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DISCUSSION AND SUMM.RY

The third meeting of the Coordinating Group on Modern Control Theory was
characterized by the broad range of subject mnpttar, including tank-helicopter
fire control and their microprocessor implementation, tactical missile guidance
and control, disturbance accommodation control, prediction-esttmation design
and theory, Martin robustification of Kalman filters for heavy tailed non-
gaussian disturbances in monopulse radar tracking systems, credibility of
computer models, time-to-go algorithms for advanced guidance laws and stability
analysis for power systems.

Considerable interest was shown in the experience to date on the micro-
processor implementation of the fire control algorithms carried out by members
of the US Army Armament Research and Development Command. The work of Professor
C. D. Johnson on disturbance accommodation control and applied by Dr. William
Kelly of the US Army Missile Command and Norman Coleman of US Army Armament
Research and Development Coninand clearly have broad applications to current
fire control activities in the Army. A very high degree of interest was
demonstrated by the cnncerns of Professor Naim Kheir of the University of
Alabama in Huntsville In his paper on credibility of computer models., The
"Technical Committee on Model Credibility of the Society of Computer Simulation1' have proposed adapting several measures to quantify how well a model matches

*. the performance of realhty beint modeled. The Theil inequality coefficient
(TIC) was recommended for missile systems validation. Different measures of
credibility were proposed for a wide range of problans.

The work of Professor James Leathrum of Clemson University in developing
a design methodoloqy for predictors in fire ccntrol systms and the work of
Professor Nan Loh on generalized observers should prove to be significant
contributions to Army activities in improving weapon system effectiveness.
The results of ALPHATECH on disturbea recticle sight clearly demonstrate that
first order lead angle prediction is ineffective against manuevering targets
and that the disturbed rectile exhibited a significantly worse pointing
performance than the stabilized sight.

Joe Craig of Adaptronics, Inc., provided promising results on trainable
adaptive learning network (ALN) guidance lines which are computationally
simple, uses only passive observables and can be realized using current
microprocessor capabilities. The paper by Captain Tom Riggs of the Air Force
Academy demonstrated that the time-to-go algorithm which uses range over range
rate for estimating time-to-go severely limited missile performance and that
the best performing algorithm is the simple closed form algorithm that forces
the command missile axial acceleration to be equal to the actual missile axial
acceleration.

The work done by TASC and University of Pennsylvania on air defense fire
control (GLAADS) conr.luded that Markov chains predictors offer noise immunity
over AR or ARIMA models and that modern control techniques in design of AAA fire
control provided improvements in the performance and stabilization of the
weapon system.
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Work currently being pursued by the Naval Weapon Center at China Lake
on the application of robust statistics to monopulse radar trackers is
exciting and has the potential of significant improved performance in the
presence of heavy tailed non-gaussian noise.

Overall, the Chairman was pleased by the free exchange of information
and the strong interaction of participants. The Chairman at the close of
the meeting announced that the fourth meeting of the Coordinating Group on
Modern Control Theory will be held during the week of 25 October 1982 at
Oakland University. Rochester, Michigan.

HERBERT E. COHEN
Chairman
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Presented at the Third Meeting of the Coordinating Group on Modern
Control Theory, Huntsville, Alabama, October 1981

ANALYSIS OF TANK FIRE CONTROL SYSTEMS
BY OPTIMAL CONTROL THEORY*

By
Jonathan Korn
Sol W. Gully

David L. Kleinman
ALPHATECH, Inc.,

3 New England Executive Park
Burlington, Massachusetts 01803

and
Hal Burke

U.S. Army Materiel Systems Analysis Activity
Aberdeen Proving Ground, Maryland 21005

INTRODUCTION

The primary purpose of a fire control system (FCS) is to track and
control the firing at a moving (and possibly maneuvering) target.
Often, it is desired to include a gun leading mechanism in the FCS
in order to compensate for the fired projectile's time-of-flight
toward the moving target. Recently, a research effort in which
several fire control system designs were analyzed, was reported
in (1). The control designs, all of which include (first order)
lead-angle prediction capability, consisted of both disturbed
reticle (DR), and stabilized sight-director systems (SS). Two
major attributes distinguish a DR from a director-type SS system:
1. The lead predictor is included in the DR's visual loop, and
2. A gun-to-recticle crossfeed path exists in the DR system; thus,
coupling the gun dynamics into the visual loop. The director type
system, on the other hand, is disengaged from both predictor and
gun dynamics.

Since the human operator is an integral part of the FCS, it is
necessary that any performance analysis (tracking and gun-pointing
in particular) be approached with appropriate gunner modeling. In
this paper, the performance of two representative generic fire
control systems, a disturbed reticle and a stabilized sight-
director, is analyzed. The tool through which tt..ese systems are
analyzed is the well known Optimal Control Model (OCM), (2)-(3).
The OCM is a nomative performance-oriented model of the human
operator engaged in a control task. In the case at hand, it is a
gunner performing a tracking task.

SThis work was supported by Army Materiel Systems Analysis
Activity under Contract Number DAAK30-80-C-0075
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First, the dynamical properties of the two PC systems are dis-
cussed. A brief overview of the gunner' s (optimal control) model
follows, and the performance measures employed in the analysis
are introduced. The frequency-and time-domain modeling approach,
and the ensuing modeling results are then discussed.

DESCRIPTION OF THE FIRE CONTROL SYSTEMS

The modeling effort is initiat~ed by selecting representative
generic FC systems for f..ie disturbed reticle and the stabilized
sight-director designs. In the following, the basic characteris-
tics of these systems are described. We begin with the disturbed
reticle design.

DISBURBED RETICLE (DR) SYSTEM

The purpose of a tank fire control system is to accomplish the
functions of tracking, target-coordinate estimation and predic-
tion, and gun pointing. In a disturbed reticle design, these
functions are intermixed in a complex dynamic interaction of the
gunner, sight, and gun turret. The idea of a disturbed reticle
fire control system is to automate the computation of the correct
lead for a constant velocity target.

The physical behavior the the DR system is the following. TheK I gunner, seated in the turret, rotates with the gun. He observes
the target and reticle through his sight, and commnands the rota-I tion of the gun with a hand control to keep the reticle on the
target. In constant velocity tracking, the rate of rotation of
the gun is proportional to the displacement of the hand controls.
Thus the hand control displacement should ideally be proportional
to the target angular rate, 6 if the gunner is successfully
keeping the reticle on the target.

The mechanical hand control position is transferred to an elec-I
trical output, u, which in turn acts as an input to the reticle
and turret subsystem. The turret servo should ideally cause the
gun to lead the target by an angle X =T6e where T is the pro-
jectile time-of-flight. This will ifisuri that it is possible to
hit a target moving with a constant angular rate. In the ideal
case of steady-state tracking of a constant angular velocity
target, the gunner does not perceive the lead but simply keeps the
reticle on the target.

The disturbed reticle design considered is mechanized with a turret
servo, a hand control filter, a reticle (sight) servo and a cross-
feed. The hardware required to implement the disturbed reticle
concept is shown in Fig. 1. The reticle is projected in the
gunner's line of sight by a movable beam splitter and mirror. In
addition, light from a light-emitting diode (LED) is reflected

3



off this mirror into an optical sensor to provide a position
reference signal for the mirror servo. Since the lead screw
positi, ns the photosensor array, the (uncompensated) input to the
mirror servo is proportional to the lead screw angle, e How-
ever, this input is modified by combining it with a sigl;L from
an electronic crossfeed. The resulting signal is used to command
the mirror servo which will null on the LED and position the
reticle *n the gunner's line of sight. The lead screw tachometer
output and the command serve as inputs to simultaneously position
the gun at angle e0.

The functional block diagram representing this design (DR) is shown
in Fig. 2. The command u is applied to both the lead screw and
gun turret servomechanisms. The lead screw servo is a position
servo which deflects the optical sensor an amount Tu with respect
to the gun. The deflection is proportional to the rotation e*
of the lead screw and is measured by a potentiometer. A tachbieter
is used for stabilization and to develop a lead command to the gun
rate servo.

Fig. 1. Physical Fig. 2. Functional Diagram,
Configuration, ,isturbed Reticle
Disturbed Reticle Design (DR).
Design (DR).

The optical sensor picks up the deflected light angle and drives
the mirror servo until the LED light is maximum. The mirror and
gun servos also respond to the crossfeed compensation. The gun
servo is rate compensated by gyro feedback. It is commanded by u
and the crossfeed network.

4
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The crossfeed network is central to the three individual servos in
two ways. First, it is an integral part of the gun servo compen-
sation network, and second, it provides crossfeeds to the mirror
servo loop to slow the mirror when the gun servo cannot keep up
with its command. This is seen by the following argument: when
the gun servo error is large, indicating gun lag, the crossfeed
signal is maximum anid slows the mirror due to the negative sign.
This tends to dimin.sh the nominal lead Tu. A simplified state
variable model (closed-loop) of the DR design is shown in Fig. 3.

| U NLk AP SLEVO/
FILLER PwfDICIOR C

DRIVING
SIGNAL 11.... ,

I . .. . .. .. luk4 I SIRVO

Fig. 3. Disturbed Reticle Design, State Variable Model.

In this representation we include the gunner in the control loop.
Note that the (fast) optical sensor/mirror motor drive dynamics,
as well as the system's inherent nonlinearities (1), are neglegted
in the state space model and in the subsequent analysis. The
pertinent state variables are defined as follows: e = target
commanded angle; eLZ = gunner's reticle (sight) angle; =e
tracking error; u - gunner's control signal; e = gun aggl4. R

Some of the characteristics of this configuration are summarized
below.

1. The dynamics of the lead servomachanism are parameterized by
its time constant, TL = .01 sec. The prediction time assumed is
T=2 sec.
2. We explicitly include a lead servo tachometer gain KR for a
sensitivity analysis option as illustrated in the sequel.
Nominally K = 1.
3. The cros feed gain is taken as K = 1.1, following (1).
4. We assume a second-order dynamicd for the gun turret as shown
in Fig. 3. The turret servo gain is K =10, resulting in a natural
frequency of W =K =10 rad/sec and a dalping ratio of 4=0.5.
5. The hand-cn~tol (lag-lead) filter is designed to resole the
disparity between the fast sight dynamics and the slow gun turret
dynamics, and its function is to lower the lead-servo bandwidth.
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In the analysis that follows, the lag time-constant Ti=1 se-,

and the lead time-constant r5=0.1 sec.*

The gunner responding to the tracking error stimulus, generates
the control command u which drives the gun turret and the reticle.
Since the reticle angle e is subtracted from the target signal

, the human, in effect,Rcontrols the system defined by the trans-
fir function TDR(s), viz.,

BR(S) a 5 s5+a4 s 4 +a 3 s 3 +a 2 s 2+als+a0 s (1)

DR(S) u s(s 3+KTS 2+KT2s+KpKT 2 ) s+l)(LS+l)S~ I

where the ai coefficients are function of the system

parameters (5). Substitution of the appropriate parameter values
yields the pole locations at 0, -100, -1, -1.23, -4.4 + j8.4 and
zero locations at -. 94, -1.39, -42.72, -3.6+ j7.1. A Rode plot of

T R(s) is given in Fig. 4 (the transfer function pertaining to the
S Rsystem, Tss(s), is also shown, and will be discussed in the
subsequent section).

-10 
- -S

-20 
I

o.1 1 1o 0/V 0.1 1 to dl

MAGN17UDE PHASF

Fig. 4. Controlled Element Dynamics eR(s)/u(s).

It may be noted that the DR system has characteristics that close-
ly approximate a rate-system, throughout the entire frequency
range. This is not surprising, since the system's poles and zeros
(other than the pole at the origin) which lie within the gunner's
response range, essentially cancel each other. We see, therefore,
that the direct effect of introducing the hand-control filter is
to reduce the bandwidth of the gunner-controlled element such that
it approximates a K/s-like system. Such a rate-system is a very
desirable (easy) system for maliual control. One must realize,

! This is an actual XM-1 Chrysler design (4).
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however, that tnis system represents only the visual-loop dynamics.
It will be shown in the sequel that the gun.-poting dynamics
result in a totally unsatisfactory pointing perfrmance.

STABILIZED-SIGHT DIRECTOR

The director type system structure is not as complex as the DR's,
as the turret dynamics do not affect the gunner's visual loop.
The physical components of a generic stabilized sight-director
fire control system are illustrated in Fig. 5. Instead of the
three servos that comprise the disturbed reticle system the
stabilized sight employs two. The system uses a rate integrating
gyroscope on the sight to provide an inertial reference in the
azimuth axis. The azimuth sight gyro enables the effect of the
gun turret rotation to be removed from the dynamics of the sight.
This inertially stabilizes the sight so that it is independent of
turret motion. As a consequence, the performance of the sight
loop will be limited only by the ability of the human operator to
track a target since the sight servo is several orders of magni-
tude faster than the operator response. In the subsequent analysis,
the fast sight servo dynamics are neglected.

As indicated, the SS system consists of a two servo loops, one
driving the sight and the other driving the turret. These two
loops are each independently stabilized, both by rate integrating
gyros. The conmmand from the sight servo loop to the gun servo
subsystem is used to pass target position information which is
used in computing the correct angle to point the gun. The coupling
from the gun servo to the sight servo loops locally references the
sight servo to the gun and is due to the fact that the sight motor
moves relative to the turret.

t-BI

I i I W-1 ION ING
COUN

Fig.5. Physical Configuration, Fig. 6. Block Diagra,
Stabilized Sight. Stabilized Sight.
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A (linear) block diagram of the SS system is given in Fig. 6. As
shown in the figure the dynamic coupling of the turret motion to
the sight director is immediately removed by the gyro. The gunner
applies a signal to the gun sight servo. This signal is combined
with sight position and rate feedback and used to drive the sight
servo motor. In this figure eR represents the inertial angle of
the reticle measured by a rate integrating gyro and 0G represents
the inertial angle in which the gun is poiting. Note that there
is no need to lead the reticle since the sight is independent of
the gun angle; thus the sight angle and the reticle angle, 6Re
are the same.

The lead angle computed by the system corresponds to Ti which
when added to e is the correct angle the gun should aiA to hit
a constant velogity target. This signal is used to command the
gun servo lead. Angular position information from the rate
integrating gyros on the sight and gun are commanded as the
difference between the sign and gun angles. The lead command will
null itself when e. - 0G = TeR*

Since we analyze in this paper the stabilized sight-director
concept, and not an existing system, we may choose arbitrary
dynamics for the visual loop. The appropriate choice is a rate
system, i/s, so that any comparison between the SS and the DR
systems will be meaningful. A simplified block diagram of such
a system is shown in Fig. 7.

ELEMENT PREDM
T TANK TURRET SERVO

TARGET
* DRIVINGSIGNAL (K 10o) 10~l r/s, •"=0.5

Fig. 7. Stabilized Sight-Director System.

Here, the gunner's controlled element dynamics are simply.

T (s) (2)

(see Fig. 4), and the gun turret servo is represented by a second-
order underdamped system with characteristics similar to the DR's.

Thusfar, we have established the dynamics of the two generic
FC systems, the performance of which we wish to analyze. In the
following section we give a brief overview of the OCM, the main
analytical tool which is employed in the analysis.

8
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-------- _

OVERVIEW OF THE OCM

The Optimal Control Model (OCM) is well documented in the litera-
ture .(2)-(3). A brief overview follows. Fig. 8 shows the structure
of the OCM. The sight dynamics, T (s) or Tas(S), as well as any
other pertinent system states are Ypresente• in state space form

i(t) = Ax(t)+bu(t)+Ew(t)+Fz(t)S~(3)

y(t) = Cx(t)+du(t)

where w(t) is a wtite-Gaussian disturbance with intensity W and
z(t) is a deterministic target trajectory. The displayed informa-
tion y(t) consists of tracking error e (t) and error-rate eE(t),
and may include other auxiliary variabfes and their rate of change.

DISTURBANCES

SYSUM YNAMI$ nI~ DISPLAY p)

( *

____ _ 'NF O)RMATiON P WOtFSSOR

MITORI ORSERVAT'ON
N"ISE ,v,0 NOISEYt)

LuMAN OPERATOR MOi- EL - J

Fig. 8. Optimal Control Model of Gunner Response.

The visual assumption in the OCM is that the human perceives a
delayed and noisy replica of y(t), viz.,

yp(t) = y(t-r) + v y(t-[) (4)

where the white-Gaussian observation noise v .(t) of the i-th
indicator has covariance intensity

Vyi(t) = pyi. E y?(t) (5)
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In these equations r is the pilot's lumped time-delay, and pvi is
the observation noise/signal ratio of yi(t). o

Given y (t), the operator estimates the system state *(t-T) and
predicti the current state R(t). He then develops an optimal
control strategy by minimizing the quadratic cost functional

J(u) = E y y(t)+q 2(t) (6)

where Q = diag (q,i) are the relative weightings on the observa-
tions a~d q is th• control.-rate weighting*. Usually, the track-
ing error wgighting coefficient, q , is non-zero, since the
objective is to minimize the obserked error. This strategy results
in the optimal control gains, L, arising from the pertinent steady-
state Riccati equation. With the inclusion of a motor noise,
v (t), in the pilot's control, the optimal control, u(t), obeys
tHe equation

N ZL+, =Li+vu (t)=uc (t)+v (t) (7)

The parameter TN can .be interpreted as a "neuro-miotor" time con-
stant. Usually,-is specified and q is adjusted accordingly,
as there is a one-to-lone correspondenci betwcan the two.

The motor noise v (t) is assumed tu be white and Gaussian with
intensit) that -chles with the covariance of u(t),

V(t) = irpu co [u(t)] (8)

Tite ceefficient Pu represents the motor-noise/signal ratio.

M'odeling efforts utilizing the OCM can be approached in either of
tv,o ways:
1. steaey-state mode, or
2. ticae-varying (nonstationary) mode.
"In the steady-state mode z(t)=O, and the target input is modeled
by a stationary colored noise. The usual practice is to let the
cisturbance w(t) be a white-Gaussian noise, and to augment the
system with the dynamics of a noise shaping filter that character-
izes the driving noise. The stationary approach is most suitable
for frequency domain analy'sis of human response. The model equa-
tions are represented in the frequency domain, so that various
performance measures can be extracted. The model outputs include
any of several possible transfer functions associated with the
human, with the vehicle, or with the overall closed-loop system.
In addition, the performance scores (tracking error RMS values)
may be predicted.

It is assumed that the human seeks a control strategy that would
minimize control-rate rather than control.

10



In the time-varying case, the target's profile is deterministic,
i.e., z(t)*0 and w(t)-O. This modeling technique usually involves
a comparison of experimental data time-histories (first-and second-
order statistics) with the model-predicted ones. It is required,
therefore, to develop the process mean and covariance propagation
equations which arise from the non-random component z(t) that
drives the system. These equations, as well as the frequency
domain equations, have been thoroughly documented in the litera-
ture, e.g. (2)-(3). Next, we analyze the control performance of
the two gunner/FC systents. The analysis is performed in both
frequency- and time-domain by employing the appropriate OCM
techniques.

FREQUENCY-DOMAIN PERFORMANCE ANALYSIS

In this section we develop the frequency domain model for target
tracking. First the statistical properties of the maneuvering
target are determined. Next we obtain the overall system state
space %:epresentation, which includes the target, the sight, and
the gu.n dynamics. Finally we define frequency domain measures
(metrics) for the fire control system performance evaluation and
comparison.

VTRGET EXCITATION SIGNAL

It is assumed that the target is an enemy tank that maneuvers
towards the gunner in an avoidance path. It is also assumed that
the target range is large enough to be taken as constant. There-
fore, the only target-related variable of interest is the target's
lateral displacement, or equivalently, the target's sight angle,
e (t) We assume that the target angle, W(t), is a second-order
Mirkov process driven by white Gaussian noise, w(t), with an
intensity of W. This assumption is practical and sufficient for
our modeling effort. The noise-coloring process is assumed to be
a butterworth filter with bandwidth w =0.5 rad/sec. We obtain,
therefore, the differential equation ?or target motion,

OT(t) + 2w + W2 w(t) (9)
T n T(t) n OTL) n(9

where 4 = 1/4p-, and the resulting target signal power spectral
density is

W4W
n (10)•T(w) W 4+w•

n

The appropriate target signal power value is selected as

Ee•(t) = Trms = 16 mrad 2  (11)

11
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i..e., 8T 4 mrad. This selection dictates the power of
8 T,rms, si can be shown that for a butterworth filter,

e m One Trms (12)0T,rmsrm

Therefore, since w - 0.5 rad/sec, we obtain -r 2 mrad/sec.
If we further assuae that the (-constant) rang4 J E2000 meters,
we obtain an equivalent target RMS lateral displacement and
velocity (Re T and R6. grespectively) of 8 meters and
4 meters/secS8¶ 5 respectiETý. These displacement, velocity,
range, and bandwith values compare well with the Hardison tracking
test simulations reported in (4). (Actually, any one of these
four parameters is determined by the other three.)

MODEL DEVELOPMENT

The OCM structure requires a state-space form of the controlled
element/target dynamics. Table 1 defines the state variables
for the DR and SS systems.

TABLE 1. STATE VARIABLES FOR THE DR and SS SYSTEMS

x1 x2 x3 x4 x5 xL x7 x8

DR 0T T Lead HC 9G 6 G Input Signal to eR
T Servo Filter Turret Servo LPF

Angle Signal

of ::yT R 0G 0cabmd

One may notice that xn and x in the SS system are unobser-vable states. They aýýe yncludea sg that predictions can be made

of the gun motion.
The displayed information in all systems is, of course, the tracking

error, 6 (t), but the gunner extracts rate information, ( (t), as
well. T~e observation set is, therefore, y'=.Th6 state
equations for the two systems can now be easily derived, and are
given elsewhere (5). The system parameter values are listed in
a previous section. For the gunner we select the OCM nominal
parameter values: p =-25db; p =p -20db; rN= 15 sec; T-.2 sec.
The cost functional &sed is YI=y2-

J(u) =E{() + qI1() (13)

where qr is uniquely determined by the neuromotor time constant,
TN•

12



FREQUENCY DOMAIN MEASURES

The following frequency domain metrics are used in the performance
analysis.
1. Gunner Describing Function, H(s)(magnitude and phase) - This
transfer function conceivably can be calculated from field (or
simulation) data. It is defined, relative to the given input
disturbance, w(s)*, as the ratio of the transfer function between
input u and noise w to the transfer function between output 8E
and noise w. Thus,assuming negative feedback

H(s) M- (14)Se~~EW/(S)/ws

or conceptually,

H(s) = (-S) (15)

2. Circulatory Transfer Function, 0(s) (from E back to e
signal) - This is a rather complex, but quite important trinsfer
function. For single indicator/display system it is equal to the
single-axis Y Y (human-vehicle open-loop) found in the early man-
machine literiture (6). For multiloop systems it is equivalent to
an "outer-loop" describing function. It is defined as follows.
In the closed-loop system we open the loop at a given indicator
containing position information and rate information (e in the
case at hand). The loop transfer function, starting at thi
indicator 6E' going through the human, the vehicle (slight/gun) and
ending at 6 is 0(s). Quantities such as gain and phase margins,
as well as foop bandwidth are obtained.

In the context of this stability metric, we investigate the
robustness of the disturbed reticle system to sight tachometer,
K failures(in the stabilized sight-director the predictor sub-
s stem is out of the visual loop, and, therefore, failures of the I
tachometer have no effect on the loop stability). The underlyingI assumption in this analysis is that the gunner cannot adapt

instantaneously to sudden failures in the sight tachometer, and
his describing function, H(s), remains tuned to the old system,
for which K =1. We then compute 0(s) which is comprised now of
the "old" gdnner model and the "new" (degraded) system.
3. RMS values (scores) of the tracking error, e (t) - This metric
is a measure of the gunner's tracking performanci. We do not
analyze the pointing performance of the FC systems in the frequency

We recognize that w(t) does not strictly have Laplace transform.
This is not a problem since it "falls out" in the compution of
H(s).
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domain, since it involves signals at different times (the pointing

error is defined as 0 (t+T)-0 (t), where T is the projectile's

time-of-flight; also Wee subsequent section), and the OCM steady-

state analysi.s can treat events at time t only. The pointing per-

formance is addressed in the subsequent time-domain analysis.

FREQUENCY DOMAIN MODELING RESULTS

The modeling results are summarized in Figures 9 through 11.

These results are discussed below.

1. Gunner Transfer Function - Figure 9 shows the magnitude and

phase of H(s) for the two FC systems. The difference between the

DR and the SS are relatively minor, as the visual loop dynamics
in the two systems are almost identical (see Fig. 4). What is

displayed in Fig. 9 is a typical human operator transfer function

controlling a rate-like system.

I so

II

NA "NI I UD 
(B) a

Fig. 9. Gunner Transfer Function, H(s).

2. Open-Loop Transfer Function - First we examine the loop

(circulatory) transfer function, 0(s), for the two FCs under

nominal conditions. It was found that both DR and SS systems

resulted in similar O(s) transfer functions in the nominal case.

For that reason, only the DR's circulatory transfer function is

shown in Fig. .0. The O(s) function for the SS can be assumed to

be the same. The gain and phase margins are comparable ( 6-7 dB

and 40o, respectively). Next we assume that the sight tachometer

gain in the DR system is abruptly halved, i.e., K .5. The re-

sulting open-loop transfer function changes drama~ic ally as

evidenced by Fig. 11. It is clear that if the gunner fails to

adapt to the new conditions (which is assumed to be the case

under normal circumstances) the closed-loop DR system becomes

unstable. In the stabilized sight-director, on the other hand,

such danger is nonexistent, since the lead prediction loop is

disengaged from the sight dynamics. The only effect of a

14
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tachometer failure in the SS system is a degraded pointing per-
formance, while all stability margins are maintained at their
original levels.

do )

GAIN GAIN

20PHASE P E3

10 PHA E 4AA IN 40 INPINASC

GAIN MARGIN -7 d

*10

0.1 1.0 10.0 *d/,e, 0.1 0 10.0 .d/Uft

Fig. 10. DR Gunner-Vehicle Open- Fig. 11. DR Gunner-Vehicle
Loop Tranp 'r Function, Open-Loop Transfer
KR=1 Function, KR-0.5

3. RMS of Tracking Error (Scores) - The OCM predicted scores for
the DR and the SS systems, given the hypotesized target dynamics,
are 0.50 and 0.53 mrads, respectively. These scores are of the
same order as those reported in (4). Thus, the difference in the
tracking performance between the two systems is insignificant.

This result could be expected since both systems have almost
identical visual loop dynamics.

Next we analyze the FC system's performance in the time-domain,
where more significant differences are uncovered.

TIME-DOMAIN PERFORMANCE ANALYSIS

TARGET MANEUVER

In contrast to the frequencey domain analysis, the target tra-
jectory now is assumed to be "deterministic". In order to expose
the differences between the two FCs and to evaluate their lead
prediction capabilities, it was required to design a target maneu-

* ver with appreciable acceleration levels. We assume a target
which maneuvers toward the gunner at an approximate range of R=750
meters. The maneuver begins at t=l sec and ends at t=13 sec, at
which point the target continues its movement with a constant
velocity. The assumed trajectory is shown in Fig. 12.

15



Following (1), we assume a generalized Poisson-like tangential and
radial target accelerations. Since the range assumed is effectively
"constant", the gunner tracks only the target's lateral motion.
Therefore, the only relevant quantity for the modeling effort is
the target (resultant) lateral acceleration, z(t). This accelera-
tion is expressed in mrad/sec 2 and its profile is shown in Fig. 13.
A more detailed description of this target intentional maneuver is
given in (5).

4 1W

MOE DEV....

The DRt iand~ IMthe SS sytm r*fcuse nhneadw s h

I k " ' .............

2 tFig. 12. Representative Fig. 13. Resultant Lateral
Target Trajectory. Acceleration.

MODEL DEVELOPMENT

The DR and the SS systems are of course unchanged, and we use the
states variables which were defined previously. The state equa-
tions are unchanged except for the target dynamics (first and
second state variables), which are now

l= x2, x2 = z(t) (16)

The z(t) component is modeled in the OCM's Kalman Filter (Fig. 8)as a "pseudo" white-noise with the intensity

Wt)=2z 2 (t) ,(17)

where t = 1 sec, and is interpreted as the correlation time of
the z(t5• process. All OCM parameters as well as the cosQt func-
tional J(u) (13) remain unchanged.

TIME-DOMAIN MEASURES

; Applying the target driving acceleration, z(t), the ensemble mean

-- and covariance equations of the closed-loop system are propagated.

16



It is possible, then, to obtain time-histories (first and second
order ensemble statistics) of the various signals in the control
loop. In the present analysis we compare the following time-
histories, obtained for the two FC systems.
1. Tracking Error, e (t) - Based upon the similarity of the
tracking loop dynamici, and the frequency-domain results, no
significant differences are expected in tracking performance.
2. "First-order" gun pointing error, BTG1(t) - This quantity is
defined as

e TG (t) = OT(t) + T'T(t) - eG(t) (18)

Usually, one is interested in the tracking error, 0 (t), statis-
tics, as this is a fundamental measure in any tracking performance
modeling effort. In the case at hand, we are also concerned with
the evaluation of the dynamic properties of the two FC systems.
The quantity e6 1(t) is an excellent metric for such evaluation for
the following Trason: If we replaced the turret-servo second-order
dynamics with a unity gain (i.e., (Kv), and if we assumed that the
gunner tracks perfectly (i.e. 6e(t• 0), then, for constant velo-
city targets, e (t) = eT(t)+To;(b), simply because of the fact
that a first-orger lead predictor is employed in each of the FC
systems. Therefore, by evaluating the "first-order" pointing-
error, 0e (t) we eliminate the pointing errors which are intro-duced by & inability of the first-order predictor to account for

maneuvering (accelerating) targets. The signal e 1 (t) merely
reflects the effect of the tracking error on the in output, and,
more importantly it is a measure of the dynamic response of the
FC systems at hand.
3. Total gun-pointing error, eTG(t) - This angle is defined as

0 TG(t) = OT(t+T) - OG(t) (19)

and it reflects the total pointing error between the target at
T(=2 sec) ahead and the present gun pointing angle. This quantity
is a measure of the predictor's performance rather than the FC
system's. In this sense, the statistical analysis of e0(t) is a
prelude to any future research effort on improving lead-Engle pre-
diction mechanisms.

MODELING RESULTS

The modeling results are summarized in Figs. 14 through 16.

1. Figure 14 shows the tracking error statistics for the two sys-
tems. Shown are (a) ensemble mean, 0 F(t), and (b) ensemble standard
deviation, OE(t). As expected, large transients are evident in
the vicinity of t=2 sec and t:8 sec, as the largest acceleration
peaks occur at these times. The error mean and variance values
are comparable to the results reported in (4). No significant
differences in tracking performance are detected between the SS
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and the DR systems, because of the similarity of the visual-loop

dynamics. Any conclusions from these results, however, may be

misleading as now shown.
2. Figure 15 shows the "first order" pointing error results. It

is clear that the DR system (which represents the actual Chrysler

design) exhibits the largest pointing error mean, while its stan-

dard deviation aWGI(t), is actually the smallest. The physical

interpretation of this result is that the DR's gun response is

sluggish and exhibits a remarably small variability by filtering

out high frequency variations. Since the tracking error (e ) for

the DR is actually the smallest, it is clear that the DR's Lnsatis-

factory pointing performance is due to its sluggish dynamics,

induced by the hand control filter. It is unfortunate that good

tracking performance has been achieved at the expense of poor

pointing performance.

SEC 10 SEC

-013
-0.5 (a) MEAN, -110'"-r

. 8 MRAD () MAI

.6

.4 . .S . . ... .. ... . .... AD_• 51

2) '7 bDRSECSC

5 10
(.Fiur1 s. VIhow ION, theens em STANDARD sEVsATION, -s1•ft) a l Wp

Fig. 14 Tracking Error Ensemble Fig. 15 "First-Order"Gun Point-

Statistics ing Error Statistics
3. Figure 16 shows the ensemble statistics of the actual point-

ing angle e T(t). The standard deviation, aTG(t), is not shown

since it isThe same as in Fig. 15.
|MRAD

118
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-DR

-to

-2EC

Fig. 16 Total Pointing Error Ensemble Mean
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Two observations are quite obvious:
1. The pointing error and covarisnce levels are extremely large
(over 20. mrad at one point) and reflect the failure of the first-
order lead predictor to handle accelerating targets.
2. The DR exhibits a significantly worse pointing performance
than the SS. The larger and longer persisting errors i- the DR
system are accorded to the sluggish gun response, whic&.ý results
from the introduction of the hand-control filter.

CONCLUSIONS

This paper documents partial results. of a research effort to
develop analytical techniques for evaluating tank fire control
systems, and to apply the techniques to evaluate existing (dis-
turbed reticle) and proposed (stabilized sight-director) fire
control system mechanizations. The technique through which the

F two FC systems are analyzed is the Optimal Control Model (OCM)
of human response. This modeling approach includes the gunner in
the closed-loop, i.e., it considers the gunner-operator as an
integral part of the FCS. The modeling results uncover some of
the weaknesses of the disturbed reticle system. In particular,
it is shown that under certain conditions the DR becomes dynamic-
ally unstable and, in general, its gun-pointing performance is
unsatisfactory. In addition, it is shown that first-order lead-
angle prediction is inappropriate in engagements involving
maneuvering targets. Thus, a higher order predictor is necessary.
This, however, is a subject of future research efforts.

I
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ABSTRACT

A class of general structured discrete-time deterministic observers is
developed. The one-step predicting or Luenberger observers and a class of

current-update observers may be obtained from this class of general structured
observers. Interesting relationships and important properties among various
full-order observers are established. Optimal discrete-time observers are
then developed, and it is shown that these optimal observers are structuaily
and numerically equivalent to various forms of Kalman-Bucy filters.

i I1. INTRODUCTION

As is well known, the development and applications of filters and
observers for stochastic and deterministic systems have dominated the
literature for almost two decades, [1-20]. Among the most well-known
techniques for estimating the state of a system are the stochastic Kalman-Bucy

filters [1-4] and the deterministic Luenberger observers [5-8]. It is also
well known 110,13,141 that an equivalence between the one-step predicting

Kalman-Bucy filter and the full-order Luenberger observer can be established
for a certain choice of observer gain. However, relationship between the
various forms of Kalman-Bucy filters and other possible forms of deterministic
observers which may provide additional insight into observer theory are
obscure.

The main purpose of this paper is two fold. The first objective is to
present a class of general structured discrete-time deterministic observers.
The one-step predicting or Luenberger observers [5-8] and a class of
current-update observers may be obtained from this class of general structured
observers. Interesting properties among various forms of observers are
established and it is shown that the one-step predicting or Luenberger
observers and the current-update observers may be related via a set of
time-update and measurement-update equations. The second objective is to
develop a set of optimal gains for the class of general structured observers.

The optimal gains are then used to establish a useful relationship between the
optimal deterministic observers and the various forms of Kalman-Bucy filters.
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The organization of the paper is as follows. Section 2 ot the paper
presents the development of the class of general structured af.screte-cime
deterministic observers. Section 3 describes the relationship among various
forms of full-order discrete-time deterministic observers. Optimal
deterministic observers are derived in Section 4 using the notion of gradient
matrices (21-241. In Section 5, a useful equivalence between optimal
full-order observers and the steady-state or time-invariant Kalman-Bucy
filters is established. Throughout the paper, the notation, z(ilj), will be
used to denote the value of z of a dynamical equation at the discrete instant

I' of time i updated by utilizing the mefsurements up to the instant of time j.

2. DISCRETE-TIME DETERMINISTIC OBSERVERS

Consider a deterministic dynamical system described by

x(k+l) - Ax(k) + Bu(k) , x(O) xo, (Xa)

i-y(k) - Cx(k), (lb)

where x(k)F.Rn, u(k) eRr, y(k)WeRm, xocRn is arbitrary, and A, B, C are
constant matrices of compatible dimensions. With no loss of generality, it is
assumed that rank[C] - m. In general, m<n so that the complete state x(k)
cannot be uniquely determined from the output relation (lb) alone, however,
subject to the observability or detectability of (1), an estimate of x(k) can
be generated using an observer.

In this section, the development of a general class of aiscrete-time
deterministic observers is investigated. Hence consider a general class of
systems having the following structure:

z(k+llk+l) - Fz(klk) + Gy(k+l) + Gy(k) + Hu(k), (2a)

z(O01) - zo, (2b)

x(klk) - Pz(klk) + Vy(k), (2c)

where z(kik) ERq with q being- the dimension to be determined, zo is an
arbitrary initial condition, F, G, G, H, P, and V are dimensionally compatible
constant matrices to be determined, rank(P) - q, and x(klk)eRn is the output
of (2).

Definition 1: System (2) is said to be a general structurea observer for kl)
if

lim [x(klk) - x(k)] 0. 03)
k

Define estimation error vectors as
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ez(klk) z -(k~k) - Tx(,k), (4t)

ex(k1k) " x(k k) - (4b)

where T C Rqxn is to be determined; and whereby

3lira ezkklk) 0O, c54)

lim ea(klk) 0, 05b)

imply that z(klk) estimates Tx(k) and x(k!k) estimates x(k).

f From (i), (2) and (4), it is straightforward to show that

ez(k+llk+l) - Fez(k~k) + (BT+GCA+GC-TA)x(k)+(H-TB+GCB)u(k), k6a)

e (010) a z(0) - Tx(0), (6b)

e (kjk) - Pez(kjk) + (PT+VC-I )x(k). (bc)

The following theorem governs the existence of a general structured observer
given by (2).

Theorem 1: Suppose (1) is completely observable ana completely reachale.
Tber (2) is a general structured observer for (I) if ana only it the following
conditions are satisfied:

(a) [i z l , i = , . ,n, (7)

(b) F1 + GC + GCA TA, (b)

(c) H TB - GCB, Pc)

(d) PT + VC - In, .10)

where \i['] denotes the i-th eigenvalue of [i.
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Proof: See Appendix A.

Remark 1: If (1) is completely observable and stabilizable but not completely
reachable, then k7)-(10) in Theorew 1 are only a set of sufficient conditions
for the existence of observer (2). This conclusion follows from the proof of
Theorem 1 where condition Wb) may not be always necessary when k1) is only
stabilizable.S~A

In the sequel, two subclasses of the general structurea observers given by
(2) are described, namely, the current-update observer and the one-step
DredictinR' or Luenberser observer [5-8]. A current-update observer takes
the form

z(k+llk+l) = Fz(klk) + Gy(k+l) + Hu(k), (lla)

z(0O1) = to, (lib)

x(klk) - Pz(klk) + Vy(k), (llc)

where (11) stems from (2) with G = 0. The term "current update" is usea to
stress the fact that l•e most current measurement y(k+l) is utilized for
updating the state z(k k) of the dynamical equation .lla). The following
corollary follows from Theorem i.

Corollary 1: Suppose (1) is completely observable and reachable. Then k1l)
is a current-update observer for (1) if and only if

(a) Ili[F] 1<1, i n, Q2)

(b) FT + GCA - TA, (13)

(c) 1Ai=TB GCB, k14)

(d) PT VC -in (15)
A

On the other hand, setting G = 0 in k2) yields the one-step predicting or
Luenberger observers, having the form [5-8],

z(k+llk) = Fz(klk-1) + Gy(k) + Hukk), klba)

z(01-1) a Z0, (16b)

x(kýk-I) - Pzkkik-1) + Vykk), kilbc)

[ See Remark 3.
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where the notatiors z(k+lfk) and x(k~l klare used to emphasis the fact that
(16) is updated by a one-step previous measurement or that (l6a) is a one-step
prediction algorithm, and zo is an arbitrary initial condition. Similarly,
Theorem I reduces to the following well known result (5-8j when (a - 0.

Corollary 2: Suppose (1) is completely observable and reachable. Then k1b)
is a one-step predicting or Luenberger observer for kl) it and only if

L ~(a) {,[]li1,.,n, (17)

(b) FT + GC TA, (18)

k c) H =TB, (19)

(d) PT + VC Ins (20)

A

Remark 2: The matrices F and G in (16a) may be shown to be given by

F TAP + I- (UlIT + U2 0)[ T]#

G -TAV +U 2 -(UlT +U2C)[ ]T,(2

where U1 e Rq-n and U2 E Rqxn are arbitrary constant matrices and [J
denotes the psendo-inverse (25,261 of [ -I.

3. RELATIONShIPS AMONG FULL-ORDLR DISCR•Th-1IME
DETERM IN ISTI C OBSERVERS

In Section 2, the general structured observer described by (2), the
current-update observer described by (11) and the one-step predicting or
Luenberger observer described by (16) are all of order q where q<n. In this
section, full-order general structured, current-update and one-step predicting
or Luenberger observers with con will be considered. The objective is to
study the various interesting relationships and important properties of these
full-order observers. Furthermore, the relationship between the tull-oraer
observers developea in this section and the Kalman-bucy filter will be
investigated in section 5, where it will be shown that a deterministic
full-order observer can become a Kaiman-bucy filter under suitable
conditions. The general structured observer described by (Z) is thererore of
fundamertal and practical importance.

To proceed, let T - In, P - 1. and V 0 0, then Theorem 1 yields a
full-order general structured observer of the form
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x(k4l!k~l) ( (A - GC GCA)x(klk) + Gy~k+l) + .y(k)

+ (B - GCB)ukk)

Ax(klk) + BOO) + G[yk+l) - CAx(klk) UBukk))

+ G(y(k) - Cx(ktk)], (23a)

x(o1o) .t. (23b)

Setting G 0 in (23) establishes a full-orde, currant-uvdate observer (see

also (18-,.J])

A4k~ljk~l) - (A - GCA)x(klk) + Gy(k+l) + (B - G•B)u(k)

- Ax(kjk) + Bu(k) + Gty(k+l) - CAx(kjk) - CBu(k)], (24a)

x(OO) - zo ; (24b)

while setting G = 0 in (23) results in a full-order one-step predicting orS~Luenberg•er observer [ 5-71

x(k~ljk) - (A - GC)x~ktk-l) + Gy(k) + Bu(k)

"- Ax(klk-1) + Bu(k) + 6[y(k) - cx(kIk-i)], (25a)

x(0 I-1) = lo, (25b)

where the notation x(k+l 1k) is used to emphasize that (25) is a one-step
Prediction algorithm.

Remark 3: Equation (24) has the form of a Kalman-Bucy true filter while (25)
has the form of a Kalman-Bucy one-step predicting filter, (1-41; hence, th.u
Luenberger observer described by (25) has also been referred to as a one-Itee
predicting observer in this paper. Also, it is observed that (24) and (25)
can respectively be obtained from Corollaries 1 and 2 with I=In, P=In and
V*O. Furthermore, (25) can be derived from Remark 1 with U=--U2 Q.

Now the estimation errors associated with (23), k24) and (25) may be shown
to be given by, respectively,

ex(k+lik+l) - (A - GC - GCA)ex(klk)

= A -GG] [C]}e(k k) (26a)
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ex(010) xo-zO; 26b)

ext(k~lk+l) - (A - GCA)ex(klk), (27a)

Sex(010) a xo-zo; (27b)

ex(k+lIk) (A - GC)ex(klk-1), (18a)

ex(O0l) (28b)

Since it is desired that the estimation errors given by (26), (27) and (28) be
made to approach the origin asymptotically, the gain matrices d and G must be
chosen such that (A - GC - GCA), (A - GCA), and (A - WC) are asymptotically

- stable. It follows that the stabilities of the three matrices are closely
related. The concept of observability and detectability (27-291 is useful and
the following lemma is of importance.

Lemma I:

(a-1) The pair [A, C] is completely observable if and only if the pair
[A, (C'iA'C')'] is completely observable. Furthermore, if the
observability index of [A, C] is no, then the observability
"index of [A, (C'!A'C')'] is no-1.

(a-2) The pair (A, C] is completely detectable if and only if
[A, (C'A' C')'] is completely detectalle.

(b-1) If A is nonsingular, then [A, Q] is completely observable it and

only if [A, CA] is completely observable.

(b-2) If A is singular and the pair [A, C] is completely observable,
then the pair [A, CA] is completely detectable.

(b-3) If the pair [A,C] is completely detectable, then the pair JA,CAj
is completely detectable. &

Hence it is clear from Lemma 1 that depending .on the observability or
detectability of the lair [AC], constant matrices G and G can be found such
that a 1X(A-GC-GCA)1a<I, Ii(A-GCA)kl and •i A-G4)0< 1, for all
i=l, 2, . to n.

A further useful relationship between the full-order current-update
observer (24) and the one-step predicting or Luenberger observer (25) may be
established via a pair of well known time-update and measurement-update
equations [3]. Using the dynamics of system (1), a time-update or prediction
algorithm may be defined as

S(k+ljk) Ax(klk) + Bu(k), (298)
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x(010) zo, (29b)

where x(k+llk) is a one-step predicted estimate. With this definition, the
current-update observer (24) can be written as

F x(k+llkel) x(k+llk) + G[y(k+l) - C;(kllk)], ( 30s)

x(01-1) - • , (30b)
0

where (30) is a measurement-update equation (3]. Substituting 030) into (29)yields

x(k+llk) = Ax(klk"l) + Bu(k) + AG[y(k) - Cx(klk-l)I, k3la)

f0(01) - , (31b)0

where (31) has the structure of the one-step predicting or Luenberger observer
(25). It is clear that if the gain G of (25) is chosena as

GO AG, (32)

then (25) and (31) describe the same estimate, i.e.,

;(klk-l) - x(k k-1). (33)

Maintaining G * AG, it can be shown that 2

N (A- GCA] [ X1[A - aC], inni,.., (34)

It then follows that the stabilities and the convergence properties of the
estimation errors of the full-order current-update and one-step predicting or
Luenberger cbservers are equivalent. It is further remarked that the
relationship G a AG also turns out to be a natural consequence of a set ot
optimal gains for G and G as will be pointed out in Section 5.

2Observe that X.[MN] O X.NMJ, where M and N are square matrices.
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4. OPTIMAL DETERMINISTIC DISCRETE-TWE OBSERVERS

Constructions of optimal observer gains for the various full-order
observers is given in this section. These optimal gains will be used in the
next section to obtain a set of %,?timal deterministic observers which is
structurally and numerically equival] nt to a corresponding set of Kalman-Bucy
filters. To achieve these objectives, an appropiate performance measure will
be chosen.

Consider the estimation error equation given by (26) for the general
structured observer, and consider the performance meap ire

Jl k0 ex( xkW~k1

k:0

Oe'(OO)(A - GC - GCA)'kW(A - GC - GCA)ke(O0Q)
k0x x

4 A
" el(Ol0)Xex(O 10), (35)

where W is an nxn symmetric positive-definite weighting matrix, and X is an
nxn symmetric matrix given by

X~ -F(A - C -GCA)'kWi(A -ýC -CCA. (30
k=0

It follows from Lemma 1 that if [A, C) is completely observable or completely
detectable, then [A,(C'iA'C')'] is completely_ observable or completely
detectable, respectively, so that there exist G and G matrices such that
(A - dC - GCA) is asymptotically stable. The asymptotic stability oi
(A - 6C - GCA) ensures that X given by (36) exists and therefore J1  is
finite for finite ex(0O0). Furthermore, since W is positive-definite, it
follows that X is positive-definite as may be seen from

X - w + Z (A - GC - GCA)'kW(A- GC- GCA)k. (3")
k-l

Also it can easily be shown that X satisfies

X -(A - GC - GCA)'X(A -- GC - GcA) + W. (38)

Now since JI given by (35) is explicitly dependent on the generally
unknown initial estimation error ex( 0I), minimization of Jl will give
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rise to optimal gains which are dependent on the unknown initial condition
ex(010). This difficulty may be alleviated by assuming that ex(010) is a
random vector with arbitrary constant covariance given by

Efex(O01)e.(010)] Y, (39)

where Y is an nxn positive-semidefinite matrix. An alternate pertormaxce
measure is then given by

J2 tr[XY], (40)

where tr[l devotes the trace of ( I. lo accomplish the development of
general structured observers which are structurally and numerically equivalent
to tb= Kalman-Bucy filters, let the arbitrary covariance matrix Y be taken as

[

Q R1 G' + GR2 G'-GNj -NIG'-GN2-N 2 G', 4l)

where Q is an nxn positive-semidefinite matrix, R, and k2  are mxm
positive-definite matrices and N1 and N2 are nxm matrices, to be assigned
such that Q0o' ýQ-NlRjIN'I-N 2RIN' 2 is positive-semidefinite.

The constrained optimization problem posed by (38) and (40) may be
reformulated as an unconstrained optimization problem by minimiving, with
respect to a, G, X and Z, the Lagrangian

J = tr{XY+[(A - GC - GCA)'X(A - GC - GCA) + W - X) E '( (42)

where Z is an nxn Lagrange multiplier matrix.

Using the notion of gradient matrices (21-241, the necessary conditions
for an extremum are given by

Di 0 , 0 1-" 0 aria - 0 (43)

The following lemma will be used to evaluate the gradient with respect to

a symmetric matrix and the associated extremum conditions in (43).

Lemma 2: Consider

f = tr[AZ] , (44)

-3I
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where A is an nxn arbitrary matrix and Z is an nxn symmetric matrix. Ihen (24]

S- A + A - diag (A ] , (45)

where diag [A] n diag { all, a22, ... , ann} , with aii being the diagonal
af

elements of A. Furthermore, if A is also symmetric, then a 0 if

and only if A-0. S~A

Assuming that X and Z are symmetric, evaluation of the gradient matrices
in (43) yields

0 - 2X[G(CZC'+Rl) - AEC' + GCAEC'-•h1  (46)

o0 2X[G(CAEA'C+R 2 ) - AEA'C' + GCEA'C'-N 2 ] (47)

0 - Y + (A-GC-GCA)7(A,-GC-GCA)'-Z, (48)

"0 - (A-GC-GCA)'X(A-GC-GCA) + W-X, (49)

where Lemma 2 has been applied to obtain (48) and (49).

Remark 4: It is noted that in the literature, such as [16, 17, 211, little
attempt has been made to explain the evaluation of gradients with respect to[ Isymmetric matrices, although, in general, correct results are given. A

The above results may be summarizes in the form at a theorem ksee also
Lemma 1) as follows:

Theorem 2: Suppose (I) is completely observable or completely detectable.
Let Q, Rl, R2, NI and N2 be the weighting matrices satisfying the
conditions specified for (41). Then the optimal full-order general structurea
observer for (1) in the sense of minimizing the periormance measure
J - tr[X(Q + GR G' + GR2 G' - GNi7 - N1G - GN' - N2GO)] (50)

subject to the algebraic constraint

X - (A - GC - GCA)' X (A - GC - GCA) + W, (51)

is given by

x(k+lIk+l) - (A-G*C-G*CA) x(klk) + G*y(k+1) + G;*y(k) + (B-(G*CB)u(k), (52a)

x(010) - zo, (52b)

where W is asymmetric positive-definite weighting matrix, and
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IG* G*]- (ArC'+N1  AZA'C'+N 2 )[C '(C' A'[C') + 1 (2JJ
A R 21(3

with I being the symmetric positive-definite solution of the algebraic
Riccati equation

AEA' + Q (AZ C'+N2) [ Z(C A'C') + Rl 0 (AZtA'C'+N 2 )

(54)

Furthermore, the asymptotic stability of (A - G- *CA] is guaranteea by the
complete observability or detectability of the pair [A, (W' , A'C')'] and the
complete reachability of the pair (A, Qo]. A

The optimal gains for the current-update observer (24) and the one-step
predicting or Luenberger observer (25) can be obtained in a similar procedure
by setting either G0O or Go0. The results are summarized below.

Corollary 3: Suppose system (1) is completely observable or completely
detectable. Let Q - Q2, N2 , and R2 be as specified for (41) and let (.0

in (41). Then the optimal full-order current-update observer for (1), in the
sense of minimizing the performance measure

J = tr[XiQ2+ GR2G' - GNý - N2G')1, (55)

subject to the algebraic constraint

X - (A-GCA)' X (A-GCA) + W, (56)

is given by

Sx(k+lCk~l) - kA-G*CA)xkklk) + (B-G*CB)u(k) + G*y(k+l),

" Ax(k:k) + Bu(k) + G*[y(k+l) - CAx(k!k) - CBu(k)] . (57a)

X(010) z z (57b)

where W is a symmetric positive-definite weightinS matrix, and

G* (AZA'C'+N 2)(CArA'C'+R)4 (58)
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witb E being the symmetric positive-definite solution of the algebraic
Riccati equation

E AZA' - (AZA'C'+N 2 )(CAEA'C+R 2 )-l(AEA'C' + N2)'+ Q2- (59)

Furthermore, the asymptotic stability of (A-G*CA) is guaranteed by the complete
observability or detectability of the pair (A,CA] and the compl.ete
reachability of the pair [A,Qo]. A

Corollary 4: Suppose (1) is completely observable or completely detectable.
Let Q - QI, N, and Rl be as specified for (41) and let G-0 in (41).
Then the optimal full-order one-step predicting or Luenberger Observer for
(1), in the sense of minimizing the performance measure,

J tr[X(Q + GRIG' - i - N1 G')]. (60)

subject to the algebraic constraint

X - (A-Gc)' X kA-GC) + 1, (61)

is given by

x(k+lIk) - (A-G*C)x(klk-l) + Bu(k) + G*y(k),

" A x(l,!k-l) + Bu(k) + G*[y(k) - Cx(klk-l)] , (62a)

x(O1-1) - Z (62b)

where W is a symmetric positive-definite weighting matrix, and

- (AZC'+Nl)(CIC' + Rl)-I, (63)

with • being the symmetric positive-detinite solution ot the algebraic Riccati
equation

Z a AZA' - (AZC'+N,)(CE('+R 1 )-l(AfC'+N-1 )' + QI (64)

Furthermore, the asymptotic stability of tA-(*U] is guaranteed by the complete
observability or detectability of the pair [A,C] and the complete teachability
of the pair [A,Qo]. A
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The optimal observer gains basically depends on the solutions of the
Riccati equations (54), (59) and (64). Numerous techniques for solving such
equations are well known [30-331.

5. RELATIONSHIPS AMONG THE OPTIMAL FULL-ORDER OBSERVERS AND Thh KALMA14-bUtY
FILTERS

The objective of this section is to establish useful relationslips among
the optimal full-order observers developed in Section 4 and the various
Kalman-Bucy filters.

Consider the system

x(k+l) - Ax(k) + Bu(k) + w(k) , x(O) - x , (65a)

with noisy measurements given by

y(k) - Cx(k) + v(k) , (65b)

where x(k), u(k), y(k), A, B and C are as given in (1), and w(k) a.d v(k) are
independent zero-mean Gaussian white-noise vectors with covariances t. and
"Rv respectively.
[ A set of steady-state or time-invariant Kalman-Bucy filters are given by

True filter:

;(k+lIk+l) - ,.\(klk) + Bu(kl + Lfy(k+l) - (C(klk) - (bu(k)] , (66a)

",x(O1 0)-zo (66b)

One-Step predicting filter:

x(k~llk) - Ac(ktk-l) + Bu(k) + KJy(k) - CW(kik-l)1 (67a)

X^(01-1) " 067b)
0

where

L Fr-(crc'+ Rv)-I 68)
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K ArC'(CrC'+Rv 1 
, (b9)

F - AFA' - ArC' (cc' +R •)-CA'k Q (.70)

V

where f is the steady-state error covariance associated with the one-step
predicting filter (67). Furthermore, the above filters (66) and (67) are
related by the following equations (3]:

Measuremeit updat.:

x(k+l.k+l) - x(k+llk) + L [y(k+l) - Ci(+llk)], X^(01-1)-i (71)

r - r - rc' (crc' Rv)-lc (72)

Time-update:

x(k+ljk) = A(klk) + Bu(k), x(0I0)-z, (73)

r = ArA' + Qw (74)

where r is the steady-state error covariance associated with the true tilter
(66).

It remains to be verified that the above set of Kalman-Bucy filters can be
derived from the results of Section 4. More specifically, the aim is to show
that Corollaries 3 and 4 for the optimal deterministic observers can be
equivalent to the steady-state true filter and one-step predicting filter.
The measurement-update and time-update relationships for the filters and
observers will also be established. It is easy to see that Corollary 4 gives
rise to the one-step predicting filter if the weighting matrices N1-0,
Q, "Qw and RiRv are chosen for the performance measure (60), tor then
(63) and (64) reduce to, respectively,

G* AiC'(CEC'+Rv)- (75)

AIA' -A2C'(dC'+Rw)-wICi + Qw, (0b)

which are strVýturally and numerically equivalent to (69) and (70), respectively,
that is, G K and O -. On the other hand, if the weighting matrices
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Q2 Ql Qw, N2 QwC' and R., CQwC' + Rv are chosen for

the performance measure (55) in Corollary 3, then (58) and (59) yield

G* = (AZA' + Qw)C' [C(AZA' + Qw)C' + .V]-l, (77)

Z (AZA' + Qw)- (AA'w÷ +QW)C'[C(AZA' + Qw)%' + Rv]-IL(AEA' + Qw)" (78)

Denoting, with QI Qw,

* = AEA' + Qw 79)

equations (77) and (78) become, respectively,

G* - C'(CEC' + Rv)-, 1  (80)

E Z -_C'(CZC' + L•)-lC. 8l)."

Substituting (81) into (79) results in

2 " AiýA' - AiC'(CE^C' + Rv)-IlcjA1 + Qw, ,2"

where it is seen from (70), (76) and (82) that It tollows from
(68) and (80) that G* a L. Furthermore, since (79) and (81) are identical to
(74) and (72), respectively, it can be concluded that z- r. With 0* - L, the
measurement-update equation (71) and the time-update equation (73) tothe
Kalman-Bucy filters are equivalent to the corresponding optimal
measurement-update equation (30) with G - G*, and the time-update equation
(29). A complete equivalence between the optimal deterministic observers and
the time-invariant Kalman-Bucy filters is thus establishea. Finally , it
is interesting to note that the use of Corollary 4 and the relationship M .AL.
in (32) can also be used to obtain the true filter (66) from the
current-update observer (24).

36

S. . . ..- , "t- ..J



CONCLUS IONS

The development of a class of deterministic general structured observers has
been considered. From this class of general structured observers, the current-
update observers and the one-step predicting or Luenberger observers can be
derived. Interesting properties relating the full-order observers are pointed
out. Optimal gains for these full-order observers are derived using an
appropiate performance measure. It is shown that these optimal deterministic
observers can be equivalent to, and hence may be as effective as, the steady-
state or time-invariant Kalman-Bucy filters. The results of this paper have
been exteuded to include reduced-order observers and time-optimal properties
of the observers. The details will be given elsewhere.

3
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APPENDIX t,: Proof of Theorem 1: [see also [3411

For sufficiency, it is clear that if (7)-(10) hold, then (6) reduces to

ez(k+llk+l) f Fez(klk), ez(O) =exo

ex(klk) - Pe,(klk),

so that e (kik) approaches the origin asymptotically; since P is of full
rank, ex(kt also approaches the origin asymptotically.

Conversely, suppose ez(kl k) - z(kl k) - Tx(k) - 0 and ex~k k) - 0 as
k - for all z(O), x(O) and u(k), k = 0, 1,...*. Then setting x(O) - 0 and
u(k) 0 0 establishes the necessity for condition (a) in (6a). On the other
hand, condition (c) must hold, for otherwise a u(k) would always exist to
drive ez(k I k) away from the origin. Likewise, unless condition kb) is
satisfied, the reachability of (1) ensures that there, would always exist a
x(k), driven by u(k), which makes ez(ktk) t 0 in (6a). Lastly, ez~kkk)
0 and ex(klk) - 0 as k 4-yield ex(kIk) - (PT + VC - In 1x(k) + 0
for arbitrary x(k), thus establishing the necessity for condition (d). £

3
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ON THE DESIGN OF PREDICTORS FOR-FIRE CONTROL SYSTEMS

James E. Leathrum
US Army Materiel Systems Analysis Activity

Aberdeen Proving Ground, Maryland 21005

BACKGROUND

The design of fire control systems has been characterized by a
continuing controversy regarding the extent of estimation and
prediction which should be mechanized. One extreme argues that
the critical process is the tracking process which with current
technology produces such large errors that a fire control system
should not attempt to lead a maneuvering target. The other ex-
treme argues that the methodology is at hand to deal with large
observation errors and model identification. Thus, arbitrarily
high order estimators and predictors should be implemented to pro-
duce a lead for engaging maneuvering targets.

Without taking an a priori position on the above issue, this re-
port attempts to formalize some of the processes which may resolve
the design problem. The problem is viewed as a trade-off between
the errors incurred in propagating incorrect estimates through a
predictor versus the errors incurred in failure to utilize an
available estimate of a target state variable. The problem is
similar to one which arises in numerical analysis wherein some
situations "cancellation errors" may be larger than a computed
result.

The design of predictors will be considered in the situation where
the predictor exists in tandem with a Kalman estimator. This
introduces no loss of' Senerality, and yet, it is an acknowledge-
ment of the current state -of-the-art. This structure does
permit a presumption that state estimates and their variances
are available for this analysis. The Kalman estimator would
employ models of the form.

Target Model

Xk+1 = *kXk+BkUk

Observation Model

Yk = HkXk+Vk

The Kalman estimator would produce a sequence of estimates, Xk,
and variances of the estimation errors, Pk. If, at some time,
it is necessary to predict ahead N steps without observations,
the best, linear, unbiased estimator is
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Xk+N ".k+1 .k
i-0

which would be approximated by
Xk+14 = (ýk)N Xk

The variance of the estimation error at k+N is obtained from the
recusslon

Pk+l = kkk+ BkQkBk'

where Qk E(ULUk'). Extrapolating this to k+N gives

Sk+N "kk1k0 + N *kj B+jQk+JB'k+jkRj
J=O

which will be viewed as composed of

* Propagated variance) Error variance
Pk+N + induced by

of the estimates subsequent tar-
get motton

So far, this dis-cussion geetns to indicate chat the design and analy-
sis of the predictor of Xk+N is a closed issue and that the vari-
aances are left as a take-it-or-leave-it result. However, there
is a choice to be made if one recognizes that the model Is only
one of a number of possible models. Furthermore, even if the
models are correct, there may be a better, biased predictor. To
formalize this notion, a predictor is defined as I

x k+N 0 kXk

"where k is not n 'cessarily 0 "q The loss function of interest
is the norm of the prediction error

A
IEp1 ItXk+1-Xk+N"

and the risk (which is to be minimized) ,Jill be

R(ý*) = mLLE uJP

that is, we will seek that predictor alg;orithma, •, which mini-
mizes the expected normt of predictor error.

Althiough the problem just foraulated is oV interest in itself,
there is an equally interestin% dual. 'hat i, given a maximum
allowable risk, what predictor algorithin w[1i lead to the best
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overall estimator-predictor performance? Here, performance is
viewed in terms of constraints placed upon sight technology and
target agility. The least constraining design will be viewed as
the best design.

FIRE CONTROL SYSTEMS AS A SPECIAL CASE

The problem definition stated in thi previous section leaves a
large number of parameters to be considered in the general case.
To illustrate the utility of the approach, the subsequent discus-
sion will be limited to situations which arise in the design of
fire control systems. The following limitations will be presumed:

Only the positional component of the predictor error will be in-
cluded in the loss function.

The model to be employed in the estimator is of the form

1 At At 2 / 2 .2 .

1 A t ... ; 9

Ok0 1 At
• • •2/6

At /2
At

Hk= [1 0 0 . . . 0]VThe prediction algorithm will be of the form

W1 [~1 y t 2[€]Position- [ v •f YAtf2/2 . . . .

where tf = NAt, and the Xv,YA, etc., are the optimization
parameters.

The case of greatest interest in current applications is the one
with a 3-dimensional state vector

1 1 &2
i At At 2 / 2  t3 /64
0= [ 1 At B= At/2

o o 1

H = [D 0 0]

Here, the state vector is the position, velocity, and acceleration
along a single axis of the target
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! X = vx

Lax

The prediction problem along each axis of the target can be treat-
ed independently for design purposes. In real-time, however,
one would expect inherent coupling of the state equations along
the respective axes. In other words, we will be generating up
to three designs to be coupled together in a real-time implementa-
tion.

Concentrating upon a single coordinate axis, the loss function
may be defined as

Cp2: (" - x)2
p x k+N

Here R11 2 is used as a loss function for conciseness. In
turn, the risk is

RC**) - E(C 2)
p

Using the definitions of A and x as well as the notation

T [I t f tf2/ 2 ] [#N] position

T*= [i Yvtf YAtf2/2] = L]Position

the risk condenses to

E(c 2) = T*P kT'+T*Z (TW-T)'
p k k

+ (T*-T)Z'kT*'

+ (T*-T)E(XkXk )(T*-T)I
• ~~+ E (62TI

A

"where Zk = E[(Xk-Xk)x'k]

and E(c 2 TI) = Variance of the target induced error

Thus, the risk is composed of terms which are interpreted as

E(¢ 2) = Variance propagated from the estimation errors
p

+ ICorrelations between estimation errors and states
(2 terms)

+ {Mean squared magnitudes of the target states after
pro)pagation

46

7.- -



+ Error variances induced by subsequent target motion

Since the last term is not a function of the optimization parame-
ters, it will be treated as a constant. The optimization involves
a trade-off between the other terms. Thus, a new risk is formu-
lated as the residual risk, E(eR2 ), due to the choice of
the prediction algorithm.

E(cR2 ) = E(Ep 2T- E( 2T

In the first three terms of the risk equation, the filter parame-
ters, Pk, Zk, may be determined as ratios Pk/q and Zk/q at steady
state. These ratios, as well as r/q, are functions of a single
bandwidth parameter, w , for the target velocity. 1  (Note
that q= E(uY); r=- E(V2Y). After dividing the risk equation
by q, and gathering terms, the dual optimization problem becomes
one of maximizing.

K(wv).N(S,tf,Yv,YA)
r/E(c •2)=

D(wv, tf, Yv, YA)

S = E(XX')/E(cR2 )

N(S,tf,Yv'yA) 1=-[S 3 3 (t 2 f/ 2 ) 2 Y2 +S 2 2 (tf) 2 .x 2

+ 2S23,(tf 3/2).xy]

D(wv tf,yv,YA) = T (P/q)T'- L(P 3 3 /q) (tf 2 / 2 ) 2 y 2

+ (P22/q) (tft) 2 .x 2+2(P23 /q)(tf 3 /2).xy]

where x = 1-yv and Y=I-YA

K(wv) = r/q

At the steady state design condition, the cross correlations, Z/q,
are precisely the negative of the variance ratios, i.e.,

Z/q P/q

Given the target characteristics, specified in rough terms by S
and WV, and the maximum allowable risk, the designer must choose
yv and YA to maximize r. Maxltnizing r, in turn, maximizes
q since q/r' is a constant. Thus, the estimator-predictor combina-
tion is least constraining in respect to the sight technology
and target agility.

The final form of the performance criterion is a rational function

in x and y. Further direct analysis or the extrema of this

I
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function is possible, but some preliminary insights may be possi-
ble by taking cross-sections of the contours with respect to
coordinate planes. This corresponds to examining single variable
perturbations about the standard first and second order predictors.

SOME SPECIAL PREDICTOR DESIGNS

Two interesting special cases offer some insight into the dual
t optimization of the predictor design. In each, one of the design

parameters will be set to its natural value (i.e., j=I).

I K(w v) [1-S2 2 (tf)
2 x 2 ]

r R)y=0 T (P/q)T -(P 2 2 /q )(tf) 2X2

2~i ] K(wV) [ I-$ 3 3 (tf2/ 2 ) 2 y2]

rlE(¢ R) 2

Sx=O T (P/q)T'(P33/q)(tf2 /2) 2 y 2

Both of those functions are of the same general form, and both
are symmetrical about the origin of the free variable (i.e.,
symmetrical about y=l). The general form is

r/E(CR2) = C(wV).
[1-b~tf,wvlx

where

C(W V) = rlqS~T (P/q)T'

Sa(tf, S) = Sii. [t fi'-l/(i_1)1]2 .

b(tf wv) = [(Pii/q)/(T(P/q)T )].[t i-ll(i_1)!]

This function is a ratio of parabolas whose shape is determined
by the relative values of a(tf S) and b(tf,wv). Three shapes
can occur as shown in Figure 1. The numerical values are taken
from the next section. Thus, the offset, x, represents a typical
velocity correction and y represents a typical acceleration
collection.

ANALYSIS OF A NOMINAL CASE

As an example of the design process developed in the previous
section, consider the case of a target described by

wv =0.15 hz (velocity bandwidth)
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tf 1.5 sec (time of flight)

Referring to the estimator design procedure in Reference 1, the
variance ratios are

(P/q) 3 , 3  = .106103
t 2,3 = .056289

" 1,2 = .015796
" 1,3 = .014217

"2,2 .044333
" 1,1 = .008765

(r/q) = .028993
which, in turn, specifies

} r/q

C(OO) = T 0.0563
Iv[ T(P/q)T'

The optimization is done with respect to a maximum allowable risk
which will be taken to be

E(F-R 2) = (1.15)2m2

The levels of the target state variables will be nominally assessed

at

•E"E"V2) = 2 m/sec

S= 0.4 m/sec 2

Utilizing the definitions in the previous sections

S2 2 (tf2) = 6.80
a(tf,S)$ 3 t 2/ )2 = .1 3 ?

40(P22/q)(tf 2)/T(P/q)T' .199 bif~v=.9 b(tf,wv)J

(P 3 3 /q)(tf 2 /2) 2 /T(P/q )T'= .261 j

The dimensionless optimal designs are characterized in each case
by

a(tf,wv) > b(t,wv) for y=0

a(tf,-v) < b(t,wv) for x=O

Thus, the best value of Yv is 1.0 while the worse value of YA
is 1.0. One possible predictor is

1*= [l tf] (i.e., first order) 
A
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That is, let yv=l.0 and YA= 0 . The performance is character-

Ized by

r/E(6r.2 ) = .0646

versus

/E. R2) - C(2)) - .0563

for the natural case of

ST* = [I t , tf2/2

It must be noted that this is only one of' a myriad of such results.
"This one is not surprising in light of the low level of accelera-

tion involved (i.e., VE(A2 ) = 0.4 m/sec 2 ). Illustrating the
rest of the design, note that

t - -V0.0646 . E( R2 ) - .292 meters

V -q = V(r/q)-lr= 1.71 m/sec 3

[ These are the maximum tolerable levels of observation error and
target agility for the desired miss variance, E(cR2 ). Thus,f not only is the optimal predictor algorithm found, but technolog-
ical constraints are also available frrom the design.

UNREALIZABLE DESIGNS

It is evident from the general analysis of the optimal predictor
designs, that some of the parameter values lead to negative values
of r/E(e 2). One could argue that these are never cases of in-
terest since they do not occur in the neighborhood of the natural
parameters when a<b, and when a>b, the natural value is clearly
optimal. Nonetheless, an interpretation of the results of when
r/E(e IR2) is negative is called for since the parameter values
are realizable.

Since the desired sisk, E(cR2 ), is asserted a priori, the case
of negative r/E(CR ) corresponds to situations where that risk
is not achievable by any r,q combination. This may arise because
either the magnitudes of the states are too large, the risk is
too small, the time of flight is too large, or the variance of
the estimation errors is too large. Of all of these conditions,
the time of flight is the most pervasive since it effects both
the pole and zero placement. Thus, the whole structure of the
optimal design as determined by the relative magnitude of a(ts,S)
and b(ts,wv) may be significantly altered by the time of flight
(i.e., the distance to the target).
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PREDICTING COOPDINATED TURNS

As an alternate approach to the analyslt of propagated errors,
the design of" a predictor may be pre \I.ated upon some particular
maneuver type. The maneuver type would then supplant the polyno-
imial form which emerges from the Cartesian estimator. One very
natural model for the subsequent motion of the target is the
"steady turn" wherein the acceleration vector remains fixed
with respect to the target, but it maj, of course, rotate in an
inertial frame. The predictor model is formulated as

x 0 0 cose 0 0 0 x
y

YI 0 0 sine 0 0 0 y

V 0 0 0 1 0 0 V

AT 0 0 0 0 0 0 ATS~1
0 0 0 0 0 0 - 0

V
SAL 0 0 0 0 0 AL

where x and y are the target coordinates in an inertial frame, V
is the total speed of the target, AT and AL are the longitudinal
and lateral acceleration respectively, and e is the orientationii of the target motion (i.e., Vx = VcosO).

Given fixed ArT and AL, the V and 8 components may be integrated
over the time of' flight.

V(t+tf) = V(t) + ATtfI

AL
0(t+tf) = e(t) + -- log (V(t+tf)/V(t))

AT

The positional integrals are approximated by "stepping" 8 and V.

N-i I N-I
x(t+tf) = x(t) + I (coseiVi)At+- At2 I [cosei(2i+l)]A

i=0 2 i=O

N-1 1 N-i
y(t+tfl) = y(t) + I (cosoiVi)At+_ At 2 [ [si ei(2i+l)]AT

1=0 2

where Vi = V(t) + ATAt

AL
61 6(t) + -- log (V1/V(t))

Air
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N =tf/At

This formula for x(t+tf) and y(t+tf) is a closed form predictor
as it stands. Given the time, and computer resources, this
could be the basis for a "steady turn" predictor.

A more efficient version of the predictor may be discerned by
forcing the model to be circular in form (i.e., AT - 0). This
is the "coordinated turn." From this aproximation we get

V(t+tf) V(t) = V

AL
e(t+tf) = e(t) + - tfi = 0(t) + Wtf

V

1 N-I

x(t+tf) x(t) + - 0 coseiVt f

i N-I
y(t+tf) y(t) + I sin0iVtf

iT1=0

ei = e(t)+iwAt

Not only is this a simpler and more readily implemented predictor,
but it is also beginning to show some of the same form as the
"optimal" polynomial predictors.

In order to illustrate the similarity between the circular predic-
tor and the polynomial predictors, the trigonometric terms will
be expanded about the starting angle, 80 =6(t).

cosei = cosBocos(iwAt)-sineosin (iwAt)

sin0i = sineocos(iWAt)+coseosin(iwAt)

(iwAt) 2

then cos(iwt) "i- + o[(iwat) 4 ]

(iwAt)3
sin(iwAt) = iwAt - + o [(iwat)5]

If the first two terms of the expansions are used, the prediction
error due to truncation wilL be bounded by

kie < [(Wtf)4/2 (]Vtf
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Assuming that this bound is acceptable, the predicted position

is further approximated by.

x(t+tf) - x(t) + YvVxtt - YAsineoAL.t 2 /2

Y(t+tf) - y(t) + YvVytr + YAcoseOAtf2/2

whee 2  (2N-1),,-I)

L -r [ 1 12 N2 (-i)

N-1~ w2 t f2 N1_

N12 N]

which for large enough N is

w2 t f 2

Yv -[!- 66

w2t f2

%,, -[1- ]
12

Thus, in the final analysis, the coordinated turn provides another
rationale for the choice of Yv and YA" Together with the pre-
vious sections, it is now possible to compute the propagated
errors for the circular predictor and compare them with the
"optimal" forms.

OPTIMIZING SEVERAL PREDICPTOR PARAMETERS.

The analysis of the previous section raises the immediate question
of what performance can be achieved when several parameters are
varied simultaneously. To illustrate that some interesting
shifts in the points of optimability may occur, consider the
situation where the velocities and accelerations are uncorrelated.

323

- 0

This is perhaps an extreme condition, but it is not too far from
the condition observed in moving vehicles. Using the typical
case discussed in Section 14, the covariance of the estimation
errors is

"P%3 /q : 0.0t63
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which substantiates the analysis of a two dimensional, joint opti-
mization. The performance contours, in this case, show a slight
degree of assymetry. The performance function is

• /E(fR ) - ( r/q 1.-6.8x 2 -. 153y 2

(T(P/q)T'I 1-.199x2-2(0.184)xy-.261y 2

In the vicinity of x-O, y-l (the best single parameter variants)
the multi-parameter optimization involves a balancing of the

6.8x2  in the numerator
and 2(0.184)x in the denominator

The value of x must be on the order of 10-3 in order to show an
improvement in perfornance, and even then the improvement is
infinitesimal.

Although the example being pursued here is only one of a number
of cases of interest, this type of effect of P 2 3 has been found
to be quite characteristic. The numerator terms usually dominate
the performance contour in the vicinity of the optimum. The
extreme sensitivity of the performance in this region should be
noted. The effect is even more accentuated at higher velocities
and accelerations, and at longer times-of-flight. The phenomenon
tends to suggest the need for over-design of the sighting mechanism
to overcome these sensitivities.

For purposes of illustration, the coordinated turn, if used with
the nominal conditions of Section 4, would lead to

w -E(). = .2 radian

V/9TV-T I
wtf - 0.3 radian

When used as a rationale for the selection of offset parameters,
the Yv and YA become

Yv = 0.985

YA - 0.9925

which leads to performances that are barely distinguishable from
the nominal second order case

r/E(c 2) 0.0563
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USING THE COORDINATED TURN MODEL TO REDUCE DESIGN SENSITIVITIES.

Given the results of the analysis for the nominal case in the pre-
vious section, the question of a strategy for reducing sensitivi-
ties arises. In order to illustrate an alternate approach to
design, consider the nominal case

v 0.05hz (a lower frequency target)

tf = 3 sec

and suppose that the velocity and acceleration are orthogonal
(i.e., circular motion) with magnitudes

~ V = 120 m/sec

A - 40 m/sec 2

the required accuracy will be taken to be

E(rp2) a 25 m2 .

Suppose prediction is to be done along the velocity vector. The
first order predictor performance would be characterized by

S ~1-5184x 2

r/E(cR
2 ) = (.401) 1-514x

2

S1-. 246x2

The undesirable sensitivity is evident in this case, and, thus,
x must be kept very precisely at zero. The required sighting
accuracy would be

r = 3.7 meters.

If, however, the circular motion is taken to be the nominal behav-
ior, then

r. w2t 2
1 (I )tf

(1- 6

0 1

where w A/V

The predictor would be designed by selecting deviations from the
nominal case, i.e.,

w2t 2

T= [ (1- 67 - ) tfYv]
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Where Yv is the offset parameter with respect to the coordinated
tutti

In this case, the performance is characterized by

1-3600x
2

r/E(c R 2 ) = (0.447). 1-. 156x 2

Not only is the sensitivity reduced, but the nominal performance

is improved since

(A w 2t2T('P/q)T' -P Pl/q+ 2(P1/q)(1- )tf

6

w 2t2
+ (P•/q)(1- 2t 2

22f 6

The sighting accuracy can now be relaxed to

r -Irii438 .'VR R = 3.31 meters

The corresponding result for prediction along the acceleration
vector are

1-1296x 2

r/E(c 2) = (0.401) 1
i-. 145x 2

for the nominally parabolic model, and

1-1089x 2

r/E( R2) = (o.414)
1-Q. 125x 2

for the coordinated turn model.

In the con'ext of this work, the gross difference between the co-
ordinated turn and the parabolic motion would be considered to
be target Induced error, ETI- It should be noted in passing,
however, that such errors may be significant, i.e.

ETI = 60 meters along the velocity vector;

ETI = 15 meters along the acceleration vector, due
to the inappropriate choice of predictor ,nodel
for the current nominal case.
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CONCLUSIONS AND RECOMMENDATIONS.

The results or the previous sections should be viewed as indica-
tive of the potential screening power of a design methodology
based upon propagated errors. Critical choices in predictor
parameters are possible and performance characteristics are
discernible.

Given the pervasive influence or the time of flight, tr, on the
results obtained herein, one must conjecture at this point
about the real time features of the methodology. One could feed
forward smoothed estim-iates V and A and compute the optimal yfv
and YA during an engagement. The potential gain from such
a scheme is so great that it deserves some testing using a fire
control simulator.

It is apparent that the major predictor design Issues may vary
greatly with the intensity of the target motion. For larger

w leads, the importance of the correct modeled nominal motion
cannot be overemphasized. From one model to the next there may
be significant differences In sensitivity and propagated error
as well. In any case, for large leads, there Is seldom an oppor-Itunity to use other than the natural values of -y and YA

Onl the other hand, for less intense motion, situations may ari.se
where propagated error completely dominates a correction. Whole11 terms may drop out of the predictor as a result. Here, however,
the differences between nominal models is not so significant.
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MICROPROCESSOR IMPLEMENTATION OF AN ADAPTIVE SECOND ORDER
TRACKING/PREDICTION ALGORITHM FOR TANK FIRE CONTROL

P. T. Yip
US ARMY ARMANENTS RESEARCH & DEVELOPMENT COMMAND

FIRE CONTROL & SMALL CALIBER WEAPONS SYSTEMS LABORATORY
Dover, NJ 07801

ABSTRACT

This study is to investigate the feasibility and performance of
an adaptive fire control filter-predictor system in the micro-
processor environment. The filter model used is our Drevious
design which includes a Kalman estimator for tank target state
estimation and an UD-factorization scheme to propagate the state
error covariance matrix. This method provides excellent computation
stability and accuracy. In addition, the parallel structure of
filters in this model is particularly suitable for microprocessor
implementation. Three Intel 86/12A single board comDuters are used
to process the narallel filters simultaneously. The computation
accuracy of the target state estimates and the processing time are
examined.

INTRODUCTION

This study is to investigate the feasibility of implementing and
the performance of an advanced adaptive fire control filter-nre-
dictor system in real time and in the microprocessor environment.
The filter model used is our Previous design1 which includes a
Kalman estimator for tank target state estimation and an UD-fac-
torization scheme, to pronagate the state error covariance matrix.
This method provides excellent computation stability and accuracy.
In addition, the narallel structure of filters in this model is
inherently suitable for microprocessor imnlementation.

We start our exercise with the UD-factorization of the state error
covariance matrix. The system configuration is ccnsidered next.
Then the interface of microprocessors is described. The require-
ments of implementation are stated. Lastly, the results and con-
clusions are addressed.

UD-FACTORIZATION OF THE STATE ERROR COVARIANCE MATRIX

In the conventional Kalman filter algorithm, the error information
propagates through updating the state error covariance matrix.
They are
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T T
"k/k- ,k-i 4k- k-+ GQkT

K -P Hk(Hkl Hk/k-1 +Hr)-I (2)

k k/k-i kH k k/k-i

where P is the a posteriori state error covariance matrix, P,
the a priori state error covariance matrix, o, the state transition
matrix, H, the measurement matrix, G, the distribution matrix,
K, the Kalman gain matrix, Q, the plant noise covariance matrix,
and r, the measurement noise variance.

The P matrix is required to be positive semi-definite in order
that the system is stable. As we may see in Equation (3) that the
difference of two semi-definite matrices can produce a negative
definite P especially when the accumulated round-off error becomes
significant. Hence, the UD-factorization method is adopted for its
inherent stability and enhanced accuracy.

The recursive formula of the UD-algorithm for updating the state
error covariance matrix in each measurement cycle are

wBwT = CBOTOT + GQqT (4)

TbbT = WDWT (5)

= HTUMUTH + r (6)

K = NOiuTH/- (7)

=DDT = U[D- 9(7TH)(UTH) T] T (8)

where = ~1 is N by N and

'- rA1 "
N = n+Nw, W [ U.GI n by N,

G = n by N

62

" - -- -



l . U1.,U1 2 . . . .Ul,n
U. , n by n,

"- -l,n

HT = (hl--- hn)

D, n by n diagonal matrix and

0, zero elements.

with b UT H :r UT
withb = UTH, = UTH and initial conditions

- ,I r/alc, al r+vjbl, and
T
k2 = (rlo --- 0)

where Ui- and Kil are the ith element of the column vector U1j
and Kj r-spectiv ly.

Then, the elements of d, U, and K are computed recursively as• I the following :

For j=2, --- ,n (Equations 9 through 13)

a. - 1, +-.b. (9)

dj = j-lbaj (10)
X -b Cj A

For i=l, --- ,n (Equations 12 through 13)

Ui..= Uij 4- ýKj (12)

iJ 7J 1JK.,j- Krj +-.-• U., (13)

The Kalman gain Y• if this measurement cycle is given by

K = K+I ft

Since 'f is -ilwavs positive, the nositive definite condition of
D is assured by E-quation (10). As cancellation type errors that
may happen in Equation (3) are avoided in Equation (10), the
accuracy of coiuowta:ion is enhanced.
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SYSTEM CONFIGURATION

In our previous estimator-predictor design, three types of target
models have been incorporated. Type I is a constant velocity model.
Type 2 is a first order Markov acceleration model and type 3 is
a second order acceleration model with one zero and two poles.
The parameters of these models have been identified with real
test data to account for various target manauvering levels. Noised
corrupted data of range and azimuth angle of target are measurement
inputs to the three parallel extended Kalman filters modified with
the UD-factorization scheme. The adantive prediction comes in
when one of the filters with the largest likelihood function is
selected to provide estimates for gun lead prediction.

Three micronrocessors are used and each processes one filter. The
one with the constant velocity model is the master board which also
processes the filter selection and gun lead predictions by virtue
of its smaller load of computational burden. The communication
control and data transfer between the master board and the other
two microprocessor boards will be described in the next section.

MICROPROCESSORS AND THEIR INTERFACE

"*1 Three Intel 86/12A single board computers (SBC) are used to process

the parallel filters simultaneously. Each has 32K bytes of random
access memory (RAN) and 8K bytes of electronic programmable read
only memory (EPROM) which can be extended to 32K bytes. If more
memory is needed, extra RAM and EPROM boards can be attached. The
memory in own board is accessed by the central processing unit
(CPU) of the board through the local bus. Additional memory up
to one megabyte can be planned and accessed through the system bus.

The communication between the keyboard or the microprocessor develop-
ment system and the master board is established through a serial
interface cable. Two out of the three programmable peripheral
interface input/output ports are used to take care of the communi-
cation traffic control between the master board and the other two
boards.

The data transfer uses the multibus interface which requires only
one bus clock of 9.22 MHz for synchronized communication among the
SBC. The local CPU must reside in that part of its own memory which
has not been assigned as dual port WA1 inside the megabyte addres-
sing plan when another CPU actually accesses the dual port RAM
area.

The 86/12A single board computer which has twelve 16-bit registers
performs floating point comnutations with the heln of a floating
point mathematics library simulating 32-bit oneration. The test
chip of 8087 coprocessor was made available for development on
August 1981. This coprocessor which can be attached to the 86/12A
computer board easily has eight 80-bit registers capable of per-
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forming 32- and 64-bit floating point multiplication with very
high speed such as tens of microseconds.

IMPLEMENTATION

After the proper interfacing of the microprocessors, some real
target paths of various noise statistics are selected. The function
of the entire set-up, the prediction estimates and the processing
time of the second order algorithm in this system are investigated.

a. A rather linear portion of a target path is used to verify the
proper functioning of the entire microprocessor set-up. A similar
program is run on an IBM 360 computer to obtain rv-sults for com-
parison.

b. A segment of real target path data with an average maneuveringnoise level 1.176 meters per second and an average speed 13 miles

per hour is corrupted with random Gaussian noise of 3 meters in
range measurement and 0.3 milliradians in angle measurement. These
corrupted data is sampled at 10 s/s as input to the system and the
prediction estimates are compared with the results from previous
study using a conventional extended Kalman filter without modifi-
cation.

c. With the same data the system performance is evaluated for pro-
cessing the data at 5 s/s instead of 10 s/s.

d. The processing times for the floating point multinlicatiori,
division and square root operation with the 86/12A CPU are compared
to that with the 8087 numerical coprocessor.

e. The actual processing time of the second order algorithm with
a 8087 coprocessor test unit is examined. The number of measure-
ments processed in 10 seconds is noted.

RESULTS AND CONCLUSIONS

Under the implementation conditions in the previous section, results
are summarized as follows:

a. Results from IBM 360 and Intel 86/12A SBC show a 1.2 nercent

"or less difference in lead angle estimates and much less in impact
range estimaces. The Droper functioning of the multi-microprocessor
set-up is verified.

b. From previous study for the given target path in implementation
b and averaging over seventeen points, the estimated prediction
errors in milliradians are 1.29, 1.72 and 0.91 for constant velocitv,
first order acceleration and second order acceleration filter tyr)es
respectively. From the multi-microprocessors under the same con-
ditions, the estimated Drediction errors in milliradians are 1.2,
1.49 and 0.88 for constant velocity, first order acceleration and
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second order acceleration filter types respectively.

The accuracy of the estimates from this algorithm are highly com-
petitive or better than that from the conventional extended Kalman
filter algorithm.

c. With a sampling rate of 5 s/s the eotimated prediction errors
in milliradians are 1.16, 1.54 and 0.9 for constant velocity, first
order acceleration and second order acce'ieration filter types, res-
pectively. The change in performance is about 3 percent.

d. Averaging over ten thousand iterations, the floating point
operation of the command group LOAD, MUL, STORE and WAIT takes 4
milliseconds with the 86/12A CPU while the same takes 63.6 micro-
seconds with the 8087 coprocessor. It is a 63 times faster in
multiplication with the latter.

For the coiriand group LOAD, DIV, STORE and WAIT, the floating point
operation takes 5.5 milliseconds with the 86/12A CPU and 85.6
microseconds with the 8087 conrocessor. It is 64.times faster
in division with the latter.

For the command group LOAD, SQRT, STORE and WAIT, the 86/12A CPU
takes 40 milliseconds to process a square root procedure while the
8087 coprocessor with its micro program for SORT takes 77.6 micro-
seconds. It is 515 times faster with the latter.

e. With a test unit of 8087 coprocessor planted in the 86/12A
board, the second order algorithm is processed for 10 seconds.
Only 88 sets of measurements are processed. This indicates that a
12 percent improvement in speed is needed to do 10 samples per
second real time Drocessing. Fine tuning the program code or
changing the Trogramming language to assembler type may help elim- I
inate this time lag.

In all, the impressive numerical characteristics of the UD-factor-
ization deserves our attention. It has been encouraging to know
that microprocessor technology has caught up in speed and flexi-
bility to process advanced parallel algorithms with heavy load
of computation. We see that great many applications of micropro-
cessor to multiple input, multiple output and parallel processing
are forthcoming.
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ON THE CREDIBILITY OF MODELS

Naium A. IKheir
School of Science and Engineering

The University of Alabama in Huntsville, Huntsville, AL 35899

Model Credibility is becoming increasingly important in today's
world of complex systems. One reason is due to the awareness and
discretion being exercised on spending on simulations; a second
reason might be the fact that more and more models and simulation
results are being used in decision-making. Models3 , whether repre-
senting the broad spectrum of engineering applications (energy,
power, aerospace, military systems, etc.) or, say, biological
systems such as that of blood circulation would require the same
attention in terms of model credibility. More recently, reliance
on valid models has become a necessity in areas such as energy
forecasting, (7) (energy models and their integrity have been the
subject of many congressional hearings since 1975). Thus, the
ultimate use of a model is for decision-making and its final eval-
uation is in terms of the decisions being made.

Three major areas appear to be the focus of progress, or lack of
it, in arriving at a higher level of agreement among simulationists
on model credibility and what it is all about. These areas are

related to:

Mi Terminology
(ii) Issues
(iii) Qualifying Measures

The question of Terminology has been the subject of many previous

efforts by the Technical Committee on Model Credibility (TCMC) ofI
the Society of Computer Simulation. Ref. (1) summarizes a complete
set of definitions beginning with the understanding and distinction
between Reality, Conceptual Model, and Computerized Model, and
proceeding to introduce the important concepts of Model Verification
and Model Validation. The document also introduced statements on
model qualification, domain of aipplicability, certification and
documentation. The definitions adopted by the TCMC on verification
and validation are; "Model Verification: The substantiation that
Computerized Model represents a-.Conceptual Model within specified

limits of accuracy. Model Validation: The substantiation that a
Computerized Model within its domain of applicability possesses a
satisfactory range of accuracy consistent with the intended appli-
cation of the model." However, all too frequently in process
modeling the concepts of verification and validation are reduced,
respectively, to simply the tasks of debugging and input-output
comparison of model and system data. one should note that this
terminology was arrived at with the intent that it could be
employed In all types of simulation applications. Thus, adherence
to the terminology Is highly recommended to facilitate communica-
Lion between simulation developers, users and decision-makers.
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For example, it is simple to recognize the difficulty in communi-
cation between a mathematically-oriented modeler and a linguisti-
cally-oriented public policy-maker.

A work of caution is in order, even if one adheres to the above
terminology and arrives at a validated model, one may be tempted
to make an obvious and simple change in the model. Since it is
easy to err, revalidation of the model, for the same reasons that
validation was required in the first place, is necessary whenever
any modification, even an apparently minor one, is made. Thus,
once having demonstrated the model validity, it should be con-
sidered INVIOLABLE.**

In order to be able to judge the adequacy of a model for its in-
r tended purposes, the TCMC is engaged in a discussion of an under-

standing of important Issues including these:

(a) The real purpose of a credibility measure - is it to make
a decision to use a "more-credible model" at perhaps greater cost
versus a "less-credible model" at a lower cost? Is it to estab-
lish a confidence or reliability factor for the mcdel, i.e., X%
reliable for Y% confidence?

(b) In modeling reality in terms of ultimate simplicity (a
more detailed model is not necessarily a better model), an issue
is that of "simple" versus "complex" models and cost considerations.
Simple models have the added merit of closing communication gaps
between "non-technical" decision-makers and modelers.

(c) Should a credibility measure be "absolute" defining the
agreement of dynamic computer simulation model (Computerized Model)
with actual system (Reality), or "relative' (model versus model)?

(d) How to keep simulations under configuration control so
that credible ones remain credible.

(e) The absence of an effective grasp of how to achieve par-I
* simony in modeling makes it virtually impossible to develop an

efficient, understandabie, credible model of a iarge-scal.c system.

Next we focus on the real question of which Qualif ing Measure(s)

one may adapt to express the credibility of a mode -. Basically,
the objective from using a measure is to quantify how well a model
matches the performance of reality being modeled. Comparison of
time trajectories from the model and the instrumented system is
often used (data collected from an actual system may be rare and/
or expensive to get while simulation results may be abundant).
A summary of measures used in previous studies follows:

(a) Theil Inequality Coefficient (TIC~ was recommended in
regards with missile systems validation (2),

** Personal discussion with Dr. Lester H. Fink, of Systems Engi-
neering for Power, Oakton, Virginia.
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(b) A mod fied TIC was applied to validation study with sparse
random data (6),

(c) In addition to TIC, correlation coefficient and a simi-
larity coefficient were recommended in Ref. (3),

(d) In a recent study( 5 ), cross-correlation coefficient and
Bayesian updating were suggested in a credibility investigation
of an RF environmental model,

(e) Use of FFT (Fast Fourrier Transform) to obtain frequency
domain error measure of a trajectory was introduced in a boiler-
turbine-generator system study( 4 ),

(f) Also in Ref. (4), digital filtering technique was employed
to extract frequency bands of an error signal; the band-limited
measures of signals could be further analyzed.

(g) Error trajectory could be qualified in terms of measures
such as the integral of its square and/or the largest absolute
value.
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A LINEAR NONLINEAR CONTROL PROBLEM

Leon Kotin

Center for Tactical Computer Systems
US Army Communications-Electronics Command, Fort Monmouth, NJ 07703

INTRODUCTION

Many, perhaps most, of the ordinary differential equations of
applied mpthematics are second-order linear equations
d2x/dt 2 +a(t)dx/dt + b(t)x - 0 or their nonhomogeneous variants.
Their importance is indicated by the famous names given to such
equationst Bessel, Legendre, Hill, Hermite, Airy and Laguerre, to
name just a few. By an elementary transformation, such equations

can be put into the form of the following system

x' = dxidt = p(t)y, y' = dy/dt = q(t)x. (1)

We shall consider this system where the control vector (p,q) belongs
to the class of piecewise continuous vector functions of t with
bounded norm, say

p + q . (2) i
We shall determine that control for which a nontrivial integral
curve or trajectory initially on the x-axis reaches the y-axis in
least possible time. We shall also determine this shortest time
and the corresponding geodesic (x(t), y(t)).

We remark that by changing the time scale, we can see that no

generality was lost by setting the bound of the norm of (p,q)
equal to unity.

This paper is a detailed exposition of results which were obtained
in collaboration with G. Birkhoff in the broader context of
elliptic autonomous families of differential systems; these

appear in concise form in [2].
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The title of this paper derives from the fact that although (1) is

a system of linear differential equations in x and y and is linear
in the control variables p and q, it is not linear jointly in

(x,y) and (p,q).

THE MINTMUM TIME

From (1) and (2), we see that foi any trajectory,

p2 + q2 = x,2 + 2 + 2 2< (3)

or

2 2 2 < 2l/y + (dy/dx) /x = (dt/dx) (4)

Consequently, the time t required for a trajectory initially at the

point (x 0 ,y 0 ) to go to (x,y) satisfies

- >--x (1/y 2 + (dy/dx) 2 /x 2 )½dx. (5)

To evaliate this integral, we introduce the modified polar
coordinates + and X detined by

e2 • x 2 +y 2 , y/x (6)

whence

eýl(l+x')), y Xe /(I+x (7)

We note tt ;*nd x are related to the standard polar coodinates

r and a by a equations s = log r and x = arctan 8.

In order to compute the int gral in (5) we first obtain, by the
chain rule,

dx = eýG(l+X2 )3/ 2 [(l+x2 )dO-xd\],

dy e(J(+2)3/2[X(1+X2)ds+dxj. 
(8)
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Then

+1+ ). _- 0' -do/dA. (9)

Furthermore, from (6) and (7)

dX - (x dy - y dx)/x 2

= e(1+• 2 ) 3 /2 [(1+32 5 (+X _]2 dx. (10)

After replacing these in (5), the integral in terms of * and x

becomes fF(X,O')dx, where
2(, 2 4 )2 4,2

(2+-)(2+12 (X +1)01 + 2• (A-1)o' +2x2]½ (11)

The bracketed quadratic expression in 0' is a minimum when

F/ = -((X215/(&2+15(•4+1) (12)

Substituting this into the integrand F(O,,') and integrating

from X = 0 to -, we obtain the minimum time T in going from

the x-axis to the y-axis. This is found to be, through the use

of the beta function,

T =Iw dx/(x4 +1)½ = r 2 (¼)/4,r = 1.85407... (13,

(11], p. 258; (4], pp. 254,524). We shall show later that this

value is actually attained. We state this as Theorem 1:

The smallest t-interval between a zero of y and zero of x for a

nontrivial solution (x,y) of (1) - (2) is given by T in (13).

THE GEODESICS AND CONTROLS

By definition, the geodesics are the solution of (1) - (2) which

yield the minimum time T in (13). This time T is realized by the

trajectories of (1)-(2) which satisfy the differential equation
(12). Although this equation is separable, solving it in its

present form involves some complicated computation. It is easier
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to rewrite (12) in terms of x and y alone. Using (6), (9) and

(12), after some simple algebra we obtain dy/dx - -x 3/y3 from
(12); this integrates to the implicit form of the solution

x4 +y 4 =const. (14)

By linearity, we may take const. 1 1, getting

x + y . (15)

To obtain the explicit form of the solution (15), we first invoke
the bang-bang property; i.e., the minimizing solution will corre-
spond to a control (p,q) which is on the boundary of the control
region in the (p,q ) -plane. Then the inequality (2) becomes the

equation

p2 +q 2 q (16)

Differentiating (14) with respect to t, we get x 3X' + y3 = 0

or, using (1), px2 + qy 2 = 0. But from (14) and (16), this yields

p 2 =y 4  (17)

whence x' = py = +(l-x4 )3/4

We shall consider the trajectory (15) which is moving clockwise
and which is initially on the line y = x and, with no loss in
generality, in the first quadrant, so that x- xt0) = 2-. Then

x1 - (l-x4)3/4 (18)

whence

-t = fX (1-x 4 )3/ 4 dr. (19)

To evaluate this integral in closed form, we introduce a series
of substitutions which telescope to

x4 = (1 - (1-w2)½). (20)
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Then (19) becomes

-2- 3 2 t Aw (w(a-w 2 )) -dw. (21)

In terms of Legendre's canonical form [3, p. 59]
F(O) F(0,2'-) (1 -sin v)'dv,

F(*0 *, - 1- 2 (22)

by (3, pp. 78, 163] (20) becomes

-23/ 2t = 2½(F(J) -F(f/2)) - 2½ (1 - ½sin2 v)-hdv (23)

where

w = (1 - cos 2 €)/(1 + cos 2$)

= (1 - cn 2 F(o))/(l + cn 2 F(ý)) (24)

[3, pp. 59, 163] in terms of the Jacobian elliptic function cn F f
cn (F,2-½). From (23), F(O) = -2t + F(w/2). Letting K - F(v/2),
by the addition formula [4, p. 497] for cn(u-v) in terms of the
other Jacobian elliptic functions sn and dn, and bythevalues sn K

= 1, cn K = 0 and dn K = 2-½ [4, p. 499], we can show from (24)

that

w = cn 2 (2t). (25)

Applying this to (20) gives us

S½=[l-(l-cn4 (2t))½]. (26)

4Then y by (14) becomes

4 4y f ½[l+(1-cn (2t))½]. (27)

The trajectory given by these two equations is initially on the
line y = x in the positive quadrant and reaches the y-axis when t
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is the smallest positive zero of cn(2t,2-½), this is ½T =r

[4, p. 524) (cf. eq. (13) above). To determine the entire tra-

jectory in the first quadrant, we simply reflect this trajectory
through the line y = x. Therefore, because cn(2t) is an even

4 4function, for -T < t < 0, x and y are given by the right-hand
side in (27) and (26) respectively.

The corresponding control variables p and q can now be obtained
immediately. From (17), p = ±+y, but the negative sign is chosen
by (18); similarly, q x when y I x > 0.

This is all summarized in the following result, which incorporates

Theorem 1.

Theorem 2. The smallest t-interval between a zero of x and a

zero of y for a nontrivial soliitioxn of (l)-(2) is r 2 (¼)/4½ =

1.85407 ... . The corresponding geodesic, normalized by (15),
and control functions are given by

2 ffi= [(1 - [1-cn4 (2t)]½)]½

2 =-p = [½(1 + [l-cn4(2t)3]

when y > x 0.
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CONTROL TECHNIQUES TO THE GLAADS TEST VEHICLE

D.P. Glasson
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ABSTRACT

Application of modern estimation and control techniques to the
tracking, stabilization, and pointing functions of a mobile air
defense system is addressed in this paper. A multiple-model
estimator structure is applied to tracking tactical missile
targets. Modeling, design, and performance evaluation of an
instrument platform stabilization system to reject terrain-
induced errors dre outlined. An optimal predictor for ballis-
tic lead angle compensation is formulated; its prediction error
characteristics and propagation of these errors through the gun
pointing controller are derived. Future areas of development
and field test validation for the concepts investigated are
described.

INTRODUCTION

BACKGROUND

Performance requirements of modern mobile air defense systems
have placed stringent specifications on the tracking, stabili-
zation and pointing performance of these systems. The tracking
subsystem must accurately estimate the position and velocity
of a highly-maneuvering target without explicit knowledge of
the target's maneuvering capabilities or intended trajectory.
The stabilization system must reject vibration disturbances to
the tracking sensor assembly and gun pointing system due to gun
recoil and vehicle travel over a wide range of terrain. The
gun pointing system is limited by the extrapolation accuracy
of a target trajectory predictor and by the dynamic capabili-
ties of the gun gimbal actuation system. These demanding sys-
tem requirements call for correspondingly powerful design and
analysis tools.

Modern control methodologies offer a systematic framework of
synthesis and analysis techniques for air defense fire-control
system design. Modern estimation/control techniques were de-
veloped specifically for multiple input-output systems which
potentially are stochastic, nonlinear, and uncertain (i.e.,
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the dynamics of the system and disturbances are not known pre-
cisely); all of these considerations are present in an air
defense fire-control system.

The goal of the study described here was to assess the poten-
tial benefit of using modern control techniques in designing a
fire-control system for a representative air defe.nse system.
Using mathematical models of the Gun Low Altitude Air Defense
System (GLAADS), a number of modern estimation and control con-
cepts were developed and analyzed. The concepts investigated
and a summary of results are described in the following section.

SYSTEM OVERVIEW

Figure 1 is a block diagram of the air defense fire-control
system concept developed in the present study. For purposes
of demonstrating new estimation and control concepts the system
is restricted to planar engagements, i.e., only range and ele-
vation pointing and tracking are considered.

The integrated system is comprised of tracking, pointing, and
stabilization subsystems. The tracking subsystem generates

estimates of the target range (R), elevation (e ) and elevation
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rate (8t) from noisy range and elevation measurements. The

estimates generated by the tracking subsystem are routed to
the pointing system where these quantities are extrapolated
through the estimated projectile time-of-flight (T ) by a pre-
diction algorithm (i.e., the ballistic lead angle Is computed).
The extrapolated elevation and elevation rate are then used by
a feedforward controller to command the gun pointing angle and
slew rate; the dynamic response of the gun itself is regulated
by a feedback controller. The instrument platform stabiliza-
tion system serves the dual function of slaving the instrument
platform attitude to the current target elevation (vi feed-
forward control) and rejecting terrain induced disturbances
(via a feedforward-feedback controller).

Modern control concepts applied to the three subsystems and
evaluated in the present study include:

* A tracking filter based on multiple
model estimator structure

* Statistical linearization of the non-
*linear target tracking dynamics

* An optimal one-step prediction algo-
rithm for extrapolating target motion

f estimates over the projectile time-

of-flightI

* Command-generator-tracker (CGT)/opdimal
regulator control of the gun pointing
dynamics

0• A robust (i.e., insensitive to varia-
tions of terrain type) instrument plat-
form stabilization system designed by
optima] estimation/control techniques.

Applications of these concepts to the GLAADS vehicle and per-
formance benefits derived from them are discussed in the fol-
lowing sections.

TRACKING FILTER SUBSYSTEM

Through application of multiple-model structuring and statisti-
cal linearization, an accurate and robust tracking filter is
designed. This filter produces unbiased estimates of the tar-
get motion with range and elevation errors substantially lower
than the noise levels of the range and elevation sensors. It
is shown that the multiple model filter obviates the need for
precise knowledge of the target maneuver model; i.e., the fil-
ter performs well given only knowledge of the expected range of
target maneuver dynamics. The formulation and performance of
the tracking filter is described in the following subsections.
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TRAJECTORY AND SENSOR MODELS

Tht variables used to describe the target trajectory and meas-
uremenLs are shown in Fig. 2. The target position is defined
by the target altitude (y) and horizontal distance from the
gun (x). The instantaneous target velocity vector (v) is char-
acterized by the target airspeed (V) and flight path-angle
(y). The maneuver characteristics of the target are described
by the flight path angle rate (6 = w). Measuremeiits of two
polar components of target position, range (r) and elevation
(0), are available to the fire control system.

R44315

V

THREAT

Rf TRAJECTORY

GUN
POSITION

Figure 2 Engagement Geometry

The dynaxic equations of the target trajectory and the equa-
tions relating the target state to the tracking instrument
measurements are listed in Table 1. The notation, N(m,v),
denotes white noise of mean, m, and variance, v.

The maneuver characteristics of the target vehicle are embodied
in the flight-path-angle-rate (w) equation; as discussed in
Ref. 1, the flight path angle rate is directly related to the
normal acceleration of the vehicle which is the usual command
variable for maneuvering manned aircraft and tactical missiles.
The parameters that govern the dynamics of flight path angle
rate, T and q, are never precisely known in any real engagement;
hence, the dynamics shown in Table 1 are both stochastic and
uncertain.
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TABLE 1

SUMMARY OF TRAJECTORY AND MEASUREMENT EQUATIONS

TRAJECTORY DYNLA1CS

x= V cos=

y = V sin y = x2
f 2

=-g sin y f D V=3

W 
x4

=--W ÷w 5

w - N(O,q)

RANGE MEASUREMENT

2 2 2r x + y vr ;vr N(0,4 m)

ELEVATION MEASUREMENT

em tan-i (y/x) + v 0 ; v0 - N(0,0.25 mrad 2 )

The thrust/drag balance of the vehicle is quantified by the
parameter fD; for example, in an unpowered segment of a tac-
tical missile trajectory fD relates the drag of the vehicle to
the vehicle airspeed. The drag parameter, fD,' is usually un-

known in a real engagement, but its range of values can be
estimated; hence fD is an uncertain but bounded parameter.

The range and elevation measurements are related to the tra-
jectory states by nonlinear equations. The rms levels of sen-
sor noise listed were taken from Ref. 2 and represent the per-
formance of state-of-the-art instrumentation.

FILTER FORMULATION

The target trajectory dynamics and measurement models listed
in Table 1 are stochastic, nonlinear, and uncertain (i.e., the
model parameters are not precisely known). Due to the non-
linear and uncertain properties of the trajectory and measure-
ment models the standard linear optimal estimator (Kalman fil-
ter) cannot be directly applied; in the present study, two
modifications of the standard Kalman filter structure were
employed to accommodate nonlinearity and uncertainty:

0 A statistically-linearized formulation
of the Kalman filter to accommodate
nonlinearities
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9 A multiple model estimator structure
to accommodate the uncertainty of the
model parameters.

The structure of a statistically-linearized filter is shown in
Fig. 3. The structure is substantially similar to the linear
Kalman filter; it consists of a state estimator that generates
estimates of the trajectory state, using a model of the

dynamics (k=f(x)), the measurement model (z=h(x)) and the
tracker measurements, zk, and a error covariance (P) propagator.

The major differences between the statistically-linearized
filter and an extended Kalman filter are that expected values

of the state derivative (f(x)) and measurement (h(x)) are used
rather than direct functions of the estimates (i.e., f(•) and
h(*)) and statistical describing functions (Ref. 3) for-the
linearized dynamics (N) and measurements (M) are used rather
than Taylor series approximations (the mathematical derivations
of the expected values and describing functions are detailed
in Ref. 1). At the expense of some additional calculations,
the statistically-linearized filter will yield unbiased esti-
mates of the non'linear dynamics and avoid filter divergence
problems typically encountered in applications of extended
Kalman filters.

Itt

STATE ESTIMATOR

DESCRIBINGFUNCTION
COMPUTATION

KALMAN

COMPUTATIONS To
f •ERROR COVARIANCE

PROPAGATION

Figure 3 Statistically-Linearized Kalman Filter
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Uncertainty of the dynamic model parameters is accommodated
through a multiple-model estimator structure. Figure 4 is a
functional diagram of a two-model estimator structure, as it
would be applied to an air defense tracking system.' Here the
range and elevation measurements (z) are processed by two fil-
ters. The choice of the parameters x. and 0i (correlation

1
time and process noise level of the flight path angle rate
dynamics) are chosen to represent likely target maneuver char-
acteristics in the individual filters. For example, a choice
of large vI and small Q1 (long correlation time, low normal

acceleration rms) would represent a level-flight trajectory in
filter 1; small T2 and moderate Q2 in filter 2 would represent

a vertical plane "jinking" maneuver. The dynamic models used
in the two filters would "bracket" the expected range of target
Smaneuvers while the averaging algorithm would combine the esti-
mates of the two filters to tune the estimator structure to
the current target maneuver level. An alternative application
to the dual filter structure for tracking an anti-radar missile
having uncertain but bounded drag is described in the following
section. Mathematical details of the dual-filter structure in
air defense system applications are covered in Ref. 1.

R-64300

m A

II FILTER 1 iP

AVERAGING
ALGORITHM

FILTER 2 ý2' 2
T 'a 2, aQ=Q2

Figure 4 Multiple Model Estimator Structure

FILTER PERFORMANCE

The performance of the dual statistically-linearized filter in
tracking the unpowered midcourse trajectory of anti-radar mis-
sile is described here. A segment of the example trajectory
is shown in Fig. 5; the segment shows a planar, unpowered,
non-maneuvering gravity-turn through the atmosphere.

The parameters used in the dual filter structure were chosen
to provide an adaptatLon of the estimator to the unknown drag
characteristics of the target vehicle. The maneuver parameters,
T and a W, are identical for the two filters with values appro-

priate to a low maneuver level gravity turn.. The drag param-

eter, fD$ is set to zero in one filter and to a value 2rD in
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Figure 5 Anti-Radar Missile Midcourse Segment

the other filter, where ID is an estimate of the vehicle drag

parameter derived from intelligence data (Ref. 4). The two
values of fD "bracket" the range of variation of fD; the dual-

filter averaging algorithm then combines the estimates of the
two filters to "tune" to the current value of fD"

The performance of the dual-filter in tracking the example
trajectory is shown in Fig. 6. Unbiased errors in range and
elevation estimates are obtained. Substantial improvement of
rms range and elevation error over tht, measurement accuracies
is achieved; range error is reduced to 1 meter rms as opposed

to 2 meters rms measurement error and elevation is reduced to
0.25 mrad rms as opposed to 0.5 mrad rms measurement error.
There is good agreement between the true estimation error vari-
ance and the error variance computed by the dual filter, thereby
validating the use of statistical linearization, the choice of
parameters in the present tpptication. and the viability of a
dual filter stL'ucture in Odapting to unknown drag characteris-
tics of the target.

ST.l\BLIZATION SYSTEM

An instrument plattotU stabiii.-,ii ii system design based on a
Kalman filter/optimal teedforward-feedhbacr- control structure
is described in this ;ection. Using tlli o•ptima] structure,
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Figure 6 .Anti-Radar Missile Tracking Performance

point designs for various levels of terrain-induced vibration
were performed and analyzed. Suboptimal systems were then
designed and their performance comnpared with that of the opti-

mal designs; by this means, major simplifications of the system
structure were shown to be possible with little degradation of
stabilization performance. The most significant of these sim-
plifications is that the stabilization system can be decentral-
ized from the tracking system.

SYSTEM DESIGN

The structure of the stabilization system is shown in Fig. 7.
i Using the platform rate integrating gyro and hull mounted rate
S~gyro measurements, a full-order Kalman filter (i.e., a filter

designed using the coupled dynamics of the platform, rate in-
tegrating gyro, and terrain-induced disturbance) generates

estimates of the gyro output angle (0g), the platform eleva-

tion angle and elevation rate (Be and Oe), and the disturbance

state (•) The estimates are then multiplied by a control

gain matrix, Kc, to compute the platform torquer and gyro com-
mands (ue and ug).

The optimal control gain matrix, Kc, is partitioned into gains

that multiply the gyro and platform states and gains that mul-

tiply the disturbance states, i~e, ,:
[K ; Kd]
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Figure 7 Structure of Instrument Platform
Stabilization System

With this partitioning, the control system can be described in
terms of feedback and feedforward control functions. Desirable
platform dynamic response is achieved by proper values of the Kp
gains; optimum disturbance .rejection is accomplished by the Kd
gains.

The terrain disturbance model used in the present study was
derived from data presented in Ref. 5 and is described in
Ref. 1. This model represents travel over road and country
terrain at speeds from 5 to 25 km/hr.

Th noise characteristics of the rate integrating gyro and the
hull rate gyro are given in Table 2. These noise characteris-
tics are typical of tactical aircraft quality instruments.

PERFORMANCE AND SENSITIVITY ANALYSIS

The method used to analyze the stabilization system performance
was steady-state covariance analysis. The covariance matrix
of the stabilization system is derived from the steady-state

* covariance equation:
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TABLE 2

MEASUREMENT NOISE LEVELS

INSTRUMENT RMS NOISE BANDWIDTH

RIG 0.31 prad 600 Hz

Hull Rate Gyro 2.9 mrad/sec 600 Hz

(1t • + %fT + Q =0(i

Here X is the covariance matrix of the system which consists
of subsets related to the covariances of the platform states,
the disturbance states and the state estimator errors. The
matrices V and Q are the dynamics and process noise matrices,
respectively, for the coupled platform, disturbance, controller
and state estimator error dynamics.

The performance metric chosen in the present case is the steady-
state variance of the platform elevation angle; performance.
sensitivity analyses yielded the following significant results:

0 Stabilization of the instrument plat-
form to 3.3 prad rms over the entire
range of terrain and vehicle speed jS~using fixed gains (computed for worst

case design point)

* Elimination of the feedforward branch
of the controller providing a major
simplification of control structure
with negligible degradation of

[ ~, performance

* Stabilization error rms increases by
a factor of 4 with hull rate gyro
removed

0 Platform residual stabilization error
is sufficiently low (i.e., two orders
of magnitude lower than the tracking
elevation sensor) that the stabiliza-
tion and tracking functions can be
decentralized.

GUN POINTING

The pointing system desin is based c a recently-developed
type of feedforward controller, the command generator tracker
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(CGT). This controller causes the plant output (gun pointing
angle) to track exactly the output of a specified deterministic
linear system; in tracking stochastic processes (such as a
maneuvering target) the CGT has shown performance superior to
that of optimal feedforward controllers.

SYSTEM DESIGN

The structure of the predictor/gun pointing system developed
in this chapter is shown ir. Fig. 8. The model of the gun ele-
vation dynamics is comprised of a gain, K' to represent the

hydraulic motor command response and inertia; the dynamics of
the hydraulic motor valve are very high frequency and were
therefore neglected in the present design. The rotation rate
of the hydraulic motor is geared-down by a factor of 1/n in
the gear box; the gun elevation, 0 GUN' is the integral of the
gun rotation rate.

•- I GU DYNA I?1
IlMPLI I E%)

LEAD IETAGA OSII

Figure 8 Predictor/Gun Pointing System Structure

Elevation and elevation-rate estimates from the 'tracking filter
are extrapolated forward in time through a computed projectile

time-of-flight. The extrapolated elevation rate (6 (t+tf)) ise f)
multiplied by a feedforward control gain (n/KH) to drive the

gun elevation rate to match the target elevation rate. The

error between the extrapolated target elevation (8e(t+tf)) and

the gun elevation is driven to zero by a regulator pain, Kr;

the magnitude of this gain determines the control bandwidth of
the closed-loop gun dynamics.

PREDICTOR/POINTING SYSTEM ERROR ANALYSIS

The mathematical relationship between gun pointing error and
the trajectory state prediction errors is summarized in this
section. First, the predictor elevation and elivation r'te
errors are derived in terms of the eri rs in the extrapolated
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trajectory state. The gun pointing error is then derived from
the predictor errors and the dynamics of the gun/controller
system. Figure 9 shows the geometrical relationships used t3
derive the elevation and elevation rate errors.

R-67539

Figure 9 Geometrical Relationships for Prediction
Error Analysis

i[ After analyzing the differential geometry of Fig. 9 (Ref. 1)

one obtains the following expressions for the predictor errors:

e 1 + R ey) (2)

[e v/V - eR/R + cot(y-Y)(eY-ee)] (3)

where the notation ea denotes the prediction error for variable
ba

a, and B denotes the predicted value of variable B. Equations
2 and 3 relate the elevation and elevation rate errors (ee and

e6), which corrupt the control cormmands to the gun, to the

predicted trajectory states (k, ý, V, j) and predictor errors
(ex, ey, ev , eo, and eR).

By expressing the true target elevation and elevation rate
(which, if commanded to the gun pointing system would yield
exact target tracking) in terms of their predicted values and
prediction errors; i.e.,

ST + e0  (4)
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OT T+e6 (5)

the following equation is derived (Ref. 1) for the gun pointing
errors:

e +-e + egun T gun e e (6)

where egun is the gun pointing error and T(=n/(KmKr)) is the
time-constant of the closed-loop gun regulator dynamics. Equa-
tion 6 defines the dynamics of the gun pointing error in re-
sponse to errors of the extrapolated elevation and elevation
rate. As indicated by Eq. 6, the gun pointing errors are fre-
quency limited by the bandwidth (i/t) of the gun regulator.
The static gain of elevation error to gun error is unity; the
static gain of elevation rate error to gun error is T.

Equations 2, 3 and 6 could be used in a Monte-Carlo simulation
to determine the time-history and statistics of the gun point-
ing error in a particular air-defense scenario. The predictor
errors would be computed as the difference between the predicted
elevation and elevation rate and the elevation and elevationf Irate of the truth model trajectory. A linear combination of
the computed predictor errors (i.e., (l/T) e. + e6 ) would be
the input to a first-order linear filter with time constant, T;
the output of the filter would be the gun pointing error.

CONCLUSIONS

In this paper, modern estimation and control design techniques
were applied to the GLAADS air defense system. Specific con-
cepts considered in this study include: application of statis-
"t1cal linearization to the nonlinear trajectory dynamics and
tracking sensor measurements, multiple-model estimator struc-
turing of the tracking filter to accommodate modeling uncer-
tainty, stabilization system design by optimal estimation and
control techniqu s, optimal prediction algorithm design, and
command-generator-tracker/optimal regulator control of gun
pointing. The performance benefits obtained through applica-
tions of these concepts were demonstrated through subsystem
examples.

Further developments of these concepts should include:

* Extension and evaluation of the design
formulations for non-planar engagement
scenarios
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* Development of practical implementa-
tion structures for eventual field
testing

* Global performance evaluation of a
mobile air defense system (i.e., error
budget structure) to identify high-
payoff areas for subsystem improvement
and development.
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ON DESIGNING ROBUST PREDICTORS USING FINITE STATE
MARKOV CHAINS

E. B. Pate & M. Mintz W. Dziwak & S. A. Goodman
Dept. of Systems Eng. US Army Armament Research
Univ. of Pennsylvania and Development Command
Phila., PA 19104 Dover, NJ 07801

ABSTRACT

Traditionally, control systems oriented studies of uncertain
dynamic processes with continuous state descriptions have
relied primarily on the identification and estimation of
models based on ordinary differential 'uations, partial
differential equations, or related difterence equations.
Recently, the authors have explored the use of finite markov
[chains to approximate processes with continuous state
descriptions. Our applications of these techniques have
focused on the determination of robust models of evasive
targets in the context of AAA fire control.

We have developed a practical technique for estimating
robust finite state markov chain models. This technique is
based on game theory and provides a minimax method for
determining robust approximations of markov chain stateS~transition matrices, which are used to construct target
motion predictors. The importance of this new approach lies
in its ability to provide easily implemented predictors
which can outperform traditional autoregressive models in a
"noisy environment.

This paper outlines this new methodology and provides
"examples of fire control applications based on flight test
data.

INTRODUCTION

The present study is an outgrowth of an earlier study (1)
which characterized, identified, and validated robust
mathematical models for the motion of an attack aircraft
during its weapon delivery pass against a defended target.
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These new maneuver models provided the. basis for enhanced
filtering and prediction algorithms for AAA fire control
systems. The development of these models and algorithms was
based on a synthesis of univariate time series methods and
game theoretic analysis. This synthesis lead to (i) the
development and validation of a practical design procedure
for high performance target state estimators in the presence

* 'of moderate to large parameter uncertainty, and (ii) a
* technique for designing a class of "worst case" maneuver

processes to blunt the effectiveness of AAA systems.

A central aspect of the research reported in (1) was the use
of authentic flight test data, which consisted of eleven
sample flight profiles an aircraft might perform while
attacking a defended ground target. The actual data was
gathered during flight tests with an A7-E aircraft at the
NWTC, China Lake, California. These attack profiles, which
also constitute the flight test data base for this present
study, are described in detail in Chapter II of reference
(1). This kinematic data base describes the aircraft motion
in a cartesian coordinate system, where the origin of this
coordinate system is the aircraft's intended target, as well
as the assumed location of the AAA weapon system. The
kinematic data describing the eleven flight profiles in the
XYZ coordinate system includes consistent position,i velocity, acceleration, and acceleration-dot data in each
coordinate with a time increment of 0.1 sec. The primary

models developed in (1) characterize the aircraft motion in
terms of "decoupled" autoregressive (AR) models for the
individual acceleration-dot time series in X, Y, and Z. We
summarize the salient results of this earlier study with the
following remarks%

S(i) Although the eleven flight paths appear significantly
different to the "naked eye," the thirty-three
acceleration-dot time series in the data base -- eleven
flight paths times three directions -- are shown to be
accurately modeled by a single robust fifth-order
autoregressive model. The eleven flight paths in this data
base include three dive toss maneuvers, five dive maneuvers,
and three pop-up maneuvers. The acceleration-dot processes
were incorporated in the model development since the
acceleration, velocity, and position time series are all
sig.ificantly nonstationary.

(ii) Substantial improvements in overall prediction
capability are achievable by using robust, high-order
filter-predictor algorithms based on a fifth-order AR model
of acceleration-dot instead of the "usual" (benchmark)
third-order algorithms based on a first-order AR model of
acceleration.

(iii) Typical improvements in average hit probability
achieved by the new models developed in (1) versus the
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standard benchmark model based on a first-order AR model of
acceleration, ranged from 25 to 35 per cent. The specific
enhancement in average hit probability associated with these
new filter-predictor algorithms depended on the specific
flight path, and the noise levels in the unfiltered
observations. The unfiltered observations were modeled by
target range, azimuth, elevation, and the respective rates.

ALTERNATIVE MODELS

Motivation

The consideration of dynamic stocbastic models for target
motion based on alternatives to the AR models described in
this Introduction and detailed i.a (1) is motivated by the
observation that predictors, designed on the basis of
nominal fifth-order AR models for acceleration-dot, showed
extreme sensitivity to observation noise. Here, a nominal
AR model refers to a model obtained by a standard least
squares identification procedure in conjunction with the
usual goodness of fit tests. This extreme sensitivity to
observation noise was eliminated in (1) by the following
ad hoc approach: the nominal fifth-order AR model used in
the predictor was replaced by a modified fifth-order model• with greater damping and reduced-ndw c-hh. The overall
filter/predictor system was characterized by three decoupled

channels for the X, Y, and Z coordinates. The individual
Kalman filters were implemented based on the nominal values
of the X triple-dot &R coefficients for Pass 10. The
performance of this simplified filter structure with these
specific coefficients was studied extensively through
simulation experiments. The results of this study indicated
that this simplifed filter provided good performance against
all of the observed flight profiles. A worst case analysis
based on game theoretic techniques revealed that this
simplified nominal filter should be replaced by a
structurally identical filter with different AR parameter
values to counter plausable worst case maneuver processes
which were not part of the flight test data base. We refer
the reader to (1) for a complete description of this worst
case analysis and filter design technique. The coefficients
for the individual X, Y, and Z coordinate predictors were
obtained by adjusting the overall bandwidth and damping to
achieve good prediLtion performance based on the filtered
observations. A common choice of modified AR coefficients
was implemented for each of the three predictors. This
adjustment of predictor bandwidth and damping necessitated
some empirical analysis via simulation studies. It is worth
emphasizing that these "decoupled" eighth-order
nominal filter/modified predictors provided 25 - 35 per cent
improvement in average hit probability compared with the
usual "decoupled" third-order benchmark algorithm. We note
that although the nominal predictors based on fifth-order ARS'I
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models of acceleration-dot showed extreme sensitivity to
observation noise, which necessitated modifying the
predictor's frequency response, a nominal predictor based on
the Pass 10 X triple-dot AR coefficients provided excellent
prediction capability against each of the eleve.n flight
paths in a noiseless environment. This substantial
sensitivity to observation noise is of more than academic
interest. It suggests that the underlying process (truth
model) which actuaily characterizes the aircraft motion may
exhibit structural details which are not embraced by AR or
more generally by autoregressive integrated moving average
(ARIMA) approximations. This last statement is not intended
to imply that ARIMA models are unsuited for maneuver process
modeling, but rather that, in the set of all possible
maneuver process models, there may be alternative classes of "1
models which provide better explainations of the underlying
process. One recognizes, in applications oriented model
building, that there is a delicate balance which must be
sought between process explaination (complexity) and
implementation approximations (simplicity). The choice of
pivot point for this balance is strongly influenced by the
model's intended application.

Models Based on Aerodynamic Variables and Aircraft Aspect

We began our consideration of alternative models for evasive

attack aircraft motion by examining an overall model
structure which was delineated in terms of aerodynamic
variables and aircraft aspect. This new model was based on
an integration of finite markov chain models for aircraft
normal acceleration with ARIMA models for aircraft
tangential acceleration and bank angle. The consideration
of dynamic stochastic models for target motion based on
target aspect (bank angle) as well as aerodynamic variables
(normal and tangential acceleration) was motivated by an
earlier investigation reported in (2). These earlier
results indicated that enhanced prediction capability might
be achievable based on prediction algorithms defined in
"terms of target aspect, airspeed, and normal acceleration,
particularly over extended prediction intervals (e.g. 3 - 5
sec.). We remark that other investigators working in the
air-to-air fire control environment have recently considered
state estimation algorithms based on target aspect and
normal acceleration. However, these collateral workR, which
are reported in (3 - 5), do not make use of any flight test
data.

The factors which suggest modeling target motion in terms of
bank angle, normal acceleration, and tangential acceleration
are:

(i) A desire to describe target motion in terms of decision
variables under the control of the pilot.
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(ii) The recognition, based on theoretical considerations as
well as empirical studies, that the stochastic dynamic
behavior of the individual X, Y, & Z acceleration-dot time
series for a given flight profile are strongly coupled in a
noncausal fashion.

(iii) The recognition that alternative models for target
motion based on aspect and aerodynamic variables could allow
the exploitation of partially redundant dynamic data in the
context of seeking enhanced prediction capability through
multisensor integration.

PreliminarX Results

(i) The first phase of the present study focused on the
identification and estimation of univariate time series
models for target bank angle (BA), normal acceleration (NA),
and tangential acceleration (TA). These results indicate
that the eleven BA, NA, & TA time series can be adequately
modeled by three separate ARIMA models. By the phrase
"adequately modeled," we mean that based on noiseless data
there is inadequate evidence to support the rejection of the
null hypothesis. The phrase "adequately modeled" is not
intended to imply that these models necessarily have j-od
sensitivity properties. The prediction capabilities of
these models in a noisy environment will be described
subsequently.

(ii) A single input single output (SISO) transfer function
analysis indicates that while there are weak causal
relations between BA and NA, and between NA and TA, it is
adequate to treat the individual BA, NA, S TA time series
for a given flight path as independent series.

(iii) The NA time series for each flight path exhibits
significant piecewise linear behavior. This suggests that
the rate of change of normal acceleration can be modeled
approximately as a finite state markov chain. Detailed
analysis indicates that this finite state markov chain model
is quite competitive with the previously described ARIMA
model for NA as judged by the relative prediction capability
of each model in a noiseless environment.

(iv) A comparative analysis of predictor performance for the
case of noiseless data indicates that:

(a) TH hyb-rid predictor (based on a nominal markov
chain model for NA-dot, and nominal ARIMA models for TA &
BA) performs comparably to the predictor comprised of
nominal ARIMA models for NA. TA, & BA.

(b) The performance of both of these new predictors is
comparable to that of the robust predictor based on
acceleration-dot obtained in (1).

(c) The nominal fifth-order XR models based on
acceleration-dot obtained in (1) performs noticeably better
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than each of the other predictors cited in (iv-a) and
(iv-b). The high performance capability of these nominal
fifth-order AR molels in a noiseless environment is not
practically useful because of the severe noise sensitivity
of these models as noted previously.

(v) A comparative analysis of predictor performance for the
case of noisy data indicates that:

(a) TFe nominal ARIdA models of NA, TA, & BA exhibit
the same extreme sensitivity to observation noise as was
found for the nominal fifth-order AR models of
acceleration-dot obtained in (1).

(b) The nominal finite state markov chain model for
NA-dot showed substantial noise immunity.

Preliminary Conclusions

We drav the following conclusions from these preliminary
i results:

(i) The nominal fitrite state markov chain model has
substantially better noise immunity than its nominal ARIMAii counterpart.

(ii) Logical directions fur further research include:
(a) A study of the hehavior of finite state markov

chain approximations to the TA & SA processes.
(b) A study of the behavior of finite state markov

chain approximations to the X, Y, & Z acceleration-dot
processes resolved in a cartesian coordinate system.

We decided to direct our phase-two efforts towards a
detailed study of finite state markov chain approximations
of the acceleration-dot processes resolved in a cartesian
coordinate system. We chose this direction over the finite
sta' markov chain study of NA, TA, & BA, since current
sens capabilities do not suggest the immediate
availability of direct or indirect aircraft bank angle data
with a suitable S/N ratio.

MARKOV CHAIN MODELS of A-DOT

In this section we describe the determination and validation
of nominal finite state markov chain approximations to the
individual X, Y, & Z acceleration-dot processes for the
flight paths in our data base. The following approach is
justified if we assume that the underlying A-dot data is
generated by a (possibly) infinite state wide-sense
stationary markov process with sample paths that exhibit
piecewise -onstant behavior over intervals of random
duration. We refer the reader to reference (6) for a more
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rigoroas probabilistic description of the class of
underlying prcesses for which our approximation algorithm
is theoretically valid. In the following discussion we
focus our attention on a generic aample path, for example,
the X triple-dot realization for Pass 1.

An Approximation Aljorithm

Our approximation algorithm has the following steps:

Step 1 - Dynamic Range: Determine the dynamic range (maximum
minimum values) of the time series data.

Step 2 - State Assignment: Determine a finite set of
"Otates" for the time series data.

Step 3 - Transition Matriv Estimation: Estimate the
probab.litie3 Inr the one-step state transition matLix --
based oA Lte state assi gnmernts made in Step •.

Scp 4 - Repeat Steps 1 - 3 for the remaining time series
data sets.

Step £.-Hypothesis Testing: Perform the appropriate
statistical tests to evaluate the validity of the hypothesis
that the derived finite state markov chains have a common
underlying distribution. (We refer the reader to reference
(7) for an excellent treatment of hypothesis tests forfinite state markov chains.)

SSome Comments on the Alqo ithij

Step 2: There is no canonical method to resolve the state
assignment question. We have explored two methods in this
preliminary analysis. These methods are: (a) the method of
uniform dynamic range, and (b) the method of uniform
duration. The method of uniform dynamic range breaks the
dynamic range of the time series into M equal intervals.
(In this analysis we chose M = 5. ) The center point of
each interval was defined to be the value of the associated
state. The method of uniform duration selects the M "state
intervals" such that the number of "occupancies" in each
interval are identical (or approximately identical). Here
again, the value of M was chosen to equal 5, and the center
point of each interval was used to designate the state
value. The selection of M = 5, as well as the state
assignment procedure represents judgmental calls on the part
of the investigatcrs. Further research on these issues is
currently being pqrsued.

Ste!? 3: The underlying one-step state transition matrices
were estimated using the method of maximum likelihood (7).

S .1Ol
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Structural and Statistical Results

Although the flight paths all look very different to the
"naked eye," the estimated one-step state transition
matrices showed remarkable similarity between the X, Y, & Z
directions for a given flight path, and between all of the
flight paths. This result corresponds to the related
behavior of the acceleration-dot spectra reported in (1).
Use of the uniform dynamic range rule for state assignment
led to one-step transition matrices which exhibit a
pronounced birth-death behavior.

Prediction Usini Markov Chains

Prediction based on a MMSE -Criterion is easily carried out
for a finite state rnarkov chain model. The propagation of
the conditional expectation of the state n steps into the
future is obtained by raising the one-step state transition
matrix to the nth power and then multiplying the resulting
matrix by a column vector of state values. The desired
value of the conditional expectation is merely a weighted
sum of n-step state transition matrix entries.

Numerical Results

In this section we present the results of a series of
simulation experiments which were carried out to test the

~ I validity of this finite state inarkov chain approximation
concept. These results represent two separate classes of
finite state markov chain approximations. The first model
denotes a finite state markov chain approximation to X, Yr

r Z triple-dot. The predictions are based on a "multiple
integration" of the predicted values of acceleration-dot,
acceleration, and velocity in each coordinate. A standard
Taylor series model defines the overall predictor structure.
The second model, which we introduce very briefly, denotes a
finite state markov chain approximation to the individual
components of the derivative of the aircraft's angular
velocity vector (Omega-dot). Detailed motivation for this
choice of state variable description of the aircraft motion
appears in (6). Our purpose in presenting these additional
results here is to illustrate that the choice of state
variable description cr model coordinatization is not
uniquely or canonically determined. Both classes of models
have been exercised against the benchmark predictor. Since
sensitivity to observation noise is a critical issue,
predictor performance with and without noise has been
investigated. The signal to noise ratios used in these
experiments correspond roughly to the low level noise figure
experiments performed in (1). In the current experiments,
uncorrelated observation noise was added to the data prior
to the prediction calculations. No filtering was carried
out on these data prior to the prediction calculations.
Since Kalman filters were employed in the experiments
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XYZ TRI!LE°DOT OMEGA-DOT

His$Distnce iss Diotamow
miss DLatrncc mil itlogHistogram Histogram AvG MITa

PASS NO. AVG oIgT AVG HIT T -5 5-ic MtorsAVG TI0
PRUB SEC TOP 0-5 5-10 mOtets PRO SEC TOPs sc TOW 0-5 3-10 Netet

# of Sound5 ~af of Round sofin

1 .397192 c-i 46 0 .316014 0-i 46 0 .322085 0- 46 0
1" 2 2 13 1 - 2 3 It1

2 2 0 -2 - 3 2 3 2 2-3 0 3
NoN"also 2-3 0 7 23 0 030 0

3-4 04 0 -4 0 0 30- 0 0

4-5 0 0 4-5 1 2 4-S 0 0

1 .348228 0 - 1 46 0 .353139 0 - I 45 1 .317263 0 - 1 45 1

I - 2 19 14 -2, 22 1 1 - 2 12 13
Noise 2 - 3 0 3 2-3 1 3 2-3 3 3

3- 0 0
3-4 0 2 3-4 0 0 1 0

4-5 0 1 4-5 0 1

2 .331401 0 - 1 27 0 .321864 0- 27 0 .225967 0 -1 26 1

I - 2 23 4 1 - 2 22 5 1-2 15 3
4o Noise 2 -3 2 2- 3 6 -2-3 0 1

3-4 0 1 3-4 0 0 3- O4- 0 1 4-5 0 0 - 0 0

2 .287723 0 - 1 27 0 .3059.9 0 - 1 27 0 .213553 0 - 1 24 3

1-2 iS ii 1-2 t8 9 1 2 04 9

Noise I -.2 1 2 3 6 2 2- 3 0 0
3-4 0 2 3 -4 0 0 3 - 0 0
4-5 0 0 2-S 0 1 4-5 0 0

3 .411503 0- 29 0 .313486 0-1 29 0 .309004 0 - 1 26 3

1 -2 44 7 1 - 2 33 12 1-2 28 14

2 3 1 1 2-3 0 4 2-3 0 0
3-0 3-4 0 0 4 0 0

4-5 0 0 4-5 0 4 4-5

3 .34399 0 - 1 28 0 .329188 0 - 1 28 0 .282348 0 - 1 26 2
3 .3"399 - 2 0• 11 - 2 28 18 1 - 2 26 1-

-2 34 16 0 2 3 0 -2- 2 1

-3 0 23 4 0 0

3-4 0 0 3-4 0 0 3-4 5 0

4-5 0 0 4-5 0 0 4-5 0 1

.402733 0 -1 47 C .362481 0 -1 47 0 .352018 0 2 4i 3 4

1 -2 21 2 1- 2 is 7 1-2 15 4

No Noise 2 -3 0 7 2 -3 0 5 2 -3 3 2

3 -4 0 0 2-4 0 0 3 -4 0 1

4 -5 1 0 5-5 0 0 4-5 0 0

.351804 0 - 1 47 0 .319348 0 - 1 47 0 .323917 0 - 1 42 S

I - 2 17 8 1 - 2 6 17 1-2 137
oise 2-3 0 2 2 -3 0 0 2 -3 1 3

3 - 4 0 0 3 4 0 0

4 -5 0 0 4-5 0 0 4-5 0 0

10 .408987 0 -1 49 0 .348071 0 - 1 49 0 .3M4821 0 - 1 49 0

1- 2 27 11 1 - 2 18 13 1 - 2 16 17

No Noise 2 -3 2 4 2 - 3 1 2 2 -3 0 4

3 -4 0 0 3 -4 0 0 3 -4 0 0

4-S 0 0 4- 5 0 0 4-5 0 0

10 .362005 0 - I 49 0 .324366 0 - 1 49 0 .327280 0 - 1 45 4

I - 2 16 16 1 - 2 13 15 1-2 16 15
Noise 2 -3 3 3 2 -3 0 2 2 -3 0 S

3 -4 0 0 3 -4 0 0 3 -4 0 0

4 -5 0 0 4 5 0 0 4- 5 0 0

14 .395702 0 - 1 44 0 .345427 0 - 1 44 0 .298755 0 - 1 44; 0

1- 2 30 15 1 -2 22 15 1 -2 9 29

No Noise 2 -3 0 2 2 -3 0 0 2 -3 1 1

3 -4 0 0 3 -4 0 0 3 - 0 0

4 5 0 0 4 -5 0 0 4 -5 0 0

14 .351072 0 - 1 44 0 .287483 0 - 44 0 .288187 0 - 1 44 0
1 -2 22 15 !1-2 13 14 1 -2 9 22

Noise 2 -3 2 2 2 -3 0 0 2 -3 0 2

3 -4 0 0 3-4 0 0 3 -4 0 0

4-5 0 0 4-5 0 0 4-5 0 0

TABLE 1.
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reported in (1), a complete correspondence between these
preliminary experiments and the results reported in (1),
can•not be made. The results of the present experiments
should be viewed as preliminary, since the markov chain
predictors which were implemented in each case were based
solely on the Pass 1 time series data. This choice
represents a first cut, and illustrates the excellent
performance of the markov chain approximations, which did
not require any tuning. The results of the prediction
experiments are contained in Table 1. We remark that both
classes of markov chain models performed well against the
benchmark model, and both exhibited significant noise
imm~unity. The performance of the nominal (non robust)
fifth-order AR models for acceleration-dot yield
corresponding average hit probabilities significantly less
than 0.1 at this noise figure. Further results relating to
the robust zation of these preliminary markov chain
approximations are reported in (6, & 8). Reference (6)
includes a worst case analysis of the markov chain
approximation process, as well as the saddle-point theory
which justifies the worst case analysis.

CONCLUSIONS

This study has presented substantial evidence to support the
assertion that finite state markov chain approximations can
be used in place of AR (and ARIMA) models as the basis for
predictors in a realistic AAA fire control application. The
value of the markov chain approximations lie in their
substantial immunity to observation noise. It has been
shown previously in (1) that high order AR models can
provide a substantial enhancement in prediction performance
in uomparison with the usual decoupled third-order benchmark
model. However, the application of these high order AR
models requires that the nominal parameter values be
adjusted to reduce the bandwidth and increase the damping of
the given predictor. This adjustment procedure requires a
degree of numerical experimentation to obtain a suitable
design. Whereas, the markov cnain approximations need
essentially no tuning to obtain a design with excellent
observation noise immunity, and therefore these models can
be used "directly off the shelf".
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ROBUST KALMAN FILTERING

Dr. G. A. Hewer
RF Anti-Air Branch

Weapons Synthesis Division
Naval Weapons Center

China Lake, California 93555

ABSTRACT

This is a preliminary report on the current research on the appli-
cability of robust Kalman filtering in monopuise radar tracking
systems. (An estimation procedure is robust if small perturbations
in the noise model from the assumed (Gaussian) noise model result
in only small changis in the mean-squared-error of estimate.)

INTRODUCTION

Optimal guidance laws for accelerating targets depend on adequate
estimates of key states such as line-of-sight rate and target
normal accelerations. When optimum state estimates of these para-
meters are available, superior missile performance can be demon-
strated. These estimates are usually provided by some Kalman
filter algorithm. In the classical Kalman filter, noise sources
are characterized by uncorrelated Gaussian statistics. Unfortu-
nately, as the research of Masruliez and Martin [1] demonstiates,
the behavior of Kalman filter 3lgorithms can be severely degraded
when the actual noise disturbances are non-Gaussian, particularly
when the non-Gaussian behavior is heavy tailed. The latter behav-
ior is characterized by outliers. In monopulse radars this heavy
tailed non-Gaussian behavior is present in the angle tracking sig-
nals because of target glint. A monopulse tracker will turn until
the central axis of the receiver antenna is aligned with the
normal of the incoming (scattered) wavefront. For a point target
the scattered wavefront is spherical, and thus the gradient is
always along a radial vector directed from the receiver aerial to
the target. A complex target is composed of a number of spatially
separated scatterers and thus the spherical wavelets from the
individual "point" scatterers will interfere. As a result of this
interference the phase of the received signal will not, in general,
be independent of the target aspect. The component of the phase
gradient vector orthogonal to the radial direction is directly re-
lated to tracking error. It is this type of error that constitutes
glint. Since the phase of a complex target varies as a function
of target aspect and motion, the statistics for the Kalman filter
are non-stationary. Thus the Kalman filter must adapt to the non-
stationary glint statistics. Moreover, the pulse repetition rate
of the radar is generally much higher than the requisite tracking
rate. For this reason the Kalman filter generally processes a set
of statistics based on a fixed number of sampled radar measure-
ments. If these statistics are the mean and variance of the
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angular glint based on a sequence of radar pulses, then they will
be sensitive to intrinsic signal outliers (i.e., large glint
spikes). For this reason robust statistical alternatives to the
mean and variance are considered. Informally, a robust estimate
is one whose performance remains quite good when the true distri-
bution of the data deviates from the assumed distribution. The
mean and variance are sensitive to large changes in a small frac-
tion of data points. Robust estimates are more resistant to
outliers. The purpose of this research is to clarify the role of
robust estimates in angle tracking.

In this paper the basic angle tracking loop simulation is outlined
and some preliminary results are presented. In addition, the role
of robust etstimates in the tracking loop are identified and some
compaiisons of the mean and variance with robust estimates are
preserted using some simulated glint data.

TRACKING LOOP MODEL

The basic angle tracking loop is defined in Figure 1. The track-
ing loop and Kalman filter equations are derived and discussed in
the paper by Pearson and Stear [2]. In this section the Kalman
filter equations, the controller and the antenna stabilization
loop denoted by G(S) are defined.

r -- -- - i Ir --r---------------------------------------------

L OOIIi . . .. ! l ANGLEi•j ,|

RADAR PULSE--ATE LOS

TRACKING RATE

LOS RATE - ANGLE POIK.*ING ERROR

"wA - ANTENNA RATE CM- MEASURED POINTING ERROR

"wAC - CCMMANDEO
ANTENNA RATE

FIGURIE 1. Pointing Error Control System.

For this simulation a planar engagement is assumed and for the ini-
tial studies the radar is fixed and the target is executing a con-
stant g turn. Also, it is assumed that line of sight and antenna
gimbal coordinate frames are almost coincident. Let e denote point-
ing error, which is the integrated difference between the line-of-
sight rate wLS and antenna rate wA* Let aT and aI denote the
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target and interceptor accelerations. The Kalman filter state
equations are

" LS 'WA

2R
(ALS R LS R aT Il

a T T a T + q

with observation equation

y = k- + r,

where k is the angle error receiver slope and r and q denote addi-
tive noises. This formulation of the Kalman filter in line-of-
sight coordinates is appealing because the filter Is linear and the
second state equation reduces to the formula tor the transverse
acceleration of a particle moving in a plane. The constants R, R
and T are respectively range. range rat 9 and target acceleration
time constant. The estimates of R and R are provided by the radar.

The estimates E and wLS produced by the Kalman filter are combined
linearly to produce =ai antenna rate command of the form

W AC = GlWLS + G2C

where G is usually unity and G is proportional to the tracking
loop rate.

The antenna stabilization loop is modeled as a third order system
whose states are antenna postion, rate and acceleration, which are
denoted by x1 , x 2 and x3 . Let ý denote the damping ratio and w

the undamped natural frequency. Finally, let u(t) denote a contin-
uous real valued input function. The state equations can be writ-
ten as

2 =3

"2 2
= -2w x - + W2u(t)

X1 '2*
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EXACT SOLUTIONS OF THE STATE TRANSITION MATRICES

In this section the state transition matrices for the Kalman
filter and the antenna stabilization loop are derived. First,
the transition matrix for the Kalman filter is derived. Next,
the transition matrix that is used to represent the antenna sta-
blizatiou loop and integrator in the pointing error control
system using Kalman estimates is derived. Finally, the transition
matrix is used to obtain the sampled-data time domain representa-
tion of the stabilization loop integrator with a hold circuit.
Both of these transition matrices are derived using spectral
operator theory. These techniques for finite dimensional opera-
tors are discussed in Lancester [3] and Zadeh and Desoer [4].

Before deriving the exact solutions of these systems, the concepts
and formulas that are essential in the development of spectral
operator theory for functions of matrices are presented. Assume
the following state variable formulation

x = Ax + Bu (I)

y = Cx (2)

where A, B anc C are respectively n x n, n x 1 and 1 x n constant
matrices and x, y and u are real valued state vectors of compati-
ble dimensions. To simplify the discussion it is assumed through-
out this section that the eigeiuvalues of A are distinct. Let
X 1 . . . , n denote the eigenvalues of A. The basic strategy of

this section is to solve the linear L--stem (1) by first deriving
an exact expression for exp(At) and then solving the forced sys-
tem by integrating the general solution. The spectral operator
theory develops an exact expression for elementary functions with
matrix arguments. For example, the theory justifies the gubsti-
tution of a matrix A for the real variable I in the power series
expansion of the elementary functions such as exp(t) and sin(l).
11owever, computing the matrix exp (AU) by the infinite power ser-
ins can be difficult except in very special cases or for small
values of t. A finite power series expansion can be obtained by
using the following fundamental formula for the function of a
matrix. Given any real valued function f, which is analytic atthe eigenvalues of A

n
f(A) = E f(X )Z (3)

kl k kk-l

where X1 . . . I X are the distinct eigenvalues of the n x n

matrix A and the matrices Zk have constant elements and depend

exclusively on A. The n x n matrices Zk are called the components

of A. The component matrices are linearly independent nonzero
matrices that commute with A and satisfy the following identities
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n
(a) E Z = I,

k=l k

(b) ZkZk = for each k

(C) ZkZj 0 for k

Where I and 0 are respectively the n x n identity and null matrix.
Property (a) follows from the fundamental formula (3) by letting
f(M) - 1. Matrices that satisfy properties (b) and (c) are called
respectively idempotent and orthogonal. Since the eigenvalues of
A are assumed to be distinct, the Zk can be computed by the
formula

n n
Zk n I (A- X I)/ T lk -(X

j 10 j--Ik

where H is the product sym] ol. An alternative method for com-
puting the component matrices is given in Lancaster and Zadeh.
When f(X) - eX or f(X) - X there results

n
exp(At) = exp(Xkt)Zk

!~ k'-
k= 1

The spectral theory of an operator can be very useful in computing

some fundamental properties of exp(At). By property (a) for t 0

n
exp (At) = Zk J,o ~k--

which is one of the basic properties of the state transition
matrix. To show that exp(At) when computed by the fundamental
formula (3) is a solution of (1) with zero-input (i.e., the input
vector u is zero for all time) first form the product

In4A exp(At) E Xk explkt)Z k
k= k=1

and then apply the idempotent and orthogonality properties of the
component matrices to the product to obtain

1 X,. exp(Xkt)Zk -( - expXktZk
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which proves that exp(At) is a solution of (1) with zero-input
response.

These techniques are now used to solve for the state transition
matrix in the Kalman filter. The 3 x 3 A matrix is

0, lb 0

2 1

0, 0, - ,

where R, R and T are respectively range, range rate and th" tar-
get acceleration time constant. Since A is an upper triangular

L matrix the eigenv.lues of A are the diagonal entries. These are

denoted by X 0 X- 2R and X Using the product for-

mula, the formal expressions for the correstponding component
matrices become

= (x2  2)/>(XX
w 1 A A2 _(X22 +A3 )A + X2X31 /X2X3

• 23 (A (X' (2- X'3)

where A denotes the product of a matrix. After somc. tedious"•-+ computations these expressions become

1,R - t

2R 2R

Z= 0 0,

S 0, 0, 0

R RT0,,

2R 2R(R-2RT)

Z 01 T

2Rt-R

0, 0, 0

•"112



F2

0, 0,

R-2Rr

alp 0, 1

Using the fundamental formulu the exact finite series expansion
for exp(At) can be written as

exp(At) - exp(0)Z 1 + exp t 2 +t Z3

This solution clearly exhibits the depend6nce of exp(At) on the
I eigenvalues of A; thus, the transient response of the zero-input

response system can be readily analyzed.

If t<<l so that exp(Xt) can be approximated by the first two terms
in its series expansion, then the transition matrix becomes the
sum of two matrices, which are

1, 0, 0 0, 1, 0

S-2R 1 t
0, 0 + 0, -, -

0, 0, 1 0, 0, -0

This expression is equivalent to integrating the linear system
with zero-input response by Euler's method.

Consider the 3 x 3 A matrix

0, 1, 0

01 0
1, O, 0

which is the A matrix in the state space representation of the
antenna stabilization loop and of the integrator in the pointing
error block diagram. In this matrix w is the undamped natural
frequency and C is the damping ratio. The eigenvalues of A are
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•i " 0, X2 " "• ± jw• - and X3 -2' where lambda bar de-

notes complex conjugate and J . Let wd - wi -2 denote
the damped frequency and a - Cw denote the reciprocal of the time
constant of the antenna stabilization loop. For a matrix with
one real eigenvalue and two complex conjugate eigenvalues the
transition matrix exp(At) can be decomposed into the following
useful expression that is given in Zadeh and Desoer (page 611).

exp(At) - expXt)Z1 + exp(-at) R cos(wdt) + X sin(wdt)

where 2Z - R - JX.
Again the spectral decomposiý-on of the matrix A clearly exhibits

the dependency of the transition matrix on a and the damping fre-
quency Wd. By utilizing the product formula for the component
matrices and some tedious algebra the following expresslons for
the component matrices can be obtained

0, 0, 0

Z1 0, 0, 0

lb _

Wd

n it 0o 0t

R " 01 it 0
-2r. -1

, -W 0
dJ

In the digital simulation of the error tracking loop the antenna i

response and the integrator are computed as a state variable
sampled data system. The general solution of the linear system
(1) with initial conditions given at t - 0 and x(O) is
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x(t) = exp(At)x(O) + I exp(A(t-T))Bu(T)d
0

Suppose the input is sampled with period T and between sampling
times the input is a hold circuit

Bu(t) - Bu(NT) for NT t < (N+l)T.

Therefore at sample time t - NT

x((N+l)T) - exp(AT)x(NT) h(T)u(NT)

where
T

h(T) = f exp(AZ)Bdt.
0

The only task left in computing this expression is the evaluation
of h(T), since for our applications exp(AT) is solved exactly.
If A is nonsingular, then formally

T T - (eAT
rI exp(AL)Bdi = f (A-I)A explAXlBdX - A- I B,

0 0

This expression for h(T) is a direct generalization of the calcu-
lus for one dimensional real variables.

In our application one of the eige:values of A is zero and so the
integral must be evaluated directly. Since the constant matrices
comunute with the real valued exponential and trigonometric func-
tions in the expansion of exp(AT), the integral h(T) is evaluated,
by integrating the following real valued functions

T
exp(-al) cos (wd )dX andod

T
f exp(-oZ) sin (todt)d£.

0

Now the solutica of the first integral is

f ('Wd =2+2 Wd sin (w dT) a a Cos (WdT) + ]

d

and the solution of the second integral is

f 2 (, d = + [(-a sin (wdT)- wd cos (WdT)) + Wd]
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Thus, the exact solution of h(T) is

h(T) = ZIT + fl(0,Wc)R + f2(GWd)X.

For our application the 3 x 1 input matrix is

B= K

• 0

where K is a constant gain matrix. The exact value of K depends
on the requirements of the sampled data system in the error
tracking loop.

EXPONENTIALLY CORRELATED TARGET NOISE

In this section a brief discussion of first order exponentially
correlated noise or colored noiF is presented. A more complete
discussion is found in Jazwinski ;51. A formal mathematical des-
cription of such a process is j

• ~da •d aa + ioaw 0= :t (4)

where a and a > 0 are fixed constants and w is zero mean, white
Gaussian noise with correlation function

E[w(t)w(T)] (t T) .

As usual 6 (t) is the Dirac delta function and E is the expecta-
tion operator. Formaljly, the solution of this equation is

= u et(O '- a (t-S)
a(t) e aO+ eW(S)dS.

0 O •0

The constant a is the variance of the target acceleration and a
is the reciprocal of the maneuver (acceleration) time constant. '
Singer [6] proposed the exponentially correlated noise process as .i
a model for maneuvering targets. By using this process with the

appropriate Kalman filter, he proposed a tracking algorithm for
piloted threats. In his paper, Singer proposes the following
density model for the target acceleration variance. For complete-
ness, a derivation of his model is included.

Let Amax denote the maximum target acceleration rate. Let X be

the random variable that denotes the target acceleration state.
* iAccording to Singer,X is a random variable with the following

assigned probabilities
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P (X A max) -~a

P(X = 0) = P0

and otherwise the target accelerates between the limits -Amax and
Amax according to the appropriate uniform distribution. In order

to insure that X is a bona fide random variable (i.e., P(-- < X < a)

1= ), the probability of the mutually exclusive events
(-Amax < X < 0), (0 < X < max) must be 1 -(2Pmax +P 0 ). This

implies that the uniform density function for these events is

1 (2Pmax + P
f(X) -The variance a of target acceleration

Amax

is calculated by finding the variance of the random variable X.
The expectation of X is zero and so the variance of X is given by

2= E(X 2 ) = 2Imax - (2a+ x 2 a

2a 2Amax 0 ax m

I

Tl~s cmpltesthederivation of teSne agtaclrto
•[ model .

• Whe• the exponentially correlated noise model is used witha
sensor having a constant data rate with sampling period T, then

1)can be converted to discrete form. By samplinq the solution
of(4), starting with t -- 0, the recursive form becomes at the

sampling instances jT

:• . a.+ --Maj + wj

S' where

• aj = a ljT),t

M = exp(-ciT)

(j+l)T
•j •,. / exp (-Cx(J+I)T -- A) w(A)dA.

jT •
The statistics o are formally

E(wj) = 0

•11
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E(Wjwj) = 0 j ' i

E(w•) - .5ca(l - N)2

The latter equation shows how the sampled noise variance is related
to its continuous time noise variance. Since w is a Gaussian
process, these statistics specify its density.

POINTING ERROR CONTROL SYSTEM SIMULATION EXAMPLE

In this section the pointing error control system simulation is
briefly discussed. After listing the initial conditions and para-

F •meter values, some preliminary plots of the simulation output are
presented. The primary purpose of these plots is to verify the
simulation and to illustrate the effect of outliers. The requisite
initial conditions and parameters to implement the sampled data
Kalman filter algorithm, sampled data antenna stabilization loop
and controller gains are now defined.

Tracking Period At = .03 sec

Observation Variance R = .0001 (rad2 )
~ I2 4

Target Acceleration Variance Q = 1. (meters /sec

Antenna Damping Factor = .4
Antenna Undamped Natural Frequency w = 100 (rad/sec)

Controller Gains G 1, G2 = 1./At

Target Acceleration Time Constant T =2.

The Kalman filter 3 x 3 initial covariance matrix was initializel
by setting all diagonal elements equal to unity and the off
diagonal elements equal to zero. For this example, the point
tarqet executed a full 360 degree constant 6 g turn with target
velocity of 250 meters/sec. The outlier noise was added to
angular position of the target with respect to the radar antenna.
The outlier noise model was generated as contaminated distribution
as discussed in Tukey [7]. The contaminated model was generated
as the mixture of two normal distributions, each with zero
mean and one with variance equal to observation variance and one
with ten times the first variance. Let us denote these distribu-
tions as N(0,R) and N(0, 10R), respectively. The mixture of the
two distributions defined as

F(x) = pN(0,R) + (1 - p)N(0, 10R) 0 < p < 1
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generates the contaminated normal distribution. The random vari-
able X with this distribution can be generated by first taking a
uniform deviate U; if U < p, X is generated by independent samples
from N(0, R) and otherwise choose N(0, 10R).

As noted by Maybeck [8] and Bierman [9], the usual Kalman filter
algorithm is subject to numerical difficulties. To overcome these

Sdifficulties the UDUT estimate-covariance updating algorithm and
the modified Gram-Schmidt algorithm for the time update algorithm
of Bierman were employed in this simulation. These algorithms
solve the Kalman gain

H + k[. KmPHT[PHT4 -- -i

the error covariance matrix

A A It p -= p - KH p
and the covariance time update

'AT

SP O= T + GQG

where the subscripts have been omitted for notational simplicity.
which is derived in the previous section, H is the observation

row matrix (H = (1,0,0)) and Q is the process noise column matrix
(G = (0 , 0 ,1)T), P is the covariance matrix, K is Kalman gain matrix
and Q and R are defined in the parameter list.

A few selected plots from the simulation are illustrated in
Figures 2, 3, 4 and 5. Figure 2 is a comparison of the estimated
target position with actual position. Figure 3 is a comparison
of the estimated line of sight rate with the actual line of sight
rate. Figure 4 is a plot of the contaminated normal noise added
to the target position. The outliers are clearly evident in the
plot. Figure 5 is a plot of the tracking loop innovations, which
is the difference between the true measurement and the best pre-
diction of it before samplinq. Note that even with the nonoptimum
initial estimates and sampling period, the loop maintains track.

t 'I
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ROBUSTIFYING THE KALMAN FILTER

A statistical procedure is resistant [10] if the value of esti-
mate is insensitive to a small change in all of the data values
or 'to large changes in a few of the data values. Accordinq to
Huber [Il] this is a working definition that can be uaed to define
robustness. Figure 6 is a plot of linear glint, which clearly
exhibits the presence of outliers (glint spikes) that are intrin-
sic in the glint signature. Figure 6 is a sample of glint gener-
atad for a complex target using a radar target model developed by
Mumford [J2]. Mumford's model computes the backscatter from a
complex target by tecomposing the complex target into simple
component shapes for which scattering solutions have been derived.
This modeling technique is known informally as "N-shape" modeling.
Angular glint is defined as the linear displacement of the center
of radar reflection from the defined physical center of the target
measured along a line in the plane passing through the target
center, at right angles to the sightline, to the physical center.
Its magnitude is equal to the tangent of the angle between ther true and apparent directions of the target times the range.
Linear glint is simple range independent angular glint. Thus,
the strategy of robustifying the Kalman filter is based on making
it resistant to glint spikes. There are at least two ways to im-
plement this strategy. The first way is to preprocess the mono-

.l pulse radar pulses in a robust manner using summary statistics as
inputs to the pointing error control system flowcharted in Figure
1. This is a natural approach in tracking radars, since the radar
pulse rate is much higher than the requisite tracking rate. The
second way is based on the robustified Kalman filter developed by
Martin [13]. Both of these techniques are outlined in thissection.

Generally, for a complex target, the resulting glint signatura
is non-stationary time series. Thus, both robust techniques
rely on adaptive noise estimates of the input noise statistics.
For the moment we ignore the interaction of target maneuver and
the glint signature. The two summary statistics of the input
noise that are required are an estimate of location and scale.
For a symmetric distribution estimate of location is the center
of the distribution, while an estimate of scale is the spread of
the distribution. For a Gaussian distribution the optimum esti-
mate of location is the mean and optimum estimate of scale is the
variance (standard deviation). For the moment in this discussion,
the correlation structure in the glint signature is also ignored.
As amply demonstrated by Tukey 17] for non-Gaussian heavy tailed
symmetric distributions these classical estimates are unsafe.

Following Martin [14] the following definitions are introduced
for completeness. Let Y,. " " , Y. denote a univariate data

sample. A statistic is simple a function of the data
T(Y) = T(Y 1 , . . . , Yn). An estimator is a statistic whose value

is supposed to provide an indication of a parameter in a para-
metric statistical model for the data. A real scalar-valued esti-
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mate "3 translation invariant if for any real number C and the

consa .nt n-dimensional unit vector 1
A.

T(Y + Cl) = T(Y)

translation equivariant if

T(Y + CI) = T(Y) + C;

"scale invariant if for any real constant C > 0

T(CY) = T(Y);

and scale eguivariant if

T(CY) = CT(Y).

The sample mean
N Y

T(Y) E YL
N l i

is translation and scale equivariant. The sample standard

C -,viation
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N 2=iNjS (Y) -E (Y1 T- Y

is translation invariant and scale equivariant. The robust esti-
mate of scale CMADM - Median Absolute Deviation from the Median
- median Iyi - median (Y) I/.6745 is translation invariant and

scale equivariant. The divisor .6745 makes CMAD1 a consistent
estimate of the standard deviation if the sample is drawn from a
normal population. A robust estimate of location can be achieved
by Winsorizing (see Huber, p. 18) the data. To muetrically Winsor-
ize the data, the observations Y1 ' " Yn are replaced by

pseudo-observations. In this study the pseudo-observations were
obtained by setting all observations beyond 3S(Y) equal to S(Y)
and then recomputing the sample mean. This procedure is transla-
tion invariant and scale equivariant. Another robust-estimate is
Tukey's biweight f7, p. 353], which is defined as-

T(Y) = WiIi
• ~1 i

we w =

0 otherwise j

and S = CMADM. The constant C is callled the cutoff parameter,
in this study C = 6. Biweight is translation and scale equivari-
ant. Associated with each of these estimates is an influence
function, which in exploratory data analysis governs the effect
of the value of one data point on the estimate. Some influence
functions are graphed in Figure 7. The linear influence curve in
Figure 7(i) is the influence curve for the sample mean and shows
that the sample mean is directly affected by a change in one data
point. The influence curve labeled (ii) is Huber's monotone func-
tion and the influence curve (iii) is Hampel's two-part redescend-
ing function. The role of these influence functions in robust
statistics is discussed in Huber [11]. Both of the latter influ-
ence functions ignore changes in measurement outside of a band
and respond within the band; thus, outliers outside the acceptance
band are rejected.

Martin's robustified Kalman filter modifies the state correction
equation and the conditional error covariance matrix equation
with a suitable scaled influence function. Two excellent candi-
dates for an influence function in the Martin filter are the Huber
and Hampel functions in Figure 7. The details of his filter are
beyond the scope of this paper and the interested reader should
consult Martin [13].
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Figures 6 and 8 illustratc the different estimates of location
and scale as provided by the different statistics. The data in
Figure 6 represents the glint signature of a complex target
sampled every .001 degree of target aspect in a 10 degree sector.
Each of the statistics in Figures 6 and 8 are derived from suc-
cessive non-overlapping .02 degree intervals containing 20 sam-
ples. In Figure 6 the points labeled by octagons are sample
means, the triangular labels are the Winsorized estimates, the X
labels are sample medians and the pluses are center or Tukey's
biweight.

The resistence of median and biweight are clearly indicated in the
44 to 45 degree interval. In Figure 8, square labels represent

" standard deviation, the octagons represent the Winsorized esti-
mates, and the triangles represent CMADM. Again, the resistance
of CMADM versus the standard deviation is clearly illustrated.

L

CONCLUSION

Preliminary results indicate that the classical Kalman filter will
be a suboptimal design in the presence of heavy tailed non-
Gaussian distributions. The theory of robust statistics and[�robust Kalman filters offers an important set of tools that can be
used to optimize the design. Future research will be directed
towards this goal.
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A CASE STUDY OF' MODERN DIRECT DIGITAL AUTOPILOT DESIGN

George B. Doane III, Sherman M. Seltzer, and H. Eugene Worley
Control Dynamics Company, Huntsville, Alabama 35801

ABSTRACT

This paper describes, by means cf a missile autopilot design case
study, a technique currently in us4j for determining the stability
and dynamin. characteristics of a digital control system in terms
of several selected system parameters. The method requires that
the system characteristic equation be available in the complex z-
domain. It is the ability to handle more than one free system
parameter, which need not be (but often is) a controller gain
which makes this method more powerful than most design techniq 'ues.
The paper also demonstrates the generation of the systcm equations
by the Systematic Analysis Method. This method, an alternative
to, for isacsinlgphmethods, is applicable to both sim-

Fple and complex systems Th final design was evaluated by the
method of Digital Control System Response by Cross-Multiplication.

INTRODUCTIONj

This paper is expository in nature conce'rning the design of digi-
tal control systems. The r-se study presented in this paper is
that of the design of a missile digital autopilot. The methods
used in the design are those currently in use to produce such de-
signs which are coming about with ever greater frequency siiv:e the
advent of the ubiquitous microprocessor. The paper traces through
the formulation of the equations of motion, the rationale forI autopilot transfer function selection, the application of the
Parameter Plane Method of autopilot parameter selection and ends
with a simulation to evaluate the missile response, at the sampl-
ing instants, to a test input. References are included so that
readers may pursue in greater depth if they desire the details of
the various procedures used.

PROBLEM FORMULATION AN~D AUTOPILOT D)ESIGN

The case study selected for this paper is that of an autopilot
design of a tactical US Army missile. To formulate the study
mathematically, the equations of motion of a missile were derived
assuming planar motion. Thus two differential equations are re-
quired, one describing translation of the missile's center of m~ass
in the plane, the other describing rotation of the missile air-
frame about the center of mass. With reference to Figure I the
following quantities are defined:

F A engine thrust force
A A aerodynamic axial force
N A aerodynamic normal force (note: N defined a

positive quantity in the negative 3b direction)
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M A aerodynamic pitching moment about the center of mass
tao distance from vehicle center of mass to moment

reference point
SI • polar moment of inertia of missile about an axis

normal to the plane and directed through the
center of mass

m A the mass of the missile
g I the acceleration due to gravity
in, 2n, 3n .A designate unit vectors in the n-coord-

inate frame according to the usual
right hand rule i.e. ift x 2ft

Rm .4 the vector relating the origin of the r-coord-
minate system to the origin of the b-coordinate
system (thus relating the missile's center of
mass in the b-coordinates to the assumed iner-
tial space coordinates i.e. the r-coordinate

* system
the angle between the missile'slongitudinal

* (roll) axis and the local horizontal (thus an
inertial coordinate under the non-rotating
earth assumption)

V A the missile's velocity vector
S•a the angle between V and the missiles longitu-

dinal axis
A A aerodynamic fin deflection

kI

Center of
Mass F

be

Figure 1
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The equations of motion are found by applying £ Alembert's Princi-
pie to obtain the translational and rotational differential equa-
tions

m ik= (F-A) lb -N 3b +mg 3r (1)

I " = M - XoN (2)

The vector notation has been omitted from equation (2) because of
the assumed one degree of rotational freedom.

Typically there is only weak interaction or coupling between the
translational equation (1) and the rotational equation (2). Thu-[i this interaction will be, for the purposes of this papir, ignored.
It is further assumed that the, missile is in nominally level flight.
Therefore the variable 8, i-ially denoted by

6 = 6o + 6(t) (3)

becomes merely 6(t). LineariLing the aerodynamics leads then to
a transfer function between vehicle pitch rate and fin deflection
of the form 1

e(s) b (s + d)
S'(s) s' + 2 tWnS + wn (4)

For a particular missile in level flight this transfer function
becomes

6 (s) (-216.6) (s + 0.693)
V (s2 + 1.963 + 60.196) (5)

With negligible loss in modeling fidelity this may be approxi-
mated to

e(s) (-216.6) (s)
* (s2 + 60.196) (6)

This then is the pitch plane rotational transfer function with
which the jutopilot is to work such that the actual missile angu-
lar rate, e, controlled by V'(the fin angle) corresponds to a com-
manded angular rate ec, furnished by the missile guidance system.
For the sake of simplicity iin early analyses it is assumed that
the vehicle's angular rate, 0, is sensed perfectly and that the
fin deflection, V5, follows perfectly its input command. If it is
postulated that the missile rate, 0, should follow a step command
of rate, 6c, with negligible error then the usl of some form of
integration process between the system error, Oc-6, and the fin
deflection, cV, is suggested. Recognizing that the damping of
rotational motion of the missile is virtually non-existent and,
indeed, is modeled as zero, suggests the use of some form of mis-
sile airframe rate feedback to fin deflection, tV, to stabilize
the airframe rotation. The most efficacious autopilot algorithms
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for final, eventual flight use are the subject of further study.
However, the methodology expostulated above allows one to arrive
quickly at workable first debigns which could be evaluated in
three or six degree of freedom simulations and "tuned up" as the
results of such simulations, as well as more information,, v.g.
rate sensor and actuator models, becomes available. Based on
these considerations one possible block diagram for the autopilot
loop is given in Figure 2.

-, T T -

Figure 2

Starring denotes a sampled quantity and

Di denotes a digital compensator transfer function
Gho denotes the transfer function of a zero order or

"box car" hold
Gp denotes the trqnsfer function between missile

angular rate, e(s), and the fin deflection, V'(s).
T denotes sampling period of the synchronoussamplers

A number of methods' are available with which to develop the trans-
fer function between 8 and 8c, which is necessary to study stabil-
ity and performance. The method used here, called the Systematic
Analysis Method or SAM, is a general, easily applied technique
applicable to both simple and complex systems. First one selects
the variables at the inputs to the samplers as the unknowns. Then
the original equations are written and tabulated in Table 1. If
any of these equations contain the product of an unsampled system
variable and an unsampled transfer function they are modified by
substitution to eliminate unstarred (or unsampled) variables and
tabulated in Table 1. Finally, a column in the table is con-
structed in which the equations from the first or second steps,as
appropriate, are transformed into the sampled domain according to
the relationships

(RG)* =

(RG*) = R*G*
(R)* = R*

Application to the problem at hand yields for the first column

Original Eauations

*(s) -- c(s) - 6(s)

V(s) = D6(s)C 2 a(s) - D6(s)C3 {Dd(s)0*(s))*

"6(s) = r%(s)C-ho(s)W'*(s)
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and for the second column

Pulsed Equations

D•() *(s)C2-''*(s) 6sCDs6*s
6*(s G,(s) -

- 6*(s) -D'•(s)C2C*(s> - D•(s)CsDg(5)§*(s)

S- G(s)Gho(s)* 6'*(s)
- Table 1

Lastly the desired input output relationship is found by substi-
tution to be

_____ C 2GpGho(s)D6(s) (7)S..7F~ - _T9 (rt-0-tDj('s5 U&ho~pw(a) + C. D* (s)Da((s)b'~tp (8))

or, expressed in the z-domain,

S(z) - C2  W-O(z) D6 (z) (8)

6C(Z) (l+C 2D6 (z) Ghu(z) + C3D6(z) Dd(z)uhoip Z))

Based upon the design goals and approaches expressed above DS
should perform an integration operation whereas Dd should be se-

ii • lected such that missile rate propagates to fin deflection. These
considerations suggest lettine

D6(z)Dd(z) - 1 (9)
and Ds6(z) --(z I (10)

where it is recognized that equation ten corresponds to the inte-
gra-.ion operation by means of a rectangular rule. The plant
transfer function, GD(s), has already been tabulated as equation
(6). The first ordet hold transfer function, Gho(s), is known
to be

1e-To
Gho(s) = sl ' ' (11)

[ "Thus b s (1-C-Ts) Ts •(12
G (s)Gho(s) - b 1 T) T (12)

SP(s'+wn') s =

This becomes, in the z-domain,

GhoGpQ() b(sim wnT) (z-l) (13)
wn(z'-2(cos wnT)z+ 1)

Substituting equations (9), (10), and (13) into (8) yields the de-
sired overall transfer function
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6(z) (TCb sin wnT)z (14)

6 c(Z) L(z)

where L(z) is the polynominal wn z2 + (TbC 2sin wnT - 2n cos wnT +
C3b sin wnT)z + (wn - bC9 sin wnT) and where C2 and Cs are ccn-
stants yet to be selected. The equation will be examined first to
"see how the missile responds to a unit step input. Applying a
unit step of command and using the final value theoremi (assuming a
final value exists) produces

lim 6(nT) = lim z ( (15)
nT÷ c z.l C-) z

which when evaluated yields

(') T C2b sin wn T
T C2b sin wnT + 2 wn(l-cos wnT)

To continue, T was selected to be 0.10 second on reasonableness
grounds, and b and wn are missile parameter previously stated
viz. -216.6 and 7.76 sec-. Substituting yields an expression for
the limit in terms of the free parameter C2 as follows

S(oo) c(17);'C = 0.276

[ IDefining the error as the amount by which the output fails to
attain a value of unity allows the construction of Table 2

7. error C2

21.7 -1
5.24 -5
2.7 -10
0.5 -50

Table 2

"Ta.s to keep the error indicated by this particular measure of
performance below a few percent a value of C2 less than -10 is
indicated (note that, as will be shown below, C2 must be negative
to insure a stable system).

What remains to be done in this quick look design procedure is to
select the free parameters, C2 and Ca. This is done in such a
way as to bound the static error as indicated in Table 2 and to
meet stability requirements. Noting that there are two free para-
meters to select it is necessary to decide upon a particular tech-
nique. By freezing Cs, one might, for example, apply root locus
or frequency response techniques in the z and w domains respec-
tively. However, there is no need to specify either parameter in-
dependently of the other if one utilizes the Parameter Space
Method 3 of design.

"*1I
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The method is based upon analysis and synthesis methods described
in Siljak's monograph * as extended. Briefly put, the method
allows one to map the location of the roots of the system's char-
acteristic equation into a plane whose coordinates are the system's
free parameters and which is readily divided into regions identi-
fied with system stability and instability. It is noted that the
free parameters need not be gains but could just as well be some
other system parameter. In addition to the characteristic root
locations, such things as contours of constant relative damping
factors and specified exponential time constants may be transform-
ed as contours into the parameter plane. Thus in a manner somewhat
reminiscent of the classical root locus a portrait may be presented
of all pertinant aspects of the system's transient response with,
however, the cogent difference that they may be presented as func-
tions of several parameters rather than the simple parameter open
loop gain. The method will be exemplified by application to the
problem at hand viz. that described by equation (14).

As detailed in reference three, this design technique deals direct-
ly with the system's characteristic equation. As shown in the
reference, the coefficients of the characteristic equation are
cast if possible into the linear form

2 .

E0(djKo + fj Ki+ gj)zJ (18)

for systematic generation of the computer program input data. Ifthis linear combination is not possible, the method can still be

used but becomes more tedious. In this form the KO, K, variables
are the parameters to be selected i.e. they are the coordinates of
the parameter plane. It is convenient to fill out a table where
columns are dj, fi, g1. The transpose of these columns provide
the input to 4he tomp ter program used. Noting that the denomin-
ator of (14) corresponds to this problem's characteristic equation,
allows the construction of Table 3 below.

6 -j ,j fjj
0 -b sin wnT= +2.1632 0 1.0
I b sin wnT= -2.1632 Th sinwnT=-2.1632x10- -2 cosmnT=-l.994

w2 0 tn 0 1.0

Table 3

In the particular computer program used the transpose of the dj
column becomes the A matrix, the transpose of the fj column the B
matrix and the transpose of the gj column the F matrix. The pro-
gram was run with the result exhibited as Figure 3.

By applying the appropriate "shading rules" (or factoring the CE
for a number of test points) it can be established that the inte-
rior of the triangle in the C2 , C3 plane corresponds to system sta-
bility i.e. a condition wherein all roots of the CE lie within the
unit circle in the z-plane. Also plotted are contours of constant
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relative damping factor, zeta, for two values i.e. 0,.5 and 0.707.

'00..

,2C 0

I Figure 3

Al.though no system parameter sensitivity studies were performed on
this example it seems prudent to stay some distance from the sta-
bility boundaries at this point in the design. Thus a set of val-
ues for C2 and C3 of C2= -50 and C3- -0.4 was chosen. One notes
this point lies between the 0.5 and 0.707 zeta contours in the C2-
Ca plane and at some distance from the various stability boundar-
ies. In addition, the choice of C2- 50 will insure a small error
in response to a unit step, as previously discussed.

SIMULATION RESULTS

An evaluation of the response of the sy-stem at the sampling in-
stants is presented as Figure 4. It was evaluated by means of a
computer program implementing the "Determination of Digital Control I
System Response by Cross-Multiplication" as presented by Seltzer in
reference five. The input to this program consists merely of the
coefficients of the numerator and denominator polynomials of the

* overall transfer function (equation 14) and for plotting purposes
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the sampling -.nterval, T.

.0

CQ -- t

i 0I. " . .... .L

/

if TIME (SEC)

Figure 4

From the Figure and the associated printout it is seen that the
maximum percent overshoot occuring at the sampling instants is

12 .
% 0.8. - 1. .00 100 - 12.6%

which occurs at the third (nT = 0.02 sec) sampling instant. ThisJ
compares favorably with Franklin and Powell' approximation re-
lating percent overshoot to relative damping factor for a second
order system with no finite zeros

which is

~ ~(0. 6) (1 l

SZ o s. I.126I0000

here then

S• x 00 12.6.6

S (0. 6) (l12f6)-0 0.52

The degree of correlation can be judged when it is recalled that
the C2, C3 values were chosen such that their set of values lay
between the C = 0.5 and C = 0.707 loci.
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CONCLUSION

Presented in this paper, by means of the case study of a digital
autopilot design, is a modern method of designing digital control
systems without regard to continuous system considerations. The
Parameter Space Method of generating free system parameter values
is employed to ensure stability in both the absolute and relative
sense. Sufficient detail has been included such that, given the
availability of Parameter Space and Response Cross-Multiplication
computer programs, one may rapidly and methodically design digital
control systems and keep them updated as plant characteristics
change. This capability is especially useful during the initial
design phases of a system. The methods presented are currently
being used in the design of US Army missile autopilots, space vehicles
control systems and have been used to design aircraft control sys-
tems. It is of course understood that when final configurations
become available the total system design would be validated by
appropriate simulation. Such simulation would include time vary-
ing, non-linear and certainly more detailed descriptions of the
system and its components v.g. the missile fin actuation sub-
system. In fact such additional simulations have been performed
in various instances and confirmed the efficacy of the design
method. Additional work needs to be done in such areas as map-
ping points on the real axis of the z-plane into the parameter
plane in order to control further the system response time.
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ROBUST MISSILE GUIDANCE
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GENERAL INTRODUCTION

[ ~INTRODUCT ION

A new guidance law is derived for tactical missiles that undergo significant acceleration and drag. Past
guidance laws based on constant velocity missile dynamic engagement models result in sub-optimal
trajectories when applied to missiles used most often in tactical engagements. Recall that in most
tactical engagements the missile accelerates (booster burn, or "boost to mach") and coasts toI

* intercept. The new guidance law is based on a more complete dynamic engagement model that
contains the missile expected axial accelerations and the control direction constraint normal to the
missile velocity vector. The non-linear two point boundary value problem [1] is solved by separating the
missile axial velocity dyramics from the control dynamics to obtain a time varying linear dynamic
constraint model. The recults are verified by simulation, and indicated significant performance
Improvement in a crossing tarwet surface to air engagement.

The history of short range missile guidance is very rich, for an excellent summary the reader is referred
to an article by Pastrick et. al. [2]. We assume, as before, that a well designed missile autopilot is
implemented: so that for guidance law derivation we can assume a simple relationship between
commanded accelerations and missile response [1 -6.8,9]. We also assume that the intercept time is
know or approximately known by estimation, [2.3,91. Under benign conditions any monotonic function of
predicted miss can serve as the Uuidance law. However the more optimal use of hardwara resources is
made possible by implementation of more nearly optimal guidance laws which will translate into more
robust guidance, or wider engagement envelope. The optimat guidance law derived here can be
reformulated as a biased PNG guidance law. Hence the bias values can be computed at a reduced
rate for computer implementation economy. The traditional approximations are: Two-dimensional
motion, Point-mass. Instantaneous Control response, linear dynamic model, and constant speed [9]. Non
linearities are traditionally ignored to facilitate the use ot linear optimization methods to obtain the
desired feedback control law. In this note we retain the Point-mass approximation, and use a slightly
more accurate dynamic model, and incidentally provide a new explanation of three dimensional PNG.*

PAST RESULTS

The Proportional Navigation Guidance (PNG) was shown to be optimal by Bryson [1] if neither missile or
target are accelerating. Three dimensional guidance including the effects of accelerating target and
new methods of estimating the time of inteircept have been presented [4,3]. Recall that 'optimal' has
only meaning relative to the cost function minimized and the dynamic constraint model used. The
relative completeness of the dynamic constraint model is the issue of this note. Expected missile
acceleration have in the past been included in the timLegtg-g to intercept calculation, but nol included
in the dynamic constraint model used in the optimal guidance law calculation. Because of past use of
inconsistent dynamic constraint models [1,3-5], the resulting guidance laws generated unusable control
commands along the missile velocity axis.
In this paper we also show that the same constant missile and target dynamic models are used in
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deriving both PNG [1] and the 'optimal' three dimensional control law of Riggs [33. And hence the
improved guidane performance reported in [3) is the result of using better time.to.intercept
calculations than is implicit in PNG.

The problem of target tracking in the presence of noise Is not considered here. H•,wever the improved
guidance law presented here leaves more control authority for countering unexpected target
maneuvers. Also the target is assumed to be non accelerating, control modifications to account for
random target accelerations might be included as in [4]. We next summarize the result of Reference
[3), for use as the starting point for the developments of this note.

A LINEAR OPTIMAL GUIDANCE PROBLEM SOLUTION
Consider the dynamic model, Equation (1), of the missile engagement relative to the target, with no
target acceleration, as used in References [3.5). The optimal guidance problem (or the two point
boundary value problem) is to minimize the cost function (2) subject to dynamic constraints (1), with
"time of intercept given.

dR/dt = V
dV/dt a-u _u)

where :

R a relative position vector of missile from target in inertial
coordinates

V a Vt -Vm = relative velocity vector of missile from target

u a missile control acceleration vector (not constrained in
direction or magnitude)

The cost function J' is given by (2):

J = Rl(tf) R(tf)/2 8 u(t) u(t)/2 dt (2)

(i.e. terminal miss plus integrated cost of control weighted by B).

Recall from references [1 &3] that the solution to the optimal guidance problem is:

u - Atg[R + Vtg)/(3B + tg3 ) (3)

where: tg = (tf. t) = estimated time-to-go to intercept is giveni9
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OPTIMAL VERSUS PROPORTIONAL GUIDANCE

It is well to note that the dynamic,_dlJ Equation (1) contains no provision for the expected missile
boost acceleration and drag, Also note that the acceleration ccnitrol vector 'u' is in the plane spanned
by (R,V) vectors, Since the missile velocity vector 'Vm' is not necessarily in the (R,V)-plane, the control
vector 'u' may have a component along 'Vm'. In other words axial acceleration is commanded which is
typically not usable.

In appendix A it is show that Equation (3) reduces to the familiar Proportional Navigation Guidance
(PNG) law Eq. (4), if (a) 't1' is estimated by range/range rate, and (b) use of control effort is not
penalized, (B 0).

1uA A Ap (4)k•
• [ where

a- angular rotation rate of the line.oftsight
vector in inertiai space (")

f = missile closing rate on target

A - guidance gain factor equal to 3;
used as a design parameter with value 3 to 6

p = unit normal to line of sight vector in the (R,V) plane

See Bryson (1, pp287; Eq. 9.4.27] The equivalence is apparent if the energy coefficients are

equated as follows: Cp = 1, and Ce = 0, with A a 3.

(V6) This concept of coordinate free vector rotation in three.space is the key to generalized
Proportional Navigation concept. To appreciate the simplification achieved by this concept
compare the results developed here with [7).
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Ili other words, the improved guidance performance of Eq. (3) Is the result of including the effect of
fixpected missile axial acceleration in the time.to-go estimation; since both guidance laws (3) and (4)
a&re based on dynamic constraint models that do not include anticipated missile accelerations. Next we
develop the more accurate dynamic constraint model that includes the expected missile acceleration.
which together with the cost function results in the improved guidance law.-I.-•..,,4 ,-,,-o.

NEW OPTIMAL CONTROL LAW FOR ACCELERATING MISSILES

The new optimal control law is based on the two point boundary value mathematics [1] as above, but
using a more complete dynamic constraint model as derived next. Consider the inertial acceleration
equation (1), with the missile inertial acceleration expressed as orthogonal components relative to the
missile velocity vector as follows:

F dVm/dt 6 6 xVm + 4()

M ~m

boost/drag acceleration of
missile, not controllable

control acceleration 'u' normal to Vm in the
plane spanned by (RsVm) where the Rs
vector is from the missile to predictedS~intercept point.FEquation (5) constitutes the modifications to (1) which results in the new more accurate dynamic

constraint model (6) summarized below.

MISSILE TARGET DYNAMIC MODEL THAT INCLUDES EXPECTED MISSILE ACCELERATIONS

The new 6ynamic missile-target engagement model is given by Eq.(6).

dR/dt a V

dV/dt u -am *u

a for t<tb missile axial
am * acceleration (6)

-a)D for t>tb boost and drag

4• = u/Vm = inertial turning rate of missile
velocity vector

*
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where:

a, aD amissile expected boost & drag acceleration
along Vm

V = missile velocity vector in inertial coordinates

U a control acceleration applied in the plane
normal to the missile velocity axis.
(the direction is defined later by the control law)

tb , missile boost burn out time

As noted above, this model is more complete than past dynamic constraint models used for guidance
law derivation, Selected variables are illustrated in Figure 1. below.

TARGET Vt PREDICTED INTERCEPT

tn=(Vtn)n Rs R missile flight Path
• { ,to Intercept(based on zero control

effort)

I /

-/I

VM U =control acceleration
normal to Vm

U/

* MMISVSILE

VrnVt -Vm =relative velocity

Figure 1. Illustration of missile-target parameter; where Rs- missile estimated
path length to intercept.
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NEW OPTIMAL CONTROL LAW SOLUTION

The non linear dynamic constraints are changed to a linear time varying constraint by use of the
assumed separability of the missile axial dynamics from the control dynamics, see Eq. (6). It is
convenient to formulate the 'zero effort predicted miss function' normal to the missile velocity vector (e),
The other inertial coordinate system axis is ALMn the missile velocity vector; for which the time history
of the missile is specified by the expected accelerations, (see time.to.go calculation in Appendix C). In
actual implementation of the guidance law the missile target data may be avaliable in arbitrary
coordinate system which we anticipate by our use of coordinate free vector notation.

Consider Eq. (6) with the inertial axis oriented along the missile velocity axis so that 8 Is small. In this
case the component of predicted zero effort final miss orthogonal to the missile velocity axis is:

Nz = Vtn dt + Ao + OR.n (7)

t

where:,
,Vtn - (Vt n) n - component of target velocity

normal to missile velocity axis
n a unit normal to Vm in the (RsVm) plane

0 (R ' n)n
, component of range vector (.R)

normal to missile velocity axis

,, 0 v current attitude of Vm in the inertial reference frame

Figure 1 is a summary of the above illustrating the variables of interest for this guidance law derivation.

Differentiating Eq. (7) and substituting from Eq. (6) yields the terminal miss dynamic equation (8) interms of the control vector- -

Past guidance law predicted miss formulations are normal to the line of sight vector, [1,2,4,5]; which
is also implicit in 13) because of the equivalence to PNG presented above.
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z -u Rs/Vm (8)

where

s Vm(j)j f 2a/2 + (a + aD) 1• Tx)Us(• -Tx )/2 (9)
N the predicted path length traveled by the missileto intercept in terms of time-to rj:ci4

TxTx the time between target intercept
and missile boost burn out time (= tf-th)

Us = the unit step function

- variable of integration equal to 'tg

Using the familiar methods of optimal control [1]; we obtain the control in terms of fina predicted miss
(zf):

u = -(zf/B)(Rs/Vm) (10)

Equation (10) is substituted into (8) to obtain the terminal miss differential Equation: j
Z = - (zf/B)(Rs/Vm)2  (1I,

:1
With some effort Equation (11) is solved •.na is substituted into Eq. (10) to give the desired optimal

" ~guidance law Eq. (12):

= Rsz/[Vm{B + tg 3 /3 + 0D1 (12)

I
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I
Where:

0D { F(amVc,BvVb). F(am,VcBv,Vm)

+ F(aD V,Vt ,Vb) F(aD ,Vf,Vf ,Vf) )Us(tb-t)

+ { F(am ,VfVf Vm) F(am,Vf,VfVf))Us(t.tb)

The function 'D' is expressed in terms of the unit step function 'U,(.)' and function 'F' which is defined
- as follows:

F(a,Vc,BvV) =

{.V 3 /4 + VcV 2 (Vc2 + Bvt2)V. (av/212 /V )/a 3

where:

B' Bv=Vc.(a + aD)aTx

Vf - estimated final velocity of the missile

IVb = estimated missile velocity at burn out

Vc =Vf + (a + aD)Tx

It is well to note that the above guidance law reduces to the familiar Proportionel Navigation Guidance
law if the missile axial velocity remains constant and if the missile axis is aligned with the line.of-sight to
the target. The scalar function 'D becomes zero for constant missile velocity. The factor (Rs/Vm)
denotes expected missile path length to target divided by m;ssile velocity becomes 'tg', the time-to.go.
And the remaining zero effort miss distance 'z' becomes equal to the product of Range. angular line of
sight rate, and tg' ,Z (A R tg).
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SIMULATION RESULTS

To illustrate the guidance laws, we simulate a Surface-to*Air (SAM) engagement scenario. For this
guidance law performance evaluation, we represent the "real world" missile by Eq. (1) togetherLwith a
first order lag imposed on the control acceleration of 0.3 sec; and a maximum limit on control of 3g.

THE ENGAGEMENT GEOMETRY AND RESULTS

The target travels at a constant velocity of 500 ft/sec, and is crossing initially, at which time the missile
velocity is 50 ft/sec; see Figure 1. The missile accelerates for 2 sec at 20g . Figure 2 indicates the
benefit of the more complete guidance law, Eq. (12), note the reduced miss distance. Figure 3
indicates the control accelerations associated with the trajectories indicated in Figure (2); note that the
new guidance law uses less control effort to intercept the target than the other guidance laws (3) and
(4), leaving more control authority to counter unexpected target maneuvers. Recall that the missile
axial velocity is assumed nWi controllable, hence a component of the commanded acceleration due to
Eq. (4) or (5) along the missile velocity vector is not used.

Recall that the true time of intercept (tf) is unknown, hence various algorithms have been proposed to
estimate t. z (t1*t), the remaining time to intercept [2,3,6].

Further guidance law refinement are possible if we include the effect of missile auto pilot dynamic delay
into Eq. (6). Another improvement is the inclusion of control norma! to the body anis rather than normal
to the velocity vector as assumed above.1' Of potentially greater performance benefit would be the combining of the target tracking and missile
guidance problems.

QONCLUSIlON *

We have derived a new guidance 'law for missiles experiencing significant axial acceleration. This
guidance law is demonstrated to give superior intercept performance compared to PNG and another
"optimal" guidance law in a surface-to-air intercept scenario. This guidance law is obtained through the

use of modern control methodology applied to a more complete kinematic missile target engagement
model. The kinematic constraint model used includes the missile axial accelerations and the constraint
on the direction of the missile control effort normal to the velocity vector. The resultant non-linear
dynamic model is solved by first solving the axial dynamic equation, which results in a time varying
linear dynamic constraint model. Recent "optimal" guidance laws have used missile acceleration
estimates in the estimation of the "time-to-go" to intercept, however have not included acceleration in
the missile-target dynamics as in this note.

The constructive comments of Prof. J. Bossi is appreciated. And the help of Mr. B. Ishamn in obtaining
the results of Appendix A and the extensive computer simulatiouns is greatfully acknowledged. Finally I
am indebted to Mr. A. J. Witsmeer for providing the support that made this study possible.
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Figure 2.
Relative Trajectory of Missile to Target Illustrating Sensitivity to control laws;
Equations (3), (4) and (12), resulting in terminal miss distances of 18.5 It, 288
ft, and 1.4 ft respectively. With time-to-go estimated by Eq. (13).
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Figure 3.
Control acceleration normal to missile velocity axis; note that less
control authority is used with new guidance law, leaving more for

* countering target maneuvers. Maximum control effort is limited to 3
g's.
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APPENDIX A "OPTIMAL" VS. PROPORTIONAL GUIDANCE

The optimal guidance law of Riggs et. al. [3] is shown to be equivalent to PNG under less restrictive
conditions. The conditions for the equivalence of equations (3) to equation (4) are: (a) the time to go
'tg' intercept is range divided by range rate, and (b) the optimal guidance coat function assign zero
penalty to control effort; see the cost function Equation (2).

Consider figure Al, where we indicate the orthogonal coordinate system with one axis along the line of
sight vector 'R', and the normal 'p' to 'R' in the (R,V)-plane.

, . .Vp /R

v =V m(V'R) R/ Vp P r

(V

Figure Al Vector and Scalar quantities for three dimensional PNG

""1 * 150
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Consider the orthogonal unit basis vectors (r,p) along the line of sight vector and normal in the (R,V).plane

as indicated in Figure Al.

It is convenient to define the following:

R = R r = the line of sight vector

V = Ar + Vpp = relative velocity(Vt. m) (Al)

tg = -R/R time-to-go to intercept

Subrtituting definitions Al into Eq. (3) with B = 0, gives:

u = Atg [R + (Rr+ VpP) tg] /tg 3  (A2)

u = .AI 2 [R r + A (.R/A) r + Vp(.R/l )p]/ R2  (A3)

u = AVp(R /R)p = -A Rp (A4)

Where the concept line of sight vector rotation r, te in inertial space is represented by b. Note that Equation

A4 is the familiar PNG guidance law wian the ga;.i factor A = 3; typically A is made to take on values

between 3 and 6,in order to more quicly head the missile to the predicted intercept point. Various time-to-

go 'tg' elgorithms have been developed [23], it is noted that the use of smaller than true 'tg 'improves

performance, and is equivalent to varying A. This observation is indicative of the inconsistency ot using the

above control laws (3,4) in a situation where the actual missile dynamic does W have axial velocity

control, and moreover experiences uncontrolled boost acceleration to 'mach' and drag.
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APPENDIX B TIME-TO-GO TO INTERCEPT ESTIMATION

The estimation of the time of target intercept is motivated by the subsequent great simplification of the
general (free final time) two point boundary value problem [1].

Co,.•Aider Equation (6), and note that for zero control effort, the missile velocity and path length is uniquely
S3ecified by (a) the initial velocity, (b) the expected axial acceleration, and (c) the time-to-go to intercept.
Both the missile velocity and the remaining path length are expressed in terms of 'tg hence the indicated
solution (Bi) is obtained.

tg = [.C 1 Sqrt(C 1
2 .2 aD CO0 ) ]/aD (B1)

where during missile boost; or t< tb and t1 > tb

CO = R. (a-aD)( tb. t)2/2

C1 = dR/dt + (a.aD)(tb. 0

and for after burn out we use; ( t> tb, tf > tb)

C0 = R ; and C 1 = dR/dt

where:

tb = missile boost burn out time.

For convenience we repeat a time-to-go estimation algorithm used in Reference [3]; and provide a
comparitive illustration in Figure 81.
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A NEW CLASS OF GUIDANCE LAWS FOR AIR-TO-AIR MISSILES*

Joseph N. Craig, Roger L. Barron, and Francis J. Cook
Adaptronics, Inc.

McLean, Virginia 22102

ABSTRACT

Adaptive Learning Network synthesis has been used to develop a
new class of guidance laws for short-range air-to-air missiles.
ALN guidance laws are trained to estimate target range, range
rate, time-to-go, and other trajectory parameters not explicitly
observable by passive sensors but required to implement advanced
guidance laws. This development permits economical implementa-
tion of modern optimal guidance laws in passive systems, yielding
considerable performance improvements over other passively real-
izable guidance laws.

INTRODUCTION
Research and development activities directed toward improved
guidance laws for tactical air-to-air missiles have been vigor-
ously pursued over the last thirty or more years [I]. The most
impressive improvements have come from guidance laws developed
using optimal control theory [2.3,5]. Unfortunately, the best
performing of the modern guidance laws require knowledge of the
relative missile-target position, velocity, and acceleration.
Typically, air-to-air missiles are equipped only with passive
sensor systems (infrared seekers) so straightforward implementa-
tion of modern guidance laws is not possible. Additionally, most
optimal guidance laws also require an estimate of time-to-go.j

The traditional solution to the problem of implementing modern
guidance laws when faced with limited information has made use of
Kalman filters to estimate the unknown states [4]. This approach
requires that the missile be equipped with fairly sophisticated
data processors, and does not solve the problem of estimating
time-to-go.

Recently, a new approach to implementing modern guidance laws in
passive systems has been developed using Adaptive Learning Net-
works (ALNs) to estimate the unknown combinations of data [6].
In this approach, ALNs are "trained" to mimic the modern guidance

*Work supported by the Department of the Air Force, Armament
Division, Eglin Air Force Base, Florida, under Contract F08635-
79-C-0220.
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law, using only passively available information. Because the
ALNs are trained from a library of simulated engagements, it is
now possible to implement a wide variety of guidance laws that
are not amenable to Kalman filter approaches. For instance, non-
deterministic or iterative solutions can be implemented once the
appropriate training data base is obtained.

*, The use of trainable ALN guidance laws also has a considerable
impact on hardware implementation requirements. The trained ALN
algorithms are a computationally simple set of algebraic expres-
sions. They can be realized using simple microprocessor cir-i cuitry.

ADAPTIVE LEARNING NETWORK SYNTHESIS METHODOLOGY

The classical approach in the design of signal processing func-
tions has been to determine explicitly all of the relevant char-
acteristics, deterministic and/or statistical, of the process
being observed and to use these measurements with simplifying
assumptions in the design synthesis. Often the mathematical
structure of the processor is assumed and its design consists of
calculating the values of the coefficients in this structure. In
many applications, however, little is known about the character-
istics of the structure and the best or even an acceptable struc-
ture for the process cannot be determined a priori. In these
cases, it is desirable to determine the model structure as well
as the model coefficients from a representative data base. The
Adaptive Learning Network (ALN) methodology (7,8,91 provides a
realization of this goal. Many useful references are found in

* Reference 10.

To explain the ALN approach, let us assume that we observe a
scalar variable y, called the output, and N other variables, xt,
x2 ... , xN which are called inputs (in the present case, tie
desired output is a command to a missile control system; the
independent variables are data available from the sensor sys-
tem). The inputs are also referred to as the observables or
independent variables and the output as the dependent variable.
Here, "independent" means independently observedl the input
variables need not be statistically independent. We seek a
relationship between the independent and dependent variables
that, in general, is a nonlinear function:

y = f(x 1 , xf, ... , XN; c1 , c 2 , ... , c) (L)

Here and elsewhcre, the caret is used to denote the calculated
value of the indicated variable. If f is known, then estimates
of the L coefficients (cI, c 2 , ... , CL), may be obtained by
minimizing M differences between the calculated and observed
dependent variables in the least-squares sense,
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In many applications,, however, the function f is not known and
simplified analytical models fail to reflect the complexity of
the observ-d data. In, these cases, the ALN methodology provides
an empirical solutioii to the structure of f based on a network
interconnection of basic elements whose individual structures, as
well as the interconnections, are learned from a representative
data base.

Under fairly general conditions, a function of N variables (xl,
Sx2, ... , xN) may be expressed as a power series,

aN N N
y- ao + E asxi + E E ax x +

i=li i-l jal diii
(3)

N N N
SE E a xxx +...

i-j jl k=l ijkxii k

This polynomial expression in many variables is referred to as a
multinomial expression or a Kolmogorov-Gabor polynomial [Il]. It
is extremely difficult to evaluate the coefficients of Kolmo-I gorov-Gabor polynomials when there are more than several vari-
ables. The evaluation is considerably easier when the variables
are introduced successively, which can be done in pairs using
second-order partial polynomials, also called basic elements:

w x +wx +wxx +w 2 +wx 2
Yjk '0 W lj 1 W2k 3xj k 4j + 5k

Here y is used to denote the output of the basic element to in-
puts xkand xk, and the wi's (i=0,1, ... , 5) are the coefficients
of thea basic element whose values are determined by the least-
squares error criterion.

Training of the ALN (ALN synthesis) consists of building up,
layer by layer, a structure that synthesizes the Kolmogorov-Gabor
polynomial by using basic elements yjk. In the first layer of
the network, N(N-l)/2 basic elements ate constructed from the N
inputs. Some of the best performing input variables are also
used to form triplets and third-order partial polynomials. Only
basic elements producing acceptable model errors are allowed to
pass their outputs to the second layer. The outputs of each
surviving basic element as well as the original features are used
as inputs to the second layer of basic elements. This process
can be repeated with succeeding layers until overfitting is
detected.
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physical, and engineering processes [101. Application of the ALN
methodology has been successful where conventional and/or theo-
retical modeling techniques have produced poor results.

APPLICATION TO GUIDANCE LAW SYNTHESIS

o0 synthesize an ALN guidance law, the ALN is trained on example
guidance commands for a variety of typical engagements. This is
accomplished by building a training data base: an advanced guid-
ance law (usually a law requiring complete, explicit observabili-
ty of the target's trajectory) is used in conjunction with a
computer program - that simulates airý-to-air engagements, and the

* , analyst compiles a library of typical simulated engagements. The
library ideally encompasses the range of launch conditions over
which the resulting guidance law iS expected to perform. For ex-
ample, launch range, initial aiming error (off-boresight angle),
a and the target aspect angle are important launch parameters. At
"each time step of each simulated engagement, outputs available
from the target seeker and other sensors in the missile are tabu-
lated along with the actual acceleration commands generated by
the advanced guidance law. The target seeker and other sensors
in the missile will, in general, deny explicit observability of
some quantities used in computing the advanced guidance law com-
mands, but the latter is computed using all denied information
when generating the training data base. The time histories ofr the available sensor observables are used as input variables in
the ALN synthesis process, while the commands are the dependent
variables. In this way, the sensor data are used to estimate the
information not explicitly observed and to generate the appropri-
ate guidance commands as if that information were available. The
resulting ALNs embody an economical realization of the advanced
guidance law.

ILLUSTRATIVE EXAMPLE

As an exam;le of ALN implementation of a guidance law, let us
consider implementation of proportional navigation (PNG). In
this example, as in many tactical missile applications, the pri-
mary (and perhaps only) explicitly observable external quantity
is the line-of-sight angle (X) or its rate of change (X). (Note
that although we are limiting this illustrative exampl( to a two-
dimensional engagement for which there is only one lii.e-of-sight
angle, the extension to three dimensions is straightforward.)
Other variables and/or constants of the engagement kinematics are
usually unknown, althcugh explicit Identification of some of them
is sometimes possible through the application of techniques of
modern control theory.

The limited information in this situation largely accounts for
the popularity of PNG, wherein the rate of change of A is mea-
sured and the commanded missile normal acceleration (amn) is set
proportional to this rate:
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Avoidance of overfitting is a key aspect in the training of ALNs
(12,91. The network must be taught to generalize properly on its
experience in fitting the training observations so that error
rates for new, but statistically siuilar data, will also be low.
Overfitting is detected by cross-validation and by employing an
information theoretical criterion [1.3]. When cross-validation is
used to detect overfitting, the known data base is divided into
two independent but statistically similar subsets called training
and selection subsets. The training subset is used to determine
the coefficients of the elements. The selection subset is used
to reject the poorly performing basic elements and to detect
overfitting. While the error rate on the training subset is
continuously decreased by incorporating additional layers, the
error rate on the selection subset increases when overfitting
occurs.

When the number of observations in the data base is too small to
form the two independent subsets, the growth of the model, i.e.,
the increase in the number of coefficients, is controlled by the
use of Akaike's information criterion (AIC) [141. The AIC
measures the poorness of the model and consequently needs to be
minimized:

AIC = -21n(maximum likelihood) (5)
+2(number of coefficients) minimum

The AIC can be considered as an adaptive F test where the risklevel changes with the number of observations and the number of

model coefficients in the two models to be compared [151. Also,
the AIC is asymptotically equivalent to the maximum likelihood
model [131; i.e., the model selected by the independent selection
subset based on the least-squares error criterion approaches the j
model selected by the AIC as the number of ohservations ap-
proaches infinity.

If the size of the data base permits, an independent (;valuation
subset is used to estimate the overall performance. Since the
evaluation subset is not used for network synthesis, tte perform-

ance of this subset is an accurate estimate of the ability of the
network to generalize to new, previously unseen data.

In summary, the ALN method is an empirical technique to obtain
the structure of a process and requires no a priori knowledge
and/or assumptions about the process itself. The relevant fea-
tures are selected by the learning algorithm froaf the candidate
feature list and are introduced into the learning network in the
optimum order. Features discovered by the learning algorithm to
be of little or no use are discarded automatically. The learning
algorithm permits the structure of the network to .grow, i.e.,. to,
approximate the general Kolmogorov-Gabor polynomial, but only to
the extent required by the data base. As a general ,modeling tool,
the ALN methodology is applicable to detection, classification,
prediction, and control of a wide range of complex biological,
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physical, and engineering processes [10]. Application of the ALN
methodology has been successful where conventional and/or theo-
retical modeling techniques have produced poor results.

APPLICATION TO GUIDANCE LAW SYNTHESIS

.To synthesize an ALN guidance law, the ALN is trained on example
guidance commands for a variety of typical engagements. This is
accomplished by building a training data base: an advanced guid-
ance law (usually a law requiring complete, explicit observabili-
ty of the target~s trajectory) is used in conjunction with a
computer program that simulates air-to-air engagements, and the
analyst compiles a library of typical simulated engagements. The
library ideally encompasses the range of launch conditions over
which the resulting guidance law is expected to perform. For ex-
ample, launch range, initial aiming error (off-boresight angle),
and the target aspect angle are important launch parameters. At
each time step of each simulated engagement, outputs available
from the target seeker and other sensors in the missile are tabu-
lated along with the actual acceleration commands generated by
the advanced guidance law. The target seeker and other sensors
in the missile will, in general, deny explicit observability of
some quantities used in computing the advanced guidance law com-
mands, but the latter is computed using all denied information
when generating the training data base. The time histories ofF* I the available sensor observables are used as input variables in
the ALN synthesis process, while the commands are the dependent
variables. In this way, the sensor data are used to estimate the
information not explicitly observed and to generate the appropri-
ate guidance commands as if that information were available. The.
resulting ALNs embody an economical realization of the advanced

r guidance law.

ILLUSTRATIVE EXAMPLE

As an example of ALN implementation of a guidance law, let us
consider implementation of proportional navigation (PNG). In
this example, as in many tactical missile applications, the pri-
mary (and perhaps only) explicitly observable external quantity
is the line-of-sight angle (k) or its rate of change (5). (Note
that although we are limiting this illustrative example to a two-
dimensional engagement for which there is only one line-of-sight
angle, the extension to three dimensions is straightforward.)
Other variables and/or constants of the engagement kinematics are
usually unknown, although explicit identification of some of them
is sometimes possible through the application of techniques of
modern control theory.

The limited information in this situation largely accounts for
the popularity of PNG, wherein the rate of change of X is mea-
sured and the commanded missile normal acceleration (amn) is set
proportional to this rate:
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amn V= VNi (6)amn m

where V is missile velocity and N is the so-called navigation
constanp'.

In the simplified example at hand, the analyst could postulate a
family of intercept engagements, the family being characterized
by a given value of the navigation constant, N = N'. Each
member of this family would have its unique combination of values
for the initial conditions and constants. Literally, thousands
of engagements could be "run off" on the computer, and the
results could be put into a data base, shown schematically in
Figure 1.

,S

[ Y amn X 1  t X2 =

SYl xll x21

Y2 x12 x22

YM XM1 xM2YMM

M f number of observed points in data base.

FIGURE 1: EXAMPLE DATA BASE

The ALN training procedure could be used to synthesize a small
network in which the oqtput (Y) would be a and the inputs (X1
and X2) would be t and X. At the conclusion of thts training, one
would undoubtedly find that the ALN is one which generates a
close approximation to the original guidance law, Equation (6).
Examination would show that the output of the ALN and a from
Equation (6) agree fairly closely for all values of t a'• i in
the data base. In this case, the ALN methodology has "discov-
ered" the value of N' used to generate the family of solutions.
More importantly, the methodology has "discovered" a way to infer
the unknown Vm (unknown because it was assumed to be explicitly
unobservable within the missile system). Even though VM varied
with time and was different -- in general -- for each solution in
the data base, and not an explicit input to the ALN, the proce-
dure for ALN synthesis created an approximate relat.donship for
its identification.
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Perhaps, after creating the above ALN function, it would be found
that the ALN solution is not a sufficiently close approximation
to Equation (6). In this case, a more complete record of the
histories of X and a might be used to provide addditional input
information during a% training. The results of the engagement
simulations could be put into data base records, each record
being of the form:

}•.,Yi(t)' Yi(t-ht)t ... , Yi(0)0,

•.• X21~x (t), X i(t-•t), 9901P X i( ,21 2i1~)

where At is a constpnt sampling interval. In other words,
samples of a n and X would be kept from the time of missile
launch until e time of "present" calculation, t.

We do not know, a priori, how far back in time the guidance law
might best go in fetching inputs from such data files as have
just been described. But, no matter. The ALN methodology will
find this for us, using only the most relevant samples in gener-
ating the desired approximation. From a practical standpoint, we
may wish to enforce a limit on the amount of memory available for
the guidance system, in which cas, the data records could be
constructed in the form:

. : Yilt), Yilt-At)#, ... p yi t- kAt),

X• 21(t), x2i (t-At), ... , x2i(t-ktt) ; t

where k is an integer (say 5 or 10. At the beginning of the
intercept mission, the observed valucs of yi(O) and x .(0) could
be loaded into appropriate memory locations within tle missile
guidance unit, and after collecting k consecutive samples, the
ALN solution would be fully "initialize4."

ALN SYNTHESIS FOR AN OPTIMAL GUIDASC3 LAW

The basic principles of guidance la sythesis usiag ALN training
outlined for the illustrative example have been applied to a
guidance law (MG) derived using biv optimal control theory (2].
The optimal guidance command is:

go

where a is the optimal Iqssile acceleration measured in an
inertial reference frame, I is The missile-target line-of-sight
(LOS) vector, R is the time rae of change of the LOS vector,
and t is the remain.Lau time to go until intercept. In terms
of th2 relative range, R, range rate, R and the line-of-sight
angles AE and XA depicted in Fiqure 2, the vectors are:
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Rx = R cos E Cos•X (8 a)x E A

R = R cos X sin XA (8b)
E A

Rz R sin X E (8c)

Rx R cos X cos XA - R X sin X cos X (8d)
xE A E E A (d

R X Cos XE sin XI
A E A

R Rcos X sinA - R sin X sin X (8e)Y E A E E A (e
+ R C Cos A Cos X

A SE AS
Rz= Rsin x + R cos X (8f)

E E E (f
If the subject missile is equipped with a gimballed, inertially
stabilized IR seeker, the inertial LOS angles and LOS rates are
readily available. Then acceleration commands given by Equation
(7) and (8a-f) can be calculated in the (inertial) seeker refer-
ence frame. Control of the missile requires that acceleration
commands be specified relative to a coordinate system fixed to
the missile body axes. This is easily accomplished if the orien-
tation of the seeker is known. In practice, the longitudinal
acceleration of the missile is often uncontrollable due to the
type of propulsion system that is used. In these instances,
is unrealized and aMV and aMz are calculated using Equations
and (8a-f). These equations express the acceleration in terms of
the LOS angles and LOS rates typically encountered in PNG appli-
cations.

AI -

FIGURE 2: MISSILE-TARGET LINE-OF-SIGHT GEOMETRY
IN INERTIAL COORDINATES
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The missile acceleration commands in the seeker inertial refer-
ence frame can be written [61:

A K Ccosa Cs a K rCosa sina + sina Cosar) (9a)sx 1Oq r 2Or q r q q r

A = ic°SO sina + K(Cosa sina - sina Cosoa) (9b)sy 1 q r ~2 r q r q q r

A = K sinaq- K a Cosa (9c)sz 1 q 2q q

where:

K -l- + (10a)ggo go_1

K2 = 3 R/gtgo (10b)

and a and a are the pitch and yaw LOS angles in the seeker
referEnce frame.

The orientation of the seeker, relative to the missile body axes,
is specified by two angles, * and e . The transformation be-
tween the missile body coordinates an8 seeker coordinates may be
written as:

/aMxC / c osag -sin9 csO g sineg\

a:y) = sin* Cos*g 0 Is (11)

Mz -cos* -sine sin*Jg sineg cOSeg9

where Aand A are measured in the body and seeker frames,
1respectively.i :I
For the gimballed, initially stabilized, IR seeker, the passively
unknown data are completely contained in the optimum gain
terms, K1 and K * Thus, if estimates of these values can be
obtained from tAe passively observable data, a passive implemen-
tation of the modern guidance law can be obtained.

Several approaches to estimating t exist. An iterative, non-
deterministic approach to the estigoation of t is particularly
suited to generating training acceleration commands in an off-
line mode. The procedure is:

(a) Simulate the engagement using the complete. MG equations
with a typical calculation of tgo [2].

(b) Save the duration of the engagement, tf.

(c) Simulate the engagement again as in (a), except use tgo
= tf-t, where t is the elapsed time past launch.

(d) Save the corrected duration of the engagement, tf.

166

-L. .. .. . . .... .



(e) Repeat (c) and (d) until tf converges, whence tgo is
known exactly throughout the engagement.

Engagements produced by this procedure are more nearly optimal
than those that make use of estimates of tgo.

The ALN training approach to synthesizing the modern guidance law
for the inertially stabilized gimballed IR seeker consists of the
following:

(a) Acquire time histories of the passive observables.

* (b) Use the data from (a) to estimate the optimum gains,
K1 and K

(c) Use the estimates of K and K together' with Equations'
(9) and (11) to calculate tRe required accelerations
relative to the missile body coordinate system.*

Note that, although R, R, and tre are required to implement MG,
only two combinations of these quantities in the form of the
optimal gains, K and K are required., Thus, the ALNs can be
trained to estir~ate thi required optimal gain rather than to
estimate the three separate values.

Training Data Base

To demonstrate the application of this method, a training data
base for the modern guidance law was obtained by simulating air-
to-air enqagements using a six-degree-of-freedom (6DOF) simula-
tion program provided by the Air Force Armament Laboratory. The
6DOF program implemented MG for a realistic model of a highly
measurable, short-range, bank-to-turn missile. An evasive target
maneuver is also included in the simulation program.

Simulated engagements were run for a variety of initial engage-
ment conditions. For each set of launch conditions, the simula-
tion was iterated to achieve the best estimate of t * For the
final iteration, values for each of the passive goservables,

together with the optimal guidance commands and K and K were
saved in a training data file. The training Aata base was
limited in this example to the following launch conditions:

Missile and target were co-speed, flying straight and
level at missile launch (0.9 mach).

- Missile and target were co-altitude at launch (10,000
feet).

- Initial aspect angle (angle between target velocity
vector and LOS vec:tor) varied from 0 to 180 in 45
increments. (Zero-degree aspect angle is tail-on.)
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- Initial off-boresight angle (angle between missile
velocity vector and LOS vector) was either 250 leading
or lagging or 00.

- The target flew straight and level until missile range
was less than 6000 feet, at which time the target per-
formed a 9-g, dual-plane maneuver into the attack.

•!" AIN Training

Approximately 1500 time points from a total of 200 training en-
gagements were used to train ALNs to estimate the optimal values
of K and K from the passively available data. Candidate ALN
inputs inclgded:

o Missile-Target LOS angles in Missile Body Coordinates:
ET, AT

o Seeker Gimbal Orientation angles: *g8
o .Missile Target LOS rates determined by the Seeker: % q,

O Time s.nce launch: t, l/t (t ; 0)

For each of the angle variables, the current and fo'ur previous
samples of each variable were saved for training (At =0.05 sec).

The structure of the trained ALN that estimates the optimal
gains, K and K2, is shown in Figure 3. Each element of the
ALN calculates up to a cubic polynomial of its inputs. The ALN
estimator is a complicated function of the candidate input
variables, but not all of the candidate inputs are used. Those
inputs that provided redundant or unnecessary data were discarded
by the ALN training routine.

ALN Guidance Performance

The performance of the ALN guidance law was determined by using
it to guide the hypothetical missile in simulated engagements.
The engagement launch conditions were generally different from
those used in training the ALN. Two comparisons of the ALN
guidance law have been carried out:

o comparison of passive ALN guidance with the full modern
guidance law (assuming observability of all states), and

o comparison of ALN guidance with PNG. This comparison
shows the level of performance improvement that can be
obtained over current :systems.

Initial evaluation of the passive ALN guidance laws was carried
out by comparinq ALN guidance with the active modern guidance law
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for the same launch conditions included in the training data
base. Defining a hit as an engagement for which the terminal
miss distance was less than 10 feet, the ALN guidance law scored
hits for 82% of the engagements hit by active modern guidance.
ALN guidance was generally inferior tc MG for longer-range
launches that generally terminate in a tail chase. A linear
combination of PNG with ALN guidance diagrammed in Figure 4, was
therefore used to slowly turn off ALN guidance. ALN-PNG guidance
was successful for 91% of the engagements hit using MG Addi-
tionally, 20% of the engagements not hit using MG were hit by the
combined ALN-PNG guidance law.

A complete comparison of the ALN-PNG guidance law with MG and
with PNG was obtained for 266 engagement conditions, including
off-boresight angles up to 145 • Note that the training data
included only off-boresight angles to 125 The detailed
comparison is presented in Reference 6; the important trends
noted are summarized here.

First, the ALN-PNG guidance law generally achieved intercept with
smaller terminal-miss distances, slightly shorter flight times,
and less total guidance impulse than did PNG. Most importantly,
the ALN-PNG guidance law produced successful intercepts more
often than PNG. This was especially true for launches with lar-
ger aspect angles ( > 900) and larger off-boresight angles ()20 ,
especially noticeable for OBA = * 45 ). While providing a real-Sizable implementation of modern guidance, the ALN-PNG guidance
laws also produced successful intercepts over a considerably
wider range of launch parameters than PNG.

Summary performance matrices are presented in Figures 5 and 6.
The performance evaluation was carried out for the ALN-PNG
guidance law. It can be readily ascertained that the passive
combined ALN-PNG guidance law was greatly superior to PNG. It
had 19% more hits when the initial OBA was 0 and +15 , 35% more
hits when the initial OBA was *25 , and 61% more hits when the
initial OBA was 145

On comparing the passive (ALN-P"G) guidance law with the active
modern guidance law, Figure 6, there were a number of engagements
(13) hit by the ALN-PNG law that were missed by MG, while only
one engagement missed by the ALN-PNG law was hit by the MG. This
shows again that the ALN-PNG guidance law was an excellent repre-
sentation of MPN over the envelope of tested launch conditions.
Further, the engagements in which the ALN guidance hit and the
MPN missed were engagements near the outer-launch body of tho
missile. This indicated that the phasing in of PNG in the ALN
provided a guidance law that was, in some respects, better than
MG. Additional independent testing of the ALN-PNG guidance law
showed that dramatic increases are obtained in the outer launch
boundaries over those available using either PNG or MG.

Additional testing has compared the ALN-PNGPefdance law with an
extended Kalman filter implementation of MG1 6]. In both cases,
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FIGURE 4: COMBINATION OF ALN GUIDANCE LAW WITH CLASSICAL
PROPORTIONAL NAVIGATION
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realistic noise models were used to degrade the sensor noise.
These tests showed that ALN-PNG produced better inner-launch
boundaries than PNG. MG produced better inner-launch boundaries
than either ALN-PNG or PNG, but ALN-PNG produces the best outer-
launch boundaries. In the presence of noisy sensor data, -the
performance of ALN-PNG was not greatly degraded.

CONCLUDING REMARKS

The ALN guidance law synthesis approach permits the use of ad-
vanced, "active" guidance laws with seeker hardware of the type
normally used to implement ciassical, passive proportional navi-
gation. In their explicit deterministic forms, the advanced
guidance laws require knowledge of range, range rate, and time-
to-go, in addition to the usual LOS angular rates. By estimating

F gain factors involving range, range rate, and time-to-to, the
ALNs permit implementation of the advanced laws using only pas-
sive observables.

The computations required by ALN guidance laws could be implemen-
I ted by adding a small microprocessor-based subsystem to the

passively-guided missile. The microprocessor would be supplied
the time histories of the passively-observable data and calcu-
lates the ALN outputo. The capabilities required by the ALN are
well within the capabilities of current micrcprocessors using
ROM-based software anO a small amount of RAM for temporary
storage.

Previously, advanced guidance laws have not been generally uti-
lized in air-to-air missiles because much of the data necessary
for their implementation has been denied by operational missile
sensor systems. Now, through the use of ALN techniques, this
missing information can be largely rscovered in an efficient and
noise-insensitive manner from the time histories of the da~a
available from the sensors. This opens :ýip a new world of possi-
bilities for missile guidance applications.
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ESTIMATING TIME-TO-GO FOR US4 IN ADVANCED GUIDANCE LAWS

Tom L. Riggs, Jr., Capt, USAF
Department of Astronautics and Computer Science
United States Air Force Academy, Colorado 80840

INTRODUCTION

The modern air-to-air missile engagement scenario dictates the
need for high performance terminal guidance laws that are capable
of steering missiles towards successful intercepts against highly
maneuverable and intelligent targets. Numerous studies [1,2,3]
over the past few years have shown that linear optimal control
theory can yield extremely effective guidance algorithms that are
capable of meeting and exceeding this demanding mission objec-
tive. However, these guidance laws require more information than
is directly available from existing hardware, such as relative
range, relative velocity, possibly target acceleration, and
time-to-go. To meet the information needs of these advanced gui-
dance laws research into developing estimation algorithms has
been pursued nearly as enthusiastically as in the guidance area.
Most notably is the work in estimation performed for the U.S. Air I
Force Armament Laboratory by the University of Texas. [41 In this
effort, it was shown that by using optimal estimation techniques
important state information including the relative range vector,
relative velocity vector and target acceleration vector can be
accurately estimated from very restricted and noisy passive (in-
frared) seeker measurements and on-board body-fixed missile ac-
celeration and angular-rate measnrements. Vergez and Riggs [5]
showed that by combining those state estimation techniques with
even the most simple linear feedback guidance law, drastic mis-
sile performance improvements could be realized over conventional
guidance methods (proportional navigation) if and only if those
laws were mechanized with an accurate estimate of time-to-go. As
in any practical problem, the desire for high performance is
weighted and often limited by the issue of complexity. This is
the basis of the research on time-to-go estimation. That is,
what is the most accurate method for estimtting time-to-go given
the restriction that it must be implementable in a microprocessor
based missile guidance computer?

THEORETICAL DEVELOPMENT

Background

The need for an accurate %easure of time-to-go (the amount of
time remaining to intercept) arises from the theory that is used
in deriving the guidance laws. The parameter time-to-go appears
naturally in the solution of optimal control problems where time
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is the independent variable and final time is assumed to be
f ixed. Of all the optimal control formulations that have been
developed over the last twenty years, the one that most often
yields practical solutions is the linear regulator formulation.
The missile intercept problem can be, and has been, mathematical-
ly described such that it lends itself to a special case of the

linear regulator formulation. The advantage of this approach is
that the resulting solution is a set of algebraic equations inI
feedback form. Thus the solution is concise, relatively simple,
and to some degree self-correcting. The drawback to this ap-
proach is the need for complete state information and knowledge
of f inal time. As noted earlier, the state information problem
has been addressed with successful results. Because of this, for
this effort it will be assumed that complete state information isI
available. The final time issue is the subject of this research.

The missile intercept problem is in reality a free final time
problem within certain physical constraints. To wit, there is a
withinthealtietha rang ofic the warhiead.aThisnseret isboned tande
setho inaltmsa hc the missile cang inerep the taha.Ti e sbuddarge
determined by the degree of controllability of the missile and
the chosen trajectory of the target. Obviously if the missile
has complete control of its acceleration vector both in magnitude
and direction, the set of final times becomes the positive real
number set. However, the missile only has partial and finite
control of its acceleration vector through the use of lateral
aerodynamic control. This controllability restriction greatly
limits the size of the final set. Further, this set shrinks as
the engagement proceeds, ultimately resulting in one possible
time, the time at which the point of closest approach is reached.
Realizing these physical constraints, one might ask why not
derive the guidance law assuming partial acceleration control and
allowing final time to be free. The answer is simple. If the
problem~ is formulated in that manner then the solution is not in
closed form nor can it be easily implemented on-board the mis-
sile.

These practical constraints along with the desire to cibtain a
practical good perform.Lng but not necessarily optimal guidance
algorithm makes it attractive to solve the problem using the op-
timal linear regulator formulation. Given this approach the
mechanization of the resultant guidance law requires the estima-
tion of final time (and subsequently time-to-go) in order to
satisfy the original fixed final time assumption.
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Guidance Law

The guidance law that was used for this study is given by equa-
tion (1).

AM t--o I3I
tgo T R (1

VR

lR

where

ttgo 2KT (ettg° + ttgo -l)/(ttgo)

I = 3 x 3 Identity Matrix

AM = Commanded Missile Acceleration Vector

S = Relative (Target/Missilp) Range Vector

VR = Relative (Target/Missile) Velocity Vector

AT = Target Acceleration Vector

The complete derivation of the guidance law is given in Section
II of Reference [5]. This law is based on a linear kinematic
engagement model and a linear first-order target dynamic model
and is designed to minimize final range. The term t in the gain
K is a constant and is a function of the time constant of the
t~rget model. All of the vectors are made up of three orthogonal
components with respect to some arbitrary cartesian coordinate
system. The predominance of time-to-go, denoted by tgo is clear
in the equations.

Time-to-go Assuming Constant Closing Velocity

The most commonly used method for estimating time-to-go is given
by equation (2). This method is based on the assumption that the
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acceleration along the line-of-sight is zero for all time.

tgo - -R/i (2)

Estimating Time-to-go Numerically

The problem of estimating time-to-go involves the prediction of
the line-of-sight acceleration for all future time. This is
indeed a formidable task since this acceleration is the dot pro-
duct of the target/missile relative acceleration vector (a func-

Stion of time) with a unit vector that lies along the line-of-
sight (also a function of time). Obviously this cannot be deter-
mined in general because of the uncertainty of future target
maneuvers. However, the acceleration along the line-of-sight can
be approximated by assuming that the target acceleration is zero
and the missile's axial acceleration is the dominant contributor
to the line-of-sight acceleration. Once this assumption is made
the problem reduces to the construction of a time dependent func-
tion that represents the missile's axial acceleration. This was
lone with a very simple function (given by equation 3) in [6]
resulting in a time-to-go algorithm that not only was accurate
under many launch conditions but greatly increased the missile's
performance over conventional time-to-go mechanizations. Unfor-
tunately those results did have limitations, especially on the
long range launches. This was due to the function used to model
th. missile's axial acceleration.

.Amax time < time of engine burnoutA14X- (3)

Amintime > time of engine burnout

where A and A. are constants determined from missile
thrust/drag Wracter iWcs.

An improved approach was suggested by York [7] in that actual
missile axial acceleration data is used to curve-fit an approxi-
mate function of exponential form during thrust off and of linear
form during thrusting. This is the basis of the following numer-
ical algorithm.

Algorithm Development

Based on an assumed model of the line of sight acceleration, the
algorithm is constructed to determine the time at which the range
will be minimized given the present range and range rate. To do
this, the following assumptions will be made.
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1. Assume non-maneuvering target

2. Assume acceleration along line-of-sight can be modeled as

I bt
ae , t>tbo

SRlt) d t

R(t) dt dt

Since R(t) is a piecewise continuous function with one discon-
tinuity there will be three possible solutions for R(t) and R(t).
Those solutions are

Definitions

to - present time

tf - final time

Ro - present range

R -present range rate

Case 1- to<t bo, tf<tbo

R(t;=k(t-to) + RO

R(t) k(t-to 0) Ro(t-to) + Ro

Case 2 - to > tbo, tf > tbo

R(t) = • ebt a ebto + (4)

R(t) = bt - 2 e b( R-o+ a ebt0) ( -t) +RO a b t 0(5)
b 2 0 b 2
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Case 3- to <tbo tf > tbo

This case is a combination of Case 1 and 2.

Use eqns for Case 1 and solve for R(t bo) and R(tbo) and
substitute those quantities into the equations for Case 2.

Therefore

R(t) - ebt ebtbO + R(tbo) (6)

bb
+ to a b(t-t bo (7)

a btbo+ R(tb° T2 e (7)
bo -

where

R(tbo- k(tbo-to) + Ro (8)

R(tbo (tbo~to) + R(tboto) + RO (9)

Mechanization of the Algorithm

The mechanization of the algorithm requires logic to first deter-
mine in which case (1, 2, or 3) the missile is operating. This
will be a function of present times range, range-rate, and the
near future acceleration profile. Once the case is determined,
the appropriate equations are solved by the following methods:

1. For Case 1 time-to-go can be calculated in closed form
by

2Ro I0
tgo 2R 0

-Ro+ IRo 0 ) T 2kRo
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i¸2.
2. For Case 2. A Newton iteration technique is used to

determine the time at which R(t) = 0 in equation (5).*

3. For Case 3. A Newton iteration technique is used to
determine the time at which R(t) - 0 in equation (7)* using thQ:
values of A(tbo) and R(tbo) determined by equations (8) and (9).

*NOTE: Prior to solving equation (5) or (7), a check must be
made to determine if R(t) = 0 is a valid solution. This is done
by determining the time at which the range rate will go to zero.
To do this equation (4) or (6), as appropriate, is set to zero
and solved for t. That t is then substituted into equation (5)
or (7)', appropriately, and R(t) is calculated. If R(t) is nega-

L tive the algorithm proceeds. If not, then the time at which
R(t) = 0 is used as the final time.

This process, although involved, is solvable with a digital com-
puter. The algorithm is intended to be solved every &t as the
missile flys toward the target. If sample time causes throughput
bottlenecks the appropriate modifications could be made, such as
solving for new tf s, every two or three guidance computations,
as required.

Closed-Form Method

Recall that the reason for needing time-to-go in the guidance law
stems from the original assumptions made in deriving the law;
that is, that final time is fixed and the missile has complete
control of its acceleration vector. The following time-to-go
algorithm attempts to rectify these deviate assumptions.

Consider a rewritten fort of the guidance law given in equation
(1), and referenced to the missile body coordi.nate frame.

AMX= 3 (S2/tgo + VR/tgo + KTATx) (lla)

= Xg 3X /tg TXT)

AMY 3 (S y/tgo2 + VRy/tgo + K (llb)

AMZ =3 (SZ/tgo2 + V z/tgo + KTATz) (llc)

Given knowledge of the vector quantities S VR' and A (recall
this information will be supplied by the 11tate estimator) then
the unknowns in equation (12) are AMx' Amy, AMZ and tgo. The
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quantity A. is the missile's axial acceleration command. This
quantity not controllable and would normally not be of
interest. However, if the commanded axial acceleration were
forced to be the actual measured axial acceleration then there
would be only one unknown in equation lla, tgo. This Is the
basis for this time-to-go algorithm. That is, pick a tgo that
forces the commanded axial acceleration to equal the present mis-
sile axial acceleration measurement. The value of tgo is then01 With this
used to solve equations lib and llc for Au, and A,_ With this
logic and the use of the Quadratic FormulK'the foT owing closed
form solution for time-to-go results.

•!• 2S x
2SRX

tgo (12)

S-VRx+ (V) 4 SRxArxi 3

where

ARX AMX -
3 KTATX

K= KT 1 toAtitA

Mechanization of the Algorithm

To mechanize the algorithm all the vector components must be
known with respect to the missile body coordinate system. The
terms SR , and AX are obtained from the state estimator and
AMX is Se measured axial acceleration from an onboard accelerom-
ter. The term K isan approximation of the proper value of K

Recall that KT is a function of time-to-go. This creates a proK-
lem in mechanizing equation (12) directly since we are solving
for time-to-go. Fortunately, K varies slowly as a function of
time-to-go. Using this fact, eiuation (1) can be solved using a
value of KT calculated from the most recent past estimate of
time-to-go, hence the notation KT.

Exact Non-realizable Method

In order to evaluate any method for estimating time-to-go an
exact truth model must be established. This is more complicated
than flying the missile and post priori determining final time.
The reason for this is simple. The time-to-go estimate used at
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each guidance command interval will cause a different accelera-
tion command, hence a different trajectory and hence a different
final time. To determine the exact trajoctory the missile will

! Lfly with the exact knowledge of time-to-go requires an impracti-
cal iterative method comprised of multiple flyouts. Although
such a method is non-realizable for real world applications, it
is useful as an evaluation tool. Such a method was developed to
determine the missile's performance using exact knowledge, of
time-to-go. The results are surprising as will be seen later.

The algorithm is a straight forward recursive iteration scheme
often used to solve transcendental equations and is depicted in
Figure 1. It has one check in it to insure stability and is
exited i¶hen the change in two subseque•,t flight times is less
than 10-' seconds.

MISSILE IS FLOWN WITH
CLOSED-FORM

ALGOR"T4

DETERMINEg- tfo

MISSILE IS FLOWN WITHi t PRESENT TIME
%0o tfo'to -f FINAL TIME

ty 0  tf?

YES

PIGURE 1 PLOW DIAGRAM POR I
RECURSIVE ALGORITHM
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Approach

The most economical and effective method to evaluate any time-
to-go algorithm is to implement it in a detailed simulation of a
missile system and perform simulated missile fly-outs against
realistic target maneuvers. This was accomplished in the ana-
lyses of the techniques presented in this paper.

The simulation consists of a six-degree-of-freedom (6-DOF) mis-
sile model of a cunceptual high performance bank-to-turn short
range air-to-air missile. The simulation contains detailed non-
linear math models of the major missile subsystems including the
seeker, autopilot, and propulsion; detailed aerodynamic models of
the missile airframe characteristics supported by wind tunnel
generated aero data; and the models that describe the missile's
equatinais of motion. Additionally, the simulation contains a
three-degree-of-freedom target model which incorporates a nine
"g" out-of-plane evasive maneuver algorithm.

To perform the analysis the guidance law given by equation (1)
was implemented with each time-to-go algorithm into the simula-
tion and provided all required information assuming zero errors.

*( Although this method of evaluation deviates from the "real"
world, it does provide a common method for at least comparing one
time-to-go technique to another. To be sure, if a particular
technique does not perform well under these ideal conditions, it
certainly wonot perform well under more realistic and reatrictive
conditions. Therefore, this analysis provides an intermediate
step in determining the comparative performance of the candidatealgorithms.

Comparison of Algorithm's Accuracy

For reference purposes the four algorithms presented in this pa-
per will be indexed by the following shorthand names:

TGO1 - -R/R (Equation 2)

TG02 - Numerical Method (Equations 4-10)

TG03 - Closed-form Method (Equation 12)

TG04 - Recursive Method (Figure 1)

Figure 2 is a plot of the time-to-go estimates versus time for
Lhe four algorithms. As can be seen, TG02 and TG03 and of course
TG04 (recall it is forced to be accurate) accurately estimate
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time-to-go whereas TGOI has considerable error. However, all
techniques resulted in a small final miss distance (less than 2
St) in thia rather mundane engagement.

Figure 3 shows the time-to-go estimate versus time from TGO1 dur-
ing a difficult forward hemisphere off-boresight shot. Note that
the algorithm over estimates time-to-go early in the flight dur-
ing thrusting and then underestimates time-to-go for the remain-
ing flight (coasting phase begins at 2.6 seconds). This happens
in all cases for TGO1 due to the fact that the algorithm assumes
constant closing velocity although the missile sustains high ac-
celeration levels due to thrust and drag. For this case, the
missile attained a final miss distance of 15.6 feet.

Figure 4 plots the time-to-go estimates for TG02, TG03, and TG04
made during the same initial engagement as in Figure 3. Each
time-to-go algorithm caused a different final time, hence the
three different asymtotes. In this case, TG03 performs the worst
in terms of estimation accuracy, however; unexpectedly, the most
accurate time-to-go method, TG04, results in an extremely poor
miss distance. Other similar shots were tried to determine if
this was an isolated case or a general problem. It was found
that the same problem occurs in many other large off-boresight
forward hemisphere launches. To help determine the reason for
this deviation from expected performance consider the differences
in TG03 and TG04. TG03 underestimated time-to-go during the
thrusting phase and then tracked true time-to-go nearly exactly
from burnout to intercept. The only significant difference in
TG03's accuracy as compared to TG04 was during the thrusting
phase. Now consider how this affected the missile's acceleration
commands over the subsequent flights. Figure 5 plots the com-
manded normal acceleration profiles associated with TG03 and
TG04. First consider the profile due to TG03. It is clear that
the missile commanded an extremely hard initial turn and then

!\ from about two to five seconds it commanded a low g level turn.
The peak that occurs at 5.1 seconds is in reaction to a last
ditch target maneuver which is activated at approximately 1
second before intercept. Intercept occurs at 6.1 seconds. Now
consider the profile associated with TG04. For the first five
seconds it is nearly a constant 26 g turn. At 5.7 seconds the
missile r.acts to the target maneuver. During the last hall
second the steering errors are large and the missile is command-
ing large acceleration. Unfortunately the missile dynamics can't
process these commands instantaneously rusulting in a large miss.
It appears that the major difference in the commanded accelera-
tion profiles is the hard initial turn. This turn occurs during
the same time frame that TG03 is underestimating .Ame-to-go.
Since this occurs early in the lziunch, the geometry of the en-
gagement is virtually the same indic'iting that the different ac-
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celeration profiles are directly attributable to the time-to-go
algor ithm.

To help verify this claim the mechanization of TG04 was modified
such that a value of .75 of the true time-to-go was used for gui-
dance during the thrusting phase. After burnout, the true time-
to-go was used as in the original TG04. The missile was then re-
flown with the modified TG04 resulting in a miss distance of .49
feet. More importantly the acceleration profile for the modified
algorithm was examined to see if it exhibited the same charac-
teristics as TG03. Not surprisingly it did. In fact, the pro-
files were nearly the same. Figure 6 shows the commanded ac-
celeration profile due to the modified TG04. This is a very sig-
nificant result. It suggests that in terms of missile perfor-
mance one does not always want to predict time-to-go accurately
for mechanizing linear feedback laws. However, this raises the
question how and when should the time-to-go estimate be inaccu-
rate? To help answer this question further analyses were per-
formed.

Aspect 0-B Rang e TG03 TG04 MOD TG04

Angle Angle (FT) *.75 *.50

45 0 4000 1.85 .61 .01 30.8

45 40 4000 .35 .31 .52 .55Fi

90 0 6000 2.37 .69 .87 75.1

90 40 6000 .51 .51 .63 .63

90 0 10000 .48 .32 .45 .41

90 40 10000 .58 333. .73 .47

135 0 15000 .83 .59 .51 .78

135 40 15000 1.38 85.2 .49 .17

TABLE 1. Comparison of Miss Distances
for TG03, TG04, & Modified TG04
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Experience with TGO1 clearly establishes that time-to-go should
not be overestimated. Doing so makes the missile wait until the
steering errors become excessively large, forcing drastic end-
game maneuver requirements, possibly exceeding the missiles capa-
bility. This means that if there is to be error in the time-to-go
parameter then it should be such that the estimate is less than
the true value. To help determine when and by how much time-to-
go should be underestimated, the modified TG04 was used with
values of .75 and .5 true time-to-go during thrusting to evaluate
the missile's performance in various engagements. The results of
this study are given in Table 1. The results show that knowledge
of true time-to-go can result in large miss distances. However,
this only happens in initial large off-boresight launches and not
when the missile is launched on a near intercept trajectory.
Further, the results show that underestimating time-to-go by a
factor of .5 during thrusting can cause the missile's performance
for on-boresight launches to significantly decrease. The combi-
nation of these results indicates that time-to-go should only be
underepcimated Ln large off-boresight launches in order to null
out the large steering errors as soon as possible. Doing this
forces the missile to attain a collision course early in flight
minimizing the chances of late evasion due to drastic target
maneuvers. A further benefit of the resulting trajectory is that
the missile performs its hard turning at lower velocities prior
to realizing the total effects of thrusting, thus minimizing in-. duced drag effects and increasing the missile's energy. Thiswill naturally resuilt in extended range capabilities.

Compensating For Lacge Off--Boresight Frrors

To be surethere are a number of ad hoc approaches to compensat-
ing flr•u large off-boresight errors. For instance, a direct ap-
proach could !e to add a bias term to the guidance law that would
be directly proportional to eff-boresight angle. This is cer-tainly a feasible but possiblAy very involved approach. A more
subtle method involves mechanizing the time-to-go algorithm in
missile body coordinates. Recall that TG03 does this. To under-
stand the rationale behind this approach consider Figure 7. Fig-
ure 7 depicts the relative position geometry for a planar engage-
ment. The line-of-sight vector has a magnitude equal. to the re-
lative range and lies along the target/missile sight line. The
vectovs R and R are orthogonal vectors aligned in the missile's
axial ano normaly directions respe'ctively. The missile guidance
problem is simply to drive and maintain the magnitude of the vec-
tor A. to zero prior to the time that the magnitude of the vector
A go~s to zero. Ideauly, at final time R and w will both go
t6 zero simultaneously. The optimal guidan e law Xt•,mpts to do
this. Most approaches to estimating time-to--go are r:oncerned with
determining the time at which the magnitude of th, line-of-sight
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vector will be minimized but not necessarily zero. This is an
important yet subtle point. The only scenario in which the
line-of-sight vector goes to zero is in the special case of a
direct hit. However, for any given control logic there will be a
time at which the line-of-sight is minimized hence a valid final
time for use in calculating_ time-to-go. Now consider the
scenarios in which the vector R goes to zero. To wit, the vec-
tor R goes to zero in every cale that the missile can overtake
the tirget. In other words, if the missile has a velocity advan-
tage over the target, the magnitude of R will go to zero. This
includes all cases in which an intercept Xcan occur. By calculat-
ing the time at which this vector goes to zero, that time can na-
turally be used by the guidance to command normal accelerations
such that the magnitude of R will go to zero before or at that
final time.

The way in which the use of the body referenced range vectors for
time-to-go calculations relates to off-boresight angle is simple.
The ratio of R and is a direct function of the off-boresight
angle. The larger th5 angle, the smaller the magnitude of • and
hence for a given thrust profile the smaller the value for ime-
to-go. Since the guidance gains are inversely proportional to
the value of time-to-go, larger normal -.ccelerations will be com-
manded to drive the magnitude of • to zero.

A further benefit of calculating time-to-go using missile body
referenced information is that the acceleration in the missile
axial direction is well defined reducing to sources of error to
essentially the uncertainty in target acceleration. This is in
contrast to the uncertainty in line-of-sight acceleration which
is a function of the missile's axial acceleration, normal ac-
celeration and target acceleration.

Missile Performance

The ultimate performance criteria for any guidance technique is
its ability to hit the target under all possible initial engage-
ment conditions. One commonly used method for measuring how well
a missile meets the performance criteria is through a determina-
tion of the missile's inner and outer launch boundaries. This
was done to evaluate the time-to-go algorithms' effect on the
missile's performance. Each of the three realizeable time-to-n o
algorithms (TGO1, TG02, and TG03) was interfaced with the gui-
dance law and mechanized in zhe 6-DOF simulation. Using a binary
search algorithm the inner and outer launch boundaries were com-
puted for each time-to-go/guidance configuration. (This was not
accomplished for TG04 because of the extremely large number of
runs that would be required).
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The inner launch boundary defines the minimum range from which
the missile can be launched and achieve a hit. (A hit is scored
any time the point of closest approach is within ten feet of the
target). The outer launch boundary defines the maximum range
from which the missile can be launched and achieve a hit. Obvi-
ously, there is an infinite number of launch conditions that can
be selected for evaluation. In order to limit the evaluation
process a set of initial launch conditions is selected. The
selection of these conditions should be done such that the

F evaluation will provide a good sampling of the weapon's perfor-
mance over all expected initial conditions. To this end the fol-
lowing conditions were selected.

1. Missile and target are co-speed and flying straight
and level at launch. (.9 Mach).

2. Missile and target are co-altitude at launch
(10,000 ft).

3. The initial aspect angle (angle between the
target's velocity vector and the line-of-sight) is
varied fronw zero to 180 degrees in 30 degree incre-
ments. Zero degrees aspect angle is a tail-on shot
whereas 180 degrees is a head-on shot.
4. The initial off-boresight angle (angle between the
missile's velocity vector and the line-of-sight) is
either zero degrees or 40 degrees lagging. Zero
degrees off-boresight angle means the missile is
launched directly at the target. Forty degrees lagging
off-boresight angle means the missile is fired such
that the missile's velocity vector is pointed 40
degrees behind the target.

The first two conditions (speed and altitude) were selected to be
representative of dogfight conditions. The aspect angle can in
reality vary from zero to 360 degrees, however, it was limited at
180 degrees because these angles represent a worst case due to
the nature of the target maneuver. The two off-boresight angles
were selected to evaluate the missile under a favorable off-
boresight (zero degrees) and at an extremely difficult off-
boresight condition (40 degrees lagging). The initial engagement
geometry is depicted in Figure 8.

Table 2 gives the inner launch boundaries for the three algo-
rithms while Table 3 gives the outer launch boundaries. The
inner boundaries are accurate to within 125 feet whereas the
outer boundaries have a 750 foot accuracy. Note that for the
forty degree off-boresight launches the missile failed to hit the
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r• . W !•, ,0 .0i 
I 0

0 300 60P 900 120o0 1500 00o

0 TGO1 1000 1000 1375 1675 3125 3125 18758 G
0 TG02 1000o 1000 1000 1125 26,25 2625 1B,

A TG03 1000 1000 1000 1000 2625 2875 1875

400 TGO1 * * * * 3625 4375 41250!N0 TG02 1000 1375 1875 2125 2325 3625 3875

A TG13 1000 10000 !000 1375 2125 2875 3875
- I

*Designates a No-Hit Condition. The Missile Failed to Intercept
From Any Launch Range.

TABLE 2. INNER LAUNCH BOUNDARIES IN FEET FOR
TGO1, TG02, and TG03

.1

00 300 600 900 1200 1500 18c0

G _I I I__ _I
00 TGO1 8750 9250 10250 12750 16750 24750 26750

aB TGO2 7Z50 7750 9250 12250 17250 20750 23750
"A TG03 9250 10250 12250 15250 20250 25250 26750I -- 

-I - -

400O TGO1 *** 11250 20250 19750
TG02 5250 5750 6750 9750 13750 19750 20250

A TG03 8250 8750 10250 13250 17250 23750 24750

*Designates a No-Hit Condition

TABLE 3. OUTER LAUNCH BOUNDARIES IN FEET FOR
TGO1, TGO2, and TG03
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00 30o 600 900 1200 1500 1800

00 TG02 1000 1000 1000 1125 2625 2625 1875

0 BODY
TG02 1000 1000 1000 1000 2625 2875 1875

B

A TG03 1000 1000 1000 1000 2625 2875 1875

400 TG02 1000 1375 1875 2125 2325 3625 3875

0 BODY

B TG02 1000 1000 1000 1375 2125 2875 3875

A TG03 1000 1000 1000 1375 2125 2875 3875

TABLE 4. INNER LAUNCH BOUNDARIES IN FEET FOR TG02, TG03, &
TG02 COMPUTED IN BODY COORDINATES

00 300 600 900 1200 1500 1800

00 T(02 7250 7750 9250 12250 17250 20750 23750

0 BODY
B TG02 9750 10250 11750 15250 1975P 24750 26750

A TG03 9250 10250 12250 15250 20250 25250 26750
8 -7- I -6-

400 TG02 5250 5750 6750 9750 13750 19750 20250

0 BODY

B TG02 7250 7750 8750 12250 1f6250 22750 22750

A TG03 8250 8750 10250 13250 17250 23750 24750

TABLE 5. OUTER LAUNCH BOUNDARIES IN FEET FOR TG02, TG03, &
TG02 COMPUTED IN BODY COORDINATES
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target from any launch range when the guidance employed TGO1.
This was due tc TG01s overestimation of time-to-go which caused
the missile to wait too long before adequate steering, thus fly-
ing itself into a non-recoverable situation. TG02 performed much
better than TGOl, however, its performance fell far short of that
obtained by the closed form algorithm, TG03, especially in the
large off-boresight scenarios. This is due to a violation in the
original assumptions used in deriving TG02, namely the assumption
that the missile's axial acceleration is closely aligned to the
line-of-sight vector. Based on this, it is reasonable to
hypothesize that TG02's performance would increase if it was
mechanized with missile body reference information as is lone
with TG03. To see if this was true, TG02 was remechanized using
body reference information and re-evaluated. Tables 4 and 5 give
the results from this study. As can be s~en, the performance of
the missile greatly increased. The body mechanized TG02 obtained
the same inner boundaries as TG03 but the outer boundaries,
although considerably better than TG02, fall short of the perfor-
mance obtained by TG03. This is probably due to the fact that
TiC02 assumes zero target acceleration whereas TG03 does not maKe
that assumption. Other studies have shown that target accelera-
tion information improves outer launch boundary performance. [5]

Complexity of Solution

One of tae fundamental issues involved in the selection of any
time-to-go algorithm is the issue of complexity. Since the algo-
rithm will be implemented in a small dedicated guidance computer
it is mandatory that the algorithm be as simple as possible while
maintaining a high level of expected missile performance.

Table 6 summarizes the complexity requirements versus the com-
parative performance results based on the launch boundary deter-
minations for TGO1, TG02, and TG03. The table gives the number
of Fortran lines of code used to mechanize the algorithms in the
simulation and the special functions needed to solve the algo-
rithms. As can be seen TG03 petformed the best and was relative-
ly simple to mechanize.

ALG #Lines Special Relative
of Code Functions Performance

- -i

TGO1 2 0 3

TG02 48 Square Root 2
Exponential

TG03 3 Square Root 1
Exponential

TABLE 6. SUMMARY OF COMPLEXITY REQUIREMENTS AND RELATIVE PERFORMANCE
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SUMMARY AND CONCLUSIONS

Four time-to-go algorithms were developed and evaluated to deter-
mine both the accuracy of the algorithms and the effect of the
algorithms on missile performance. The following results were
found.

1. The commonly used method for estimating time-to-go,
range over range-rate, severely limits the missile's
performance capability.

2. If the guidance law is suboptimal as is the one
used in this study, use of perfect knowledge of time-
to-go can cause substandard missile performance in high
dynamic engagements. In these cases, underestimation
of time-to-go during the thrust phase will compensate
for the suboptimality of this guidance law by nulling
large initial steering errors early in the engagement.

3. Time-to-go calculations should be accomplished in
missile body reference coordinates.

. I4. Iterative techniques for estimating time-to-go are
very sensitive to modeling errors making it imperative
that the algorithms contain complex equations. These
methods, although solvable, tend to be very compli-
cated.

5. The best performing yet simplistic algorithm is the
closed-form algorithm that forces the commanded missile
axial tcceleration to be equal to the actual missile
axial acceleration.
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MICROPROCESSOR-BASED OPTIMAL CONTROLLERS FOR A
HELICOPTER TURRET CONTROL SYSTEh'i
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ABSTRACT

The design and implementation .f microprocessor-based discrete-time op'imal
controllers for the X4-97 helicopter gun-turret control system is considered.
Nonfiring and firing test results are presented. Further testings and the
design and implementaion of disturbance cancellating turret controllers are
currently underway.

I. INItODUCTION

The design of a hii.h precision helicopter pointing control system using modern
control and observer theory has been investigated by Coleman, Loh, at al in
II1. The pointing control system investigated was the XM-97 helicopter
Run-turret control system. The continuous-time optimal controllers and
observers developed in (11 ] ere implemented by using standard analog
electronic components. The resulting perform~ance improvement of the optimal
turret control system, in terms of round dispersion, turret overshoot, turret
settling time, etc., ranged frov a factor of 2 to I to a factor 10 to 1 when
compared with the performance of the original system.

Recently, the continuing design efforts on helicopter turret control systems
have been directed towaras the development of high precision turrets employing
microprocessor-based optivial controllers. Results presented in 121
demonstrated that it is indeed feasible to implement such an optimal
controller in a real time environment by usinp state of the art
microprocessors. Furthenpore, numerical processor chips such as the 8087 are
sufficiently fast enough to permit implementing some forms of adaptive control
laws which may further enhance control system performance.

The purpose of this paper is to present some preliminary results on the
performance of the XMI-97 helicopter turret investigated in (11 employing
microprocessor-based optimal controllers. Ihe microprocessor sofeware was
developed by using a basic Intel 220 development system expanded to 64K bytes
RAM and 1.25 megabytes disc.

The organization of the paper is as follows. Section 2 gives a brief descrip-
tion of the existing Wi-97 helicopter gun-turret control system and its step
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responses. Section 3 presents a simplified mathematical model of the original
system. The formulation and design of discrete-time optimal controllers for
both the azimuth and elevation channels of the gun-turret based on the
simplied model developed in Section 3 is presented in Section 4. The
microprocessor-based implementation of discrete-time optimal turret

controllers is discussed in Section 5. Section 6 presents preliminary
nonfiring and firing test resvlts. Further performance evaluations of the
microprocessor-based XM-97 heliccpter gun-turret control system and the design
of microprocessor-based disturbance carcellating controllers are currently
underway; the results will be reported elsewl.ere.

2. DESCRIPTION OF THE EXISTING YX-97 HELICOPTER
GUN-TURRET CONTROL SYSTEM

Tln XM-97 helicopter gun-turret system consists of a three-barrel 20mm

automatic cannon system and a turret drive system mounted under the nose
section of a Cobra helicopter. For test purposes, the gun-turret and
helicopter airframe are suspended from a six-degree-of-freedom simulator as
shown in Fig. 1. The gun-turret control system is essentially an inertial
load drilren by a pulse width modulated split series DC motor through a
compliant gear box. The transfer functions of the system are as shown in Fig.
2. The system consists of two controllers: one controller positions the gun

turret in azimuth and the other elevates and depresses the gun cradle and theI un. The two controllers are functionally similar and independent. As shown
in Fig. 2, the only difference between the two controllers is the gear ratio N
"which is N - 620 for the azimuth channel and N = 810 for the elevation channel.

The existinji gun-turret control system essentially employs angular position
feedback anc angular velocity feedback. With the stato variables chosen as
shown in Fip. 2, the turret dynamics is described by the following

j- 8-dimensional vector differential equation (for both azimuth and elevation
channels),

= Ax(t) + Bu(t), x(0) M()

where

_x(t) = Ixl(t) x'2(t) x3(t) x4(t) x5(t) x 6 (t) Y7(t) xs(t)IT,

x'l(t) = gun turret iiigular position relative to the hull (radians),

x4(t) = gun-turret angxilar velocity relative to the hull (radians/second),

xt 2 (t) = motor angular velocity relative to the hull (radians/second),

x 3 (t) = motor torque (foot-pounds),

x 5 (t) - power amplifier output (volts),

x 6 (t) - low level electroi.:cs output (volts),

X7(t) = geared-down shaft snpular position relative to the hull (radians),
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Fig. 1 XM-97 HELICOPTER GUN-TURRET SUSPENDED FROM SIMULATOR
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X8(t) a output of tachometer feedback loop (volts),

rlt) = gunner comiand input (radians),

u(t) - control input (volts) - xr(t) - X'1 (t)

and A and B are, respectively, Wx8 and 8xl constant matrices given by

0!

0 0 o o I o o -/101 00 -91 11010 o 0 40lO3 0 0 0 0

-3.1k1lO 0 0 -3.1SxlOS 0 0 3.ISxl0s 0

A - 0 0 0 *5x1O2 3.700x1O3 0 -3.720f1• 0

-9.09U104 0 0 0 0 0 -1.7a4 0

0 1/N 0 0 0 0 0 0

2/lx1ob0p 2 0 4x40 3p2  0 0 0 "2I1#10 P2 "P3

0

0

0

9.09sxlo
0

0o

Tvp~ical step respar:sos of the existinji turret control systeir described by (1)
for xr(t) -• 175 milliradians (100) are as shown in Fig. 3. T'he responses
%.,Pre oscillator•,. For the azirruth channel, there was a 601 overshoot in the
pun arpul~r position xI(t) and the settlinsi tim~e ts for xj(t) was more then

. second.
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LO 
x (t) • 100 (Step Coamnd)

05

~00

=-05

L10

SO0 07 L4 Zt 28
TIME IN SECONDS X 10ti

(a) Azimuth Angular Position Error

• • ~so -

(n xr(t) - 100 (Step Cowmand)

~00

-40 /

00 ZO 40 60 s0

TInE IN SECONDS X LOa2
rg• 9R DEMOrULATED ELEVRT[ON EROR - FfLTE=I0OHZl
TEST 13Z. tOnwO. MTC / XfL97

(b) Elevation Angular Position Error

Fig. 3 STEP RESPONSES OF ORIGINAL XM-97
HELICOPTER TURRET CONTROL SYSTEM
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3. GUN-TURRET MODEL SIMPLIFICATION

The first step irvolved in the design of suitable optimal controllers for the
XM-97 helicopter turret control system was to obtain suitable open-loop models
for the turret system. Hence the positior' and velocity feedback paths in the
existing system indicated by the dotteo lines in Fig. 2 were first removed; a
7th order open-loop turret control system resulted for each of the azimuth and
elevation channels. The next step was to simplify the 7th order mathematical
model. It was decided to ignore stable poles of magnitudes larger than 150
corresponding to a time constant of T - 1/150 - 6.67 milliseconds. Hence
G3(s), G5 (s) and G6 (s) in Fig. 2 become, respectively,

G3 (s) Pl,

G5 (s) = 7.5,

G6 (s) = 535.

Furthermore, it is found that the effect of the shaft compliance Kc on the

response of the helicopter gun-turret drive could be ignored. The parameter
Kc was therefore eliminated by setting it to an arbitrary large value in
Fig. 2. The elimination of Kc in rig. 2 has also resulted in the
elimination of the geared-down shaft aneuler position x 7 (t) which is not
accessible for on-line measurement. With all the simplifications asII discussed above, it can be shown that the helicopter gun-turret system shown

in Fig. 2 reduces to the open-loop system shown in Fig. 4 when the position
and velocity feedback paths are removed.

The dynmaics of the --implified gun-turret of Fig. 4 can be shown to be
S~described by

[ (t)1 0 1
where K ] [C - 3"84•03] tJ + 8 0 2  u(t), (2)

1; 2(j Li -L j L

where x'l(t) and x' 2 (t) are the same as in (1), J = 3xl0- 4  for the
azimuth channel and J 2.7x10-4 for the elevation channel.

IJ
!Had x7(t) not been eliminated, a suitable filter or observer would be
required to Fenerate an estimate of x7 (t) in the implementation of an
optimal controller. I
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u + jx•

Fig. 4 SIMPLIFIED OPEN-LOOP XM-97 HELICOPTER TURRET CONTROL SYS\'EMS

WITH J=3xO (AZ) AND J-2.7x0- (EL)

V, +
0.1 IS

b

0.0192

Fig. 5 SIMPLIFIED OPEN-L,•OP XM-97 HELICOPTER TURRfT CONTROL SYSTEMS
-4 -4USED FOR DESIGN OF OPTIMAL TURRETS WITH J-3x0- (AZ) AND J-2.7x10- (EL)
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4. DESIGN OF DISCRETE-TINE OPTIMAL TURRET CONTROLLER

The design of continuous-time optimal controllers for the XM-97 helicopter
gun-turret control syst'em has been investigated in (1 and [3j. In [lj I lnG
[3], the design problem was formaulated as shown inr Fig. 5, with the dynamics
of the open-loop system described by, for both the azimuth arid elevation
channels,

; At) Ax(t) + Bu(t) + Fvr, x(O) lo, (3)

where

_10'(0) = 1-Ait) X2(t)],

xl(t) - xr(t) -x'lt)

= error between #he position com'mon input xr (radians) end the

actual Run-turret angular position x'(t) (radians),

Y2(t) - Nvr - Xt 2 (t)

M error between the velocity com.end vr (radiasisecond) and the
acrue1 motor anaula• velocity x.(t) (radians/second),

j ~r(t) r Vrt

•step-plus-r~mp position command input (radians),

u(t) control input (volts),

and A, b and F are constant matrices Riven by

r,0 0 aj AWE:A 3.8x0
0 0

L 
Ll22J

0 0 A 0

-60.25 3.e4xlO- 3N

To desion Stuitable iicroprocessor-tase{ optial controllers for the helicopter
gun-turret control systeir, equetion (3) is first discretized by using a
sam,pling interval 'I spconds as follows:

209

-... - -" - .---.-------- ,-------------.- - .v ------.- l



y(k+l) Adx(k) + BdU(k) + Fdvr, 2(O) • o, (4a)

where x(k) x(kT), u(k) u(kT),

A AT F 1 dl21

d e 0 adZ
A e Lo d22J

T At
d oe Bdt [bdi , (4c)

0d1

A T At dl
Fd foe Fdt f (4d)

0 d2

and the components in the Ad, Bd and Fd matrices can be computed easily
I for each of the azimuth and elevation channels.

The design objective is to drive x(k) to the zero state and in the same time
minimizing a quadratic performance measure. To achieve the objective, the
control u(k) is first split into two parts as

u(k) = Ufb(k) + uff(k), (5)

where Ufb(t) is the feedback component responsible for driving the state
x(k) to the zero state, and uff(k) is the feedforward component responsible
ior accommodating the velocit) .'ommand vr, i.e.,

BdUff(k) + Fdvr - 0. (6)

Using (3), (4) and (6), it is not difficult to show that

uff(k) - v - 4.785NxlO- 5vr k krvr" (7)
12

Substituting (5) and (7) into (4) yields

x(k+l) - Adx(k) + Bdufb(k), x(O) - 10. (8)

Equation (8) may be written as, by adding and substracting the same term

-B R S Tx(k) on the right-hand side of the equation 2 [41,
d d d-

2 The reason for using (9) is to provide an alternate rethod for solving the
optimal contro] problem. See (12)-(13) and (23)-(26).
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x(k_+)- (A- (A E,- S TWO + Bd[u W)+ Rd SdxTk)l

*Aeq x(k) + BdUea (k). , x(O) - ,x (9)

where Rd and Sd are constant matrices, and

A -1iT
A a A-BR S(10)
eq d d d

Ueq(k) W ufb(k) + R S W(k). (11)

Ccnsider the performance measure

"T" T

d EIT~QdXk + 2x (k) k) + ufb(k)RdjtL,(k)] (12)
k-0

which may be written as [4], by completing the square for the terms inside the
brnckets,

00

j = F0 [xTkQe x(k) + - T (k)U_ (k)], (13)
eq k-0 eq- -e d-eq'

Swhere Jd f Jeqs and

QeC Qd - SdRdSd'4)

while U e0 (k) is as defined in (11). ir (12) and (13), Qd is an nxn (n-2
for the present problem) symmetric positive-sevidefinite weighting matrix,
Rd is an rxr (rwl for the present problem) symmetric positive-definite
weighting matrix, and Sd is an nxr (n-2, rfl) weighting matrix. in the
design of an optimal control system, the nume.rical values of the elements of
•bhe weigbting mat.Lices Qd, Rd and Sd are often chosen in a trial ana

trtc'- basis, guided by, perhaps, the physics of the problem and design
experience. However, it is iopertant that these weighting 'itrices be chosen
such that 141 - 151, t

W(Aeq, Dd], where D d T - S d1 Rd' is completely observable, i.e.,

I T T '2T-. NI ) .- T)Z1

rank[D~ I A D~ JA eq A D (15)rakd• eq d 'eq d " eq Udl (5

(ii) [Aeq, Bd] is completely controllable, i.e.,

ranikc I AB B A2  ..- A B I n. (1)
d eqd Pq eq d (b

The resultant optimal closed-loop control system will then be asymptically
stable if (condition (M)) and only if (condition (ii)) conditions (i) and (ii)
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are satisfied.

Given (8) and (12), or equivalently (9) and (13), we wish to find the optimal
control which minimizes the performance measure Jd, or equivalently Jeqo
It is well known that the optimal control problem posed by (8) and (12), or
equivalently (9) and (13), is a discrete-time version of the following
continuous-time optimal control problem:

Given the continuous-time tystem,

i(t) - Ax(t) + Bu(t), x(0) -o (17)

find the optimal control which minimizes the performance measure

J - J [oT(t)qO(t) + uT (t)Ru(t)ldt, (18)

where Q and R are, respectively, symmetric positive-semidefinite and symmetric
positi're-definite weighting matrices. 1he continuous-time system described by
(17) may be discretized as shown in (4). The corresponding discrete-time
version of (18) is then given by (12) with the following substitutions [6]:

T

Q d f e At tQe Atdt, (19)
0

Pd =f[ + B T(t)QBd(tOldt, (20)

T T

S d -e A tQB(t)dt, (21)

t A

B(t - foe Bdo (22)

me observe that although there is no cross-product ter( . of the formXT(t)Su(t) used in (18), the cross-product term due to Sd in (12) is
generally nor-rero, unless 0 - 0 as may be seen from (21). Ue remark also

that the cross-product term in (12) may be dropped if one is not interested in
establishing the corresponding relationships betueen the continuous-time and

the associated discrete-time optimal control problems.

Now, the optimal control which toinimizes the performance measure Jd given by
(12) subject to (8) is given by [51

u~ ~ ~~ 1 (k-( _1 (BT KA+S T)x(k)(2a
fb (Rd BdKdBd) - ddd

x (k) + k2x2(k) (23b)
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kItX(k) - x (k)] + k2(Nv - x2(k)), (23c)

where kl and k2 are constants, and Kd is the symmetric positive-definite
solution of the algebraic matrix Riccati equation

T
Kd a AdKdAd + Qd

-(B T) (R + B TK B )I(BT K A + ST) (24.)
d dd + d d d dd d dd d

mAT K A Q
eq dAd eq

-T BA(R + BK TKdBd) AdKdAe. (24b)
e1q dd d d dd d deq-

Equation (24b) follows from (24a) by simple algebraic manipulations.

Similarly, the optimal control which minimizes Jeq given by (13) subject to
(9) is given by

uo (k) - -(R + BTKB) -BTKA x(k)
eq d dakd de (25)

where Kd is the sywmetric positive-definite solution of (24). As expected,
substitution of (25) into (11) yields (23).

Combing (7) and (23), the total control is given by

u(k) - -R +BTKB )-I(BTKA +STWx +k v (26a)
d ddd d dd d r r

- klxl(k) + k2 x2 (k) + krvr. (26b)

Substituting (26) into (4a) yields the optimal helicopter gun-turret control
system

x(k+l) w [A - Bd(Rd + BTK B ) -1 (BTK A + S )Ix(k), x(O) - x . (27)d ddd ddd d -o

A block diagram for a microprocessor-based implementation ot the optimal
controller given by (26) is as shown in Fig. 6.
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5. IMPLEMENTATION OF DISCRETE-TIME OPTIMAL CONTROLLER

The hardware used to execute the discrete-time optimal controllers for both
the azimuth and elevation channels developed for the &1-97 helicopLer ,:,
control system developed in Section 3 is as shown in Fig. 7. It consists of
two SBC 310 high speed mathematics boards, an SEC 66/12 (16 bits, 8086 besed)
single board computer and a SBC 732 combination A/D and D/A board (12 bits).
A TI Silent 700 provides the capability for quick parameter adjustment of the
controller algorithms during nonfiring and firing tests. We remark that only
one SBC 310 high speed mathematics board is needed to execute the control
algorithms. The second SIC 310 mathematics board is used as a back-up and
also to provide additional computation capability for follow-on development.
To implement the controllers uithout disturbance cancellation, only the SIC
86/12 single board computer is needed. One complete, iteration of the algorithm

requires 0.8 milliseconds when implemented using fixed *,oint assembly language
code. This rapid execution time makes it possible to test and compaie
discrete-time optimal controllers for sample intervals of T-1 millisecond and
T-10 milliseconds. The nonfiring and firing test results will be presented in

the next section.

The electronic hardware is housed in a 9" x 15" x 16" aluminium case and
weighs approximately 30 pounds. One of the design requirements for the system
is that it be fully transportable. This has been made necessary by the fact
that the software development facility is located at the Dover, New Jersey
site and the nonfiring and firing testing facility is located in Rock Island,
Illinois.

On power up of the XM-97 digital turret control system, an initialization
routine INIT initializes all programmable devices and transfers all programs
from PROM to RAN memory. The desired program is then called by executing an
appropriate interrupt.

A flow diagram of the digital optimal controller software is as shown in Fig.
8. The subroutine INPAZ brings in and scales the azimuth position error,
turret rate and sight rate signals and compute rate error X2 (k). The
subroutine INPEL performs a similar function for the elevation channel. The
subroutine DAOT outputs the calculated control signals u(k) for both the

azimuth and elevation channels to the D/A converters. Before the signal u(k)
is sent to the D/A converter, however, it is converted to fixed point and

k clipped at 12 bits (+10 volts) to prevent seturation of the D/a. In order to
provide maximum flexibility in software development and implementation,
extensive use is made of three macro routines COMP, GET and FIN. The MACRO
COMP(WT, DATAl, DATA2, OPOODE, TMP) functions as follows. If WT is other than
null, the program checks to determine if the high speed mathematics board has
completed its computation before continuing. DATAl and DATA2 are the 3ddress
routine for the 4-byte operator and operand, respectively; if either is a
null, the old values is used. OP)OODE is a hexidecimal number from 0 to F
indicating the type of operation to be performed. If this value is a null,
then no operation takes place. If TDIP is a null, the MACRO is terminated
after th.ý high speed mathematics board is started. Otherwise the program
waits until the operation is completed. The 4-byte result is then stored in
the addre&ss pointed to by TMP. The MACROS GET(NT, TMP) and FIN(NT) are
actually subsets of the MACRO COMP(WT, DATAl, DATA2, OPCODE, TWP). A complete
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listing of the software program is available upon request.

The microprocessor development system used to debug the optimal controller
algorithms is as shown in Fig. 9. The facility is located at the Army
Armament Research and Development Command laboratory in Dover, New Jersey.
The entire system consists of a basic INTEL 220 development system expanded to
64K bytes RAN and 1.25 megabytes disc. In addition, there is a high speed
line printer, an 8-channel 12-bit A/D, a 4-channel 12-bit D/A and a PROM
progranmmer for the 2708, 2716 and 2732 PROMS (8, 16 and 32 bits per unit,
respectively). Since the 8080 requires 1.2 ms to perform a 32Kbit floating
point multiplication, a means of speeding up computation is required for real
time execution of algorithms. Therefore, a SBC 310 high-speed mathematics
board is added which does the same multiplication in 85 microseconds.
However, this board must communicate with the CPU via the system bus in order
to store and then load the required four byte data words. This process
requires approximately 90 microseconds. To minimize this excess overhead
time, another SBC 310 high-speed mathematics board was added which permits one
board to compute while the other is storing data.

(a CUR
DIINSXTT DISK[ •[TrIL,;?e 7G1

GRIM SyrT

Fig. 9 MICROPROCESSOR DEVELOPMENT SYSTEM
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6. TEST RESULTS

Firing and nonfiring tests of the microprocessor controlled XM-97 helicopter

turret control system were conducted using the following values of Q and R in

(18),

SQ = , R = I

0 0

The corresponding Q R and S were computed according to (19), (20) and (21),

respectively. The Rbove choice of Q implied that only x (t) - xr(t) - x1(t)

was weighted so that large amplitudes of Xld(t) were discouraged.

The optimal control used was given by

u(k) - klx(k) + k 2 x 2 (k) + krvr.

The following cases were investigated:

qll* = 5,
qll 5 I,

q1  10,

Kq 15,

using a sampling intervals of T=1 millisecond and T=10 milliseconcis. It was

found that the case of q1=5 and a sampling interval of T=1 millisecond gave

the best results for both t he firing and nonf.ring tests.

(a) Nornfiring Tests

For nonfiring tests, the step responses of the azimuth channel of the original

turret and the optimal digital turret are as shown in Fig. 13(a) - (L) and

Fig. 11(a) - (b). The step inputs used were:

(i) Original Turret

Xr(t) = 20,

Xr(t) - 50.

(ii) Optimal Digital Turret

xr(t) = 20.

The statistics of the step responses shown in Figs. 10 - a are summarized in

Table 1. The step responses of the original turret exhibited an average

overshoot of 50% while there was no overshoot for the optimal digital turret.

The settling time of the original turret was about 4.4 times longer than that

of the optimal turret.
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TAILE 1: STEP RESPONSES OF ORIGINAL AND OPTIMAL
TURRETS-AZIHUTH CHANNEL

I TURRET SETTLING % OVERSHOOT COMMENTS
TIME (SEC)

Original Average of20 Step 0.50 49% left & right
50 Step 0.74 51% excursions

Optimal Smooth
q it- 5, 0.14 None response

•" T-I ms

Optimal Slight
q1l-5, 0.14 None chattering
Tl10 ms response

22be
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(b) Firing Tests

The firing tests were conducted using 20 rounds burst fire. The firing rate
was 600 rounds per minute. In order to ignore the transient response of the
turret, the statistics of the first 6 rounds, corresponding to approximately
0.6 second of firing time 3 , were neglected. The performa.-ic of
original turret and the optimal digital turret in terms of the standard
deviations of their rounds dispersion are summarized in Table 2. A
performance improvement of approcimately 2 to 1 was obtained. Further tests
using different values for qll and using disturbance cancellating optimal
digital controllers are currently underway. The results will be reported
elsewhere.

TABLE 2: STANDA?'ý DEVIATIONS FOR RANGE OF 85 FEET

TEST NO. OVERALL BARREL I BARREL 2 BARREL 3
AZIMUTH (INCH) AZIMUTH (INCH) AZIMUTH (INCH) AZIMUTH (INCH)

D 30 1.25 0.70 1.15 1.76

D 31 1.78 1.17 0.80 2.42

0 33 2.11 1.35 2.23 0.99

D 36 1.57 1.47 1.46 1.53

D 37 1.87 1.70 1.14 1.38

0 38 2.26 2.28 1.93 1.80

D a Optimal Digital Turret

0 - Original Turret

3 The average settling time of the original turret for nonfiring tests was
about 0.62 seconds; see Table 1.
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DISCRETE-TIME DISTURBANCE-ACCOMMODATING CONTROL THEORY;
THE DISTURBANCE-UTILIZATION MODE

C. D. Johnson
Professor of Electrical Engineering
Electrical Engineering Department

The University of Alabama in Huotsville
Huntsvillte, Alcbama 35899

INTRODUCTION

. : In a recent paper (1], the theory of Disturbance-Accommodating Control (DAC)
was extended to include the case of discrete-time, sampled-data control prob-
lems. The results presented in (1] covered the disturbance absorption (can-
cellation, rejection, counteraction) and disturbance-minimization modes of
control, but did not consider the disturbance-utilization mode of control.
In the present paper, we complete the development begun in (1] by deriving
a rather general theory for the disturbance-utilization mode of digital DAC
for the case of linear plants with a quadratic performance index.

The motivations for a theory of digital DAC, and the detailed derivation of
the basic discrete-time models for the plant and disturbances are well-
documented in (1] and therefore will not be repeated here.

SUMMARY OF DISCRETE-TIMdE MODELS FOR LINEAR PLANTS,

I :DISTURBANCES AND COMMANDS

that their discrete-time response can be modeled by the following linear
difference equations (see (1] for the derivation of these difference
equations from their continuous-time counterparts)

Ex(nT) =A(nT)x(nT) + (nT)u(nT) + F HýT)z(nT) + 1(nT) (1a)

y(nT) C(0T)7x(n) (Xb)

w(nT)= external disturbance vector 00-(nT)z(T) (lc)

E •(4T) =1DT)T zOT) + a(nT (

Some possible generalizations of Eqs. (lb) and (lc,d) are described in (1].
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where E(-) denotes the forward shift operator: Ex(nT) - x((n+l)T) etc.,
x = (xI, ... , Xn) is the plant state-vector, y = (yl, ... , y ) is the
plant output vector, u * (u1 , ... , ur) is the plant control Tnput,
w = (W , ... ,wp) is the plant disturbance input, and z = (Z , nZ ) de-
notes the "state-vector" for the disturbance process (1c), ( id).
case of plants and/or disturbance processes which are governed by under-
lying linear continuous-time differential equations of the form

i = AW )x + B(W)u + f)vl(6

y = C(J)x (2b)

(2d)

where a = (01, ... , a,) denotes an unknown, sparse sequence of randomly
arriving (once-in-a-while),random intensity imjpulses having a specified
minimal adjacent spacing )i > 0, the matrices A, A, etc. in Eq. (1) are
related to their counterparts in Eq. (2) as follows (see [1l)

NAýnT) = &+_+("O= state-transition matrix for (3a)
& 4 n * A ( t ) ( 3 b )

F~(nT) f(3c)r• T

T(nT) (3d)

L~'n)= ~t+(p*~)7~nT)(3e)0 0

where 4D denotes the state transition matrix for D(t). Note that the dis-
turbance -like terms •, • in Eq. (1) [called "residuals" in [l)) account
fo." the action of the a(t) impulses which arrive between adjacent sampling
times to + nT, t + (n+l)T. Since the arrival times and intensities of the
sparse o(t) impulses are completely unknown, (no probabilistic stucture) the
terms y, a are also completely unknown.

The primary objective of control is assured to be expressible as the set-
point regulation of, or servo-tracking by, certain specified plant variables

S" ), where in general the 7i can be related to the plant state-
variaboes (x1 , ... , xn) by the linear expression

Note that the argument symbol nT appearing on the left side of Eq. (3)
actually denotes the time t - to + nT. This shorthand notation will be
used consistently in this paper.
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(4)

In many cases, the objective is to control the plant output y(t) in Eq. (lb),
in which case one would choose t - C in Eq. (4). On the other hand, the
desire to control the entire plant state x(t) would be indicated by ,hAosi1,

-I in Eq. (4).

In accordance with standard procedures in DAC design [2], the desired
(commanded) behavior of y(t) is expressed in continuou.-time by the "set-
point/servo-command" dynamical model

y~)~ G (t)C)
Sdesire

W +A + () (5b)

where {G(t), E(t)} are determined a priori by appropriate "command modeling"I procedures; see [2; p. 642]L and where c - (c1, ... , c.) represents the
"state" of the command model Eq. (5). The vector V. = (Ng, ... v, i.) repre-
sents a sequence of totally unknown impulses which are sparse; similar in
nature to the o(t) impulses in Eq. (2d). It is assumed that the set-point/
servo-command vector 7Y = (Ycl, ... , YcM) might not be known a priori, but
can be directly and accurately measured on-line, in real-time.

In the case of set-point regulation problems the command Yc(t) is essentially
constant, or piecewise constant, in which case t) = 0 in Eq. (5b) and one
can then set G(t) =_ I in Eq. (5a), assuming the Y7 in Eq. (4) are independent.
In the case of servo-tracking problems, the command yc(t) is allowed to con-
tinuously vary with time and !(t) is chosen accordingly; see [2; p. 642].

For purposes of designing discrete-time controllers, it is necessary to have
a discrete-time version of the set-point/servo-command model Eq. (5).
Following the same p;)cedure used for Eq. (1), the discrete-time model of
Eq. (5) is obtained as

y(nT) =G(nT)c(rT); c((+i)T) E(nT)n+AýnT) (6)

where S=transition matrix for f(t) (7a)

The information embodied in the real-time command-state c(nT) enables the
DAC controller to "accommodate" uncertain servo-command behavior 7c(nT)
similar to the way disturbances are accommodated. c

The symbols c, E in Eq. (5b) correspond to the symbols xc, R used in
[1; Eq.(43)].
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DESIGN FOR THE DISTURBANCE-UTILIZATION MODE

The two modes of disturbance accommodation considered in [1] w,'re designed
to cope with disturbances by counteracting (absorbing) or minimizing their
effects. This design attitude reflects the traditional view of disturbances
as causing only unwanted, disruptive effects on the plant behavior. However,
there are realistic situations in which disturbances are capable of pro-
ducing desirable effects on the plant behavior. In particular, it is possible
that at least some of the action of disturbances can be constructively used
to assist the controller in accomplishing the primary control task. The
trick, of course, is to know Just how to manipulate the control u(nT), in
real-time, so as to harness and exploit any useful effects inherent in the
(uncertain) disturbance actions.

The systemmatic design of continuous-time controllers to optimally utilize
the action of uncertain disturbances was first introduced in [3], and has
since been refined and applied in [2], [4], [5], [6], [7]. In this paper,
we will derive discrete-time versions of "disturbance-utilizing" controller
design procedures which parallel the results in [2], [4], and [6].

THE CHOICE OF A PERFORMANCE INDEX 7 IN DISTURBANCE-UTILIZING CONTROL PROBLEMS

SI The objective of disturbance-utilizing control is to make maximum (optimal)
.* use of the disturbance w(t) as an aid in accomplishing the primary control

task. For instance, if the primary control task is to achieve set-point
regulation or servo-tracking with minimal expediture of control resources
(fuel, energy, etc.), it is conceivable that the action of disturbances w(t)
might be able to reduce the drain on control energ and/or achieve "better"
set-point regulation or servo-tracking --- if u(nTi is manipulated properl
On the other hand, if the disturbance actions are such that they are totally
counter-productive to the primary control task, the use of an optimal dis-
turbance-utilizing controller will serve to minimize the inevitable loss of
performance contributed by the disturbance.

The optimal utilization of disturbances is achieved by application of optimal
control theory, where the performance-index functional J is structured such
that the minimization of J by u(nT) achieves the primary control task while
simultaneously making maximum "use" of w(t). In the continuous-time version
of disturbance-utilizing control theory [4] the most common choice of per-
formance index J for set-ooint and servo-tracking problems is the classical
error/control quadratic functi Ia

Tk i ( +JRu( S (8)

where c(t) denotes the instantaneous "control error"; i.e. the error between
desired response Yc and actual response 7(t); and S, Q, R are positive
definite symmetric matrices chosen by the designer. The design of u(t) to
minimize Eq. (8) automatically achieves the primary control task of
//c(Tf)li = "small" [and Ie(t)l = "small"], while simultaneously letting
w t) "assist" in that task and/or in (possibly) seducing control resource
consumption as measured by the time-integral of u (t)R(t)u(t). If the dis-
turbance w(t) is such that it cannot "assist" in reducing J in Eq. (8), the
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control u(t) which minimizes Eq. (8) will then at.,tomatically minimize any per-
formance deterioration (increase in J) which w(t) contribues.

In discrete-time optimal control theory, the most common discrete-time
version of Eq. (8) is expresse s

:L~ e "VT *"T, / 1"
= ~ ~ w UWAeN) 4/ JT~~nr (9)

where the interval of control [to, Tf] is divided into N equal segments
t to+nT; n 0, 1, 2, ... N. Actually, if one evaluates the continuous-
ttme performance index Eq. (8) over each segment t +nT ; t :. to + (n+i)T,
using the known solution expression for Eqs. (2),(5), it can be shown (8)
that Eq. (8) may finally be expressed iti the form* of Eq. (9) with the ex-
ception that there is an additional term 2 uT(nT)A(nT)h(nT1 in the summation

on the right side of Eq. (9). In that case, the matrices Q, R, R are re-
lated to Q, R, B, A in Eqs. (8), (2) through some rather involved integrals.
In practical applications of discrete-time optimal control it is generally
preferable to adopt the format Eq. (9) as the starting point fot: structuring
the performance index J and then design the weighting matrices SQ, R in
Eq. (9) to attach proper emphasis on the minimization of c(nT), u~nT),
n - O, l, 2, ... , N. Forthis reason we hereafter adopt Eq. (9) as the
basic perforr;sance index J for the design of discrete-time disturbance-
utilizing controllers for set-pc' * and servo-tracking, problems.(I1. 1 FORMULATION OF A GENERAL CLASS OF DISCRETE-TIME DISTURBANCE-UTILIZING

7 CONTROL PROBLEMS

The systemmatic design of disturbance-utilizing controllers can be achieved
by formulating the problem as a conventional (undisturbed) linear-quadratic
discrete-time control problem for which solution al orithms are known. For
this purpose, the discrete-time models Eqs. (1), W6, (7) are consolidated
into one composite "plant" model and written as

(EO FH"j- (o

@Note that the arguments NT, nT in Eq. (9) actually represent the times
t =to+NT, t = to+nT. This shorthand notation is consistent with that used
in Eqs. (1), (6), (7) etc.; see footnote associated with Eq. (3).
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For simplicity, the model Eq. (10a) is written in the more compact form

where the meanings of A, B, 6, are clear from examination of Eq. (lOa).

The instantaneous control error c(t) in Eq. (8) is the difference between
the desired response and the actual response. Since Yc(t) and y(t) represent
those two responses, we write e(t) as

(12)

or, in terms of discrete-time t = to + nT
/ rfT%= ~ i ,- / o t- - ) (13 )

Using Eqs. (4), (6), expression (13) may be expressed in terms of • as

A] C 6= _EI&I (14)

Now, the quadratic forms in the .discrete-time performance-index J in Eq. (9)
may be expressed as

TTATov A TA A A.TS GSC , =S'. ; S=C SC (15a)

Using Eq. (15), J in Eq. (9) may finally be expressed in terms of the com-
posite state 7 as follows n:(N-1)

~TS~ +)T (16)

The optimal disturbance-utilizing control problem for discrete-time set-point
regulation and servo-tracking may now be expressed precisely as follows.
Find the control sequence u(nT) = uo(nT), n = 0, 1, 2, ... , (N-1), which
minimizes the performiance index Eq. (16) subject to the difference equation
constraint Eqs. (10), (11) and for arbitrary initial conditions {x(O), c(O),
z(O)} = '(O). Since the cT(t), pc(t) impulses which create the terms y, 'Pcs 0
in Eq. (lOa) are completely unknown and sparse, we will follow standard
procedure in DAC theory and disregard the presence of those terms in Eq.
(1Oa); see remarks in [2; p. 639).

SOLUTION OF THE DISCRETE-TIME DISTURBANCE-IJTILIZING CONTROL PROBLEM

The minimization of (16) subject to Eqs. (10), (11) has the form of the
conventional (undisturbed) discretc time linear quadratic regulatcr problem
which has already been solved; see for instance [8). That known solution,
when applied to the specific plant Eqs. (10), (11) and performance index
Eq. (16) leads to the following expressions for the optimal discrete-time
disturbance-utilizing control uO(nT), n = 0, 1, ... , (N-l). Assuming `(nT)
can be directly measured, the optimal control uo(nT) is given by
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where the matrix-P() is symmetric, positive definite, and governed by the

Riccati differerce equation
T T T -

U*T A ~)P)
with the boundary condition

A

P(NT) (18b)A (NT) -A

Note that the Riccati difference equation Eq. (18) is automatically set-up

for backward-time solution, "starting" at t = Tf = to + NT and progressing

backward: t = tc + (N-I)T, t = to + (N-2)T, ... , t = to + T, t = to. In

other words, one successively sets n = (N-1), (N-2), (N-3)..., 1, 0 in

Eq. (18a). The resulting sequence of values ?ý(nT) is then stored for future

playback in the forward-time control law expression Eq. Dl7). In particular,

at each time t = t + nT the "current" values of (nT), B(nT), W(nT) are sub-

stituted into Eq. ?17), together with the "one-step-ahead" va e of

-Y((n+l)T), to compute the overall state-feedback gain matrix J(nT,(n+ln)T)

defined by

T T

]K 7B nT'(OT)((. )Eý~ Fý T P] r))4) (1 9a)

and uO(nT) is then computed as

uT .= IKRnT,(n+4)Vx@T) (19b)

In practical applications, the composite state term • = (xlclz) ij Eq. (1gb)

cannot be directly measured and therefore must be implemented as x = (xIcJz)

where x, c, A are estimates of x, c, z generated on-line, in real time by a

discrete-time state observer such as described in [l; Eqs. (18)-(25) and end

of Section Y-D)1. Note that the computation of KC(nT) can be done off-line

(it doesn't depend on knowledge of V(nT)) and therefore the time required

for accurate calculation of A.does not impact on the real-time performance

ot the controller.

"The form of Eqs. (17), (18), (19) does not yield much insight into the fine

structure of the optimal disturbance-utilizinq control uo(nT). To see that

fine structure, it is necessary to decompose Tl(") into smaller blocks cor-

responding to the block sturcture of T in Eqs. (10), (11). For that purpose,

we set

K K6  KX =n n ;KXn X -;Kf (20)

P= K , K. ,c

r 
.

,%;1 . .. K• =V v K = .. .... . ..... K '



and substitute Eq. (20), together with the expressions for R, B, A, Q and
into Eqs. (17), (18), (19) to obtain the optimal control u°(nT) expressed
equivalently as A -

1 (21)
wherethe sx blok matices T)r*~T)+ KP set of

where the six block matrices comprising Eq. (20) obey the folo s
coupled matric difference equations

~T

KxA r* .~[VT T460 M BOT ~ - T M I,, ,r ,,, 4;
ýWT) :-NT COM ) (22a)

N¶)=CQ~rS&(~ T) ;

.KzNT)O T 22c)
TT

K(NT)BG(NT)SG•T). (22d)

KpNT)=0 . (22e)
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Thus, to implement the disturbance-utilizing control uo(nT) in Eq. (21) onemust first solve for Kx(nT), K (nT), K (nT) by solving Eqs. (22a,b,c) in
• ~backward time n = (N-l), (N-2)xc.., 2, f, O, using the indicated "initial

" ~conditions" at t = to + NT. As already mentioned, this step can be carried-
out off-line (ahead of time) and the computed values stored for future use.
Note that at each time t = to + nT, the •ea~l-t~me~,disur~bance-utilizing con-
trol Eq. (21) depends on the values of R, B, A, E, FHi, D, and x, c, z
evaluated at t = t0 + nT and the values of Kx, Kxc, Kxz evaluated at the "one-r step'-ahead"' time t = to + (n+l)T.

THE NOTIONS OF FIXED COST, ASSISTANCE, BURDEN, AND UTILITY IN DISTURBANCE-
UTILIZING CONTROL PROBLEMS

( The optimal disturbance-utilizing control uo(nT) in Eq. (21) achieves the
i minimum possible value of J in E : (9). That minimum value of J wi11 be de-S~noted by the scalar functionV= (x(nT), c(nT), z(nT), (n+l)T) where x(nT),

c(nT), z(nT) denote arbitrary "initial conditions" in (x, c, z)-sp..ce.

It can be shown [8] that the function •V(x,c,z,(n+l)T) for the disturbance-
utilization problem Eqs. (9)-(ll) has the explicit form

InT1" -- jr TfR -ý )k T K~

4 s ) T) +KO+cT) b (23) 0
which can be expanded to yield, (Note: all c-expressions in Eqs. (23), (24)

are evaluated at t f (n+l)T, whereas x,c,z arb evaluated at t = nT).

c t Fixed tos+ -N A -Assisonace t sen=be c

V• Q'TK'x+-"-' "-'•y•z(24)

The role of the disturbance w(t) in reducing the minimum possible value of s f
can nt , be clearly seen in Eq. (24). Namely, the impact of w(t) on V =mn. J is reflected in the z-related terms in Eq. (24). If the collection
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of terms labeled L ("assistance") is greater than the "burden" term , I
then, and only then, will min. J be further reduced by th action of w(t).
Thus, following the ideas in [6] we define the "utility" of the dis-
turbance w(t) as

S"-Ass5i•a•nce-Burden=- K z-•'r Z

The condition 2>o indicatej that the current behavior of w(tW Is such that
it can help in reducing min. J. On the other hand, the cendition VU<0O
indicates that the current behavior of w(t) is such that w(t) can only aggra-

vate (increase) the value of min. J. The collection of terms in Eq. (24)
which do not involve z is referred to as the "fixed-cost" " because that
contribution to V = min. J. is invariant with respect to the behavior of
disturbances w(t).

The disturbance utility function defined by Eq. (25) can be studied in
the (x,c,z,t)-space to identify the domains of positive and negative utility;
the details are outlined in [6] and some specific examples, from continuous-
time disturbance-utilizing DAC theory, are presented~n [7) and [9]. Note
that as time progresses, n = 0,1,2,..., the sign of U can change back and
forth.

THE EFFECTIVENESS & OF OPTIMAL DISTURBANCE-UTILIZING CONTROL

The linear-quadratic regulator theory is widely used to design feedback con-
trol laws of the form u(.) = ]1(.) x(.). Traditionally, such applications
have ignored the presence of persistent disturbances w(t) and therefore,
when confrcited with actual real-life disturbances in the field, such con-
trol laws d, not yield "optimal" performance. Thus, it is interesting to
study howmuch better the disturbance-utilizing control law performs, com-
pared to the conventional linear-quadratic control law, when the two closed-
loop systems are subjected to the same typical realistic disturbances w(t).
To quantif such a comparison, Klly [7] has proposed the concept of "effect-
iveness" defined for the discrete-time case as

. (26)

where JLn is the value of Eq. (9) obtained by using the conventional (undis-
turbed) 5iscrete-time linear-quadratic control law, and J = V is the
value Eq. (24) of Eq. (9) obtained by using the optimal disturbance-utilizing
control law Eq. (21) --- in both cases the plant Eq. (la,b) is subjected to
the same disturbance w(t) [as generated by the assumed disturbance model
Eq. ",c,. Thus, if The disturbance-utilizing controller Eq. (21) is a 4

better performer (as it should be) one should find that TDI, is less than JLQ
and therefore e is positive. The maximum possible value • & Is-100%0
which would correspond to the (unlikely) case that 3DUC 0 0. Thus, the
closer 8 is to 100% the greater is the effectiveness of Eq. (21) compared to
the conventional linear-quadratic control law.
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It is interesting to note that the conventional linear-quadratic control
law used in such comparisons can be obtained directly from Eq. (21) by
simply setting z(nT) = 0, I'n, (and also c(nT) = O,•,V if Yc(t) - 0 is the
desired response). This observation shows that the disturbance-utilizing con-
trol law Eq. (21) automatically reduces to the conventional linear-quadratic
control law whenever the disturbance w(t) vanishes. In other words, the
matrix Kx(') in Eq. (21) and Eq. (22a) is precisely the same matrix used in
the conventional (undisturbed) linear-quadratic regulator control law.

EXAMPLE DESIGN OF A DISCRETE-TIME DISTURBANCE-UTILIZING CONTROLLER

To demonstrate application of the controller design algorithm for discrete-
time disturbence-utilization, we will consider a rather general version of
a first-order plant with first-order disturbance. The plant discrete-time
model Eqs. (ia, b) and disturbance discrete-time model Eqs. (lc,d) are
expressed as

x0 x1) = d(nT) XOT) +'6(nT) u)OT) (nT)n7) + 1'(nT) 27a)

y(n?) = c(T) (n ) (27b)

behavio isset poitregultio to) x(nT) (02;7hreoe0 i q

where x scalar, u = scalar, z = scalar. We will assume that the desiredbehavior is set-point regulation to x(nT) 0 O n; therefore-= x in Eq.

(4) and YcvE 0 in Eq. (5). Thus, we may set G(t) 0 0 in Eq. (5). The para-
meters a, b, fh, d may be time-varying.

The discrete-time performance index J in Eq. (9) is expressed as
(N-A) S >0

J= x(A gX(K)+:LV[ (~¶U(nTi ] R (28)
0

where, in this example, s, q, R are arbitrary positive scalars and c = -x.

The optimal disturbance-utilizing control Eq. (21) for this example has the
specific form ý

U tnT): - + q x+[r k(nf+d mf[+ k0+0 ] (29)

where we have set kxc 0 because G(t) =- 0 (set-point yc is zero). The
time-varying gains k (.), kxz(.) associated with the control Eq. (29) are
computed from the dAference equations Eqs. (22a,c) which for this examplereduce to _ R

kpiT) 2 k.((m+i)T)- + (30a)
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k(T) 57,,Z(IT 3
[ xx

One can now compute the successive values of k , kxz for n - (N-1), (N-2),
(N-3), ... , 2, 1, 0 using Eq. (30) and the indicated "starting" conditions
at t =to+ nToThose computed values are then stored and used later in the
real-time computation of Eq. (29).

CONSIDERATION OF THE TIINE-INVARIANT CASE OF THE EXAMPLE
2 If one assumes that the plant and disturbance models Eq. (27) came from a

i.. time-invariant continuous-time plant and disturbance model, the preceeding
results Eqs. (29), (30) can be expressed in more explicit form. In parti-
cular, if Eqs. (27) are assumed to derive from the continuous-time models

x =ax +6u+fw (31a)
Pa

where a, b, f, h, d are constant scalars, then

IT a )t Ia~e b:-ý4(hdra1'CI4=&bT if a=o)
.. Jj TaJrMali

(ec~T;ead (32)

Using Eq. (32) in Eqs. (29), (30) leads to the following explicit expressions
(shown for the case a =# o, d =# a). The control law Eq. (29) becomes I

and Eqs. (30) for the gain rbecome

The time-invariant case, Eqs. (31) - (34), of the example was studied by digital
simulation techniques using the specific parameter values
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a + l; b +1; f +1; h = +1; d 0 0; w(O) w(t) +1

(35)
to = o; Tf = 10; T = 1.0 (,.N = 10); x(O) = +1

Note that the open-iloop plant is unstable, with open-loop pole at +1, and
the disturbance w is, constant with a(t) = 0. For this study, the following
three sets of values of the weighting parameters ', 4, It in the performance
index Eq. (28) were investigated

Case 1: IC iIl t=1

Case 2: s = 1 I0=

The Case 3: s = 1 ==1 U I3
The resulting behavior of the optimal disturbance-utilizing cnntrol u°(t)
and the plant state x(t) are shown 'In Figure 1. The optimal trade-offs in
the performance of x(Tf), x(t), and u(nT), (corresponding to the relative
magnitudes of the weighting parameters g, 1, i in Cases 1, 2, 3) are clearly
evident in Figure 1.

REFERENCES CITED

1 1 1. C. D. Johnson, "Discrete-Time. Disturbance-Accominuddiwig Control Theory
with Applications to Missile Digital Control," AIAA Jour. of Guidance
Control, Vol. 4, No. 2, pp. 116-125, March 1981.

2. C. D. Johnson, "Accommodation of Disturbances in Linear Regulator and
Servo-Mechanism Problems," IEEE Trans. on Automatic Control, (Special
Issue on the "Linear-Quadratic Gaussian Problem"), Vol. AC-16, No. 6,
December 1971.

3. C. D. Johnson, "Accommodation of Disturbances in Optimal Control Prob-
'ns," International Journal of Control, Vol. 15, No. 2, pp. 209-231,

.-12. Also Proc. Third Southeastern Symposium on System Theory,
Atlanta, Ga., April 1971.

4. C. D. Johnson, "Theory of Disturbance Accommodating Controllers," Chapter
7 in the book: Advances in Control and Dynamics Systems, Vol. 12,
J.ed by C. T. Leondes, Academic Press, 1976.

5. t. D. Johnson and Skelton, R. E., "Optimal Desaturation of Momentum
Exchange Control System," The 1lth Joint Automatic Control Conference,
Atlanta, Georgia, June 1970; Also, Journal of the AIM, Vol. 9, No. 1,
pp. 12-22, January 1971.

6. C. D. Johnson, "Utility of Disturbances in Disturbance-Accommodating
Control Problems," Proceedings of the 15th Annual Meeting of the
Society for Engineering Science; Gainesville, Fla., p. 347, December
1978.

237

,J- ...- _ -I'+-•



7. W. C. Kelly, "Homing Missile. Guidance with Disturbance-Utilizing Con-
trol," Proceedings of the l'th Southeastern Symposium on System Theory,
Virginia Beach, Va., May 1980, p. 260.

8. P. Dorato and A. H. Levis, "Optimal Linear Regulators; The Discrete-
Time Case," IEEE Transactions on Automatic Control, Vol. AC-16, No. 6,
pp. 613-620, December 1971.

9. W. C. Kelly, "Theory of Disturbance-Utilizing Control with Applications
to Missile Intercept Problems," Ph.D. Dissertation, 1979; The University
of Alabama in Huntsville, Huntsville, Alabahwa.

2

II



2.I

0.81 o8

-Las-

xMo)z=. Xi)Oz

-0.4' 0.4' CASE21~

SC. ASE .: " O -

i- -0 -,

FI GURE I1 239 Next page is blank.

1_,, ,,.•-: / ... I . .. . .'"



DISCRETE CONTROLLER DESIGN FOR GAUSSIAN AND
WAVEFORM TYPE DISTURBANCES

Jerry Bosley
Computer Sciences Corporation

Dr. William C. Kelly
US Army Missile Laboratory

US Army Missile Command

ABSTRACT

This paper describes an application of newly-developed control
theory relating to the design of discrete controllers which ac-
commodate gaussian disturbances in addition to disturbances that
possess "waveform structure". Previous work in this area applied

k linear-quadratic-gaussian theory to terminal homing missile prob-
lems with gaussian noise and, more recently, disturbance-utilizing
control theory to terminal homing missile problems with "waveform-
type" disturbances. This paper describes a new application which
combines features of both approaches in terminal homing problems
where both classes of disturbances may be present. The under-
lying theory of this combined approach is discussed and the op-
eration of the diacrete controller in a planar missile inter-
ceptor engagement model is illustrated with a numerical example,

INTRODUCTIONAlgorithms for synthesizing disturbance-utilizing controllers were
developed and applied by Johnson [1, 2, 31 several years ago to
analog-type control problems where the uncertain external influ-
ences on the plant were "waveform type" disturbances. Just a
year ago Johnson (4] reported the development and application of
a design algorithm for synthesizing discrete-time disturbance-

6 "utilizing controllers. And now Johnson [5] has extended the
discrete-time Disturbance-Utilizing Control (DUC) theory to in-
clude plan\ and sensor disturbances of the gaussian noise type
with known mean and covariance.

The DUC theory is based on the fact that 01istuArbazces may some-
times produce effects which aie beneficial to the primary control
objectives. For instanice, certain forms of wind gusts may actu-
'ally help to steer a missile toward a specific target. Maximum
utilization of a disturbance having waveform structure ran be
achieved by employing optimal control theory to design the con-
troller. The key to obtaining maximum utilization of distur-
bances is to choose a performance index J so that, when J is
minimized with respect to the control u(t), the primary control
objective is accomplished and maximum use of the disturbance is
achieved.
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Uncontrolled inputs to control systems may be classified as
either noise-type disturbances or disturbances with "waveform
structure". Thermal noise in a radar receiver is an example of
a noise-type disturbance, while gravity, wind gusts and elec-
tronic instrument drift are examples of waveform-type distur-
bances. While noise-type disturbances are characterized by their
statistical properties (e.g., variance and mean), waveform-type
disturbances can be modeled by determining a differential equa-
tion that the disturbances are known to satisfy.

If the uncertain external influences on the controlled process
are waveform-type rather than noise-type disturbances, the well
known stochastic control techniques (6,73 do not result in the
most effective controller. On the other hand, if the uncertain
external influences are noise-type rather than waveform-type
disturbances, then Johnson's DUC theory is inadequate; the DUC
controller does regulate the set point, however it uses large
amounts of control energy trying to utilize the random noise.

In 3ome practical applications, the disturbances acting on the
plant consist of a combination of waveform-type disturbances
and noise--type disturbances. Moreover, the sensor measurements
are usually corrupted by additive noise which tends to obscure
the output behavior information. Thus, Johnson extended the
discrete-time DUC theory to include those cases where the plant
may be subject to noise-type disturbances and where the plant
output sampled measurements may be corrupted by additive noise.
This extended theory is referred to as discrete-time Noisy DUC
theory.

The discrete-time Noisy DUC theory is applied in this paper to
the problem of utilizing disturbances in a homing missile gui-
dance problem. While the conventional approach to handling dis-
turbance effects is to attempt to eliminate them, the approach
taken here is to formulate the optimal controller that accounts
for the waveform properties of the disturbance. Numerical re-
sults are given to show the comparison between the performance
of the noisy disturbance-utilizing controller and a conventional
linear-quadratic-gaussian controller in the presence of both
noise-type and waveform-type disturbances.

BACKGROUND

The Noisy DUC theory in [5] is developed for plants which can be
modeled as linear dynamical systems, with respect to an appro-
priate operating point or regime. Specifically the plant is
modeled by:

x = A(t)x + B(t)u + Fd(t)wd + Fnl(t)wnl (1-a)

y = C(t)x + vn (1-b)
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where x = (x,, *,*a xn) is the plant state vector; y (YIP *%or

y.) is the measurement vector; u is the control input; wd is the
vector of waveform-type disturbances; Wnl is the vector of noise-
type disturbances and v n is the vector of measurement noise which
corrupts the data C(t)x in the output measurement y(t).

The vector noise terms Wnl, vn in (1) are assumed to be white
noise random processes with known means and covariances. Mathe-
matical models for the gaussian random processes {wnl}, {vn} are

nl n
nl] = 01 N -

ScoVwnl(t), wnl(¶)] ( Qnl(t) 6 (t -

cov[vn(t), Vn()] R (t)6(t - )

cov~wnl(t), vn(p)] = 0

where [e[] denotes the expectation (mean value) operator, covi[,.]
denotes the covariance operator, and Qnl(t), Rn(t) are, respec-
tively, non-negative definite and positive definite symmetric
matrices.

The vector of waveform-type disturbances wd(t) in (1) is modeled
by

wd = H(t)z (2-a)

z= D(t)z + a(t) + Fn2 (t) Wn2 (2-b)

where z = (z1 , ... , z ) is the disturbance state vector and Wn2
denotes a vector white noise process with known mean and covari-
ance. The mathematical model for {wn2} is

Ew[n 2] = 0

cov[wn 2 (t), wn 2 (T)I = Qn 2 (t)S(t - T); Qn2 > 0
cov[wnl(t), wn2 (T)] = 0; covtwn2(t), vn()]= 0

The term o(t) denotes a sparse sequence of totally unknown im-
pulses (unknown arrival times and unknown intensities).

The mathematical models (1), (2) axe continuous-time models de-
fined for all time t. However, to design a discrete-time digital
controller it is convenient to have discrete-time versions of the
models of (1), (2) which describe the behavior of x(t) and wd(t)
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at discrete points in tima t to, to + T, to + nT, where T is the

sampling period associated wit) the digital controller. The pro-

cedures for developing discrete-time versions of the mathematical

models (1), (2) are described in detail in [8). Application of

those procedures to (1) and (2) leads to the following discrete-

time models

Ex(nT) a A(nT)x(nT) + B(nT)u(nT) + PdH(nT)z(nT)

+1 n(nT) n1 (nT) + y(nT) (3-a)

Ez(nT) a D(nT)z(nT) + i(nT) + Fn 2 (nT)wn 2 (nT) (3-b)

y(nT) a C(nT)x(nT) + n (nT) (3--c)

where the matrices A, B, FdH, etc. are related to A, B, Fd, H,

Fn1# D in (1), (2) by expressions given in (8] and E is the delay

operator, Ex(nT) = x((n+l)T). The terms 0nl (nT), 'n(nT), Q,2 (nT)

in (3) represent discrete-time noise processes which are modeled
as sequences of zero-mean, independent gaussian random variables
with known covariances

cov[%nl(nT), Wnl(JT)I - Qnl 6 (n - j)

cov[Vn(nT), vn(JT)] * Rn6(n - j)

cov[(n 2 (nT), Wn2 (jT) ' Qn 2 6(n - j) for all n, j

where Qnl 2- 0, Rn > Or Qn2 ?- 0 may vary with time.

The discrete-time models are consolidated into one composite model
written as

Ex-E " A(nT)x(nT) + B(nT)u(nT)

+ F(nT)Wn(nT) + E(nT) (4-a)

y(nT) Z Rf(nT) + V (nT) (4-b)

where

ER dB 1 [ ](4-c)
0 F n2

- (co]; 0n ]; . (4-d)
L. n2J
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Since the plant motions x (t) governed by (1) are random in nature
(due to the presence of wd) the expected value of the performance
index J is to be minimized. Thus, when [JI is minimized with
respect to the control u(nT), the primary, control objective is
accomplished and maximum use of the disturbance wd is achieved.

E[J] is given in [5] in terms of x as

~T{½ T~ • n=(N-l) Q
[J] - (NT) Sx(NT) + Z [xT(nT)Qx(nT)

n=0

+ uT (nT)Ru(nT)] (5)

where
A A

and the time interval of problem definition (to, Tj) has been
divided into N equal segments of length T. The weighting matrices

S, Q, R are symmetric with S > 0, Q > 0, R > 0, and S + Q > 0.

The discrete-time Noisy DUC problem may be precisely described as
follows. Given the composite plant model (4) find the control
u°(nT) which minimizes (5) for all independent random initial
conditions {x(t 0 ), Z(to)} satisfying

mean x(t 0 ) = i(t 0 ); cov[x(t)] = Rxo
mean z(t 0 ) = i(t 0 ); cov[z(t)] Rzo

where x, , Rxo and R are given. As is customary in the DUC

theory, the sparse terms in & in (4) are neglected in deriving
the control since they are completely unknown. This problem is
of the form known as the "discrete-time linear-quadratic-gaussian
optimal control problem" whi.ch has been extensively studied in
the literature and its solution is described in [9]. When that
known solution is a~plied, the optimal, discrete-time disturbance-
utilizing control u (nT) is given by

u0 (nT) = -[k(nT) + ET (nT) ((n

+ l)T)B(nT)] -1[BT(nT)P ((n

+ !)T)A(nT)] (nT) (6-a)

where P = •T obeys
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P(nT) = AT(nT)P((n+l)T)X(nT) +

NT- [TnT) f((n+1)T)AXnT)] T[

+ 5nT(,T) 1;((n+1) T) E(nT)l 'lI(nT) F((n

+l)T)X(nT)] _ P(NT) = S (6-b)

where x(nT) denotes the estimate of x(nT) obtained from a discrete-
time Kalman filter. The essential difference between the ngisy and

non-noisy solutions for the optimal control is in the term x (nT).

In the non-noisy case, x is generated by an observer with rather

arbitrary observer gains. In the noisy case, i(nT) is generated by
a precisely described Kalman filter with specific time-varying
gains. The Kalman filter is given by

A A

En A(nT)x(nT) + B(nT)u(nT) + Kf(nT)[y(nT)

AA

x(oI x) = i(t0 (=(t0 )jz(t A = x(to) (7)

The Kalman gain matrix Kf is specified by

Kf(nT) = A(nT)Pf(nT)CT(nT)[C(nT)Pf(nT)cT(nT)

+ Rn (nT)] gi (8-a)

where the symmetric matrix Pf is governed by the discrete-time
Riccati matrix equation

Pf((n+l) T) = A(nT) Pf (nT) AT (nT)

- -T r- T (TA(nT) Pf (nT) CT (nT) C(nT) Pf (nT) (nT)

+ Rn (nT)] -lZ(nT)Pf (nT) T(nT)

+(nT)Q (nT)F T(nT) (8-b)

with initial condition

P (0) =covlx(t 0) H [xo 0] (8-c)

and where
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[Qnl~ 
01

n 0 Qn2 (8-d)

It is useful to examine the detailed structure of the individual
equations associated with expressions (6) (7) (8). Set

KX KZP'= "T (9)
Kx z KZ

Substitution of (9), (4-c) and (4-d) into (6-a) leads to the fol-
lowing

u (nT) - -[i(nT) + (nT) K ((n

F+1) T) i(nT) X^(nT) + (Kx((n

+1) T) FdH (nT) + Kx z ((n+l) T)b (nT)) ^Z(nT)] (10)

A set of three coupled matric difference equations which govern
the matrices Kx(nT), Kxz(nT), Kz(nT) is obtained by substituting
(4-c), (4-d) and (9) into (6-b). That set of equations, which is
lengthy, is documented in [41 and therefore will not be repeated

here. Note that if z(nT) in (10) were set to zero the optimal
disturbance-utilizing-control would become the conventional LQGcontrol.

Detailed expressions for the Kalman filter are obtained by sub-
stituting (4-c) and (4-d) into (7) to obtain

-i= + Fdz + u + Kf(y - c•)• t -((to) (11-a)

Ez = Dz + Kfz(y - Cx); z(tO) z(to) (11-b)

where
"- Ffxl

Kf -_ (12)LK•

Detailed expressions for the Kalmin gain matrices in (11) are
obtained by substituting (4-c), (4-d), (12) and the expression

PT

x 2zz4
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into (8-a) to obtain

Kf (AP + FdHPZx)C [CxxCT + Rn (13-a)

Kfz D zxCcT [CPxxC T + Rn 1  (13-b)

In a like mannerL the set of matric difference equations governing
the blocks Px' Pzx PF are obtained from (8-b) as

EPF(g -T -

EPxx (Pxx + dzx' (AP + FdHPzz)(FdH)

- [CPxC + Rnl-1 1 T

+ FnlQnlFnlT; P- (1) =R. 0  (14-a)

EP = Dzx + P (FdH)T]

- [ [CPxx c + R- 1 nzx (o) = 0 (14-b)

kp-z = Z BT (j(§xx + R n) _1[ 8 ] TI I

where + F n2Qn2Fn2 Pzz(O) z Rzo (14-c)

S~where

* + PZX
[8) = •z CT P.c

The matric equations (14) can be integrated in forward time since
the initial values PFx (O), Pz (0), PF (o) are explicitly known. On

the other hand, the matrices Kx(nT), Kxz(nT), Kz(nT) must be

obtained by backward-time integration of (6-b) since only the
terminal values (t = NT) are known.

APPLICATION TO HOMING MISSILE GUIDANCE

MATHEMATICAL MODEL

As an illustration of the Noisy DUC theory the controller design
algorithms developed by Johnson [5] are applied to a homing inter-
cept problem. The missile is to be controlled during the final
phase of its flight so that its position coincides with that of a
target at a specified terminal time, even in the face of distur-
bances which may, or may not, be detrimental to the control
objective.

248



The planar geometry for this problem is shown in Figure 1, where
the origin is located at the moving target position and the posi-
tion of the missile is defined by the coordinates (xM, yM),
where XM is horizontal and Y is vertical.

u xl

MISSILE

• XM

Figure 1. Relative intercept geometry.

It is convenient to consider a reference line-of-sight (REF LOS)
passing through the target and oriented at a known angle ah rela-

tive to the horizontal line XM. The REF LOS is established a

priori, and may correspond to a desired orientation of the line-of-
sight. A coordinate x, is established normal to the REF LOS (Fig-

ure 1) and it is assumed that the missile begins the homing phase
of the problem with a certain displacement xl(o) and velocity

x2(o) (where x 2 = xl) normal to the REF LOS. It is assumed that a

previous "midcourse" guidance phase has delivered the missile to
the beginning of the homing phase at t = to; thus, non-zero values
of xl(o) and x2 (o) characterize the extent to which the midcourse
phase has fail'.d to enable the missile to start the homing phase

under ideal conditions. The initial range to the target and the
closing velocity are assumed given. The problem at hand uses the"small LOS" assumptions as in [10] and considers that the distur--

bance forces of primary interest are those acting normal to REF
LOS. Errors in estimating time-to-go to intercept are not con-
sidered here.

The equations describing the motion of the missile normal to the
REF LOS are

xI X 2 + Wnl(t)
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U2 + Wdlt) + wnl(t)

y= X1 + Vn(t)

These equations may be written in the form

Sx = + Bu + FdWd + Fnn (15-a)

y = Cx + vn (15-b)

where

Aj ; B=( ; =F; F = ;

C = [01 (15-c)

It is assumed in the example to follow that the waveform-type
disturbance consists of a linear combination of constant sequences
and linear ramps:

r Wd(t) = C1 + C2 t

where C1 and C2 are unknown constants. The disturbance process is

wcitten in state-variable form as

Z1 = Wd

z = z 2 +a 1 (t) + wn 2 (t)
2= 0 + 2 (t) + Wn2 (t)

or in the form

z = Dz + a (t) + Fn2Wn2 (16-a)

w= Hz (16-b)

where

D [0; H [ 1 0]; (16-c)

and a(t) = l' '21 a sparse vector-impulse sequence occurring

at unknown instants.
""
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The corresponding discrete-time models are

Ex(nT) = Ax(nT) + Bu(nT) + FdHz(nT) + FniWnl((nT)

+ j(nT)

y(nT) = Cx(nT) + 0 (nT)

Ez(nT) = Dz(nT) + G(nT) + Fn2Wn2(nT)

wd(fnT) H(nT)z(nT)

where

L1 T] i (T /2);~ T/2 T/0 L T T T /2

~ = Fn2 T

Tnl TT 01

F• The waveform-type disturbances considered in this problem are
gravity, wind and target maneuver (10]. The gravity component
acting normal to the REF LOS is -32.2 cos ah. The acceleration I
disturbance due to wind is modeled by the acceleration waveform
of Figure 2, acting in a direction normal to the REF LOS. The
target maneuver acting normal to the REF LOS has the waveform2
described in Figure 3 with a peak acceleration value of 128 ft/sec

|I

WINDM

4t

0 1.1.7 2.0 2.5 3.0

Figure 2. Aet..l wind disturbance (WINDM) input.
1
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TMAN

128-

0-

II

0 2.0 2.5 t0- I_______________

Figure 3. Actual maneuver disturbance (TMAN) input.

The gaussian noise disturbances considered in this problem are

Wnl, wn2 , vn in (15) (J.6). They are assumed to have zero means

and known covariances Qnl' Qn2' Rn' respectively.

CONTROL OBJECTIVE

The primary control objective is to drive the displacement of the

missile (normal to the REF LOS) to zero at a specified terminal

time Tfl that is, to regulate the state xI to zero at t = TV

The value of x1 at t = Tf is defined as miss distance. The sec-

ondary objective is to achieve the primary objective while effec-

tively utilizing the "free" energy of the disturbances. The

.control objectives are to be achieved by minimizing the expected
value of the performance index

Sn=N-i T
e[J] = Ei-'2Xt nT)SX(nT) + T/2 . [x (nT)Qx(nT)

n=0

+ uT (nT)Ru(nT)1]

subject to the plant equations (15) and the waveform disturbance

process equations (16). The resulting optimal control u (nT) is

given by (10). The control energy consumption (CEC) is computed

for analyses as follows:

n=N-!
CEC T./ E [u T(nT)ku(nT)1n=0
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DISCUSSION OF RESULTS

The homing intercept problem is solved by applying the Noisy

DUC theory. First the composite state vector x, the composite
system (4), and the expected value of the performance index (5)
are established. Then the optimal control is computed by (10)
after the gains Kx (nT), Kxz (nT) are computed. The problem is

solved on a CDC-6600 computer, using backward-time integration
to find the initial conditions for Kx, Kxz, and Kz, although
closed-form algorithms would typically be used to compute the
gains K1 and Kxz in applications. Estimates of the states, x
and z are obtained from the discrete-time Kalman filter (11).

A Monte Carlo approach was developed to generate the expected
value of the performance index. This approach consists of
executing a specified number of runs where normally-distributed
random variables are generated each run for the initial conditions
of the plant state and the REF LOS orientation angle. The re-
sulting miss distance, performance index and control energy con-
sumption from each run are used in the computation of means and
standard deviations.

A sensitivity study was conducted using both deterministic and

stochastic simulations to determine "best" values for S and Qn2"
The following parameters were fixed for the study:

Xl(o) = 300 ft; x 2 (o) = 0.0 ft/sec

Zi(o) = -32.2 z2 (o) 2 0.0

Ro [225 01 z [1000 021O : ; RZO :

L0 4 L0  l0,0J

011[000 0 0 001
Qnl : • Rn

T = 0.05 sec; = 30 deg

Integration stepsize = 0.01; Tf = 4.5 sec. The missile closing
velocity is 2000 ft/sec and at to, the missile distance from the
target is 9000 ft.
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For the first phase of the study, only deterministic runs were
made to determine sensitivities. In this analysis of performance

variation with S, all the waveform-type disturbances were simulated
and the disturbance states were corrupted by the noise {wn2} which
had the characteristics

S[Wn2] a 0; cov[wn 2I - Qn2 =

The variances of the simulated noise terms 1wn I; {W I and

{IVn}i computed each run, were always nearly 1.

The results of varying S are plotted in Figure 4 for both the
conventional linear-quadratic-gaussian (LQG) controller~and the noisy

disturbance-utilizing controller (NDUC). Since C SC Sill' Sl
will be referred to as S.

Msm-

I I

...10.0-LOG a.

GG/S• ~ NOISE COVARIIANCES

34OO0O

lm* *

S~~EIIMJUATO WAVEFORM -

TYPE OIITURliANCEE

NUU

----------------------------------------------------------- TARGET MANEUVER

is- LOG

Figure 4. Performance as a function of terminal weighting S.
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As S increases the miss distance approaches a bias value rather
than zero (later shown to be due to target maneuver). Figure 5
shows the missile altitude versus ground range for the LQG with
S set to 100. The missile hits in front of the target for all

values of S less than 100,000 for the LQG and for all values of

S less than 5000 for the NDUC.

TERSAINAL POSITION kfff)

see* 6960 4600 as00 0

GROUNO RANGE (ti

Figure5. Missile trajectory with terminal weighting S=100.

An S value which results in an acceptable miss distance can be
picked for the LOG controller, however, the control energy con-

sumption for the NDUC with the same S is much lower.

The waveform-type disturbance states (continuous) and estimates
(sampled) are plotted on Figure 6. Estimates of the wind and the
target maneuver lag the actual disturbances because the weighting
Qn2 on the new values input to the Kalman filter is low. However

Qn2 can be increased to improve the estimate of the waveform-type
disturbance. A value of 100 was chosen for S and Qn2 was varied.

The results, plotted on Figure 7, show that the minimum performance
index is obtained for a value of Qn2 equal to 10,000. The lag in
the target maneuver estimate is Leduced as Qn2 is increased (see

Figure 8). However, the increased Qn2 weighting causes the wave-

form estimate to fluctuate more which increases the control energy
consumption. The performance improvement due to "better" estimates
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is eventually offset by the control energy consumption so that a
minimum performance index is obtained.. It should be noted that
the actual noise term {Wn 2} is simulated as random white noise

with a measured variance of approximately 1.0.
, 0-

*'" •-IN .1w1

-S. -

"STIMATh OF
,DI OSTURBANCE

~ ISO-

OiSTUftiANC -'

: a e

-31S - , ,-,r,- -,----- , ---- ,r ,

TIME (M)

Figure 6. Disturbance estimate with S=100 and n 1 (Qn2 chosen too low).

With the value of Qn2 set at 10,000, variation of S is reexamined

and the results are presented in Figure 9. Minimum performance

index occurs for an S value of 100. Further investigation of
variation was conducted using a Monte Carlo simulation.

The Monte Carlo error sources were taken to be the initial con-
ditions for the plant states and the REF LOS orientation angle.
Normally distributed error source values are picked from the com-
puter system library random number generator based on the specifi-
cations given in Table 1.

TABLE 1. MONTE CARLO PARAMETERS AND VALUES

VARIABLE MEAN STANDARD DEVIATION

Xl (o) 300.0 15.0

X2 (o) 0.0 2.0

ah 30.0 5.0
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NOISE COVARIANCES

0 n1 -

0 TYPE DISTURBANCES
GRAVITY
WIND GUST
TARGET MANEUVER

IcI

0

0 30,000cc
0

O-

rg

AU
z

-25-

-50I I

100 1,000 10,000 10,000

On2

Figure 7. Noisy DUC performance versus choice of In2 (SZ1O0).
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Figure 8. Effect of choice of Qn2 on lag in disturbance estimate (S =100).

The controller performance as a function of S for Monte Carlo
25-run sets is shown in Figure 10. Although the "best" mean

values for miss distance and performance index occur for S equal

to 100, the miss distance approaches an offset value when S is
equal to 200 or 250.

Selecting S as 250 and Qn2 as 10,000 the disturbances were adjusted

as shown in Table 2 to determine if the miss distance offset is
caused by the noise or one or more of the waveform-type distur-
bances. As magnitude of the target maneuver increases from 0 to
128 ft 2 /sec, the miss distance increases indicating that the tar-
get maneuver causes the offset. Note that the no gravity case has
the highest values which clearly indicates the utilizat'ion of
gravity to reduce control energy requirements.

Further Monte Carlo analysis of the miss distance offset as a

function of S was performed for the no-target-maneuver case. The
results (see Figure l2) indicate that 250 is an appropriate value

for S. The data (shown on Figure 10) generated for the noise and
waveform-type disturbances also indicates that 250 is a "best" I
value for S.
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A final comparison is made between the LQG and NDUC controllers
for various cases. The 25-run set Monte Carlo results are listed
in Table 3. This table shows the effects of deleting individual
disturbance inputs. In general, the NDUC achieves lower misses
when waveform-type disturbances (or waveform-type disturbances
plus gaussian noise) are present.

TABLE 2. NOISY DUC MISS DISTANCE OFFSET FOR VARIOUS DISTURBANCE
CONDITIONS

PERFORMANCE MiSS CONTROL ENERGY

CONDITION INDEX DISTANCE CONSUMPTION
MEAN/STANDARD MEAN/STANDARD MEAN/STANDARD

DEVIATION DEVIATION DEVIATION

NO GRAVITY 31854/1884 6.7/1.1 26092/1471

L NO WIND 28950/121 6.4/0.1 23825/200
NO TARGET

MANEUVER 2323/512 -0.3/1.1 2178/528

QUARTER OF NORMAL
TARGET MANEUVER 4287/655 1.3/1.1 3942/68b

HALF OF NORMAL
TARGET MANEUVER 9843/963 2.9/1.1 8685/929

ALL NOISE AND
WAVEFORM DISTUR-
BANCES 31732/1710 6.0/1.1 27106/1500

NO NOISE 31025/103 6.0/0.1 26477/178
NO WAVEFORM-

TYPE DISTUR-
BANCE 3119/160 0.9/0.1 3028/151

TABLE 3. PERFORMANCE OF NOISY NDUC VERSUS LQG FOR VARIOUS
DISTURBANCE CONDITIONS

PERFORMANCE mISS CONTROL
INDEX DISTANCE ENERGY

CONDITION MEAN/STANDARD MEAN/STANDARD MEAN/STANDARD
DEVIATION DEVIATION DEVIATION

LQG NOUC LQG NOUC LQG NDUC

NO NOISE 430841/10258 31025/103 -55.8/0.7 6.0/0.1 4i307/1090 26477/178
NO GRAVITY 2b6412/413 31854/1884 -43.5/0.1 b.7/1.i 2439b/26 2b092/1471

NO WIND 44059b/10397 28950/121 -56.4/0.7 6.4/0.1 42797/1132 23825/2U0

NO TARGET
MANEUVER 15729/1881 2323/512 -10.5/0.7 -0.3/1.1 1997/203 2178/528

NO WAVEFORM-
TYPE DISTURBANCE* 1691/161 1691/161 0.9/0.1 0.9/0.1 15d3/I1ý± 1581/151

*i

THE INITIAL CONDITION ON Zl' WHICH IS USED IN THE DUC CONTROL LAW, IS SET TO ZERO FOR ThIS
CASE ONLY.
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gaussian noise are present. Although the problem considered here
is relatively simple, it demonstrates the potential of the Noisy
DUC approach. In a following investigation this technique will be
used to design a control law which will be implemented in a six
degree-of-freedom air defense simulation.
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STABILITY CONTROL OF LARGE INERTIA, DYNAMICAL,
NONLINEAR SYSTEMS IN THE PRESENCE OF UNSTABILIZING

DISTURBANCES

John E. Bennett and Haren Almaula
Electrical and Computer Engineering Department

Clemson University
Clemson, South Carolina 29631

ABSTRACT

This paper presents a generic study showing stability control of
a large inertia, dynamical, nonlinear system such as a power
system. The techniques of this study could be applied to a
number of applications including both Slewing and Position of
Fire Control Systems, and the stability of electrical generators
in the presence of disturbances.

The stabilizing control is obtained by a generating, a priori, a
sequence of stabilizing trajectories, which converges to a de-
sired or "best" stabilizing trajectory. The initial control is
chosen as an optimal one for the approximate linear case, andI then an iterative procedure yields a sequence of trajectories and
control schemes for the nonlinear system. The final controller
is shown to be robust, and it stabilizes certain disturbances
that in the uncontrolled case lead to unstable system behavior.

An example of stabilizing a faulted, 1000 MW, generator is shown.
Unlike prior studies, a nonlinear model of the generator includ-
ing magnetic saturation was used, and the resul~ts showed enhanced
transient stability over previous techniques.
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INTRODUCTION

Presently, large megawatt synchronous generators are disconnected 1
from a power system when a major fault is detected at its termi-
nals, and it could take several hours to reconnect the generator
to tesystem. However, if the generator was disconnected from
the system and the fault was allowed to clear, then the gene~rator
would accelerate for the time-period it has no load. When, after
clearing the fault, the generator is reconnected to the system,
the question now is whether the generator remains in synchronism
or not. Posed in terms of control theory language, the question
is whether or not a stable equilibrium state carn '~e reached after
the occurrence of a fault?

This paper presents the results of a generic study (1] using
statefeedback in a suboptimal scheme for the stability control of
a synchronous generator. The control action proposed from this
study can be determined prior to a fault and is shown to
stabilize disturbances that in the uncontrolled case lead to
instability. Since the synchronous generator is a large inertia
dynamical, nonlinear system it is felt that results of this study
can be applied to similar problems in slewing and position of
fire control systems.

PROBLEM DESCRIPTION

It is well recognized that the optimal control of nonlinear
systems will often have to be obtained from an iterative scheme
[2,3]. The closed-for.1 analytical solution, while most
desirable, is not known for nonlinear systems except for a few
special cases. The transient stability problem of a power system
is a nonlinear problem which is concerned with the development of
a stabilizing control law for a large inertia, dynamical system
where the system is subjected to a major disturbance and must be
returned to an equilibrium state, the exact nature of which is
not known a priori. Thus the structure of the problem is of the
form: Given the dynamical system

X =f(x,u,t)(1

* determine a control u*, that transfers the system from the
present state to an equilibrium state in a finite time interval,
while minimizing a suitable performance index.

* To solve this stabilization problem some researchers have devised
'optimal-aiming' strategies that attempt to aim the system at
each point of its trajectory to a stable solution [4,5,611. The
trouble with such tpointwisel control strategies is that stabili-
zation of the nonlinear system is not guaranteed and in fact
there exist controllable linear systems which will be destabil-
ized by such strategies [7)1 Clearly such a strategy is a poor
choice for the problem at hand. Other researchers [8,9,10] have
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suggested open-loop schemes for the transient stability control
of the synchronous generator. But open-loop schemes do not take
into account any changes in the system that could occur in the
post-disturbance period. Rather the attempt is to return the
system to exactly its pre-fault status, irrespective of whether
this is an equilibrium state or not for the post-fault period.
Such strategies can, in some circumstances, push the system into
unstable regions and not aid transient stability at all. A feed-
back control strategy that continually obtains information on the
states avoids this pitfall. In this study the control is applied
as a state-dependent feedback control that attempts to force the
system to a closer target trajectory leading to an equilibrium
state. The problem is essentially the tracking problem described
by Athans and Falb [11] except that the system is nonlinear and
that a desired target set is not known exactly but must be speci-
fied by exercising engineering judgement.

In the study, the model of the synchronous generator used is not
the conventional d-q-o axis model, but a direct-phase reference
model. The details of the direct-phase model are given in [12].
It will suffice to state here that compared to the conventional
model, this model gives system states that are conceptually r.ore
meaningful and physically measurable. After rearranging
Kirchhoff's mesh equation and Newton's equation of motion for
rotating bodies the nonlinear state vector equation is obtained as

r
i(t) = A(X,t)X(t) + B(X,t)U(t) + V(t) (2)

where :

X is the state vector composed of the rotor-angle and
currents of the generator,

U is the control vector consisting of the excitation
voltage, and prime-mover torque,

and V is the vector that accounts for bus-voltage
effects.

It is important to note that the matrices A and B have elements
that are not only time-varying but also non-linear in the state
X. Further, it should be noted that since the system trajectory
covers a wide range of states, linearization about a nominal
steady-state will not yield meaningful results. For example, it
makes little sense to linearize the synchronous generator
parameters at a nom:.nal excitation when excitation voltage is
chosen as one of the control variables and is to be varied over
its full range.

SUBOPTIMAL SYNTHESIS OF THE CONTROLLER

Stability of the synchronous generator is most easily depicted as
the rotor angle behavior following a system fault. Figure 1 is
an example of both s';able and unstable behaior. In the unstable
case, the rotor angle grows large without bound, while in the
stable case, the response following a disturbance decays. The
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The aim of a controller would be to make a system that'has the
unaugmented response of the unstable case to follow the response
of that in the stable case, namely damped oscillations. Thus a
damped oscillation of the rotor angle in the post disturbance
interval is to be chosen as part of the target trajectory.
Following the outline for the tracking problem [112, a suitable
quadratic performance index in terms of the err'or from the target
set is formulated as

J <e(tf), F e(tf)>

t£
+ ½ f <e(t),Q(t)e(t)>+<U(t),R(t)U(t)>dt (3)

t f
where

<,> = an inner product,
[to,tf] = the time interval for control action,

F = a symmetric weighting matrix,
Q(t) = a semipositive definite weighting matrix,
R(t) = a positive definite weighting matrix,
e(t) =[Z(t) - Y(t)]

= [T(t) - E(t)X(t)] is the error,
with Z(t) i target vector and Y(t) = C(t)X(t) the
observation vector.

The optimal control for the linear control problem is known to

be

U*(t) = R- 1 (t) BT(t) [G(t) - K(t) X(t)1 and (4)

where K(t) is the solution of the matrix differential equaton

K(t) = - K(t)WA(t) - AT(t)K(t)

+ K(t)B(t)R-l(t)BT(t)K(t)

- cT(t)Q(t)0(t) , (5)

with boundary condition

K(tf) CT(tf) F C(tf) (6)

the vector G(t) is the solution of the linear vector differential
equation

G(t) K(t)B(t)R-1(t) - AT(t) G(t)

+ K(t)V(t) - cT(t)Q(t)Z(t) , (7)

with boundary condition

G(tf) cT(tf) F Z(tf)
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Since the backward-time solutions of Equations (5) aiid (7)
require knowledge of the system trajectory a 'seed' case must
first be obtained. The procedure for starting '%he iterative
scheme is then to obtain a system trajectory with no applied
control. This is shown in Figure 2 where the system was faulted
for six cycles before the fault was cleared. With this 6 cycle
fault, the system is stable in the sense that rotor swings do not
increase in amplitude. That the swings do not decay either is
due to the fact that sufficient damping was not included in the
synchronous generator model, making the results of the study
somewhat conservative. Whereas in the practical ,,ystem, there is
viscous damping of the rotor that would enhance decay and
therefore the system would stabilize faster. The 'seed'
trajectory, XO(t ), is used to obtain solutions of Equations (5)
and (7) namely.Kl(t) and Gl(t). These matricesU~an now be
used to construct the conro ofEutn(4 U( t). Since the
system is nonlinear Ul(t) may, in general, not be the optimal
control, and another-trajectory X1 (t) is obtained, Equ~t ions

()and (7) are solved once again tooti ouins Kt n
G (t, and a control U2 (t) can now be constructed. The
Iterative scheme is ob~vious and a sequence of controllers,
Un(t), is constructed until a satisfactory system trajectory

Xn(t) is obtained.

Figure 3 shows that a satisfactory trajectory is obtained in just
two iterations, while Figure 14 shows the associated control.
Note that a disturbance of 15 cycle duration has been stabilized
in Figure 3. This disturbance destabilizes the trajectory shown
in Figure 2. The magnitude of either control variable in Figure
14, is not unacceptably large. The bOHz component in the excita-
tion voltage is really a reflection of the imbalance in the
stator currents, not a control effort, and this component is seen
to be decaying.I
To check for the robustness of the controller, it was used to
stabilize the system starting from a different initial condition
than that was used in constructing the original controller. The
results are shown in Figure 5, and it can be seen that successful
control action is obtained.

The important difference between this control scheme and other
ones reported by researchers earlier [6,8,9,10] is that this
control action is applied after the clearing of the fault and not
immediately ýipon the detection of the fault. The advantage being
that control action can be applied only to disturbances for which
it is known that stabilizing action will be successful. This
selective application is crucial, for in a power system, often
there are disturbances where it is better to sacrifice system
integrity and maintain system security (load shedding), than to
attempt to maintain system integrity and lose system security
(black-out). It is the state-dependent nature of the control
action that permits this selectivity and the feedback application
results in enhanced transient stability margins. Compared to
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open-loop strategies, the advantage of the feedback scheme is
that action can be applied oniy to those disturbances for which
the system does not have inherent stability. Open-loop schemes
apply control effort indiscriminately to every disturbance
whether the system possesses inherent stability or not. For a
power system where the effect of frequent stresses must be
considered on the life cycle of very expensive equipment this is
an important consideration in selecting a control strategy.

CON1CLUSION

The applicability of the methods of linear optimal control to a
nonlinear system has been demonstrated. The control scheme is
obtained by an iterative procedure and is shown to both improve
stability margin and stabilize major disturbances. A synthesis
of the power systems and control systems approaches to the tran-
sient stability problem was achieved by allowing the generator
and the external power system to have a common set of state vari-
ables. As mentioned previously, it might be possible to apply
these same techniques to enhance the control of both slewing and
position control of five control systems.
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