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L §.1L14r0s02 4. 11810,
4 9.220:7s01 2. 2171605
S S.7377 =0} 5.7536320]
6 2.123360, 2.121131+0)
? 1.08675+01 1.0858]10]
L 6.4747 7200 6.469013+00
a 1.990°0+00 3.98613+00
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2.2 HOELIOALal Wmrtes

BEPACANL IM] omt tThe wetlical 1¢1 depohdohce as Jndlcated

ALOYE, the SC€ALIC ©PJuat JomeE L& hotifontlal Covtdinatcos (&,y) atd

Line take Ehe FoEm fgoah (T, et A - adodpdy,

H

T‘* sfe = % 0

3y >

m e . ,.% 0 (14

2, el du L2 dvEoRE |

Tt 1 53 Ty

Of using the periodiC ospansion 8 in (¥) for Jongitude, as wel]

as in time (8ince the oduationt ate | heacd,
»

v Ve 82

: . ifmi=ct)

iv * ’go A tyV Jo ' * (e}
¥ [ )

¢ LI (y)

we aobtain a foen of the etandard cigenproblen as

(8 = 93V vy =0 (17




efe, 3 L8 Wfe 3RS Fali. s, A .3 Tte Jungilauld,.fal

SIVEA ALl , + ia Khae fetogee? Sy el 4 .2 Ule @hbhowi. wedtaof . o
JeBefNine Eeilablec bosndafy CMILLiohr ol Tte oleS, we BAalwe 4.
L) Eos cadh ametown amd ot g < § ¥0':  the trsultant

ond i Eiahg afe Listed wh Tl je b,

Table Y. Folef Mousdafy cemditiens
meor o ] n+j 7 7 ned .

el wrgw fg=«0! ) w0

v-=0 wigw faeav0ly »-b

;% SO -0 -0

As noted catlice, both 3 foutth=otdet Tinite Jjfferonce
schems and a second=atdet (inite clogenht mothod ate applied to
the systen fof mumetical aalution with 3 9tid intetwal of Lg=%'
latitude, ADVitinnal teels wilk Jjfferent Qrid intetrvals and
baundaty pogitions have beer tade and tesults will be
Jesctibed, Undet discretization, y bhoccomes a column vectotr of
dimensian 10S with the exception of n=0 and 1, because for these
twn wavenumhetrg, thers ate ron-20rn btouhdaty values to be
detarmined €ar one of the dependont variabies and thus ; has two
mate Jearees nf freedom, Jortespondinaly, A becomes a matrisx of

9 bhlocks, each havimg dimengion 15215 for all » other than 0 and

I. The Mtails of these nurerical methods may be found in

Appendix .,




Y, FeefpiueAdics®, Rnded 3NnS sTCLCN Lgvs

ALRMGIUd® el W LARE ) Aot 38 w 19 Che Gl a® ovial Mot &
#RLEN afiGe Teom Th Solatioe o tTgs. (1T, am hote 10 at €
el jeAGolstiong of fThe FySTch Mixchd o 3 Naffer ! 5t wad lal les,
They fepend, of Youtte, SEiaCibally o Tt Aprad oy of Che Mmade !
Byl @& of the Bouhkdafy domditions, Ye wetlical Schatat sob shd
VRS A fide, thRe wage hatbet 3+? The coftput st Ioral scheme , t g
Ehe [A%teof wb Scledt the dihr o ¥=fF PiTTegetuce and Tinite vicment
¢ hoted Tof Comparéonm,

Mefoge FEQuo®img The Jomefal qgl-hal madc] we May Qobip;des
the cflegte nf Changimg the Jeofctty T¢ah pojcztospoie to a
Ehannel, WA 3o cSTabli®% the effert nf tanging tfuhcat i,
tem,.s watying Yy, Tog TRie Putdmae we tjve AT joad Ayt detictal
Mnte [ fn fepfodca® 3 chatrel] Froan DT 1o DN FNA 1o 38e)ude ot
oo iaic Cutvatute, Taongjdet Mmow the “tanume] Mode] Torm ut j13i7ing
2 gifplie wwc¢ond nt et fiajte A Tfcec+ e agchome, Ly cvamtle of
the offecl nf ehangimt Yy fron 4% Jant, %t JO* Jat, may e acer by
Fige Y, Wr Show o thje (igute the Prnfile §r Jatjitygde of the
cigonvector {ng bnth an cetopnal (criivalent depth of 0.t Fny) and
an internal lequivalent Aonth af 42 &t mode for wave nymbe
one., Poth uscints ate 1f the Sagahy type with few zetng, Yinte
that thers s 2 dict{nsuiehahle effoet an the crvicrna]l made by
changing the teunc2®ion, an ot which ia rnt evjdont for the
internal mode, This in2icatine of ar effect, althounh ot
conclugtive, suddgesta that care syst *» *a%en in choneing 3

teuncation interval and that ayectr 2 chaice may have a~ imbact o

the chartacterictic structiree nf the wdn] cyen whon thnae




AL i 4D €k S8y Jforo L

Weg® le® L@ ozl det Uae €?icfy LY e P arre .
PRt e RIN L oM, BN LM L alia, Jafral lide cflect s, tig. 4
freons®d 3%cd 15 cf el of goehiddd ces ot x s oroarced Taabour,
N 3 MAgere cpufip e of Tl mRadg RorDe s, deales ot ch ade Mot
Foumd) wvn the pwlble "Rorpuwic Mude i, ottt et ated atre Jetitud, tay
2Rt itatce Bag warzed ohr 3’ 85¢., Sol Lottt (te cotetrual ahd
trtcfmal wetftical pFofilce f the modc,, Usle Yow Stetily theoac
AR gl cfc® Jfow et The cHarAel bowudaty, eopcciaily Tof thco
emEmgmagl weghidal mdec o, Me Melt o ade THom e
femongieat ion N3t (h 3 Kgely Moyt jrtogftation thcee Mmoades
C¢oultt penfoumtly A fLwmhce Th%e wititatc S.o ewolytior wit: ¢, ,le
? e ? 2 flow field agbatantiai .,y A;ffatert Tpom 9 pojexto.
ke el wih eiMilat phryeycal Prtopctt jece,

The effcert af changyur the pogition of tte hoghdaty or the
nodal atrctate of fthe de ) fay e erce® et mote cieatiy fton
it 5. Some ganpie a3t tadinal alttwctgtes afe Ajep aved Jor
Fmaby tmubea of Fffegent ware wgtteres awd fof it the evtcotra
At A pntegnal wertical ptndfiier. WMaet exidert hete 38 the
AbheetvItiom that e cffect f changi=s btoundasjcs and /ot
Catvatuee playe ifts arst e Aorirant tole > the jonhgost
vlanelt gy wavea., TPue wr 3 83y *hat twmerdary effocis show up
1 brauntaty nedes ot th chanaw) ftode; Witk an Eounterparte f
*he pnle-toa-tnie cage, A1 t-at farvature effects have a
Teonauneed {apact o nevdes o the (omaest planctary waves, Rased

v thean ohenrvations, we %y e chasen t~ asgese the

characterisgtics of a alobal nodel wit* ;i1 curvature effeocts.
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an Tiainial valoe® protliom provided that the parameter - in the

Prenteny® fateis and a2 set of eitia data (u, v,) are given,
Fot cadh Lativitaal mote detefrificed a3 oa aumerical solution to
(LT e (nsct® the cigefiffoguency () and the eguatoarial values
¥ TRe v a3t werclJemITeudlyred O Iritialize an jateqgration
Eowat ? the SGFEN (polc, 17, at the pele, the toundary values of
Ehe Agfef iCal elgondle gt ufed 3fc fot met, o 38 adyusted hy
Ycwhon fa fcthad 3wt the jatoedratlion repeated, More detajls on
thid Procdd wan b foumd in Appendix B, The remults from thig
Prodedate afe cvaluated o cédtablieh the nature of cach mode of
the I 5fcfongs ovual {ome,

Serntal ¢fiftcria ftay b gtilizct to ocompare the regults of
BRo Yol (ng® Struclurfct with thowe of the fiajte-ditf{orence

ety inhe, e yuc the following:

2} tatin af Ttequongics
) toaet «fgate Fffotonee »f g*ructuren

€Y ¢gnettelation crmeificiont hetweon the gtructures,

™e talin f feoermaciea nay e cetszh]ished once the shooting
ceremtute has ¢onvetrged,  Thie necurs when an adiugtment to the
“tormacy Mrived froan the A fforence gysten no lonaer changes
she houmdaty val e 3t *re fnje ta wtich the ghontina procedure
integrates, 3t moarenyer, thie bhyunlary vaiue contrresponds to the
Revpndaty valee anvlicabhle ta the firjte-difference solutions,
Ajrognateily, when the hnyadary valucs nf the two snlutions

corrreepnndt fn a3 otegolected ang(l A fforence, the shootina method



i8 Bail O Rave Juhdctgod o oa Tltee” s icad edc, g, ot

COUurGa, he LQQANRCF valae .5 fisil s duacl.ecd Ly e slauting
nethod Delufe Che Ifo.fuc?dy cEatjeos 1o ot LR the vi€lhjty ol a
AL tefeAl cojofivaluc, thot s Ay 3tlatlc that tte (lRdte~-
BiIterohdr BEFOCtafc h Seezliol 5 ihdcod a Canpelatllanal mode;
Lea, U @ Mol Cottodipoi] Lo acy Made wh,ch aatisficas the
difforontial eguations, The (alid of ffcfuchc.cd 1Hhusd moasdrcs
the CoAaverdod (foyquehidy va, «c of the dtact . hg mcthod g the
ariginal frequency with whidh the methad tedgh, Valuca of this
ratio tar from uiity clearly suggcat that tre fjinjto=diffetetce
systom MOde rither Jocd S0t appratiftate the 1t ac tode well, ot
that [t ropergents a doapul at ional Mmade,

o todiong of the soli iom wrtafe ftoquctcy Scpatatjorn ia
latge, 1.0., whete scquonticge ffoquengjes ohict satinfy the
cquations chandge their valuw:s substant,ally, the tatjo of
ferquencins may %ot e a satiafactoty measdte 1o idenlfy 3
computatinnal mode., ‘mdet Iuch conditione i1 (g helesraty to
have aditional measures and wo yliiige tre Qonnar;eon of
rigqenvector struclureg, Suach oatpatiasncs are nade Cnteurtently
With the ratio=-of=frtequencics, inplying that trec ahooting method,
if not converqged, has a* ifagt teen cnnpicted, The twn
i tocedures wdentifind above azs  H) and (g} invoive 3 oontparisor
n" the latitudinal structar~s a*t a3li pnints avaijatle fronr the
chose.. truncation. Since w> ase X8 = 5 Jatitude, the
comparisons are dqenerally ~rade {nt cach physical variable at 3%
points. LUtilizing these peints for otk vectnrs (the original

solution and the *"shot®” sHhiition) w caiculate bnth the least
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May e Sinilar, Fimalty, 3% %hoe S0 L0 ated tave Sighlficant
amplitade h cAly 2 SARL] Jatinedifal tatige sudt as the
ctpatofial fegion, oOf ELat st cal WMangtces on 51t uct yto ftiay
g" Ll Ppeowe Ro e (Apdetialtle to Jie 3 Acfihitive ahBwet 1o the
te e matuyte of the Ajffetonde=adyat ;o4 Goalgyt ot

Te dcnandltate the applicatjagh of Che ghact @ fticthad and
Ehe patafetots of coaparison, we proescat Table 4§, I this tab]e
we Compats the dct af wcdtward peapatating 2tasr it waves whose
SEeictutot {eatablighed by wolut:on of (1703 ate wectjibed on
Tige. (0 and 11, Mo doecrite &nlytioag Tor the 4t arder
i flotonge osguationg far planctaty wawe #i¢ and f.¢ the cxternal
veprical Mwle, Phyaical 2% well 3¢ comptytat jonal modes atc
incluted in th g ant fceciating Besty modea and  aetward
PEOPAIILingG Ftavwity Mvlegl and (ndee? withogt 3dd -t inqa]
¢ritetia, we wnild gnne dor all nf troaen modes az phyeical, et
de ow detetmine what the ghant jsg Aarthad jerlice abagt thie
LY SN tn 2he Amains 2f tnw ndey walice (e, J0-3%% we &oc (atec
values n® lcaa® e jiatee ¢nyried with wcqgligitle waluyce ~{ thre
catrelation comificient, THhees mylec ate undnuttediy
compyt at (~nal amd the it qttactites (T, 1IN sartnort ste

corclieinm,  Nnte *hatrt tho rat in-nf-‘resygrncices 3 At A

congitrent iy govy! adicatar far cele~tincg coamagtat jancal mndee,




tante %, WAL LI L8 Ui Fon xS will Uie ALOGUL.NJY mctnqd ttgys.,
Le) applicd Lo Casce for w-e, K _=9,5%% im, dn aofdey dittereacing,

Yre - Al € ih el of Ifoquchcy ¥Yaluc
! it - fafbef Of LcfO=CFI8Eingd 1R Stfgctuge {(%*: (oo Ligh)
s feoupurhdy Sojve ) [fun modcy ojual jond (iR 'JO"b
- trogucncy mad.fod 1y Ehoot.ng Melhod
e te * lcagt -Juafc Jifflefoende of mdde] and 8hot BLIUCLUTCcH
Ve - vorrelation ¢ocflicient of modo]l and shot structurcs

Yo, tnde s 3 in tn/ts L5, C,C,
5 . 7.99 =309, =11.7 6.6 =0,07
L’" ‘l ?.Q’ ‘,0& 3002’ 0.‘32 -0.‘1
L? . 7.69 2,04 1.08 0.8 =0,09
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For mode #24 the ratio (s only twa perceat tram unity whercas tor
$32 it ts& a facror of four. Urerespendingly, ncqgliqitly small
vilues of least sauvare ditferences ate coupled with dnit valucs
of *he correlation coctticient, inljcating true physical modes,
For thege woades the ratio=of =fredquenty 18 aluno reasonably ¢loac
T iy, subsStantiating our jnterpretation of their physical
nature,

The shoot ina method has been applied using a 5° 1ncrement
tsar integration from equator to pole, a value which corresponds
o the increment used to solve the original dif.crence
riquartions., PRecause we folt that such an increment was too
coarse, we tested the process with muych smaller intervals, the
smallest representing 0.01 deqrecs of latitude, The results of
that experiment were striking. As tke increment was decreascd
from five deqrecs, the solutions deteriorated, showina the worst
trgults for an increment of one dearce. As the increment was
further decrcased, the results improved qradually. We concluded
that the five deqgree increment for which we gavce a demonstration
wan satisfactory and conuld not be sjionificantly improved upon.

for the high index modes (Nos. 15-21) our statistics do not
indicate any physical modes. However, Fiq.10 suagests that some
of these modes may by physical. To climinate this ambhiaquity, weo
have modified the shooting method, hopefully to make it more
sengitive to high index solutions. tather than reducing (17) to
two first order equations as was done in (18), we reduce the

entire set to a single second order rquation in one dependent

variable, say ¥ . This equation may be expressed as follows:
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tilizing (19) as the shnoting yuation, two initial values are
resquicted., These were chosen as the values nf ¢ at the equator
and at the tirst point (5° iat). For this modified procedure
various increments were also tested, but again such variation had
little impact on the solution.,

Results for high index modcs using this procedure are
Jescribed in Table 5 which 18 identical to Table 4 cxcept for the
shooting method applied. It is evident by noting the correlation
coefficient for modes 16, 12, 20 and 21 that the new technique is
considerably more sicnsitive in this range, and that the
correlation coefficient, as well as the other parameters,
identifics these modes as physical rather than computational.
This effectiveness of system (19) has been tested on other
planetary waves and vertical modes with equivalent success, as
well as for the finite-clement method, the results of which are
described on Table 6.

Consequently, we have ldctermined that the appropriate
shooting method to use is based on system (19). We have checked

caretully to establish that this procedure also successfully




Table 5.

Statistics on results with the modified shoot ing method
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Fg. (19), All other conditions are the same as for Tal-le 4.

No.

11

{ndex

—

—
N v d 20O 2O %o~ 2 & 8 20

ts

8.47
B.46
8.17
8.11
7.99
7.88
7.69
7.59
7.27
7.25
6.87
6.75
6.46
6.16
£.03

tm

8.17
9.47
8.06
7.64
9.12
8.06
8.79
7.66
7.49
7.27
6.85
3.72
6.43
8.27
6.00

fm/f{s

0.99
1.12
0.99
0.94
1.14
1.02
1.14
1.01
1.03
1.00
1.00
0.55
1.00
1.34
0.99

‘4"'.:'.

0.57
0.5]
0.8S
0.69
0.83
0.22
0.75
0.11
0.90
0.06
V.03
0087
0.01
0.87
0.01

C 0,

-0.49
-0.33
-0.47
-0.29
0,23
0.95%
-0.08
0.99
-0.03
1.00
1.00
-0.02
1.00
-0.06
1.00

- ——




Table 6.

Same as Table

Index

— g g

O P NWw tH NN 2ID 20O oty » & o » » 2 »

t

10.00
9.99
9.78
9.67
9.49
9.14
9.12
8.75
8.36
8.34
7.91
7.46
7.40
7.01
6.55
6.26
6.09
5.62
5.15
4.96
4.68
4.20
3.73
3.50
3.24

‘xcept

9.78
l0.00
11.33

9.73
11.64

9.47
14.07

8.44

8.27

8.06

7.68

7.217

7.27

6.86

6.43

6.59

6.00

5.56

S.11

3.72

4.65

4.19

3.72

3.79

3.24

for finite-clement cxpansion.,

L.S.

0.05
0.21
4.0}
0.63
40,22
0.75

0.01
0.75
0.01
0.00
0.00
0.33
0.00
0.00
1.12
0.00
0.00
0.00
0.33
0.00
0.00
0.00
4.98
0.00

c.C,

0.91
0.57
-0.01
0.01
-0.02
-0.41
0.32
0.99
-0.06
0.99
0.99
0.99
-0.04
1.00
1.00
-0.06
1.00
1.00
1.00
-0.01
1.00
1.00
1.00
-0.00
1.00
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identified the computartioral modes ir the lower index range as
was demonstrated for system (lH), To definitively jdentity al)
possible computational modes we use all three of the parameters
specified;: (a), (p), and (c). Where possible, we also use the
index parameter since when the z2ero crossings hecome too
frequent (~24¢) the solutions arce clecarly computational.
However, such a test is best done visually, and as such is not
only subject to human error, but is frohihitively time
consuming. Thus we usc the correlation cocfficient as the prime
parameter, noting that unless its valuc 18 greater than .95, 3all
indications are that the represcntative structure is
computational. If the condition is met (c.c.>.95), the othcr two
criteria are checked for consistency. In this way we can
definitively identify and isolate all computational modes.
Finally, there are a set of modes which cannot exist
physically and must be computational; these include all the
castward propagating Rossby modes. They may be identificd

immediately from their frequency and the shooting method

corroborates this identification.




5, Pnysical vi. Computatiotal somdes

Having cirablishcd o 2-tLod whetobhy the digtinction totween
physical and computationsl soden characterintic ol our model 18
made evident, we may ask atwut their relative distributions.

Th.s sjucrstion Joes not appesr o havwe a ukijue ahiwer, byt some
tntormation 8 avallable trxm car ca.culations, as indicated by
Tables 4, 5, and 6. We not that tor the external vertical mode,
the longest planctary waves have the most physical msodes. This
relationship 18 true also for the internal msodes, hut there is a
reduction in the number of physical modes as one procecds to
higher internal modes,

Constder the cxample 0! westward propagating gqravity modeg
for the 4th-order diftercnce model. For the external mode, waves
2ero and one have halt phys.cal and half computational modes. As
onc procceds to the shorter scales, the ratio of physical to
computational modes drops asymptotically to about 20 percent, 8o
that hy wave m=13 this minimum ratio has heen reached, This
minimum ratio secms to appl; also for the first three internal
modes although the ratio for the lonqest waves (m=0,1) decreases
rapidly, so that for internasl mode three (k=4), wave number one
has only a 25 percent ratio and drops to 20 percent by wave

; number nine.
We note further a subs-:antial rcduction in physical modes
| between internal vertical modes four and five, and for yet higher

internal modes we sce only three physical modes, even at the

longest wavelengths. The r-sults clecarly indicate that for
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“m,k"t’ 2 k dgliger b o) (22).

. hd r

1-1
ol

The process 18 sore Bimply .epresented L, o Fatrix eguation ! we
dirtine the varibles ag 1ol Owk,  let up a0 a atrix with
clements “m,k('i) of dimeng:on (47x9; and et cach of the
vertical structures be reprosented by a vecte? of alne

clements (Gk‘°j)) or Gk. If ww now develop a matrix G which is

made up of all ninc of the vectors &, then we have

k'

Un = Ypb (23)
where gm 18 a matrix cach 0! whosc voctors represents the
projection onto the correspanding vector of G. The latitudinal

structures of these vectors correspond to the profiles which are

analyzed by our model. We shall denote these vectors Um.k where,
U= 4T (24).

It should be evident that there are nine such vectocrs for each
Fourier coecfficient m, and that there are in addition an equal
numnber for both the v and « fields., By stacking these vectors in
the order defined by (20) w may write a matrix of all variables

s ;m' Note that for each r and each k (vertical mode), the

vectors of :m are created b first setting down all latitudinal

point values of u followe: by all iv_ and finally by all &m/c.

m’

The total lenqgth of thesc vectors is clearly 111, and they may be
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laveled :m.k’

6.3 lawgridinal proicction

At this staje of the transtoraation procest, we have oar
dara availanle for cach planctary wave (m) and for ecach mode)
vertical mode (k) a8 a vector on the latitudinal arid, ™
catablish the contribution of this latitudinal profile to cach ot
rhe model modes in latitude, we siaply project the data wectors
twhich we now have) onto those wodel aodesg, Ngt thome mode]
mdee dopoend on the numerical process used to repregent the
modgl, S0 wo must project the dJata on both the modeg of the fth-
order systom as well as on thosc of the finite clement systom,

These model voctors have been diacussed tn Section 3 and
Appendin C. They are the elqeanvectorrs of the matrix A (gee Ya,

17) and may be dofincd from
a=syst (25)

where § is made up of the vectors S These vectors are

m, %"
displayed graphically by Figq. 10 for ~=26 and k=] (external mode)
wased on 4th- order differencing and on Fig. 11 hased on finite
element analysis. Proiection of our rata vectnrs in terms of =

yields,

(26),

and finally, the projection anplitudes are determined by




inversion,  Thus we can estublish the relative strength of cach

of 1the model modes Sm x !0 vur data sample from,
’

-] -
A

r H

m,k

i,

m, Kk (27).
[t must e recalled that 8 depends on the numerical method
applied and that we have two scparatc matrices to consider.

We are now in a position to filter the given observational
data of contributions from computational modes. Thus, if the
filtered Jata i8 utilized in a nonlinear version of the model for
which the filtered computational modes are representative, the
numerical integration of those filtered initial conditions should
show, hopefully, reduced computational effects. Since each of
the elements of ?m,k represents the strength of the corresponding
vector in the data sct, let us first cstablish how much amplitude
of the data is involved in the computational modes. Recall that
we have determined in Section 4 how computational modes are to be
defined.

To show how thesc amplitudes distribute amongst the modes,
we present Fiqg. 12 which is representative of wave m=6 and the
oxternal vertical mode, k=1, The corresponding structures of the
mndes are presented on Fig. 10, On Fiq. 12 we have connected the
nhysical modes by line seqments. For this case of given (m,k),
41 of tae 105 modes are physical and the remainder are
computat ional. The amplitude squared (£2m'k) of the

computational modes when summed accounts for only 8.8% of the

total squared amplitude in the data. Since the physical
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variables represented are flow and geopotential, we may also
equate this squared amplitude to normalized enerqy. That the
physical modes dominate is evident from Figq. 12. This will
hopefully be the case with the other scales (m,k). A similar
distribution for the finite-clement method may be seen from Fig.
13.

We now reconstruct the latitudinal profiles of the data by
inverting Eq. (27), however discarding the amplitudes of the
computational modes. This is done by using only those values
of Em,k which represent physical modes in making the
calculation. Clearly in the example cited, 8.8% of the squared
amplitude of the data will be removed. These reconstructed
profiles are now in a format to be used as initial conditions €for
numerical integration with our model. Fig. 14 describes how
filtering alters the original profile. The figure describes the
latitudinal profiles of um'k(¢) bhoth before (dotted) and after
{solid for finite difference, dashed for finite element)
filtering of computational modes. The integrity of the profile
is essentijially maintained, but extremes are smoothed, This
indicates the impact of the 4th-~ order finite difference operator
as well as the finite-element operator on the profile and how the
computational model is able to deal with extreme latitudinal
fluctuations which are actually observed. By filtering out
unmanageable fluctuations, perhaps these factors will not impose
strongly on the nonlinear progression of the solution. The

comparable results between the finite-element system and the 4-th

order system exist because their physical modes are so similar.
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I 7. Nonlinear integrations

The computational modes identified in the previous sections
have their impact during a nonlinear integration of the equations
of motion. To assess this 1mpact, we propose to integrate the
nonlinear version of our linear system of equations as first
presented by Egs. (l). Our intent is to define the effects of
latitudinal space tvuncation, so we may represent our equations
in terms of planetary wave numbers (spectral expansion) and in
terms of the model's vertical modes.

Since we have identified the vertical modes, upon which the
wind and height fields depend, with the vectors Gk(o), we may

expand those variables in terms of the G vectors;

V=23 Vka(o) (28)
k

v =L 4G (o)
X k“k

where the vectors G, satisfy the equation,

(L. i?_’s) - Sk

d0 2 3¢ 2

and

); Gk(oi) Gk'(oi) = 6kk' (29).

1

The prediction equations as nonlinear forms of (7) may be written

as




av * - _Q.
> + fk x V + Vow = <V VOV

2 n
9 /1 3%y _ . - _ 3 1 . &y
iz ms) eV T T (Y ) (300

If we neglect vertical advection, (30) represents a set of three
nonlinear equations to predict V and ¢. We may now substitute
the expansion in vertical modes given by (28) into Egs. (30).
Utilizing the orthogonality of these modes, we will multiply by

each mode in turn and sum over all points in the vertical. This

yields,
IV, R - —
FE X Vet Vol = kek ke Ve T Tk
’
Iy 2. - _
3t ' Ck V.Vk ) }—('zk|l8k'k'rk"vk".vwk' (31)'
r
ak,k',k" = i Gk(oi)Gk'(oi)Gk"(ci)
2 2
8 : £ K G (0.6, . (0.)G (o)=Cka
k,k', k"' . Z k'iTTk* ik i’ - 2 k,k',k"!
1 Ck, Ckl

It is clear from (31) that because of nonlinearity, the vertical
modes are interactive and that the amplitude functions

Vk and V) must be calculated for all k at any time before time
extrapolation can continue to the next time level. To simplify
the calculation but still maintain the impact of non- linearity
on the evolution of the latitudinal computational modes, let us
reduce the system to a "shallow-water" one, by simply presuming

that only one vertical mode exists ir the expansion of (28).




.nder this constraint the summation on the right hand side of

(31) vanishes and the cocfticients hecome,
a, = B, = I G3(o.) (32)
kK k i k71 *

Since we shall now consider each vertical mode (k) individually,
no loss of generality will be suffered if we drop the "k*
subscript. Let us now refer back to Eq. (16) where we have
expanded in longitudinal waves denoted by the wave number m.
Furthermore we can recall the vector of variables ; as it is
defined for each wave (m) and one vertical mode (k). Using the
operator matrix, A, and noting the orthogonality of the Fourier

functions, system (31) can be rewritten as follows;

— 9

3 . — —

5% + iA(m,k,9)x = q, = 0 (33).
9y

This equation applies for each wave (m) and mode (k). The non-

linear vector on the right hand side of (33) is defined as

follows:
-imA u Ju v 3u uv 3
qa :z -ia fe'imxdx[ u v . v v _ uztan¢]
1v - k acosé¢ 3 a 9¢ a (34).
- .
_ K i =imA [ u ay Y 3&]
qw - Sy acos¢$ 9 a 3¢

It is an easy matter to remove the A-dependence from the q's by
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integration. Because of the nonlinearity, as we expand V or ¢ in

m, the g's will generate a double sum over all wave numbers.
However, orthognality requires the simple addition rule to
apply. Therefore, the double sums are reduced to sinqgle ones
over all wave numbers, since we¢ have that m'’'=m-m'. As an
example,

-imx u u _ =27i
ay Je acosé oA d\ = 7G5s¢ %k t

Y m‘um,um_m, (35).
Eq. (35) represents the first member of q, as described by (34)
and shows clearly the nonlinearity. 1t must be noted that the
summation goes over all allowed values of m', here chosen

as |m'|<20 and that m in (35) refers to the wave number (m)
associated with the vector ¥ in Eg. (33).

Although it is now possible to expand (33) in terms of the
latitudinal modal functions developed for the linear problem, we
shall simply convert the system by numerical means to a
difference system using (a) 4th-order differencing in latitude or
(b) finite-element differencing. Both these procedures have been
described in detail in Appendix C and need not be reviewed
here. However, it should be evident that the left hand side of
(35) becomes a matrix set over all latitudinal points and would
be satisfied by the normal modes (including computational modes)
if nonlinearity did not exist. Thus the vector 0O must be
expanded at all latitudinal arid points and the appropriate

difference operator applied. Because of (34) and (35) we scc

that all grid points and all waves interact to affect any wave at
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a particular grid-voint.

Given an initial state represented by x(t=0) for all grid
points and planetary waves, as well as for the specified vertical
mode, the value of xit) can be determined by a suitable time
stepping procedure. To accomplish this, we utilized the well
tested leapfrog scheme, using a multiple forward start.

At this point the development of initialization as discussed
in the previous section comes into play. System (33) in its
final form for integration clearly involves computational modes;
indeed we have isolated their properties with great care, We
have also, however, removed the contributions to thesc
computational modes from the initial data. Thus the integrations
should begin without computational modes, bhut it is clear to sec

that because of the vector {, these modes will bhe regenerated

during the integration. How rapidly this happens and how
strongly it depends on the numerical form of the equations will
be established by integrating system (33) for both numerical
methods with and without the filtering of the computational
modes. The growth of the modes can clearly be identified if,
during integration, they are monitored. Thus we will be able to
establish their impact and the benefit of filtering
{initialization). Finally, if growth of the computational modes
is rapid, they may be filtered periodically during the
integration thereby inhibiting their cffect.

Computer programs for the numcrical integration of (33) have

been prepared and checked, but no successful inteqrations have

yet been run. We cannot thercfore report on thesec cxperiments,




although we are actively workina on this project and hope to

complete it soon,

8. Conclusion

In our scarch to isolate and define computational crrors in
atmospheric modeling with intent to define the “"best*®
computational schemes, we have uncovered a method which, althouqgh
not yielding the universally best nurerical scheme, will
nevertheless provide the neceded insight to choosce the proper
scheme for any particular model. By modrl wre mcan here the
complete set of model cquations including all physics, dynamics,
boundary and initial conditions. The procedure is oriented
toward space truncation and we have focusscd on truncation in the
horizontal rather than the vertical. The essence of the
technique is to define the normal modes of the linearized version
of the model, to expand the initial conditions in terms of thecse
modes, to separate the physical from computational contributions,
and to filter the computational modes from the initial data. The
model is then integrated with the filtered data and refiltered
during integration, as needed.

The primary issues associated with this process are the
selection of normal modes for the lincar model, the
identification of computational modes, and the filtering of the
initial data. We have described thes» procedures in detail by
application to a specific model and by using a high quality

global data set. The mode]l used is Liygsed on the current non-

forced GLAS qlobal model using o-conrldinates in the vertical.




The model (3 linearized on & 8tate 0! st gt 31S Vertlica.

dependence 18 teansforscd 1) nortal aodes LY cunverting to a
geparated diflerence syster asning second-order differences.,
Conventional boundary condi ionsd are apfsicd at the top and
borttom of the model., These conditiond could Lave some (although
probably not too significant) i1mpact oa our cunclusions, and more
realistic top boundary conditions arc Jdiscussed in a companion
report.  The implications of vertica!l ditferencing as chosen here
also deserve additional study, hut aqain, variations in that
procedure may not have a dramatic cftect ona our {indings.

The horizontal equations, as scparated from the verticsl)
oncs, have themsclves been separated into longitudinal and
latitudinal modes. 3Hince we are here iaterested in g9lobal
prediction, we have used the peciodicity propertics of the
carth's atmosphere in longitude to represent that coordinate by
Fourier series, thereby scparating out a set of equations in
latitude and time for each nlanetary wave in lonqitude, This
process inhibits computational errors due to differencing in
longitude, but aliasing errHrs may sti!l have an effect in a
nonlinear calculation, due to series truncation. The normal
modes in latitude may be established once those equations
(depending as indicated on aoth a planetary wave number and a
vertical made) have been converted by some computational
approximation to numerical Zorm.

We have used two 1ndepondent computational methods to

transfora these equations; i1 fourth-order finite difference

scheme and a finite-clement method, both on equal qJrids of five
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v 18 our content:i:on that the procedure identified and

aueliaed ia this report shoeld prove valuable to the prediction

community by reducing the ettects of difterencing
approsimarions, when our tést integrations are completed, we
enall apply the procedure o a complex, torced model which is
Currently operational at CLAS, Finally, although our efforts
hawe focusdsed o Jlobal models, we belicve that with some
moeti fiCcations, our schoeme can also tx appiiced successgfully to

timited arca medcls,




Appendix A. The thermodynamic equation

Linearizing but retaining the vertical advection term, the

thermodynamic equation (5) becomes

3LnoO ILtn0 _
—3.2-+o—3—:—-0 (A=1).

From the Poisson equation,

R/Cp

P
o = 'r(pﬁ) (P = 1000 mb)

and using the eguation of state

pﬁ = RT'
one has
R/C
P p
) = pcv/cp a _0_____
R
and thus \
C
ILnd _ “v 1 1 3A
R I R ] (A-2)
P
aan=Cvlat+ da :
RIS R S 1 (A=3) |

in which perturbation quantities » and a are negligible when

compared to quantities of the basic state T and A,
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respectively., Also, from Fq. (6) and the perturbation equation

cf (4) one obtains

2 2
3%y 3% IN, I
T8I - T C WA e )

? Ja
S35 n It A *

Adding these two cqauations yields

2
da 1, _ 3% IA
73 AR 1> ALY r i 1 (A-4).

Finally, by substituting Egs. (A-2), (A-3) and (A-4) into (A-1),

one gets a thermodynamic equation with the following form,

Svran 1 3% L oanas,  Svo,0an .,
C; T 3t AT 'Ftio To 3¢ T .o A Jo
or
2
;.?}Es-hlzuﬂ-&o (A=5)
where
c
2 _ - - v 1 1 3A
NS = B = -ARIT o 4 R 3g)
P
and




Appendix B. Solution of the vertical problem

The second order finite-difference equations for solving H

are
1 _ 1 _ 2
- B———-z (-2H2 + H4) = - H2 at o = 18
2(Ao) C
- 1 (H, . -2H +H ) =2 n at g, = 4
2 i-2 i i+2 2 i i T8
Bi(Aa) c
i=4,6,8,...16
1 (-H + H,,.) =31 _n at g =1
ZKIBHKG 16 20 ;7 18

_ 1 _ i .
where 40 = and Bi' H. and Ai are values at o, = 1gr i even,

i
Substituting H,q = 2H;g - Hyj¢ into the last equation one has the

tri-diagonal coefficient matrix

2 -1 0
B, B,
wae 1 1 2 1
Y B, B, R,
¢ - Ao Ac
Aigl AT
H,y

_Z- = H, I} i = 4'6'8'010160
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To solve for G, the centered finite-difference scheme is

applied to the expanded form of Eq. (1ll);

2
1;/3°G 3 3Gy _ 1
) Elao: - ? B a] i ;? ¢

at interior levels. The discretized equations are

G
-t (¢ +06) -3 at o= Ly
2 1 3 c
B.(Ac)
2
5B, .
1l 4 i,_ _1 _ i
= gl (G557 6% Gy ) - g5 (G p* Gy )] =5 6 at o=
i (A0)2 c 18

- 1 1 - - 1 < 1 _ 17
EE[EIEKE(Gls 61707 BT Gyg] 217 3t o=z

where GBi/Aa is the finite difference form for %ElnBi. The first
and last of the above three equations were established by
evaluating Eq. (1ll1) at o=1 and o=17 respectively, and
incorporating the appropriate boundary conditions at

=0 and o=1 (i=18), the latter given by Eg. (13). For the last

equation, G18 = 2Gl7 - Gl6 and Gl6 = (1/2)(G17+G15) must be

userd, One has the tri-diagonal coefficient matrix




_ 1 1 0
B B,
w = -1 4+AoGBi -8 4-Ao§Bi
= (4a0)? CH By i
0 1, _4¢ 1 _  3a¢
816 ZAlBH Blﬁ 2A18H
G
.Z_ = Gi i = 3,5,7(00.15-
G

55
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Appendix C. Solution of the horizontal modes

The horizontal modes for given eguivalent depth (denoted c)
and for specified longitudinal wavenumber (m) are determined from

Eq. (17) which is given as

0 £ me
acosé u
A= £ 0 % %$ and ¥ =] v
mc -C 3 ()cosy ¥

acosd¢ acosé 3¢ 0

where we suppress the subscript m on the vector elements of X .
After discretization, the vector X of unknowns consists of 111
elements for a 5° latitude incremen* including polar values.
Each element in A forms a square block of size 37. Moreover,

non~-derivative blocks are diagonal. Using the 4th-order finite

differencing scheme given as




a band coefficient matrix with width 5 (zero diagonal except the

two corners) is formed for a derivative block. More
specificially, and to see how the boundary conditions are applied
to the numerical scheme, let us write down the basic finite
difference formula at any latitude other than the pole; e.qg.,

85°N:

3y)85” Y (Vg5 8V¥go+8¥ga=¥y5)

where vy = T%K?’ %Z =59 and subscripts indicate degrees of

latitude, northern hemisphere. For those grid point values at
latitudes greater than 90°, one must use the following expression
which is always true and is thus unlike the given boundary
conditions which only hold at the poles. If A and y represent

longitude and latitude, respectively, one can show that

v(A,y) = =(-1)"v(r+n, y)

YA, y) (-L)™y(r+n, y)

by referring to the Fourier expansion given in Eg. (16) and using

eim(/\+1r) = (_l)meimA .

A negative sign is needed in the v-formula because the reference

frame changes direction across the pole. For example,

at - m
Vgs (=1)"vgg

m
(=1)"¥gg,

Vos
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Owing to the differences of boundary conditions, there are three
cases to consider. Discussion 1s focused on the northpole. The

situation at the southpole is similar.

Case 1, m»2: all three unknowns vanish at the pole.

Finite differencing is needed only between 85°N and 85°S.

Beginning from the northernmost point the first three grid points

vield
9y = - -
3y 85 = Y(“¥g5*8¥g, 8¥got¥qs)
= v t¢85-8w80+w75) +/-: if m odd/even
3y _ ) )
3ylgo = V! YoptBigs B¥5+¥4)
= *8¥gs “89,5+¥40)
3y . - -
3yl7s = Y Vg5 +8¥gy “8¥gptves) .
Hence, the upper left corner of the g %% block has the form
£1 -8 1 Ygs
8 0 -8 1 v
c 80
—— c — -

NN

the bhand coefficient matrix alluded to earlier. For the other

am—

derivative term, one has, noting that y=a¢,

e

——————"




ol 3 1 - Y - -
-TosF 3o VOO igs T Gogg,, (TV9stOSPgstBYggOOSeg)TBYgaCOSE gyt I95COSes)
S
Y (#v, -Bv, o'80 coS9e,
85 80 cos¢85 75 cos@ss
r 1 9 = Y - -
_ossrgiveose) lgg ToShag V9005090 *8Vy5 00 tgs “BYy5COS 5t (008 50)
cos ¢ - cos¢ cos¢
= Y(8vgg ES§¢85 o cos = Va0 70)'
80 80 CoSégq

Except for ratios of cosines,

coefficient matrix as W.

these equations give the same

pole.

Case 2. m=0: ¢ does not vanish at the
For the first derivative term one has,
9y = - - |
= v 8W90‘W85'8¢80+¢75)
3 < - -
380 = ¢ Voo*B¥gs  ~B¥ggt¥qg)-

It is seen that there will be an extra

Ygq added to W of Eq.
35x37. For the other derivative term,
pole is needed. To achieve this, we wr

column for coefficients of

(C-1), expanding its dimension to

finite differencing at the

ite
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1 ) - d{vcosg),. 3
So55 73 (VOOSe) = yritReYy ¢ 7%,

treating z=sin¢ as the independent varianle and p=vcos¢ as the

dependent one. Using a second order Taylor's expansion

2 (2..~2..)%
| T b 2 85~ “90’
&5 90'32'90" “857 %90’ ", 2790 T

g
i

, 2
2 (Zoa=Z )
) ap ) 3%p 80290
8o = Pgo*37)90! 280 Z90"’”‘2)90 7 '

.. % P,
and eliminating ;;3)901 one can solve for 37lgg°

l-sinoeo CoSége 1-510085 coségy

)P W v
85 51"°80’81"°85 I—sxnoao 80°

) = - -
32°90 Singgg-Singg, T-51n¢85

Hence, there will bhe an extra row for coefficients of vgs and vgg
added to the corresponding block of case 1, expanding its '
dimension to 37x35. The characteristics of the completed

coefficient matrix is sketched below. ;




i e e e U PPUPEP N -

&)

0
2 S
- .
. ()
~ c
-~ [N
o) - diagonal
GT——-zeros
X
§ - band
o]
row 7] XX
(o]
row j07 XX

Case 1. m=1: only v vanishes at the nole,
One nceds a finite-~diffcerence form for ;% at the pole,  We
choose a one-sided, 4th-~order scheme

v, .4 ¥07¥as 1 Y907ao
$'90 I T B 3 T28¢

= Y(-lﬁﬁas‘zvao)a

The other derivative term is first exnanded betore being

aporoximated by finite differencing:

' ) g - TV _ 1
.Gose T3 (w::oso)‘ﬂs * 7 vtane ;.-

"

v(-v9548v90-8vgn+v75)-vgstanégg

Byvqo—(v#tanogq)vgg-evvﬂo#vvfg

The remaininag discretized cauations are identical to those in




(3%

In tniv Ccade, thoere 18 3 ORS00 COcllcient Ol ugyq, trown
the Vortolis term and one musl use the toundary conditjion us-v at
the pole o shatt this coetljelent o vye. Tras the polar values
of U Needt not e e f faed, WA COFCCSPONL G columng and Fuows arc
theretor: removed, ‘The complete structure of this cocf{icient

matrix A8 jiven e low,

o
¢ n
¢ o 2
[ — .
. » —
5 2 3
(o]
row 36 x (37
(o]
row 72 x x
&
0
row 107 , 1

Tor the finite-clere it method, rach dependent variable is

exisinted in g set of linecar space functions, N(s),




Glp) [
$ip)
pio) v

where B’(') 4r€ DASIC funct iRy for 5. :aes Of 1351 Y4 e

defined as

ax .,
Lt PO
I ) ~

8. (a)= ’
?
0=
_.l,tL (RN LY ]
1ya179, 3 je]
L 0 PR

Note that we again drop the = subscrint on olosents of the
vectot ¥ . Substituting Fq. (<.2) into Fq. (17) and multiplying

by acosy, the system yirolds

“

“AvCoSH, 3 U B, 2 Alsin2eiv. R+ wcI B
4 E - B -

)
2

AR
M N * " 1

- { » ' v . v . rem
aucosotvjaj ansin2s u)B‘ + CCO8e .1 s - 0

2
-avcosatviai + mciujni ~ civ, fT(Bs‘°5°‘ =0
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Py Che Wase when all boundary values are sero, the discretized

LA &Yl P Coiner 4

SR 3 0 v T 3
.10 s 0 vlslr 3 & v - (C.3)
W o » : T ~ J :

Wheer - Lupe Meaps seesdye sees vz, up)T, and similarly

fue ¥ At L. The Lloers of the coctficient matrix are to be
cangtracteod as foilows, Inc multiplics cach term by Bk(°) ani
intedtated aver the dJomain, For instance, from the first term

OREe Griy,

® 42 % Kel
. —avCosiR 13), 3 u B (4)ds = v ) S, .U
s Pttt k-1 %KY
whet
s = "k'lac asB R dp
ko Pt ° ‘ni 1

& the clement of § at  the k' row and jt“ column. Notice that

Heh;=0 1t ‘k=31>l., Similarly,

f = el anwsinZs R R 4
< f). L S
<~]
.
t. .oooreld ach R Ay
L - . < 1
L
P R LN
- LA 1
= '1 «-a— .
wk1 s ccosa i, T 13




It must be pointed out that

- n/2 3
W, . = -c {(B.cos¢ )d¢
k3 I TN
n/2 ]n/Z 8Bk
= -cB, B.cosé¢ | + cB.cos¢ dd
k73 -n/2 -n/2 ] 3¢
¢ 3B
_ k+l k _
= I°k-1 ccos¢Bj Y d¢ = wjk'

This shows that matrices W and W arc the transpose of one
another. Once again, all blocks are square and tridiagonal with
dimensions of 35 provided that all variables vanish at the

pole. Furthermore, Eq. (C.3) can be put in the following

standard form:

(A-vI)x = 0 (C-4)
0 s~ 1lp s~ir
A=[s7lF 0 s~ lw
s~1p s™1w 0

and ™1 is the inverse matrix of S.

For the case of m=0, ¢ does not vanish at the poles. The
bottom-right S-block of (C.3) is consequently expanded to 37x37,
W to 35x37 and W to 37x35. One still obtains a standard

eigenproblem. In the case of m=l, u and v have non-zcro boundary

values. The A matrix is thereby expanded to (37+37+35)2, and the
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details of (C.4) look as fo.lows:

I39637 @ 0 Uqg
vioo I31437 0 vyr | =
0 0 I35x35 ¥35
0 sl F szt T u
37x37 F37x37 37x37  T37x35 37
-1 . -1
537x37  F37x37 0 537x37 W37x3s V3g
-1 1 ~
535x35 T3s5x37 535635 Wisy37 0 Vis) |
Finally, using the boundary conditions of u; = -v; and u37 = vi7,

one can shift column 1 and 37 to 38 and 74, respectively, then

remove columns and rows of 1 and 37. The resulting system has

dimensions of 107.




Appendix D. The Shooting Method

Rewrite the differential equations (18) in matrix form as
55V =EV

and approximate by an implicit finite-difference scheme such that

. - V. . + v
Vil v v v

= E j+l ]
Ay —j+1/2 )
or
— - _ 4y -1 Ay —

= E(¥441/27VV

where Vj = [u(Yj)' v(yj)]T and F is a 2x2 matrix with elements
functionally dependent on Yi+1/2 and v . In addition, the rate
of change of Vj with respect to v at each grid point is computed

from

aF

v _ - =

(350541 = 55 93 * E5s) (D.2).
At the end of the inteqration (y=yj), vy can be forced to
converge to VB (the value specified by the boundary condition) by

a modified frequency, Vnhe according to Newton's method. Using a

numerical approach,




RN (D=3).

v, may be calculated from (D-3) and the derivative may be
calculated from (D-2). Since we only need the boundary value
(point J), (D-2) is integrated along with Vj noting only that
%%)j=0 vanishes because of the fixed boundary (initial) value.

To cycle the shooting method, the new value (vm) is used in (D-

l)-
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Figqure Captions

Vertical structures of the vertical motion field. There
are 9 eigenvectors solved from the H-equation (Egq. 10},
ordered by decreasing equivalent depth (left to right,
top to bottom). The top (ordinate level 1) is

at o = é and the bottom ¢ = 1. All unmarked abscissas

range between 1.

Vertical structures of the wind and height fields.
There are 9 eigenvectors solved from the G-equation (Eq.
11), ordered by decreasing equivalent depth. Level 1 is
at o = %g level 9 at %%, , and interior levels are

2j+1
at 18 °

Comparison of modes for 5° and 10° latitudinal

increment.,
Boundary modes for channel model between 60°N and 60°S.
Low-order Rossby modes as they depend on model geometry.

Eigenfrequencies for longitudinal wavenumbers m = 0 and
1 with equivalent depth 9,555 km (external modes). The
abscissa is the order of magnitude of frequency in

sec”l. The ordinate is the order of frequencies from

the most negative (#1) to the most positive (#107).
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First and last 35 frequencies represent wvestw:rd and
eastward gravity modes, respectively. The last mode
with negative frequency is #58. There are no values in

the range of Rossby modes from #36 to 47 for m = 0,

Elsewhere, if neighboring values are tooc closc, only one

of them is plotted.

it

Fig. 7 Same as Fig. 6 except for m 2, 6, 10. Zero's are used
for m = 10,
Fig. 8 Same as Fig. 6 except for m=6. Frequencies for all 9

equivalent depths are plotted (finite difference).

Fig. 9 Same as Fig. 8 except that the finite element method is
used to establish the eigenproblem. Notice that there
are more negative and relatively less positive Rossby

modes than for the finite difference result.

Fig. 10 Latitudinal eigenstructures of u for m = 6 and
equivalent depth 9.555 km., Shown are westward gravity

modes from #21 to #35, each plotted from pole-to-pole at

a 5° increment. Whether a mode is computational or i
physical is denoted by a c or a p and they are

sequenced.

Fig. 11 Same as Fig. 10 except for results from the finite
element method.

Fig. 12 Amplitudes of real data set projections onto the




latitudinal modes of the 4-th order difference model for

m = 6 and equivalent depth 9.555 km. The abscissa
represents order of magnitude of amplitude and the
ordinate gives order number of modes. Physical modes

are indicated by connecting segments.

Fig. 13 Same as Fig. 12 except for the finite-element odel

modes.

] Fig. 14 Comparison of original and reconstructed latitudinal

4 profiles. Dotted line is the real part of observed u

after projecting onto the first (external) vertical mode

for m=6. Solid line is the reconstructed profile by

removing amplitudes of computational modes using the

finite difference method for normal mode analysis.

Broken line is the reconstructed profile based on

filtering with the finite element modes.
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Vertical structures of the vertical motion field. ‘There are 9 ciaen-
vectors solved from the H-cquation (Eq.10), ordered by decrecasing
equivalent depth (left to right, top to hottom). The top(ordinatce

level 1) is at o = % and the bottom o = 1. All unmarked ahscissas

range between ‘1.
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. Fia. 2 Vertical structures of the wind and height fields. There are 9

nigenvectors solved from the G-equation (Eq. 11), ordered by

2
decreasing cquivalent depts, Level 1 is at ¢ = %E'leVel 9 at %g.

. . 2ij+]
and interior levels are at —%E—.
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BOUNDARY MODES
(CURVATURE , 60°N - 60°S)

WAVE
EXTERNAL MODE

--- "

Ti3. 4 Boundary modes for channel model between 60°N and 60°S.
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St e Vieemtrequencie s far lontitudinal wavenumbers m = 0 and 1 with cquivalent
ot .7 'k (external mode ). The abscissa is the order of macnitude

. - .
dotre senes anosee . The ordinate 1s the order of frequencies from the

= b neczatave (211 te . st oo tive (#107). Firest and last 35
Yreauencie s represent owe stsard and castward gravity modes, respectively.
The Ta ot mode witt neqgativ fre suency i #° KB, There are nc values in

the rarge of koschy mode s from 236 to #72 from = 0, Elsewhere, if

noiaghboring value:s are tor. olos., only one of them is plotted.
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i, B same as Fig. O excopt for mo= 6

are nlotted (finite differsnce).

Frequencics for all

9 eguivalent depths
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Fig. 7 Same as Fig. 8 except that the finite element method is used to establish

the eigenproblem. Notice that there are more nedative and relatively

less positive Rosshy modes than for the finite differonce reoult,
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Amplitudes of real data sct projections onto the latitudinal modes of
tne 4th order difference model for m = 6 and equivalent depth 9.555 km,
The abscissa reopresents order of magnitude of amplitude and the ordinate

gives order number of modes. Physical modes are indicated by connect-

ing scqgments.
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