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SUMMARY

A method is described for obtaining the opening-mode and sliding-mode stress
intensity factors for the tip of a crack at the edge of a circular hole with
arbitrary loads on its perimeter. The method involves the solutions of a singular
integral equation which arises from expressing the equations of elasticity in
terms of Mellin transforms. In developing the method, four particular load dis-
tributions are considered: a uniform tensile stress remote from the hole; a point
load on the perimeter of the hole; uniform pressure on an arc of the perimeter;
a cosine distribution of pressure on the perimeter. It is shown that the stress
intensity factor for a short crack is strongly dependent on the distribution of
load around the hole; this has important implications for the estimation of
fatigue lifetimes. A procedure is indicated for using some of the results to
study arbitrary loads on the hole perimeter.--
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INTRODUCTION

Cracks in structural components can grow under in-service loads and lead to failure

of the component. In order to ensure safety and reliability it is necessary to know both

the residual strcngth of a cracked structure and the rates at which cracks grow in

fatigue; both depend upon the stress field at the crack tip, which is characterised by

the stress intensity factor.

Because holes are stress concentrators, cracks frequently start at the edges of

holes in the structure. Rooke and Tweed1 have evaluated the opening mode stress intens-

ity factors K for cracks at the edges of circular holes in sheets subjected to remote

tensile stresses which result in only normal stresses along the crack line; the sliding

mode stress intensity factors KII were therefore zero. However, in many practical

components the service loads produce shear stresses along the crack line, and a more

general method of analysis is required to evaluate the stress intensity factors (K11

will now be non-zero, but generally small compared with KI ), Such a method is now

available 2,; it can be used to obtain both KI and K11  for a crack at the edge of a

circular hole in a sheet subjected to arbitrary loading.

In this Report the aim was to model two comnon practical configurations, namely a

crack at the edge of a hole in a sheet subjected to arbitrary loadings remote from the

crack, and a crack at a hole subjected to arbitrary loadings on the perimeter of the

hole. Four particular load distributions are considered, see Fig 1: they are

(a) a uniform uniaxial tensile stress remote from the crack acting in a direction at an

arbitrary angle to the crack line;

(b) a localised radial force at the perimeter of the hole acting at an arbitrary angle

to the crack line;

(c) a uniform pressure acting over an arc of the hole perimeter such that the resultant

force on the edge of the hole acts in a direction at right angles to the crack
line;

(d) a variable pressure (cosine distribution) acting over one half of the hole peri-

meter such that the resultant force on the edge of the hole acts in a direction at

right-angles to the crack line.

Stress intensity factors for cracks in structures subjected to loadings in more

} than one direction can be obtained from the results for case (a) by using the principle

of superposition. The stress intensity factor for the single radial point fo ce in

case (b) can be used as a Green's function to obtain results for any arbitrary pressure

acting on the hole perimeter. Two particular pressure distributions, cases (c) and (d),

have been studied in detail, since these distributions have often been assumed in

attempts to model Lhe load transfer in both pin-loaded lugs and fastener holes.

The results obtained in this Report show that the stress intensity factors, KI

V_, and KI , for short cracks depend significantly upon the distribution of loads, even

__.. . .. . . . . .______________•___________
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when the resultant load on the perimeter of the hole is the same. Fatigue lifetimes will

therefore be strongly dependent on the load distribution since cracks are short for most

of the lifetime.

2 BASIC THEORY

The hole is defined in plane polar co-ordinates (p,a) by 0 4 P " R and

0 ' t < 2a ard the crack by R 4 P < a along 0 - 0 (see Fig 1); and the crack

length 2 measured from the edge of the hole is given by Z - a - R . If the component

were uncracked, the applied loads would cause stresses a and a., along the crack

site; which can, in general, be represented as

Co (PO) - p0 fI(r) and ao0(o,o) - p0 f2(r) (I)

for R < P < a , where a and o are the normal and shear stresses respectively,

r = P/R , and pO is a constant with the dimensions of stress. The loading functions

f I(r) and f 2 (r) for the uncracked component are needed to obtain stress inteasity

factors for the crack component.

It has been shown2 that KI and K1 1  can be expressed in terms of two functions
PI(c) and P 2 () , where c - a/R , as follows

K<I r2 KI I,'and and P2(c) (2)

K (c-) I---1 K0  (-) 2)

where KO - pO . The functions PI and P 2 are solutions of the singular integral

equations,

V 1 - J * k.(rt) dt - - f (r), (0 < r < e) (3)

and
3 ) -. 0 , (4)

for i I and 2 , where the kernel functions ki(r.t) are given by.

0~ t W(I - 2) t l - t2) ___ _-

k (r,t) t ( (5)
tl - r2) (I - rt) - t)

and

k(rt) (I - t 2)2 ( - 2) t (6)
2 - rt) t3 - rt)2

It should be noted that the kernel function k (r,t) used to obtain KI for a loading

which is not sytmtric about the crack line is identical with the kernel function k(r,t)

used in Ref I for symmetrical loading. becausxe of this, KX for non-symetrical load-

CO

[• 1 injos can be obtained f tro solutions for s~n~etrica& loadings, see Appendlix. There is no e:

equivalent relatiouship for KuI - since KuI is identically zeru for sfy trical .1

loaliass.



The function P1  is related to the displacement u6  of the crack surfaces, and

P is related to the displacement u .

2 C
4( '.)p0 R P (

"U(P,O) - u(,2) - -0.- , I < r c (7)
V(c - Mt) -)

r

and

"u (p,O) - u (p,2w) 4 - 4( - C P 2(Odt , < r < c (8)
S0 f( - )(t )

r

where u is Poisson's ratio and E is Young's modulus.

3 NUMERICAL PROCEDURE

The equations (3) and (4) are reduced to a system of simultaneous linear algebraic

equations by using a procedure developed by Erdogan and Cupta4. Let

u. I cos and v. cos l j 1, 2
,....m ; (9)

J 2m I L',} and let an let(c - 1)uk + 1(c + I). k -1),2 .... m (10)

and
r. - i(c - I)v. + 2(c * 1), j =,2,...,(m - 1). (H)

Equations (3) and (4) can now be reduced to the following linear algebraic systen:

Z1i()k tk P t -

fi

adk I (12)÷

with j 1 I, 2 ... , (u- I) andi 1. 2 . The solutiouti P(tk) of cqutiuot (12) are

uied in a Gauss-Chebyshev interoli.f, i-ula to de•trmitto the stress ittensity ietorts

at follows:

whore for coavettioe oe K K[ arnd K 2 * KI it Tho twrtbor ol Eonw.i h i•i Ohosa large¢
etough to ousuro chat equation (13) cotverges and gives values of K. to the dgeiird

whr o ovnec adK .T!~~e t e~ ~coe ag

* 5,

C"
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4 LOADING FUNCTIONS

In order to obtain the solution to equation (12), the loading functions f Wr) and

f 2 (r) must be known. These are obtained from the stress fields along the crack site in

the uncracked configuration. In what follows, the stress fields which are considered are

due to either uniform applied stresses remote from the crack or radial forces on the hole

perimeter. Residual stress fields which may also be present in practical components can

be included in fI(r) and f 2 (r) . In fact, tile residual stress fields which often

occur around hole3 may have a large effect on the stress intensity factor particularly at

short crack lengths.

4.1 Uniaxial tensile stress

The stress intensity factors for this configuration have been evaluated2 by using

loading functions obtained from Sokolnikoff5 ie for a uniform uniaxial tensile stress

acting at an angle * to the crack line (sce Fig la)

f~ Cr) J (i *+ -ii*{cos 2ý
r r

and f() ii+- 2  )sn (14)

2 r 2 r4

In this cane the eon..ant P0  in equation (I) is equal to the applied stress o

4.2 Point load

The loading functions needed for a radial force F per unit thickness acting on

the hole perimeter at an angle * to the crack line (see Fig lb) have been derived. from
6the stress functions given by Green and Zerna6. The constant V0  is given by

P0  FI(2R) . The functions can be written as follows:

f (r) gi(r) * (g&(r) and f 2 (r) g;(r) * clg 4 (r) (15)

3- 4v 3- v
where , ( 2 - - (plate strain), or - - (plate stress) . At6)

-V)) 4 4 2rcos 4r r cos

9,(r) 4 -- •-e•€,(•
r•

itr

3rX

and

___ r__

4) 
U.
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2 2where X ! - 2r cos * * r (

If we write

dP(t) "Q(t) A Q2 (t)

hind P() -4f(22)P2)(t) . 3(t) + •Q4(t),

where Q (s . 1,2,3,4) is independent of Poisson'a ratic, and introduc! the functions
S

H (r,t) - M2(r,t) + k (r-t)

and (23)

M (r,t) - N (r,t) k Jkr~t)

then equations (3) and (4) are equivalent to

Qs(t)MS(rt)
-s(r) 9I < r < c (24)

I M

aad Q (I) °0 (25)
Q

for s 1, 2, 3, 4 . Therefore, by the method of Frdogan and Gupta (see section 3), the

linear set of equations to be solved for Q(t) is

(t)M (rtk - (r
k s k

k-I (2Ub)

k ~

for j - I2, ... , (m- 1) and s 1, 2, 3, 4 * The striess intensity factors arv

given by
(1) (27))(4K1  K ( K(2) and K,2 K r2

whvr ((
K--- 'r-(. Q)(

0- k k

for a ,2 3, 4

4.3 Are of uniform pressureI6
V•'e strea function derived by Green and Zerna has been used to obtain the load-

ing functions f (r) and f,(r) for tho caoe of a hole Ioaded by a uniforet pvoassure on

!.1
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an arc of the perimeter; the arc on which the pressure acts subtends an angle 2U at the

centre of the hole and is symmetric about the line a T I/2 (see Fig Ic). As in the

previous section, we write

fl r) - g (r) + ag2 (C) and f 7 (r) ( g3 Cr) t ag4(r) , (29)

2___ g3 (r - I c

where g(r) - tanilin 28 ) " - 2 } 2 2 ' (30)
r + Cos 2L' r" r 2 r

g,2(r) " 0

g3 (r) - 2, - r 2 r 2
2 r

and2
( sinB (32)

4() a

r
with

22 2
r - I + 2r sin U, * r and r. -2r sin + + r (33)

The stress intensity factors are calculated'by following the steps of section 4.2

f9r t',uation (22) onwards, but with the following limitation: since g2(r) = 0 then

Q2(t) - 0 and 4(r,t) - 0 and hence K(2) - 0

4.4 Cor.ine distrbution of pressure

lIt thic case the pressure p(O) is distributed on the perimeter of the hole

according to

p(O) , p0 cos C -4 ) pO sin 0 , 0 1' 1 , (34)

and is zero otherwise.

cTh loading functions for any arbitrary distribution of pressure can be derives, using

the principle of superposition, from those for a radial force acting on the perimeter

(see section 4.2). For the case of a cosine distribution of pressure the loading

junctions are given3 by

A
fI r) 1' I * 4i- and fCr) • I * tal, , (35)

iti3 4i
whr • f 5 in cds a 1, ,2,5,4 ; (36) :where t gssi d06

e

g for a 1, 2, 3, 4 are the loading functioun for a point load, given by equations

-' (17) and (20). Tho integrals I1 are evaluated, for s ,, . 3, 4, in Appendix h of

Ret 1; the expressions for f1(r) and fir) bcetato-

j (r) g r ,, " I ir4"lf/r"-I"¢1  I••'
r¾

" i
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and

f (r) y (38)
2 4r3

where y " . -

W,.th the. following definitions,

I (r) fl(r) and h2 (r) f (r)

and (39)

Q1 (r) PI(r) and Q2 (r (r

equations (3) and (4) become

C Q.(t)+ i r tIt< 
r < c( 0

i - - -r) k.Ir't) (40)

with Qi(1) = 0 , for i - 1, 2 . -the stress intensity factors are given by

K1  ____ K1Z ______
K -- (C) and K - (c) . (41)
K0 :1K0 (

The numerical procedure to solve equ.ation (40) and hence obtain K1  and K11  is as out-

lined in section 3.

S �:RSU,'VS

Solutions of the singular integral equations (3) and (4) in section 2 have been

obtained and hence the stress intensity factors evaluated, by using the numerical pro-

cedure outlined in section 3 and the loading futctions developed in section 4.

5.1 Uniaxial tensilc stress

Values of the opening-twde stress intensity factor K1 /K0  arc given in Table I as

A function of the erack length 4/X for various values of the *tgle * betwC,;m the

directiutn of the strcss and the crack tian. The results for € ou 00 arid 90° agree with

those for biaxiat an4 uAiaxial stress given in Ref I. Plots of KI/K0 agait~r z/R are

showt inW Fig 2 for 00 1 4 < .Wu. For other valucs of t the stress itntensity factor

!(0) is obtaite rro! thO fuolo.iaig uy-etry roelatios:.

K I (ISO, K (0) 0 SO . (4.

Negativoe vAleg of KI imply erack closure atd :r: rh ore not geodratlly valid but

the-y eaa bc auporpoaod vith valued tor othar strua• fieldai provide;d that tho rodultaut

atre•ss field causes the ers*ek to retain opou alone its uholo lo-gth.

C! i



to II

Values of the sliding-node stress intensity factor K 1/K0 are given in Table 2

and plotted in Fig 2. The symmetry r,,lations are

and K1 (- ) K 1KI( 1 8 0  -) 1-) (43)

K i(900 - K 11 (0) , 0 • 180.

5.2 Point load

The components K 1/K0 and K (2)/K of the opening-mode stress intensity factor

KI/K 0  are given in Tables 3 and 4, respectively. Curves of these two components are

plotted as a function of 4/R in Fig 3 for various values of € . For clarity of pre-

sentation K ()/K0 is plotted for 0 4 180 and K I(2)/K for 90' -4 180'

Results tor other values of 0 can be obtained from the following syrsetry relations:

K( )(- K) K(1)0)
adli (44)

K(2) K (2) K (180 , 0J-)= (€) - K)(i~Q - ) ( € '• I80°

The components K ('/K0 and K(4 )/K of the sliding-mode stress intensity factor

/K0 arc given in Tables 5 and b rcspectively. These are plotted as a function of

IR in Fig 4 for various values of € The syzMWry rclationships are

and K((4 ) ) 5)- Kt'J(s) }
K(4)(1800 - ) K4) W K (4 ) * O < < 180

IN general K and K are functions of Poisson's ratio v , for this loadiag,

since frota equation (27) wv obtain, for plane straiu,

Kl K( 'I- - v) K('.)
F. ( ()

I K() €- v) K0

And 
t () (J 4V ()

It L) (t - k

4ttd6 ropeetivtty .? S fufttioft of 411 for VAriOU4 valucts -fite 11 te al FL or

ttte ~ient F. 0 and t~c opouini-esoae afr'a:a iatotuiity ta~tor is

jepAVf,nd.ftt of rj5.tt' i~o. Attd im Otto 6,11 ttie Da taittad provio~dly fltC

equald Oppoditc forvdoa 4atihg Oft the holo prit~ctcr.

or IS erack elod~rc fca Oetu for ao-40 :r4ek ct~thr. and'l i~ it does oceur

tE4 ValueS of K I ~caultatd by the presentt ~ecchv,! Are itv-Alid it d a .eoursi at

Etta tipi K~ will 60 wodativv. The ValtuesC of K1  Otaihed e" be "aed >aly if antoter

o0

S
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stress field is superimposed on that due to the point load, such that the crack faces do

not touch at any point along rhe length of the crack.

5-3 Arc of uniform psstire

Values of the opening-muode stress intcts.:ty factor K /KF are given in Tables 7a&b

and are plotted in Fig 7 as a function of the angle 8 for various values of rhwe crack

lengt|'. The no'malising constant K is given by

Ký" K sin 6 - IOt•T s in B ,(47)

It is convenient to use KF since it is proportional to the resultant for- a sin n

acting on the hole perpendicular to the crack-line. For B - 0 tlu re,-, agre., with

K()/Ko 0for a point force acting at an angle -t - 900 to the c:rack- ae (T.bIc 3); for
90 tile values of K /KF 3re one half of the values obtaited vr4. iously for a uni-

form pressure acting over the whole periot•er.

The values of KI/KI, given in Tables 7a&b and Fi& 7 are for C, < et 90 ; values

for 0 i 900 can be obtained as follows:

(B) K (180 - a) 2K1 (40°1 00 a < 100 (48)

The twL compoients K /13)/ and K(I)/. of the sliding-mode strwss intensity

factor 4ru tabulated in Tables ia&b; thc function K (/ is a function of crzck
leagth o'J!y, independent of the angli : . Values of K(ý)/KF Arc Plotted At a function

0 (4)
of a . f.r 0 • 90 . in Fig 84 for variou4 crack lengthd. The rotapont Ke)/K

is plottad it Fitg b as a function of Z/1

tie sy=ctry rolatioaship fot K is as follows;

S.4 Co*ice di ributioa of pre6iur

A

b-to at.5 pri64c orti et 4 i )hb

ah)r i* the t'edult4±it zovoe 4'tittd Pcr'~et~divul~f to trio cr~a-litto a4t i~i tivt

Thum F.

IC)

mnm-,• tu V mam m m~ ")
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The opening-mode stress intensity factor is plotted as KIiKc, against O/R in

Fig 9. Values of KI/KF for two other L~ad distributions having the same resultant

force perpendicular to the crack-line are also dlotted in Fig 9; the two distributions

are a point force acting at an angle • 900 (see Fig 5) and a uniform pressure acting

on a semi-circular arc of the perimeter (see Fig 7). Comparison of these three curves

shows that although the resultant force is the same, the different load distriiutions

lead to differences in the stress intensity factors, and these differences are greatest

when the cracks are short.

Fig 9 also shows a plot of y- KI/KF against //R

6 DISCUSSION

The method described in this Report has two main advantages; it is efficient in

computing requirements and it is accurate at short crack lengths. The largest number of

simultaneous linear equations needed to obtain results accurate to -0.1% was 24. Hsu 7

who has solved the crack problem for uniaxial tensile stress only (see Fig Ia) required

between two and six times as many equations. His method which uses conformal mapping

techniques becomes less accurate for short cracks, in contrast to the present method for

which the stress intensity factor tends towards the correct limit, for a crack at the

edge of a hole, as £/R tends to zero. This ensures that values of stress intensity

factors aie accurate for short cracks, and this is a necessary requirement for the

estimation of fatigue lifetimes to be reliable.

This limiting value can be expressed in terms of the loading functions,

Lt IKI = 1.122c 0(1,0)T = 1.122p 0 fI(I)Avi (53)

where the factor 1.122 is the usual edge correction factor. It therefore follows from

the definition of K0 (= p0 Art) that

= 1.122fi(1) . (54)
LtR O1 0

For a point force (4 = 900), f (1) = 2/Tr from equations (15), (17) and (21); for an arc

of pressure (B = 900), f (1) = 1/2 from equations (29) and (30); and for a cosine dis-

tribution of pressure, f 1 (1) 2/71 from equation (37).

Comparison of the stress intensity factors for the point force, the arc of pressure

and cosine distribution of loads snows (see Fig 9) that the limiting values of KI/K
2I

are 1.122 x (2/r), 1.122 x (1/2) and 1.122 x (8/w2 ) respectively; they are in the

ratios I : 0.78 : 1.27 . Thus even when the three load distributions have the same

resultant force F , the values of K for short cracks differ significantly from e.ch

other. Because of this the precise load distribution must be known if practical

estimates of fatigue life and residual strength are to be accurate. This is parLicularly

,'if .4 -.. : V I ,
-V '• . . ... . . ...:' '• .• . . . , - . .• .. .'• .• . . . - ..
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important in the calculation of fatigue life because the growth-rate of cracks in

fatigue is proportional to K wherv n is of order 2 to 4.

It is most important tLhat the load distribution near the rocf.t of the crack is

known precisely, since small changes in load in this region result in large changes in

K . This can Le seen from Figs 5 and 6 where both I and K change rapidly as the

angle ý between the force and the crack becomes, small. A similar effect is seen in

Figs 7 and 8, where rapid changes occur at small crack lengths, as the arc over which the

uniform pressure acts approaches the crack (, - 900)

The stress intensity factors KI and Ki , obtained in this Report are for a

single crack at the edge of a hole with an arbitrary distribution of load on the hole

perimeter. Values of the KI only, for two cracks of unequal length at 0 ano•i

can be obtained for arbitrary loads by using the principle of superposition (,see

Appendix) and the method developed in Ref 1. A second, more approxim,-.te method', can

also be used for obtaining KI for two cracks from that for one crack provided that the

load distributions on the perimeter is syanaetric about '3 = I/2 . Although otnl',' the

opening-mode stress intensity factor can be obtained from both procedures this is often
is usally uch mredthn he

adequate for practical structures, ,ince KI is usually much more than I the

fracture behaviour is domi'.ated by Lhe opening-mode.

The method used in this Report to evaluate stress intLonsity factors for the four

ti ilar loading distributions shown in Fig I, can be extended to any arbitrary loading
7on ,tie hole perimeter by a technique using Green's functions . This technique was usec

in section 4.4 to obtain the loading functions f,(r) and f (r) for the cosine distti-

bution of pressure. For an arbitrary pressure distribution p(o) on the hole perimeter.

which can be written as

p(O) - Poh(0) , (55)

equations (35) and (36) become

f (r) = I + CI and f2(r) 13 * a 4  (56)

where is g,(o)h(ý)d , (57)
0

the Green's functions gp(¢) , for s 1, 2, 3 and 4 , are the loading functions for a

point load, and are given by equations ('7) to (20). After evaluation of I , atalytic-

ally or numerically, the procedure of section 3 can be followed to obtain the strcas

intensity factors.

The stress intensity factors, obtained in section 5.2 for a point load, Wy be
7

used directly as Creen's functions . Let the force acting on the perihater between

S0 '~ and 0 * + do due to the pressure p(0) be dF(ý) ; it is given by

0v dVW(b) ptW)Rdo . (5b)

•.

- _ __ -'-'I - - .
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Let the stress intensity factor (I or II) due to dF(O) be dK(ý) ; it is given by

dK() . KU (ý)dW() , (59)

where KU (p) is the factor for a unit force acting at 0 - 0 . Since in general the

stress intensity factor is proportional to the applied force F it follows that

KU(W) - F-KI (K ) (60)

where Kt(p) is the factor for a force F acting on the hole perimeter at t ) .

Equation (54) can be written

K u½ wi 7K 1 .) 2 EJTK' ) (61)

F 2R Fm 2R

where (K (W)/Ko) can be either K /K or K /K ob-tained in section 5.2.
"The principle of superposition states that the stress into.sity f;ctor KK du0 to

for all 0 is given by summiag all the d<( 9)'s, (p t

JY dK(b) (62)

I 0d

Substitution of equations (55) and (58) to (61) into equation (62) gives

P 2" ( K -( (32, .

0

A FThus (K (W)/Ko) iu the Green's function for the stress iatensity fzac.or for a•n arbitrary

distribution of precsure and can be obtained from the results for a single point force.
The integral in equation (63) wilt, in geieral, hav to be evaluated riu~ecally, If th•

loading disttib.,tion is deterninted s-s.riwnrally so that th(¢) i3 kaou only; at diiarcrt

points, then the itetcgral in equation (63) would be replaced by an appropriate suaatot.

In order to ensure Accuraýe resulta, particul~ar care mutrt bc takoo when 4 iS nar a10rU

As K(0) varier~ rapidly (siee Figsi S And 6D).

7 CONCLUStONS

(1) A transiorm nethod has been developed for obt 4 itned openitng-tmode and *liding---,ode

stretis intensity fdacroru for a crack at the edge .oi a t.irc-ular hole; the tmothd iu boQh

4cetratc And ettttttetait etacmputer uidAge. The iorrhod w-as dcteo.edsoma

(a) the ,tress itttesity factor for an arbitrary distribution of prvssure in thet
ho e an be obtained tiro results for 4 radial point force;

"P ,i
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(b) both externally applied loads and residual stress fields can be considered;

(c) it can be extended to calculate opening-mode stress intensity factors for two

cracks.

(2) Application of the method to a short crack at the edge of a hole, showed that the

stress intensity factor varies significantly with small changes of load distribution on

the hole, even if the total load on the hole is the same; this implies that estimates of

fatigue lifetimes may be seriously in error, unless the load distribution in the

structural component is known accurotely.

>9 
A
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Appendix

RELATIONSHIP BETWEEN STRESS INTENSIT'Y FACTORS FOR SYMMETRIC
AND NON-SYMMETRIC LOAD DISTRIBUTIONS

(see section 2)

By using the principle of superposition, any load distribution which is symmetric

with respect to the crack line can be represented as the sum of two asymmetric loadings,

In Fig 10, configuration A repres.ents a hole with a crack at its edge along the 0 = 0
A

axis; the hole is loaded symmetrically about the crack line, so that the pressure p

on the perimeter is given by
Ap = p(0) 0 ~e ¶<O•

A
and A o e j(A-1)

p =p(- O)0 0>I-• .1

Configuration B represents a similar hole and crack with loading for 0 <- e 7T only, so
B

that the pressure p on the perimeter is given by I q

B 0

p p(6) , 0o <
and (A-2)

Bp = , o>e>-, .e
pa

Configuration C also represents a similar hole and crack, but is loaded for 0 -e T r

Con~ly, so that the pressure p oai the perimeter is given by .

Cp 0 0 ,< a < • IT
and} (A-3)

PC = p(- 0) 0 T 0 -

The stress intensic.,., factors for these three configurations can be written as

follows:

A A
for A K K and K K (A-4)

for B KI = K B and K K B (A-5)

fo I = I an II = II

C Cfor C K1  K and K K ;(A-6)

From the principle of superposition it follows that

A B C
K = K + K

and (A-7)
A B CK I K + KKII " i II •I

From sy=-wtry considerations it follows that

,B C B C
K1  K1  and K11  - Ki (A-8)

IT it

.-.., • , • ,.. . ..• 'r •. •,., , • ... -1_7-•,
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hence
KB KG =

and (A-9)
A 0

K =0.KII

Thus it follows from equation (A-9) that the opening-mode stress intensity factor K
Ifor an asymmetric distribution of loads can be obtained from K for a symmetric distri-

bution; but, this is not so for KII since it is identically zero for symmetric loadings.

Because this argument applies to configurations with one crack (along 0 = 0) or two

cracks (along 0 = 0 and a = ff), the method developed previously , for obtaining KI for

two symmetrically loaded cracks of unequal length, can be used to obtain KI for
asymmetrical loadings. The factor K cannot be determined in this way; but for many

practical loadings 1KIII < KI , so that the fracture of the cracked component is

dominated by the opening-mode stress intensity factor.

I,

: C
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Table I

OPENING-MODE STRESS INTENSITY FACTOR KIiK0 FOR A CRACK

AT THE EDGE OF A HOLE: UNIAXIAL TENSILE STRESS

0 0 15° 30° 45° 60° 75° 90°

Z. \/R

0.01 -1.080 -0.787 0.013 1.106 2.199 2.999 3.292

0.02 -1.040 -0.755 0.026 1.092 2.158 2.938 3.224

0.04 -0.967 -0.695 0.049 1.065 2.08] 2.824 3.096

0.07 -0.869 -0.615 0.080 1.028 1.976 2.670 2.924

0.10 -0.783 -0.545 0.106 0.994 1.883 2.534 2.772

0.15 -0.664 -0.448 0.141 0.946 1.750 2.339 2.555

0.20 -0.567 -0.370 0.169 0.904 1.639 2.177 2.374

0.30 -0.421 -0.253 0.207 0.836 1.464 1.924 2.092

0.40 -0.320 -0.172 0.232 0.783 1.334 1.737 1.885

0.50 -0.247 -0.115 0.247 0.740 1.234 1.595 1.728

0.60 -0.194 -0.073 0.256 0.706 1.155 1.484 1.605

0.80 -0.123 -0.019 0.265 0.652 1.040 1.323 1.427

1.00 -0.080 0.013 0.266 0.613 0.959 1.213 1.306

1.50 -0.030 0.048 0.260 0.549 0.838 1.050 1.127

2.00 -0.010 0.059 0.250 0.510 0.770 -. 961 1.031

3.00 0.002 0.064 0.234 0.466 0.698 0.868 0.930

4.00 0.005 0.063 0.223 0.441 0.b59 0.819 0.878

5.00 0.005 0.061 0.215 0.425 0.635 0.789 0.846

6.00 0.005 0,060 0.210 0.414 0.619 0.769 0.824

8.00 0.004 0.057 0.202 0.400 0.598 0.743 0.796

10.00 0.003 0.055 0.197 0.391 0.585 0.727 0.779

20.00 0.002 0.051 0.18/ 0.373 0.559 0.695 0.744

| t
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Table 2

SLIDING-MODE STRESS INTENSITY
FACTOR K /K. FOR A CRACK

II 0
AT THE EDGE OF A HOLE:

UNIAXIAL TENSILE STRESS

S0 150 30° 450

9. \/R

0.01 0.000 0.013 0.023 0.027

0.02 0.000 0.026 0.045 0.052

0.04 0.000 0.050 0.086 n.100

0.07 0.000 0.081 0.;41 0.163

0.10 0.000 0.109 0.189 0.218

0.15 0.000 0.147 0.255 0.295

0.20 0.000 D.178 0.306 0.356

0.30 0.000 0.223 0.38b 0.446

0.40 0.000 0.252 0.437 0.504

0.50 0.000 0.271 0.470 0.543

0.bO 0.000 0.284 0.492 0.568

0.80 0.000 0.297 0.5!4 0.593

1.00 0.000 0.300 0.520 0.600

1.5c 0 0. 0 ( 1.. -"'1 0. ýl 10 0.) 6

2.00 0.000 0.283 0.490 0.56bI?
3.00 G.o00 0.2-3 0.45) 0.525

4.00 0.000 0..)48 0.429 0.496

5.00 0.o00 0.237237 0.411 0.474

6.00 0.000 0.2... 0.J97 0.458

8.00 0.000 0.216 0. 174 0. 412

10.00 0.000 0.209 O.3t62 0.418

20.00 0.000 0.144 0.31b O.188

_ _ _ _lip,
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Table 3

K(I) /K0 COMPONENT OF THE OPENING-MODE STRESS INTENSITY FACTOR FOR A

CRACK AT THE EDGE OF A HIOLEý POINT LOAD

/ Ra
15° 30"° '7 I' ()ok 20 180°0

0.01 0.579 0.672 0.690 0.696 0.698 0.700 0.701 0.702

0.02 .448 O.,, 12 O.0) 0.h78 s 0.6-L84 0.h87 0. IiO 0.691

0(.03 .12, 1 0.64.4 0(.6b1 '1 .', ( f.67!s 0.678 0.680

0.04• 0.205 0.555 ).621 0.645 0.65h 0.661 0.607 0.b70

0.06 -0.009 0.483 0.579 0.6(3 0.629 0.638 0.646 0.650

0.08 -0.190 0.417 0.540 0.584 0.604 0.615 0.626 0.631

0.10 -0.339 0.355 0.503 0.556 0.581 0.59:, 0.607 0.614

0.15 -0.583 0.222 0.4(20 0.493 0.528 0.,47 0.565 0.574

0.20 -0.688 0.118 0.349 (.4)9 0.48" 0.506 0.529 0.540

0.30 -0.688 -0.021 0.238 0.350) 0.406 0.437 0.468 0.484

0.40 -0.601 -0.096 O.1bO 0.282 0.1346 0.383 0.419 0.438

j .60 -0.,(7 -0.148 0.065 0.138 0.259 0.302 0.347 0.171

0.80 -0. 111 -0.150 0.011 0.129 (.2(jo 0.2ý4 0.295 0."2*..

I.o0 -O.265 -0.140 -0.008 0.091 0.159 0.204 0.255 0.285

(.S0 -0.1.9 -0.1 -0. 0.041 0.098 0.1-9 0.190 O.21l

-2.00 -0.1 1ti -0.091 -0.01)5 U. o20 O.0b6 0.103 0.15s0 (.161

3.00 -0.u09 -0.066 -0.0314 • .00 0.06 0.U0-64 0. 104 13j4.00 -0.016 -0.0)6 -0.0•1 -0.00; 0.0"2 0.O4, 0.019 0.105

6.o0 -0.01, -0.041 -0.00U 8 0.010 o.026 U.u0, t$.01.

S.oo -U.04,3 -0.031 -0.o_1 -0.008 0.001 0.015 0.039 0.o07

10.00 5 .0)) -,.02- -o.o1- -U.0O5 u.11u 0.0(1 1 UO.11 0.046

""10.0 -0.019 -0.36-, -0.011 -0.006 -0.0U0 0 .0c 0U.01 0.0231

0t

4,
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TabIc 4

K ,/K0 COfl'ONFNT OF 111E OPENING-MODE STRESS INTUNSITY

FACTOR FOR A CRACK AT THE EDGF. OF A HOLE: POINT LOAD

l. o 45) 60"o 75 900 1800

0.01 9.61h 0.60• . 0.4,5 0. 150 0.181 0.000 -0.700

0.02 0}.h-) 1 0.5595 }. 4 , W .0 .14 0. 178 0 .t)0; -0.687

0..0 0.b51 0.584 0,477 0.337 0. 175 0.000 -0.674

0.01. {.ht31) 0.1 7 .0.4 t8 0.331 0. 171 0.000 -0.626

0.Oh 0. 17 o). 5 .1 4.42 0. 119 0. lt5 0).00o -o.639

0.08 0.59t) 0.}14 0. I.410 0. I 0. 0160 0.000 -0.,17

W 0.577 0.'17 0.42 4h (.2 ) 0.155 0.000 -0. 597

0. I : 3 .. , 7" .. I"0 0.2Il7 o. 14 1 0.0300 -Q. 55

20 96.yjr. 0.4; 0. It I I). 27 0).1 I13 o.000o -o. 514

0. W0. 3r 0, 191 o. 119 0. 2-0 0.117 0.000 -0.451

0.40 0. il9 U. 149 0}.-'85 }.2'02 0.104 0.000 -0.4 0I

0. • o. 122 0.28ýl .21- 0. }lb) 0.080 m o.000 --0. 3
0.8)} 0}.275 .2 0 .- 1 0llZ[ .T .000 -0.284

0. 0 0 27 U. 24 . -0)1 0 .14 0.074() o -0"4

I o"} 0.240 0.21 -, I . 1 16 0. 124 0.or,4 0.000 -0. o 1 4

1.5J0 0.l6- 0.Ii)5 0.1-3 t.095 0.0491 0.o00 -0.91

2. t .I i).I 0.1 1.• ) 0. l IJ 0.01? 0).0 14t 0 L-G>15o

1.O0 0.110 U..09 i 11.0 us1 0.01"5 1.030 0.00 -0. 1 n4

OU~J{ 0. J6 0.0]5 i) rii . r - .0 ' L Ui" .,].* U, O..tl.U -0.090

O.0t U.0 2 U.O.)r, 0.0410 .012 U.0 1 0.000 -0.064

I5. J{W O}.U4 U'L- U.033• (.L)"{ U.Ull o' {.}.0 -0$.uJ&

i',

~~.0U 0.04)1 1 0.. .0-~00~ .11ooo-.~
10.1 10 0).0 11- 0.JV 0 . 9 0.020 0.011 0.000 -0. 04 1

,L).00 o. 02 1 c).0 I o.01 0 .01! I .® 0.0we,

af

- ~ -,

~--1 -
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Table 5

K)/K0 CO1TONENT OF THE SLIDING-MODE STRESS INTENSITY

FACTOR FOR A CRACK AT THE EIDE OF A rOLE: POINT LOAD

150 307 950 g 120°

0.01 0.004 O.000 0.000 0.000 0.000 0.000 0.000

0.02 0.014 0.002 ,).000 12.((0() 0.000 0.000 0.000

0.03 0.031 0.004 0.001 0.001 0.000 0.000 0.000

0.04 0.054 0.007 0.00(2 0.001 0.000 0.000 0.Ou,

0.06 0. 113 0.015 0.004 0.002 0.001 0.001 0.000

0.08 0.185 0.025 0.008 0.001 0.002 0.001 0.000

(}.10 0. 2*lb 0.038 0.011 0.005 0.003 0.001 0.001

0.1i 0.4S4 0.074 0.023 0.010 0.005 0.001 0.001

0.200 0.bb 0.114 U.017 0.01r 0.0u0 0,005 0.002

0.10 0.7e,2 0.190 0.061 0.0'30 0.01 0.009 0.004

0.40 0.747 0.248 0.095 0.044 0.024 0.014 0.0o0

0.0 0.1() 0.407 '. I3d 0.01o 0,019 0.0:23 0.009

0.50 o. 0.315 0.1 (3 0.063 0.051 0.0"11 0.011

1.00 0. ilo I U.3t0 0.173 I I .0100 U.0o uu U.oj6 0.01-

(.5 $o . 0.257 0.111 0,111 0.012 0.04, 0.02

i.00 0.2#~-. 0211 0..l• U. I lj I.0 0.111: 0.02"

3..0o o.i7U 0.1Mo 0. 12 o. 0)o9 0.071 U.0n ( . u:

4.0 0.1.- I 0.11.. 0.093 U.QAI 0.t-i., o4- U.ui L

G.0o td.015 0.01l U. u .041'2 0.042 U.02 i

"• 0.0I 3 0.0o U .0.~ . U-.o 0.o4: o.Q • .0+22

100)0.040 0 .0 0- (.4t 0.. 0i0# 0.0.11 0.0 *0

lo.oo 0I . 0.o0IE U•.0 • o0.0,10 0.010 (.oil 0II
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Table 6

K(4) /K COMPONENT OF THE SLIDING-MODE STRESS INTENSITY
0

FACTOR FOR A CRACK AT THlE EDGE OF A HOLE: POINT LOAD

150 300 450 600 750 900

'I \/R

0.01 -0.001 -0.002 -0.003 -0.004 -0.004 -0.004

0.02 -0.002 -0.004 -0.006 -0.007 -0.008 -0.008

0.03 -0.003 -0.006 -0.009 -0.011 -0.012 -0.012

G.04 -0.004 -0.008 -0.01i -0.014 -0.016 -0.016

0.06 -0.006 -0.012 -0.016 -0.020 -0.022 -0.023

0.08 -0.008 -0.015 -0.021 -0.026 -0.029 -0.030

0.10 -0.009 -0.018 -0.025 -0.031 -0.035 -0.036

0.15 -0.01J -0.025 -0.035 -0.043 -0.048 -0.04q

0.20 -0.016 -0.010 -0.043 -0.052 -0.058 -0.060

0.30 -0.020 -0.01•9 -0.054 -0.067 -0.074 -0.077

0.40 -0.023 -0.044 -0.063 -0.077 -0.085 -0.089

0.60 -0.02b -0.051 -0.072 -0.088 -0.098 -0.102

..00 -0.028 -0.05'1 -0.07( -0.093 -0.104 -0.107

1.00 -0.028 -,1.054 -0.077 -0.0oý -0.105 -0.109

1.50 -0.027 -0.05. -0.074 -0.091 -0.101 -0.105

2.00 -0.0o5 -0.U49 -0.069 -0 084 -0.,04 -0.097

3.00 -0.021 -0.043, -0.058 -0.071 -0.060 -0.08.

S4.00 -0.0I1 -0.01' -J.~o0 -0.061 -o.oU, -0.01

6.oN -0.0!4 -0.o! -0o.os -o.047 -u.0s" -. 0534

8.00 -0.01! -O.O22 -0.031 -t'1.O !' -U.O,. -O.0434

I I
. --o.o -0.0.6 -0.03Z -_.__ _, -____

.43.13 -0-. CA O.Ol) S -o.o-0 -0.02o -0.o:0

0

~~!
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Table 9

OPENING AND SLIDING-MODE STRESS

INTENSITY FACTORS FOR A CRACK

AT THE EDGE OF A HOLE: COSINE
DISTRIBUTION OF PRESSURE

k/R KI/KF, KI/K)

0.01 0.869 -0.004

0.02 0.837 -0.008

0.05 0.760 -0.020

0.10 0.663 -0.036

0.15 0.589 --0.049

0.20 0.530 -0.060

0.30 0.440 -0.077

0.50 0.325 -0.096

0.70 0.255 -0.105

1.00 0.190 -0.109

2.00 0.097 -0.097

3.00 0.062 -0.082

5.00 0.034 -0.061

9.00 0.016 -0.040

ITI

-1; LE
A.



28

LIST OF SYMBOLS

a half of total crack length

c a/R :-

E Young's modulus

SF for per unit thickness

dF(ý) force acting between € and + d

f loading functions (i - 1,2)1

gi components of loading functions (i = 1,2,3,4)

hi) h? functions defined by equation (39)

h(o) pressure distribution on the perimeter of a hole

I. integrals defined by equation (36)

pl' P2 functions defined by equations (7) and (8)

PO constant pressure (or stress)

j, k summation variables

k1' k2 functions defined by equations (5) and (6)

K0 stress intensity factor SIF ( p 0 1")

KI opening-mode SIF

K II sliding-mode SIF

K1, K2  KI and KII respectively

K(i) components of SIF (i = 1,2,3,4) - see equation (27)

K1, SIF due to resultant force

dK(4) SIF due to dF(ý)

Ku (W) SIF due to unit force at

K F() SIF due to force F at *

Kp SIF due to arbitrary distribution of pressure

=a-R

m number of simultaneous equations

Mi functions defined by equation (23), (i - 1,2,3,4)

Qi functions defined by equation (22), (i - 1,2,3,4)

R radius of circular hole

r ~ p/R
Co

r. discrete value of r

j ~I4:

L !
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LIST OF SYMBOLS (concluded)

22
r1 , r 2  functions defined by equation (33)

t variable of integration

tk discrete value of t

u0  angular displacement

u radial displacement
P

X function defined by equation (21)

S- (3 - 4v)/[ 2(1 - \)J or (3 - v)/2

8 angle (section 4.3)

O polar co-ordinate

V Poisson's ratio

P polar co-ordinate

o applied stress

a 80 normal stress

00 POshear stress

* angle between force and crack line

IA

0 i
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Fig 7
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