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FOREWORD

This report is a part of a study to make a reliable assessment
of how certain materials behave when placed in a shock loading system.
An important aspect of this study is the equation of state which
describe the thermodynamics of each material during the loading process.
Since aluminum is a significant feature in the design of many systems,
a case is made for using the Gruneisen equation cf state to describe
the thermodynamic properties of aluminum. The Lindemann law of
melting is used in conjunction with the Gruneisern equation of state
to determine when the shock strength is great enough to melt the
aluminum.

The author acknowledges the valuable assistance of Drs.
D. J. Pastine, D. J. O'Keeffe and H. D. Jones. This work was
prepared under the task number ZR01305.

J. F. PROCTOR
By direction
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CHAPTER 1

INTRODUCT ION

Zel'DovichI and Kormer2 have pointed out the difficulties in
attempting to measure temperatures in opaque solids. As a result,-
only limited data on temperatures at the melting state of a solid
at ultra high pressures are available. However, a number of attempts
have been made to calculate melting state temperatures by constructing
the solid's equations-of-state. This approach was used by Urlin 3 ,4

and Ivanov3 in attempts to calculate the melting points of the
elements aluminum, copper, nickel, and lead at high, Hugoniot pressures.
Except for some agreement on the pressures required for melting these
elements, there is considerable difference between the melting tem-
peratures. In the first treatment, Urlin uses the Lindemann law
in conjunction with an equation of state to calculate the melting
states of each metal. This particular procedure is supported by
O'Keeffe5 who has shown, in the case of copper, that the Lindemann
law gives an agcurate description of the experimentally determined
melting states0 of a solid.

iZel'Dovich, Ia. M.I.T. B. and Raiser, Ia. P., "Physical Phenomena
that Occur When Bodies Compressed by Strong Shock Waves Expand
in Vacuo," Soviet Physics, JETP, Vol. 35(8), No. 6, p. 980,
June 1959.

2Kormer, S. B., Sinitsyn, M. V., Kirillov, G. A., and Urlin, V. D.,
"Experimental Determination of Temperature in Shock-Compressed
NaCl and KCl and of Their Melting Curves at Pressures Up to
700 kbar," Soviet Physics JETP, Vol. 8, No. 4, p. 689,
October 1963.

3Urlin, V. D. and Ivanov, A. A., "Melting Under Shock-Wave
Compression," Soviet Physics Doklady, Vol. 8, No. 4, p. 380,
October 1963.
4 Urlin, V. D., "Melting at Ultra High Pressures in a Shock Wave,"
Soviet Physics JETP, Vol. 22, No. 2, p. 341, February 1966.

50'Keeffe, David J., "Melting of Solids with a Linear Us - U
Relationship," Applied Physics Letters, Vol. 21, No. 8, p. 360,
15 October 1972.

6Mitra, N. R., Decker, D. L., and Vanfleet, H. B., "Melting
Curves of Copper, Silver, Gold, and Platinum to 70 kbar,"
Physical Review, Vol. 161, No. 3, p. 613, 15 September 1967.

5
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O'Keeffe's technique 7 minimizes the number of approximations
needed in the equation of state. Thus, more reliability is provided
to his predictions. On the other hand, the equation-of-state used
by Urlin contain additional approximations, such as, constant specific
heat capacity and toe Dugdale-MacDonald formula8 for the Gruneisen
parameter. Pastine , White1 0 , and Anderson have demonstrated the
inadequacy of the Dugdale-MacDonald formula.

In this report, O'Keeffe's procedure will be used to recalculate
the melting point of aluminum on its Hugoniot by using a Gruneisen
equation of state which does not contain any of the approximations
already mentioned. Pastinell, Forbes, and O'Keeffe7 have shown
that this equation-of-state gives an accurate description of the
thermal properties of a metal. A more detailed description of this
equation and how it is used to calculate the temperature on the
Hugoniot as a function of pressure are discussed in Chapters 2 and 4.

A Hugoniot describes the behavior of a specific property of
a material as it is compressed through various shock states. A
Hugoniot for any flow or thermal property is derivable from the
shock relations and a characteristic equation of state. It is clear
from the shock relations that the initial state and the initial
porosity are parameters of the Hugoniot. A family of Hugoniots can
be generated by simply varying either parameter.

A characteristic equation of state is not used for porous
aluminum. Instead, a Gruneisen equation of state is used to generate
a family of Hugoniots from a single experimental Hugoniot. This
procedure is described in Chapter 3.

70'Keeffe, David, J., "Accurate Pressure, Volume, Temperature
Relations for Copper," Journal of Geophysical Research, Vol. 75,
p. 1947, 1970.

8Dugdale, J. S. and MacDonald, D. K. C., "The Thermal Expansion
of Solids," Ph sical Review, Vol. 89, No. 4, p. 832,
February 1953.

9Pastine, D. John, "Formulation of the Gruneisen Parameter for
Monatomic Cubic Crystals," The Physical Review, Vol. 138,
No. 3A, p. A767, May 1965.

10White, G. K. and Anderson, 0. L., "Gruneisen Parameter of
Magnesium Oxide," Journal of Applied Physics, Vol. 37, No. 1,
p. 430, January 1966.

11Pastine, D. John and Forbes, J. W., "Accurate Relations
Determining the Volume Dependence of the Quasiharmonic Gruneisen
Parameter," Physical Review Letters, Vol. 21, No. 23, p. 1582,
December 1968.

6



NSWC TR 79-279

The Lindemann law is used to describe the melting states in
both solid and porous aluminum. Therefore, the melting point of
aluminum is in a shock state satisfying both the Lindemann law and
the Hugoniot of aluminum. Since the Hugoniot is parametric, there
is a "family" of melting points corresponding to a family of Hugoniots
due to a specific parameter. These melting points and their Hugoniots
are compared with data cited from other reports. Thermal properties-
e.g., the zero-degree isotherm, the enthalpy at zero pressure, the
temperatures and pressures on the various Hugoniots-are calculated
and compared to the results of other investigators.

7/8
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CHAPTER 2

EQUATION OF STATE FOR ALUMINUM

Temperatures on a Hugoniot cannot be determined without an
equation of state unless they are measured experimentally. In this
section, an equation of state for aluminum will be described.

In simple solids such as aluminum, copper, lead, etc., the
Gruneisen equation7 ,lI of state is accurate enough for calculating
Hugoniot temperatures. The components of this equation are the
zero-degree isotherm, Po(x), the Gruneisen function, r(x), and
the specific thermal energy, ET(X,T). The variables are x, the
compression ratio, and T, the temperature. In this case, the
compression ratio is defined as

x = V/V 0

where V is the specific volume. The density of the solid is = 1/V.
A zero subscript on variables denotes their values at zero absolute
temperature and zero pressure.

The Gruneisen equation of state for the pressure-volume-tempera-
ture relationship is

P(x,T) = Po(x) + po r(x) ET(x,T)/x (1)

in which P(x,T) is the pressure. The second term in this equation
is referred to as the thermal pressure.

The specific thermal energy for the metals of interest can
be described reasonably well by the Debye relation

ET(x,T) = 3 N kTD(O/T)/M. (2)

The constants in this equation are No, k, and M which are respectively
Avogadro's number, the Boltzmann constant, and the atomic or molecular
weight of the solid. In Equation (2), D(e/T) is the Debye function,
and e is the Debye temperature (see Appendix A). In the limit, T = o,
ET(X,O) = 0.

The specific internal energy of a material may be written as

E(x,T) = (x) + ET(x,T) (3)

9
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where (x) is associated with the zero-degree isotherm and is defined
as

(x) = E(x,o) (4)

The zero-degree isotherm is defined by

P0 (x) (x) (5)0 0odx

and the Gruneisen function is defined by the relation

p o (x) = x (6)
0 a

However, a function defined by

4(x,Ti) = Po F0(xi) - 4(x) + ET (xi,T )]  (7)

is found more convenient to work with in describing the zero-degree
isotherm along a Hugoniot which takes the form

S = a + bu. (8)

Here, S is the shock velocity and u is the particle velocity. The
subscript i on a variable is used to indicate the initial value
of that variable. It is clear from Equation (5) that

P (x) = (a-Ti (9)

in terms of *(x, Ti) as expressed by Equation (7). The function

*4(x, Ti) and (4)T are calculated by solving the differential

equation,

(-LT. + r x = Pa 2 (xi-x) [2x-r(x) (xi-x) /2x xi-b(xi-x) 2] (0)

which is valid on the shock Hugoniot. See Appendix B for a derivation
of this equation. In this equation, Po = 2.7334 g/cc, the initial state
parametersl2',1 3 are a = 5.4 km/sec, b = 1.351, and xi = 0.0127 at

1 2 Simmons, Gene and Wang, Herbert, Single Crystal Elastic Constants

Calculated Aggregate Properties: A Handbook, Cambridge, Mass.,
The M. I. T. Press, pp. 4-8, 1971.

13Mitchell, A. C. and Shaner, J. W., Lawrence Livermore Laboratory,
University of California, Livermore, California 94550 (Private
Communication).

10



NSWC TR 79-279

Ti = 298 0 k for aluminum. The computed boundary conditions are

i(x i , Ti ) = 0o ET(xiT i ) = 4.4918 kbars cc/g, (11)

P (X r (x i ) W (xi , Ti)/x i  - 9.96911 kbars. (12)

ET(xi,Ti) is calculat-0 From Equation (2) with an initial Debye
temperature taken from Reference 14 and adjusted to the value
6i= 386.059 so that the condition

P (1,0) = P o(1) =

is satisfied. This condition describes the uncompressed state of
aluminum at V = VO and T -0°K. An explicit expression for the
Gruneisen function,_tlefined by Equation (6), has been derived by
Pastine and Forbes. The value of r(xi) in Equation (12) is
calculated by using this expression. See Appendix C.

1 4Gschneidner, Jr., Karl A., "Physical Properties and Interrela-
tionships of Metallic and Semi-Metallic Elements," Solid State
Physics Advances in Research and Applications, New York, Academic
Press, Vol. 16, p. 369, 1965.

11/12
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CHAPTEP j

GENERATING A FAMILY OF HUGONIOTS

A strong shock wave can raise the temperature of a solid to
the point of melting. This melting point is one of the shock states
specified by a Hugoniot of the solid. Thus, a Hugoniot must be
known before the melting point on it can be determined. In this
section, a procedure will be described for calculating a family of
Hugoniots from a single experimental Hugoniot, the Gruneisen equation
of state, and the shock relation15 for the conservation of energy.

From an experimental Hugoniot of the type given by the shock
velocity, particle velocity relation the pressure in Equation (8),
can be calculated by eliminating E(x,T), p(x), and ET(X,T) from
quations (1), (3) , (7) , and the Hugoniot relation

E - E i = (xi-x) (P+Pi)/2p (13)

for the conservation of energy across a shock front (see Appendix B).
The result at Pi = o is

P (x) + (x) i (x,Ti)/xP(x, T.) = o (4
1 - r(x) (x i-x)/2x (14)

This form of the Hugoniot clearly indicates that the pressure is
dependent upon the initial state of the material. All of the initial
state parameters associated with Equation (14), i.e., a, b, xi , t(xi),

Et(xi, Ti), etc. can be viewed as functions of the initial temperature,

T i . Therefore, Equation (14) represents a one-parameter family of

Hugoniots, and each member of the family is distinguished by its
initial temperature. Consequently, a different Hugoniot is obtained
each time the initial temperature, Ti, changes to another initial

temperature, T. The resulting Hugoniot pressure, P(x, T.), can1 1,

readily be obtained from Equation (14) by evaluating 4(x, Ti) and xi.

15 Landau, L. D. and Lipshitz, E. M., Fluid Mechanics, New York,
Bergman Press, p. 319, 1975.

13
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I TI

The compressicn ratio, xi, at a temperature of Ti can be calcu-

lated from experimental information on the density of the material 12

The function, W(x, Ti), may be evaluated by observing that for an

initial temperature of Ti, Equation (7) becomes

W(x, T.) = Do (xi) - O(x) + E (X i , T ). (15)
1 Ti

If x = xi in Equation (7), then its value is

1(x i , Ti ) = 0010(x i ) - 4,(xi) + ET(xiT i )  (16)

Elimination of O(x), (xi ), (xi ), and ET(Xi, Ti) from Equations
(7), (15), and (16) leads immediately to

kv(x, Ti) = W(x, T) - (xi, Ti) + po ET(xi, Ti). (17)

Making use of the boundary conditions from Equations (11) and (12) for
an initial temperature of Ti, Equation (17) reduces to

w(x, Ti = 4(x, T i ) - '(xi, T.) - x i P (xi)/I(xi). (18)

Each term on the right of Equation (18) can be evaluated from the
solution of Equation (10) which can be obtained from a single known
Hugoniot. (The third term on the right side of Equation (17) could
be calculated using Equation (2), but this is not needed.)

I

Since the new iritial temperature, Ti, is arbitrary, a family
of Hugoniots, P(x, Ti), in the form of Equation (14), can be calcu-
by using Equation (18), which is evaluated from data along a single
Hugoniot.

14
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CHAPTER 4

MELTING OF ALUMINUM ON A SHOCK HUGONIOT

A procedure is described in this section for calculating the
melting temperature on any member of the family of Hugoniots for
aluminum. The first step in this procedure is to eliminate x between
Equations (1) and (14) to obtain the temperature which can be expressed
in the form

T = f(P, Ti) (19)

Without the single experimental Hugoniot of Equation (8), this relit
could not be achieved without a characteristic equation of state.
For example, an equation of state in the form E = E(x, P) is sufficent
to produce a family of Hugoniots of the form P = P(x, Ti) from
Equation (13). However,without additional information, the tempera-
tures on these Hugoniots cannot be calculated.

Next, apply the Lindemann law 5 ,17 for melting in the form

2 2/3T = T s (6/6 s ) (x/XS)2. (20)

Here the subscript s refer to the static values of T, ,, and x for
melting at a pressure of P = 0. These values 12 ,18 are Ts = 932

0 K,
as = 324.0850K, and xs = 1.07106 for aluminum. Elimination of x
between Equations (1) and (20) leads to a melting law which can
be expressed in the form

T = g (P). (21)
1 6Callen, Herbert B., Thermodynamics, New York, John Wiley and

Sons, Inc., p. 50, 1960.
17Lindemann, F. A., "The Calculation of the Natural Molecular
Frequency," Physikalische Zeitschrift, Vol. 11, p. 609, July 1910.

18Hultgren, Ralph, Orr, Raymond L., Anderson, Phillip D., and
Kelley, Kenneth A., Selected Values of Thermodynamic Properties
of Metals and Alloys, Berkeley, California, John Wiley and
Sons, Inc., pp. 33-37, 1963.

15
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The simultaneous solution to Equations (19) and (21) is the melting
point of aluminum on a family-member Hugoniot. The solution will
be denoted by

Tm = Tm (Ti)' Pm = Pm(Ti) (22)

which shows that the melting state (Tm 'Pm ) is dependent upon the
initial temperature, T i .

16
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CHAPTER 5

THE HUGONIOT FOR POROUS ALUMINUM

Let V represent the specific volume of porous aluminum, Vh,
the specific volume of the holes, and V, the specific volume of
the solid portion of aluminum, then

Vo =V+Vh.

Dividing all specific volumes by Vo leads to

x x + xh* (23)

Porosity, M, is defined by the ratio
I

M = V= x'/x.

The initial porosity is

Mi = x i/xi. (24)

Assuming that the Gruneisen equation of state and the conser-
vation law apply to porous aluminum, it follows immediately that
Equation (14) is the Hugoniot of porous aluminum with the quantities
x, x1 , and Ti replaced by x', x i. and T' - Except for the initial
values, thermal quantities do not depend significantly upon the
details1 9 ,2 0 ,2 1 of compaction behavior at high pressures. This
means that the shock pressure is too high to experience any sub-
stantial resistance to collapse in the porous part of the solid.
After collapse, xh = 0, and Equation (14) reduces to

P(x, T' = P0 (x) + r(x) f(x, Ti)/x (25)
i )  1 - r(x) (Mixi - x)/2x

19Herrmann, W., "Constitutive Equation for the Dynamic Compaction of
Ductile Porous Materials," Journal of Applied Physics, Vol. 40,
No. 6, p. 2490, May 1969.

20Pastine, D. John, "Theoretical Shock Properties of Porous Aluminum,"
Journal of Applied Physics, Vol. 41, No. 7, p. 3144, June 1970.

2 10'Keeffe, David J., "Theoretical Determination of the Shock States
of Porous Copper," Journal of Applied Physics, Vol. 42, No. 2,
p. 888, February 1971.

17
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The fact that i$(x, T'i) = i(x, Ti) is a direct consequence of the
theory 19 that the initial energy of a solid does not change with
its porosity. Thus, the Hugoniot of a porous material is related
to that of a solid by the relation,

2x - J'(x) (x i  - x) P(x, Ti). (26)
P(x, T' i ) = 2x - r(x) (Mixi - x)

In this relation, P(x, Ti) is the Hugoniot of the solid defined
by Equation (14). This relation shows that the pressure in a porous
solid is greater than the pressure in a non-porous solid. The temper-
ature corresponding to the porous pressure, P(x, T'i), is calculated
from Equation (1). The shock velocity (S') and particle velocity-
(u') for a porous solid may be calculated from the shock relations
in the form

S P(x, T' ()
S=xi Ox ' i  (27)

U' = I(x' i - x) P(x, T'i)/p o  (28)

18
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CHAPTER 6

DISCUSSION OF RESULTS

The results from certain components of the Gruneisen equation
of state are discussed and compared in this section to the work of
other investigators. Also the numerical results for the pressures
and temperatures on several Hugoniot-family members are presented
and the numerical values of the melting points on these Hugoniots
are given.

The Gruneisen equation of state is a sum of two important terms:
the zero-degree isotherm and the thermal pressure. (See Chapter 2)

The zero-degree isotherm, Po(x), defined by Equation (9), was
evaluated from the numerical solution to Equation (10). The values
Po(x) is tabulated in Table 1. A corresponding graph of Po(x) is
compared to Pastine's 2 calculation in Figure 1. Although Pastine
used a different approach to compute Po(x) for aluminum, his results
are quite close to the current results, especially at lower pressures.

Since PO(x) is connected to the function I(x, Ti) through the
differential Equation (10), there is an indirect way in which PO(x)
can be compared to experimental data. Consider the thermal quantity,
enthalpy, which is given

H = E + PV.

At a pressure of P = 0, the enthalpy,

H = E.

From Equations (3) and (7), it is obvious that

= E i', i) - E(x i , Ti - V0  (x, T') - V0  (x, Ti )

22Pastine, D. John and Carroll, M. J., "Equations of State for Sodium
and Aluminum," Accurate Characterization of the High Pressure
Environment, Gaithersburg, Maryland, USA, 14-18 October 1968,
Washington, D. C., USA National Bureau of Standards, pp. 91-104,
1971.

19
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TABLE 1 NUMERICAL EVALUATION OF THE ZERO ISOTHERM AND RELATED FUNCTIONS

X 41(X'Ti) P(XT) P°(X)
(Kbars • cc/g) (Kbars) (Kbars)

1.0127 4.49180 2.24759 0.0000 -9.96911
1.0000 4.56213 2.19871 10.2135 0.040132
0.9873 4.50132 2.15322 21.1497 10.7469
0.9746 4.30024 2.11113 32.8673 22.1960
0.9619 3.94920 2.07240 45.4304 34.4358
0.9492 3.43785 2.03702 58.9098 47.5181
0.9365 2.75518 2.00496 73.3834 61.4991
0.9238 1.88942 1.97618 88.9370 76.4384
0.9111 0.828037 1.95065 105.666 92.4003
0.8984 -0.442348 1.92830 123.674 109.453
0.8857 -1.93600 1.90915 143.079 127.669
0.8730 -3.66815 1.89281 164.010 147.124
0.8603 -5.65498 1.87947 186.610 167.899
0.8476 -7.91375 1.86886 211.042 190.078
0.8349 -10.4628 1.86082 237.484 213.748
0.8222 -13.3216 1.85513 266.138 238.999
0.8095 -16.5107 1.85155 297.231 265.923
0.7968 -20.0519 1.84979 331.017 294.612
0.7841 -23.9682 1.84954 367.784 325.161
0.7714 -28.2838 1.85045 407.858 357.664
0.7587 -33.0239 1.85215 451.610 392.214
0.7460 -38.2151 1.85422 499.461 428.901
0.7333 -43.8851 1.85626 551.892 467.814
0.7206 -50.0625 1.85784 609.457 509.040
0.7079 -56.7773 1.85854 672.790 552.661
0.6952 -64.0601 1.85795 742.625 598.758
0.6825 -71.9429 1.85567 819.813 647.411
0.6698 -80.45684 1.85136 905.345 698.697
0.6671 -89.6404 1.84471 1000.38 752.696
0.6444 -99.5238 1.83545 1106.28 809.492
0.6317 -110.144 1.82339 1224.65 869.174
0.6190 -121.539 1.80839 1357.40 931.842
0.6063 -133.745 1.79036 1506.81 997.611
0.5936 -146.804 1.76928 1675.61 1066.61
0.5809 -160.757 1.74521 1867.13 1139.01
0.5682 -175.646 1.71821 2085.39 1215.00
0.5555 -191.519 1.68844 2335.35 1294.80
0.5428 -208.423 1.65606 2623.15 1378.71
0.5301 --226.414 1.62127 2956.43 1467.06
0.5174 -245.546 1.58430 3344.87 1560.28
0.5047 -265.885 1.54538 3800.80 1658.89

X - VN o , THE COMPRESSION RATIO
* (X,T) = ENERGY DENSITY OF EQ (7)
'(X) - GRUNEISEN FUNCTION

P(X,T i ) - HUGONIOT PRESSURE
PO(X) - ZERO ISOTHERM
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Using Equation (18), the change in enthalpy reduces to

H = - V0 k (x'i, T.) - V m Po(x'.)/r(x'.) (29)

which was readily evaluated numerically and listed in Table 2.
The graph of these calculations in Figure 2 is in good agreement*
with the experimental data 18 plotted in Figure 2.

A list of values from the Gruneisen function, r(x) is also
included in Table 1. The Gruneisen function is a factor used to
calculate the thermal pressure. A listing of thermal pressure on three
Hugoniots of the same family for initial temperatures of Ti = 278 0 K,
2980 K, and 318 0 K, is in each of the Tables 3, 4, and 5.

The pressures and temperatures on these same three Hugoniots
were calculated using the procedure of Section 4 as represented
by Equation (19). These results are also listed in Tables 3, 4,
and 5. The experimental Hugoniot at Ti = 298 0 K is in Figure 3 and
is compared with data from the other two Hugoniots at Ti = 278 0 K
and 3180 K.

A list of temperatures and pressures calculated from the Lindemann
law in the form of Equation (21) is in Table 6. This list is used
to graph the melting states of aluminum in Figure 3. The intersections
of this curve from Table 6 with the three Hugoniots are the melting
points of aluminum for three of its initial states. These three
points are listed in Table 7 along with other parameters dependent
upon the initial temperature. Since these three points and all
other similar melting points must fall on the Lindemann melting
curve, this curve gives the melting point of aluminum as a function
of initial temperature. Equation (22) is the parametric represen-
tation of this melting curve.

The results in Table 7 for the melting point of aluminum may
compared with the calculations of Urlin. 3 , He calculated the
melting point to be (1.15 Mbars, 40000 K) or (1 Mbar, 3000 0 K), the
results of two different procedures. Evidence of melting in aluminum
at about 1 Mbar of shock pressure has been indicated alsc by experiments
of Isbell and Sakharon.

23 ,2 4

23 Isabell, W. M. Shipman, F. H., and Jones, A. H., "Hugoniot Equation
of State of Eleven Materials to Five Megabars," General Motors
Materials and Structures, Laboratory Report MSL-68-13.

2 4Sakharov, A. D., Zaidel, R. M., Mineev, V. N., and Oleinik, A. G.,
"Experimental Investigation of the Stability of Shock Waves and the
Mechanical Properties of Substances at High Pressures and Temper-
atures," Soviet Physics-Doklady, Vol. 9, No. 12, p. 1091, June 1965.

*This agreement is quite good even though AH is calculated beyond the
range defined by Equation (29). Equation (29) defines AH only within
the range of x! l xi, i.e., within the limiting range of the Hugoniot
(x < xi).
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TABLE 2 ENTHALPY AS A FUNCTION OF TEMPERATURE AT P 0

T -H ..XH
(OK)X (CAL/MOL) (CAL/MOL)

300.000 1.01270 -2.01053E-11 0
399.888 1.02114 683.58 610
500.047 1.02976 1352.56 1240
600.424 1.03853 2005.82 1890
700.042 1.04739 2636,62 2580
799.803 1.05642 3250.37 3290
399.659 1.06561 3846.33 4040

999.560 1.07496 442384 4280

T = ABSOLUTE TEMPERATURE
X = VNo, THE COMPRESSION RATIO
H , THE CALCULATED CHANGE IN ENTHALPY
IH.x p = THE EXPERIMENTAL CHANGE IN ENTHALPY (REFERENCE 18)

2 ZI I I .. II ~
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TABLE 3 HUGONIOT PRESSURES AND TEMPERATURES FOR T = 278- K

XT(X'Tj) P(X'Ti) U(X'Ti) PT(X'T,)
x (K) (Kbars) (KM/SEC) (Kbars)

I 1.0127 279.102 -0.971025 6.65703E-3 8.99838
1.0000 287.402 9.22374 6.21659E-2 9.18602
0.9873 296.191 20.1388 0.133397 9.40273
0.9746 304.980 31.8325 0.207166 9.62504
0.9619 314.746 44.3688 0.283609 9.90286
0,9492 326.465 57.8178 0.362876 10.2856
0,9365 340.137 72.2571 0.445125 10.7745
0.9238 355.762 87.7719 0.530528 11.3722
0.9111 371.387 104.457 0.619270 11.9847
0.8984 394.824 122.415 0.711552 13.0066
0.8857 418.262 141.764 0.807588 14.0547
0.8730 449.512 162.631 0.907612 15.5331
0.8603 484.668 185.159 1.01188 17.2583
0.8476 523.730 209.509 1.12067 19.2438
0.8349 578.418 235.857 1.23427 22.1336
0.8222 640.918 264.405 1.35302 25.5511
0.8095 711.230 295.376 1.47727 29.5273
0.7968 789.355 329.024 1.60742 34.0945
0.7841 898.73 365.632 1.74390 40.6472
0.7714 1015.92 405.525 1.88717 47.9136
0.7587 1156.54 449.069 2.03776 56.8744
0.7460 1328A2 496.680 2.19624 68.1040
0.7333 1515.92 548.836 2.36326 80.7322
0.7206 1750.29 606.082 2.53951 96.827
0.7079 2031.54 669.046 2.72580 116.552
0.6952 2344.04 738.453 2.92299 139.006
0.6825 2750.29 815.143 3.13207 168.533
0.6698 3187.79 900.094 3.35417 201.055
0.6571 3719.04 994.448 3.59052 241.006
0.6444 4350.00 1099.55 3.84255 288.999
0.6317 5100.00 1216.97 4.11186 346.586
0.6190 6006.25 1348.60 4.40031 416.641
0.6063 7068.75 1496.68 4.71001 499.307
0.5936 8318.75 1663.89 5.04339 596.975
0.5809 9818.75 1853.50 5.40328 714.382
0.5682 11631.3 2069.45 5.79297 856.274
0.5555 13756.3 2316.60 6.21632 1022.55
0.5428 16318.8 2600.95 6.67790 1222.57
0.5301 19443.8 2929.98 7.18311 1465.62
0.5174 23193.8 3313.14 7.73847 1756.00
0.5047 27693.8 3762.44 8.35182 2102.59

X = V/Vo , THE COMPRESSION RATIO
T(X,T I ) = HUGONIOT TEMPERATURE
P(X,Ti) - HUGONIOT PRESSURE
U(X,T i ) - HUGONIOT PARTICLE SPEED
PT(X,TI) = THERMAL PRESSURE ON HUGONIOT
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TABLE 4 HUGONIOT PRESSURES AND TEMPERATURES FOR T =298- K

x T(X ,T.) P(X,T) U (X,T) PT X,Ti)
C K) (Kbars) (KM/SEC) (Kbars)

1.0127 298.000 0.0000 0.00000 9.96911
1.0000 306.789 10.2135 6.88871E-2 10.1727
0.9873 316.067 21.1497 0.14019 10.4065
0.9746 325.832 32.8673 0.214039 10.6713
0.9619 336.574 45.4304 0.290572 10.9931
0.9492 348.293 58.9098 0.369938 11.3730
0.9365 361.965 73.3834 0.452298 11.8616
0.9238 377.590 88.9370 0.537824 12.4613
0.9111 397.121 105.666 0.626703 13.2736
0.8984 420.559 123.674 0.719135 14.3048
0.8857 443.996 143.079 0.815339 15.3636
0.8730 475.246 164.010 0.915548 16.8570
0.8603 514.309 186.610 1.02002 18.8038
0.8476 553.371 211.042 1.12903 20.8116
0.8349 608.059 237.484 1.24289 23.7289
0.8222 670.559 266.138 1.36191 27.1758
0.8095 740.871 297.231 1.48647 31.1831
0.7968 834.621 331.017 1.61696 36.6742
0.7841 928.371 367.784 1.75381 42.3716
0.7714 1053.37 407.858 1.89750 50.1388
0.7587 1194.00 451.610 2.04855 59.1469
0.7460 1365.87 499.461 2.20755 70.4250
0.7333 1562.50 551.892 2.37514 83.6794
0.7206 1812.50 609.457 2.55203 100.844
0.7079 2093.75 672.790 2.73902 120.650
0.6952 2406.25 742.625 2.93701 143.183
0.6825 2812.50 819.813 3.14698 172.788
0.6698 3265.63 905.345 3.37007 206.472
0.6571 3812.50 1000.38 3.60755 247.618
0.6444 4468.75 1106.28 3.86084 297.528
0.6317 5218.75 1224.65 4.13158 355.233
0.6190 6125.00 1357.40 4.42165 425.397
0.6063 7187.5 1506.81 4.73319 508.160
0.5936 8500.0 1675.61 5.06867 610.616
0.5809 10000.0 1867.13 5.43096 728.134
0.5682 11812.5 2085.39 5.82342 870.118
0.5555 14000.0 2335.35 6.24997 1041.27
0.5428 16625.0 2623.15 6.71525 1246.17
0.5301 19750.0 2956.43 7.22480 1489.29
0.5174 23562.5 3344.87 7.78525 1784.53
0.5047 28187.5 3800.80 8.40462 2140.79

X = V/V o , THE COMPRESSION RATIO
T(X,T i ) = HUGONIOT TEMPERATURE
P(X,T,) = HUGONIOT PRESSURE
U(X,T i ) = HUGONIOT PARTICLE SPEED
PT(X,T) - THERMAL PRESSURE ON HUGONIOT
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TABLE 5 HUGONIOT PRESSURES AND TEMPERATURES FOR T =3180 K

x T(XTi) P(XTi) U(X,T) PT (X,T,)
(CK) (Kbar$) (KM/SEC) (Kbars)

1.0127 316.650 0.968041 6.64679E-3 10.9369
1.0000 325.928 11,2003 7.55983E -2 11.1568
0.9873 335.693 22.1577 0.146974 11,4077
0.9746 346.436 33.8992 0.220903 11.7158
0.9619 358,154 46.4893 0.297526 12.0821
0.9492 369.873 59.9991 0.376992 12.4587
0.9365 385.498 74.5071 0.459463 13.0449
0.9238 401.123 90.0995 0.545113 13.6459
0.9111 420.654 106.872 0.634128 14.4628
0.8984 444.092 124.930 0.726712 15.5015
0.8857 471.436 144.391 0.823083 16.7698
0.8730 502.686 165.386 0.923478 18.2780
0.8603 541.748 188.059 1.02816 20.2430
0.8476 588.623 212.573 1.13739 22.6868
0.8349 635.498 239.109 1.25150 25.2117
0.8222 697.998 267.870 1,37080 28.6847
0.8095 776.123 299.084 1.49567 33.1579
0.7968 869.873 333.009 1.62650 38.6886
0.7841 963.623 369.936 1.76373 44.4258
0.7714 1088.62 410.192 1.90783 52.2359
0.7587 1244.87 454.153 2.05935 62.2374
0.7460 1416.75 502.245 2.21887 73.5805
0.7333 1619.87 554.954 2.38703 87.3119
0.7206 1854.25 612.839 2.56456 103.542
0.7079 2135.50 676.543 2.75227 123.402
0.6952 2479.25 746.809 2.95105 148.087
0.6825 2885.50 824.499 3.161 ?A' 177.782
0.6698 3354.25 910.618 3.3S*1V 212.642
0.6571 3885.50 1006.34 3.62462 252.782
0.6444 4556.25 1113.05 3.87918 303.813
0.6317 5337.50 1232.37 4.15137 363.881
0.6190 6243.75 1366.25 4.44307 434.152
0.6063 7337.5 1517.01 4.75647 519.341
0.5936 8650.0 1687.43 5.09407 621.906
0.5809 10181.3 1880.88 5.45880 741.886
0.5682 12025.0 2101.50 5.85406 886.349
0.5555 14212.5 2354.32 6.28385 1057.58
0.5428 16900.0 2645.62 6.75290 1267.37
0.5301 20087.5 2983.24 7.26686 1515.36
0.5174 23962.5 3377.08 7.83248 1815.48
0.5047 28712.5 3839.80 8.45799 2181.41

X - VN, THE COMPRESSION RATIO
T(X,T i ) - HUGONIOT TEMPERATURE
P(X,T i ) = HUGONIOT PRESSURE
U(X,T i ) - HUGONIOT PARTICLE SPEED
PT(X,Ti) - THERMAL PRESSURE ON HUGONIOT
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TABLE 6 MELTING TEMPERATURE AND PRESSURE AS A FUNCTION OF COMPRESSION RATIO

T P
X (K) (Kbas) I-(X)

1.07106 932.000 1.33014E-3 2.51666
1.06523 954.399 4.19652 2.48642
1.05939 977.142 8.51557 2.45693
1.05356 1000.24 12.9622 2.42819
1.04772 1023.68 17.5403 2.40019
1.04188 1047.49 22.2539 2.37293
1.03605 1071.67 27.1072 2.34640
1.03021 1096.22 32.1048 2.32061
1.02437 1121.15 37.2512 2.29554
1.01854 1146.48 42.5514 2.27120
1.0127 1172.20 48.0102 2.24759
1.0000 1229.60 60.4414 2.19871
0.9873 1289.03 73.7065 2.15322
0.9746 1350.63 87.8692 2.11113
0.9619 1414.54 102.999 2.07240
0.9492 1480.92 119.172 2.03702
0.9365 1549.96 136.472 2.00496
0.9238 1621.88 154.987 1.97618
0.9111 1696.93 174.816 1.95065
0.8984 1775.38 196.064 1.92830
0.8857 1857.56 218.844 1.90905
0.8730 1943.81 243.278 1.89281
0.8603 2034.54 269.493 1.87947
0.8476 2130.20 297.629 1.86886
0.8349 2231.27 327.828 1.86082
0.8222 2338.31 360.242 1.85513
0.8095 2451.92 395.030 1.85155
0.7968 2572.78 432.353 1.84979
0.7841 21'.. '.59 472.379 1.84954
0.7714 283t.16 515.277 1.85045
0.7587 2986.32 561.220 1.85215
0.7460 3144.00 610.377 1.85422
0.7333 3313.18 662.919 1.85626
0.7206 3494.88 719.013 1.85784
0.7079 3690.20 778.821 1,85854
0.6952 3900.28 842.500 1.85795
0.6825 4126.32 910.204 1.85567
0.6698 4369.54 982.078 1.85136
0.6571 4631.19 1058.26 1.84471
0.6444 4912.55 1138.90 1.83545
0.6317 5214.90 1224.13 1.82339
0.6190 5539.50 1314.08 1.80839
0.6063 5887.63 1408.89 1.79036
0.5936 6260.49 1508.73 1.76928
0.5809 6659.28 1613.75 1.74521
0.5682 7086.08 1724.15 1.71821
0.5555 7538.96 1840.14 1.68844
0.5428 8021.83 1961.98 1.65606
0.5301 8534.54 2089.97 1.62127
0.5174 9077.79 2224.48 1.58430
0.5047 9652.14 2365.98 1.54538
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TABLE 7

MELTING POINT DEPENDENT ON INITIAL STATE OF Al

T. P T ma(T.) b(T.) x.i

(0 K)(Mbars) (0 K)(mzn/lsec)

278 1.24 5268 4.40647 1.3486 1.01145

298 1.223 5218 5.4 1.351 1.0127

318 1.204 5147 5.39349 1.35338 1.01395
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Once the Hugoniot is established, a similar procedure is used
to calculate the melting point of porous aluminum at porosities
of Mi = 1.4 and 1.7. To accomplish this, the Gruneisen relation
is used to express the Hugoniot, Equation (25), of a porous solid
into the form of Equation (19).

The intersection of these Hugoniots with the melting curve is
in Figure 4. These points show that the melting point of aluminum
decreases as its porosity increases. At Mi = 1.7, Figure 4 shows
that the melting point is about 66 kbars and 1260 0 K. This result
is in excellent agreement with the Axperimental estimate of 66 kbars
1220 0 K reported by Asay and Hayes. They calculated a value of 75
kbars and 1340 0 K as their best theoretical result for this point.-
This indicates that the theoretical result from Figure 4 is more
accurate than their result.

The straight-line appearance of the Hugoniot graphs in Figure 4
indicate that the slope of these graphs may be constant. Plots

of the slope, dTZ, as a function of pressure are in Figure 5. These
dTplots show that the slope of the Hugoniot, d- , does vary with the

pressure, but is not much different from the initial value,

dT x'. - x i  /a2d p _P i + P. T. x. - r (x'. - x.)/2 /
dP p=o 2p o C vi #-riTix ri (xi xi)2/

(Note that Cvi is the initial specific heat at constant volume,
Pi = r(xi), and x'i = Mixi.)

The theoretical Hugoniots of porous aluminum are calculated
from Equations (27) and (28). Figure 6 sb w~that these Hugoniots
are in good agreement with reported data. , " Pastine20 has also
calculated the results shown in Figure 6, but he used first prin-
ciples to derive the Gruneisen equation of state.

The specific values of 11. = 1.4 and 1.7 above no porosity of
M. = 1 were chosen because thise values clearly show the dramatic
change that porosity can produce in the melting point of a simple
solid. Figure 4 clearly shows the large changes in the melting point
of aluminum as the porosity of aluminum takes on the values of

25Asay, J. R. and Hayes, D. B., "Shock-Compression and Release
Behavior Near Melt States in Aluminum," Journal of Apolied
Physics, Vol. 46, No. 11, p. 4789, November 1975.

2Anderson, G. D., Doran, D. G., and Fahrenbruch, A. L., Equation
of State of Solids: Aluminum and Teflon, Stanford Research
Institute, Menlo Park, California, 1965, Technical Report
No. AFWL-TR-65-147.
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M. = 1, 1.4, and 1.7. In addition, these specific values for m. were
cAosen because data and other calculations have been reported oA these
same values ofi so that the current results can be compared to these
previous works.'

There was concern with whether small changes in the initial
sta-te of aluminum would change significantly the melting point of
aluminum. As can be seen from Table 7 and Figure 3 that small changes
in th_ initial state of aluminum from T. = 298 0 K to T. = 318°0K or
Ti = 278°K do not produce any great change in the melting point.
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CHAPTER 7

SUMMARY

The dependence of a Hugoniot on the initial state of aluminum
is represented by a one-parameter family of pressure-volume Hugoniots.
The initial temperature is used as the parameter of the family.
Instead of a characteristic equation of state for aluminum, the
Gruneisen equation of state is used to generate a family of Hugoniots
from a single experimental Hugoniot. In the absence of available
experimental temperatures, the P-V-T form of the Gruneisen equation
of state is used to calculate temperatures on these Hugoniots.

The Lindemann law of melting is used to calculate the melting
point of aluminum on three Hugoniots. The pressures producing
melting were calculated and are in good agreement with the results
of other investigators. However, the corresponding melting temper-
atures differed appreciable from values reported by others. This
difference is attributed to differences in the more exact form of
the Gruneisen equation of state chosen for these calculations as
compared to the equations used by other investigators. For this
reason, the current results should be an improvement over previous
calculations.

Using the theory of compaction, a one-parameter family of Hugoniots
has been derived for porous aluminum with porosity as the family
parameter. The melting points and the Hugoniots of porous aluminum
are in good agreement with reported data.
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APPENDIX A

DEBYE FUNCTION

In terms of the Gruneisei function, the Debye temperatureA-1

6(x) =e(x) exp [i LL- dzJ

Correspondingly, the Debye functionA-2 is defined by the integral
relation

D(y) = 3z 
3 dz

for y = /T.

A-1 OIKeeffe, David J., "Melting of Solids with a Linear Us U
Relationship," Applied Physics Letters, Vol. 21, No. 8, p.360,
15 October 1972.

A-2 Mayer, Joseph E. and Mayer, Maria G., Statistical Mechanics
John Wiley and Sons, Inc., New York, p. 251, 1940.
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APPENDIX B

SHOCK RELATIONS AND THE HUGONIOT

The shock relationsB- I for the conservation of mass, momentum,
and energy across the shock front are

xi  (S - u) - xS (BI)

xi (P - Pi) PoSu (B2)

(S - u)2  S2
2 + P/p + E = -+ P/pi + E i .  (B3)

Elimination of S and u among the Equations (8), (Bi), and (B2) leads
to a Hugoniot of the form

P(x, T ) b (x i - x) (x < xi). (B4)

[ x - b(x1 - XjI

Elimination of S and u among Equations (BI), (B2), and (B3) leads
to the conservation of energy Equation (13). Comparing Equations
(14) to (B4) and making use of Equation (9) lead to the differential
Equation (10).

B-1Landau, L. D. and Lipshitz, E. M., Fluid Mechanics, New York,

Bergman Press, p. 319, 1975.

B-1/B-2
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APPENDIX C

GRUNEISEN FUNCTION

The Pastine-ForbesC-l expression for the Gruneisen function is

2xn [2bx- S(xi-bn)I + 2x 2 (xi-bn) + 4xn 2v
rn(x) = 2f 3v+r2 [2bx-s(xi-b)] + n(x+xi) (xi-bn)+2(xi bn) 3 Cp/aa 2

In this equation, n = xi - x. The unidentified parameters in this
equation are Cp, the specific heat capacity at constant pressure;
a, the volume coefficient of thermal expansion; and the others are
defined by the relationsC- 2

1 [l log a21

= 1 P.=io

1 3b

C-1pastine, D. John and Forbes, J. W., "Accurate Relations Determining

the Volume Dependence of the Quasiharmonic Gruneisen Parameter,"
Physical Review Letters, Vol. 21, No. 23, p. 1582, December 1968.

C-2O'Keeffe, David, J., "Accurate Pressure, Volume, Temperature

Relations for Copper," Journal of Geophysical Research, Vol. 75,
p. 1947, 1970.

C-1
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The valuesC - 3 'C - 4 'C - 5 of the new parameters in the Gruneisen function
are a = 69.6 x 10- 6/oK, C = 5.82 cal/mole OK = .90298 J/g°K,
5 = 2.95135, and v = 1.9407 for aluminum at Ti = 298 0 K.

C-3Simmons, Gene and Wang, Herbert, Single Crystal Elastic Constants
Calculated Aggregate Properties: A Handbook, Cambridge, Mass.,
The M. I. T. Press, pp. 4-8, 1971.

C-4Hultgren, Ralph, Orr, Raymond L., Anderson, Phillip D., and

Kelley, Kenneth A., Selected Values of Thermodynamic Properties
of Metals and Alloys, Berkeley, California, John Wiley and
Sons, Inc., pp. 33-37, 1963.

C-5Corruccini, Robert J. and Gniewek, John J., "Thermal Expansicn

of Technical Solids at Low Temperatures," National Bureau of
Standards Monograph, 29 May 1961.

C-2
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