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FORMULATION OF NORMALIZED NON-LINEAR FREE ELECTRON
LASER EQUATIONS

I. Introduction

Free electron lasers (FELs) show great potential for becoming a
new class of efficient devices capable of generating intense levels of
coherent radiation, continuously tunable from sub-millimeter to beyond
the optical regime.("as) The FEL is characterized by a wiggler (pump)
field, for example a spatially periodic magnetic field, which scatters
off a relativistic electron beam.

In this paper we present an extension of the formulation of the
1-D non-linear self-consistent FEL equations in the steady state amplifying
configuration with space charge effect for a circularly polarized wiggler
fie]d.(25’27’3‘) We included all the efficiency enhancement schemes:

i) a spatially varying wiggler amplitude and period(zs'ze’a‘) and ii) a
D.C. electric field Ep.(z) = - [aquC/ 52]@2-(32;35) We show
that all the efficiency enhancement schemes are somewhat equivalent.
The complete FEL equations cover all operating regimes.

For a variable period magnetic wiggler field, the FEL equations can
be appropriately normalized to contain only three parameters. Al1 operating
regimes are covered by the three parameters. The condition for space charge
to be neglected is derived. In the absence of the space charge effects,
the three parameter set of equations is reduced to a two parameter set.

In the high gain regime, we present graphs of growth rate, efficiency

and saturation amplitudes of the radiation field.

In the low gain regime, we obtained the linear gain expression

Manuscript submitted September 9, 1981.
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with the space charge effect. (27237038 o give an example of a FEL experi-
ment where space charge effect is somewhat important. We compared results

of linear theory with results from non-linear calculations.

II. Normalized FEL Equations with Space Charge Effects

We present a self-consistent non-linear theory of the FEL in the

steady state amplifying configuration, see Fig. (1). Included in our

analysis are space charge effects and the following efficiency enhance-

ment schemes: i) contouring, spatially, the amplitude and/or the wave-

length of the magnetic wiggler field, and ii) by applying an external

o
D.C. electric field, E,~ = - ®de A
~DC % e,.

The right handed circulariy polarized external magnetic wiggler

field in terms of the vector potential is

Y4 Y4
£2(2) = Ag(2) (cos( [k, (2 )2 Weyrsin( fo(z oz )8y) (1)

where ko(z) is the spatially varying wiggler wavenumber. The vector and

scalar potential corresponding to the radiation and space charge field are

represented by

4 Z

Az,t) = Alz)(cos(f (2 )az' - utVey-sin( [, (2 )az - wt)g) . (2a)
Zz

¢(z,t) = ¢l(z)cos(ngF+(z')+ko(z'))dz-_ wt)

+o_(2)sin( f(k, (2 )ko(2))dz' - wt) , (2b)

where A(z), ¢l(z), ¢2(z) and k, (z) are the spatially slowly varying amplitudes
and wavenumber of the fields. The frequency w of the radiation and space L
charge wave is taken to be constant.

Equations governing the spatial evolution of the potentials A(z,t) i

and ¢ (z,t) have been derived elsewhere.(25'27) We begin our analysis with ;

the fully non-linear, self-consistent equations for A(z), k, (2), ¢1(z) and .
{

: X
¢,(z): .
2 :
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i FEL CONFIGURATION

E.M. AND E.S. FIELDS, Alz), $(z,1)

|
Y f—

MAGNETIC PUMP f
FIELD A(z)

I

} INTERACTION REGION }

! Fig. 1 — Schematic of the Free Electron Laser model. The unmodulated electron

' beam enters the interaction region from the left. In this figure the wiggler (pump)
field builds up adiabatically and reaches a constant amplitude and wavelength for
z>>0. The pump field may in general have a varying period and amplitude, which
is not shown in this figure.
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2z, 2 i “)B w 2T/ w dto
(w?/c®- k3(2))A(2) = F 2¢7 Vg0 7 / p,(z, t))

:AO(Z)COS w(z,ty) + A(Z)} , (3a)

R

2 m/w
R B0y - Wh w [? dt
23(2) F(ADK(2)) = - Fo SPomovyg 2 f Pz, T,)

0

{Ao(z)sin w(z,to); , (3b)

2 /W
(k,(2) + ko(2))0,(2) = - Fscwagi—ﬂ‘rn;r—frijz dtcosv(z, t,) ,  (3c)

0

——

2 2 2T/ w
(k,(2) + ko(2))0,(2) = - Fsc9§L 11; X;j_o dt_ siny (z, t,) , (3d)
y 4
Wz t) = [l (2) 4 ke(2) - wivy(zy t))dz - ot, (4)

0

where wy = (4n|e|2n0/mo)%, n is the local beam density, Fon 15 the filling
factor for the electromagnetic field, FSc is the filling factor associated
with the space charge field, vz()is the initial axial beam velocity, vz(z,to)
is the axial velocity at position z of a particle which was at z = 0 at

time t,, pz(z,to) =Y (z,to)movz(z,to) is the corresponding axial particle

momentum and

v(z,to) = (1 + Je]?(As(2) + Alz,t ))2/m%C“+p§(z,to)/m%c?)% . (5)

where T(z,to) = f vz(z: to)dz' o is the time it takes a particle to ¢
reach the position z if it entered the interaction region z=0 at time to.
The phenomenological filling factors, Fe
in general not equal. Roughly speaking, Fem is the ratio of the cross

m and F__ are less than unity and fﬂ
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C o med

sectional area of the electron beam to the effective area of the radiation
beam. Since the radiation field is not directly supported by the electron
beam, Fem can be much less than unity. The space charge field, on the
other hand, propagates on the electron beam and falls off rapidly away from
the beam. Hence Fsc can be close to unity. For a fixed electron beam radius,
Fem decreases as the radiation, beam radius increases while FSc approaches
unity as the radius of the cylindrical waveguide containing the electron
beam increases. Physically, the reduced beam plasma frequency FSc wh is
less than the local plasma frequency Wy - The parameter FSC can also be
referred to as the plasma frequency reduction factor. In the usual case,
where Fem is much less than unity, the space charge wave filling factor is

close to unity, F__x1, Chapter 8 of Ref. (31).

SC
Note that in Egs. (3) the electron beam has been assumed to be

initially mono-energetic. Generalization to an initially thermal beam
is straightforward and considered in a previous one-dimensional formulation
of this problem.

The integrands in Egs. (3) contain the particle dynamics which are
determined from the Lorentz force equations. It is straightforward to
show that the axial particle velocity vz(z,to), expressed in terms of the

independent variables z and t,, satisfies

cosu(z,t,)

d VZ(Z-to) el 1 [ p) Ao (z) - 3Aq(2)A(z)
3z

dz T omg c3 i y;(z,t;) =% 52

+Mumunnu>+nu>-Eﬁi&l%hmwu¢g

C
__%z to) |
a¢DC

0(2))(6:1(2) sin v(z,t,)
wAncmwumnﬂ+mwfﬁu¢ﬁcu ,
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where voo= (1 + ([e[Ay/mc?)?)%, v (z, to) = (1 - vi(z, t,)/c?)™% and

by )4 Dl S

v(z,t)) = v.ov,(z,t)).

From (6) we can derive an equation for the phase y(z, t,). We first

define vz(z, t,) = Voo ¥ sz(z, t,), ak(z) = (k,(2) + ky(2) - w/vzo) and

w = wy+Aw where |<Sv2|<<vz . Wo = (1+Bzo) yiovzoko(o) and |Aw|<<wy. Noting

0

that sz(z, t,) azv;O (a¥(z,t,)/82 - ak(2))/w and k, (2) + ko(2) - v,(z, t,)w/c?
~2k,(0)(1 + Ak(z)/k,(0) - (2k°(0))”a¢(z, t,)/3z) we find that Eq. (6) takes
the form
0%y (z, to) _ aak(z) _ 2]e|? ko (0) d A? (z)
—az? 9z m§ c* 2Rz, t,) dz
lelvo.? w/e? dopc + _4le|? ki (0)
moy°3W3(z, tO) dz mgck YJ.Zohz (Z, to)
1 1 w (z,t ) ) .
A,(2)A(z) ezt 2K,(0) =5 sin y(z, t,)
2
RTrEeT e (9, (2) sinv(z, t) - 0,(2) cos u(z, £)) [, (1)
where . .t -3
[ h(z’t°) N Yz(z’ t0)/Y20= [1 - kol(o) awgi o) * ﬁ:gé% ] .

In obtaining (7) we have made the added assumptions that A(z) changes little

Py

over a wiggler period. The various efficiency enhancement schemes ((1) con- g
touring the wiggler period, (2) contouring the wiggler amplitude and, (3) i

application of a D.C. electric potential) are represented by

the first three terms of Eq. (7) respectively. The affect of the various 1

ey —

schemes on the phase are equivalent.

i
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In the following, we will consider a simplified example
where the D.C. electric field is zero, Ep = d¢’DC = 0, the am-
plitude of the magnetic wiggler Ao is constan:, and ko(z) =
ko(o)(l + €(z)). We will show that the FEL equations can be
normalized in such a way as to be functions of only three
parameters, and to be functions of only two parameters in the

absence of space charge-effects. For Y,>>1, the complete set

of coupled equations in (3) and (7) can be written as

-————aw(?’t")] sinp(Z,t )
9z 0

2y (2, t 3. C 2.
i "’(fz o) . dk(z) ;af2)~ [h (2, T,) +
32 dz h?(z, t,)

N

+27103

_ <c05lp(2,fo)>sinu;(2, io) -<ssiny (Z, ﬂ)>cosw(2, io)]. (8a)
h3(z, t))

(sk(2) - €(2)) a(2) = - 2r <h™'(2, ¥ ) cos¥ (z, E,)>> (8b)
d—3§21 = - 2nehM (2, E,)sin0 (2, )5 » (8¢)
z

where z = k,(0)z is the normalized axial distance, t =ut , &k(z)

= &k (2)/k,(0) + bw/wp &k(Z) = (k,(2) *+ k() — w/v, ), w = uwp+la,

2 ~ o~ . 2 ;
w, = (1+BZO) Yzovzoko(o)v,Au‘,<<u'o'h(-9tn)_ Ty Z,1 ) Y2()

=

) i s e e

~ ~ o~ —~ 1/2 2T ~
(1+2k(z)/ko(0)—0y(z,t )/ oz) . <(..0)> = f (dt /2n) (...)

is the ensemble average operator a(z) = 8n(yzo/é)2A('i')/A0 is
the normalized radiation field, ¢ =‘JFem ub/('«yocko[O)) is

the beam strength parameter, C% = (|e|Ao§/yomoc2)2/2n = f

5§;§2/2“' D% = (FSC/Fem)ézlnyio is the space charge parameter, R

[y
cﬁo* = ]ele/Yomoc is the transverse particle velocity due to }

e




i the magnetic pump field.

\ In obtaining Eq. (5) from (3) and (4) we made use of the

approximations |(A/2k,) ok, /dz| << oA/oz, wz-czkf(z)k 2w

‘? (m-ck+(z)), vz(z,to) ~ vzo+v§o (aw(z,to)/az — 4k(z))/w and
where appropriate (k+(z) + ko(z)) ~ w/c

The space charge potential is given by

<c°5w (’2’ Ea))
¢siny (2, t D

2
T M,C

01,202) = = 7 TeT (9)

Yep p 2
YZO

1
where Yoo = vo/v,,= (1 + |e|?A}/mic*)™

The coupled set of normalized equations in (8) completely describe
E both the linear and non-linear behavior of the FEL process for a varying
I period magnetic pump field. These equations include the effects of space
charge in both the low gain limit (interference regime) as well as the
high gain limit for arbitrary magnetic pump amplitudes. Space charge
effect 1is manifested in the last term of the modified pendulum equation,
j.e., Eq. (8a). The general initial conditions needed to solve the FEL
equations in (8) are simply ¢k(0) = 0, €(0) = 0, h(0,t,) = 1,(0,t,)
= - t, and 3y(Z, EO)/ailZ=0 = - Aw/w, where Aw =w-uw, is the frequency

. - 2
mismatch and w, = (1 + BZO)YZOVZOko(O)'

(24-26) can also be

For completeness, the linear dispersion relation
written in terms of the nomalized variables.

Sk(8k - Ty){sk -&,) =-nf2(1 + sk) (10)
where

r . Aw + T D% + /T—T'Dﬁ———
(J)o 0 s

S e =i

0




Im (8k) is the normalized growth rate and Lo = (ko(0) Im (8k))™! is the

e-folding length of the radiation.
Efficiency is defined as

n = Yo‘Yir(li'{o» (11a)

For Fop= Fo.= 1 and v, > 1,

n= —g%r (1+ ‘A'rT) ( a%(z) - a%(0)) . (11b)

In the absence of space charge effects we have a two parameter set
of equations for both the low gain and high gain limits. In the low gain
1imit the two input parameters are Ci a(0) and Aw/w, while in the high
gain limit the two parameters are Ci and Aw/w,. All operating regimes
of the FEL are therefore completely covered by two parameters when space

charge effects can be neglected. The inclusion of space charge effects

introduces a third parameter DZ. The importance of the normalized
equations to only two parameters is that the two parameters can be used

to identify all the equivalent FEL experiments. The normalized equations

provide a better understanding of the trade off among all the FEL design

variables.




III. Low Gain Regime with Space Charge Effects

We will now consider the low gain or interference regime without
applying any efficiency enhancement schemes. We may expect that the
single pass efficiency will be small which implies that we may set h (i,%o)
= v,(2, io)/YZo equal to unity without loss of accuracy. The fact that
h(z, Eo)azl further implies that both |ak(Z)/k (0)| and [3y(Z, t,)/32| are
much less than unity. With these assumptions the non-linear FEL equations

in (8) become

229(Z, ) _ dsk(z)
dz

2 : ¥
~n + C3a(0) siny (2, t))

+ 2m D2(<cosy(Z, t,)>siny (Z, t,) - <siny (Z, t,)> cosy (Z, t,)), (12a)

sk(Z)a(z) = - 2mecosy(Z, t,)> » (12b)
a(2) - _ oresing(z, t,)>- (12¢)

Since we are considering the low gain regime, a(z) is replaced by a(0)
on the right hand side of (8a).

We seek for solutions where space charge effect is moderately
important. To solve for the linear dynamics we expand (%, t,) by setting
oz, B =dodz, 1) + o8 1) + 0B, Ey), where vl0)s ()5 (2],

The equations we will solve are

a@,(?g.fo) o, (13a)
z
8211)(1:;3, t;) = ¢2 a(0)sin l1)(0)(2, Eo) , (13b)
azw(Z)(i, t,) _ dsk(2) (13c)
3z’ dz

+ 2nD§ (<cos Op(°) + w(‘))>sin w(°)(2, t,) - <sin(w(°)-*w(l))>cos w(°)(2,i°L

PR S e o




The solutions are

w(°)(i,€°) = io + uZ (14a)
1 v, t,) = -C eigl(sin(iomz) -sint-uz cos t), (14b)
' M
2
Co m (14c)

w(z)(i. t,) = " (2 sin uZ - uZ cos uz - u?)

C2 p2 a(0) - N . 252 . 333 .
— 1 —2 L " Isin(to+ uZ) - sin to- nicost,+ —B—é—-sin t,+ £ g cos t,

u‘.

where 1= - Aw/w,
Substituting (14) into (12c) and integrating over Z we find that

the gain G with space charge effects is given by

HLZCZZZ
= ZmloZ” o ,
G(e,ep) 75, s\e,ep) (15)
where ,
- 3, 1 5 @ siné
s(e,ep) = 2[%p =5 * 3T ep aea] [ 5 ]
~ L
8 = uz/2 and ed: T2 Do2/2 ~ JFsc7Fem &i/ZyZo is the contribution due to
space charge effects. For ep< 8, we can rewrite (15) as
- 2 . 2
“eﬁn)= sin(6+0) ) unw-en) ' (16)
! 6+ E)P 0 - Gp

When space charge effects are negligible, the maximum gain occurs

at 6= 1.3 where 5(sine/6f /3¢ = 0.54 and is

2
Gae(?) 225 (k,(012)7<c (17)

We can estimate the level of electromagnetic field needed to achieve
saturation in an interaction length L. Electron trapping and thus satura-
tion occurs when the phase shift of the particies with respect to the wave
is approximately w. Loosely speaking, saturation occurs whenlw(‘)(i,fo)hz

’ m, using (12b) we find that this condition gives a(0)=~ 2r/(C2k3L?) or

11
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~ T A,
NO=7 (675D 1e)

This value of the radiation field, necessary to achieve saturation
at z = L is to within a numerical factor of order unity, the same as that
obtaine? in Ref. (24) using a different line of reasoning.

The cain expression with space charge effect is valid when 1>>e;,
in order that the assumption w(l)>>w(2) is satisfied. Therefore, the
gain expression is applicable when the space charge effect is only moderately
important. The condition for space charge to be important is

F k. (0)z \°?
g2 = SC ek, (0) >> 1 (19)

P Fem Y4,

where £ = /Fem w,/ (A, ¢k, (0)). For FSc = Fem

jdentical to that derived in Refs. (37) and (38). Condition (19) is

= 1, this condition is

dependent on the length of the interaction region L. Space charge effect

: 9
becomes important when L Z(ZYZO/gko(o)) (Fom/Fsc) 2.

The more appropriate condition for neglecting space charge
effect is

2nD2

<1
Cgaloy (20)

The physical interpretation of £Eq. (20) is that space charge effects
become important when the ideal maximum amplitude of the space charge
potential becomes much larger than the initial amplitude of the
ponderomotive potential. This condition, rewritten in terms of the

electron density is

no < (K2y2 AA) (2mym,c2F )7 (21)

12




The condition for neglecting space charge effects Eq.

(20) is not directly related to the length of the interaction region,

v oUToTTRes o

L but dependent on the amplitude of the vector potential of the radiation.
. For the low gain case, using Eq. (18) as the approximate initial
amplitude of the radiation vector potential for obtaining saturation
at length L, Eq. (20) reduces to Eq. (19) to within a numerical factor
of order unity.

The Tinear gain expression should always be used with discretion.
The Tlinear gain expression is valid before saturation effects becomes

important. When the frequency mismatch is small,

0<e &y (22)

some particles can be initially trapped in the ponderomotive well. The

= full width of the trapping potential is given by

‘ lefo
: B et - 2yC,2a(0) (23)

0trap

When particles are initially trapped, saturation effects become
important roughly within a distance of half of a bounce wavelength.

A bounce wavelength, Lb’ is the distance the trapped electrons

travel in the axial direction while executing a bounce period in the 1l
ponderomotive potential well. Considering only nearly resonant particles ;
in Eq. (8a), we find |
L '

- (c:a(O))'Lz : (23) i

If the frequency mismatch satisfy the inequality Eq. (22), the linear f

‘ gain expression is valid for 2/2m<< %’Lb/2°' i

0 NN P URIITE TVE VX GNVONGRE T WU




For the low gain regime, the independent non-dimensional
parameters are Coza(O), Aw/w, and DZ . The appropriate dependent

variables are a(0)G and n. In the low gain regime, the efficiency is

approximately
1 A
nel <1+ arf) (cl,2 a(O)) (a(O) g )
IV. Numerical Results

We will apply our %“#eory to illustrate a few concepts on space

charge effects and filling factors using a practical example
in the low gain regime. We will also present some widely applicable

graphs for growth rate and efficiency in the high gain regime.

a) Low Gain Example

The FEL experiment we have chosen consists of a magnetic wiggler
with a wavelength 2,= 1 cm (k,= 2m cm '), amplitude B,= 325 gauss
(Ao = 51.7 stat volts), an interaction length L = 3 m, an .
electron beam with energy of 3 Mev (y,= 7) and current density of

16A/cm’ (n,= 3.3 x 10%m” w,= 3.3 x 10 sec™'). The radiation is at

102 ym{?¢). Taking filling factors to be unity, we obtain £ = 6.5 x 10

By, = 4.33 x 10"%. For the initial example, A(0) is chosen to achieve

24)

saturation at z=L as predicted by linear theory( . For the parameters

here, A(0) = AL = 3.5 x 10 “stat volts. The normalized parameters are
C,2a(0) = 2.5 x 107 and D2 = 2.85 x 107".

Figure 2 consists of plots of linear gain with space charge
effects (solid curve), 62 = 0.76, and linear gain without space charge

p

effects, (dashed curve), 82 = 0, as a function of the frequency mismatch

P

Aw/w, at Z/2m = 300 (z = 3m). We see that space charge effects reduce the

linear gain by about 20% at the maximum. The dotted curve is the gain

14

(24)

and
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Fig. 2 — Plots of gain as a function of frequency mismatch, Aw/w, at 3m. The
solid curve is linear gain with space charge effects, 0p2 = 0.76. The dashed curve
is linear gain without space charge effects, 8 .2 = 0, and the dotted curve is the
gain at 3m calculated from the non-linear self-consistent equations (8a-d).

at 3m calculated from the non-linear equations (8a-d), and the peak
value of the gain has shifted to a larger frequency mismatch.
If the frequency match is small relative to the trapping potential,

as in Eq. (20), saturation effects become important when the electrons travel

-

roughly half of a bounce length. A bounce wavelength Lb is the distance
electrons travel in the axial direction while executing a bounce period
in the ponderomotive well. For this example, élI = 6 x 10'3 and

otrap
Lb/2 = 3.1m. Therefore, linear theory is not applicable at 3m. Plots

S

of linear gain with space charge effects (solid curve), linear gain with- y

| out space charge effects (dashed curve), and guin from non-linear self-

consistent calculation (dotted curve) as a function of axial distance




for Aw/w, = -1.5 x 10"° are shown in Fig. 3 . This value of
i frequency mismatch gives the maximum linear gain at z/2n = 300 (z=3m)

see Fig. 2 . The linear regime of the non-linear self-consistent

formulation is z<2m for this example. Finally, we will show that, in

the linear regime of the non-linear calculation, the gain from the non-
linear calculation is in good agreement with the linear gain expression
as shown in Fig. 4 calculated at /27 = 150 (z = 1.5m).

To summarize, the disagreement between linear gain and gain from
non-linear calculation at z = 3m is that the initial guess of C: a(0) =
2.5 x 107° (A(0) = AL) was slightly too large. Saturation effects have

become important at the end of the interaction region. As C: a(0) or

A EEET Y T e

A(0) decreases, the gain from non-linear calculation will converge to

the Tinear gain expression as shown in Fig. 5 . Figure 5 contains
curves of the gain from the non-linear formulation (solid curves) for various
values of Cf a(0), linear gain with space charge effects (dashed curve),

and the gain from non-linear calculation without the space charge potential

and Coza(o) =1.25 x 10°° (A(0) = AL)(circles) as a function of frequency
mismatch at Z/2m = 300 (z = 3m). In the linear regime of the non-linear
calculation, the space charge potential decreases the gain, agreeing

with the linear theory. Figure 6 are plots of efficiency versus frequency

mismatch at Z/2m = 300 (z = 3m) for the same range of Coza(O).
The effect of space charge on gain for the same FEL example will '
be summarized below. According to linear theory, the space charge effect
is only moderately important for 6p2= 0.76. We found that the effects of
space charge are dependent on the radiation vector potential at input,
A(0). Taking A(0) = A » we obtain C,%a(0) = 2.5 x 10" %and %%33;57-= 0.67.

The results of self-consistent non-linear calculations found the space |
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GAIN

0.8 1 T 1

0 1 2 3 4
AXIAL DISTANCE 2z (meters)

Fig. 3 — Plots of gain as a function of axial position at the frequency mismatch,
Aw/w, =-1.5 X 10-3, which gives the largest value of linear gain. The solid curve
is linear gain with space charge effects, 0p2 = (.76. The dashed curve is linear
gain without space charge effects, 0,2 = 0, and the dotted curve is the gain from
the non-linear self-consistent equations (8a-d). Saturation effects are important

at 3m.
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Fig. 4 — Plots of gain as a function of frequency mismatch, Aw/w,, at
z = 1.5m, which is within the linear regime of the self-consistent calcu-
a lation. The solid curve is linear gain with space charge effects, sz =
P 0.76. The dashed curve is linear gain without space charge effects, 6 2
= 0. The dotted curve is the gain from non-linear self-consistent calcula-

tions (8a-d).
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zi2r = 300
6, =0.76 ;
D2 =2.85%1077 ‘

__—Cjl0) = 6.25x1077

GAIN = (A(L) — A(0))/A(0)

| (10 3) i
w,

, Fig. 5 — Plots of gain as a function of frequency mismatch at z/2x = 300 (2=3m).

The solid curve is gain from non-linear self-consistent formulation for various val-

ues of Coza(O). The dashed curve is linear gain with space charge effects, and cir-

cles (0) are gain from non-linear self-consistent calculation without space charge

effects with C,2a(0) = 1.25 X 1078, 5
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2 227 = 300 C,2a(0) = 5.0x1076
D,2 = 2.85x1077

15~
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Fig. 6 — Plots of efficiency versus frequency mismatch at z /27 = 300 (z=3m)
for various values of C, 2a(0)
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) charge effects to be negligible. Space charge effects become increasingly
more important as we decrease Coza(o) or A(0). In Fig. 5 , we see that
the gain in the linear regime of the non-linear calculation without the

space charge effects (circles (o) is about 10% larger for C‘%a(0) = 1.25x 10'6
0

21D, ?
C,%a(0)

evolution of the amplitude of the space charge potential (dashed curve) and

(A(0) = 1/2 AL) and = 1.3. Figure 7 contains curves of the spatial
the amplitude of the ponderomotive potential (solid curve) for hwfwy=
-2.0 x 107°, €,2a(0) = 1.25 x 10" "(A(0) = 1/2 A ) and D = 2.85 x 107",
Notice that at 3m, the space charge potential is about 2/3 of the ponderomotive
potential. Thus we expect the space charge potential to have a moderate
effect on the gain.
Figure 8 contains plots of gain with space charge effects (solid
curve) and gain without space charge effects (dashed curve) as a function
of axial distance for ég; =-2.0 x 107 C,%a(0) = 1.25 x 107°(A(0) = 1/2 A)
and D ? = 2.85 x 10”7, As noted in Fig. 5, the space charge effects decrease

the gain in the linear regime of the self-consistent calculation. The

collective effects of the space charge field, however, increase the gain

in the non-linear regime.
Let us now turn our attention toward the effects of filling |

factors. When the electromagnetic filling factor Fem is no longer

equal to unity, the appropriate parameter for comparison purposes is i

efficiency as expressed by Eq. (1la). Plots of efficiency versus

axial distance for various combination of filling factors are shown in

Fig. 9 for éﬁ- = -2.0 x 1077, Coza(O) = 1.25 x 10 *and DOZ/FSC= 2.85x 107 .

: 0
{ In the 1inear regime, Z/2m<300 the efficiencies calculated with different .

N |

filling factors are approximately the same. In the non-linear regime

2/2n>300, efficiency became smaller as Fem decreases.
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Fig. 7 — Plots of the amplitude of the space charge potential (dashed curve) and the
amplitude of the ponderomotive potential (solid curve) as a function of axial position
for Ao';/uo= - 2.0 X10-3,C,2a(0) = 1.25 X 1076 (A(0)=1/2 A, )and D2 = 2.85
X 10~
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Fig. 8 — Plots of gain with space charge effects (solid curve) and gain without space
charge effects (dashed curve) as a function of axial distance for Aw/w, = - 2.0 X
10-3, C,2a(0) = 1.25 X 10-6 (A(0) =1/2 Ay ) and D2 = 2.85 X 10-7
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Fig. 9 — Plots of efficiency versus axial distance for various combination of filling factors
with Aw/w, = - 2.0 X 1073, C,2a(0) = 1.25 X 1078, and D2 /F,, = 2.85 X 10-7




In the low gain regime the non-dimensional value a(0)G at any
i& axial position Z is only a function of the independent parameters
C: a(o0), D: and Aw/w,. A set of three curves of a(0)G at saturation for
different non-dimensional values of Coza(o) is shown as a function of
frequency mismatch, Aw/w,, in Fig. 10 for D?= 2.85 x 107,

b) High Gain Regime

For the high gain regime, we illustrate examples where collective
effects are negligible. Figure 11 is a plot of growth rate in the linear
regime of the non-linear self-consistent formulation as a function of
frequency mismatch with Df = 5 x 107’ and various values of Coz. The
results are in good agreement with the normalized linear growth rate
obtained from linear dispersion relation, Eq. (10). The saturation ampli-
tude and efficiency as a function of frequency mismatch are plotted in
Figures 12 and 13. We notice that the magnitude of efficiency as well

as the bandwidth increases as Cozincreases.
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Fig. 10 — Plots of a (0)G at the saturation in the low gain regime of the non-linear
self-consistent calculations, when space charge effect is moderately important, D2
=2.85 X 10-7, asa function of the non-dimensional parameters C,2a(0) and Aw/w
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Fig. 11 — Plots of linear growth rate in the high gain regime, where collective effects are
negligible, D,2 = 5 X 10~7 as a function of frequency mismatch Aw/w and C,2
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Fig. 12 — Plots of efficiency in the high gain regime as a function of frequency mismatch
Aw/w, and C,2 for a case when the collective effect is negligible, D,2 = § X 107
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