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LONGITUDE DETERMINATION BY TWO DIFFERENT STARS
OBSERVED AT THE SAME ALTITUDE EAST AND WEST OF THE MERIDIAN

Dr., Angel A. Baldini
U.S. Army Engineer Tcpographic Laboratories
Fort Belvoir, VA 22060

BIOGRAPHICAL SKETCH

Dr. Angel A, Baldini joined ETL's predecessor organization
in 1960. From 1957-1960 he was associated with the George-
town University Observatory, Washington, D.C. Prior to
1957, he was Professor and Head, Department of Geodesy,

La Plata University, Argentina. At ETL, Dr. Baldini works
primarily in the field of astro-geodesy. Since 1974 he has
been senior scientist in the Center for Geodesy, Research
Institute, ETL., He authored 36 reports and papers since
1963 and presented results thereof at 20 Army, national
and international meetings. He received an Army Research
and Development achievement award in 1969. He has been a
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ABSTRACT

The determination of time by east and west observation of
the zenith distance of a star near the prime vertical shows
discrepancies as much as 2 seconds of time.

A new method with higher accuracy has been developed. It
is based on observation of an individual pair of stars.
The observation of each star (one east, the other west of
the meridian) consists of determining the instant of tine
at which it crosses a fixed preselected unknown zenith
distance. Complete analysis of this method was undertaken
in order to determine the circumstances when greatest
accuracy can be expected.
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i In this method the longitude or clock correction is ob-
tained as a function of the recorded instant of time when

two known stars, one to the west the other to the east of
the meridian, cross a fixed preselected zenith distance.
The instrumental adjustment must not change betwecn the 3
two observations. Changes may occur due to the conditions 3
of the atmosphere and temperature variations, therefore 3
- changes in refraction may also occur during the period 5
: between the two observations. But corrections for this
matter can be applied. 1In general the elapsed time he-
tween the two observations is short, no more than a few
mirnutes, so no correction for refraction is needed.

st Lol it

To obtain higher accuracy the two stars are to be selected
with not too large a difference in their declinations, and
they must be observed close to the prime vertical because
the velocity of variation in the zenith distance is a 3
maximum in the prime vertical consequently making it 3
possible to obtain a higher accuracy in recording the time '
of passages over the horizontal line.

Let figure 1 represent the projection of the celestial
sphere on the horizontal plane. Ta this figure, 2 is the
projection of the zenith of the ob‘:erving station, and
P,, the North Pole projection. N-5 is the me2ridian and W-E ;
the prime vertical. The small circle with center at Z is ' &
the almucantarat, parallel to the horizon, SEN.

i ot

~§ Let S,, be the star to the east of the meridian and S;, the
B ‘ star to the west of it. The zenith distance is

it st el St e

2 = 25, = IS2
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Figure 1, proje-tion on the horizontal plane.
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Oy, B¢ = the observed sideral times

0('.)6g = the right ascension and declination of
the east star,s, .

O(w,6w= the right ascension and declination of
the west star, S;.

t‘,’ ts= the hour angles of S, and S, , respective-
ly. _

f = latitude

In the astronomical triangles 2P, S, and 2P, S, , from
formula of cosine, we have

cos Z = sin ¢ sin 5¢+ cos ¢ cos be cos ke (1)
cos Z = sin @ sin dy+ cos ¢ cos ducos bw.

Introducing the parameters

X, = sin ¢ sin B,
(2)
Xg = sin¢ sin 6U

Y, = cos@® cos §,

(3)
Y, = cos § cos §, y

equations (1) can be rewritten in a more compact notation
as follows:

cos Z = X, +Y,coste

cos Z = X, +Y,cos tw ,

(4)

We can consider either the clock correction or the longi-
tude as unknown and will first consider the case where the
clock correction is unknown.

DETERMINATTON OF CLOCK CORRECTICHN

Let AT be the clock correction and M the rate of the clock
in units of clock time.

If we put

ﬁ-= 8, + Ll{6e-8,) - &,

(5)
L= e+ L(a-8) - X,
we shall have
= B + AT
. (6)
ke B, +AT

for the star's hour angle.
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Let a parameter ¥ be defined such that it satisfies the
equation

(7)

ﬂ¢+ﬂw+2 rT=0,
T 2= i(ﬁ‘*ﬂ‘) . (8)

thus

Adding and subtracting T to each of the equations (6) we
obtain

bem fo+ T+(AT-7)

But bwzfu+ T4 (4T-17), )
/
and ﬂﬂ-‘(’ 2"(&‘,50') (10)
, ﬂw*t= E(ﬂw‘ ﬁe)
Setting (1)
and ﬂa = -2"-( 'Bw-ﬂ‘)
¥=A4T-T (12)

equations (9) become

= - B +¥
E::: éa-:{’ (13)

Introducing these values of band L' into equations (4),
developing its cosines and subtracting the first equation
from the second, we obtain

Ya=X+(Ye V) cos Feas Bo-(tY) smfPBaim¥=0, (14)

To solve this equation let us introduce the auxiliary
quantities defined by

fadﬂl F = (%.‘\/o) 00'3/30
foos Pz (Ye%)aom o,

Dividing the first by the second we get

- -Y
&GMF— ‘é:_ﬁ‘-co‘f/?-. (16)

From equation (3) it follows that

(15)

Y=Y . 010w - cod De (17)
Yiv ¥, Cof du+t tm de

whereby equation (16) becomes

tom E= cof)@o(m v- cade [(cas Sw+cedde) .

(18)
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Inserting the values shown in equations (15) into equation
(14), we £find

X=X, + § oim (F=¥) =0, (19)
From equation (2) we have
Xa-Xo = @im ¢ (on fu = aum §e) (20)
from the second equation (15),
¢ = (Yar¥) oimp, [eos F (21)

and from equation (3),

heY = Cot (ot dw + 0 ), (22)
With these equations, (20, (21), and (22), we finally ob-
tain _
. l
aun (1-F)= tam 3 (Jw-30) tamd criF conecfs 5,
from equation (19).
Because the stars are selected not far from the prime ver-

tical, (¥-F) will always be szall and therefore it is
accurately defined by equation (23).

Let
Y-F = ¥, (24)
so that | ¥ = ',VfF) (25)
and from equation (12)
= AT~ T (12)
we obtain the clock correction
AT= Y+F+T, (28)

Summarizing, the final formulas for computing the clock
correction are:

Ara+rula-al-a,
B = 0utlh| 6u- 6 X,
re- sl @)
Bz £(Bu-Bel, (11)

cos §,-Cos e cot ﬁ., (18)

(5)

tan £ = cos Ou+COS s

sin\yY = tan é(éu-b.)tcm o cos F cosec /3., (23)
Y T-F , f24)
AT=F+T+T. (25)

When tan F or sin (7-F), is positive, F and (¥-F) fall in
the first quadrant, and when negative, they fall in the
fourth quadrant.

o bt Mlidl s e
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The motion o0f the observer due o the diurnal rotation of
the Earth causes all stars apparently to increase in
right ascension and decrease in declination. The amount
of correction is defined hy the well known equatione:

Ad=do2! co1 ¢ cosk ate § (26)
A8w-0'52 coy g #im L ain ¥ (27)

therefore, the star's hour angles must be corrected for
these variations. To obtain these corrections we proceed

as follows:
From formula (1) we obtain:
s itz (cnz- simodnind)med (28)
cospcndombz2/ cH el - (o1 2-om § simd)* (29)

from which equations (26) become

A% = 05021 (cos 2- aimp aim S 1+tam 8) (30)

25 = 032 tam§ YR bk S-(catz-dinpoind) (31)

where the sign must be taken to be positive for the eastern
transit and negative for western transit. ’

Therefore the star coordinates to be considered are:
X+ AX (32)
S+ 49

So far we have considered how the clock correction can be
determined. Let us now consider the case where the longi-
tude is to be determined.

In this case the observation time, based on Greenwich
Sidereal Time, will be represented by £, and A\ will be

the longitude, considered positive to the west. In this svent

the star's transits times will he given by:
QM= ' : .
QL::ldaﬂ:'dab' travaid Time .
Let A, be an approximate value of the longitude and da the
amount to b added to obtain
a = ﬂ¢+ A), . {33)
These equations (5) now become
Be= B,= (ot + #( G5,-6)
P = 6&-( ?\o+du)+ﬂ(99u—9¢) . | (34)
The angles T and (Jo remain as before
i
-;=-.£(/9¢+/3‘.,) (35)
!
ﬂ@-: ?(ﬁu-ﬂg) . (36)
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Therefore:

/SC s ~([fe+T)
/6w= S~ T, (37)
and the hour angles become
bew =fo-( 74+ 42) (38)

twe ﬁg-(f""AA) o
T=-(T+4A)

we get expressions of the same format as those shown in

eguation (13),
ke = 'WBO'+Y
Ews /50 +(' (39)

From here on the angle F is computed from equation (18);
the angle (¥-F) by equation (23), and the longitude cor-
rection 41 from

Now by setting

AAz-(Fr¥el), (40)

Let us now investigate under what conditions an accurate

" result is to be expected. By differentiating equation (25)

assuming that the rate of the clock is sufficiently well
known, we have

d(AT)= dF+dy tdz . (41)

By differentiating equation (23) relative to ¢, F and By ,
we find

dy= %M-W ¥ LomFaF-tom y cot Bo dbe. (42)

We have, from equation (18)

- Qfﬂ 2F
dF = 225 26, dﬁo' (43)
from equations (ll) and (5), we have

dpo-‘. -;—.(dew-det)' (44)

and from equations (8) and (5),
dta - ‘é(dew’i' dg!).

Inserting the values shown in equations (42), (43) and
(45) into equation (41), we find

d(Aﬂ:%w‘*—"}_% dd +[mw(%w%%.- wt fo)-1] %Q"’

— [t [ OMm3F "Be) JdGz ,
[ ?(m_cﬁﬁc +1] 42
The angle ¥ is always small and reduces to zerd at the
equator, as can be seen from equation (23), and the angle
F also is small (see equaticn 18). Since the coefficients
in parentheses are almost equal to unity, the main source
of errors is due to inaccuracy in recording the transit

times.

(46)

We may observe the star's passage over different horizontal
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lines and, so that,we have as many independent results as
pairs of lines. The mean times of observation will not be
the mean of times at which the star passes the mean zenith
distance, so a correction to the mean time is required. We
treat this problem independently of the knowledge of the
space between lines. The computation is, thus, free of re-
fraction error. ‘

USE OF A ZENITH DISTANCE 'THAT CORRESPONDS TO THE MEAN
STAR TRANSIT TIMES BETWEEN A PAIR OF HORIZONTAL LINES

A theodolite may be used as an astrolahe, The zenith dis-
tance is set at any convenient angle 405 50°% €54 70

Observations can be made with fixed horizontal reticle
lines, or with an impersonal micrometer. 1In the first case
a reticle has several closely spaced horizontal lines ruled
on glass, as shown in the figure 2, and the passage of each
star over them is recorded.

Figure 2 showing the reticle horizontal lines, and the
trajectory of a star, whose transit times are recorded at

a' b' bllfc

If the theodolite has a moving wire impersonal micrometer,
it is essential to use the same contacts on all stars ob-
served at equal zenith distance, since the movement of the
micrometer will be in opposite directions for east and west
stars, so corrections must be made for width of contacts -
and lost motion.

In a reticle, the lines are almost symmetrical with respect
to the central line. Using an impersonal micrometer's
symetrical pair of contacts can be considered too.

Consider two symmetrical lines or micrometer contacts.
These two lines have a mean zenith distance very close to
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that of the central wire. We shall consider any pair of
lines independent of one to another, so we can consider
several independent results of longitude determination.

Let 2,be the zenith distance that corresponds to any pair.
To this zenith distance will correspond a time §, which must
be determined from the times of a star's passages over

these twn lines, since the star trajectory is not a straight

line. The transit times are a function of the zenith dis-
tances, so according to Taylor's theorem we have

b = f(z; f(Zp +AZ.) ) (47)
Bi = 9,+(1LQ 0% +-'-(ﬁ;) 27 +-—{“)AZ‘
Let f4= Zi-Z.
SINR P 1l
e Z=22= - £(ta-2)
b,z Z-Zam 3(2-2), (48)

Inserting these values into equation (47) , we have for the

mean value:
Haeo =0,  $(42) (2

Then the time that corresponds to the mean zenith distance
20, is d o 2
"B = (9 +93) - (d_zz) (Z,_-Z) . (50)

The value of (24- 2,) is unknown. To evaluate it we proceed
as follows:

where

Consider the zenith distance as a function of time. A
zenith distance 2, will now correspond to the mean time
of the star passage over the two lines.

Applying TMaylor's theorem we have for upper and lower
horizontal lines: 3
, d¥2 dz

Z,-Z, =-dt 40 +z a:fr.‘w" ca?

dz :a, K5 S
22 = ZE‘AO + dt AO + - Z—TA@

where

From (51) there follows the difference:
1 432 3 .
22l = d,t (62-6) + 7 (9:-9:) . (52

The second term on the right side of equation (52) is very
small since ( 6:- 9 ) does not reach 4 minutes of time,
therefore we may consider without noticeable error that

it o i i Ll 1. 1
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24-2, = {ﬁ—‘-zy( 9:-0.)2. (53)

Whence with the help of this equation where we can compute
according :o eguation (50), the value of & as follows:

bon §(6s+0) - 3[4 (d:)- ()" (54)

From consideration of the defadxtion of sidereal time, hour

angle, and right ascension, the first eguals the sum of the
other two, that is:

= +k

A formula for computlng.ﬂ_. can “e obtained in the follow-
ing way:

SO we have

By differentiating the general relation
Co1 2= aim ¢ sim drcoddcotdend (56)
with respect to Z, considering ¥ andé constunts, we have:
pimzz cot ¢ .3 LE sint, (57)

da
A second differentiation gives:

ot
wzs m¢m5wt(g—5)+ coséwﬁmé';z't ¢« (58)

By replacing' the coefficients of the differentials in
equation (58) from the values obtained Ffrom the equations

(56) and (57),&and after multiplying by eEQ‘, the resulting
equation for ,. we obtain

2%‘ dz
dz *fnz-(emZ-2ind mé’Mz
( y (59)
dt*\dt oam Z
in which the only unknown to be evaluated is ﬁ%%é—.
From the relation,
015 aimb = con  oim A, (60)
equation (57) gives
a2 .
AR P et A, (61)
To evaluate sin A we use the equation
codAm P-Qrim &, (62)
where P and Q ar2> constants,
Pstanmg col 2 (63)
and

Q = a8 P codecz.,
Squaring and subtracting from unity we have:

gt :ba _.\‘MJ

T
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MmAa & f1a(Pa@aimi)? (64)
whence it follows:
%‘E"' cos ¢ /;-(P-G amd)®, (65)

Inserting this value in equation (61l) and the rasulting
value in eguation (56), we finally obtain:

0+0 (cas 2-0m pain J) 2 (66)
[MW,Q&Z- M M?Mz (03-8)

where

M=22x [1-(P-&aimd) . (67)
The positive sign is for the star west of the meridian and
negative sign for the star to the east,
Example of Computation

As an example we give the resul:3 from data taken from
Niethammer reference 4, page 60-31.

Our method shows a discrepancy of 03106 = 1"59 with
respact to Niethammer's scolution.




; TABLE 1. Clock Correction (Longitude) For An .
9{; Equal Altitude Star Pair Transit Times
e West Star Fast Star f
2 3
il e, 17P55™145020 17%50™02%600
2| dt; . - +0.092 -0.090
R 14 29 25.280 21 10 35.500 :
4! do™* +0.010 +0.010 .
= ;
. 5| 8§ 30°37' 11720 30 00' 01%24 ;
e 6 48 | -0.09 +0.08
e 7| 3w d¢a 516 30 37' 11v1l 30 00" 01v32 1
el , : ;
; 8] fo,Bes(1+2)-61Y) 3h 25485822 -3h20™335000
i 9 ,}So ’-?-';(Pu-ﬁe) 3023™10S911 = 50° 47' 43%66
B L : ' oogsva-coﬁ S¢ ot
. tan F =
< ) | 03 B 4 Cod B J3e
10 tan F = -0,00 257751
' 11y F=~0"08' 51"65 = . . . « . .=357443
12| F(-30) - 0°18' 34%90
13| @ 47°32' 27"
sin(¥- F) = tank( dw- 3¢ )tan ¢C05¢C/Ba
14 sin( §- F) = 0.00762324 |
15| AT=Vv-F =0 26' 12"42=. . . . .1" 44.828
-2™ 37,911
16| AT = 11415416 . . . . . . . . . CI® 2855%¢
Niethammer ref. 4 gives . . . . . . . =17 285420 .:l
Discrepancy N-B . + + « « « « + . . . 05106=1"59
{ . 5
‘ ;
‘ ' ‘ * Correction for inclination error
kl , ** Correction for aberration
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