is also
applicable to the Meteorological Data System AN/TMQ-31, operating in the
RDF mode; this set {s also known as the Fleld Artillery Meteorological
Acquisition System (FAMAS).

RADAR models the case in which a ground~based radar measures all the
variables required to determine the balloon's position. This model is

applicable, for example, to the radar sets AN/TMQ-19 and AN/FPS-16.

NAVAID models the case in which radionavigation techniques are used to
determine the position of the radiosonde. This model is applicable to
the radionavigation portions (LORAN, VLF, and OMEGA) of the AN/TMQ-31.

The models represent a compromise between extreme generality and overt spe-

clalization to any particular field environment.

Material relevant to all three models is presented in Sections 2, 3, 4, and 8

of this report. Sections 5, 6, and 7 discuss speclalization to each of the

models, respectively. Part of the mathematical treatment {s relegated to the

appendices. Computer programs and sample calculations are given in the accom-

panying User's Manual.
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2. PRELIMINARY CONSIDERATIONS

For the purpose of computing ballistic wind, the atmosphere is divided into a
series of zones, not all of which are necessarily of the same vertical thick-
ness. Ballistic line n is associaced with the path followed by a round that
attains its maximum altitude at the top of the n'th zone. The components of
ballistic wind for line n can be determined from the average wind components
in each of the first n zones in conjunction with a set of zone wind weighting
factors appropriate to line n. Background information on the various accepted

zone structures and weighting factors 1s available in References 1l and 2.

In either firing table or computer gunnery, the weighting factors given in
Reference 2 are believed to be a good representation of meteorological effects
on commonly used surface-to-surface and surface-to-air ballistic projec-
tiles. However, should the user desire, he may readily substitute other
appropriate weighting factors, which can be computed from results of ballistic

simulation programs.

To obtain the data required to compute the ballistic wind, a balloon-borne
radiosonde 1s tracked. In the error models presented here, it is assumed that
the radiosonde, actual or postulated, ascends at a constant rate. It 1is also
assumed that the average velocity of the wind in any zone is the same as the
average horizontal velocity of the radiosonde package as 1t traverses the
zone. This 1is reasonable because of the relatively large area of a MET bal-
loon and the relatively small mass of a balloon-radiosonde combination. As is
customary among physicists, engineers, and mathematicians, we take the wind
direction to be that toward which the wind is blowing; thils sense is opposite
to the usual meteorological convention. (The computed values of the CVV are

not affected by the choice of wind coavention.)

Figure 1 1llustrates the geometric variables associated with the radiosonde's
position at the top of the i'th ballistic zone. In the RAWIN and RADAR
models, the ground-based RAWIN or RADAR set def.-es the origin of coordinates;
in NAVAID an arbitrary origin can be chosen. At time ty the radiosonde 1is at
altitude z; at the top of zone i; its elevation angle is €4, and its azimuth

angle 18 aj; Xy and y, are, regpectively, the East and North components of the

«
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Figure 1. Geometric Variables
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radiosonde's position; Dy 1Is the distance along the surface of the earth from

the origin to a point directly below the radiosonde; Sy is the slant range.
For ballistic line n, the zone index i takes on the values 1, 2, ..., n; the
value i = O corresponds to the launch position and 1is treated as a special
case. The set of variables taken as independent (or even utilized) depends on
the particular model. For simplicity of presentation, Figure 1 illustrates
the variables for the case of a flat earth; however, in all three error analy-

sis models, computations are carried out assuming a spherical earth.

10




All three models calculate the variance associated with each component (East
and North) of ballistic wind prior to finding the CVV. These variances are

computed from the following inputs:

(1) The zone structure and appropriate weighting factors

(2) The ascent rate of the balloon

(3) The zone wind profile

(4) The successive values of the independent geometric variable determining
the position of the radiosonde

(5) The errors associated with these variables

The input errors are taken to be standard deviations. Explanations of all
required inputs are tabulated in the sections of this report that deal with

the individual models.

In RAWIN and NAVAID, errors assoclated with the determination of altitude must
be estimated beforehand or calculated from actual pressure and temperature

data; no provision exists in the models for dealing directly with pressure and

temperature measurements. See Reference 3, for example.

In RAWIN and RADAR, errors associated with the measurement of elevation angle
are divided into two groups: (1) errors In elevation due to reflection of the
incoming signal at the surface of the earth, and (2) errors in elevation due
to all other causes. The latter group is referred to as the errors in the
elevation tracking of the apparent target; for brevity it is also referred to
here simply as “"leveling” errors. The leveling errors can be estimated or
obtained from equipment manufacturer's specifications, while the reflection
errors must be estimated or computed externally to the models for given soil

types and signal frequencies.

It is assumed that any uncertainty in the actual measurement .. time 1is negli-
gible. However, because tj represents the elapsed time as the balloon passes
the top of zone i, it contains some error because there is error in the deter-
mination of altitude. Since the balloon has a constant asceut rate, the error

in ty is directly related to the error in altitude. 1In actuality, the nodels

use time only 1implicitly as a parameter that establishes a correspondence

11




among the geometric variables. 1In RAWIN, for example, this simply means that
values of altitude, elevation, and azimuth are avallable as the radiosonde

passes each zone top.

Two general categories of error are treated: (1) blas errors, which are
correlated from zone to zone; and (2) random errors, which are uncorrelated

from zone to zone., These are discussed further in Section 4.

The models are programmed to accept the NATO zone structure of 15 ballistic
zones as Input, along with the necessary =zone wind welighting factors.
However, the models can be modified to accept an arbitrary zone structure
containing up to 30 zones, along with appropriate weighting factors. This
modification is explained Iin the accompanying Users' Manual. Also, each model

will accept up to four balloon ascent rates simultaneously.

In performing intermedfate computations, each model converts all inputs to
meter—kilogram-second (MKS) units. Many of the Intermediate results are
optionally available as output. The CVV itself is computed for each ballistic
line for each balloon ascent rate and is outputted in knots squared. The

square root of the CVV {s called the standard deviation and is outputted in

knots.

In the following sections of this report, various equations required by the
models are derived for the case of a single ballistic line and a single
balloon ascent rate. Unless otherwise noted, all variables and constants used
in these derivations are considered to be in MKS wunits. Extension to

additional ballistic lines and ascent rates is straightforward.
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3. THE BALLISTIC WIND

The three error models described in this report make common use of certain
algebraic expressions involving the components of ballistic wind. In this
section, these expressions are derived for the East component. Equations
applicable to the North component can be obtained in an analogous fashion. 1In
all the equations, it is implicitly recognized that the zone index i takes on
all values, 1 = 1, 2, ..., n, appropriate to ballistic line n. The launch

index, i.e., 1 = 0, is treated separately as a special case.

Let uy and vy be, respectively, the East and North components of the average

wind velocity in zone 1. They are defined by the expressions

X1 7 X4
T oE L (3-1)
1 i-1
and
y. - Y.
_ i i-1 _
Vi T ot -t ’ (3-2)
1 i-1

where x4 and yj are, respectively, the East and North coordinates of the

radiosonde at time tj at the top of zone i.

The ballistic wind is that single value that is equivalent to the cumulative
effect of the individual zone winds. The East component U of the ballistic
wind 1s defined by:

i i ’ (3-3)

where wy; is the wind weighting factor appropriate to the 1'th zone for ballis-
tic line n. Then,

13
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U = vy (%q- %) s Malxy = %)) N N Wil - %)
2 T b " Y 8Tt
(3-4)
. wi+1(xi+l xl) ) ) wn(xn - xn_l)
tiv1 T Y ta " taar

where X, is the East coordinate of launch position, and t is the launch time.

Collecting terms in X, yields

u = [ - ] x + | - - - ] x. +
tl t() [} tl,, to tz tl 1
. (3-5)
W W, W
1 n
e S x| 1 x
b Tt biep T4t th "ty 0
or
W n W, W,
1 i 1+1
U= [-+—2 Jx + I [— - L)%, (3-6)
S T T TS B R P TS U R
where w = 0 for ballistic line n.
n+l
For a constant ascent rate v, the time spent by the balloon in zone i is
given by:
t, -t, . o= %% (3-7)
i i-1 ——
V2

where z, is the altitude at the top of the i'th zone. Combining Eq. (3-7)

with Eq. (3-6), we have

1 X, . (3-8)




The set of altitudes z; defines the zone structure and is available in the 5
form of tabulated values. From these values, it is convenient to define for
ballistic line n a set of new constant weighting factors (per unit length), Wo

and Wy, that depend only on the zone structure:

W - - 1 . (3'9)

W= i S i : (3-10)
1 i-1 i+l 1

Then Eq. (3-8) becomes

n
+ .2 v, Wi X. (3-11)

i=1 t

U = v_ W, x
z

070

The partial derivatives gg— will be required to compute the variance in the East
i

component of ballistic wind. From Eq. (3-11) these are:

aU - -
5)—(—0‘ = Vz WO (3 12)
and :
LU v W, . (3-13)
ox z 1

U
The derivatives 3¢ are also required. To compute these, we counsider only

those terms of Eq. (3-4) that contain the general zomne index i explicitly:

w.(x., - x. ) w. . (x. - x.)
Uu = ... + _l—L-——L + 1t1° 1%l 1 + ... (3'1"4)
t. - t. t. - t.
i i-1 i+l i

15




Then,

i . (3-15)

Making use of the relationships expressed in Eqs. (3-1) and (3-7), we rewrite
Eq. (3-15) as:

3% < [ ————— u. T T Y 1l v . (3-16)

We could also find g%—, but an explicit determination of this quantity is not
0

required by the error analysis models.

From Eq. (3-7) we have

_ ati
% 5z. = Yz - (3-17)
. i
{
i
| ou %%
The models make use of the product of derivatives 5 32 - From Eqs. (3-16)
i i

and (3-17) we have

3 9t _ Yi+l i ]
éz; 87: - z. - Z. ui'fl zZ., - z. ui . (3 18)

au Jdt

; = = = W

ot. 9dz, ui '
i i

(3-19)

(3-20)
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Similar expressions involving V, the North component of ballistic wind, can

also be derived. The models make use of the following:




4. FORM OF THE CvV

The variance in either component of ballistic wind can be written in a general
form that is easily sprcialized to each of the error models under considera-
tion. In this section, we examine this form and the associated assumptions
concerning bias and random error. Finally, we obtain the expression for the

cvv.

From Eq. (3~4), the East component U of ballistic wind for ballistic line n

can be written in the implicit functional form

U = Ulxg tgr x5 (51, 121, 2, .0 (4-1)

In general, each of the variables Xgs Lo Xy and t, may themgselves be func-
tions of other variables. Iz RAWIN, for example, the East component x;3 of
launch position 1is taken to be a function of Dy and agp, where Dg 1is the
distance from the Rawin Set to the launch site, and an is the launch site azi-
muth. Also in RAWIN, the ascending radiosonde's East component xy 1s consid-
ered to be a function of the altitude zy, elevation ey, and azimuth ay, all
determined for the top of zone i. In all the models, t; 1is taken to be a

functior of z; through Eq. (3-7).

In general, we can rewrite Eq. (4-1) as
U=1U [)\10, )‘20’ R )‘LO’ gu, gZi’ gki], i=1,2, ..., n, (4-2)

where XIO’ xzo, veoy XLO is the model-dependent subset of independent launch
variables, and £,4, 94, ---, gki comprise the model~dependent subset of inde-

pendent variables appropriate to zone 1i.

For a given 1independent variable, two categories of measurement error are
considered: random error and bilas error. The random errors of measurement
follow some distribution law (which for convenience may be taken to be normal)

with zero mean and a characteristic variance and standard deviation.

18




The bias error in a given variable may arise from inaccurate calibration of
the measuring device, causing the determined values to be always too low or
too high fer a particular experiment. However, over many experiments, the
calibration of an 1{instrument is as 1likely to be overperformed as under-
performed. From this standpoint, the bias errors themselves are random and
have some distribution (which for convenience may be assumed to be normal)
with zero mean and a characteristic variance and standard deviation. This is
the point of view adopted in this report. Blas and random errors are treated
differently here only in the assumptions made concerning their zone-to-zune

correlations.

We expect no correlation among the variables gki and gji, i=1, 2, «.., m,
j # k, because values of these variables are determined from completely dif-
ferent types of measurement. For example, £14, £21, and §31 might represent

zy, €4, and ay, respectively.

It is assumed that errors in the measurement of any one type of zone variable
gki’ i=1, 2, ..., n can be treated in the following manner: random errors
are uncorrelated from zone to zone; bilas errors are completely correlated from
zone to zone. In other words, the random errors have correlation coefficients

of zero, while the blas errors have correlation coefficients of one.

Finally, we assume only random errors in the determination of the independent

launch variables A19, X290, -+, ALQ-

If only first-order propagation of error is considered, it is shown in Appen-

dix A that the variance GUZ in the East component of ballistic wind for line n

is given by:
L 2 K n 2 K n
ou oU au
0.2 = 3 | o ] + 2 [ 2 Ope,. | + 2 PR Oger . |
U 751 g RAKO kel  i=1 Ob; BEKI k=1 i=1 9% Rekd

P T O N PN NP P SN




In Eq. (4-3), Op3ko 1s the stanjard deviation associated with random errors in
the measurement of Jko. while oBfki and ORfki are the standard deviations
assoclated respectively with the bias and random errors in the measurement of
Exi+ In computation, the bias contributions are summed over the appropriate
zones before being squared, while the random contributions are squared before
being summed. Similarly, the variance ov2 in the North component V of ballis-
tic wind is

L 2 K n 2 K n v 2
3V 2 av |
0,22 I [z o0 ] + S [ 2 55— Oge,. ) + 2 pI 5 OREki
Vo s g RAKO k=1 i=1 Obky BEki ko1 i=1 96y REKL
(4-4)

For a given direction of artillery fire, the ballistic wind can be resolved
into range wind and crosswind components. The CVV is obtained by averaging
the variance associated with either of these components over all possible

directions of fire in the horizontal plane.

Let the j'th direction of artillery fire make an angle ej with the positive X
axis or East dircction. We define in the horizontal plane an orthogonal
coordinate system, labeled Xij, such that the positive Xj axis points in the
(horizontal) direction of fire. This coordinate system 1s depicted in Figure
2. Each possible direction of fire corresponds to a particular orientation of

the X .
e ij system

The Xj component of ballistic wind is the range wind Uj’ and the Yj component
18 the crosswind Vj, as shown in Figure 2. From a standard trarsformation of

coordinates, it can be shown that

U, = U cos Gj + V sin Bj , (4-5)

20
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The variance 0U§ appropriate to Uj is given by
°, , ou, o,
2 - 2 2 2 2
O3 Gg)® o * Gyt o Y2 5 s

where .2 is the covariance between U and V. From Egs.

(East)

[0 2 ) (4-6)

(4-5) and (4-6) we

X uv
have
2 = 2 - 2 cin2 2 : -
on oy° cos ej + o, sin ej + 2 Oyy c€os Gj sin Gj . 4-7)

21
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For a large number N of equally spaced orientations of axes, the CVV 0C2 is
defined by

N
: o2 (4-8)

or

W™z

; IOUZ cos? Bj + Ovz sin? Gj + 2 OU$ cos Oj sin ej] . (6-9)

If A8 is the constant angular displacement between successive orientations of

axes, then the total number of orientations over 21 is given by

= -
N o= (4-10)

Thus, Eq. (4-9) can be written as

oU2 N OVZ N
02 = 2 3 cos26, M +~— I sin? 8, 0O
c 2n = 3 n . J
j=1 J=1
(4-11)
s N
a .
+ uwv 2 cos 0. sin 6. A©
3=l ] )

In the limit of small A8, i.e., large N, we can replace the sums in Eq. (4-11)
by integrals:

22
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f  cos 6 sin O d6

Each of the first two integrals yields m, while the third integral yields

zero. Then

g2 , (4-13)

The quantity 0.2 is the CVV that is referred to elsewhere in this report. It

is used to characterize the error behavior of each MET data system.




5. RAWIN

RAWIN models the case of a balloon-borne radiosonde and a ground-based set for
RDF and telemetry data reception. The angular variables of the radiosonde's
position are measured by the RDF ground set, and the altitude can be
determined from MET messages received from the radiosonde. This model 1is
applicable, for example, to the RAWIN set AN/GMD-1 and to the MET data system
AN/TMQ-31 (FAMAS) operating in the RDF mode.

In RAWIN, the radiosonde's East coordinate xy 18 assumed to be a function of
the 1independent variables of altitude z4, elevation angle €y, and azimuth
angle a4, all determined for the top of the i'th ballistic zone. These
variables are illustrated in Figure 1. The time ty at which the radilosonde
passes the top of the zone is taken to be a function of zy. The balloon is
released at time ty. The East coordinate xg of launch position is taken to be
a function of Dy and ag, where Dy is the distance from the receiving set to

the launch site, and ap is the associated azimuth.

Under the conditions noted above, Eq. (4-1) may be written in the slightly

more explicit functional form:

Uu=14y [x0 (D ao), tyr ¥ (Zi’ £ ui), ty (zi)], i=1,2, ...n,

(5-1)

where U is the East component of ballistic wind appropriate to line n. A

similar equation holds for the North component.
To obtain the variance °U2 associated with U, we rewrite Eq. (4~3) in terms of

the independent variables Dgs %gs Zj, €4, and ay. This yields

2 - 3L 2 au_ 2
oy = [(BDO Ogpo)” * (8010 Opao)el ¥
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n n n
au . au . au 2 au )
AU =l Y L U S i YO LA UL T ol P Tt R N Tl MY
i=1 1 i=1 1 = 1 1=1 1
(5-2)
n n n n
au . 3u . au ) 3U .
25 0,1t B oI5 Opey )Tt T M5 Opesel® 2 gy %Rai!
i=1 1 1=1 i i=1 i i=1 i

In Eq. (5-2), each type of error 1s designated by o with appropriate sub-
scripts. The first subscript, B or R, identifies the error as bias or random, 1
respectively. The second subscript is the variable contalning the error. The
third subscript is 0 for the launch variables; otherwise, it is the zone index

i. For errors 1in the measurement of elevation, a fourth subscript is pres-

ent: G ldentifies the error associated with the reflection of the transmitted
signal by the ground; L identifies the combined error in elevation due to all
other causes. Thus, for example, Ogeig s the random error in the measurement
of elevation at zone top i due to ground reflection. It is assumed that the
launch time is known precisely; heace, an error term involving tg is not

included in Eq. (5-2).

It is assumed that elevation errors due to ground reflection are not corre-
lated with elevation errors due to other causes. Thus they enter indepen-

dently into the computation of OUZ in the manner shown in Eq. (5-2).

Analogous to Eq. (5-2), the expression for the variance °V2 in the North

component V of ballistic wind is

SRR e o did it} e oy 2o and

oV av
2 — 2 . 2
%" = [(BDO %o’ * (Bao ORa0) ]
k ) T av T v Toav T v 2
: v Zg 24z F—o0, 12+ [ o P Hl 0 5o 17 4
i=1 82:i Bzi i=1 8&:i Beil i=1 aei BeiG i1 oo Boi




(5-3)

In order to obtain computationally useful error coefficients, each of the

partial derivatives in Eqs. (5-2) and (5-3) must be further expanded. The
form of Eq. (5-1) allows for stralghtforward use of the chain rule for partial
derivatives to achieve this. We find that

su  _ au o (5-4)
- y
3D, 9x, 9D,
u _ au o (5-5)
dao axo aao
at. '
ou _ v oA O (5-6)
3z, ~ ox, 9z dt. 23z ’
ou _ au % (5-7)
5¢. ~ 9x,. 9 ’
1 1 1
and
U _ U M (5-8)
9a. ~ 3x. da )
ot
... U ay g W 1
Substituting for the quantities Bx, ' 9%’ an 3, 3z,

from Eqs. (3-12), (3-13), and (3-19), respectively, we obtain




ou 0
—_ = v W —_— , (5'9)

3D0 z 0 300

ax

au _ 0
gy T Yz %o sa, (5-10)

ox.

U _ i
3z, = v W5t oWy (5-11)

ox

U _ i
5e. - V2 Y 5 o (5-12)

1 1

and

ox

oU _ i
sa. - Y2 Y 5 (5~13)

where v, is the balloon ascent rate, and Yo Wi, and wui are defined by Egs.

(3-9), (3~10), and (3-20), respectively.

Analogous expressions for the North component of ballistic wind can be

obtained in the same fashion. For example,

Iy.
oV
= ‘ (5~14)

where W, 1s defined by Eq. (3-24).

—temr e

. When the values of the partial derivatives discussed above are appropriately
substituted into Eq. (5-2) or Eq. (5-3), the resulting expressions are rather

unwieldy. In order to formulate the results, we adopt a memonic code to

represent each of the 18 error sums in Eqs. (5-2) and (5-3). (The first term

f
!
i
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in brackets in each equation 1s taken to be a single error sum.) This code is
displayed in Table I. Code names beginning with the letter B represent bias
sums before squaring and thus have units of velocity; code names beginning
with the letter R represent sums of the squares of random error contributions

and thus have units of velocity squared.

The error sums, after gsubstitution for the partial derivatives of U and V, are
displayed in Tables II and III. The forms of the partial derivatives of the

ax Ix
geometric variables, e.g., 322-, 3ZL etc., are given in Appendix B.

In RAWIN (and also in the RADAR model), it is assumed that single values are
valid over all zones for the following: bias error ogey In elevation due to
causes other thau ground reflection; random error ogej in elevation due to
causes other than ground reflection; bias error opy in azimuth; and random
error opy in azimuth. The remaining errors wmay vary from zone to zone and

hence retain the subscript i in Tables II and IIIL.

Each of the errors OBeic and ORe 1G due to ground reflection depends on (among
other things) the angle of incidence that the incomlng signal makes with
respect to the surface of the earth. If the terrain in front of the receiving
set is sloping, the angle of incidence will be affected. This should be taken
into account in calculating the sums BERXE, RERXE, BERYE, and RERYE. In RAWIN
(and also in RADAR), a positive or zero angle of slope, called the foreground
elevation F, is required as input. The model utilizes F to determine the
correct angle of incidence. It then uses linear Iinterpolation to select
proper values of oggic and ORejg from inputted tables. These tables must
contain externally generated values of 9 Be G and ORe jG» j=1, 2, «.., 271,
corresponding to potential elevation angles of 0.0, 0.33, 0.67, 1.0, 1.33,
ceey 90.0 degrees, respectively.

Table IV summarizes all the inputs required by the RAWIN model for the case of
a complete zone structure containing N, zones. Conversion of input units to

MKS values is done by the model itself where necessary.




The variance in the East component of ballistic wind is given by

0,2 = REXL + (BEXZ)? + (BELXE)? + (BERXE)? + (BEXA)?

U
(5-15)
+ REXZ + RELXE + RERXE + REXA.
while the variance in the North component is given by
0,2 = REYL + (BEYZ)? + (BELYE)? + (BERVE)? + (BEYA)?
(5-16)

+ REYZ + RELYE + RERYE + REYA.

The CVV is computed from Eq. (4-13). On output the units are converted to

knots squared.

Table I. Mnemonic Code for RAWIN Error Sums

East North
Error Source Bias Random Bias Random
(m/sec) (m/sec)? (m/sec) (m/sec)?
Launch Position Determination -- REXL - REYL
Altitude Determination BEXZ REXZ BEYZ REYZ
Elevation Measurement ("Leveling"”) BELXE RELXE BELYE RELYE
Elevation Measurement (Reflection) BERXE RERXE : BERYE RERYE
Azimuth Measurement BEXA REXA BEYA REYA
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Table II. RAWIN Error Sums for the East Component of Ballistic Wind (Line n)

axo 2 2 axo 2 2
REXL = [ v W, én—ol om0 * V% 5. ] Rao
n axi
BEXZ = iil [ v o5z, T Yii 1 O,y
n 9x . 2
REXZ = 3 [vW., — + w_ 1 o2
i=1 zi azi ul Rzi
n Bxi
BELXE = 151 Vzwi 5‘8—1 OBEL
n axi 2 )
| REDE = 2 Lo 5 1 %Rer
‘ n oX.
BERXE = lil Vzwi B—CI OBEiG
n Bxi 2
- _ 1 2
RERXE = iil [ A aai ] OReiG
n Bxi
BEXA = I VW 5 g
i=1 i
. n X . 2
REXA = 3 [ vW == 0.2
. z i o0, Ra
i=1 i
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Table III.

R G,

REYL

BEYZ

REYZ

BELYE

RELYE

BERYE

RERYE

BEYA

REYA

RAWIN Error Sums for the North Component of Ballistic Wind (Line n)

% 2z ., ¥y 2z,

[ v, % a0, I %po v [ V% 8a, I %a0
n ayi
iil [ vzwi 3z, * wvi J 0821
n ay. 2

1 2
izl [ vzwi 9z * wvi ] ORzi
n ayi
ifl vz i 55; 0BEL
n dy.

1 2
UM s D %R
n dy.
2z v — (o]
i=1 z i 881 BeiG
n Idy. o

. 2
2 Ly & | O%Reig
n Jy.
2 v 1 ag
. z i da Ba
i=1 1
n ayl 2

_1 2
iil [ Ve'i da ] oRa
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Table IV. RAWIN Inputs

AN A

Input No. of
Symbol Units Values Explanation
. DO m 1 Launch Displ.: used to compute partials
L F deg 1 Foreground Elev.: used in selecting values of
| 9Beic 219 OReig fTO™ %pejc 299 ORejo
} u, m/sec Nz E.st zone wind vel.: used to compute wui
L v. m/sec N North zone wind vel.: wused to compute W_ .
1 z vi i
v, m/min 1 to 4 Balloon ascent rate
W, N 2 Complete table of wind weighting factors, where
ik z ; .
1 =1, ..., Nz and k =1, ..., Nz; for any line n,
L the model selects approp. values of Wi which are
used to compute W_, W., W ., W ..
0 1 ui vi
z. m N Zone top alt.: wused to compute W,, W., W . W .
i z 0 i ui vi
o deg 1 Launch azimuth: used to compute partials
o deg Nz Zone top azimuth: Used to compute partials
i
€ deg Nz Zone top elev.: used to compute partials
f é GRDO m 1 Random error in launch displacement
; : o deg 1 Random error in launch azimuth
1 Ra0
O, . m N Bias error in altitude
Bzi z
O,_. m N Random error in altitude
Rzi z
} JBa deg 1 Bias error in azim. tracking of apparent target
ORa deg 1 Random error in azim. tracking of apparent target
3
Ogel deg 1 Bias error in elev. tracking of apparent target
F GREL deg 1 Random error in elev. tracking of apparent target
¢ Oy, . deg 271 Potential bias errors in elev. due to ground X
BejG . . ;
reflection: used to determine %8¢
. £iG
Oy, . deg 271 Potential Random errors in elev. due to ground
RejG . -
reflection: used to determine OReiG

NOTE: Nz = 15 for the NATO zone structure.
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6. RADAR

RADAR models the case in which a ground-based radar set measures the indepen-
dent variables of slant range, elevation angle, and azimuth associated with
the radiosonde's position. This model is applicable, for example, to the
Radar Sets AN/TMQ-19 and AN/FPS-16.

The derivation of the variance in each component of ballistic wind follows
essentially the same path as in RAWIN. The main difference in RADAR is that
the altitude zy at zone top i is not considered to be an independent variable
but rather is a function of slant range S; and the elevation angle €5. Then
from Eq. (5-1), we may indicate the functional form of the East component U of

ballistic wind by

(6-1)

where all symbols retain their previously defined meanings.

1t is, of course, not necessary to write U in precisely the form shown in Eq.
(6-1). We could, for example, omit the intermediate variable zj entirely.
However, Eq. (6-1) permits us to make further use in radar of several partial

derivatives that are also valid ian RAWIN.

The variance OUZ in U is obtained by specializing Eq. (4-3) to the independent
variables Dy, 9g» Si’ € and a,- The result is

au 2] +

3uU
2 - ov 2 pdh i
o0~ = [(ano oo’ ? (aao %Ra0

kk)




n n n
+ I [Qg— 0,..]2+ =2 WU 5 12+ 3
= i=1 i i=1

n
du_ 2 U 2
9€ . oBsiG] * (.E Jq . 0801]

i 1=1 i
(6-2)

o L : o 12

asi ReiG - aai Rai

In Eq. (6-2), each type of error is designated by o with appropriate sub-

scripts. The meanings of the subscripts are

identified by the rules that are

stated below Eq. (5-2). For example, ogggy is the random error in the measure-

ment of slant range for the i'th zone top.

As before, we assume that any

error in the launch time is negligible and omit a term involving tg in Eq.

(6-2).

Similarly, the variance ovz in th:: North component V of ballistic wind is

2 - v _ 2 v_ 2
oyt = [(BDO %po) T * (aao ORa0’ ]
n n n
v 12 ov_ 2
tl2 g opgltr LT ol
i=1 i i=1 b i=1
n n n
2 ov_ 2
2 l5gTopsil®t 2 5T Ogeyllt 2
i=1 : 1=1 1 =1

We use the chain rule for partial derivatives

obtain
U _ au o
BDO axo BDO

n
8v_ 2 v 2
5¢. Tpeic) (2 55 %ail
i i=1 i
(6-3)
n
av_ 2 av_ 2
[3£i ORsiG] E [aai cRaxl

in conjunction with Eq. (6-1) to

(6-4)




au _ au
aao axo aao
au _oau X4 % ey %Y % (6-6
3s. = 3x. 3z. 38, 5t 9z, 35. )
1 S B 1 1
U _ oou % %% gy % ey %Y % )
JE . dx., 09z, 93c¢. ox. Ot ot. 3dz. 9d¢, ’
1 i 1 1 i 1 i 1 1
and
Ix
U _ su %%
3¢, - 3x. da, (6-8)
1 i 1

With appropriate substitution from Eqs. (3-12), (3-13), and (3-19), the above

expressions become

U " 9%y
i . = v - ,
: 3D0 z 0 BDO
{
|
- ]
aao z 0 aao
oX. oz
au_ | i i
ss. - % o5 tWu) oes, ,
1 1
ox . 9z, oX.
au_ _ _t i i
oe. - YoM o5 tWu) s, Y V2V e ’
1 1 1 1
. and
UL, N
0, - "z i da ’
35
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where v, is the balloon ascent rate, and Wg, Wi, and W,j{ are defined by Eqs.
(3-9), (3-10), and (3-20), respectively.

Analogous expressions involving the North component of ballistic wind can be

obtained. For example,

Q
<

(6-14)

Q
e
1]
~
<
=
-
ol
N
.
+
E
<
-
~
Q
wn

=N
-

where Wy is defined by Eq. (3-24).

The 18 error sums in Eqs. (6-2) and (6-3) are represented by the mnemonic code
presented in Table V. The algebraic forms of these sums, after substitution
for the various partial derivatives of U and V, are given in Tables VI and
VII.

Since the altitudes z; define the zone structure, they are still required as

inputs to RADAR. Conversely, actual values of slant range S; are not

required. Such values could be used to compute some of the partial deriva-
tives shown in Tables VI and VII. However, values of zj also serve in this

capacity and are used instead. See Appendix B.

The discussion near the end of Section 5 concerning errors in azimuth, errors
in elevation, and the foreground elevation is also pertinent to the RADAR
model. In addition, RADAR requires a single inputted value, valid for all
zones, for the random error ogg in slant range and also a singie value for the
bias error ogg. Although it might be expected that ogg would be negligible,

it is nevertheless included here for generality.
Table VIII summarizes all the inputs required by the RADAR model for the case

of a complete zone structure containing N, zones. Conversion of input units

to MKS values is done by the model itself where necessary.

36




i The variance in the East component of ballistic wind is given by

oU2 = REXL + (BEXS)? + (BELXE)? + (BERXE)? + (BEXA)?

(6-15)
+ REXS + RELXE + RERXE + REXA |
while the variance in the North component is
0V2 = REYL + (BEYS)? + (BELYE)? + (BERYE)2 + (BEYA)2
(6~16)
+ REYS + RELYE + RERYE + REYA
The CVV is computed from Eq. (4-13). Output is in knots squared.
i
Table V. Mnemonic Code for RADAR Error Sums
East
Error Source Bias Random Bias Random
(m/sec) (m/sec)? (m/sec) (m/sec)?
Launch Position Determination - REXL -- REYL
Slant Range Measurement BEXS REXS BEYS REYS
. ' Elevation Measurement ("Leveling”) BELXE RELXE BELYE RELYE
. Elevation Measurement (Reflection) BERXE RERXE BERYE RERYE
Azimuth Measurement BEXA REXA BEYA REYA
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Table VI.

RADAR Error Sums for the East Component of Ballistic Wind (Line

REXL

BEXS

REXS

BELXE

RELXE

BERXE

RERXE

BEXA

REXA

0 ,2 2

o 30 )  %Rpo
axi

[Cv, ¥, 8z oV
axi

(V¥ Bz, * M
axi

¢ vzwi 5;; * wui
axi

[ Vzwi 5;: * wu1
Bxi

[ vzwi 5;; * wui
axl

([« vzwi T * wui

9x .
_1 G
Ja . Bo
1
da Ro
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v W,
z
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1
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REYL

BEYS

REYS

BELYE

RELYE
i BERYE

ﬁ

} RERYE

BEYA

. REYA

Table VII. RADAR

"

Error Sums for the North Component of Ballistic Wind (Line n)

3y, 2
( Vzwo ~550]
n ayi
I [Ov¥ 5
i=1 1
n ady.
‘2 [ vzwi dz.
i=1 1
n 8yi
.E (Cv, Y 5%
i=1
n ayi
I lv¥ 5
i=1 i
n ayi
2o LCv¥y 5
i=1 i
n ayi
IOV W 5
i=1 i
n Y.

i
2oV 5a
i=1
n Byi
2o Uv¥ &

%gpo *

Ay, 2
_’0 2
v 55 ) %Rao
0
3Zi 2
Wi ) 35, I ogg
3Zi 2 2
Wi ) 55, J o3
dz. dy.
W ) 2+ yW. =—1] 0O
vi 8ei z i aei BeL
82. 8y 2
1 1 2
wvi ) Je v wl J¢ ! 0ReL
azi 8yi
—_ 5, ——
Wi ) 8¢ YoV Be I O%eic
dz ay 2
1 1 2
Wi ) 8e v d¢ b %Reic
2
oRu
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Table VIII. RADAR Inputs

Input No. of
Symbol Units Values Explanation
D0 m 1 Launch Displ.: wused to compute partials
F deg 1 Foreground Elev.: wused in selecting values of
8eiG 279 OReic FFOM Opejg M4 Okejg
u, m/sec N2 East zone wind vel.: used to compute wui
vy m/sec NZ North zone wind vel.: used to compute wvi
v, m/min 1 ¢o - Balloon ascent rate
L NZ‘ Complete table of wind weighting factors, where
1=1, ..., Nz and k =1, ..., NZ; for any line n,
the model selects approp. values of w. which are
used to compute W,., W., W ., W . b
0 i ui vi
z; m NZ Zone top alt.: wused to compute wo, wi, wui’ wvi
o, deg 1 Launch azimuth: used to compute partials
o, deg Nz Zone top azimuth: wused to compute partials
€ deg NZ Zone top elev.: used to compute partials
ORDO m 1 Random error in launch displacement
GRaO deg 1 Random error in launch azimuth
OBS m 1 Bias error in slant range
URS m 1 Random error in slant range
GBU deg 1 Bias error in azim. tracking of apparent target
ORa deg 1 Random error in azim. tracking of apparent target
OBSL deg 1 Bias error in elev. tracking of apparent target
ORel deg 1 Random error in elev. tracking of apparent target
[« S deg 271 Potential bias errors in elev. due to ground
BejG .
reflection: used to determine O .
BeiG
ostG deg 271 Potential Random errors in elev. due to ground

reflection: used to determine O, .
ReiG

NOTE: Nz = 15 for the NATO zone structure.
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7. NAVAID

NAVAID models the case in which radionavigation technliques are used to deter-
mine the position of the radiosonde. See Reference 3, for example, for a
review of these techniques. NAVAID is a simplified model in that it bypasses
the complexities of hyperbolic geometry by requiring estimated errors in the
East and North components of position as input. This model 1s applicable to
the radionavigation portions (LORAN, VLF, and OMEGA) of FAMAS.

To obtain the implicit functional form of the East component U of ballistic

wind appropriate to line n, we rewrite Eq. (4-1) in the following way:

U = U [xo, tor X5 &y (Zi)]’ i=1, 2, ., n. (7-1)

The independent variables are taken to be the East launch coordinate x3, the
launch time tg, the radiosonde's East coordinate x{ at the top of zone i, and
the corresponding altitude zy. As in RAWIN, the time t{ is considered to be a

function of zjy.

In hyperbolic tracking any bias errors in x; and in y;, the North component of
position, are expected to be negligible. Therefore, bias error sums are not
computed for these variables in NAVAID. However, we do allow for both bias
and random errors Iin the determination of z4. As in the other models, it is

assumed that there is no error associated with tg.

Specializing Eq. (4-3) to NAVAID, we have for the variance cUZ in U:

au_ 2
5%, Ixo | F L

0.2 =1{

(7-2)




L daat

o ——

where each type of error is designated by ¢ with appropriate subscripts. The
meanings of the subscripts are identified by the rules stated below Eq.
(5-2). For example, op,y 1s the random error in the East coordinate for zone

top 1. A similar expression holds for the variance °V2 in the North component

V of ballistic wind:

n
av v 2
2 - 2 A
o = | fo ] + [z o, . |
v Byo RyQd i=1 82i lex
(7-3)
n n
oV 2 Vv 2
e (o gz e oz (o
i=1 3yl Ryi i=1 9z Rzi

The mnemonic code representing the eight error sums in Eqs. (7-2) and (7-3) is

given in Table IX.

au 3U v v

The partial derivatives 5;; , 3;;-, 5;;', and S;I' are given by Egs. (3-12),
(3-13), (3-21), and (3-22), respectively. Using the chain rule for partial

derivatives and substituting from Eqs. (3-19) and (3-23), we also have

aou

oz, ~ Wi (7~4)
and

v

52, © Yui (7-5)

where Wui and W, are defined by Eqs. (3-20) and (3-24), respectively.

NAVAID computes the random positional errors opyy and ORyi using th - _ocedure

outlined below.
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It is assumed that the hyperbolic tracking system fixes, f.e., determines, the
East and North components of the radlosonde's position every At seconds. We
take the random error in the fixing of each component to be a constant that 1s
characteristic of the measuring system. These errors, labeled oggyr and ORyT»

respectively, are required as inputs to NAVAID.

Consider a height interval of AH; meters, which is centered at the top of zone

1. As the radiosonde traverses AHy, Ny fixes of position are made. We have

N.1 = Integer | TAY ] , (7-6)

where the ascent rate v, Is expressed in meters per second.

The value of xy at the zone top is taken to be the mean of the Ni fixes of the

radiosonde's East coordinate. Under this condition °R§i is given by

aRxI
2 - as -
ORxi Ni ) (7-7)
Similarly,
oR2
2 - yt -
0Ryi N ’ (7-8)

1 The component launch errors ORx0 and ORyO are handled in the following way.

As the radiosonde sits on the ground, its position can be determined by hyper-

bolic fixing during some time interval. The radiosonde-balloon combination
l : may then be transported to another nearby position for actual launch. The
{ second position is determined relative to the first by some direct method.
Since the errors in these two different types of measurements are uncorre-

lated, we have for the East component:
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e e e e =

-8

0.2 = + (7-9)

2 2
Rx0 - %mxoF * %RxoD
where OpyoF 18 the component random error in the hyperbolic fixing of the
first position, and opyxgp 1Is the component random error in the direct deter-

mination of the second position relative to the first.

If the fixing of the initial position occurs over a time interval of AT min-

utes, then the number Ny of fixes 1s given by

_ AT ]
N0 = Integer {60 AI] , (7-10)

and the variance is

ORxt
2 - -
ORxOF ~ N, : (7-11)

We have no foreknowledge of the value of ogpygp nor of the corresponding North

error Opyqp* For any particular launch they are not necessarily equal to each

other. However, on average over many launches, we expect the following rela-

tionship:
2
o
2 - 2 - _RDO -
Okx0D - ORyoD 2 , (7-12)

where opng is the random error in the direct measurement of the distance from
the initial position to the final launch position. For the purpose of model-
ing the data acquisition system, Eq. (7-12) is assumed to hold. The quantity

orpo i8s referred to as the random launch error and is a required input to

NAVAID.

e Al .




From Eqs. (7-9), (7-11), and (7-12), we have

0,2 0,2
gRio = ___gxt + ——-RIZ)O . (7-13)
0

An analogous equation yields °R§O.

In order to determine N; and Ny, NAVAID takes AT = 1 second and AT = 5 min-
utes. It also assumes the following arbitrary values: AHj = 200 meters for
the first five zones; AHy = 400 meters for the remaining zones. The motiva-
tion for this 1is the NATO zone structure in which the higher zones are signif-
icantly thicker than the lower zones. The Users' Manual explains how to alter

the values of At, AT, and AHjy.

The preceding analysis is used to find the final form of each of the required

bias and random sums. These are displayed in Table X.

The inputs to NAVAID are summarized in Table XI. Conversion of input units to

MKS values is done by the model itself where necessary.

The variances in the East and North components, respectively, of ballistic

wind are given by

0.2 = REXL + (BEXZ)2 + REXX + REXZ (7-14)

and

REYL + (BEYZ)2 + REYY + REYZ . (7-15)

Q
N
1}

The CVV is computed from Eq. (4-13). Output is in knots squared.



Table IX. Mnemonic Code for NAVAID Error Sums

1 East North
Error Source Bias Random Bias Random
, (m/sec) (m/sec)? (m/sec) (m/sec)?
é Launch Position Determination -- REXL -- REYL
E Altitude Determination BEXZ REXZ BEYZ REYZ
-- REXX -- REYY

Position Fixing

el

3 e
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Table X. NAVAID Error Sums (Line n)

RxT )
N v T2 |
0
Bzi
2
0Rzi
2
“Rxt
N.
i
2 o 2
Ryt RDO )
N 2
0
Bzi
2
GBzi |
2
a.
v 2 W 2 _%zl
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Table XI. NAVAID Inputs

Input No. of
ﬁ_ Symbol Units Values Explanation
3 u, m/sec Nz East zone wind vel.: wused to compute wui
E A m/sec Nz North zone wind vel.: used to compute wvi
v, m/min 1 to & Balloon ascent rate
: Vik Nz Complete table of wind weighting factors, where
i=1, ..., Nz and k =1, ..., Nz; for any line n,
the model selects approp. values of W which
3
are used to compute WO, Wi, wui’ in.
z; m Nz Zone top alt.: wused to compute WO, wi, wui, wvi
%RD0 m 1 Random error i1n direct determination of launch
position
oBzi m Nz Bias error in altitude
Op_ . m N Random error in altitude
| Rzi z
Uth m 1 Random error associated with a single hyperbolic
: fix of the East coordinate
? %R . m 1 Random error associated with a single hyperbolic
' y fix of the North coordinate
]
NOTE: Nz = 15 for the NATO zone structure.
3
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¢ 8. COMMENTS AND SUGGESTIONS FOR FURTHER WORK

In RAWIN and RADAR, errors In elevation due to ground reflection can mahe
significant contributions to the error in ballistic wind, particularly for the
case of low elevation angles. These errors depend on a number of factors,
including elevation angle, surface dielectric constant, signal frequency,
antenna voltage pattern, and the tracking method used. General information on
two tracking methods, sequential lobing and conlcal scan, can be found in
Reference 4. A limited auxiliary model LRDC exists for computing theoretical
values of bias and random reflection errors for an antenna pattern that is
indentical for the high and low switched positions; its 1lmplementation 1is

described in the Users' Manual.

The bias reflection error generated by LRDC for any given elevation angle does
not represent a standard deviation characteristic of a normal population with
zero mean error. Consequently, if LRDC is used to generate the required blas
reflection inputs to RAWIN and RADAR, it should be recognized that the quanti-
ties °U2 and ovz discussed in thils report no longer correspond precisely to
variances. (The bias errors computed by LRDC are typically much smaller than

the corresponding random reflection errors, which are also computed.)

Most of the error sums obtained in this report for ballistic line n contain
the factor W, i =1, 2, ..., n. As defined by Eq. (3-10), the quantity Wi
represents the wind weighting factor per unit zone width for zone i minus the

wind weighting factor per unit zone width for zome 1 + 1. Depending on the
weighting factors and zone widths involved, W; can be positive, negative, or
zero. For the case of Message 3 welighting factors, W, has the largest magni-
tude of any member of the set {Wi, i =1, 2, ..., n} for the following
reasons: the zone wind weighting factor 1is greatest for zone n; the wind
weighting factor for zone n + 1 is zero. For example, using the NATO zone
structure and the corresponding Message 3 wind weighting factors given in
Reference 2, one obtains the following values (in meter—l) relevant to ballis-
tic line 7: wl = (.; w2 = -0.40 x 10'“; w3 = 0.3 w“ = -0.20 x 10-“; ws =
-0.40 x 107% W = -0.33 x 107 W, = 0.53 x 1073, The vay in which the W,
are calculated results in a "cancellation effect” for i less than n. 1In fact,

if Wy = 0., the contribution of zone i to some of the error sums will be
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nullified. This 1is not necessarily what one would expect {ntuitively. 1In
order to verify whether or not the cancellation effect is real, appropriate
comparisons between model predictions and experimental results should be

attempted.

Each of the models utilizes a single zone wind profile, uy, vy, 1 =1,2, ...,
N, (where n, is the total number of zones in the structure), valid for all

balloon ascent rates. From a known or postulated profile, tables of values of

elevation &y and o4, 1 =1, 2, ..., N, can be developed fo. each balloon
ascent rate for use in RAWIN or RADAR. Alternatively, if the values of €4 and
ay are known, a zone wind profile can be calculated. In either case, the
tables of values must be obtained externally to the model and used as input to
it. Although the procedure for doing this is conceptually straightforward, it !
would be ugeful to incorporate it into the models themselves or, alterna-

tively, create an auxiliary model that would generate the necessary tables.

The zone wind profile is, of course, merely a useful representation of actual

wind conditions aloft. Real winds do not necessarily maintain constant magni-

tude and direction over an arbitrary zone width and then abruptly assume new
values at a zone boundary. Thus the zone wind methodology introduces an
artificial discontinuity or "shear” in wind at the zone boundaries. Any error
in the determination of the zone top altitudes will lead to a calculated zone
wind profile that does not correspond precisely to the zone structure under
study. The form of the quantities W,;iy and Wy in Eqs. (3-20) and (3-24),
respectively, and the manner in which they were obtained suggest that they are
related to first-order wind shear contributions to the error in ballistic
wind. Further work on this point and on the entire question of wind shear is

suggested.

The models presented here represent one approach to the subject of ballistic
wind measurement error analysis. They are not, of course, the final word on
this subject. The subsequent use of these models should help to establish
their strong points, as well as locate areas in need of improvement or exten-

g ion.
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APPENDIX A. VARIANCE ASSOCIATED WITH A COMPONENT OF BALLISTIC WIND

Using appropriate assumptions, we want to show that Eq. (4-3) yilelds tue

variance in the East component U of ballistic wind for line n.

The generalized implicit functional form of U is given by Eq. (4-2):

= . i= ce . -1
U U [AIO’ A20' R 4 A’LO’ gll, £21’ .. ’ gkll' 1 l’ 2? ’ n (A )

The subsequent analysis is simplified somewhat if the number of subscripts in

Eq. (A~-1) is reduced. To this end we rewrite the subset of independent launch

variables Xjg, X290 ..., ALQ, as uQ, VO’ ..., and we rewrite the subset of
independent variables R €, ;> determined for the top of zone i, as
1i’ =2i ki
Pi» ti’ ..+, explicitly retaining only two members of each subset. Then,
u = U[po, Vor e Pis ci,...],i=1,2,...,n . (a-2)

In order to obtain the expression for the variance in U, we consider a
Gedanken experiment in which a large number M of balloon flights is carried
out under the same meteorological conditions. For the m'th flight the inde-
pendent variables listed in Eq. (A-2) have the measured values ugp, Voms -+-»
P{ms> & im»> --+» respectively. These can be used to calculate a component value

U, of ballistic wind, appropriate to flight m.

We assoclate U with the mean of the set of values Uy, m =1, 2, ..., M. Let

8U, be the deviation of Uy, from the mean. To first order 8U  is given by the

Taylor expansion:




au U T au Toau
SU a— Op + — Ov + ...+ I — &p. + I = 6. + ,
m 3y,  Om 3v,  Om iy 9Py im =1 BCi im
(A-3)
where each of the quantities 6p0m’ 6V0m’ cey, 6pim’ Ggim, ... represents the

deviation from the mean in the corresponding variable. The partial derivatives
are evaluated using the mean value of each variable appropriate to zonc top i

or to launch position.

For large M the variance 0,2 in U is equivalent to the mean squared deviation:

U

1 M
2 - 2 2
of = § 3 )
m=1
Thus,
‘ M
1 ou oU
g2 = = I .[=— 6u + = v + ..
! U M n=1 auo Om 8\0 Om
i
n n
ou oU 2
+ I - &p. + 2 8.+ ]
j=1 op; im = 9%, Tim
Expansion of the square in Eq. (A-5) yields
M M
1 U 1 au 2
g2 = & 2 [5— 6w, 12 + 5 I [ z— &v 12+
U _M m=1 apo Om M m=1 v, Om
M n M n
1 1) 1 oU
‘ + - X [ 3 = 6p. 12 + o I [ I = 6
Mo om=1 o g=1 9P m Mop=1 =1 O M
CROSS TERMS
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One of the cross terms in Eq. (A-6) is given by Cp{’ where

M n n
2 au au
C = =z [ I = ©op,. 2 5 8. ) . (A-7)
8 Mome1  a=p %Py Mooy 9% Tim
Expansion of the sums in Eq. (A-7) yields
M n n
2 ou v
i c = = I [ z 2 6p. &C. . (A-8)
~ el M - i=1 =1 Bpi aZj im °jm

n n M
- 9Uu  3u 1
C = 2 2 2 g— 5 lg = 6p. 8L, ] . (A-9)
Pt =1 j=1 9y 9 M) im e
1 , We assume that deviations in pi, i=1,2, ..., n, are not correlated with
. i deviations in Qj, j=1,2, ..., n. Then for large M the expression in brackets

in Eq. (A-9) is taken to be zero. Hence the cross term Cpc is zero.

A similar argument can be used to show that all the cross terms in Eq. (A-6)

4 are zero. Thus we can rewrite tHlis equation as

2
OU'Tp+1v+ +Tp+TC+ ,
1 where
1
|
M
au 1
] T = (5)2% 5 I (8p, )32 ,
; v Bpo M m=1 Om
1
M
au 1
; T, T G g I (evg)E
0 m=1
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M n
1 au
T = & I [ 2 Z= 6p. 1?2 , (A-13)
P Wops1 iz % i
and
M n
1 au
T, = = 3 | 2 8¢, 12 . (A-14)
< L jop 9% im

The mean squared deviations in Eqs. (A-11) and (A-12) represent variances.

Thus we write

1= () 42 (A-15)
M 8p0 Ruo >
and
= (9 2 2 : -
Ty = ( v, ) %Rvo ’ (A-16)
2 . . . 2 . . . . .
where oRpO is the variance in Hoo and Oruo 1S the variance in Vo The subscript

R indicates that the launch errors are taken to be random.

We assume that the deviation Gpim from the mean is the sum of a "bias" deviation

Sp,.
Bim
zone, while the GpRim are uncorrelated. Then Eq. (A-13) becomes

and a random deviation 6pRim' The 5pBim are correlated from zone to

(80g;y * 00ps) 12 - (A-17)

©
=4




TP

Upon expansion of the square, Eq. (A-17) becomes

M n M

A 2 =
Bpi épBim] ¥ M mzl {i

LU 2 I~

where the omitted cross term is zero because the 5pRim

the apBim'

We rewrite Eq. (A-18) as

Tp = TBp + TRp y
where
M n
1 au
T, = = 3 | 3 &= 8p,. )2
Bp M m=1 i=1 api Bim
and
M n
1 au
T = = 2 [ 2 35— 6p,. ]2
Rp M =1 i=1 api Rim

au_ 2 -
3, 6pRiml , (A-18)

are not correlated with

(A-19)

(A-20)

(A-21)

After expansion and rearrangement of sums, Eq. (A-21) becomes

n
TRp = .i

au 1
(55f)2 { § z (6pRim)2 i )
i=} i

where the omitted cross terms again are zero. In Eq.
brackets is the variance 0,2,
Rpi

P appropriate to zone top i. Thus
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(A-22) the expression in

computed from the random deviations in the variable




n au .o
- 2 -
TRp z (api) oRpi (A-23)

When the square in Eq. (A-20) is expanded, the cross terms cannot be omitted

because of the correlation of the 6pBim from zone to zone. Equation (A-20)

becomes

-3
|
™MD
~
Q
<
~
»
=45
ag]
~
O
©
=
=]
Nem
N

Bp

(A-24)

n-1 n M
alu au 1
+ 2 2 b — = 2 &p,. O6p.. )
i=1 j=i+l 3pi 8Zj M n=1 Bim Bim

: If 0,2, is the bias contribution to the variance in Py then‘Eq. (A-24) may

Bpi

be written as

(A-25)

Y

where ryj is the correlation coefficient relating errors for zones 1 and j.

We assume complete correlation for the bias errors, 1i.e., ryjy = 1. Under this

condition the right side of Eq. (A-25) reduces to the square of the sum of

E ’ terms 1n ggpy, yielding




T U 2
TBp = [ 'zl 55; oni ] . (A'26)

1

From Eqs. (A-19), (A-23), and (A-26), we have '

n n

au au

T = I x— o0,. 12 + = a— ]2 -

p =1 i=1 oP; BPi ! i=1 [ 5p; “Rpi ] (A-27)
1
A similar expression can be obtained for Tc:
n n
- 3u 2 au 2 _

where oBzi and oRéi are, respectively, the bias and random contributions to

the variance in §i.

From Eqs. (A-10), (A-15), (A-16), (A-27), and (A-28), we express the variance

in the East component of ballistic wind as

2 - [ ou 2 au_ 2
oyt = | T Oguo 1 * v, RVO %
n n
U U
+ [ 3 - o, .12 + [2 Onp: 12+
j=p 9°; Bpi = 9, "BLi
n n
U U
o3 (W 12 1 (B ey, 12 ,
j=1  op; Rl =1 9%; RGi

(A-29)
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The above result can be extended to any number of independent launch and zone
variables. In particular, if we revert the variables Ho» VYor - Py §i,

to the original generalized set A, AZO' RN ALO' gli, §2i, R gxi,

Eq. (A-29) becomes

L

K n
ou au
02 = 3 [=<— 0 12 + ¥ [ Z Onp . |2
u oy | 3N, “RAKO o s, B, Beki
(A-30)
K n
ou
+ 2 2 [ — 0, -]2 ’

k=1 i=1 3%,; REki

where we associate the standard deviation GRAkO with the random error in
launch variable Ako' Similarly, we associate ongi and 0R§ki’ respectively,
with the bias and random errors in the zone variable gki. Equation (A-30) is

the same as Eq. (4-3).




APPENDIX B. PARTIAL DERIVATIVES
In this appendix the computational forms of the partial derivatives required
by the error models are given.

With reference to Figure 1, the following relationships can be written for the

radiosonde at the top of zone i:

*®
it

D, sin a, (B-1)

and

y., = Di cos o, (B-2)

where each symbol retains its definition from Section 2.

Replacing the zone index i with the launch index 0 in Egs. (B-1) and (B-2), we

can evaluate the partial derivatives pertinent to the launch site. For example,

5p. = sinq . (B-3)

All the required launch partials are given in Table XII.

axi axi
The zonal partial derivatives 3t 9 ° etc., 1 =1, 2, ..., n, are eval-
i

uated assuming a spherical earth. To achieve this, any of several equivalent
relationships among the geometric variables may be used as a starting point.

From Reference 1 or 5, we write the distance Dy along the surface of the

spherical earth as
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R cos €.
1

D, = R arccos (

—_—_— - -4
i R+z, ) Re, (B-4)

where R is the mean radius of the earth and z; is the altitude at the top of

zone i. The elevation angle € is expressed in radians.

From Eqs. (B-1), (B-2), and (B-4), we have

R cos ai
= — 1y - ' B-5
X, [ R arccos ( Rz, ) Re ] sin a, (B-5)
and
R cos ei
= -_ 1 - B-6
' [ R arccos ( Rz, ) Re; ] cos a o, (B-6)

? The required partial derivatives of xy and Yi with respect to Zis €y and a,
] are obtained from direct differentation of Eqs. (B-5) and (B-6). The results
are given 1in Table x71I. In order to display the results compactly, it {is

convenient to define the following:

R -
U 7 R+a, (B=7)
i
and
! ¢, = arccos (Q, cos e) . (B-8)




dz. dz,
The partial derivatives 5§l and Szl are required by the RADAR model. From
i i
Reference 6 the slant range Si is given by

)
- 2 2 2 T i -
s, = [(zi + R)2 + R% cos si] R sin g, (B-9)

We could solve this equation for z, and proceed to evaluate the needed partials. I

However, it is somewhat easier to pursue the procedure outlined below.

We define the function f(Si, € zi) to be

1
= 2 _ p2 2 2 T ; - -
f(Si, € zi) l(zi + R) R% cos ei] R sin €5 Si (B-10)

Then from Eqs. (B-9) and (B-10),

£(s;, e, 2) = 0 . (B-11)

The altitude z, is taken to be dependent on Si and €.

Given the condition stated in Eq. (B~11), a theorem of partial differentiation

allows us to write




-

PR

o e

and

i af af
5c. = " s, ! &z o (B-13)
1 i i
9f

when ;‘— is not equal to zero. See Reference 7, Chapter 5, for example, for

a discussion of this theorem.

The needed partial derivatives of f are evaluated using Eq. (B-10). Then
3zi Bzi

55 and §o are obtained from Eqs. (B-12) and (B-13), respectively. The
i 1

results are displayed in Table XII.
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Table XII. Partial Derivatives

?fg = sin o ?XQ = cos O
BDO 0 8D0 0
Ix ayO
Y = DO cos uo 5a_ = - D0 sin aO
0 0
2 : 2
?ii i} Qi cos £, sin &, ?zi ) Qi cos £, cos a,
azi sin ¢i azi sin ¢i
9x, . in €. dy. . sin g,
—fi = - R sin a. [1 - Ql o 4 —zl = -Recos a. 1 - gl———————l]
o€ . i sin ¢. ¢ i sin ¢,
i i i
axi . Byi
‘ 50 - R (¢i - ei) cos a 5&; = - R (¢i - si) sin a;
i
i 32i dz,
| 55 = sin ¢i 50 < R sin (Ql - £i)
i i
where R = mean radius of the earth
_ R
Ql T R+ z.
i 1
»
¢i = arccos (Qi cos si)







