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I. INTRODUCTION

The objective of this project was to evaluate two alternative approaches

(step approximation of strain history and ramp approximation of strain history) to

calculating the transient stress response of a linear viscoelastic material to an

arbitrary strain-time input, and to determine the better approach for calculating

effective modulus for motor ignition pressurization from stress relaxation data.

The project began with the plan of expanding the capability of an existing

programmable calculator program which calculates stress response to piecewise-

linear strain histories so that it could handle at least 20 individual constant-strain-

rate segments. This proaram would then be used to calculate stress response using

both a series of step functions and a series of ramp functions to approximate a

specific "exact" continuous-s lope transient strain history.

It was found that writing new calculator programs was more effective than

expanding the old program. One of these new programs can handle a piecewise-

linear strain history consisting of up to 50 constant-strain-rate segments (however,

only 35 ramps can be loaded from the tape data file in the present data format).

Other calculator programs (discussed later in this report) were written to perform

specific calculations.

A tudy was made to refine the methods of approximatinq the strain history

in each approach. To determine the accuracy nf the stress response, the stress

responses were compared with the exact solutior. for a specific transient strain

history.

2. SUMMARY

The modified power law representation of relaxation modulus is amenable to

straightforward calculation of linear viscoelastic response to a constant rate

(ramp) strain input. A piecewise-linear function can approximate a complex strain

history with reasonable accuracy. This piecewise-linear function is mrrely the sum

of a series of ramp functions; the response of the material to the

5



piecewise-linear strain history is, in turn, simply the summation of the responses to

the individual ramps.

This concept was applied successfully in the analyses described in this report.

The rms error in calculated stress usinq as few as 10 ramps to approximate a

fourth-order-polynomial strain history (quite similar to the strain history typically

produced hy motor ignition pressuri7ation) is shown to he less than 0.5%. This

n(wcirncy is suJperior to that obtained with 100 steps in the usual stepwise

approximation.

The technique was also applied to actual propellant data from low

temperature. hiqh rate transient tests in which the propellant strain was driven by

n pressuJre dynamically applied to n fluid surroundina the test specimens. Ujsinq

stress relnxr'tion data the calculated stress aqrees with the measured stress within

?.5% ot peak stress. This excellent aqreement provides evidence that linear

viscoelasticity may he successfully applied to the iqnition pressuri7ation prohlem.

nlthouqh th. prohlem of prestrain effocts was not addressed. Also, the propellant

behavior departs dramatically from linear viscoelasticity once the peak stress is

passed: the linear prediction shows a much hiqher stress than is actually observed.

This departure from the linear prediction may not be important in predictina

failture, however.

3. AtIALYc;l DFTAILS

The analysis was done usino a Hewlett-Packard 981.A proarammnble

calculator. Durinq this study several programs, discussed later, were devised to

perform different calculations during the study. Two methods of approximatinq a

smooth strain time history were compared: approximation by a series of steps and

approximation hy a series of ramps. The smooth curve used was a fourth-order

polynomial.
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3.1 Overall Approach

rhe colctnator proirnrns developed end their use ore described below.

3.1.1 Power Law Modulus Program - The Power Law Modulus Program was

written to calculate constants for a modified power law modulus equation

applicable to an isothermal loading situation, using given relaxation modulus data

as a function of time. The program forces the power law to fit three points[f , (E)

where is the "reduced time" t/aT, and Er is relaxation modulus.

The power low equation is

T-E)r r a 4

Let E
E 0EL~(-

r E r V, 1"-1(Er I =conist o(1 T I

and

E (T
S

then

E E (t) E (2)r o

Equation I can be solved for three different points [ (13 r)i ] to yield:

f ( 1 , l )[ lm ,,lo m (F )I- (hol,' [log ( r - E ) ]

10 2 ",D) I. . ". o 10( E_)
o(gog

1 oF 2 - lOl )  (3)

ng - F' - Io°g1 0 1
log 0 r -) -log 10 :

n 2
log 1 0 ~1 (4)

and
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Equations 3, 4 and 5 are solved in the calculator program by iterating on an

assumed value of E.. The value of E converges quickly to within I x 10-6 psi.

3.1.2 "Polynomial" Program - In this program the "hereditary integral" is

evaluated for a polynomial strain history given a modified power law

representation of the linear viscoelastic relaxation modulus. The program then

calculates the strain history and stress response.

The program first determines the constants in the polynomial

4SIL cM (6
M=1

where T is the time variable describing the strain history. The constants are

determined from user input values of (t,s) at the point of maximum strain rate and

(t, E ) at the point of maximum strain. The stress at time t is given by the

hereditary integral:

rt

or

r-t n d

o(t) I Eo(t- T) dT +E (7)

- 0, !,



Evaluation of this integral using 1f-quation 6 for the strain history results in

4

a~)= A'+ F (8)

m= 1

where

Aa (M+n)

In~+n-j 3 In o

FLquations 6, 8 and 9 (ire implemented in subroutines which are also used in the

progrnams disci issed in ' ectiois 1. 1.3 and "1. 1

The calculator program i ints out time, strain, and stress at tlime defined by

a user-input maximum time and numnber of increments.

3.1.3 Stepwise Approximation Prog rm. - This program calculates a stepwise

approximation to the polynomial strain hi~tnry , eVaIluates. the hereditary integral to

obtain the stress response, and calculates r oot- mean- sq uare (rms) errors for the

strain history and stress response ais compared to those (the "exact" values) for the

polyiniail. Subroutines from the "Polynomial" program are used to calculate the

"lexact' stress and strain values.

The power law used is Equation 2. The hereditary integral, equation 7, when

evaluated at time tj during the jth step, becomnes

u~t)= E(t. (60) + L (.

where

At. T I + K Et~ T - pT.
1 (1



and r +K (t -T.) (12)J J ci j+1 j

and where (Cp)t refers to the strain given by the polynomial (Eq 6) at time t; Ti is

the time at which the ith step occurs; and the parameters K C and K. are defined

pictorially in Figure I. (While Figure I shows the actual strain history as a ramp

function, the definition of K and Ka  are independent of the actual strain

history.) Variations in K and K allow different schemes for defining the

stepwise strain history (given a "real" continuous history) and computing a

corresponding stress history.

The program implements Equations 10, II, and 12, calculates the rms relative

error in strain at m evenly spaced points in the strain history (relative to the

polynomial history) and calculates the rms relative error in the step-response

stresses relative to the "exact" polynomial-history response (only the stress values

at times tj are considered). The user controls the number of steps (NSTEPS) and

the parameter m as well as K andK .

3.1.4 Piecewise-linear Approximation Program - This program calculates a

piecewise-linear approximation to the polynomial strain history, evaluates the

hereditary integral, and calculates rms relative errors for the strain history and

stress response. Subroutines from the "Polynomial" program are implemented to

calculated exact stress and strain values.

The power law used is Equation 2. The hereditary integral, Equation 7, when

evaluated at time tj during the ith step, becomes:
^ T "n+1j~t Li" °R.(t. - )n+

G E 0R 1  +E (t()n (13)
i=O

where [ (Ep)i - p i1
R. i -+1 (14)

i+l i k=1
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and

t . = t. + K Ct - t.) (15)
tj j a j+ T

where (Op)t refers to the strain given by the polynomial (Equation 6) at time t, i is

the time at which the ith ramp begins, and the parameter K.r is defined in Figure 2.

The program implements Equations 13, 14 and 15. The strain history and

stress response errors are calculated the same way as in the stepwise

approximation program (Section 3.1.3). The user inputs the number of steps

(NSTEPS), the parameter m, and ,

3.1.5 Application of Programs - The programs described in Sections 3.1.3 and

3.1.4 were used first to find the optimum values of K. and K. for approximating a

ramp (taken as apolynomial with zero constants except for the linear term) with

steps, and then to find the optimum value of K for approximating the polynomial

strain history with ramps. Finally, the performance of stenwise approximations to

the polynomial and piecewise-linear approximations to the polynomial were

compared to select the best way of approximating an arbitrary history. The

piecewise-linear approximation was found to be best. These calculations are

discussed in detail in Sections 3.2 and 3.3.

Finally, a new program, "Ramp-Series Stress Response for Arbitrary Load

History," was written to calculate a piecewise-linear approximation to an arbitrary

strain history and to the corresponding stress response. The new program is very

similar to the "Piecewise-linear Approximation Program." The primary differences

are that the new program uses a discrete table of time and strain values instead of

the polynomial history, and that it does not contain the error calculations. This

new program was applied to an actual strain history from data reported in AFRPL-

12



Actual strain history
(Polynomial)

Piecewise linear approximation
/ to strain history (sum of ramps)

2 3 T4

(a) Strdin History

Sum of responses

Approximation of
response to actual
strain histor.-

4- t

(b) Stress Response

Figure 2. Ramp Approximation to Polynomial Strain History.
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TR-78-68, "Improved Solid Propellant Mechanical Properties Measurement for

Structural Analysis Input." The resulting stress history, as well as the stress

history resulting from a polynomial strain history which closely matches the actual

strain history, were compared with the actual measured stress history. These

results are discussed in Section 3.4.

3.2 Calculations for Ramp Strain History

An arbitrary modulus law (Equation 2) was used with Eo = 2.3859 x 103

psi (16.450 MPa), it = 55.408 psi (0.38202 MPa), and n = -0.32790, with t in

minutes (for t in seconds, the value of Eo would be 623.16 psi (4.297 MPa)). The

Stepwise Approximation Program was used with a ramp substituted for the

polynomial (C = 21.923, C2 = C3 = C4 = 0, for t in minutes; CI = 0.36538, C2 = C 3

C4 = 0 for t in seconds).

Figure 3 shows the romp strain history and the resulting "exact" stress

response used in this part of the study.

Initial runs with the Stepwise Approximation Program were made using

selected values of the parameters K , Ka, and NSTEPS as shown in Table I. The

results (shown in Figures 4-6) show the rms stress error as a function of K for K :
0 £

0, 0.5, and 1.0 (these K. values were chosen because they are simple to use for

evenly spaced time intervals when the data is available only in discrete form).

Additional runs were made to search out the optimum (i.e., least-error) value of K
a

for each K, . The best results were obtained with K = 0.5 and K = 0.35.

Interestingly, it can be shown that, for a single step approximating a ramp over the

time interval Tm, the value of K. which yields identical stresses for the ramp and

the step (for KE 0) is

E (K T + E
0 11 M

K K [n* n

(n+
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Figure 3. Ramp Strain History and "Exact" Stress Response.



TABLE 1 . MATRIX OF PARAMETERS FOR INITIAL "RAMPS" CALCULATIONS

N STEPS 100 30 10 3 1

Ke = .5

Ko,= .25 X

K, = .5 X X X x

K, =.75 X

K, = 1.0 X

Kc = 0

K, = .25 X

K, .5 X X X X X

Ku .75 X

K, 1.0 X

K, = I

Ku, .2 X

Ka. .5 X x X X x

K, .75 y

Ku 1.0 X --------------

lo
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.08
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.02

.180
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Figure 4. Variation of Stress Error Figure 5. Variation of Stress Error
with K. for K. = 0 (Step Approximation with Ka for K = 0.5 (Step Approximation
to Ramp, 30 Time Intervals). to Ramp, 30 Time Intervals).

1.0

.9

.40
.8

.7

30'0

C4 . 6

C- .2

.3

K.2 "S K, - 0

K,'

0 .20 .40 .80 .80 1.0 ;2

K (dimensionless) LOglo (N STMS)

Figure 6. Variation of Stress Error Figure 7. Variation of Stress Error
with K. for KC = 1.0 (Step Approxima- with Number of Time Intervals for
tion to Ramp, 30 Time Intervals). KO  0.5 (Step Approximation to Ramp)
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For T m = 1.3 x 10- 3 and the modulus law constants used in the study, this equation

yields K* 0.674 K, , which agrees fairly closely with the results in Figures 5 and

6. The optimum value of IK may therefore be a function of the modulus constants.

This factor was not explored further in the study.

- 1.0

K K = CG_ = .25

o .8

V
• .6

0
. 4

C. .2 rK 5s K

0

1 2 3
Log,, (N STEPS)

Figure 8. Variation of Stress Error vith Nunmer of Time Intervals
for Ku- = .35 (Step Approximation tc Linear Ramp,.

Figures 7 and 8 show the varintion of stress error with NSTEPS. As can be

verified by a log-log plot of the variables, the stress error varies as I1-V NSTEPS, so

that the user pays a heavy price in computation time to improve accuracy by

increasing the number of steps. It is obvious from these figures that using either K,,

= 0.5 or K. = 1.0 is vastly preferable to using K, z 0, and that using the optimum

value of K for each K, provides a substantial improvement in the stress error in

comparison to an arbitrary value of K. - 0.5.

18
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S. K - 0

S .6

- .4 K,- .5

.2

Strain history error (dimension)ess)

Figure 9. Variation of Stress Error with Strain History Error for K 0.S
(Step Approximation to Ramp).

1.0 0 ~-
*K

o 
.0.25

.

.60.

K .

.- .6 K
c  

0.A

0 K 0.35

0 1 2 3 4 5 6 7 0 9 10 11 12 15 14 IS 16

Strain history ofrto
" 
(dimenslonless)

Figure 10. Variation of Stress Error with Strain History Error for Optimum
K (Step Approximation to Ramp).

Figures 9 and 10 show the variation of stress error with strain history error;

the improvement provided by the optimum K, values is again clearly evident.

The lowesf error is obtained using K, = 0.5 and the corresponding value of K

(Kcr = 0.35). These values were selected for use in the continued study described in

the following section.
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(b) Stress Response

Figure 11. Polynoemial Strain History Used in Stud).

3.3 Calculat ions For Polynomial Strain History

The arbitrary modulus law (Eq 2) used in the calculations for a ramp strain

history and the constants Eo, FcO . and n are given in Section 3.2 were also usen in

this part of the study.

The Piecewise-linear Approximation Program was used with a polynomial

strain history. The constants were determined, using the control points shown in

Figure I Ia, with the "Polynomial" program. The resulting constants are:

(Time in Minutes) (Time in Secondsj
C 1 2.7549 CI = 1.6529 x 101

02 6.3493 x 104 (-2 = 2.2857 x 108

C3 :-5.0683 x 107 -3 -- 1.0948 x 1013

74 :- 1.0142 x 1010 04 - 1.3144 x 1017

The resulting "exact" stress response is shown in Figure I lb.
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Figure 12. Variation of Stress Error with K0. (Ramp Approximation
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Initial runs with the Piecewise-linear Program were made using selected

values of the parameters K0 and NSTEPS as shown in Table 2. The results are

shown in Figure 12.

TABLE 2. MATRIX OF INITIAL K.r VALUES USED IN PIECEWISE-LINEAR ANALYSES

Ka .001 .25 .5 .75 1.0

NSteps X X X X X
30

Additional runs (Table 3) were made to search out the optimum (i.e., least-error)

value of K.. The best result was obtained at K= .833.

TABLE 3. MATRIX OF ADDITIONAL ANALYSIS PARAMETERS

N STEPS 100 30 10 3 1

(Ramps)
K o( =.833 X X X X X

(Ramps)
K .5 X X X X X

(Steps)
K f .5
K0 z .5 X X X X X

(Steps)
KE = .5
K z .5 X X X X X

Based on the discussion in Section 3.2, the optimum value of K. is probably

dependent on the modulus constants. This study did not explore this factor

further.

Figure 13 (based on the results of the additional runs indicated in Table 3)

shows the piecewise-linear approximation is superior to the stepwise

approximation. The piecewise-linear approximation has a much lower stress error

for any combination of NSTEPS and the controlling parameter K0which forces the

stepwise program's error below 5%. For example, using optimum values of K,, the

piecewise-linear approximation :th NSTEPS 10 yields a lower error than

2I
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usinq the stepwise approximation with NSTEPS - 100. If an rms error of 0.5% is

acceptable in the stress response, then a value of NSTEPS = 10 should be sufficient

in a piecewise-linear approximation of a general strain history.

3.4 Application to Actual Data

AFRPL-TR-78-68, "lriiproved Solid Propellant Mechanical Properties

Measurement for Structural Analysis Input" (Thiokol/Huntsville, September 1978),

reports the results of dynamic tests of propellant samples under simulated motor

ignition conditions. In these tests propellant samples were immersed in a

temperature-conditioned fluid and held at a predetermined strain level to simulate

motor storaqe thermal loads. The fluid was then pressurized with gas, providing a

transient pressure, history similhr to a motor ignition pressurization. The test

equipment was arranged so that the pressurized fluid drove the test machine ram

downward agcjoinst the resistance of steel springs (as well as the propellant sample's

resistarce and the inertia of moving parts). The result was a transient strain

history that simulnted the strain at the inner bore of a rocket motor undergoing

iqnition pressurization.

Since the stress-strain data for some of these tests was reported, along with

conventional relaxation test data, an ideal test case was provided for the

techniques studied in the present effort. Figure 14 is a photograph of the

oscillogroph ("strip chart") data (Figure 9 in AFRPL-TR-78-68). This data

corresponds to Run No I in Table F-5 of AFRPL-TR-78-68. The prestrain level for

the tests was zero. Other test parameters and results given in Table F-5 of

AFRPL-Tli-78-68 were:

Temperature: -6SoF (-53.9oC)

Maximum Pressure: 1310 psi (9.03 MPa)

Time to Maximum Pressjr,: 67.9 ms

Strain at Maximum Pressu1 , 0.0317 in/in (.0317 mm/mm)

Stress (it Maximum Pressure: 732 psi (5.05 MPa)
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These vilkiies were ised to scailo the datai shown in I igure 14. In scal inq the

dlisplacemoent trace-(s the (impli t'ide of bothi F)I (]fd [D2 were token cis 0.031 7 in/in

(0.0-3 11 rni/~inni); the resulting scaled strains were then averaged. The scaled data

is (liven in I(pures 15 and 16. (A careful examination of Figure 14 will reveal that

the range is distorted, presurnohly by perspective effects in the photography. An

effort wais made to accurately (Iccount for the distortion in scaling the data.)

('ompcrrison of Fiqu~re IS with Figure 1 6(a) shows that the strain history logs

the pressu~re history somewhat hut otherwise corresponds fairly closely. The strain

history has the sarne general appearance as the polynomnial history shown in Figure

I (up to the peak value), except for an added oscillation or 'bumnpiness", which

appears even) more strongly in the stress history (Figure 16(b)).
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Figure 16. Strain and Stress Data Scaled from Strip Chart.
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The relaxation modulus for this propellant was determined at several

different strain levels. The data reported for 2.5% strain as well as two different

analytical representations is shown in Figure 17. The power law and the log-

quadratic equations are tangent at the oglO (t/aT) = -7 point (with t/aT in

minutes). While the combination of these two functions fits the data well over the

entire range of data, the log-quadratic function produces a hereditary integral

which must be numerically evaluated for any strain history other than a step

function. In practice, the power law is the only part of the combination involved in

evoulating propellant response under the loading conditions of interest in this

report because only reduced times less than 10-7 minutes are involved. It was felt

that the Thiokol power law had a higher slope than was supported by the data, so

two alternative modified power laws were determined using the Power Law

Modulus Program discussed earlier. These alternative representations are

"Modified Power Law Number I", shown in Figure 18, and "Modified Power Law

Number 2", shown in Figure 19. The difference between these two representations

is in the center control point (the modulus equation was forced through the three

points shown in each figure). The modulus constants (for a temperature of -65°F

(S3.9oC))determined for the modified power law equation (Eq. 2) for the English

system of units (modulus in psi, t/aT in minutes) are:
L oEn dim)

opsi W, psin(dm
Modified Power Law No I 2497 38.8 -0.28252

Modified Power Law No 2 2426 44.9 -0.30382

For the 51 system of units (modulus in MPa, t/aT in seconds), the constants are:

o, psi E, MPa n (dim)

Modified Power Law No I 54.74 0.268 -0.28252

Modified Power Law No 2 58.03 0.310 -0.30382
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The two rnodif led )OWr (41/ i, reprovsein , I re related to the relaxation

danta hy the WL1F -hift fac tor (a.1 ) qmlt p n.

lug- (1S

which was det-r reined hv I hi akel mpel if cal lv f or tI ir relaxation datn in Figures 1 7,

1 8, nnd 19. In this eP' atien. I it) V. T he cnk kdit ions in) this report use a value

of 298.15 whero the V~dle 298 appear i) I p 'antion 1 6: this corresponds to a

reference temnperatjr,- (for w.hich Lo aj n - ML of 7701 or 250C.

I Xorninat ion of Iip res, IH 8 (n d 1 sllV thai " Modif ied Power Lanw I Iiamher 2''

agre-es better with the mnstired (i(et (it very short times (Ct < 1()-) min). while

Modified Power Law L1i reher Iagrees He-tter with the data for longer reduced

times. We are concerned with redticed titnes shorter than 10-8 minutes, so

"Modified Power Law I Imniher 2" appears prefernhie to "Modified Power Law

rIAurner I ." "Modified Power Law Numhber 2" also appears to he more consistent

with the relaxation doll than does.- the I hiok-ol power low.
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Figure 20. Polynomial Strain History Results. Figure 21. Piecewise-Linear Strain History Results.

The strain histories considered are shown in Figures 20(a) and 21(a). The data

points plotted as circles were scaled from Figure 14 using strain at maximum

pressure to determine scale factors.

The polynomial strain history was forced through a point of inflection and a

maximum at the control points shown in Figure 20(a). The resulting constants in

Equation 6 were:

Time in Minutes Time in Seconds

C I = 5.5035 x 102 (min)-I C I = 9.1725 x 10- 4 (sec)- I

C2 = 8.8909 x 104 (min)- 2  C2 = 24.697 (sec)- 2

C3 = -7.7605 x 107 (min)- 3  C3 = -3.5928 x 102 (sec)- 3

C4 = 1.8332 x 1010 C4 = 1.4145 x 103 (sec)-4
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4. CONCLUSIONS AND RECOMMENDATIONS

This successful analysis effort fully met the objectives. Some innovative

approaches to the analysis of propellant viscoelastic response under motor ignition

pressurization conditions were developed, and a number of useful calculator

programs were created for AFRPL in-house use.

We recommend that the techniques developed in this program be extended to

the more difficult problem of thermal transient loading with coupled strain and

temperature histories. We also recommend that the techniques be applied to

problems involving prestrain to determine whether prestrain causes the linear

approach to fail.

33


