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A Further Study cof
the Multichanne! saximum Untropy Spectral Analysis

I'v Introductiion

In the field of signal detection and estimation, it is always
necessary to face the problems with systemu whose states are des-
cribed by several time variables. ior exwnple, in the geophysical
research, data are gathered by arrays of sensors (selismographs,
hydrophones, antennas, meteorological staticns). The sensors used
in these array systems will-not always be along & line or in a

regular grid but will often have some artitrary cpatial distribu-

—_—

tion. Also, in an array system, one or more senuor:: can he connected
to a channel; each of these channels provides onec o the -ifgnal to be
processed.  Instead of processing the signals received on cach channel
veparafe]y, it is possible *to procegs all the recelved sigrals
collectively by mesns of a multicharnel filter that takeu inteo account
the interreciations among tnhe individual signals. Therefore, multi-
channel time geries nrocessing is quite important because of its
suificient informations about the ohject. To wolve this problem,
spectral estimation is an effective tool to descrite the ignal
properties., Various attempts [1j - {u], [8] - [ﬁ? af malithannel
upectral analysils have been made in the literature. HNMany conventicnai
methodc have been extended from one channel to mul<icharncel. One
technique which has been studled extensively due to its Yigh resolu-
tion characteristics ia the maximum entropy metnod (MEM). Jones [}}.
Huttal EH}, strand {1] aud Morf et al. {2] have incdependent!y chtained

the multichannel gereralization of the scalar Burg's maximum entropy

method. In this report, we use the generalization method of Strana
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as a means ol study. Detuiled computer results are presented for

the multichannel maximum entropy spectral analysis of shourt sinusoids.
Although for the real wsignals the spectral line shifiing and
spontaneous line sgplitting are observed, we have demonsirated that
such phenomena are almost completely eliminated in the complex

signal case. This result is practically siguificant as it indicates
that accurate spectral estimation is possihle for the complex signal
case. The multichannel maximum entropy spectral - nalysis can thus
provide a good phase estimate from which time delays amony spatially
separated sensors can be properly determined.

Th.is report is organized as follows., In section IT, w2 briefly
review the algorithm of Strand. 1In section IT1, we show the results
of the spectral estimation and the phase difference metween channels.
In section IV, we present the comparative result of the real signals
and the complex signals in the viewpoint of line shiftire and s»iit-
ting properties. And in tne Appendix, we 1list a detaiied computer
program in Fortran which we used to obtain the complex mvltichannel
maximum entropy spectral estimation.

II. Theoretical Background

Let

_—

ya.l(t

yo(t a

V(t)=‘ ! ' t= gvnldt} (1)
‘y (t) (2 R

N =

be a complex zero-mean, wide-sense stationary p-charnnel time

series. The N-element forward filter (or forward filter of length N)
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has the form.

A
y(t) + O F* y(t-kit) = e, (t)

Loz

Similarly, we consider the N-element backward filter

#* ]
)+ ¥Rl (tekat) = by (t) (%)
K=l

In (2) and (3), the forward and backward filter coefficients, Fyp and
Bk“, respectively, are complex pxp matrices. The asleris: * denotes
the (Hermitian) conjugate transpose. For the optimun roiward or
backward filiers (2) or (3), we impose the condition that the
expected mean-square value of eN(t) or bN(t) should Le a minimum.

For (2) this involves determining PlN, FzN' cve s Ty such that

- [y r
- 3 i -y
le(va) eyt

[
!
1 1

E : minimun (4)
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where hl © denutes the expectec value, Inserting (Z) into (4)

and miriimizing with respect te the coefficients 1vﬂ* given the system
[N

. T .\
IEO K, R, eealRy I { rN}
. : : ; | |
R, R, Ry weeasBy gt | Fry | o i |
. 1 ! = : (5)
' ) ' ' ' ’ ' l ‘
: f ' | ] t !
| ! !
]
!
Fon Romerfonez Roo [ T | S

shere I is the pxp identity matrix and the square hlock s.imatrices
in this system are defined by

R, = F Y y(t) y#(t- k‘At)§ , K=0,1,.. .0 (6)

30 that

R_y Rk* (7)
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We call the coefficient matrix in (5) the R-uatrix, or simvly R.
The forward power matrix P, for the resulting optimum filter (i1hat
is, for F,y satisfying (5)) is

Py = E ?eﬂ(t) eN*(t)} (9)
By multiplying both sides of (5) by F * we have,

Py = Fy* R Fy . (9)

where we define Py by
i

-

P = IR g% ey FNN*3
) i

with comma indicating matrix partition.

Yimilarly, ror the ouptimum backward filter, we can derive a system:

) 1 ! e |
R, R, R, +ve R_y 1 ! P |
R.l. R('.', )v{ '_1 ) R-l\l'f' ]. | I 1 “ i , ) |
:I :; 1 )
. . ' | . I
!
! ' ' ‘ ] | [ I
) [ ! : ) t |
i }
¢ .o [ )
Ry Rii-1 Fr-2 o B 0
L S :

e call the coefficient matrix in (10) the B’ matrix, or simply R’.

The backward power matrix pw’ for the resulting ovtimum filter is
iy

¢ #* )
LA N ! t
" E [ by ) by ( )’ (11)
and it follows from (10) that
) . * oy
PN = BN R bN (12)
where
B.* = |1, 8" 5. *l
M L B A A V) i
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Purg hag derived the folilowing resuits concerning the recursive

golution of (5) and (L0), the forward and backward filters may b=

rostulated in the form

S [ , 1
"l — }."l-,! 1. f l
F, = { J { e Y and

Lo i)

- S
B, = | lche L (13)
” ! ) '1 ' l'| j

R : N-td 7

wnere Bé—l = I H;;;,!' - ‘{{: . [ is the block reverse of fiij,

md the pxp natrices €. and Ur', are called forward and backward reflection cocfficients,
N N

respectively. It can he siown that PI‘ and P'i] may be cowputed bv using the uwdern
N A
Levinson algorithm:
_ < * ’ 14)
Pli® Pyos i Fuer Gy (
' ] )\ K /
: = p ) - & P C 15 !
F, M- (L!: ) Tr-1 M (15) i
'%
and 1 5 ;
1 - N Ny T - M 5 :
C,, (F 47 €., 71 Fq
nnd
¢ = v e (16)
i ti=1 N N-1

-~

- .- AU - 1 . . ,
For the positive definlite P[,,) 0 (and PN >~ 0), it 1ls ¥nown that
the maximuw entropy (autoregressive) power spectral density, S(f),

a pxp matrix, can then be calculated from tne forward filter F,, by

| L), Tx-..- Fi--[ ]
s(r) = AL E R L (-;)J (17)
where i(z)= LHE 6% e +F“NZN, z 1s the complex scalar defined by

z= exp | -2htfal |

and £ igs the frequency.

It can be shown (as suggested in (9)) that Fo» Pl""FJ and
(FU'. Plf, N ) are positive definite if and only if R is positive
detinite. Instead of trying %o solve (5) using approximations to the

Ry

Strand [1] derivel a method ¢f estimating the reflection coefficients
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CV and CJ by minimizing a certain weigh*ted sum of squareg cf

/

residuals for the 1orward and backward filters, after which all

forward und backward rilter coefiicientc ¥y and Rkl arc chtained by
L AA

the modern Levinson algorithm. It can be :hown .hal

1 &l 5 7 L = AP N “3
B Cy * PN 1 L” PN-l I 206G (18)
where
M " /
E = ?/v{,@ e\
= ) Q) 4
oy B , , .
G= 2w, by (et (19
My .
A
B = g V{., [)"/‘./ ( })'”’\/ )X‘

m <

and Wﬁ are positive scalar weights (usually all taken as Qf in

I3
practice). Nd 1s the number of observation of ¢ realization of
y(t), N is *the number of tuples of data.

Also en” and bd” can be obiained from
1

N I = ) N" - x 'V—/
“n € r Cu—l bm-l—l
. . * = ,
and p Ve p VI (o ) e N (20)
mn m =1 m

m=1,2,,.,Nd-N = i , N > 1

The whole computing proneduﬁﬁ is illustrated in Fig. 1.
Po= by = ( n.?':i Y 'J,,,k )//'v'd

‘_‘V__th e =y, and bm' =V, M=l,2,...Nd-1
ComFute E, 2, G by (19)
301§e qv and Q; by (18) and (16) respectively.

l
t
1
|
|
i
| j
l Cumuute PN and PJ by (14) (15)
f
Update F“ and BN by (13)
|

4 \
Obtain new eg and bx by (20)

1

|
|
|
|

!
| Calculate spectra by (17)

Pig, 1 Computln( wrecedure for thie multiciannel
Max 1w rlr‘r‘\' ot e

]
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1II. Numerical Results of the Mullichannel MM Spectrum and Estimation
of" Phase Differences Between Channels

7o ensure the correciness of *the progrom, the same data which
Strand used have becen tested:

Nd (number of data points sampled) = 17¥

At = 1 second.

p (number of channels) = 2

Yy = fyltl v t=1,2,..., 128
Lyﬂtj
R Yyp © ¢9S (2 5 .0 )+ 0.28 (ran £ - G,5)
Im ¥q, = sin (2 5 1, 0 ) + oo (Ran ro- 0.)) (21)
Re Yo = cos (20 fot0 by o+ Ouze(kant - .50
L Yot © sin (gt rq‘) + 5 (Rant - (.5

where Rant is a pseudo-randgom number uniformly digtriibuted Letween
0 and 1, Yd is the phase difference between charrels and {i is the

input frequency. 11 we derote the sncctruin by

S(£) = ! S1401) RPISRN {22)
!‘821(1) tdz(I)j

where Y is the frequency in Haz, then the suvuared coherence is given

by

2 ’SIJ‘} -
coh“(f) =~ b b T (23)
SHRTIRIRI

A rough indication of the expected performance is given by Akaike's

FPE criterion, given by

N+l
}VJ -, =~ /)l\'

FPE(N) = det P_ (
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Figs. 2a and 2b show 511(f) and SQ?(f) for the real ginucoid inputs

with t= 0,0625 Hz, ~pd = | rad. 1nd NFEF {(riumber of terme in the

prediction error ¥Yilter) = 7. The results for Slg(f) are snown (in 1
amplitude and phase) in Figs., 2¢ and 2d. From Fig. >d, waz can observe
that the pnase of Slz(f) appears Lo equal -1 radian =1 70,0625 Hz.
In Fig. 2e, the squared coherence is shown., Fig. 2f snd Fig. 2g also
: indicate the maximom and minimum eigenvalues of spectra, Figs. 3a-3g
: is the repeated procedure of Figs. Za-2¢g vut with complex input sisnais.
The comparison shows that ihe complex multichannel YVEE sives better %

resolution and accuracy than the real case.

It is well known that the phase difference between clannels ic
a veryAimportant parameter. Correct phase differernce can give very
good estimation of time delay so as to detect the loscation of the

target. Diflerent sets of dala have been tested uging tre comilex

i

nultichannel MEM program with phase difference Noa= v, 5 rad,-1.rad,
2. rad. (f.= 0,0625 Hz), ¥d= -0.5 rad (£,=0.2 Yz2). "he results of
-1 spectrum Sl](f) and phase of 1-2 spectrum, arg, SlQ(f} are shown

in Figs. 4(a,v), 5(a,b), 6(a,b) and 7(a,b) respectively.

It is noted that the results are satisfactory.

i; IV. The Splitting and Shifting Problem in Multichannel MEN Power

53 Spectru

ii Ir. 1974, Chen and Stegen [7] ran some computer experiments.

] They noted that the estimated spectral maximum was found to shii't in
;f relation %o the true maximum. The frequency shitftc depended upon

! the iritial phase and the length of the sinusoid. Tougere et al. [61
} showed that Lhe problem arose from the assumpiion of Burg that

|

s
[ o
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previously determined reflection ccefticient are held fived in order
to determine the present reflection coefficients. Aloo, bougerc [31
recently indicated that these properties occurred to bhe single
channel complex signals and the multichannel real sigmals,  1n
order to study this problem we have tescted a vim.al which exemplified
the problem for the single-channel wsignals but i~ Loth real and
complex cases. This is a single sine wave of frecauency L Bz sampled
every 0.05 geconds, with additive noise:

Re f£,(n) - cos( (n-1) 7 /10 + 4 )+ Agy(n)

T fl(n) = gin( (n-1) 7 /10 + (P’) + Agl(n)

Re 1.(n) =cou ( (n-1)1 /10 + 4, ) Agi(n)

In.r:(n) =gin ( (a-1) 1T /10 + ‘Py) + Az, (n)
where LH and (Vt are initial phases in each chrarnel and gl(n) and
gz(n) are independent realizations of random numbers in the
range 10,5 and A is the noise amplitude. Alssc, we used Hd and NP
to renresent the number of data points and the number of Lerms i
the predicticn error filter respectively.

We have noted that the number of terms of filter (IFIF) affect
the quality »f the spectrum as indicated by Fig., fa with NFEF=3,9,21.
The same data are applied to the real and complex multichannel
cases as shown in Fig. 8b, 8c respectively. We can see the real
multichannel case is worse even than the single channel case (for
NPEF=21), but the complex signal performs good. Figs. 9-11 show
the eftects of the number of data sample (Iid) to the location of
spectral peak of real signals. Figs. 9a, 10a, lla show the loca-

tion of spectral peak is farther from 1 lz as the cycles zre not
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completed. When the number of data points lincreavses, the irequency

snift decreases ai chown i Plg, 14, Ag exvected there o 2 node ot
Nd=21, 41, ..., every full cycle, where there 1ls excellent agrocment
between true and apparent frequencies. However, Tiju, dia, 134 show
two more cases but with difterent initial phase anglen,  oe lecations

of spectral peak for varlous number o data are dlweo shuoe: in

A Figs. 15 and 16 respectively (for 4;=h5, AL oand = hs,

NE =-135). Again we have noted the zame vroreviy whlien [ alrected
by the number oi data pointe sampled. Comraring ihe Locs'ion cf
the peak of Nd=21 or rFig.., %a, 1Za and 13z, and the vertliocsi axia of

Figs. 1%, 15, and 16, we have ncted the peakX of tre real migtichanael

d ‘Os 13‘,‘\)

case 1s also atfected Ly +ite Initial phase. "he peail with &5
phases shifts farther than with O”, 180°% case. Thie s the same
condition as in the single channel case.

A very interesting prorperty is that the location o circciral

peaks does not shiit away from the *true valus Tor varivu: variarions

{(number of data sampled, number ol terms in rthe vrediction errov

>f rilter, value of initial phase). From Figs. 9b-13b und Firs. 14-16,
; the complex multichantel case always gives very satisfactory results.
: Therefore, we can conclude that the complex VIl power spectrum

X estimation is not affected hy lLthe factors indicated above hecause

ot its sufficient informatlions.
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