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SUMMARY

+ A method is described for obtaining the opening-mode and sliding-mode stress
intensity factors for the tip of a crack at the edge of a circular hole with
arbitrary loads on its perimeter. The method involves the solutions of a singular
K. % integral equation which arises from expressing the equations of elasticity in

i terms of Mellin transfoims. Tn developing the method, four particular load dis-
tributions are considered: a uniform tensile stress remote from the hole; a point
load on the perimeter of the hole; uniform pressure on an arc of the perimeter;

a cosine distribution of pressure on the perimeter. It is shown that the stress

a4
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:é intensity factor for a short crack is strongly dependent on the distribution of
R load around the hole; this has important implications for the estimation of
L fatigue lifetimes. A procedure is indicated for using some of the results to
E 1 study arbitrary loads on the hole perimeter..—
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! INTRODUCTION

Cracks in structural components can grow under in-service loads and lead to failure
of the component. In order to ensure safety and reliability it is necessary to know both

the residual strength of 4 cracked structure and the rates at which cracks grow in

fatigue; both depend upon the stress field at the crack tip, which is characterised by

the stress intensity factor,

Because holes are stress concentrators, cracks frequently start at the edges of
holes in the structure. Rooke and Tweedl have evaluated the opening mode stress intens~
ity factors KI for cracks at the edges of circular holes in sheets subjected to remote
tensile stresses which result in only normal stresses along the crack line; the sliding
mode stress intensity factors KII were therefore zero, However, in many practical
components the service loads produce shear stresses along the crack line, and a more
general method of analysis is required to evaluate the stress intensity factors (KII
will now be non-zero, but generally small compared with KI 3+ Such & method is now

availab1e2'3; it can be used to obtain both KI and KII for a crack at the edge of a

S X e

circular hole in a sheet subjected to arbitrary loading.

In this Report the aim was to model two common practical configurations, namely a
crack at the edge of a hole in a sheet subjected to arbitrary loadings remote from the
crack, and a crack at a hole subjected to arbitrary loadings on the perimeter of the

hole. Four particular load distributions are considered, see Fig |: they are

(a) a uniform uniaxial tensile stress vemote from the crack acting in a direction at an

arbitrary angle to the crack line;

(b) a localised radial force at the perimeter of the hole acting at an arbitrary angle

to the crack line; ;

(c) a uniform pressure acting over an arc of the hole perimeter such that the resultant

force on the edge of the hole acts in a Jdirection at right angles to the crack
line;

(d) a variable pressure (cosine distribution) acting over one half of the hole peri-
meter such that the resultant force on the edge of the hole acts in a direction at

right-angles to the crack line,

g g s

Stress intensity factors for cracks in structures subjected to loadings in more
than one direction can be obtained from the results for case (a) by using the prinmciple
of superposition. The stress intensity factor for the single radial point fo. ce in

case (b) can be used as a Green's function to obtain results for any arbitrary pressure

L b il

acting on the hole perimeter, 7Two particular pressure distributions, cases (c) and (d),
have been studied in detail, since these distributions have often been assumed in

attempts to model the load transfer in both pin-loaded lugs and fastener holes.

The results obtained in this Report show that the stress intensity factors, KI

and K for short cracks depend significantly upon the distribution of loads, even

I




when the resultant load on the perimeter of the hole is the same. Fatigue lifetimes will
therefore be strongly dependent on the load distribution since cracks are short for most

of the lifetime.,
2 BASIC THEORY

The hole is defined in plane polar co-ordinates {(p,8) by 0 € p < R and
0% v < 21 ard the crack by R€ p < a3 along 8 = 0 (see Fig 1); and the crack

length ¢ measured from the edge of the hole is given by & = a - R . 1If the component

were uncracked, the applied loads would cause stresses g and 009 along the crack
site; which can, in general, be represented as

Ogg Ps0) = pyf () and cpe(O.O) = pof,(0) 4)]
for R%p <a , where o and ¢ are the normal and shear stresses respectively,

08 nad
r=p/R, and Pg is a constant with the dimensions of stress. The loading functions

fl(r) and fz(r) for the uncricked component are needed to obtain stress inteasity

factors for the crack component,

It has been ehown2 that KI and KII can be expressed in temms of two functions

P‘(c) and Pz(c) , where ¢ = a/R , as follows

K K /5
1 V2 o 11 _ v'2
—_— ) ll(c.) and N =D Pz(c) , (2)
0 0
wvhere KO - pof;- . The functions Pl and P2 are solutions of the singular integral
equations,
f B |
- { 0k.(r.t)}dt = - f.(r), (1 <r¢<e¢) (3)
" t~-r i i
(¢ -~ t)(t -1
and

Pi(l) = 0, (%)

for i = | and 2 , where the kernel functiouns ki(r,t) are given by,

2.2 2 2
(1 =t7) t(d - t7) t 1 -t
K (r,t) = - = - - + - (%)
! t - (-’ OO %
and
2,2 2
e b=t (L -17) t
kz(rtt) 2 (‘ - rt) - (6)

t(l - rt)3 t(l - rt)

It should be noted that the kermel function kl(r.t) used to obtain KI for a loading

vhich is not symmetric about the crack line is identical with the kernel function kir,t)

used in Ref | for symsetrical loading. Because of this, Kl for non-syemetrical load-

ings can be obtained from solutions for symmetvica’ loadings, see Appendix. There is no
equivalent relatiouship for l!l » since ‘11 is identically zeru for symetrical
loadings.
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The function T, is related to the displacement ug of the crack surfaces, and

Pl is related to the displacement Y :

¢

W(1 - \)2)pOR P (t)de
ue(p,O) - ue(o,Zn) - - i [ , 1 <r <¢ (7)
: Y(c = t)(t = 1)
and
41 - \;z)poa < P, (t)de
u (0,0) = u (0,2n) = = 5 [ . 1 <r<e¢ (8)
° 0 (D ICERY

where v is Poisson's ratio and E is Young's modulus.

3 NUMERICAL PROCEDURE

The equations (3) and (4) are reduced to a system of simultaneous linear algebraic

equations by using a procedure developed by krdogan and Cupta”. Let

(2] = I)n jm . .
uj = cos[———TE;———] and vi = cos[%;], J = L,2,000,m (9)
and let
t, ® b(e - l)u.k + i(ec s 1), k= 1,2,..,m (10)
and
r,o= e - Dve # dle s D, JR 2 e m= 1) . (D)

Equations (3) amd (4) can now be reduced to the following linear algebraic system:

1
Ji:1
! | -
;Zpi(tk)gtk - r" * kl(rj.tk)z = = ti(tj) »
k=1 ] \
(12}

and

I | - U,
! k B
m? =N Pi(tk)’l vy =0

with j = i, 2, (.0, (@ = 1) and & = 1, 2. fThe solutions P(tk) of equation (12) are
used in a Gauss-Chebyshev iaterpolacisa. fommla to determine the stress intensity factors

as follows:

a .
Ki - /> ~) (- 1)krj:i_25 P.(t,) Po= 1,2 h))
Eg ale = 0) -4 \jl ) (k7 v

where for convenience K’ © &I and E2 “ KII «  The tumber of tewms #® i3 chosen large

enough to ensure that equation (13) vonverges and gives values of Ki to the desired

aceuracy.
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4 LOADING FUNCTIONS

In order to obtain the solution to equation (12), the loading functions fl(r) and
fz(r) must be knowm, These are obtained from the stress fields along the crack site in
the uncracked configuration. In what follows, the stress fields which are considered are
due to either uniform applied stresses remote from the crack or radial forces on the hole
perimeter., Residual stress fields which may alse be present in practical components can
be included in fl(r) and Ez(t) . In fact, the residual stress fields which often
oecur around holes may have a large effect on the stress intensity factor particularly at

short erack lengths.

4.1 Uniaxial tensile stress

The stress intensity factors for this configuration have been evaluatedz by using
loading functions obtained from Sokolnikoffs, ¢ for a uniforwm uniaxizl tensile stress
acting at an angle ¢ to the crack line (see Fig la)

£, = 4t e =) - 4(1 v ) cos 2
| 2 3
r r
and (14)
f.(r) = !(l + 2 :1) sin 2¢
2 2 4 *
r r

In this case the comstant Pg in equation (!) is equal to the applied sctress o
4.2 Point load

The loading functions needed for a radial force ¥ per unit thickuness acting on
. . . . 2
the hole perimeter at an angle ¢ fo the craek line (see Fig 1b) have been derived® from

. . . 6 . .
the stress functions given by Creen and Zerna . The constanat po i3 given by

Py ™ F/(2R) . The functions can be written as follows:
fk(r) = gl(r) . ugz(r) and fz(r) = 53(r) . agé(r) (15)
3 = 4y 1 . s 3 -v ) . " .
where LR T (") (plane strain), or a 7 (plane stress) . (l6)
2 43
1 4 5 4 - 20
g0 = ;{_§ oS- 2x cga $ L1 »ax 4: ) _cos ¢] . (17)
rm X X" rX
| 2
+*
g,(r) = ;;-eos s (18)
2 .y
(- r¥?
gy(¥) & o din g, (1%)
&
®eX
and
2 Y
(5) 121 g (20) S
54 -" b 9 3 -
vy

£
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3
2 2 R !
where X" = | -2rcos $+ 1 . (1) ;
t{ . If we write 3
3 Pit) = Q{t) + aQy(c) ]
; and (22) ;
Py(t) = Q3(:) +aQ (), i
where Qs(s = 1,2,3,4) is independent of Poisson's ratic, and introduc~ the functions
i
Hl(r,t) = Mz(r.t) ?-_—r“ k!(r,t)
and (23)
|
My(r,t) = M (r,t) = mp e kZ(r.t) ,
then equations (3) and (4) are equivalent to
| g Q, (tjM (r,t) i
;-j - - = - g (r) . | < ¢y < ¢ (-)Q) ‘
i V(e = ) {t - 1} 8 :
and
Qﬁ(l) = 0 (-’.5) l

for s = 1, 2, 3, 4 . Therefore, by the method of Erdogan aund Gupta (sece section }), the

linear set of eq:ations to be solved for Qs(t) is

m h
! . N
EZQS(tk)HS(rj,ck) & - gs(rj)
k=1

=y
! k ko k|
EZ“ b Qs(zk)\L 0 ]

X

k=1 g

7 kS

for § =1, 2, «ssy, {@m-1) and s =1V, 2, 3, 4, The stress intensity factors are é
given by 3
) ( P

K, ® g () and K, = ke (27 ;

)

(s) = v o ;

K . V2 k Yk v 3

where 9 ale < ”Z( 1) o Qs(tk) (28)
0 =1 k

for s e 1, 2, 3, 4.

4.3 Arc of uniform pressure

. . . 6 A .
The stress funetion derived by Creen and Zerna has been used” to ohtain the luad-

ing functions fl(r) and  §,(r) for the case of a hole loaded by a uniform pressure on

'-rr»wfvou
086
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an arc of the perimeter; the arc on which the pressure acts subtends an angle 28 at the
centre of the hole and is symmetric about the line © = n/2 (see Fig lcj. As in the
previous section, we write
E(r) = g (r) ¢+ ag,(0) and  f(r) = gy(F) *ag,(r) (29)
in 2R ? 1 3
where gl(r) = an S in B ), — - (r - -LX—IZ— - 7)»“—’—3—8- . (30)
‘ + cos 28 ' T Ar
2 1
g,(r) = ,
1 I\fr - sin 8 r + sin B
85(r) E?( ?)[ , ? ] ' S1
2 5
and
g!.(r) = ;Y!-(—l_z- - j) _3_1—:_2. . (32)
r
with
2 . 2 2 . 2
L 1 +2rsin g +r and v, = 1 -2rsinB e . (33)

The stress intensity factors are calculated by following the steps of section 4.2

but with the following limitation: since

k4 -0

frer equation (22) onwards,

Q,(t) =0

g,(r) = 0 then

and hence .

and Hz(r,t) = ()

4.4 Cosine distr.bution of pressure

In thic case the pressure p(9) i3 distributed on the perimeter of the hole
according to

p(e) = Pg cos(% - 6) < P sin 8 , psgp<n (34)
and is zero otherwise.
The loading functions for any arbitrary distribution of pressure can be derived, using
the principle of superposition, from those for a radial force acting on the perimetey
(see section 4.2), For the case of 4 cosine distribution of pressure the loading

. . . 3
tunciions are given by

fr) = I val, and  f,(0) = lyeal (35)
H
where [h ® %/ gs sin Qd@ * A lD203.4 N (3’0)
¢
6, for s = 1, 2, 3, & are the leading functious for a point load, given by equatioas

(17) and (20). The integrals ls ave evaluated, for s o {1, !, 3, 4, iu Appendix B of

Ref 3; the expreszions for £ ,(r) and £,(r) becone
- ! l } Yoo e r v |
tl(r) @ 13-“-[3 A :2' A (::-i ‘v T)lﬁ(‘;"’_"““)] (37)

e At s e e o e e - e

920

DRI VI W B TU NPT




(¢3.78

9
and
(-
£,(r) = 1—-—4—3'— , (38)
T

where vy =~ =1,

W.th the following definitions,

hl(r) s fl(r) and hz(r) = % fz(r)
and 39
i
Ql(r) = Pl(r) and Qz(r} a ?'Pz(r) ’
equations (3) and (4) become
f |
;[ ;t_r*ki(r,t) = -hi(t) R 1< r<¢e , (40)
i Vic - Ot -1

with Qi(l) =0, for i =1, 2 . The stress intensity factors are given by

K K -
1 V2 . 1 ¥v2
I e v Q. (¢} and - = - o __ Q)(L) . %1
ko {c 1 :(0 (c 1y 2
The numerical procedure to solve equation (40) and hence obtain K, and X is as out-

1 11
lined in section 3,

5 RESULTS
Solutions of the singular integral equations (3) and (4) in section 2 have been

obtained and hence the stress inteasity faczors evaluated, by using the numerical pro-

cedure outlined in section 3 and the loading functions developed in section 4,

5.1 Uniaxial tensile stress

Values of the openinpg—-moede stresy intensity factor Kl/ﬁo ave given in Table | as
3 function of the ervack lengrh 1/B for various values of the angle » betwe:n the
direction of the stress and the evack lime. The rvesults for 4 of 0° aad 90° agree with
those for biaxial and umiaxial stress given in Ref 1, Plots of Kt/RO againat /R arve
showa in Fig 2 for 0" € 3 < 50% . PBor other values 0f ¢ the seress intensity factoy
ﬁi(o) is obtained from the folloving symaetry relations:

K- 9) = K 0s” -9 = k() 0¥ g 180 L (ad)

Negative values of K: inply erack closure and are therefore fuot geserally valid but
they can be superposed with walues for other streas ficlds provided that the vesulrang

sEvens field causes the crack to remaia open aloag {ta vhole length.
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Values of the sliding-mode stress intensity factor KII/KO are given in Table 2

and plotted in Fig 2. The symmetry r-lations ave

0 -
K (- 9) = Ky (180° = 9) = - K (9)

and (63)
O O . (o]
K[e0907 = 4) = K (9) , 07 < ¢ %180 .
j 5.2  Point load
2 . .
i The components K(I)/KO and K(‘)/KO of the opening-mode stress intensity factor

KIiKO are given in Tables 3 and 4, respectively. Curves of these two components are

plotted as a function of ¢/R in Fig 3 for various values of ¢ . VFor clarity of pre-

e

‘ 2
B sentation K\l)/KO is plotted tor 0° & ¢ & 180°  and K(')/K0 for 90° & ¢ € 180° .

SR
)

Results for other values of ¢ «can be obtained from the following symmetry relations:

K =k
and (44)

K- = P = - xPas -, 0° < ¢ < 180° .

.
The components K“’/KO and KM)/K0 of the sliding-mode stress intensity factor
KU/K0 are piven in Tables 5 and 6 respectively. These are plotted as a function of

/R in Fig 4 for various values of ¢ . The symmecry relationships are

L3 )
SN CI R ,
and (435) ]
K000 - = kM) - kW, 0 < ¢ <180° , J
la general K, and K are functions of Poissor’s ratio v, for this loading,

H It
siace from equation (27) we obtaia, for plane strain,

4 hd
5y ! (Y~ 4v) k()
— E e TS -E_—
0 &0 - v]
ard (4d)
A 4
I At R I
- —— FTETTTY T .
Ky K, (L= v) ¥y
Values of Ktlﬁu and i:I/ﬁU have been caleulated furg v = 0,3 and are shown in Pigs 3
ated & respectively as a functloa of (/R Fue various values of the angle 3 . For
@ - . . . . .
3 = 9 the compouent K( ) 0 and the opeaing-twde stresd inteasity factor ia

. . . . . . . H
independent of Polssen's ratio, and iz one half the value oBtained previcusly for fwe

cqual and opposite forees aztiag oa the hole perimerer.

. O . : Lo
For & =15 crack closure caf vceur fof sude cfack lefgths, and 1§ it Joes oceur

the values of KI calvulated by the present methods afe fnvalid; tf ¢losule oceuss at
the tip ii will be uegative, The valuecs of Ki obtalaed ¢an be uzed caly if asnother

wsn




stress field is superimposed on that due to the point load, such that the crack faces do

not touch at any peoint along the length of the crack.

5.3  Arc of uniform pressure

Values of the opening—mode stress intensity factor KI/KF are given ia Tables Tatdh
and are plotted in Fig 7 as a function of the angle & for various values of rhe crack
length. The notmalising constant ﬂF is given by

KF - KO sin § = poﬁ?f sin 8 . (L7
lt is convenient to use KF since 1t is proportional to the resultant for~ - Kosin &

¥

acting on the hole perpendicular to the crack-line, For @£ = 0% the rer . ts agres with
L) . . . v .
k( )/ko for a point force acting at an angle ¢ = 90Y to the crack-''ae (Table 3); for
] 0 . e . i .
g = 90 the values of kI/kF are one half of the values obtuined pre.:ously for a uni-

form pressure acting over the whole perimeter,

The values of KI/K“ given in Tables 7adb and Fig 7 are for ¢® < g€ 90 ; values
for 8 >90° can be obtained as follows:

Q

Ky(8) aluso" -8 = 2 (907, 0% < g < 180° . (48)

The twoe components K(3)/KF and K(A)/K? of the sliding-mode stress intensity

{ 7.
factor are tabulated in Tables Badb; the function KH)/K, is 4 function of erack
K(ﬁ)/

leagth ouly, independent of rhe angle 8 . Values of KF are plotted as a fuaction
of 8 , for 0% s ¢ = 90 . in Fig ¥a for various crack leangths. The component K(*)/K?
is plotted in Fig 8b as a function of /R .

The sywsactery relatioaship for K()) 18 as tollows:
g @ - xPas -0, 0° % ¢ s 180° . (492

5.2 Cosine diseribution of pressute

Values of Ktiiy and y-x(ﬁtt/K?) ate tabulated ia Tabic 9 for the cusife Jdistri-

butiva of preaxsurc; for thia easec KF i3 given by

Fow-
gq = cj-\i-tﬂl {50)

«

where ¥ s the fesultant force avtiag pegsendicular fo the crack=line and iz givea by

L2 PN
¥ o —u? . {$1)

Thus *ru
i? e e (32)
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The opening-mode stress intensity factor is plotted as KIIKF against &/R in
Fig 9. Values of K1/KF for two other lcad distributions having the same resultant
force perpendicular to the crack-line are alsc wlotted in Fig 9; the two distributions
are a point force acting at an angle ¢ = 90° (see Fig 5) and a uniform pressure acting
on a semi-circular arc of the perimeter (see Fig 7). Comparison of these three curves
shows that although the resultant force is the same, the different load distrivutions
lead to differences in the stress intensity factors, and these differences are preatest

when the cracks are short.
. -~} .
¢ ’ ¢ /
Fig 9 also shows a plot of vy hII/I\F against /R .
© DISCUSSION

The method described in this Report has two main advantages; it is efficient in
computing requirements and it is accurate at short crack lengths. The largest number of
simultaneous linear equations needed to obtain results accurate to ~0.17 was 24. Hsu7
who has solved the crack problem for uniaxial tensile stress only (see Fig la) required
between two and six times as many equations. His method which uses conformal mapping
techniques becomes less accurate for short cracks, in contrast to the present method for
which the stress intensity factor tends towards the correct limit, for a crack at the
edge of a hole, as /R tends to zero. This ensures that values of stress intensity

factors are accurate for short cracks, and this is a necessary requirement for the

estimatior of fatigue lifetimes to be reliable,

This limiting value can be expressed in terms of the loading functions,

Lt {K

} o= 1.122c68(|,0)m = 1.122p0f1(1)fﬁ (53)
L /R0

I
where the factor 1.122 is the usual edge correction factor., It therefore follows from

the definition of Kj(= po/Ff) that

K
Lt 3_-( = 1.122f1(1) . (54)

L/R>0{%0

For a point force (¢ = 900), fl(l) = 2/r from equations (15), (17) and (21); for an arc
of pressure (B = 900), fl(l) = 1/2 from equations (29) and (30); and for a cosine dis-

tribution of pressure, f](l) = 2/n  from equation (37).

Comparison of the stress intensity factors for the point force, the arc of pressure
and cosine distribution of loads snows (see Fig 9) that the limiting values of KI/KF
are 1,122 x (2/u), 1,122 x (1/2) and 1.122 x (8/n2) respectively; they are in the
ratios 1 : 0,78 : 1.27 . Thus even when the three load distributions have the same
resultant force F , the values of Ky for short cracks differ significantly from each

other., Because of this the precise load distribution must be known if practical

98C

estimates of fatigue life and residual strength are to be accurate., This is particularly
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important in the calculation of fatigue life because the growth-rate of cracks in

. . N n ]
fatigue is proportional to K  whery n is of order 2 to 4.

It is most important that the load distribution near the roat of the crack is
known precisely, since small changes in load in this region result in large changes in
K . This can Le seen from Figs 5 and 6 where both KI and KII change rapidly as the
angle ¢ between the force and the crack becomes small, A similar effect is seen in
Figs 7 and 8, where rapid changes occur at small crack lengths, as the arc over which the

. 0
uniform pressure acts approaches the crack (8 = 907).

The stress intensity factors KI and KII , obtained in this Report are for a
single crack at the edge of a hole with an arbitrary distribution of load on the hole
perimeter. Values of the KI only, for two cracks of unequal length at 9 = 0 and = |
i can be obtained for arbitrary loads by using the principle of superposition {see
4 Appendix) and the method developed in Ref 1, A second, more approximite methodi, can

also be used for obtaining K, for two cracks from that for one crack provided that the

1
load distributions on the perimeter is symmetric about 9 = /2 . Although orly the
opening-mode stress intensity factor can be obtained from both procedures this is often
adequate for practical structures, zince KI is usually much more than }KII] and the

| fracture behaviour is dominated by (he orening-mode.

fﬁ The method used in this Report to evaluate stress intinsity factors for the four
~~r21 olar loading distributions shown in Fig |, can be extended to any arbitrary loading
.é on the hole perimeter by a technique using Green's fuuctions7. This technique was usec

F: in section 4.4 to obtain the loading functions fi(r) and fz(r) for the cosine dist:i-
bution of pressure. For an arbitrary pressure distribution p(¢) on the hole perimeter,

;; which can be written as
p(o) = pOh(O) s (55%)

equations (35) and (36) become

R¢ f](f) = I, aIz and fz(r) = Iy al, (56)
] 20
ij where I, = | [ B (R (Ddy 5 37
0
‘i~ the Green's functions gs(¢) , for s =1, 2, 3 and 4 , are the loading functions for 4
g point load, and are given by equations ('7) to (20). After evaluation of IS , analytie-

ally or numerically, the procedure of scection 3 can be fcllowed to obtain the streus

intensity factors.

The stress intensity f{actors, obtained in section 5.2 for a point load, may be

q . s . . 7 :
. used directly as Creen's tunctions . Let che force acting on the perimeter between

gl 8 =¢ and 6 = ¢ + dp due to the pressure p(8) be dF(s) ; it is given by

086

d¥(¢) = pLe)Rdo . (38)
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Let the stress intensity factor (I or II) due to dF(4) be dK(¢) ; it is given by

dK(9) = KU(9)dF(8) (59)

u . . . e .
where K (¢) is the factor for a unit force acting at 8 = ¢ , Since in general the

stress intensity factor is proportional to the applied force F it follows that

oy = ¥ kb (60)

¢ ) . .
where K (¢) is the factor for a force F acting on the hole perimeter at & = ¢

Equation (54) can be written

Sy - KW L A7 ORI RO (61)
¥ 2R ;-fﬁ R\ K,
ks

where (Kb(¢)/K0) can be either KI/KO or K“/K0 obtained in section 5.2.

The principle of superposition states that the stvress iatensity factor K due to

p($) for all ¢ 1is given by summiag all the dx(9)'s, ¢
A dew) . (62)
Substitutivn of equations (53) and (58) to (6!) into equation (62) gives
2 .
kP %po/ﬁ/ (5-3—1)1(@.1@ . (633
3 0

Thus (Kb(¢)/K0) is the Creen’s function for the stress iatensity facior for an arbitrary
distribution of prevgure and can be obtained from the results for a single point forcee.
the intevral in equation (b3) will, in geseral, bave to be evdluated numerically. If the
loading disteibution i3 deternined expevimeazally so that k() i3 kmoun only at Jdiserete
points, then the integral in cquation (63) would be replaced by au appropriate susmation,
in order to epsure accurave results, particular care must be taken when & {5 acar zeru

as Ké(Q) variee r3pidly (see Figs 3 and o).
? CONCLUSTONS
(1} A transtorm method has been developed for obtained opeaipg-mude and sliding=mode

gtress intengity facrors for a crack at the edge oI a4 wircular hule; the method {s both

aceurate and cffiecient in compulter uzapge. The sethod was developad so tuat

(a) the aotresa iatemsity factor for an arbicrary distrvibution of pressure in the

- . - : - . . &
hole can be obtaifed froe vesults for a radial point foree; §

. . Cogry. W
s - N TR S P il A
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(b) both externally applied loads and residual stress fields can be considered;

(¢c) it can be extended to calculate opening-mode stress intensity factors for two
cracks,
(2)  Application of the method to a short crack at the edge of a hole, showed that the
stress intensity factor varies significantly with small changes of load distribution on
the hole, even if the total load on the hole is the same; this implies that estimates of
fatigue lifetimes may be seriously in error, unless the load distribution in the

structural component is known accurately.
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Appendix

RELATIONSHIP BETWEEN STRESS INTENSITY FACTORS FOR SYMMETRIC
AND NON-SYMMETRIC LOAD DISTRIBUTIONS
(see section 2)

By using the principle of superposition, any load distribution which is symmetric
with respect to the crack line can be represented as the sum of two asymmetric loadings.
In Fig 10, configuration A represents a hole with a crack at its edge along the 6 = 0
axisy the hole is loaded symmetrically about the crack iine, so that the pressure pA

on the perimeter is given by

ot = o) 0<o<n
and (A-1)
= b8, 026 >-1 .
Configuration B represents a similar hole and crack with loading for 0 < 8 <= only, so

B . . .
that the pressure p on the perimeter is given by

PB = p(; , 0sesn
and (A-2)
oo o= 0, 0>8 >-1 .
Configuration C also represents a similar hole and crack, but is loaded for 0 28 2 -u
C . . .
only, so that the pressure p ou the perimeter is given by
C
p =0) 0< <
and (A-3)
p¢ = p(-90) , 026 2-n .,
The stress intensicy factors for these three confipurations can be written as
follows:
= A ” = A . -
for A K! = KI and KII KH ; (A-4)
: B B
tOX’B = 4 = . -
KI KI and hII KII H (A-5)
C C
for C = < = . -
KI KI aud kII KII ; (A-6)

From the principle of superposition it follows that

KA

1
and
A

K11

From symmetyy considerations {t follows
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Appendix
B C A
KI = KI = QKI
(A-9)
A
Kip = o .

Thus it follows from equation (A-9) that the opening-mode stress intensity factor KI

for an asymmetric distribution of loads can be obtained from KI for a symmetric distri-

bution; but, this is not so for KII since it is identically zero for symmetric loadings.

Because this argument applies to configurations with one crack (along 6 = 0) or two
cracks (along 6 = 0 and 8 = ), the method developed previously], for obtaining KI for
two symmetrically loaded cracks of unequal length, can be used to obtain KI for
asymmetrical loadings. The factor KII cannot be determined in this way; but for many
practical loadings [KIII < KI , S0 that the fracture of the cracked component is

dominated by the opening~mode stress intensity factor,

9¢0




Table 1

OPENING-MODE STRESS INTENSITY FACTOR K_/K. FOR A CRACK

10

AT THE EDGE OF A HOLE: UNIAXIAL

TENSILE STRESS

Y T TR R
R A T e

R maka

G LR

’ 0° 15° ] 30° | 45° | 60° | 75° | 90°

/R

0.01 [ -1,080 | -0.787 | 0.013 | 1.106 | 2.199 | 2.999 | 3.292
0,02 | -1.040 | -0.755| 0,026 | 1.092| 2.158 | 2.938] 3.224
.04 | -0.967 | -0.695| 0.049 | 1.065 | 2.081 | 2.824 | 3.096
0.07 | -0.869| -0.615| 0.080 | 1.028| 1.976 | 2.670| 2.924
0.10 [ -0.783] -0.545} 0.106 | 0.994 | 1.883 | 2.534 | 2.772
0,15 =0.664 | -0.448 | 0.141 {0,946 | 1.750 | 2.339 | 2.555
0.20 | -0.567 | =0.370] 0.169 | 0,904} 1.639 | 2,177 2.374
0.30 ] =0.421] -0.253| 0,207 | 0.836 | 1.464 | 1.924 | 2.092
0.40 | -0.320} -0.172] 0.232] 0,783 1.334 | 1.737] 1.885
0.50| -0.247| =0,115] 0.247{ 0,740 | 1.234 | 1.595| 1.728
0.60| -0.194 | =0.073| 0,256 | 0,706 | 1.155 | 1.484 | 1.605
0.80| -0.123| -0.019| 0,265} 0,652 | 1.040 | 1,323 | 1.427
1.00| -0.080 | 0.013{ 0.266 | 0.613]0.959| 1.213] 1.306
1.50 | -0.030| 0,048 0.260 | 0,549 | 0.838| 1.050 | 1.127
2,00( -0.0t0| 0.959} 0.250 [ 6,510} 0.770{ 2,961 [ 1.031
3.00| 0.002| 0.064|0,2346]0,466|0.698{0.868|0.930
4,00 0.005] 0,063 0.223{ 0.441{0.659]0.8190.878
5.00f 0.005| 0,061} 0.215]0.425| 0,635 0.789 | 0.846
6.00| 0.005| 0,060] 0,210 0.4140.619]0.769 | 0.824
8.00| 0,004} 0.057]0.202 | 0.400 | 0.598 | 0.743 | 0.796
10.00| 0.003] 0,055{0.197]0.391}0.585| 0.727 | 0.779
20,00 | 0.c02{ 0.051]0.187]0.37310.559]0.695 | 0.744
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Table 2

SLIDING-MODE STRESS INTENSITY
FACTOR KII/KO FOR A CRACK

AT THE EDGE OF A HOLE:
UNIAXTAL TENSILE STRESS

30 45°
e/R

0.0110.000} 0,013} 0,023} 0.027
0.02 10,000} 0.026 | 0,645] 0,052
0.04 | 0,000 { 0,050 0.086{ N.100
0.0710.00010.081: 0,:41] 0.163
0.101 0,000 0.109 0,189} 0.218
0.15] 0.000{ 0,147 0.255] 0.295
0.201 0,000 2.178( 0.306| 0.356
0.30| 0,000 0,223 0.386} 0.446
0.40 0,000 0.252] 0.437] 0,504
0.50 | 0.000 | 0.271t 0,470} 0.543
0.60] 0,000 0,284} 0,492] 0.568
0.80|0,00010.297] 0,514 0,593
1.00] 0.000 | 0,300 0,520} 0,600
1,3C L0000 | 029 1 0510 0,589
2,001 0,000 0,283 0,490 0,566
3.00 | C,u00 | 0,203 | 0,553 0.523
4,00 10,000 0,248 0,429 0,496
5,00 1 0,000 0237 O] 00574
6,00 0,000 JU 22| 0.397] 0,358
B.00 | 0,000 | 0216 0,374 0,432
10,00 J U000 O, 209 ] 0,362 0,418

20,00 {0,000 JO 194 ) 0,336 ) U, 388

e gy
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)
K(l'/K0 COMPONENT OF THE OPENING-MODE STRESS INTENSITY FACTOR FOR A
CRACK AT THE EDGE OF A HOLE: POINT LOAD
i
’ Q [§] O O O (%) (8] (6]
15 1) YD H 79 90 120 180
/R
—
0.01 0.579 0.672 0,690 0.696 0.698 [ 0.70010,7011 0,702
0,02 (0,448 0,632 ), bbb 0,678 O.684 1 0,68710,9490] 0.691
0,073 0,323, 0,H3 .65 0,06} N ooty 0,67410,6781 0.680
0,04 0.205 0.555 0,621 0.645 0.651 0,661 10,6671 0.670
0,06 ] =0,009 0.483 0,579 0,613 0.629] 0.638] 0.646 | 0.650
0.08[ -0,190 0,417 0.550 0.584 0.6041 0.6151 0,626 0.631
0.10] =0.339 0,355 0,503 0.5%6 0,581 0,595 0,607} 0.614
0,151 =-0.583% 0,222 0.420 0.49) 0.528] 0,34710.565] 0.574
0.20] ~0.688 0.118 0.349 0.3139 0,382] 0506 0,529} 0.540
0,30 ~0.688 | -0.021 0.238 0.350 0,400 0.437 1 0,468 | 0.484
0,40} ~0.601 ] ~0.096 0.160 v,282 0,346 1 0.383] 0,419 0.438
0,601 -0, 4371 -0,138 0.065 0,148 0,259 ] 03021 0,357 1 00371
Q.80 -0,.3V | ~0_.150 0,017 0,129 0,2000 0,245 0,295 0,722
1,00} =0,265%] =0.1a01 -0, 008 0091 U139 ] 0.2051 0,255 0.285%
130 =0, 179 ~C i) =008 0,04l g.0981 L 13O 190} 0,221
2,00 =0, 138 -0, 091 -0,035 U620 V. Vs | 0,103 U 1501 0,18}
J.00) -0,097 ) -0, 068 0,033 0,002 U, 086 | O Ubs | O 1051 0O 13
3,001 =0, 076} -0, 0% | «U, 031 | =0, VU 0.U221 004y | 0,079 0105
6,001 -0,0%% | =0, 041 | =0, L25| =0, LU g U0 uwle | 00| 6024
3,001 -0,043] -0,033) ~0,021 ] ~0,008 0,005 ] 0,012 0.039]0,057
10,00t =0.035 ) =0, 028 -0, 0181} ~0 0US UM | DU O,081 0,058
.00 =0, 019, -0 Sle ) ~0,011 | ~u.00e | =0, 0O | L QU5 JU.OLY U 02
ek L l —

pe]

w

o
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Table 4
i' x(:)/xo COMPONFNT OF THE OPENING-MODE STRESS INTANSITY
f FACTOR FOR A CRACK AT THE EDGE OF A HOLE: POINT LOAD
: 8’ : F ]
. e 30" 45" a0" 75° 90° 180°
: A
fﬁ : 0.01] 9.676] 0606 | 0,595 ] 0,350 ] 0,181} 0,000} ~0.700
'f' i 0,021 0.66 31 0,595 0,584 1 0,343 ] 0,178( 000 -0,687
GLO3E 0,651 ] 0,584 ] 0.4771 0,337 0,175 0.000] -0.674
f 0,04 0639 0.573] 0463 00331 01715 0.000] -0.662
- 4 V.06 1 0h17 10,553 09,4521 0,319§ 0.165] 0.000]| -0.639
0,081 vos9e ] 053] 0 a3 0 309 | O e [ 0,000 -0 k17
. ] A OS77] 000721 00322 0,298 0,155 0,000 =0,397
;, Ol 05330 0028 0030 0,276 1 0 143 0.090] -0,352
; L0 0Re BUSS 00de3 00297 0133 0000 0514
|
- 0 30| 0uass ] oot oo oo2ee b o7 viooo] -0.as1
b ‘ Doa0 | 00389 03] uoas o o2l 0.104] 0,000 =0.403
-2} oo} ooszrl oosn] o2y | oo1ee | 0,086 ] 0.000) ~0. 833
3 0,80 0275 QL2 UL 20| UL TA2 U074 DLOOU]| U, 284
l o] 9250710 0.2 o e b o b2at 0,068 0,000) -0, 049
’ ST T S T RUSERY RUNCTRY ICETR JURE) IECIETY
- 2000030 D01k 0 IO ] 0,073 ] 0,050 V.O00| «G, 159
. s.ocl utio] o.oss | o081 | v.0s2 | oo voovo| ~oL114
Uoaiwe Coosluuls | uond O Uey {0 alsl uoouu -0 090
|
&, U0 U0b) | UUsn | 0,04 U082 U017 D,000] -0, 064
.00 0.0a3 1 U LL3] GO | O, L5 00| v, 000 -0, 050
TO.00 T D0 V. UIN] V029 ] 0. 020D, 011 ] 0,008 -0.041
0001 G0t o091 00151 0,01 0006 V. 000] ~0.028
AU CENPRIRNY SUUI W JUON NS S,
by
>
S G . S s




Table 5

K(S)/KO COMPONENT OF THE SLIDING-MODE STRESS INTENSITY

FACTOR FOR A CRACK AT THE EDGE OF A HOLFE: POINT_EQ&E

o |
P 0 Q o 0 0 0 o
15 30 45 60 75 90 120
LR

0,011 0,004 ] 0,000} 0,000] 0,000} 0,000] 0.000] 0,000
0,021 0.014] 0,002 9,000 ©0,000] 0,000} 0.000] 0.000
0.03] 0,031 0,004) 00,0011 0.001] 0,000 0.000] 0.000
0.04 1 0,034 0,007] 0,002} 0.001{ 0,000{ 0.000] 0.0u
0.06 10,1134 0,015} 5,004] 0.0027 0,001 0,001} 0.000
D.08] 0,185} 0,025( 0,081 0,003 0.002} 0.001} 0.000
0,101 0.26%1 0.038) 0,011 0,003] 0,003 0.0017§ 0.001
015 0.45%41 0.0751 0,0231 0,010 0.005] 0.0031] 0.001
0201 0,606 O.1H4A] U037 0016 0,008 0,005] 0,002
0,30 0,762 9.190; 0,067} 0.030] 0.016] 0,009} 0.004
0,401 0.78721 0,248 0.095] 0,044 ] 0.024] 0,014] 0,005
0,60} 07031 0,307 9.138F 0,070] 0,0 0,023} 0.009
0.301 0,393F 0,318 O tles | 0,088 0,051} 0,031 0,013
1,001 G.3%0%0 0,306 0.17370,100] v,060]| O.038] O.01e
P30 0.5 0257210120000 0,072 0,083] D022
20010 2es b0 2O o109 ] 0.0 0952 0,825
s, Qoo oo il o,09%) 6,021 0053 0027
a00j o lxxin ttajoavs o oosi] v bea| L.UAY Y| O LY
6,00 00731 G,CI5F 0.0 0, 081 0,03 0,Ca2} B.025
g.onfo.03sfoo3sfo o3 fo.0as) onaz| 0,036l 0022
10,00 | 0,050 0,053 .| 0,020} 0 03| 0,031 0,020
o0l 0.0ie | 0,007 3 n. 0l Jo, 02t} o020 0,013] U 0
e e e Ay - ——




D <t il st warml G 5

s it
<

0 .;-»v\‘;‘(\":»‘,(

vigumn mersrep i

24

[/
K(‘)/KO COMPONENT OF THE SLIDING-MODE STRESS INTENSITY

Table 6

FACTCR FOR A CRACK AT THE EDGE OF A HOLE: POINT LOAD

’ 15° 30° 45° 60° 75° 90°

/R

0.01 | -0.001 | -0.002] -0.003 | -0.,004 | -0.004| =0.004
0.02 -0.002 | -0.004 { -0.006 | -0.007 | -0,008 | -0,008
0.03 | =5.003 | -0.006 | ~0.009 | -0.011 | -0.612{ =0.012
G.04 | =0.004 | ~0.008 | ~0.01i | -0.014] =0.016| -¢.016
0.06| -0.006 | -0.012} -0.016} ~0.020| -0.022| -0.023
0.08 ] -0.008 | -0.015{ -0.021 ] -0.026 | -0.029| -0.030
0.10] =0.009 | ~0.018] -0.025] -0.031] -0.035| -0.036
0.15] =0,0131-0.0251 -0.0%5 | -0.043| -0.048| -0.048
0.20] -0.016 | =0.030 | -0.043( -0.052} -0.058] -0.060
0.30 | =0.020 | =0.039 | 0,054 | -0.067] -0.075] -0.077
0.40 ] -0,023 ) -0.044 | -0.063] -0.077] -n,085 | -0.089
Q.60 ] -0.026 | -0.051 | -0.072"V 0,088} -0.098 ] -0.,102
0.80 ) 0,028 | <0.054 1 -0.078 | -0.09%| -0.104 ] -0.107
1,00 | ~0,028 1 ~0,054 | -0.077] -0.094 ] -0.105| -0.10Y
1.50 ) -0.027 § ~0.052 ] ~0.074 ] ~0.091 | -0.101 ] 0,105
2,00 | =0,025 | ~0.04y | ~0.069 | -0 084 | ~0,094 | ~0,097
3,00 | ~0.021 § ~0,041 | -0.058 | 0,071 | -0.080 ] -0,082
4,00 ~U,018 | =0,035 | ~0.0%0 | -0.061 ! -0, 088} -0, 071
6.00] ~0.0t4) -0,007 | -0,038) «0,047 | -0.0%2} -0.054
8,00 ] -0,611 | 0,022 -0.0%1{ 0.0 +0,0,) ) -0,04
10,00] 0,201 ~0,018 | ~0,026| 0,032} -0.0%8 | -0,037
.00} ~0,00% | <0010 | -0,012] ~0.018] ~0,020} ~0.020
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27
i Table 9
n OPENING AND SLIDING-MODE STRESS
INTENSITY FACTORS FOR A CRACK ;
AT THE EDGE OF A HOLE: COSINE :
i DISTRIBUTION OF PRESSURE \
? VR | ORI/} R IGK) f
g‘ 0.01 | 0.869 -0.004
; 6.02 | 0.837 -0.008 ]
% 0.05 | 0.760 0,020
é' 0.10 | 0.663 -0.036
§ 0.15 | 0.589 -0, 049
“ 0.20 | 0.530 -G.060
0.30 0.440 ~0.077
0.50 | 0.325 -0.096
0.70 | 0.255 -0. 105 5
1.00 | 0.190 -0.109
2,00 | 0.097 -0.097
3,00 0.062 -0.082
5,00 | 0.034 -0.061
9,00 | 0.016 -0.040
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LIST OF SYMBOLS

a half of total crack length
c = a/R
E Young's modulus
F for per unit thickness
drF (¢) force acting between ¢ and ¢ + d¢
é fi loading functions (i = 1,2)
h? 8; components of loading functions (i = 1,2,3,4)
; h], h2 functions defined by equation (39)
Zé h(8) pressure distribution on the perimeter of a hole
'; L integrals defined by equation (36)
f; P], PZ functions defined by equations (7) and (8)
E Pq constant pressure (or stress)
i, k summation variables
k]’ kz functions defined by equations (5) and (6)
g KO stress intensity factor SIF (= po/;f)
'j? KI opening-mode SIF
KII sliding-mode SITF
K], K2 Ky and KII respectively
‘x K(i) components of SIF (i = 1,2,3,4) - see equation (27)
; KF SIF due to resultant force
‘ dK{¢) SIF due to dF(¢)
“i K" () SIF due to unit force at ¢
KF(¢) SIF due to force F at ¢
kP SIF due to arbitrary distribution of pressure
ii’ L =a-R
m number of simultaneous equations
- Mi functions defined by equation (23), (i = 1,2,3,4)
; Q; functions defined by equation (22), (i = 1,2,3,4)
'i R radius of circular hole
r = p/R
T, discrete value of r
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LIST OF SYMBOLS (concluded)

functions defined by equation (33)
variable of integration

discrete value of t

angular displacement

radial displacement

function defined by equation (21)
= (3 =-4v)/{2(1 = v)] or (3 -V)/2
angle (section 4.3)

a-1

polar co-ordinate

Poisson's ratio

polar co-ordinate

applied stress

normal stress

shear stress

angle between force and crack line
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a Uniaxial tensile stress ¢
remote from hole

Fig 1ad

b Localized torce P on
hole perimeter

¢ Uniform pressute on ah ate d Cosine ¢1steibution of pressure
of the hole perimeter on hole penmeter
3
i .
H Fig 1ad  Loud distributions !
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t(_'. Ke = L/ﬂ ; F = resultant torce
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