AD=A11S 699 ﬂMRY DlAlOND LABS ADELPHI M F/¢ 20/9
ON THE NONLINEAR CONDUCYIV!TV TENSOR FOR AN UNMAGNETIZED RELATI==ETC(U)
FEB 82 H ! BRANOT

UNCLASS!F!ED HOL=TR=19'

. I .......l..
A s
END
aro
S-ga
[ Thme







P
i
o
:
l
UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Dats Entered)
READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
T. REPORT NUMBER 2, GOVT ACCESSION NOJ 3. RECIPIENT'’S CATALOG NUMBER
HDL~TR-1970 B4~ 99
4. TITLE (and Subtitle) ; S. TYPE OF REPORT & PERIOD COVERED
On the Nonlinear Conductivity Tensor for
an Unmagnetized Relativistic Turbulent Technical Report
Plasma 6. PERFORMING ORG. REPORT NUMBER
7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(s)
Howard E. Brandt
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
. R AREA & WORK UNIT NUMBERS
Harry Diamond Laboratories
2800 Powder Mill Road Program Ele: 6.11.01.A
. Adelphi, MD 20783
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
U.S. Army Materiel Development February 1982
X and Readiness Command 3. NUMBER OF PAGES
Alexandria, VA 22333 . 29
' [T3. MONITORING AGENCY NAME & A Sqif ditl from C 4 Office) | 15. SECURITY CLASS. (of thie report)
UNCLASSIFIED
Sa. DECLASSIFICATION/ DOWNGRADING
SCHEDULE
16. DISTRIBUTION STATEMENT (of this Report)
! Approved for public release; distribution unlimited. .

{ 17. DISTRIBUTION STATEMENT (of the absiract entered in Block 20, if different froo Report) ‘ ’ ) S 1

18. SUPPLEMENTARY NOTES N

: HDL Project: A10125 H
: DRCMS Code: 611101.91A0011

DA Project: 1L161101A91A

B
! j 9. KEY WORDS (C: on reverss side If y and identity by block number)
2 1 Plasma turbulence Relativistic plasma turbulence
e . .Nonlinear conductivity Plasma physics
‘iissipation Bremsstrahlung
. - ;
& yn}metrles

n\!ﬁnmr (Coxrthuse en roverse side N nacossasy swd identify by block munber)

. The symmetry properties of the second-order nonlinear conduc-
tivity tensor for an unmagnetized, relativistic, and weakly
X turbulent plasma are important in the analysis of the collective
. bremsstrahlung instability. This tensor has some exact symmetries
that, if resonant wave-particle interactions are neglected,
bgcome the widely known symmetry related to the Manley-Rowe rela-
tions, crossing symmetry, and the nondissipative nature of the

’ DD 50"y W73 £ormion orF 1 wov 68 15 ORSOLETE

UNCLASSIFIED J
1 SECUMTY CLASSIFICATION OF TWIS PAGE (Wien Dote Entered) -

é

—— C . . . . . .-

~ . il
.l""v;--m“»-u‘qw-;w - ”, ™ o . v ) - - o e -




4

e+ et s

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGK(When Dota Entered)

5120. ABSTRACT (Cont'd)

onlinear current. Using the well-known expression for the con-
ductivity from plasma turbulence theory, a polynomial represen-
tation for the tensor is obtained in which all derivatives are
removed and the pole structure is clearly exhibited. The exact

symmetries are obtained by a lengthy algebraic reduction using
d this representation.,

Las o

: Accession For )
THIIS GRA&L g \
DTIC T4B a
*f, Unannourced ol
. Justification
j

e

dohie -

BY o

pistrivution/

4 Avall-hoiity 0070
pe — - ) .
l
!

PR W I
Dic Lacelel

B

m
:
_. ’ W UNCLASSIFIED

2 SECURITY CLASSIFICATION OF THIS PAGE(When Date Entered)

Iq.
t
S
' —_
[
i el -

AT AT TR PR



[

TR

2.

3.

4'

CONTENTS

Page
INTRODUCTION O 8 0080 00000 5 POOORR N OO B PSR OOOEPPEPNSOOBTOIONOOLEEBNNOOEOEREROSIOIDINES 5

POLYNOMIAL REPRESENTATION OF SECOND-ORDER NONLINEAR CONDUCTIVITY

TENSOR 90000006000 008000000000000000000000000008000000000000000800s0 6
THE EXACT SYMMETRIES P9 P 0000000000 PPENSLEOORIRNNOOSIIOIRROOOSIISIEETINE 10

CONCLUSION 0006006050000 000000800000000006000000006000cs000s000080800 19

LITERATURE CITED 8845055500000 RITEPIICPIOIBOBBO0000000080800000 20

DISTRIBUTION G500 P S0P 0 0000000000000 0000080P00RE000000080SSRSIITTS 23




(Amie o an o

L i - = i S S

1. INTRODUCTION

The nature of the collective bremsstrahlung instability and its
possible importance to plasma astrophysics and relativistic beam-plasma
systems has been explored in considerable detail by Tsytovich and
Akopyan.l's* For an unmagnetized plasma, the photonic growth rate
depends on the collective bremsstrahlung probability. Nonlinear brems-
strahlung associated with the three-plasmon dynamic polarization vertex
has been shown to make an important contribution to the bremsstrahlung
probability.l’2 In vacuum quantum electrodynamics, because of Furry's
theorem,® the analogous diagram is vanishing and is therefore absent in
the standard Bethe-Heitler bremsstrahlung cross section.’ In plasma
turbulence theory, the collective bremsstrahlung probability depends on
the ncr-linear bremsstrahlung amplitude through the second-order
nonlinear conductivity tensor. The symmetry properties of this tensor
are especially important in reducing the complex expression for the
collective bremsstrahlung recoil force in a relativistic, weakly turbu~
lent nonequilibrium plasma. The latter is needed to determine the
collective bremsstrahlung probability.!’2 The symmetry properties were
documented to some extent by Tsytovich and were shown to be related to
the approximate nondissipative nature of the nonlinear current and also
to crossing symmetry in three-plasmon interactions.l’8¢9

The symmetry properties of the nonlinear conductivity tensor have
been investigated also in other work. For nonrelativistic, weakly
turbulent plasmas, they were established long ago.10 For relativistic
plasmas in which the fields and the particle distributions are such that
resonant wave-particle interactions can be ignored, the symmetry
relating principal @parts only has been demonstrated to all
orders.11713 others have investigated also the relationship between the
approximate symmetry and the fact that the total enerqgy dissipated by
the nonlinear current is vanishinq.8'13’l“ The relationship to crossing
symmetry was also investigated in analyses of three-wave coupling be-
tween Langmuir, sound, and transverse waves,l11715 The relationship to
generalized Onsager relations also has been addressed.!! The symmetry
properties have been related to those of the Poisson brackets in a
perturbatidn-theoretic Hamiltonian formulation.}0+11 Moreover, in
coherent three-wave interactions and the weak turbulence equations, it
follows from the symmetry properties that wave energy and momentum are
approximately conserved, and the Manley-Rowe relations obtain,10¢16-21
To a limited extent, symmetry-breaking effects associated with violation
of the Manley-Rowe relations have been addressed.l16/21+22

*See references in Literature Cited section.
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This paper reports two exact symmetry properties of the nonlinear
conductivity tensor for an unmagnetized, relativistic, weakly turbulent
plasma. The symmetries are not limited to the principal part. Their
principal parts reduce to the well-known approximate symmetry. One of
the exact symmetries was obtained previously by using the standard
expression for the second-order conductivity tensor in plasma turbulence
theory, resulting from straightforward iteration of the Vlasov
equation.“””"26 However, this symmetry was defined in an unphysical
region of wave vector space, at least in its relationship to the second-
order nonlinear current density. Another exact symmetry defined in the
physical region is developed here. The iterative approach furnishes a
new polynomial representation of the second-order conductivity tensor in
which all derivatives are removed and the pole structure is clearly
exhibited. It is hoped that the present elaboration of these symmetries
will facilitate deeper understanding of the collective bremsstrahlung
instability and the dissipative properties of the three-plasmon vertex.
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. In section 2, the polynomial representation of the second-order
nonlinear conductivity tensor is presented. In section 3, the exact
symmetries and their derivations by means of the polynomial representa-

{ tion are discussed. It is also shown that, ignoring resonant wave-

) particle interactions, the exact symmetries are reducible to the well-
known symmetry relation for the nonrelativistic longitudinal case. 1In
section 4, the results are briefly summarized.

; 2, POLYNOMIAL REPRESENTATION OF SECOND-ORDER NONLINEAR CONDUCTIVITY
TENSOR

3 The second-order nonlinear conductivity tensor S (k ki,k2) in
plasma turbulence theory is defined by 2r1k

d3§ 2
. = 2 i 2 W3)
Slnl(k'kl'kZ) © (21)3 w - ke¥ +i6 Kml 5 v) oP;
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and is related to the second-order nonlinear current 3&2) by
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It should be mentioned here that the tensor defined by equations
(18) and (20) of Akopyan and Tsytovich? differs implicitly from equation
(1) here in that, instead, the first complex denominator w - keV + i6 in
equation (1) is implicitly w - k¥ - i§ there. The notation of equa-
tions (1) and (2) corresponds more directly to equations (10) and (12)
of Tsytovich.2? The symmetries discussed here pertain to the two sym-
metrized forms

E 3
oijl(k,kl,kz) z Sijl(k,kl,kz) £ 55 (k,kzkl) . (3)

The tensor 0 ij1 (k kl'k ) is the same as (k k k ) of earlier
work.14724+267“I¢ jg convenient also to deflne %he anklsymmetrlzed form
131(k 'k ,k ) above,

First integrating equation (1) by parts, dropping surface terms,
then using the relativistic kinetic relations, performing the differen-
tiations, and combining terms, one obtains

) B a + &191 @, + Ezﬁl
S..l(k,k ,k) =2 gR(0O) 1 +
131 1772 (2n)® P e2 | o +is @ + 18)(Q, + 18)
a3 + a3Ql a‘+ + a“QI

+ +

@ +i8)(q, + i8)2 (Q + i8)?

_ _ (4)

. as + “SQI . “6 + aGQI

(2 + ié )2(92 +1i8) (@ + 15)2(92 + i8)2

a7 + a7QI aa + aaﬂl
+ +

@ + i8)3 9 + ié )3(92 + i8)

where
€ = (mzc" + [>2c2)1/2 , (5)
{n, 91'92‘ ’i“"’”"‘ﬁ S Sl '“2% ’ (6)
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and where {“n' n =1, 8 and {d_i;n, n =1, 8 are complicated tensor poly-
nomials in the components of v, %, )3 , and iz. They are simply a re-
naming of the coefficients Cn.“’ For notational convenience, the tensor
indices of -th.e ap = anijl(k,kl ,_kz) and &n = &'nijl(k,kl,kz) are sup-
pressed. Explicitly, the o, are given by

a = (czkli - “1Vi)6j1 - (czkll - ulvl)Gij - ulvjéil

- 2k v 3¢ 2y v.v.v

= - . -2
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! a, = (czﬁ'ﬁlkg - uulkg ~ K-Klug + c'zuulug)vivjv1 ' (13)

i a, = 2(c2§-i1 - uul) viviky - Z(K-Elu - c'zuzul)vivjvl ' (14)

E ag = Z(FZEOﬁIE-KZ - K-izuul - i-iluuz + c—zuzuluz)vivjvl . (15)
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E The En are given by
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: i
B :, -

2 - v c . V.V - . v

— 0] o -2 '3 0]
! vlekzl + 4c uzvlevl ’

RI
L1}

21,2 2 ~2.,2 2
3 (; k2 - uz)leij + (é My - kz)vivjvl p (18)

Q
!

a 2 - . 2r. - 6., - .
y = (c kl uvl)Sl] + <F kJ uv;)éll uv]_é]1

(19)

[}

)l; 2vivjkl - 2vikjv1 + Sc'zuvivjvl '

2. - .. -2 - . ‘ .
(c % Kz uuz)vlélJ + 2(?c uu, % K;)vlvjvl

AN
—— i
{2]]
wn
"

+

2 2
c kzikjvl + c vikjkzl (20)

N
-

J 1

- uvikzjv1 - uvivjk21 - ukziv.vl - 3u2v-kjv1 ’




"
3

e e —

S P, Rt TR — -

R 212 _ 2 =2,,2 - 2

a = (c k2 uz)vikjv1 + (? 5 vk )vl 5 l ' (21)

& = 2c2vikjk] - 2vikyvy = vjviky + 2c72ulvivyvy (22) 5
H

5 = 2%.% - KV, - . - c72y2 iy ;

ag = 2(c % 'kz uuz) v1k3V1 2 (E ’Ezu c “u uz)vlvjvl . (23)

The polynomial representation given by equation (4) contains no deriva-
3 tives, and the explicit pole structure is clearly exhibited. In section
3, equation (4) is used to obtain the exact symmetries.

3. THE EXACT SYMMETRIES

In this section, the polynemial representation, equation (4), of the
nonlinear conductivity tensor is used to explicitly establish the
following exact symmetries in wave vector space:

1 ¥

oijl(tkltkz,kl,kz —ojil(kl,tkltkz,k2> . (24)
The one 1nvolv1ng ol (-k1 -k2 ,k1,k2) was obtained previously. The one
involving o (k1+k2 %1,k2) occurs in the physical region of wave vector

space of equatxon (2) and is therefore of greater interest.

First replacing k by %kltk2 in equation (4) and then combining
terms, one obtains

3 $
o oij1 \¥k K, ok oKy

4 1 24
& d3 fR( o) 2 B nn n
,.1 = 22 p n=1 ' (25)
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and where {Bn, n = 1, 24} are complicated tensor polynomials in the
components of :/, T(l , and T(Z. The latter are given by

_ (22,2 2% % 12 _ 232 _ 2 _ 2% .
By = (c kik; + ¢ Kl K2k1 WOk - wu K ulil i2
' (27)
L 2y2 2,22 -2.3 .
ulkz + C uluz + C uluz) vlevl ’
_ (2v2 _ 2 212 _ .2 v
82 = (c k1 u1> kl 1Vivj + (c k1 ul)kzlvlv]
2v2  _ 2 _ 2 _ 2 2.2
+ (c k1 ul)kzivjvl + (2L12kl ulk1 + 2c ulu2 (28)
-2.3
+ c ul)vivjvl '
|
(22 _ 2) P 2 2) v
1 83 (c k1 h vjdll (kf lh vlvjvl ’ (29)
_ 2 . 2 )2 2,23 .
. B, = [3c2klk§ + 2c2k§_K1 iz + 2‘:2(11 iz) + 3¢ klil Ez
R
o _oar2,2 - _ T .2 - .
i kW, 3}%“1”2 Zil koug s 4*1 i2“1“2
L , , ) . (30)
i - - - . =
7] 2, - Agut - 3k Roul ¢ 2070 g
!

+ 5c"2u%u2 + 3c_2u?u

2 ViVle ’

B A T acan o TR

PPIRE B PO



< e

-
. 5

™
(]

2% 212 _ )
(2c Tcl szll + 3¢ klkll 2"1”2"11 3u1k11

+

2% -2 - 2.2
c?k) i2"21 “2]‘11 “1“2k21 tc kzkll

+

2:2v - a2 .
32Kk, :mlkzl)vlvJ

+

2% . - 22 . -
(c k| szli u1“2"11 tc i1 szzi u1“2“2i

(31)

+

242 .2 2,2 - 342k .
c kzkli uzkli + 3c klkzi 32 zi)vjvl

+

2% . - 212 - 12 .
(c Kl ﬁzklj uluzklj + cC kzklj uzklj) vivy

-6k . 2.2, _ a2 -2,3
(sil izul + 13c72plu, - 3k3u, + 3¢

+

2 o - 2 =2 2),.
7k1u2 - 4?1 'ﬁzuz 4k2u1 + 8c uluz)vlvjvl ,

W
(-]
]

2 21,2 2 2
3u + 3c4k )v 611 + (c kzlklj + c kllklj)vi

2 2 2
+ k, k + 2k, k .
(c 15y e kllkzi)vJ +c kzikljvl

+

+

( 2k, - k- 3u1k21)vivj (32)
-2u k —uk)v-v +(2uk -uk -3uk)v.v
(21- 17145/7171 2714 1714 1725/ 7371

+ (4k2+10c'2uu2+8c2f-2k&)v vivy

= - , 2 . - . -
87 ( 2u1vJ +C klj)Gll klivJvl k1 lvivj

e

(33)

Yo TN
I e D U

- kljv.v1 + 4c™2 u v,

i 131’




hod
it

21232 2% . 2222 . 2(% .
[;e K2k2 + 2c2k1'kl iz + 3c ﬁzil k, + 2 (Kl EZ)Z

Coa2y2 _ a2 - o u2 - .
3kZu? - 3kp 2&1 Ezul 421 Kzulu2

(34)

2 s a2u? - ot ot u2 -2,3
2k{u,u, = 3k{u; 3k, k2 + 2c72uiu,

+

-2.,2,2 -2 3
Sc uluz + 3¢ ulu%]vivjvl '

o
1]

212 2% - 32 -
(3c klkzl + 2c Rl Ezkzl 3u1k21 2u1u2k21
242 2% . - 2 212
+ 2c k1k11 + 2c Kl Ezkll 2u1kll + c kzk11

2 m,k 2x ( %k 27k ok k
‘ L PR 1;)vivj AN WP R T

212 -yl _ - 2 2% .
+ 2c kzkzj Wik, - 2wk, - 2k, + 207k <Kk

j 3 b b

- 212 - a2 _
2“1“2k1- + 3c kzkl- 3u2k1‘)vlvl
3 b j
(35)
2% . - 212 _ a2
+ <?c Il izkli 2u1u2k1i + 3¢ kzkli 3u2k1i

212
+ 3c klk2-

1

2% . - 32 - .
+ 2c Kl szzi 31.11k2i 2u1u2k2;)vjvl

- . - 2
+ ( 10K1 Kzul 9k2y

- . -2 2
12 10?1 izuz + 19¢c “py.u

142
= 2, .2 _ 2 -2.3 _ 2 _ 2 <
! + 19 Tuouy - ALk, + 20 Ty = duky - Ak

4 -2,3
v + 2c ul>vivjv1 ’

N

bR T4
[P Y

et me s et e

13

-
B 7 g oa T N

. i T




‘,A" . {i. ..
T e T
R

I
[P .

B8

-
TP TrVE i - Y A

-3k2+7c2§)

= {2 2
(ckli+ck2

2
+ (c k21

12 =

(czk% + 2c2§ i

w2 - 202 _
L 2uu2+ck u2>6
+

3u + 3c2k2)v 8. i1t (c?-k2 - U )vlé

2¢2

+

k, k +c2k k, + 3c%k, k

v,
] 21 321)

k i + 2c2k k 1) + 3c2k21kli)vj

zi)"l

, )v v
37l

2
k2i - uzkzi v.v

(-
(

+

(2c2 k

+

+ 3c2k1 k

(czk k, ; + cfx, X, _
23 %4 j

(36}

+

8uk k

1 121 k

- 4u2k

+ k

Ay 1y

¢
¢

+ (-2u1k2j - Zulklj - 7u2k1j - 4u2k2j)ViV1

Zli‘-aul

+ (14c"2u% + 32c'2u1

- . - gk2
M, 8%1 ﬁz 6kl

vlvjvl '

"2”1"1 —2u £ 6

i.
2 - )
+ (3c klj 6ulvj)611

2(k21 + 2k )vivj ~ 2(2)(1‘1 + kzj)vjvl

ZQcZJ + 2k )Vl"i + 8(u2 + 2u1)c

e

- IZIlev1 §

(37)

leVl ’

vy iy = vjd

i1 t 3¢ vlvjvl) . (38)

14

N PN ) padieara 4




S

.

PR

o

‘ T .
- - — vw. . o D b v

e Sk

= (c2k2k2 4 2% B k2 _ u2y2 2 _ .29 .
813'(""1"2“’;1 k2 wiky - upukg - ulk ok,

e TR TN ) MO o
fry = (Cztl'izkli Tkt kzkgkli - 3”§k1i + c?klk,

* czkl'Ezkzi B “szi B ”luzkzi)"j"l

+ (czkiszl -k, 4 czkl.kzkzl - uszl)vivj (40)

232 2% - 12 - 2% o
+ (c klkz- + 2¢ il K2k2‘ ulkz_ 2ulu2k2. + ¢ K] szl.
] J ] ] ]
- 2).2 22 - 2 - 32 )
uluzkl. + 3¢ kzk1 .+ 3c kzkz' 3u2kl. 3u2k2 _)vlvl
] 3 ] J J
- . - 2 -2,2 - 2 - 2
+ ( sil Ez“z 4Ky, + 8c uiuy = 7ku - 3k2u,
=2 2 =2,,3 _ . sV
+ 13c ulu2 + 3c u2 4KI Kzul)vlvjvl ’
< (-2 22\ . 32 212 .
15 = (“1 +c kl)vjsll +( 3\:2 + 3¢ k2>v151J

.2 212 2k ok - 12 2x2Yy. 5.
+(ul Zuluz+ck1-0»2ckl k2 u2+ck2)v1631

2(
+ clk, k + 3k, k + 2k, k )v-
Ij 1y lj 21 Zj 21 1

2
+ c (klikll + 3k1ik21 + kzikll)vj

2
+ c (2k2ik2j + 3k2ik13 + Zinkzj)vl

(41)
+ (—7u1k21 - 2u2k21 - ‘mlkl1 - Zqull)vivj
+ ('”1"1- - 8;12)(1_ - 8u2k2. - 4ux)<2')v-1v1
J J J
+l-u k- 8k, - 2uk -7uk)vv
(lli 271 2724 1725 )75

-2,,2 -2 2,2 _ 2 o .
+ (7c Mo+ 327200, + 14e u3 - 3k2 8)21 kz

- 2
6"2)"1 v:i vi oo

15

o v P g g e

)




. —

le6

17

18

19

2¢

= 2 2 2 . 2 .
= 2(c kli +c kzi)éjl + 3¢ kzlle + 3¢ klj611
- 6"1"3'511 - 6u2v161j - 4(111 + uz)vicjl - 5()(11 + kzl)vivj
- S(k +k )v.v - S(k + Xk )v-v
1y 2;)°3°1 P 23)7171

~2 -2
+20(c ul +c “2)Vivjvl ’

= - - "2y v,
= -3vi6jl 3v1(’5ij 3vj6il + 9c¢ vlev1 ,

= 22 212 -yl - 32 .
= [c kzkl- + ¢ kzkz- u2k1~ u2k2‘ vivy
J J b] ]
2y ,2 2,3 _ 2 _ 2V v,
+ <2c ulu2 + c uz 2ulk2 uzk v.v

2)“1 i’1
212 _ 2 .
+ (c k2 u2>k1iv3v1 ’

2 2 2 2
=c%k, k. v. + [c2xk k + ck. k + c¢k, k v
1 213 ( 1y Zj l]- 24 2j Zi) 1

2 2 2x2 _ 3,2
+ (c kljk21 +c k2jk21>vi + <3c k2 3”2)"1613

- (uzkzl + mlkzl)vivj - (uzkzi + ZquZi + 31121(1i)vjv‘1

(zu‘kzj

+ 3u2k1 + 4"2k2j)vivl

+
N
-
0
o
=
v
[}
N
N
+
P
(2]
N
=
NN
]
%
—
-
N?ﬂ
N——
<
<
<
—
~

2 - ) 2 - Y 3
<3c kzl 6"2"1)613 + (c klj 2u1vJ>611

2 2 - . - . .
(c kli + c kzi 2ulv1 2u2v1)631

+

-2 -2 -
+ 8 (c u1 + 2¢ u2>vivjvl z(klj + Zkzj)viv1

- 26(11 + Zkzl)vivj —<2 kli + Zkzi)vjvl '

(42)

(43)

(44)

(45)

(46)




Y.

= - - -2
By, = ‘3V16j1 3vj6il 3v16ij + 9eTCvivavy (47)
= 2 _ 2 Q-Q 2 _ 2)
822 = (Czkz uz)vldij + u2 k vlvj 1’ (48)
Ba3 = ('2“2"1 * czk21)513' -k Vi1 T kzjvivl
-2 (49)
- kzlvivj + 4c W ViV e
B,y = 'Visjl - ijil - vlsij + 3¢ 2y, iviV1 (50)

similarly, by reducing (o 1( -k ,+k ¥k, ,-k )) , comparing the result
with equation (25) term by {erm, and then using the reality property of
the current and the electric field, the exact symmetry relations given
by equations (24) follow.

The principal parts of equations (24) correspond to the well-known
symmetry of the second-order nonlinear conductivity tensor. This corre-
spondence results from ignoring resonant wave-particle interactions. 1In
that case, the well-known symmetry relation for the nonrelativistic
longitudinal case, equation (2.83) of Tsytovich,g also follows. To see
this, one first notes that the pure longitudinal nonrelativistic second-
order conductivity Sk’kl’k2 is given by

SN SY
mo TR )

> =+ d3'5
v )eR(0)
X ("z Vp)fp () .

avler

i1-V ) . 1
+16( P, mz-kz-?uia
(51)

Comparing equation (51) with equation (1) then yields

k k k
i 1j 2.

sk,kl,kz = e m ‘Kll E m W, ijl(k'kl 'kZ) < (52)

By using equation (3) and equation (52), it follows that
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1
— IS + S
w, (kz,k1+k2, kl k2,-k1,kl+k2>

(klj + kzj)kllkzia;jl(kz,kl+k2,-kl) (53
%, + %] [ 4 (“’1 +“’2)“’1“’2
and
-—1 s +S
W, +w, (A-kl-k2'°k1'_k2 'kl'kz"kz’-k1>
(54)

K. +k )k k. of. (—k *,_ ,-k -k)
( lj Zj 11 Zi 3il 1 2" T2

= -e n T .
' 'i1 + k)| |k1| Fz' (“’1 + “’2)“’1“’2

If one ignores the imaginary part § in equation (1), then using
equation (3) one immediately obtains the following approximate relation:

+ +
oijl(—k,kl,kz) - -oijl(k,kl,kz) . (55)

By using equation (55) together with one of the exact symmetry relations
equations (24), it follows that

+ +
: ojil(fkl'kz"kz'—kl) = Oijl(kz'k1+k2'-k1) . (56)
. ;
’ Substituting equation (56) into equation (54) and comparing the result }
with equation (53), one obtains

1
— (s +s
w, <k2,k1+k2,-kl k, s kl,kl+k2>

(57)

- .
- 3
kil i T . -

1
—_— S - + S, _ _ - .
wl + wz < kl—kz, kl’ k2 kl kz, k2, kk)

Equation (57) is the well-known symmetry relation for the nonrelativ-
istic longitudinal case (eq (2.83) of Tsytovich?). Ignoring the
imaginary part 6 in equation (55) is equivalent to ignoring resonant
wave-particle interactions and including only the principal part. The

: approximate symmetry can also be shown to follow from the other exact
E symmetry of equations (24).

’ 18 :

v .
1t Bk
U SR

- . . b 5 L o A I R
I P BN WA pea G e T - AR LT

R




e

el bt o

4. CONCLUSION

In conclusion then, the following exact symmetry relations hold for
the second-order nonlinear conductivity tensor of an unmagnetized rela-
tivistic weakly turbulent plasma:

t ) -
cijl(tkltkz,kl,kz —cjil(kl,tkltkz,kz) . (58)

where of-l(k,kl,k ) are defined by equations (1) and (3). Also, a
polynomial representation, equation (4), for the tensor has been
obtained in which all derivatives are removed and the pole structure is
clearly exhibited. The principal part of the exact symmetries, equation
(58), is the well-known approximate symmetry that applies when resonant
wave-particle interactions are negligible, the Manley-Rowe relations
obtain, and the nonlinear current is nondissipative,

The symmetry properties are especially useful in the calculation of
the bremsstrahlung recoil force in a relativistic nonequilibrium
plasma. The latter is necessary to determine the collective bremsstrah-
lung probability and to investigate the conditions for the occurrence of
a bremsstrahlung instability.28
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