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1. INTRODUCTION

The interaction of light and sound can be described in terms of
wave interactions or particle collisions. Both pictures are intuitively
appealing .and can provide basic information without elaborate mathemat-
ics., In this section, a heuristic analysis is given by using an elemen-
tary particle picture. For more precise information, such as the
dependence of the interaction on acoustic power, elaborate mathematics
is unavoidable and is presented in the literature.!’?

In the particle picture, light consists of photons and sound con-
sists of phonons. Each photon has momentum AK and energy 6w2, where
2mh is Planck's constant, K is the wave vector, and we is the angular
frequency. Each phonon has momentum hka and energy ﬁwa, where ka is
the wave vector and w, is the angular frequency. When a photon and a
phonon collide, one of two results is possible: either the phonon is
annihilatea or a new phonon 1is created. The possibilities are
illustrated in figure 1, where K' denotes the wave vector of the scat-
tered photon. If it is assumed that, to a good approximation, the
momentum is conserved in a collision, then phonon annihilation implies

K' = K + ka ' (1)
and phonon creation implies
't = -
K' = K-k, . (2)
() SCATTERED
@ INCIDENT SCATTERED PHONONS
PHOTON PHOTON
3 3
3 K’
.
A K X
a
INCIDENT SCATTERED
INCIDENT P INCIDENT
PHONON HOTON PHONON PHOTON

Figure 1. Photon-phonon interactions: (a) annihilation and
(b) creation.

lr, c. Chang, Acousto-Optic Devices and Applications, IEEE Trans.
Sonics Ultrason., 23 (January 1976), 2.

2y, Born and E. Wolf, Principles of Optics, 5th ed., Pergamon Press,
Inc., New York (1975).
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We examine the implications of equation (1) in detail; the implica-
tions of equation (2) are analogous. From equation (1) and figure 1(a),
we have

K' cos 8' = K cos 6 , (3)
K' sin 6' = ka - K sin 6 , (4)

where K', K, and ka are the magnitudes of the corresponding wave vec-
tors, § is the angle of the incidert photon, and 6' is the angle of the
scattered photon. If 6, Ky and Kk are specified, equations (3) and (4)
can be solved for 9' and K'. Dividing equation (4) by equation (3)

yields
9" = tan~! |- tan 8 + % ) sec o] . (5)

Assuming that ka/K <¢ 1 and 6 << 1, equation (5) gives

ka
t = — - 8 ,
6 X (6)

Let v and c represent the acoustic and optical velocities, respec-
tively. Since we know from wave theory that v = wa/ka and ¢ = wz/K,

x

Q

E
[+

a
= = . (7)

Thus,

- -
5 _("“’z) w =6 . (8)

This relation shows explici.ly that the angle of the scattered photon
with respect to the incident direction is proportional to the acoustic
frequency. Although the acousto-optical interaction may consist of
multiple collisions of photons with phonons, it turns out that equa-
tion (8) does hold appreximately for many practical devices. Thus, a
diffracted beam is deflected at an angle proportional to the acoustic
frequency. If the angle is measured, the acoustic frequency can be
egstimated.

We define the Bragg angle, OB, by

sin 68 = 3% ° (9)
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If 0 = GB, equation (5) implies that 8' =8 = Ops Equation (3) then
gives K' = K. Thus, the magnitude of the photon momentum is conserved
when the photon is incident at the Bragg angle. It turns out that
6 = GB is the condition for the most efficient diffraction of an op-
tical wave in an isotropic medium. Figure 2 is a wave vector diagram
for the Bragg condition.

Figure 2. Wave vectors for Bragg
angle of incidence.

The conservation of energy is approximately valid for a photon-
phonon collision. Thus, the frequency of a scattered photon is

Wg = wy *+ Wy (10)

for phonon annihilation and

(A)0=w£ 'wa (11)
for phonon creation. It turns out that the frequency of the principal
diffracted wave satisfies equation (10) or equation (11) in many practi-
cal devices.

Birefringent diffraction, which occurs when the refractive indices
for the incident and diffracted optical waves are different, exhihits
significantly different characteristics from isotropic diffraction.?!’3
In an anisotropic medium, a change in direction and polarization between
the incident and diffracted waves causes birefringent diffraction.
Since Wy <K wp, we have wg ¥ wy in practical cases. Thus, K' = rK,
where r is the ratio of the refractive index associated with the dif-
fracted wave to the refractive index associated with the incident
wave. We expect a large principal diffracted beam if conservation of
momentum is satisfied. Using trigonometry in equations (3) and (4), we
obtain the necessary conditions:

lr, c. Chany, Acousto-Optic Devices and Applications, IEEE Trans.
Sonics Ultrason., 23 (January 1976), 2.
37, Sapriel, Acousto-Optics, John Wiley & Sons, Inc., Wew York (1979).




k 2
sin8=5% 1+ (:-) (1 -x2)|, (12)
a
k 2
sin 8' = 5%; 1 - (§—> (1 -x2)]. (13)
a

With these equations, we can derive several interesting results.

To ohserve %' =08, we must have r = 1 or r = (kaIK) - 1. The
latter equation cannot be satisfied since ky ¢ K. Thus, 6' = 6 is a
phenomenon associated with r = 1 and the Bragg angle of incidence.

Equations (12) and (13) do not have solutions unless the right-hand
sides have magnitudes less than or equal to unity. This requirement and

k, < K yield

-

k

a a

- — < + — ., .

1 o r 1 X (14)

Thus, strong acousto-optical diffraction is usually not observed unless
equation (14) is satisfied.

If we specify 9, equation (12) gives two possible values of ky, and
equation (13) gives two corresponding values of 9'. Thus, for an inci-
dent wave vector K, there are two values of ka that allow conservation
of momentum, as illustrated in figure 3, where ny and ny are the refrac-
tive indexes for the incident and diffracted beams, respectively.

TWO POSSIBILITIES Figure 3. Possible wave vectors
giving conservation of
momentum.

Birefringent diffraction is important primarily because the conser-
vation of momentum can be approximately satisfied over a wider range of
acoustic frequencies or incident light directions than is usually possi-
ble with isotropic diffraction. Consequently, anisotropic materials are
useful in devices requiring a large bandwidth.




2. BRAGG CELL INTERACTIONS

In this section, acousto-optical theoretical results are summarizead
and used to develop the basic theory needed for most applications.

An acoustic wave traveling through a crystalline medium produces a
spatial variation in the density of the medium. This variation causes
changes in the refractive index. When light enters the medium, it is
diffracted by the spatially varying refractive index. The acoustic wave
is generated from an electrical signal by a piezoelectric transducer
attached to the medium. As a result of the acousto-optical interaction,
the diffracted light emerging from the medium is modulated by the infor-
mation contained in the original electrical signal. Since the modulated
light has a spatial variation equivalent to the time variation of the
signal, parallel processing of information is possible.

The diffraction geometry associated with the acousto-optical inter-
action is shown in figure 4, where Aa is the acoustic wavelength. Let
the angular frequency and the wave vector of the incident optical wave
in the medium be denoted by We and K, respectively, and those of the
acoustic wave by w, and ka. Due to the acousto-optical interaction, the
diffracted optical waves in the medium have angular frequencies
W = W+ muy and approximate wave vectors K, = K + mk,, where
m=11, 22, + « ¢« & Special cases of diffraction can be characterized
by the parameter

k2L
Q== (15)

where ka and K are the magnitudes of the acoustic and optical wave
vectors, respectively, and L is the width of the acoustic beam. When
Q < 1, the diffraction is said to be in the Raman-Nath regime. When
Q@ >> 1, the diffraction is said to be in the Bragg regime. The inter-
mediate region where 1 ¢ Q < 10 gives a mixture of the characteristics
of the Raman-Nath and Bragg regimes.

PRINCIPAL
-—l DIFFRACTED
BEAM
LASER LIGHT £

\\b

UNDIFFRACTED
TRANSOUCER BEAM

INPUT

Figure 4. Bragg cell interaction.
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In the Raman-Nath regime, many diffracted beams may contain signif-
icant power. This regime corresponds to ultrasonic frequencies less
than 20 MHz if L = 1 cm, the wavelength of 1light is approximately
0.5 um, and the acoustic velocity is approximately 3.5 ¢ 10° cm/Se

Most of the practical wide-bandwidth applications of acousto-opcics
depend upon operation in the Bragg regime. An acoustical device opera-
ting in the Bragg regime is called a Bragg cell. The result of the
acousto-optical interaction in a Bragg cell is the production of only
two significant beams outside the cell:' the undiffracted main beam and
the principal diffracted beam. These beams are indicated in figure 4.

Let K and ia represent unit vectors in the directions of K and kg
respectively. If K+ ky < 0, the principal diffracted beamlpas a wave
vector K + ka and an angular frequency Wy Wy If K » ky > 0, the
principal diffracted beam has a wave vector K - k, and an angular fre-

a

quency wy, = W,. For definiteness, we assume the latter case in the

remainder of this section and the next two sections.

Let 6 denote the acute angle between K and the acoustic wave front
(perpendicular to k). We have

sin 8§ = K+ k_ . (16)
a

In an isotropic medium, the Bragg angle, 95, is defined by

X

a o
sin 9B TS 2nvmz ! (an

where n is the index of refraction, v is the acoustic velocity, and c is
the free-space velocity of light. The power in the principal diffracted
beam varies with €, attaining a maximum when 8 = 6.

We derive the basic wave vector relations for a Bragg cell. Con-
sider a light wave incident upon a Bragg cell at angle ¢i' as illustra-
ted in figure 5. According to Snell's law, the angle 60 satisfies

n sin 64 = sin $; - (18)

The refracted light has the two-dimensional wave vector

K = K(cos 8y, sin 60) (19)
with magnitude
L
K = - - (20)

10

> 7

o




AIR BRAGG CELL AIR
Figure 5. Diffraction geometry
y of Bragg cell for

tilted acoustic wave.
A

The acoustic wave in the cell propagates at an angle 6, with respect to
the y-axis. Thus, this tilted wave has the wave vector

k, = ka(— sin 91, cos 61) (21)
with magnitude
wa
k = — . (22)
a v

After the acousto-optical interaction, the wave vector of the principal
diffracted beam is K = K =~ ka. Refraction as this beam leaves the cell
results in a diffracted beam in air with wave vector kO‘ From electro-
magnetic theory, it follows that kOy' the y-component of ko, is equal to
the y-component of K'. Thus,

koy = K sin 60 - ka cos 81

nw W (23)
L. a
: = —— sin §_ - -— cos 8_ .
§ c 0 v 1

The x-component of k, is found by observing that

2 (wl " Ya ’
= 2 + 2 = ———p—
ko kOx koy . (24)

since the diffracted wave has frequency wp = wye The angle % of the
diffracted beam with respect to the x-axis satisfies

L3

Sin ¢0 = ﬂ . (25)
kO

11
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A number of special cases are of particular interest. In general,
wy << we sO that ko “ wp/ce Thus, equations (18) and (23) to /25) give
k cos 9
. a 1
sin Qi - —, (26)

ko

sin ¢
0

In general, ka << ko. 1f pi and 61 are small, we obtain

=y - ——1a , 4 .9, << 1. (27)

This equation establishes the fundamental relation between the acoustic
frequency and the deflection of the principal diffracted beam when
K * ka > 0. In figure 5, ;i > 0, 90 > 0, and 91 > 0, but ?0 < Q.

Another special case occurs if the angles are made to satisfy

60 = 261. It is convenient to define the Bragg frequency, wge by
2nvu
: = ~ sin 6, .
s . sin 1 (28)
Equations (23) and (28) and the relation sin 261 = 2 sin 61 cos 91
yield
D = W
= B a (=)
kOy = ( - ) cos Ty (29)
Thus, if “gq = Wpr the principal diffracted beam emerging from the Bragg
cell is perpendicular to the cell-air interface (QO = 0). It follows

from equations (16), (17), (19), (21), and (28) that 9, = 29, = 264 and
that 9, the angle between the incident light beam and the acoustic wave

front, is equal to GB.

In the Bragg regime, the amplitude of the principal diffracted beam
is approximately proportional to the amplitude of the acoustic wave if
the latter has a sufficiently small amplitude. If the bandwidth of the
acoustic wave is sufficiently narrow compared with its center frequency,
the acoustic amplitude in the region of wave propagation can be ex-
pressed as




where x is the distance along the direction of the acoustic wave, r is
the position vector, and v is the acoustic velocity corresponding to the
center frequency of A(t). Let Wo and kO denote the frequency and the
wave vector of the principal diffracted beam. Neglecting the time delay
due to propagation, the principal diffracted beam is approximately
represented by

~

k *r
a
Y{t,r) = wir)alt - — ) cos (wot - ko . r) ’ (30)

near the acoustic device output aperture. The weighting function, w(r),
is the product of factors describing aperture size, acoustic attenua-
tion, and optical amplitude profile.

The basic theory presented in this sectinn leads immediately to the
important applications of frequency estimation, correlation, and Fourier
transformation.

3. FREQUENCY ESTIMATION

The principal components of an acousto-optical spectrum analyzer“
are shown in figure 6. According to equation (27), the principal dif-
fracted beam is offset from the incident beam by an angle

_ - ~ [ S
T 9% (vf2>fa ’ (31)

where fa and f2 are the frequencies in hertz. With the Bragg cell in
the front focal plane of the lens, a Fourier transform is obtained at
the back focal plane at the photodetector array. The center of the
diffracted beam converges to a position a distance

. (Fe]
F¢1 > (vf2>fa {32)

from the center of the corresponding undiffracted beam, where F is the
focal length of the lens. Thus, the frequency fa can be estimated by
measuring the relative intensities at the photodetector array elements.

“p. L. Hecht, Spectrum Analysis Using Acousto~Optic Filters, Optical
Engineering, 16 (September 1977), 46l.
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Figure 6. Acousto-optical frequency
estimator.
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The diffracted beam has an angular width on the order of
XO/D, where AO = c/fl is the optical wavelength in air and D is the
effective aperture of the Bragg cell. Consequently, the diffracted beam f
spreads over a length FXO/D in the focal plane. The frequency resolu-
tion is defined to be the difference in frequency between two signals !
such that the corresponding positions in the focal plane differ by the
spread of the diffracted beam in the focal plane. From this definition
and equation (32), the resolution is

v 1
R = Do T (33)

where Tc is the time that it takes an acoustic wave to cross the cell ]
aperture.

4. CORRELATION

The acousto~optical cross correlation of signals Ay(t) and Az(t)
can be accomplished by either a time-integrating correlator or a
spatial~-integrating correlator.> In the time-integrating correlator,
both signals are impressed upon diffracted optical beams. Neglecting
weighting functions for simplicity, we may represent the two beams by

e T /'_..'
al s
w1(t,r) = A1 t - — ] cos (w01t k01 r) ' (3§}lﬁf~

~ P

a2 T r

byttm) = A\t = ———] cos (wozt -k, *r+ ¢) . (35)

Sr. a. Sprague, A Review of Acousto-Optic Signal Correlators, Optical
Engineering, 16 (September 1977), 467.
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where ¢ is the phase of wz relative to Vqe The two beams strike an
array of photodiodes. The output of a photodiode at point r is a time 1
integral of the intensity of the total radiation. Thus, the output is

proportional to
+ 4
V(t,r) = [w1(t',r) + wz(t',r)]z at' , (36) '
t~-T 2
where T is the duration of the integration interval. Substituting 5
equations (34) and (35) into equation (36) and using trigonometry, we
1 obtain i
3 !
4 V(t,E) = V,(t,X) + V,(t,x) + Vi(t,x) , (37)
i
| where
i ‘ ka1 tr ka2 ' r
= r o | .
_V1(t,r) A\t S A2 t ”
3 t-T
(38) i
- r o - - - )
x cos [(w01 woz)t (k01 koz) r ¢] dt' ,
£ ~ -
k e r o r
- = l 24 _,L_. 2 ' o .a_z___ '
J2(t,r) =3 A1 t v + A2 t - at't (39)
t-T
T ‘ a1l = ka2 * T
P = v - A . - + '
- Vy(t,x) ALt = H\t - cos [(w01 woz)t
t-T
a1 ¥
2 1] 1]
. + - -
(k01 + koz) r + ¢] 3 A1 t cos (2w01t
- (40)
1 a2 ~ ¥
- P 2 t ]
2k01 r) + 2 A2 t v cos (2w02t




The sinusoidal factors in equation (40) are assumed to vary much more
rapidly than A1 and A,. Thus, if T 1is sufficiently large and
wgq ¥ Wgpr Vg3 is negligible compared with V4 and we may neglect V., in
the subsequent analysis. vy is a measure of the sum of the intensities
of the two waves. If these intensities are varying slowly in time, then
V, can be suppressed by passing V through a bandpass filter. The effect
on V, is small if the spectrum of V, is concentrated away from the
spectrum of Ve If the spectra of V1 and V2 are similar, the presence
of the spatial carrier in vy facilitates the separation of vV, from Voo
The separation is implemented by digital filtering of the photodiode
outputs, which provide spatial samples of V(t,r).

Alternatively, we can eliminate vy by using two adjacent photodiode
arrays. One of the optical beams that is applied to one array is phase
shifted by m radians with respect to the corresponding optical beam that
is applied to the other array. The difference between the two array
outputs produces

i

Vit,r) = V(t,r,d = ¢4) - V(t,r, 0 = ¢4 + )

i

Vi(tersd = 6,) = Vy(t,x,0 = by + T) (41)

2V1(t,t,¢ = ¢1) .

If wgq = Wgp and we change coordinates, equation (38) gives

V,(t,r) = E(t,q) cos [(km - koz) cr+ ¢,] , (42)
E(t,q) = A1(u)A2(u + q) du , (43)
L(t)
al tr X 1 *r
L(t) =\t - -, - 22—, (44)
v v
(kyy = %) o~
q = al va2 . (45)

These equations indicate that E(t,q) has a spatial variation that ap-
proximates the cross correlation if ia1 *r # iaz *rand T is on the
order of the larger of the periods of A,(t) and Az(t). The spatial
frequency, k01 - k02’ in equation (42) is related to the acoustic fre-
quencies in the Bragg cells that generate Y4 and Y, Thus, if the
spatial frequency is measured, we can sometimes obtain an estimate of an
unknown acoustic frequency.




As an example, figure 7 displays one implementation of a time-
integrating correlator. Light beam 1 interacts with a tilted acoustic
4 wave generated by A,(t) to produce the diffracted beam y,. The Aqif-
fracted beam wz is produced analogously. If the acoustic wave vectors

are given by

>

(- sin 64, cos 61) .

al
(46)
kyp = (- sin 8,, - cos 61) R
then we use
Kyq = kgo = (0, 2 cos 84) , (47)

in equations (43) and (45).

v
Ayt
LIGHT PHDT:)'I‘):ISCTOR
BEAM PROCESSOR
2 Va
\\\ BAAG .

CELL -
LIGHT v

1 Y

W B

Al

Figure 7. Time~integrating correlator.

In a spatial-integrating correlator, a beam represented by equation
(34) interacts with an acoustic wave to produce a principal diffracted
beam represented by

~ P

a1 r ka2 ‘T
pit,r) = A1 t - EE— A2 t - — 5/ cos (mot - ko . t) . (48)

where Wwg = Wgq T Wap and ko = ko1 - kaz' For noncoherent detection, a
Fourier-transforming lens is placed perpendicular to ko. At the center
of the focal plane, the intensity is proportional to®

b7, Goodman, Introduction to Fourier Optics, McGraw-Hill Book Co., New
York (1968).
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~ ~

I(t) = Al - 2——Ja lt - ==—— /] a?2¢| , (49)

where the region of integration, R, is determined primarily by the pupil
of the lens and the dimensions of the acoustic devices. To simplify
equation (49), we assume that the two acoustic wave vectors are oppo-
sitely directed and parallel to the y-direction, as depicted in fig-
ure 8. To within a proportionality factor, we obtain

D
2

I(t) = A1(t - %)Az(t + %) ay| (50)
0

where D is the effective length of the Bragg cell. We change coordi-
nates, drop a constant, and use Tc = D/v to obtain
~t
2
I(t) = A1(u)A2(2t - u) du . (51)

t-Tc
If A,(t) is a time-reversed version of another signal Aj(t), that is. if
A,(t) = Ay(-t), then

t
2

I(t) = A1(u)A0(u - 2t) du . (52)
t-T

<

This equation indicates that, for large enough Tc' the intensity at the
center of the focal plane is proportional to the squared cross correla-
tion of A1(t) and Ao(t). If a photodetector is placed at the center
point, its output is the squared cross correlation as a function of
time.

Ayt

.

BRAGE
CELL

LENS
PROCESSOR

PHOTODETECTOR

LASER
LIBHT

AN

Figure 8. Spatial-integrating
4 correlator.

Ayl | s
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A closely related technique for achieving cross correlation is to
use a reference mask in place of one of the acoustic signals. Implemen-
tation details of some spatial-integrating correlators are presented by
Sprague.S

Se FOURIER TRANSFORMATION

Acousto-optical Fourier transformation can be accomplished in a
number of ways, including the use of the time-integrating correlator.
Let A(t) denote the signal to be transformed. We assume that A,(t) is
formed as the product of A(t) and a periodic scanning waveform. Over
one scan of the waveform,

A (t) = 2A(t) cos (wt + mut?) , o<t < T, (53)
where W is the scanning frequency at t = 0, u is the rate of frequency
change, and Tg is the scan period. Let A,(t) be the scanning wave-
form. Thus,

Ay(t) = cos (ut + me?) , 0 <t < T, . (54)
Substituting equations (53) and (54) into equation (43), using trigonom-

etry, and dropping a negligible integral, we obtain the output of a
time-integrating correlator due to one scan:

E(t,q) = A(u) cos (wcq + 2mpqu + nuqz) du , (55)
Lyo) = o) 0 Jo,r] - (56)

We may rewrite equation (55) in the form
E(t,q) = Re[F(znuq) exp(jwcq + jnuqz)] ’ (57)

where Re(x) denotes the real part of x, j = V-1, and

F(2muq) = A(u) exp[ju(2muq)] du (58)
L(t)

is an approximation of the Fourier transform at an angular frequency

equal to 2muq. Let |F| denote the magnitude and x the phase of F. From
equation (57), we obtain

SR. A. Sprague, A Review of Acousto-Optic Signal Correlators, Optical
Engineering, 16 (September 1977), 467.
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E(t,q) = |F(2ruq)| cos Encq + mug? + X(Znuq)] .

Thus, the magnitude and the phase of the Fourier transform of A(u) can
be approximately produced by digital processing of the photodetector

array outputs.
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