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I. INTRODUCTION

This report presents the significant results of a two and
one half year research program conducted *y f.R,1.P. under
contract number DAAD(05-76-C-0757. TL. rrimarv cbjective of
the program was to gain an understandir, of the underlying
physics of the impact process and to apply this knowledge in
the development of a simple model to describe the penetrator-
target interaction.

The Erogram evolved in three distinct phases. Phase 1
dealt with the characterization of target materials. Phase 2
dealt with the development of a long rod penetrator model.
The f£inal phase concerned the measurement of the partitioning
of energy during fracture of a penetrator specimen.

Interim reports were issued ut the end of Phase 1 and
Phase 2 (Refs. and 2). Some of the work described in these
reports was incomplete, and some of the results have had to
be revised in the light of subsequent developments. It is
the purpose of this report to tie together the loose ends from
the first two phases and to present for the first time the
results of Phase 3 of the research program.

Prior to the inception of this program, a useful tool for
the study of the impact process was under development at
A.R.A.P. This tool, called the Integral Theory of Impact,
sought to describe the impact grocess in as simple terms as
possible without sacrificing the essential physics which were
thought to describe the problem. Rather than worry about the
microscoplc details of the interaction of two materials
durin% impact, it was decided to model the interaction in a
global or integral sense. In this way, a set of ordinary
rather than partial differential equations was obtained -
an attractive simplification from hoth cosrt aud time view-
points. Since the equations used in the thenry retain the
essential physics of the impact process in an integral sense,

1. Donaldson, Coleman duP., Contiliano, Ross M., and McDonough,
Thomas B.: The Qualification of Target Materials Using the
Integral Theory of Impact., A.R.A.P. Rept. No. 295,
Aeronautical Research Associates of Princeton, Inc..
December 1976.

2. Swanson, Claude V. and Donuldson, Coleman duP.: Applica-
tion of the Integral Impact Theory to Modeling Long-Rod
Penetrators. A.R.A.P. Rept. No. 333, Aeronautical Research
Associates of Princeton, Inc., March 1978.
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it was felt that the important features of such processes
could be exhibited in spite of the simplicity of the model.
Thus, the integral theory was born in an attempt to bridge
the gap between the complex and costly multi-element codes
and the purely empirical models,

It was not intended that the integral theory replace ]
either the large codes or the experimentalist. Because of Pl
its simplicity, the model introduces a degree of economy
which makes it reasonable to conduct parametric studies and
observe trends rather than single points. 1In this way, the
integral theory can be used to guide experimental programs,
interpret results, and serve as a screening tool for cases
which require the details which are only available in the
large codes.

Early studies (Ref. 3) of the impact process showed that )
for the purpose of computing target response during impact :
it was necessary to determine at least two characteristic
quantities, in addition to density, for any target material.
One of these, denoted by E*p and called the hydrodynamic

mode energy, represents the amount of energy required to put
a well defined mass of target material in a hydrodynamic
state. The other quantity, denoted by Eyxe : Tepresents

the elastic energy absorbed by the same mass of target mater-
ial during impact. Phase 1 of this program consisted of an
experimental and theoretical evaluation of E,  and Eve

for a wide spectrum of target materials. Reference 1 summa-
rized the experimental program and evaluation of E,_  and

Exe and the development of equations to predict these two

quantities from fundamental material properties. More recently,
additional materials have been qualified and coefficients in
the theoretical equations have been modified as more data

have become available. In addition, the correlations which
were reported in Ref. 1 have been revised to include a

better estimate for the drag coefficient which appears in :
the equations. The results of all qualification tests and }
the present best estimates for the theoretical value of F, ,1i.e., i
the sum of E*p and E,,, are described in Chapters II and III. i

it
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3. Donaldson, Coleman duP., McDonough, Thomas B., and
Contiliano, Ross M.: Application of the Integral Impact
Theory to the Design of Specialized Tactical Ordnance.
A.R.A.P. Rept. No. 279, Aeronautical Research Assoclates
of Princeton, Inc., May 1976.
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During the second phase of this program, attention was
directed toward the design of rod penetrators. The concepts
of the integral theory were applied to the development of a
long rod penetrator model. A two-element model was developed
which incorporates the physics of the deforming single cell
model developed several years ago by A.R.A.P. (Ref. 4) and
b couples this cell to a rigid shaft. This model was described
j in Ref. 2. However, the code which was developed contained
! several bugs and was difficult to utilize. 1In order to
eliminate these problems, the equations of the model were
recast, and the code was rewritten. The revised model and
code are described in this report.

The rod model requires the specification of a property,
Exq » Which represents the non-recoverable or dissipated

energy required to hydrodynamicize a unit mass of the rod
1 material as the tip of the rod is forced to flow out of the
é path of the relatively undamaged shaft of the penetrator.
In essence, E,, 1is to the rod what E, 6 is to the target.

The property Eyq can be obtained by correlating experimental

; data with calculations using the two-cell model. Alternatively,
{ an experimental technique was devised by A.R.A.P, to measure
Eyq directly. The results of these experiments are also

described in this report.

In what follows, a summary of the entire target materials
qualification program is provided in Chapter II. For complete-
ness, the test data are provided in Appendix A, and the deduced
values of E, are shown in Appendix B, The theoretical model
for E, based on fundamental material properties is provided
in Chapter III together with the present estimates for the
theoretical Ey of many materiala. Chapter IV contains
a description of the long rod penetrator model. A user's
guide for the numerical code is provided in Appendix C. Chap-
ter V describes the E.y experiments, and Chapter VI contains

the conclusions drawn from this program.

4., Donaldson, Coleman duP., Contiliano, Ross M., and McDonough,
Thomas B.: A Study of Water Drop Displacement and Deforma-
tion in Aerodynamic Shock Layers. A.R.A.P. Rept. No. 265,
Aeronautical Research Assoclates of Princeton, Inc.,

March 1978.
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I1. TARGET MATERIAL QUALIFICATION

In this chapter, the method by which the impact proper-
ties E*P and Exe of a target material are obtained will

be described. Briefly, the procedure consists of conducting
a series of impact tests using nondeforming projectiles and
relatively thick target samples. By eliminating the deforma-
tion of the projectile and backface effects in the target,
the equations of motion are simplified and an impact can be
completely specified given the density and geometry of the
projectile and target plus the material property E, of the
target. In the next section, the Integral Theory o¥ Impact
will be developed for a nondeforming sphere impacting a

semi-infinite target to show how E,, and E,, are evaluated.

In the subsequent section, the results of an experimental
grogram to characterize a wide range of target materials will
e summarized.

A. Rigid Sphere Impacting Semi-Infinite Target

1, Decelerating Force - Consider the penetration of a
semi~-infinite target by a nondeforming sphere of radius R
and mass m_ which 1is traveling at a velocity Veo normal

to the target. At any instant during the penetration, the
projectile, which has traveled a distance 2z , has a velocity
Vo and is being decelerated by a force F . The nomenclature
is depicted schematically in Figure 1, Conservation of
momentum requires that

a‘%(mpvc)- -F . (1)

If both sides of Eq. (1) are multiplied by V. » the

result is the equation for the rate of change of the center
of mass kinetic energy

d vf:
;E b _2- = -FV_ . (2)

The product Fv, e the rate at which the projectile loses

kinetic energy or the rate at which work is done on the target
by the projectile. 1If W, i1s the total energy of the target
material, then

o il SRR i
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R &)
or
—d—(m v—‘2’+w)-o (4)
de \P 2 t '

which is just a restatement of conservation of total energy.
The energy absorbed by the target is distributed between
kinetic energy of the target material K, and a quantity U,

which represents nonkinetic forms of energy such as plastic
work and elastic energy

d W d K d U
t . £ .t

dt de dt

(3)

As the projectile penetrates, the target volume swept out per
unit time at angle ¢ on the sphere is given by

%
%% - J 2nR%sin ¢ do V,cos ¢ = VA, (6)

o

where 2nstin¢ cos p d¢ represents the elemental area normal
to the velocity vector V_ at an angle ¢ from the nose and

¢
¢g 1is the submergence angle.

The rate of change of kinetic energy can te written as

2
C C.V
) )

d K, dv
dt "t dt

and the change of nonkinetic energy can be written as

TPV

ORI tak
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d Ur dv
—_— = p, — (E,) = p,_ V_AE, , (8)
dt tae £ Te T

where Py is the target mass density and CD represents the

instantaneous drag coefficient of the projectile. It will
be shown that Cp 1is related to the Newtonian drag coefficient

of the sphere.

The term E, in Eq. (8) consists of two parts: a constant

part E*p which represents plastic work and a term Exe which

represents elastic energy and is significant for small penetra-
tions. The product Py E*p , which accounts for plastic flow

work and has the units of pressure is analogous to the Brinell
hardness of the target material. However, it models the flow
strength of the material at the strain rate of impact rather
than at the quasi-static strain rate of a Brinell test. 1In
reality, it is an adiabatic rather than an isothermal measure-
ment of the Kield strength because the time scale for shear
heating in the material is much faster than the time scale

for thermal relaxation. The quantity o, E*p is therefore

called the '"adiabatic hardness" of the material. It will be
shown later that o, E*p is roughly constant as a function

of velocity for each material. In Ref. 1, a formula was
derived for E*p based on Brinell nardness, melting tempera-

ture, and specific heat. A summary of this work is given in
Chapter III.

The quantity P Exe Tepresents the pressure produced by

elastic compression of tlie target material. A fourmula for
Exo Wwas also derived in Ref. 1, based on the elastic modulus,

Brinell hardness, and densit% of the target material. At the
end of this section, the method by which E*e is evaluated
from impact tests will be described.

Comparison of Eqs. (5), (7), and (8) with Eq. (3) shows
that the decelerating force can be written as

v2
F = ptA(cD-?E+E*p+E*e> : (9)

i s R e i S S el i
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Based on Newtonian flow considerations but allowing some
freedom for comparison with experimental data, it is possible
to write the force in the following form

8
F = 2o, R2 I sin ¢ cos ¢ (%Vg cosz¢+E*p+E*e) d¢ . (10)
o
For this analysis, the quantity o which is related to the

Newtonian drag coefficient is constant and has the value
o =1 . Equation (10) can be integrated to yield

4
2 Q 2 1-c08 ¢8 2
F - k%o |-V (—-—5——- + (Ewp * Ene ) 8in%0,| (11)

where ¢g is given by

o, = cos'l(l-z/R) z <R

8

og = n/2 z >R. (12)
Note that the integration of Eq. (10) can only be done in this
manner if E,  1s independent of ¢ . Thus, the term E,,
which appears in Eq. (11) is an average value of the elastic
energy for the submergence angle ¢g - It is not the local

value of the elastic energy ger unit mass absorbed by the
target. More on this point later.

With (11) for the force, the momentum equation (1) becomes

4
d 3100, ]u l-cos ¢
S - e P | 2
e TR 2V°( 2 )+(E*P+E*°)sm bs| - U9

In Eq. (13), thedefinition for projectile mass, mp- (4/3) ('nR3pp),
has been used. The penetration is governed by

i i A BN o 52 T s S K R

PR

‘M_A__. - - e - N -.m%ié_!u. ‘.




LT T T T T T T AT T O R e e

g% -V, . (14)

Equations (13) and (14) together with Eq. (12) can be inte-
grated simultaneously to yield z(t) and Vc(t) . The

integration proceeds from t = 0 to t = tg , the time at
which Ve is reduced to 0 .

2. The Newtonian drag coefficient - It was noted above
that the draf Torce 1s based on the Newtonian flow approxima-
tion. In this approximation, the target material is assumed
to flow in a very thin layer along the surface of the pro-
jectile., As a small volume of target material enters this
layer, it suffers an abrupt change in direction as it comes
in contact with the projectile. In the Newtonian model, the
normal component of velocitg is destroyed while the tangential
component is conserved as the control volume enters the shear
layer. It is the destruction of the normal component of
velocity which increases the pressure at the surface of the
projectile. The momentum transferred by each volume of
material is

dv
—(momentum) = P¢ —---Vc cos ¢ . (15)
dt dt

The component of this momentum in the axial direction is the
drag force. The contribution to the total drag force at the
angle ¢ 1is given by

dv 2

Fdrag " 0y E: Vc cos“¢ . (16)

This force must be integrated over the surface area of the
sphere which is in contact with the target to obtain the
total drag force,

8
Fdrag = 21Tpt stinq: c053¢ Vg d¢
o
or 2
o,V
Fdrag - sz sinzcb8 —%rs-(14-cosz¢s) . (17)




The quantity 'nstinzq:9 is the projected area in the

direction of motion and is denoted A¢ . Hence,

2
. 2 PeVe
Fdrag (1 + cos ¢s) A¢

— (18)
2

Upon comparing Eq. (18) with the usual definition for the drag
coefficient

F
- . dra
Cp "'Ei% , (19)

ApV*©/

it is clear that Cp = 1+ coschs . For the case of a fully
embedded sphere, ¢s-'n/2 and therefore Cp = 1 .

The Newtonian flow model is strictly wvalid only at the
outer edge of the disturbed region and not at the projectile
surface. Hence, the value of the drag coefficient deduced
above must be modified to account for centrifugal effects in
the distrubed layer. It can be shown that when centrifugal
aeffects are included, the pressure at the surface of the
projectile is given by

P=op, Vg (c082¢ - sin2¢ %) , (20)

where 6 1is the thickness of the layer. The layer thickness
can be estimated using a conservation of mass statement
together with an assumption for the velocity profile. The
simplest assumption is that the velocity is uniform in the
layer. In this case, it can be shown that &/R = 1/2 and, :
further, that C, = 1/2 for a fully submerged sphere. This ]
1s the same valuB as that obtained from the inertial term

in Eq. (11) when o =1 and ¢g = n/2 . The value of

Cp = 1/2 provides a very good fit to the data for a wide

range of velocitlies and materials as will be demonstrated ]
shortl{. The Newtonlan approximation for the drag term
probably works as well as it does because the strength of the
target material confines the region of plastic flow to a
narrow layer close to the surface of the projectile - a basic
assumption of the Newtonian model.

AT TR T e 2 T ST e S
e N ey

10

G ‘ol sl A A

o ol e bt S

i A e e ET e Bl ey




R AN ™

TR
i &

P S I sl S

3. Elastic energy per unit mass - E*e - In Ref. 1,

the term E,  does not appear in the momentum equation.
Instead, the elastic energy was included in the model as a
velocity cutoff during the integration. This velocity cutoff
was denoted by V, , and it was assumed that at this veloecity
all the remaining kinetic energy of the projectile could be
elastically absorbed by the target with no further permanent
enetration. A disadvantage of using this agproach is that
depends not only on the Rhyaical properties of the target
but also on the density of the projectile. The quantity Ly, .

however, depends only on the physical properties of the target
material and is therefore a more convenlent parameter to use.

During the course of this program, experimental and
theoratical evidence has been developed to show that Ey,

depends on the dimensionless penetration depth z/2R .
However, in analyzing experimental data, only integral
cquantities such as projectile mass, radius, velocity, Kinetic
energy, and final penetration depth are avallable. Empirical
information about the time dependence of velocity and pene-
tration are ienerally not available. Hence, the value of

Eye which 1s a local property, can only be deduced from

impact data in an integral sense. The method by which this
can be done is as follows.

Consider the equation for the rate at which work is done
on the target (Eq. (5)). This equation can be integrated to
give the total work done on the target

p
Cp .2
W | e | R VR4 gt Eyg(2)| Adz (21)

°

where p 1is the final penetration. The integral can be
written as follows

1Y
W, = D y2 g, 4 E, + E, (p)| v(p) (22)
t Py ) c pt *p e P P)
0
where . 1 P
Ei (P) 5 e E, (2z)Adz . (23)
we (P s I we(2)Adz
o

11




The quantity E;: (p) represents the average value of Eye

over the trajectory and only depends on the final value of
the penetration p . It will be shown shortly that E, 1
ls constant. Hence the quantity E, + E;; in Eq. (22) is
solely a function of p . Therefore, for each impact test
& unique value of Ey = Ey, + Ey, can be found wnich when

integrated via Eqs. (13) and (14) gives the correct pene-
tration depth p for the given impact velocity V¢, .

It will be shown that E,(p) deduced in this manner can
be interpreted as the supergosition of two components; a
constant component, E*p , for relatively large penetrations

and a depth-dependent component, E;;. for shallow penetra-
tions, It was shown in Ref. 1. that E,_ has the following
form

Ewe & k (p/2R)N (24)

where k and N are constants. The exponent N is
approximately =-.75 for most metals. For other materials,
N 1s between -,75 and ~1.5 .

To summarize, impact data (crater depth measurements) are
used to deduce E, (p) . The constant portion of E, obtained
for large penetragions is E,., . For shallow penetrations,
Eq. (24§ 1§ used to evaluate Ehe constants k and N which
best match the data. In this way E,, is obtained.

Note that this procedure requires knowledge of the final
penetration. In the general case when p 1s not known
a priori, the local value of E,, and not the average value

must be used. The local value can be obtained by differentia-
ting Eq. (23)

Eug(2) = Erg®) + KB & [Egp)] - (25)

This value can then be used in the integration of the momentum %
equation, E;; (note the bar), because 1t is constant over '

the trajectory and depends only on the final Eenetration P, ;
is considerably more convenient to use than the local value 1
of Evg - It will be used exclusively in this report. The f

bar will be dropped from the notation, and the local value
of E*e will no longer be used. This approach permits the

/ 12
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integration of Eq. (l10) as was noted earlier.
B. Experimental Program

This section describes the experimental program which
was used to evaluate the impact properties E,  and E,,

of the various target materials. It contains a brief
description of the A,R.A,P. Impact Facility, a summary of
the test matrix, and an i1llustration of the method by which
E.,\.p and E,  are evaluated from impact data,

1. A.R.A.P, impact facility - Figure 2 depicts
schematically the K.E.I.P. Impact Facility. This facility
consists of a mounted rifle and enclosed test tube and test

chamber., Two guns* were used for this program: a Winchester
.270 caliber smooth bore rifle and a Power Line 880 Air Gun.

The Winchester is permanently mounted to a fixed support
and is bore~sighted on the target. Cartridges are hand
loaded using Hercules 2400 gunpowder. The projectiles are
0.250-1inch diameter balls made of either tungsten carbide
or chrome steel (AISI 52100), The ball is fired using a
Lexan sabot which is manufactured in four sections. The
sabot separates aerodynamically after leaving the muzzle and
ls stripped from the flight path ahead of the test chamber.
The velocity range for steel and tungsten carbide Erojectiles
is 700 to 5,500 feet per second, Lighter projectiles have
been fired at velocities up to 6,600 feet per second.

The Power Line gun is utilized to extend the low velocity
range of the facility, The gun can fire 0.156 and 0.172-inch
diameter tungsten carbide and chrome steel balls in a velocity
range between 160 and 740 feet per second,

Projectile velocity 1s measured using a Schmidt-Weston
Chronograph., Two light screens, separated by a fixed distance,
sense the passage of the Erojectile using photo-resistor
elements. The flight path is illuminated by light which
passes through slits in the shelf located in the chamber.

The shadow produced by the projectile on the light screens
triggers and then stops & counter., Digital readout of the
velocity 1s provided on a display board.

Targets are mounted in a czlindrical tube at the aft end
of the test chamber. Most of the targets were circular disks

FThe Imsact Facility also includes both a Weatherby .460 rifle
and a 30-06 rifle, although these rifles were not used for
this test program.
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with a nominal diameter of 6 inches and a thickness of 1 inch.
Other shapes and sizes, however, can be easily accommodated.
The target is restrained on the front by an annular steel
ring fastened to the cylindrical steel tube and on the rear
b{ a l-inch thi~k wood disk and several steel disks held in
place by a l-inch steel screw.*

Documentation for each test is available and a summary
of the data is contained in Appendix A. Pre-test measure-
ments include thickness, diameter and mass of target, mass
and diameter of the projectile and photographs of the undam-
aged target, Post-test measurements include target crater
depth - usin% a dial indicator, and diameter, target mass,
and projectile mass and diameter. Photographs were also
taken of the damaged target.

2, Test Erogram - A total of 181 impact tests were con-
ducted on erent target materials. These materials
include seven metals, four alloys, two plastics, two ceramics
and one composite., Table 1 provides a description of these

materiale and a summary of the results. A tabulation of the
data is contained in Appendix A.

The limits for the velocity range over which each
material was tested are based on the followin% criteria. The
lower limit was set by the chronograph sensitivity which is
apgroximately 150 feet per second. The upper limit of the
velocity range was set to limit maximum crater depth to
approximately half the target thickness in order to minimize
backface effects.

Note that for most of these materials, a free fall test
was also conducted by dropping a 0.50~inch diameter chrome
steel ball from the ceiling of the laboratory onto the target.
From a height of apgroximately 14 feet, the impact velocity
was computed to be 28 feet per second.

3. Evaluation of E*p and E,, - For each impact test,

a value of E, was computed using Eqs. (13) and (l4) which
iave the correct value of penetration depth, p , for the

mpact velocity. Figure 3 shows the results of these compu-
tations for the soft aluminum target. The computed E, 1is

shown as a function of the normalized penetration p/d° ,

‘The breakwires shown in Figure 2 are used to measure projec-
tile residual velocity for finite thickness targets. The
wires were not used for this test program.
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where d is the initial diameter of the ball. For this
material, the values of E, fall within a narrow band, and
the average value of the band is approximately 84 Btu/lbm,
All of the E, values fall within 15% of the average, except
for one shallow penetration data point which was relatively
inaccurate.

As noted earlier, for each material an equation of the
form
N
E* - E*p + E*e - E*p + k (P/do) ) (26)

was fit to the E, computations. The functional form of
E is based on the static experiments described in Ref. 1.
TKSrefore, for soft aluminum, E*p = 84 Btu/lbm and E*e'-O .

Appendix B contains the E, evaluations for the remaining
materials,

i S o S il bt bR TG B S

C. Data Theory Correlations

After Ewp and E,, have been evaluated for a given

target material, the Integral Theory of Impact can be used
to compute the depth of penetration for any impact velocity.
The procedure 1s simply to differentiate E*e(p) , evaluate
Exg(2) according to Eq. (25) and integrate Eq. (13) and
Eq. (l14) simultaneously. In this section, the impact data
for each material are presented and compared to the results
of such computations. Data are shown for both tungsten car- i,
bide and chrome alloy steel (AISI-52100) balls, C

In each of the tests, except those noted ''ball broken',
there was no measurable plastic deformation of the ball
after impact. For most of the tests, the ball rebounded
from the target. Hence, the crater depth could be measured i
directl{ using a dial indicator. In some tests, however,
the ball remained embedded in the target. For these cases,
the dial indicator was used to locate the position of the !
top of the ball and the ball diameter was added to obtain i
crater depth.

1. Metals - The results for six metal targets are shown i
in Figures 4 - 9. Each of the targets was a circular disk .
with a nominal diameter of six inches. The nominal thickness
of each target was one inch, except for a few of the lead
targets which were two-inches thick. With the exception of
the cast iron target, these metals are relatively soft
(E*p < 100 Btu/lbm) and inelastic (E*e = 0)

18
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In addition to these metals, four tests were conducted
on sllicon targets. The silicon was in the form of relatively
large chunks - major dimension approximately four to five
inches - obtained as a byproduct of steel processing. The
samples were porous and contained a small amount of iron
impurities. In order to test this material, each of the
four largest pileces was cast in concrete, and the front
surface of each plece was ground flat., Suitable material
was avallable for only four tests, The average value of E
for these tests was 134 Btu/lbm., The data werae insufficieng
to determine E,, .

2, Metal alloys - Four metal alloys were tested, and the
results are shown In Figures 10-13. The aluminum alloy was
designated 5083 Aluminum, but its temper was unknown. However,
it had & static hardness of Rockwell B=75, The targets had
a rectangular cross-section, 3.9" by 4.5", and were one-inch
thick., This alloy has a relatively high value of E,
= 245 Btu/1bm and also has a moderate value of E,, © for
small penetrations.

Two steels were tested - a mild steel (1020 - hot rolled)
and an armor steal (rolled homogeneous steel armor). The mild
steal targets were six-inch diameter disks; the armor steel
targets were 3.9" by 4,5" rectangles, All steel targets were
one-inch thick., The value of E,_  varied from 14l Btu/lbm

for the mild steel to 203 Btu/lbm for the armor steel, Both
steels have moderate E,, components with the armor steel

having approximately twice the value of the mild steel. Note
that the tungsten carbide balls were broken for impact veloc-
ities in excess of 2,000 feet per second. However, the
correlations with nondeforming ball theory are still fairly

ood, This is because the tungsten carbide exhibits very

ittle deformation prior to brittle fracture and not more
than three or four pleces are formed for velocities of 2,000
feet per second. However, when the ball is shattered into
many small pleces, the rigid ball theory overpredicts the
penetration as is evident in Figure 1l for velocities in
excess of 4,000 feat per second.

The titanium alloy (Figure 13) was Ti-6A¢-4V. The
targets had a square cross section 4.375" on a side and a
nominal thickness of 0.68 inches. This alloy has the highest
value of E,_  of any of the metals and alloys tested. It

ulso has a moderate value of E,, .
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3. Plastics - Two plastics - acrylic and polycarbonate -
were tested, and the results are shown in Figures l4 and 15.
Targets for each material were six-inch diameter disks and
one-inch thick. The acrylic was Acrylite and 1s produced by
the American Cyanamid Company. The polycarbonate was Lexan,
groduced by the General Electric Compan{. These materials
ave similar impact properties. The values of E,  are not

high (~ 100 Btu/lbm) and differ by only about 10%. They
each exhibit large values for E, 6 . For penetrations less
than one ball diameter, the E,  ~“component is larger than

E*p . Despite the similarities in the impact properties,

the appearance of the damaged targets is quite different.
The acrylic is brittle and exhibits large cracks over most
of its surface as well as backface spall, The polycarbonate
is much more ductile, and the damage is localized to a small
region in the vicinity of the ball.

4, Ceramics - Two ceramics - glass and salt - were tested,
and the results are shown in Figures 16 and 17. The glass targets
were Cornin Pgrex 7740 cast mirror blanks, six inches in diameter
and one-inch thick., This material is extremely brittle and, as
a result, there is considerable scatter in the crater depth
measurements.

The salt targets which were cut from large blocks of
polycrystalline sodium chloride were six-inch diameter, one-
inch thick disks. This material is also quite brittle and
exhibits considerable scatter in the data. However, a value of
EKB a 86 Btu/lbm appears to provide good correlation with
t ata.

5. Composite - Figure 18 shows the results for the
Kevlar target. This composite is & woven fabric produced by
DuPont and consists of aramid (Kevlar) fibers treated with
an epoxy resin and molded into a rigid sheet. The sheets
which are approximately 3/8" thick were cut into four-inch
squares, Targets were made by stacking three pleces. No
bonding between layers was employed. Kevlar has a value of
E*p comparable to steel and a large component of E*e .

D. Summary of Qualification Tests

A summary of the value of E,_  and the constants needed to
evaluate Iil.,\.e is contained in Table 1. In general, the Integral

Theory of Impact when used with these two properties provides
very good correlation with the data for the wide range of materials
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which have just been discussed. The theory correctly predicts
the dependence of penetration depth on velocity, projectile
diameter, and density. Hence, the procedure described in
this chapter can be used to obtain the impact properties of
most target materials.

It appears, however, that the procedure does require some
modification for characterizing extrememly hard, brittle
materials. When the target is hard, the projectile breaks at

relatively low velocity , and insufficient rigid ball data can

be obtained to deduce E, . If only broken ball data are
available, then one must be careful to separate the target

E, _from the ball deformation model. Even with nondeforming
balls, brittle targets inherently have large scatter in crater
depth measurements, A quantitative measure of this scatter

or a procedure to reduce the scatter is necessary if much

data for brittle materials are needed. Despite these limita-
tions, the procedure described in this chapter does provide

an adequate dynamic screening test for target materials in
impact applications.
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III. IMPACT PROPERTIES OF MATERIALS

This chapter contains a summary of the formulas which
relate the characteristic properties E,, and E,, to more

fundamental material ﬁroperties such as Brinell hardness,
melting temperature, heat capacity, and Young's modulus. The
derivation of these formulas was presented in Ref, 1, and
will not be repeated here. The values of the constants which
appear in these formulss differ slightly from those which
were contained in Ref. 1, The revisions are the result of

a more detailed survey of materials data and a better fit

to more impact test data, Also included in this chapter is

a comprehensive table which summarizes the pertinent pro-
perties for many target materials.

A. TFormulas for E*p and Ey,

Before writing the equations, it is particularly impor-
tant that the caveats be mentioned. When simple formulas are
presented which purport to give solutions to comglex problems
the temptation 1s to accept the results without hesitation
and to ignore the limitations of the model which produced
the formulas. The formulas which are written below were
derived to serve as a tool for the preliminary screening of
tariet materials for particular impact applications, not as
a final solution for E.,.‘.p and E,  and not as a substitute

for impact tests.

If one follows the derivations in Ref, 1. closely, it
becomes clear that some gross assumptions have been made
regarding material behavior and failure mechanisms, and that
order-of-magnitude arguments have been used to justify the
use of a single equation which is applicable to hard steel as
well as soft zinc and to brittle ceramic as well as ductile
plastic. The hope was that such a model would give a ball-
park estimate for E,, and E,, . In this regard, the

formulas succeed as a tool to distiniuish good target mater-
ials from poor materials and to provide a rough ranking of
materials, The fact that the equations predict the values
of E*p and E,, within 15% for many materials is a dividend

and a confirmation that the assumptions of the model are good
for many materials. More importantly, however, the equations
isolate those material properties which have the most
influence on impact performance.
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l. Eye - The formula for E,, is given by
2
Eae = 69 x 1077 B (p/a )73, (27)

where B 18 Brinell hardness in N/m2 , p 1s mass density

in kg/mS. E 1is Young's modulus in N/mz, vy is a dimen-
sionless strain rate parameter, and E*a is given in

Btu/lbm., The parameter vy accounts for the increase in
Brinell hardness at high strain rates. It can be ovaluated
from hardness measurements taken at room temperature and &t
cr{ogenic temperatures using the strain rate - temperature
relationships discussed in Ref., 1 and in Chapter 13 of

Ref. 5, Typically, ¥ has a value of 1.5 for metals and
5.0 for plastics.

2. E

%n - The equation for E*p is given by
c, T 0g(Ty,8)
Egp = Cp 8 BT sn |EL 4], (28)
2326, Bp Cp T
where Cp is the specific heat in joule/kgK, T, is the
melting temperature in K, o i1s the flow stress corrected

for strain rate effects in N/m® , Ey, 1s in Btu/lbm, and C,

and B are constants which are obtained by correlating this
equation with data from impact experiments,. T, is the initial

temperature of the material, and ¢ i1is the strain rate. The
present best estimate for the constants is

g = .072
Cy = 5.76 . (29)

Note, the factor 2326 in the denominator of Eq. (28) is
required to convert units from joule/kg to Btu/lbm - the
typical units in which E,_  is expressed. The quasi-

static flow stress can be obtained from Brinell hardness
measurements usin% the Prandtl solution (Ref. 5) for the
deformation flow field in a hardness test given by

5. McClintock, F. A, and Argon, A, S., Mechanical Behavior of

gsggniafé, Chapter 13, Addison-Wesley, Reading, Mass.,
38
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This flow stress 1s corrected for strain rate effects using

the 'velocity-temperature' or ''temperature-strain rate' inter-
relationship which was mentioned in Ref. 1 and is described in
Ref. 5. 1In essence, this correction eguates the hardness test
gerformed at high strain rate to a hardness test performed at
ower temperature. For many materials the increase in hardness
for impact strain rates is equivalent to the increase in hard-

ness for a 100 kelvir decrease in temperature, In general,

Eq. (28) is within upproximately 15% of the experimentally
deduced values of E*p for most metals.

Cf (30)

For the brittle materials, the theory is generally within
a factor of two of the experimental data. The discrepancy
between theory and data is not unexpected. Recall that E,

is the plastic onergy dissipation which occurs in a thin,
high shear region adjacent to the proiectile. In impact

tests of brittle targets, there is a larse shard fracture

mode which limits the extent of the shear region, 1In essenca,
the tensile release waves at the slde of the projectile break
off large pleces of target material before significant shearing
can ocecur, thereby inhibiting the energy-dissipation potential
of the material. Hence the garformanca of brittle materials

in impact tests is considerably less than the theoretical

Y

prediction.
Equation (28) has one other interesting feature which
should be noted. When the value of og/Bp Cp T, 1s very
small compared to 1, Eq., (28) can be written
- Cz i

For this case, there is a linear relationship between
E,, &nd the Brinell hardness of the material. However, when

the value of of/Bp c T is large, then the logarithm cannot

be simplified and increasing the hardness of the material may
result in but small improvements in E,  because of the

. nature of the logarithm function. Hence, to a first apgroxi-
mation, Eq. (28) can be used to determine those materials
whose impact performance can be improved by hardening techniques.

T R
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B, Table of Materials Properties

Table 2 presents a listing of the ﬁertinent materials
groperties of many materials for which hardness, apecific
eat, and melting temperature data are available. These

data were obtained from a variety of sources in the open

literature. The properties were used in Eq. (28) to obtain
the value of E*p .

The final column in Table 2 lists the adiabatic hardness -
the product »(oE,, - of each material. This quantity is

particularly important for determining the penetration of a
deforming projectile. Recall from Eq. (9) that the pressure
on the front face of a projectile is primarily oE,  for

low velocities. This pressure should be as high as possible
1f the objective 18 the deformation of the projectile.

Note that the properties in Table 2 contain both metric
and English standard units, Both E,_,  and the product pE,

have traditionally been tabulated in the units shown in Table
2, To convert these 2uantities to their metric equivalent the
following conversion tactors may be employed.

oule _ 1 Btu
2326 3 L T6

6895 Pascal = 1 psi
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IV. LONG ROD PENETRATOR MODEL

This chapter summarizes the integral theory for long
rod penetrators. Preliminary development of this model was
described in Ref. 2, and listings of the computer codes ROD
and PEN were provided. Unfortunately, these codes contained
some theoretical and numerical errors which produced anomalous
results at times. Improvements have been made to the ROD
code which eliminate much of the anomalous behavior. However,
it is important to note that there are still certain limita-
tions in the use of this code. In its present form, the model
is limited to: (1) high velocity impact, (2) homogeneous,
isotropic rods, and (3§ rod materials with some ductility.
The reasons for these limitations are described below.

In the model, the head of the rod is assumed to flow
hydrodgnamically. There are no constitutive equations built
into the deformation model, and there is no mechanism for
energy dissipation due to internal shear stresses. As a
result, the model is applicable for impact velocities which
are high enough so that the pressures generated by the impact
are much in excess of the material yield strength,

An additional assumption of the model is that the shape
of the flowfield in the head does not change very much from
material to material. Hence, each material undergoes the
same amount of plastic deformation prior to failure. The

model parameter, Eq which represents the plastic strain in

the head, accounts for this deformation. A single value for
e, @appears to be adequate for most ductile rod materials.

However, for brittle materials which have muech lower values
fordagrain to failure, a different model for £, may be
needed.

A further assumption of the model is that the rod material
is homogeneous and isotropic. Anisotropic material properties
such as might exist for composite rods, for example, cannot
be handled in the present model. 1In the future, as more
impact data become available, the model will be extended to

include constitutive equations and anisotropic material
properties.

In what follows, the equations which govern the penetra-
tion of a long rod projectile will be presented. These equa-
tions form a coupled set of ordinary differential equations
and are solved numerically using the ROD code. Appendix C
contains the computer listings and a user's guide for this
code. Typical results of numerical computations are pre-
sented at the end of this chapter,
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pressure erodes the target and produces a crater as in

A. Physics of the Model

It is known from x-ray photographs that the stages of
long rod penetration may be roughly characterized as in
Figure 19. As the rod impacts tne target, the pressures
generated at the interface begin to deform the front end of
the rod, as in Figure 19(b). Simultaneously, the same

Figure 19(c). As penetration continues, material at the

leading face of the projectile i1s eroded by the target,

forced out laterally from the contact region by the high
pressure there and ejected back out of the crater. As

material erodes from the rod face, new material is supplied

to this region by the shaft of the rod which is traveling

at a higher velocity than the rod-target interface. At

some ﬁo nt, the shaft material is completely used, Fiﬁure 19(d),
and the remaining head is then brought to a stop by the

target.

1, Kinematics - The model for the rod flowfileld consists
of two regions; the head of the rod which corresponds to the
region un erﬁoing hydrodynamic strain and the shaft or rear
portion of the rod which contains the undeformed material.
During penetration the head which is in contact with the
target decelerates and spreads laterallz. It is assumed
that the rod is cylindrical, that the shape of the head remains
cilindrical durinﬁ the penetration, and that the velocity
flowfield in the head is linear. Figure 20 schematicall:
illustrates the rod model and the pertinent nomenclature.

e bl bedn il A B

The motion of the material in the head is described by
a center of mass velocity Vem and by the velocity of its

front face V; and side face V,_ . At any instant, the thick- g
ness of the head is 2% , and 1th radius is b . Since the '
velocity field is assumed to be linear, the following equations

can be written for the particle velocity at the shaft-head ,
interface,* Vp ¥

*En this analysis, no distinction is made between particle

I
H
| ]
and for the rate of change of head dimensions gi
i
velocity and surface velocity at the shaft-head iuterface. ;
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MATERIAL /
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ASSUMPTIONS !
| . Conservation of energy

2. Conservation of momentum

3. Linear flow field in head

4. Continuity of mass flow across interface

5. Constant yield stress at interface

©&. Mass of penetrator erodes from head
when radius exceeds (l+ €g)a

7. The model depends upon two parameters:

The yield stress o & pE,q=ypE,
and

The shearing radius given by (l+€g)a
Figure 20
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=V, -V, (33)

b=V, for b< (L+c)a, (34a)
b=0 for b (l+c)a, (34b)

where a is the initial radius of the head, and the dot
above a symbol denotes the time derivative. The quantity ¢

represents the allowable plastic strain in the head.

(]

As penetration proceeds, the head widens as rod material
is forced to flow in the lateral direction. At some distance
from the axis of the rod, say (1 + ¢,)a laterally, material

is detached from the head. The dynamics of this material as
it further interacts with the target has no subsequent effect
on the head or shaft, This assumption is justified because
the rod material at this Eoint in the flow has been
adiagbatically heated by plastic work to such an extent that
its shear strength is very low. Hence, it is able to
influence the rod only through compressive or hydrodynamic
forces. However, the axial component of the compressive
hydrodynamic force will only be significant within one or

two rod radil from the central axis. Thus, (1 + so)a < 2a

and really characterizes the turning radius of the rod

material in the target or the shape of the flowfield in the
head., For simplicity, it is assumed that the shape of

the flowfield does not change too much with different materials.

Hence, ¢, is the same for all rod penetrators, independent

of material. 1Its value can be deduced from impact data.
More on this point later.

2; %gas Conservation - Conservation of mass across the
shaft-head interface imposes the followin% condition for the
rate at which material flows from the shaft to the head,

xha - ppﬂaz (Vg = V) (35)

where Pp 1s the penetrator density, and V_, s the shaft :
velocity. 1

When the radius of the head reaches the value (1 + eo)a ,
it 1s assumed that any further increase in the radius simply
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results in loss of rod matérial acrnss the boundary. The
rate of mass loss from the head is given by

fhy = bmp ba(V, - b) . (36)

Before the head reaches the cutoff radius, V. =
mb = ), After the cutoff radius is reached, b

RO~

and
0 .

The rate of change of mass in the head can be obtained
from Eqs. (35) and (3

,'nh - rha-thb - 'npp [az(vs -Vb) - 4bE(Vt -B)] ) (37)

and the rate of change of mass in the shaft is simply

*

my = - = - pp'fraz(VB V) (38)

3. Momentum conservation « The pressure applied to
the front face of the rod by the target is given by

vz
P-pt E*+CD 5 (39)

This pressure acts across the entire front face of the rod
which is in contact with the target. The contact area 1is

b2 . Hence, the drag force becomes
2, vi
F = "% {Ey + Cy — >/ (40)

The equation for conservation of axial momentum can be written

»

*Equation (39) is written for a total E, = E*p + Eyo + However,

only E is used at the present time.
*p
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d .
EE'(thcm tmgVg) = - Fom Vo
2
2 Vl B
=~ - 1b Qt E*"‘CD‘Z—' “mbvcm » (41)

where the second term on the right side accounts for the flux
of axial momentum out the side of the head. This equation
may be separated into two equations for the head and the
shaft. The shaft will only experience deceleration forces

if it has a nonzero yield strength o . 1In general, the force
on the shaft, Fs , is given by

2 []
F, = - mao = mV_ . (42)

When o = 0 , as is the case for a shaped-charge jet which
is liquid, the shaft velocity remains constant during the
entire penetration.

An illustrative equation is obtained by combining Eqs. (37),

(38), (41), and (42) to obtain an equation for the deceleration
of the head

2
(] V L]
2 . 1 2
mV, . ==~ 7b pt<E*+CD -2->+ na%o+m, (v, - Ven) - (43)

The first term on the right is the deceleration of the head
due to the target pressure. The second term is the accelera-
tion of the head due to the push from behind by the yield
strength ~f ihe shaft. The third term is tlie net momentum
flux to the head due to mass flux across material surfaces,

4, Energy conservation - The total kinetic energy in the
rod is given by

K=K, + K+ K (44)

r ’
where

- 1 2
Ky = 7 m Vg, (45)
is the kinetic energy in the shaft and
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1 2
Kem = 7 mthm ’ (46)

is the kinetic energy associated with the mass center motion
of the head and

K = %mh [g' vtz; + WV, - ch)z] ' (47)

is the kinetic energy in the head relative to the mass center
motion, 1.e., the energy associated with the deformation

of the head. Equation (47) can be obtained by integratin
tll;e %ingarivelocity distribution over the entire volume o

the head, 1i.e.

- .l 2, 24 u2
Bp = Ko + Ky = § 0y f(vr+ve+vz> RdRdédz |, (48)

r
vol

where

z
Vo " Vem t 7 (Va- Vo)

Equations (44-47) can be differentiated to yield the followinp
kinrematic expressions

K=K, +K +K._, (49)
kK =invi imv v (50)
em 2 ™h'em ™ ™hVem'em
. L .2 .
KB - ImsVs-t- mBVsVs ) (51)
ko= ob (2924 v, ov 2| 40 3y v s 20v, -y )@, -V ). (52)
r 6 |2 ¢t i cm & t't L7 e VT Vet
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The rate at which work is done on the rod by the target
is given by

c
y 2 D,,2
U = 1b OCVL(E*"‘TV ) . (53)

The heating rate, denoted by W'. or the rate at which rod
gaterial is converted into the hydrodynamic state is given
y

+

Woe By . (54)

W represents the rate at which energy is dissipated as mater-
ial crosses the interface between shaft and head and is trans-
formed from the solid to the hydrodynamic state. The quantity
Eyg 18 the "adiabatic yield strength'" of the rod material.

More about this quantity later,

The flux of kinetic energy which crosses the lateral
boundaries of the head is given by

y 1 142 2 1 2
Kb -5 mb[vt + ch+~3- (VL - ch) ] ' (55)
Conservation of energy requires that K+ U+ W+ K£ = 0 or

) C [
kK = - b2V, (E*+-2—°vf) -t Eyy

) % ﬁb{%ﬁ4'vzm * % vy - ch)é] : (36)

5. Incompressibility - The final equation which is
needed to specify the problem is the statement of incompres-
sibility. At any instant, the mass in the head is given by

my = 2mb2ep (57)

p
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If the rod waterial is incompressible, then o_ 1s constant
and Eq. (57) can be differentiated to yield P .

. b 2 58y
m =m [—+—] .
hT M Tt

6. System of equations - The preceding equations form a
system of %Irst-oraer ordinary differential equations which
can be solved simultaneously to yield solutions, as a function
of time, for the velocity field, dimensios of the head and
shaft, and energy partitioning. One additional equation is
n:ededito obtain solutions as a function of depth of penetra-
tion, i.e.,

y =V, . (59)

The complete system of equations is summarized in Table 3,
The numerical procedure employed to integrate this system is
discussed in Appendix C. The input parameters required for
running the code are the length and diameter of the rod, the
density, adiabatic Kield strength and adliabatic hardness of
the rod material, the density and hydrodynamic mode energy of
the target, and the plastic strain in the head €g
7. Model varameters - It is assumed that the energy
dissipation parameter of the rod material, Eyg is directly

proportional to the hydrodynamic mode energy, E, , 1.e.
E*d = X E* . (60)

The value of E, , of course, is deduced from impact tests
using the procegure described in Chapter II or, in the absence
of impact data, estimated from Eq. (28). The value of Exg

is different from E, because the flowfield in the rod is
somewhat different tgan in a semi-infinite target of the same
material. The value of x can be obtained by correlating
impact data and numerical computations. As a result of such
correlations, x = 0.42 has been obtained. An experimental
program was designed and conducted at A.R.A.P. to measure

E*d at laboratory strain rates. This program is described

in Chapter V.
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TABLE 3.

ROD MODEL EQUATIONS

r;lh - ﬂazpp(vs-vb) - ';'b

l;lb = 4nb ﬂ.pp (Vc-l':)

[} - 2
mg - ppu (VB-Vb)
Momentum 4 2
CnVy
D ’
E;(mhv +mV> (E*+ 2 )-mbvcm

. ) - 2
mBVs - ma&° ¢

(37)
(36)
(38)

(41)

(42)

(49)
(50)

(31

(56)

(34)
(33)
(32)

(59)

(58)

Energy . . . .
K=K +K +K
y lm'n 2
Ko™ 7 th +mhvcmvcm
[ - 1
Kgm 7 3V + mpV AR
K_= m V2 4 (v, -V )2 T lay v +20v,-v_XV,-V 0|, (52)
r g t 1° 6 t't L VemMNd e/
L] 2 2
K = -mb2 ptv1 E*+—2- V) - pora (Ve~Vy) Ex
1l 2 2 2
“7TM E’t+vcm+3' (Vl'vcm)]
Kinematics
t? - Vt b < (1+s°)a
b=20 b > (1+e°)a
L= V_L-ch
y=V,
Incompressibility
My = Wy ?g :l
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The adiabatic yleld stress, o , is related to the
adiabatic hardness, ppE* , of the material by

0 = ioFxg = XPpEx - (61)

This eguation, which is similar to Eq. (30), is analogous to
the relationship between the Brinell hardness, B , and the
uniaxial tensile strength of a material in static tests.

The last parameter, €y » 18 assumed to be constant for

all rod materials. The limitations of this assumption for
brittle materials and composite rods have already been noted.

The value of E, can only be deduced by correlating data

and computations., As a result of such correlations, the
value €y ™ 0.36 has been obtained.

8. Backface Effects - The resistance of the target to
penet¥ation by the proéectile is given bz Eq. (40). When
the target is thick, the value of E, obtained by the pro-
cedures described in Chapters II and III should be used.
However, to apply the integral theory to targets of finite

thickness, it i1s necessary to adjust E, for backface
effacts.

Recall that the E, concept was originally developed
for the flow of target material around a penetrator in a
semi-infinite target. The shear work done on the target
material in the f£low volume defines E, When the projectile
has penetrated almost all the way through the target, to
within one or two rod diameters of the backface, the target
material can spall or simply bulge on the backside, rather
than flow around the penetrator hydrodgnamically. Thus,
each small volume of target material absorbs less energy than
it would in the semi-infinite case. Thus, the effective E,
for the target decreases near the backface, In Chapter IV
of Ref. 2, a simple model for the decrease in E, near the
backface was proposed. The reader is referred to that
development for the details. Briefly, for those materials
which exhibit backface effects, the value of E is held
constant until the head of the rod reaches a point which is
two rod diameters from the backface. From this point, the
E, of the target 1s decreased linearly with distance such
Eﬁaﬁf E, 18 zero when the front of the head reaches the

ackface.
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; 9. Oblique impact - The rod model described above can
o also be used for the case of oblique impact. 1In this case,
’ the target thickness is equivalent to tge slant length of
the target. For oblique impact of finite-thickness targets, L
the backface effect occurs when the perpendicular distance )
from the front of the head to the backface of the target
is less than two rod diameters. This treatment of oblique
impact does not attempt to handle fracture of the rod
shaft or jetting of the rod front end during impact.

10. Multi-1a¥er targets - The rod model has been used
with some success for multi-layered targets. For such
targets, the eguations are golved for each layer. The condi-
tions which exist at the rear of one layer simply become

the initial conditions for the next layer. This procedure

“ continues until the penetrator is stopped or perforates the

) last layer.

e b R i e . e R e % e
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B. Correlations of Theory and Data

The parameters o and x can be deduced from correla- i

tions with data. Experiments were conducted for A.R,A.P. at

: the Ballistics Research Lab (BRL), Aberdeen Proving Grounds.

| Several loni rods with a length-to~diameter ratio, L/D, of 10

: were fired into tar%ets of Rolled Homogeneous Steel Armor. In

| order to avoid backface effects, very thick targets - target

3 thickness greater than twice the total rod penetration =

were used. The rods were chosen to provide a variety of materials

and strengths. The materials included mild (1018) steel, i

tantalum, lead, and Mallory 3000, a tungsten alloy. : g
4
1
i
1

CEETREIILL T

et St = woct o ot + menie = = e
S N TR

The data were compared to calculations using the ROD code
to select a best fit for €g which characterizes the maximum

strain in the head, and x which relates the adiabatic hardness
to the adiabatic yileld strength of the rod. The value of E,
for the armor steel target is 200 Btu/lbm. For the rod
materials, the values o% E, are: Mallory 3000 - 50 Btu/lbm;
tantalum - 80 Btu/lbm; 1018 steel - 140 Btu/lbm; lead - 3.5
Btu/lbm. Based on these comparisons, it was deduced that

€y ™ .36 and x = .42 . A comparison of the correlations

between theory and data is shown in Figures 21 - 24. Note that
the high velocity lead rod deformed upon exit from the barrel
and had an irregular shape upon impact. The L/D for this rod
was somewhere between 5 and 10,

¢ et ! o AL s e L et

The ROD code can be used for finlte thickness targets.

é The values of the parameters €q and x remain 0.36 and 0.42
]

respectively. However, the decrease in the E, of the target

e iR ARt
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in the vicinity of the backface must be taken into account, as
was noted above. Figures 25-28 show some comparisons of
theory and data for residual velocity and residual mass. The
theoretical prediction for residual velocity is the shaft
velocity at the instant the head of the rod reaches the
backface, The residual mass is the sum of the mass in the
shaft and in the head at this instant. The data are taken
from & recent BRL report by Lambert (Ref, 6). Residual mass
data are of two kinds: <1¥ reduced from radiographs; (2) mea-
sured from recovered fragments. The residual velocity data
were reduced from radiographs. The grojactilei were 65 gram
Bearcat steel rods (hardness Rockwell C-55) with various L/D
ratios. These rods were fired into various thickness targets
of Rolled Homogeneous Steel Armor,

Figures 25 and 26 show the results for L/D = 5 rods fired
into two different finite thickness targets. Figure 27 shows
the residual velocity for an L/D = 10 rod. No residual mass
data are available for these tests. Figure 28 is for an
L/D = 20 rod, 1In general, the agreement with data is good,
and the model correctly predicts the trends with velocity.

For these cases, the model underpredicts the ballistic limit
velocity by approximately 10 to 15%.

6. Lambert, John P.: The Terminal Ballistics of Certain

65 Gram Long Rod Penetrators Impacting Steel Armor Plate.
Rept. No. ARBRL-TR02072, May 1978.
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V. E, EXPERIMENTS

ved
This chapter contains a descriptlion of an experimental

program conducted at A.R.A.P. to measure the fundamental

quantity Eygq Recall that this quantity represents the

dissipated energy absorbed by the penetrator material as it
is transformed from the solid to the hydrodynamic state. In
essence, E,, 1s to the penetrator material what E, is

to the target material, An experiment was designed by A.R.A.P.
to measure both the total energy input to a material specimen
prior to fracture and the residual nondissipated energy of

the specimen (kinetic energy in the debris cloud) after
fracture, The quantity E,, can be obtained from these
measurements.

In the next section, the experimental concept is
described in more detail. 1In the following section, the
experiment including apparatus, instrumentation, and test
procedure is summarized. This is followed by a discussion
of the results.

A, Test Concept
The long rod model which was described in Chapter IV

contains the fundamental parameter L which represents the

digsipated energy absorbed by the penetrator material during
impact. In addition, the model nontains a parameter o ,
the adiabatic yield stress, whichis rzlatedto E,, (o= Pp Eyeq »

see Eq. (61)). Computations of long rod penetration are
sensitive to o¢ and, therefore, to the value of Exg

One method to evaluate E,, 1s to note that in the impact 3
process for like materials the Penetrator and target are A
undergoing similar pressures and deformations. Therefore, the 1
ener%y dissipation mechanism in the penetrator material must

be similar to that in the target material. The energy dissi-

pation in the target is, of course, given by E, . Since .
the flow fields in the target and penetrator are somewhat 1
different, one would not expect that E,, = E, . However, it ;

is reasonable to pestulate that Ejeq might be proportional

to E;, . The constant of proportionality, which is denoted ;
by x 1in Eq. (60), then becomes a model coefficient and is
evaluated by correlation of the model with data. This is

the procedure which was described in the preceding chapter.
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Another method 1s to attempt to measure E*d directly.

An experiment was designed by A.R,A.P. to measure each of the
components of the energy partition associated with penetra-
tor deformation and fracture. By writing an energy balance
for the process, it is possible to deduce the value of E,, .

During the impact process, material in the penetrator
i1s being rapidly decelerated in the forward direction and
accelerated in the lateral direction, so an inertial term
which takes into account the kinetic energy, similar to the

CDV2/2 term in the target material, will be present in the

penetrator. Also, the penetrator absorbs elastic and plastic
energy as it deforms. Hence, the energy balance prior to
fracture may be written

W=K+E+P (prior to fracture) , (62)

where W denotes the total work done on the penetrator by
the target, K 1is the kinetic energy, E is the elastic
engrgy and P is the plastic energy. All energies are per
unit mass,

If fracture occurs, a portion of the elastic work is
converted into kinetic energg of the broken fragments. The
remainder is dissipated at the tip of the crack and in running
the crack and as surface ener%y of the newly created fracture
surfaces. If melting occurs first, none of the elastic work
is recovered as kinetic energy, and only plastic dissipation
cccurs, Thus, any elastic energy stored during impact will
be recovered as kinetic energy, converted to fracture surface
energy or dissipated plastically or during crack formation
as the penetrator breaks. The energy balance after fracture
may be written

W= K+ E, (after fracture) , (63)

where Eyeg is the total dissipated energy per unit mass.
For many materials, E,, may be thought of as consisting of
two terms: E*dp which represents the plastic work ahsorbed
per unit mass, and Eygs which 1s the fracture energy per

unit mass absorbed in the creation of fracture surfaces. Thus,
the final energy balance may also be wriitten as
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5 . We=KH+ E"fdp + E*df . (64)

In this form, E*dp includes the plastic dissipation during

loading prior to crack formation as well as the energy
dissipated to form the crack.

That E,4 should be an important factor in penetrator

behavior during impact is clear from Eq. (63). The work doneon :
the penetrator, if it is not absorbed in Exq + BoOes directly :

into kinetice eneriy of the penetrator in the lateral direction.
This leads to rapid spreading of the front face. Converselv, a
material with a high Euy will absorb the work done by the

the target with less lateral spreading of the penetrator.

To simulate the partitioning of energy in the laboratory,
an experiment was designed in which a material specimen is
compressed between two anvils until fracture occurs. Measure-
ment of the time history of the applied load and the deforma-
tion of the specimen yields the total work done on the
specimen prior to fracture. Measurement of the kinetic energy
assoclated with the particles in the debris cloud followin%
comminution of the specimen gielde a value for K in Eq. (63).
The value of E,, can then be obtained by subtracting K from
W . Estimates gf the energy dissipated during loading and
of the fracture surface energy suggest that these two contri-
butions to Eyq  are small and that the primary eneriy dissipa-
Eion m:chanism for brittle materials is associated with crac
ormation,

B. Ekperimental Program

1. Apparatus - Figure 29 is a sketch of the E,y; apparatus.

The apparatus consists of a rigld frame, load application hardware,
fragment trap hardware, and instrumentation,

The frame consists of standard structural steel components.
It measures approximately 55 inches high by 35 inches wide by
18 inches deep. The load application hardware and fragment
trap hardware are mounted on and supported by various platforms
which are fastened to the frame. To permit easy access to the
test specimen, the frame rests on concrete blocis.

A schematic illustration of the load application hardware
is shown in Figure 30. The material specimen, which in these
tests is a spherical ball, is placed o the centerline of the
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apparatus between two crusher blocks. The blocks are l-inch
steel cubes which have a Rockwell hardness of C-55. Since
compression of the ball produces a small permanent indenta-
tion in the blocks, each surface can be used for only one
test.

Load is applied to the ball using a Hanna MT2 Hydraulic
Cylinder. The cylinder has a bore diameter of 4.00 inches and
a rod diameter of 1.75 inches. It can generate a maximum
compressive load of approximately 25,000 1bf. The magnitude
and rate of application of the load can be controlled by
regulating the hydraulic pressure in the cylinder. The
operating range for the cylinder is 200 psig to 2,000 psig.

At the maximum cylinder pressure, the rod velocity is approxi-
mately 0.2 inches/second.

The cylinder is attached to the upper beams of the steel
frame with a trunion mount. A cylinder stabilizer platform,
located at the bottom of the cylinder, prevents rotation of
the cylinder and maintains vertical alignment. Another
platform, the rod stabilizer platform, is used to maintain
E vertical alignment of the rod. A nylon phenolic bushing in
P the center of the rod stabilizer platform permits freedom
{ of movement for the rod. A compressive load is applied to

- the test specimen when the rod moves downward.

Load is transmitted from the rod to the top crusher block
through a steel rod cap. This cap has a threaded hole to k
accept the end of the rod. The face of the rod reste flat on .
the inside surface of the cap. The top crusher block is 3
ground flat and is pinned to the rod cap.

The bottom crusher block is pinned to a steel anvil
which carries the load to the load cell. The anvil has a
threaded male connection which fits the load cell. The load ’
cell is, in turn, mounted on a steel platform which Is 1
fastened to the bottom beams of the frame.

Attached to the mid-section of the rod is a collar and
fixture mount for the linear variable differential transformer
(LVDT) which is used to measure the displacement of the rod.
The LVDT measures the relative displacement between the rod
and the load cell platform,

b T e A R B T

An instrument plate is mounted to the under side of the
rod stabilizer platform. Four ballistic pendulums are hung
from this plate. A drawing of one of the pendulumg is shown
in Figure 31(a). Each pendulum consists of a 1 in’ balsa wood
box w%th one side removed. A styrofvam block is placed in
the box and the front surface - the surface exposed to the test
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specimen - is coated with Dow silicone grease. The mass of
the box and styrofocam is approximately 2.5 grams. Prior to
impact, the front face of the styrofoam blozk is adjacent to
but does not touch the crusher blocks (as shown in Figure 30).
The four pendulums completely encircle the test specimen as
shown by the schematic in Figure 31(b). For most of the tests,
the pendulums captured more than 75% of the mass of the test
specimen.

The arm of each pendulum is approximately four inches
long and is made of plastic. For rigidity, the cross-section
of the arm is made bg gluing two I-beam cross-sections together
at the flanges. Each pendulum hangs from a separate shaft
which rotates when the pendulum is struck, Each end of the
shaft is mounted in a frictionless pivot (Bendix Model 5008-400
Flexural Pivot) which acts as a torsional spring. The tor-
sional spring rate of each pivot is 6.54 in-1bf/radian. The
sgrings are designed to produce a 15 degree rotation when
the pendulum is hit by a 1 gram fragment traveling at 75
feet ger second. Also attached to each shaft is a rotary
variable differential transformer (RVDT) to measure the angu-
lar rotation of the shaft.

2, Instrumentation - The instrumentation consists of
gneiloaa cell, one LVDT, four RVDT's, and one recording
evice,

The load cell is a Strainsert Universal Flat Load Cell
(Model No. FL25U-38G). It is a single bridge design with a
maximum capacity of 25,000 1bf. The cell 1s excited by a
12V battery and produces a DC-voltage output. It has been
calibrated against a Bourdon pressure gauge which measures
the pressure in the hydraulic cylinder and is linear over
the full range of application within 0.5% of full scale.

The displacement of the test specimen is measured with
a Trans-Tek Model 241-000 Displacement Transducer. The trans-
diicer 1is an integrated package consisting of a precision
linear variable differential transformer, a solid state
oscillator, and a phase-sensitive demodulator. The LVDT is a
transducer that converts mechanical diaglacement into
electrical output. The core, when displaced axially within
the coil assembly, produces a voltage change in the output
directly proportlonal to the displacement of the core. This
mode 1 wKich is excited by a 12 V battery has a working range
of 0.1 inches and is accurate to 0.5% of full scale.

"he rotation of the shaft is measured by a Pickering Model
No. 21300 Precision Rotary Variable Differential Transformer.
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This transducer converts a mechanical angular displacement
into an electrical output by means of an electrical input
carrier. It consists of a rotor assembly to which the shaft
i1s attached and a stator assembly in which all windings are
contained. The electrical input 1s a 10 KHz, 3 V RMS AC
signal which is ienerated by a Hewlett-Packard Oscillator.
The output signal is also AC and is converted to DC external
to the trensducer using a separate demodulation circuit.

The RVDT is linear over a displacement range of : 10°.

The voltage output from each of the six instruments is
applied to a separate mirror galvanometer circuit, Each
RVDT uses a Honeywell M40-120A galvanometer, he load cell
uses an M40-350A and cthe LVDT used an M400-120. The current
which passes through the galvanometer circuit is controlled
by external series and shunt resistances. The galvanometers

are extremely sensitive to small changes in the signal current.

The galvanometers are contained in a Honeywell (Model
906C) Direct Recording Visicorder Oscillograph. This device
transforms the input signal into a moving beam of light
through use of the mirror galvanometers. It uses un ultra-
violet light source which is focused by an optical system
on recording paper which is hiihly sensitive to ultra-violet
light. Thus, data readout is Ilmmedliately available. The
paper speed is controllable and, since the device has 14
channel capability, each output trace can be placed on the
same strip of paper.

3. Test procedure - Prior to a test, each test & ccimen
1s carefully welghed and measured and is then placed at the
center of the bottom crusher block. A thin coat of Dow
silicone grease is applied to one surface of each styrofosm
block, and the block is then weighed. The rod is positioned
such that the top crusher block 1s approximately one inch
above the test specimen and the pressure in the cylinder is
set to give the desired loading rate.

The oscillograph is actuated at the instant the cylinder
rod begins moving. Note that the top crusher blork 1s moving
downward when it comes in contact with the test specimen,
load is applied until the ball fractures or the rod bottoms-
out.

After the test, the styrofoam blocks are carefully
removed and weighed to determine the mass of the pieces which
impacted the blocks. Any debris which remains on the crusher
blocks 1s also collected and weighed. Finally, the crusher
blocks are removed, and the depth of the indentation is
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ous time his

the LVDT shown in Fi

a analysis - The oscillograph provides a continu-
tory of the load and deflection. Recall that

u
bottom of the rod refative to the top of the load cell plat-

form, There
indentation

beneat

fore, the deflection measurement includes the
of the crusher blocks. (The displacement of the

rod caE, anvil and load cell are negligible.) The area
t

he

force-deflection curve up to rupture represents

the total work done on the ball and the crusher blocks.

Eguatio
a rigid crus
absorption b
done on the

energy is re
However, the
for a non-ri
wrltten

where E
blocks. 90

n (62) which describes the energy balance based on

her block must be modified to account for energy

g the blocks, Both elastic and plastic work is
locks, It is assumed that the stored elastic

turned to the ball when the ball fractures.
plastic work is dissipated in the blocks. Hence,

gld crusher block the energy equation may be

W K+ Egy + By (65)

represents the energy dissipation in the crusher

The quantity Eq, can be estimated by testing a rigid

bdll, Figur
system when
five cycles
cycle there
so that the
tion of the
the loading

e 32 shows the load-deflection response of the

& tungsten carbide ball is compressed through

of loading and unloading. At the end of each

is no measureable plastic deformation of the ball
measured deflect!on represents the total indenta-
crusher blocks. For each cycle, the area beneath
curve is the total work done on the system; the

area beneath the unloading curve is the recovered elastic

energy. The
digsipation
function of

The osc

a step pulse fol

difference between the two represents the energy
in the blocks. Figure 33 shows thls result as a
the depth of the indentation.

illoiraph trace of the RVDT response is essentially
owed by a damped oscillation. The magnitude

of the pulse which is calibrated to the rotation of the pen-
dulum can be used to estimate the kinetic ener%y of the

impacting particles. It is assumed that all o

which impact

an average part

the pieces
a %iven endulum can be lumped together to form
cle which has a mass, mproj’ equal to the

total mass of all the pileces and a translational velocity,
\% K normal to the face of the pendulum, The lumping of all

pPro
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of the debris into one average plece i1s admittedly a simplifi-

cation. However, the error is minimized by removing from

consideration those tests in which the RVDT loading pulse was

jageged. Neglect of the tangential component of the impact

velocity introduces an error of approximately 157 in the e
estimate for V roj This error was estimated based on an 3

angle of approximately 45°between the center of the ball and
the side of the styrofoam block and an angle of less than
15°to the top of the block.

The kinetic energy of the debris can be obtained from i;
the conservation equations as follows, The manmentum equation 3
may be written 3

Moroj Vproj ™ (mproj+mbox) Vbox (66)

where Mo 18 the mass of the pendulum and Vbox is the

initial velocity of the pendulun. The energy equation may ;]
be written B -

1 2 1, .2
Z(mproj + o Vbox ™ (mproj—Fmbox)gL(l-cosem)+2ksem.(67)

B wiiere the first term on the right accounts for the change in
; potential energy as the pendulum swings through an arc of @
degrees (L is the length of the pendu%um). The second term
represents the torsional energy stored in the springs of the
flexural pivots. Frictional %osses in the system are accounted
¢ : for by using a calibration value for ks . This value is

B within 4% of the nominal spring constant for each pendulum.
For small rotations (i.e., less than 10°) the potential
energy term in Eq. (67) can be ignored. Thus,

ey

2
- vgox = ksimm (68)
E mproj box
;. The initial velocity »f the pendulum can be obteined from the
| measured mass, the angular displacement of the pendulum snd
the khnown spring constant. Thus Vproj can be obtained
<3 from Eq. (66) and K , the kinetic energy of the particles, can
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be obtained from

1 2

K= 7 mproj Vproj ' (69)

5, Test program - Table 4 summarizes the materials which
were Investigated and the pertinent results. A detailed dis-
cussion of the results is presented in the next section.

C. Test Results

1. Borosilicate (Pyrex) glass - Figures 34 - 36 show the
force-deflection data for borosilicate glass (Corning 7740
polished pyrex) sgheres for three strain rate regimes. For
the purposes of this report, the strain rate is defined as
an average value for the entire test

.8/
g = o (70)
t:1:'

where ¢ 1is the measured displacement, do is the initial

diameter of the ball and t. is the time to rupture. Figure

34 shows the data for four tests which were performed at
approximately the same strain rate. This figure suggests
the degree of repeatability of the data. Three of the four
loading curves virtually overlap. However, the rupture load
differs by approximately 350 1bf, and the deflection at
rupture by approximately .002 inches between the tests. For
reference purposes, the classical solution to the problem

is also shown. This solution which was first derived by
Hertz can be found in Ref. 7.

Figure 35 shows the loading data for tests at three
intermediate strain rates, and Figure 36 shows the data for
the highest strain rates which were achieved. The rupture
load and the deflection at rupture for each of these tests is
shown in Figure 37. Although there is considerable scatter

/7. Bergstrom, B. H. and Sollenberger, C. L.: Kinetic Energy
Effect in Single Particle Crushing; Presented at the AIME
Meeting, St. Louis, February 1961.
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in the data, there does appear to be a discernable trend
toward increasing rupture load and deflection at the higher
strain rates.

The area beneath the loading curve represents the total
work done on the test specimen and crusher blocks. Figure
38(a) shows these results and, again, there appears to be a
tendency for W to increase with strain rate. Where does
this energy go when the ball is fractured? Figure 38(b)shows
the measured kinetic energK and Figure 38(c) shows the ratio
of the kinetic energy to the work done. For this material
and these strain rates, approximately 15% of the work is
recovered as non-dissipative kinetic energy. It is important
to note that this percentage appears to be roughly constant
for this range of strain rates. Keep in mind that this
percentage 1s probably somewhat low for the reasons discussed
eerlier, and also because the kinetic energy associated with
particles which rebound between the crusher blocks is not
measured, The mass not captured by the pendulums is generally
less than 20% of the ball mass so this error cannot be much
larger than 20%. Even if the kinetic energy measurement is
in error by a factor of two, however, it is clear that more
than 70% of the work is dissipated.

Energy can be dissipated in various modes such as heat
or in free surface energy or to initiate and run cracks.
Estimates for the energy dissipation via some of these
modes can be made. Figure 39 shows one cycle for a test
in which the load was released prior to fracture. The
unloading curve overlaps the loading curve. Hence, there is
no plastic dissiﬁation in the ball prior to fracture. The
indentation in the crusher blocks was less than .00l inches.
Hence, the dissipation in the crusher blocks was less than
10% of the total work. An estimate was also made of the
energy assoclated with the surface area created during the
fracture. A test was conducted in which all of the broken
pieces were collected, and an estimate was made of the total
surface area. Based on a theoretical value for thg free
surface energy per unit area for glass of 1.7 x 109 ergs/cm?,
it was estimated that less than 1% of the total work was
converted to free surface energy. Thus, nearly all of the
dissipated energy was associated with the formation and
running of the cracks.

glass (d_ = .25 inches) are shown iu Flgures 40 and 41 for

j ' 2. Soda lime glass - The leading curves for soda lime
! two strain rate regimes. The rupture load and the total

; deflection at rupture for these tests i1s summarized in
; Figure 42, 1In general, the rupture load is consliderably
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higher for this glass than for the borosilicate glass,
although the deflections at rupture are coumparable. The
partitioning of ener%y is shown in Figure 43. 1t is clear
that less than 15% of the total work was recovered as
non-dissipative energg. Thus, nearly 85% of the energy was
dissipated. Again, the plastic dissipation during deforimna-
tion, the plastic dissipation in the crusher blocEs, and the
fracture surface energi were a small percentage of the total
energy dissipation. The bulk of the energy was dissipated
during the formation and running of the cracks. Also note
that the ratlio of K/W 1is approximately constant for this
range of strain rates.

A series of tests was also conducted on larger soda
lime glass balls (d_ = 0.5 inches). The loading data for
these tests are sh in Figure 44. There appears to be a
definite tendency for the rupture load to increase with
strain rate. Note that these loads are roughlz four times
the rupture loads for the 0.25 inch balls so that the
rupture load approximately scales with the area. In additiom,
the displacements are roughly twice the values for the 0.25
inch balls so that displacement roughly scales with diameter.

In these tests, the non-dissipated kinetic ener%y which
was recovered varied between 22% and 38% of the total stored
energy. Thus, the dissipated energy varled between roughly
60% and 80% of the stored energy. Again, this dissipated
aneriy could only be associated with the formation and
running of the cracks.

3. Aluminum oxide - Five tests were conducted on
alumina (99.97% pure) balls. The loadin% data are shown in
Figure 45. There was approximately a 20% increase in the
rupture load and the displacement at rupture for this range
of strain rates. The recovered kinetic energy never exceeded
4% of the total stored energy. Thus, the dissipated energy
was at least 96% of the stored elastic energy.

4, Tungsten carbide - The tests on tungsten carbide
balls also showed & very small nondissipative energy component.
The loading curve for one of the tests is shown in Fi%ure 46,
The work done on the ball during this test was approximately
112 in-1bf. The total indentation in the crusher blocks was
approximately 0,019 inches and, using Figure 33, approximately
80 in-1bf were dissipated in the blocks. Approximately 50%
of the ball was captured in the pendulums, and the kinetic
energy of these particles was less than 1 in-1bf. Thus, of
the 32 in-1bf of work done wn the ball, more than 97% was
dissipated during fracture.
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5. Metals - A number of tests were conducted on metal
balls. For the soft metals such as 1013 steel, 1100-F
aluminum, and 2717-T4 aluminum the ball failure was ductile,
i.e., the ball was compressed into a flat disk and did not
fracture, Hence, all of the energy was plastically dissipated
during deformation.

However, the hard chrome steel balls (AISI 52100) did
exhibit brittle fracture. Figure 47 shows the loading data
for me of the tests conducted with this material. The
rupture load was aggroximately 13,000 1bf. The total work
was aggroximately 0 in-1bf. Of this total, approximately
1l in-1bf was recovered as nondissipated kinetic energy.
Thus, virtually all of the work done on the ball was dissipated.

6. Plastics - Tests were conducted on several plastic
balls Including polycarbonate (Lexan), acrylic (Lucite),
and phenolic. For the polycarbonate, the 1oadin§ rates
were too low to produce brittle fracture; the ball was com-
pressed into a flat disk,

Figure 48 shows the loading data for the phenolic ball.
For this test, the total work was approximately 5 in-1bf. The
recovered kinetic energy was only 0,13 in-1bf. Thus more than
97% of the energy was dissipated.

Figure 49 shows the loading data for the acrylic ball.
The results for this material were similar to those for the
henolic. The total work was approximately 4.3 in-1lbf and
ess than 1% of this energy was recovered as kinetic energy.
The remainder was dissipated.

A summary of the results of these tests is given in
Table 4. For the range of strain rates tested, the dissipative
energy E,y 1s always much larger than the recoverable kinetic

energy. The primary component of the dissipated energy appears
to be the energy associated with the formation and running of
cracks when the ball fractures., Extrapolation of these results
to impact strain rates is difficult, and it is not clear that
the partitioning obtained in the laboratory will occur during
impact. However, it is clear that an efficient penetrator
materia. must be able to dissipate most of the work done on

it by the target; the recoverable kinetic energy must be kept
to a minimum,
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VI. CONCLUSIONS

1. A wide range of target materials has been tested in the
A.R.A.P. Impact Facility, and their impact properties have

been evaluated using the integral theory of impact. The :%
materials tested include soft and hard metals, ceramics, s
metal alloys, plastics and composites. The results demon- A
strate that the impact performance of a target material can P
be characterized using the two material properties E*p and

Ejg -
2. A theory has been developed which relates E, 2 and E,,

to more fundamental material properties. The theory yields
simple equations which can be used as a preliminary screening
tool to suggest candidate materials for particular impact
applications.

3. A long rod penetrator model has been developed. The

model contains two cells, satisfies global conservation equa-
tions, and accounts for material strength using the A.R.A.P.
concept of adiabatic hardness pE, . The numerical code

based on this model predicts penetration depth, ballistic

limit velocitg. residual mass and residual velocity in good
aggeement with data for the high velocity impact of homogeneous
ro si

4, A fundamental experiment has been performed at laboratory
strain rates which demonstrates that most of the strain energy
stored in a penetrator during comgression is dissipated

when the penetrator fractures, The primary dissipation
mechanism appears to be associated with the formation and
running of cracks.

99




VII. REFERENCES

) ii
o b s .
1 et ikt o el AR R A SR R

Donaldson, Coleman duP., Contiliano, Ross M., and McDoriough,
Thomas E.: The Qualificetion of Target Materials Using the
Integral Theory of Impact. A.R.A.P. Rept. No. 295,
Aeronautical Research Associates of Princeton, Inc.,
December 1976,

Swanson, Claude V. and Donaldson, Coleman duP.,: Applica-
tion of the Integral Impact Theory to Modeling Long-Rod
Penetrators. A.R.A.P. Rept. No, 333, Aeronautical Research
Associates of Princeton, Inc., March 1978.

Donaldson, Coleman duP., McDonough, Thomas B., and
Contiliano, Ross M.: Application of the Integral Impact
Theory to the Design of Specialized Tactical Ordnance.
A.R.A.P. Rept. No. 279, Aeronautical Research Associates
of Princeton, Inc., May 1976,

Donaldson, Coleman duP., Contilianc, Ross M., and McDonough
Thomas B.: A Study of Water Drop Displacement and Deforma-
tion in Aerodynamic Shock Layers. A.R.A.P. Rept. No. 2635,
Aeronautical Research Associates of Princeton, Inec.,

March 1978,

MeClintock, F. A. and Argon, A. 8., Mechanical Behavior o4
gsggniaié, Chapter 13, Addison-Wesley, Reading, Mass.,

Lambert, John P.: The Terminal Ballistics of Certain
65 Gram Long Rod Penetrators Impacting Steel Armor Plate.
Rept. No. ARBRL-TR02072, May 1978.

b e R b et R du ikl

Bergstrom, B, H. and Sollenberger, C. L.: Kinetic Energy
Effect in Single Particle Crushing; Presented at the AIME
Meeting, St. Louils, February 1961.

IBM large computer scientific subroutine package.

et s ALE e

100

i i el s S




i

SRR R TR
T

P
I

|

APPENDIX A
MATERIAL QUALIFICATION TEST DATA

This appendix contains a summary of the data obtained
during the material qualification tests. For each material,
the following items are tabulated:

(1)
(2)
(3)
(4)

(5)
(6)
(7
(8)
(9

Test number

Target identification number

Target thickness, inches

Projectile material, WC = tungsten carbide
ST = chrome steel
STB = soft steel

Projectile mass, grams

Projectile diameter, inches

Projectile velocity, feet/s;cond

Crater depth, inches

Note for test anomalies

A = Projectile remained embedded in target

B
C

Projectile broken

Target backface cracked

D = Penetration greater than half the target
thickness

E

Target backed with rubber.

Note that the data are tabulated in both metric and English
standard units. The conversion factors between the systems

are

1 gram = 2.205 x 1073 1bm

1 meter = 3,281 feet
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APPENDIX B
E, EVALUATION

The results of the E, evaluations for each of the
target materials which were qualified are shown in Figures

B-1 to B-14. The Erocedure by which these values were obtained

was described in Chapter II. Briefly, these values of E,
when used in the integral theory result in a computed penetra-
tion which matches the measured penetration for a given impact
velocity. The data are plotted versus nondimensional penetra-
tion depth because of the functional dependence of E,, 6 on
p/do which was noted in Chapters II and III.
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APPENDIX C
USER'S GUIDE TO ROD CODE

This appendix 1s a user's guide for the ROD code. It
contains:

(1) a summary of the system of nondimensional equations;
(2) an explanation of the method of solution;

(3) TFORTRAN listings of the mainline program and all
subroutines;

(4) input specifications;
(5) output translation; and
(6) a sample case.
A, Nondimensional Equations

The system of equations which defines the penetration of
& long rod projectile is summarized in Table 3. This system
consists of 14 first-order ordinary differential equations.
It is convenient to solve these equations in nondimensional
%cg?. CT?O nondimensional parameters are summarized in
& [ ] “L

The sclution technique requires that the differential
equations be in the form

Y - g% - F(x,Y) , (c. 1)

where Y denotes a column vector of the dependent variables,
and x 1is the indspendent (time variable). Without going
into the details of the algebraic manipulations, it is
possible to rearrange the equations to obtain the system
summarized in Table C-2. 1In the order in which the equations
are written, each derivative is expressed in terms of the
independent variable and the preceding dependent variables

as required by Eq. (C,1).
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TABLE C-1

NORMALIZATION PARAMETERS 3

Quantity Dimensicnal Nondimensional 4
Symbol Symbol ;
Shaft Velocity v, Ty = VoIV, é
Head Center of Mass Velocity Vem Vo™ Ve /V 1
Head Front Face Velocity ' Vy = V;/V+ &
Head Edge Velccity Vo Ve = Vp /V %
Interface Velocity Yy v, = V vt o
Mass in shaft m, ie = Mg /m ?
Mass in head my, oy, = mh/m E
Mass eroded m, Ty, = mb/mp %j
Radius of head b § " b/lp §§
Half thickness of haead % ) iﬁ
Depth of Penetration P p = p/hy, ]%
Total Kinetic Energy K K = R/K F
Shaft Kinetic Energy Kg Ky * K, /ﬁ !%
Head Center of Mass Kinetic Energy Kem Ko™ Kcmlﬁp ¥
Head Relative Kinetic Energy K. K, - Kr/Kp !?
Dansity Ratio p = pt/pp .
Rod L/D L = zp/Zaz ;;
Hydrodynamic Mode Energy of Target E, Ey = Ey/V* 2
Rod Energy Dissipation Exg Epg” E*d/v+2 5
Adisbatic Yield Strength of Rod o 5 = o/oV" |
Time t T = %t t f
Normalization Parameters are P

v" = characteristic velocity = 1,000 ft/sec

2

m,_ = initial mass of rod = ma“i_p 8
P Y 3
zp = initial length of rod \
K. = characteristic energy = 1u1 V+2
P 77

a = radius of rod
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B. Method of Solution

The numerical groblem is to solve a system of simultane-
ous first-order ordinary differential equations given the
initial value for each variable. The solution technique uses
Hamming's modified predictor-corrector method for the solution
of general initial value problems. This method is a stable,
fourth-order integration procedure that requires the evalua-
tion of the right-hand side of the system only two times per
step. This is a great advantage over other methods with the
same order of accuracy, such as the Runge-Kutta method, which
requires four evaluations of the right-hand side per step.
However, the method is not self-starting; that is, the
functional values at a single previous point are not enough

to get the functional values ahead., Therefore, to Eet the
starting values, a special Runge-Kutta procedure followed by
one iteration step is added to the predictor-corrector method.
In the ROD code, the subroutine which performs the integration
is HPCG - a listing of which is provided later in this
appendix. The routine is part of IBM's scientific software
package, and precise details of the numerical procedure are
available (Ref. 8).

The ROD Code is run in discrete time steps; the size of
the steps is controlled by an input parameter. The predictor-
corrector mathod is used to solve an initial value problem for
each time interval; the solution at the end of a given time
step is the initial condition for the next stap.

C. ROD Code Listings

A FORTRAN source listing of the ROD code is provided
at the rear of this appandix. The code consists of a mainline
routine RODML and four subroutines RODDE, RODES, HPCG, and
OUTP. These routines perform the following functions.

RODML =~ mainline routine which controls:
(1) input and output,
(2) wvariable initiaslization,
(3) 1integration of equations,
(4) computation of auxiliary quantities, and

(5) run termination.

Ref. 8. IBM large computer scientific subroutine package.
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RODES - subroutine which evaluates E,,
HPCG - subroutine which integrates the system cof
equations
RODDE - subroutine which evaluates the derivatives
' as required by HPCG

OUTP - external output subroutine required by
HPCG. It is not used in ROD except insofar
as to satisfy the EXTERNAL statement.

D. Input Specifications

The RCD code can be run using card input. The input
specifications are shown below. FORTRAN format statements
are shown in parentheses.

CARD 1 (115) Number of Cases

NCASE - number of impact cases which will be run
(no limit)

For each case, the following cards are required.
CARD 2  (40A2) Title Card

ITITL - title or heading which will appear on each
page of print-out

CARD 3 (6F10,0) Rod Specifications

VELOC - normalized impact velocity, equal to V/1000
where V 18 the impact velocity in ft/sec

S S-S W

ELOVD - length to diameter ratio of the rod
EFREE - normalized E,, of the rod material, equal i
to .01052 x E,~ where E, has the units
b Btu/1lbm i
. SIGMA - normalized adiabatic yield stress of the

rod, equal to .01052 x E, where E, has
the units Btu/lbm

i EPSO ~ the plastic strain permitted in the head
: before erosion occurs, present value 0.36

» _ THICK - normalized thickness of the tarﬁet, equal
. to T/R,p where T is the thickness of

A 129
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the target and &_ 1is the length of the

projectile P
OBLIQ - angle of incidence, in degrees, from the
normal
Flag Specifications

CARD 4

(215)

NPRNT - number of integration steps bhetween print-

outs (usually ?0)

NLAYR - number of separate materiul layers in the

CARDS 5-9

DENS

ESTR

THIK

DTAUL -

target (maximum value - J5)

(4F10.0) Target Specifications

A separate card is needed for each layer of tha target,

- ratio of layer material density to pro-
jectile material density

- normalized hydrodynamic mode energy, E, ,
of the layer, equal to .02505 x E, ang
E, has the units Btu/lbm

= the normalized line-of-gight thickness of
the layer, equal to Tn/ip where T, is
the line-of-sight thicﬂnues of the layer

and &y 1s the length of the projectile.
Note that
NLAYR
THICK = COS(OBLIQ) x Tm/ﬂp

m-

the integration step size in nondimensional
time, usually 0.002. Recall, the non-
dimensional time, 1t , 1is related to real
time, t , by

t = 1000 t/zp .

The cards for all impact cases must be input prior to

execution of the first case,

an error.

cases 1s terminated.

A successful terminatior of the case

occurs when one of the following occurs:

130

The code will process each case
sequentially provided the preceding case is not terminated by
If an error occurs, the execution of all subsequent

s A e

L ‘Ptflﬁ' i

i e Tl

e A

e NCIY



THE P

-
2
i
&

(1) the total kinetic energy of the rod is less than
0.1% of the initial kinetic energy;

(2) the axial momentum of the rod 1s less than 0.1% of
the initial axial momentum;

(3) the front face of the head of the rod penetrates a
distance equal to the total thickness of the target.

There are various conditions for which abrupt termination
of the code will ocecur. When the program terminates prior to
successful completion of a case, an error message is printed
These errore include:

ERROR 1 - denotes a situation which yielde an ima inarg
solution of the equations. This error is the result of global
modeling of the deformation field in the head. There is no
solution tc the problem usin% this version of the ROD code
although a future version which utilizes a somewhat different
formulation for the system of equations will eliminate the
error.

ERROR 2 - denotes an error in the soulution subroutine
HPCG. The predictor-corrector algorithm cannot integrate the
equations within its own internal tolerances. The problem
may be solved by changing the time step - which is an input
item - or the internal tolerances within KPCG - which requires
code editing.

ERROR 3 - denotes excessive build-up of integration error.
Try a smaller time step.

ERROR 4 - deunotes that the code requires more than 2,000
integration steps to complete the case. This error is
included to prevent looping. Try running with a larger time
step.

In addition to these error messages, there are two
additional messages which will occur which are not errors.

END OF LAYER - denotes that the front face of the pro-
jgcti}e has penetrated a distance equivalent to the thickness
of a layer.

END OF SHAFT ~ denotes that the shaft has teen completely
eroded, and only the head of the rod remains.
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E. Sample Case and Output Translation

A sample case is presented to illustrate the input
specifications and to translate the output. The case is the
normal impact of a tunésten alloy rod (Mallory 3000) into a
semi-infinite target of rolled homogeneous steel armor, The
impact velocity is 5,046 feet per second. The value of E,
for the rod material is 50 Btu/lbm and for the RHA target
E, 41s 200 Btu/lbm. This case corresponds to an actual test
performed by BRL for ARAP,

The input cards for this case are as follows:
CARD1 1,

CARD 2  MALLORY 3000 ROD INTO RHA AT 5046 FPS

CARD 3  5.046,10.1,.526,.526,.36,1000,,0,
CARD 4 10,1,

CARD 5  0.462,5.01,1000.,.002,
An explanation for each of these inputs is given below.

CARD 1 NCASE = 1 One impact case will be calculated.
CARD 2 Title and page heading for case

= :B?-,;i-'éﬂs“-"d"':i»nlgﬁ' iR it mdmiﬂmﬂ.m;l Gl istiia sl

CARD 3  VELOC = - = 2.046 £p8 . 5.046
\Y 1,000 £ps

L 80.26 mm ]
ELOVD » £ = —emmee = 10.1 i
D 7.92 mm i
Btu, _ )
E .42E (.42) (50
EFREE = —'ig - — - zmx 2.505x 10255 /sec”
vt 105 £ Bew 1t
sac? 7

= ,01052 x 50 = 526

Note the conversion factor required to
make EFREE dimensionless.

: h o .42ppE* 42 E,

SIGMA = - - - EFREE = .526
i opV+2 ppv+2 v+é

e P b, T i . £ Bty 1T %
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EPSO
THICK

.36 (model parameter)

T/%_ = 1000 (very large value to
appgoximate semi-infinite target)

OBLIQ = 0. (normal impact)

CARD 4 NPRNT = 10 The solution for every tenth inte-
gration step will bte printed. In
addition, printouts automatically occur
for the first step and for significant
steps such as layer penetration,

NLAYR = 1 The target consists of one layer.
7.86 gm/cc

o
CARD 5 DENS = —& =

= = 462
Pp 17.0 gm/cc
Btu 2 2
Ex 200 y¢= , £t/ sec
ESTR ® ewwee = B_.%x2.505x%10 - 5,01
V2 100 £t2 Btu/1lbm

sec
T
THIK = jﬁ = 1000 (very large value to approxi-
P
mate semi-infinite layer)

BT - S S T S P P P T P S NN T N VIS
o AR S i fget ssin i Sikas . e .
Rt

b

e ks e e

DTAUI = ,002 nondimensional time step.

The output for this case is showi on the following ﬁages.
The top of the first output page contains a summary of the
inpur specifications for the case. This is followed by three
lines of headings for the output Rarameters. Table C-3 pro-
vides a translation for each of these parameters. Each three
line grouping beneath these headin?a provides the solution of
the system of equations at the indicated time. Thus, the

time history (or the history versus depth of ﬁenecration) for
any of the variables is readily available. The finel grouping
of three lines is the soluticn at the final time step. Inthis

e e b

;: case, the penetration terminates at T = .402 (which corre-
& sponds to t = 106 u sec), and the rod has penetrated a distance

The run is terminated at this point because the total kinetic
energy in the head ia less than 0.1% of the initial kinetic
eénergy in the rod.

%{ . PEN = ,954 (which corresponds to ,954 x 80.26 mm = 76,6 mm),

0 s i Bl R e e T R G et S i
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Table C-3

OUTPUT TRANSLATION

OQutput Heading Symbol Definition
TAU 1 Table C-1
vs Ve Table C-1
veM Veom Table C-1
V-PERP v, Table C-1
VT ¥ Table C-1
VB Vy Table C-1
WIDTH - = 2 x b (Table C-1)
THICK - = 2 x 2 (Table C-1)
PEN P Table C-1
MH By, Table C-1
| MS rzl. Table C-1
T MB N Table C-1
b MASS RATIO - - Gy, + B)/
g Y HEAD - = p
i3 ESTAR Ege Ey. in Btu/Lbm
v K K Table C-1 i
L XCM Kem Table C-1
; KS Kg Table C-1 !
4 KR K, Table C-1
: K-DISS Ky - R, - R,y - Kg - K,
' 1-(0- initial kinetic !
s anergy i
) ;
¥ ;
f
(| -
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AT AT

. RODOML ,FTNeseweROD PROGRAM MAINLINE

TRO=ELEMENT ROD WITH A DEFORMING HEAD

¢
c
_t _._TH1S PROGRAM COMPUTES THE BEMAVIOR OF A
c
c
EXTERNAL RODDE,OUTP
c
COMMON BMAX,S1GMA,ELOVD,ESTBK,EFREE, THICK,RHO,ESTRT,CD,FS$
COMMON _OBL1Q,ESTAR,PPROJ,LANOT, ILAYR,NLAYR,LSHFT

i

1000 FORMAT (181%)
1001 FORMAT (404A2)

[_go.oa._tomu__c_at.z 0,0)__ N _

001 FORMAT (1H1,54X,'A, Ry A, P, INC,')
2002 FORMAT (iM ,81X,'TWO CELL ROD PROGRAM!)

¢
"l DIMENSION PRMT(S5),Y(15),DERY(CIS), AUXCL6,88) . .
DIMENSION X(15),1T1ITL(40)
DIMENSION DENS(5),ESTR(S),THIK(S),DTAUI(S)
N S e Loty o ¢ o s & b 24 s o e e bt i
l'C DATA NIN,ICASE,NDIM/S,0,15/

| 2003 _FORMAT_ (1MO,40A2)  __ e

2004 FORMAT (1M0,3X, '"NCASE" ,8X, "NPRNT',8X, "NLAYR',9%, 'TRHICK')

2005 FORMAT (1M o3X,15,5X,15,5%,15,1X,E13,4)
' 2Q9§_m£93ﬁﬁt“(tﬂozl#:lﬂublusxl1!&LQ§IJllL£!LL&£P'J12*-'QLGMA'uﬂiziﬁﬁﬁﬂlj
[’ 1 14X, 'E® FREE?,10X,'C0', 7X, 'ORLIOT)

€007 FORMAT (4H ,10X,8(EL14,4)1X))
L2008 FORMAT (1MO,4X,'TARGET LAYER',1296X,'DENS') 10Xs'THICK ') 8X,. . .. _ .
1 'ESTR', 13X, 'DTAU')
2009 FORMAT (1H007Xa'TAU' JOX, V8, 11X, 'VCMY, 10X, 'VaPERPY, 10X, VT, 12X,
| . 'VB‘olOXr'WIﬁTH',QKa'THICK'J

2010 FORMAT (1M o 7%y VPEN', 10K, "MHT, 14X, TMET, 13K, TMBT, 0K, TMASS RATIOT,
1 7X)'YHEAD',8X, 'ESTAR?)
L 2013 FORMAT (1M 7%, 'K' 32X, 'KCM', 30X, 'K, 13X, KR!, 10X, 'K~D188')
2012 FORMAT (1M ,9E14,4)
2013 PORMAT (1M )
2014 FORMAT (1M})

o e ot o o

2036 FORMATY (IH ,18X,T(E14,4,1X))
3001 FORMAT (1M ,'ERROR 4')
L3002 Ponugl_gxng,'znapn 2)
3004 FORMAT (1M ,'END OF LAYER',12)
3005 FORMAT (1H ,'END OF BHAFT!)
3006 _FORMAT (1M_,'ERROR 3!)

¢ .
NOUT=é
Le I o

c READ INPUT CARDS

¢
e . __READ (NIN,1000) NCASE _
100 ICASEsICASE+]
IF CICASE, LE, NCASE) GO 1O 20
—————CALL EXIT e — —
20 READ (NIN,1001) IVITL
READ (NIN,1002) VELOC,ELOVD,EFREE,81GMA,EPSO, THICK,0BL1Q
__ _READ (NIN,1000) NPRNT,NLAYR
Do 21 Ns{,NLAYR
READ (N!Noloozl DENSCN),ESTR(N), rnxntN)oorAux(N)

CONTINUE

INITIALIZE X VECTOR

137

e

-

-

-

s bbbk ool

i

AV & et S A e

S T




1
]
i
|
i

X(1) 18 v8 “
x(2) 18 VCM™
X(3) 18 VPERP
18 vy . |
X(5) 1S M8 !
X(7) 18 Ms |
x(8) 18 B
___K(9)_ 1S\
) 18 K
) 18 K§
lle__KQﬁ__ -
)
)

i pad R

i S
OO0DODODNOOOON

I '

»

-

I 3

-~

[
!

ot v

ae b me—er e e mia s m e & e A —————— — - e e ket mr 4 . o L.

FRET S e

18 KR
18 P
)_18 _YHEAD

MXSTP82000
. 810Ps,001
TOLER=, 001
ZKSTR2,01
!§I§591_0 e
'—'ZKLs-l.o
Coni,o0
- *!1J'V!LOC e e e e e e e
TX(4)RZKSTRAVELOC
B2ROR0,5/ELOVD
: _.EL2R°'ZKL5*BZR° e e et e oot et 1 s 2 mm a1t s 1
-r‘"" ELUVBEELZRG7BZRO -
DISSEZKSTRA (U, O%ELOVR=(0,5¢16,*ELOVBRELOVB/3,0)*2KSTR)
((2)8VELOC=2, owaLove-xcaa e
)-xtzJ~z o:aLovs*x(a5

)sd, o-ELovo-ELovp-azno-azno-uzno L L e
YELSDSK(6Y T o

(3
S
6
1
8
:JIELZRO
i
]
!
|
|
i

a e s iwmeee oo L SEe et ess s be LML L LS e LMcen S ) ot bt { o Gm b b N Sl R S S p— b g

n!!o coonn
'
]

i

T T U e O S

YuX(11)+X(12)9X(13) |
I8y 0 e e |

0

]

S)m0,0 " : ?
3

)

T

-
z
[ oy
oy

i
i
!

H
T —

T PRINT THE INPUT

! WRITE (NOUT,2001)
| TTTTTTTWRITETUNOUT,2002)
% WRITE (NOUT,2003) T1TL

| WRITE (NOUT,200

(| ST WRITETINOUT,2005) NCASE,NPRNT,;NUAYR,THICK ~~~—~ "~~~ ——————
| WRITE (NOUT,2006)

‘ WRITE (NOUT,2007) VELOC,ELOVD,81GMA,EP80,EFREE,CD,08L10

B R e el T P T P P LR R Ty e A e o — i et s s e ¢ e w0

: DO 40 NE) T NLAYR
! WRITE (NOQUT,2008) N
: "WRITE (NOUT,2086) DENS(N),)THIK(N),ESTR(N),DTAUI(N) ]
: “CONY INUE
138
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0
120

£ .M‘?ﬁmﬂmﬂmhﬁ-‘i‘.‘::‘:mms:\s.:',rc;‘.\ At e . e s L e

INITIALIZE REMAINING PARAMETERS

TAU=0,0
TAUMIO 0 — L e e e

* ILAYRE] ,

LAYFG=0

LCORR®O

LSHF =}
F$=20,0

OBLIQIOBLLQ 0,0174%328

T YHENDATMICK/CO8 (OBLIA)

e -

b oo LPRNY®Yy.

0

———

16

TR e

DTAUSDTAUICILAYR)

ESTRYRESTR(ILAYR)
TAULRSTHIK(ILAYR)

. RAOSDENSCILAYRY e

. BMAX®(1,0+EPBOIABIRO

lMOMOIVILDC
ZENOBVELOCAVELOC

R By e e %

1STEP®Y
ITAUSO

LELAGRO
LTERMBO

LLINESIZ2¢Sw(NLAVReYY — 7
LBDOTm)

.80_T0 1589 ‘ e e o e e SN

"DO 120 1A, NDIN
Y1) eX(1)
CONTINUE | e

PREPARE FOR MPCG INTEGRATION

DO 200 ISTEPEZ, MXSTP
TAURTAUMDT AU
PRMT(1)=TAUM ) e o
PRMY (2)xTAU

PRMT(3)sDTAU/LS,

e ere v A IRl ik b E. e & b e = e L L6 g b1 4 i+

L o e

Lmec ittt s ——— -

_PRMY(4)=0,01 —_— e
TEMPBL,0/NDIM

DO 130 1s31,NDIM
DERY(I)STEMP_ .

"CONTINUE

INTEGRAYE THE BSYSTEM OF EQUATIONS

NI Oy o

CALL NPCGC(PRMT,Y,DERY,NDIM, IHLF,ROODE,OUTP, AUX)
vk, LE, 10) GO 10 133

NR TE (NOUY,3002)

CALL EXIT

A8

CHEEK FOR TAYER PENETRATION

TAUOKB(§,0°TOLER)#TAULR et e e e

IF (v(18), LT, TAUOK) GO 7O 135
TAUBGE(1,0¢TOLER) *TAULR
IF (Y(15), LE, TAURG) 6O 7O 3133

TRATIOR CTAUCRXTIB)) /CY(15)=X({5))
DTAURDTAURRATIO
TAUSTAUM

34
i

133 |

GO 10 100
JLAYRSILAYRe! 139

i
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Ha L T I BT ARSI e M i Sl i e i 2

OYAUSOTAUL (ILAYR)
RMOSDENS(ILAYR)

ESTRT=ESTRCILAYR) :
TAULRETAULReTHIKCILAYRY -
LPRNT=] ,

LAYFG=)

IF._(ILAYR, GT, NLAYR) LYERM2}

e e« et b s .ﬁ

STOP THE GRONWTH OF THE HEAD

- —

§)s BT, YU Yiid)ay(1s) ~
)s GT, 0,0) GO 7O 1359
0 o
0
.0
, 1351,1352,130),L800T
1F °C(vC8), GT, BMAX) GO 70 352
BPRED®2,0nY(8)eX(B)
_1F (BPRED, LT, BMAX) 6O TO 136 _
SLOPEN(BMAX=Y(8) )/ (BPRED=Y(8))
DTAUR(TAU=TAUM) % SLOPE

i
7
O
6
(

CLBDOTRe e e e e e
GO TO 136
BMAX®Y(8)
DTAURDTAUI(ILAYR) , S :
LBDOTa3 .
e  PREDICT LAYER PENETRATION e

IF (LAYFG, EQ, 1) GO 10 1369
YPRED32,0%Y(15)wX(15)
TAUOKR(],0=TOLER) # TAULR
IF (YPRED, LT, TAUOK) GO TO 1369
RATIOS(TAULR=Y(15))/CYPREDY(18))
"DTAUPERATIO® (TALI=TAUM)” 3
IF (DTAUP, GE, DTAU) GO TO 1369 |
DTAURDTAUP | _ S :
IF (LBDOT, EG, 2) LBDOT=}

__PREDICT END OF SHAFT

e e

1369 GO YO (1370,1371,1374),LSHFT
. 1370 POGMS®2,0%Y(7)=X(7)
T1F (PDGMS. GT, 0,0) GO 101373
RATIO®Y(15)/7(Y(15)=PDOMS)
DTAUPRRATIO®(TAU=TAUM) - |

T T IR (DTAUR, LY, DTAUY DTAURDTAUR ’

{ LSHF T2
LPRNT={ ——
TGO TOINYY T T
1371 LSHFTe3
Y(1)=0,0 . e . —_——
C YT 0.
; Y(11)80,0
. Y(4)=0 J*Y(B)‘IY(B_) A2 IR YA LS ~
| T FACTEZRNTINY (2)
1F (Y(4), GE, FACT) GO T0 13748
bl YCUa)mEACT o L _
o Y U RY (ST TV (T )RV (O /V( 8] ‘

13715 YCI3)RY(6)n(0,5¢Y(U)oY(6) (Y (3)wY(2))e22/3,0)
YCI0)mY(13)eY(12)¢Y(11) . . —

TIME STEP AND PREDICTYLIONS FOR NEXT STEP COMPLETE
140 | |

e s




c
1373 VBRY(3)e2,00(Y(2)2Y(3))
1F (vB, GE, Y(1)) GO TO 13735
e o FSs1,0
i IF (LCORR, EG, 1) GO TO 13738
’ Y(4)m0,50Y(B)a((Y(1)=VB)/Y(6)o(Y(3)oY(2))/Y(9))
O OYC(IRIRY(6)R(Y(E)RY(U)/2,00(Y(3)=Y(2))*n2/3,0)
LCORRe}
GO TO 1373a
13735 FS=0,0_
LCORRE0
r | 13738 CONTINUVE
Ll _....1F (LSHF1, GE, 3) GO 10 1374 o
IF (v(1), GT, VB, OR, Y(7)s GT, 0,5) GO 10 1374
LPRNTEY
.. GO TO §37% . _ . L
L 1374  TEMPaY(5)eX(S)
; IF (TEMP, EQ, 0,0) GO TO 13741
L. .. PPROJEY(18)¢(,950=Y(S)I)InCY(14)=X(14))/VEMP
13741 DO 1375 Is1,NDIM
X(I)sv(1)
1378 __CONTINVE _ _  _ . .. .. ... e e
u TAUMETAU

———— - - [N e e e e L . e e e e

wlo e . . _CHECK_FOR RUN TERMINATION _
IMOMBY(7)2Y(1)eY (b)Y (2)
—_ _RAMOMEZMOM/ZMOMO
l T IF (RAMOM, GT, 8TOP) GO TO 140
BEXL:

J S N L L T -_— - o um

LYERME]
_G0 YO 150 e e
TLENERBY (7)Y CLINY (1) 4V (OINY(R)I0Y(2)
RAENR®ZENER/ZENO
JF_ (RAENR, GT, STOP) GO T0 150
LTERM=}

150 IF (Y(14), LT, TMEND) GO 10 5%

- ———— s e mmae i ceas e s e M - n bem e e mil M PEmeEe s e

L s ——— e BB M e e M ma . e s e e s _- . e e - RN . e e e mmeems

CHECK THE FLAGS

¢
c
€ S
KPTuKPTel
IF CI8TEP, EQ, 1) GO TO 190

__1F (KPT, NE, NPRNT) GO TO 3§65 N

TTLPRNT=®]
KPT=0 .

168 JF_CLYERM, EQ, 3, OR, LEXIT, EG, 1) LPRNT=1
IF (LPRNT, EO. 0) GO0 T0 200

IF (LFLAG, EG, 0) GD TO 195
PRINT THE PAGE HEADINGS

90 xr (LLINE, NE, 0) GO 70O 393
TTE (NGUT,20T4)

wRJTE (NOUT,2003) 1TITL

193  WRJTE (NOUT,2009)

WRITE (NOUT,2010)

WRITE (NOUT,2011)

LLINESLLINE ¢4

LFLAGEO

¢
¢ __COMPUTE AUXILIARY QUANTITIES
c
1

95 VBRY(3)42,0¢(V(2)=Y(3))

14]



!
i

WIDTHE2,00Y(A)
THICE2,0wY(9)
RATMEY,0mY(5)
DISSK=VELOC*VELDC=Y(11)=Y(12)eY(13)
HEADMZ8,0%ELOVOAELOVORY(8)nY(B)aY(9)
RELKZY(6)n(1,Say(d)aY(U4)+(Y(3)oY(2))%22)/3,0
ERRM=1,0=HEADM/Y (b)
1f (ERRM, LE, ,5, OR, LSHFT, GE, 3) GO TO 1955
WRITE (NOUT,3006)
__ CALL EXIT
1955 ERRK=1,0@RELK/V(13)
' ExL8TAR®39,91761

i ¢ TR

T y . B e
c PRINT THE OUTPUT
c
L WRITE (NOUT,2012) TAU,Y(1),Y(2),Y03),Y(4), VB, WIDTH, THIC _
S TWRITE (NOUT,2032) YC14),Y(0),YCT),Y(S),RATM,Y(15),E
: ‘ WRITE (NOUT,2012) YC(10),Y(12),YC11),Y(13),0]188K
IF_(LAYFG, EQ, 0) GO 7D 196 e
. 1LAYRILAYR=1 ‘
i WRITE (NOUT,3004) ILAY
LAYFG20 .

[ 196 1F (LEHFY, ER, 2) WRITE (NGOT,%3908)
] WRITE (NOUT,2013)
beee LUINERLLINESY
LPRNT=®0
IF (LLINE, LE, S5) GO YO 197
o LFLAG®y
[ “LLINERD®
| 197 IF (LTERM, NE, 0) GO 70 10
L 1F (ISTEP, EB, 1) GO TO 300
TF (LEXIT, EG, 0) GO TO 200

e e - g ——— i e s e ae e

- IF (ISTEP, EQ, MXSTP) WRITE (NOUT,3001)
e CALL EXIY — O
. [T200 T CONTINUE ” -
END
T — e

i T -
—— SR
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o

RODDEwe=aaRON PROGRAM DERIVATIVE EVALUATION
SUBROUTINE RODDE(X,Y,DERY)

¢

C. .. et e = —

c THIS SUBROUTINE IN THE ROU PRNOGRAM

c EVALUATES DERIVATIVES FOR HPCG INTEGRATION
c.

el

COMMON BMAX,S81GMA,ELOVD,ESTAK,LFREE, THICK,RHO,ESTRT,CU,FS
COMMON OBLIQ,ESTAR,PPROJ,LBOOT,JLAYR,NLAYR,LSHFT

poa” . -~ i am  m me eem - [ U e s vepm e e oL [ e T

TTDIMENSION DERY(15),Y(15)

c

1000 _FORMAT _(1HO, TERROR V1) i e e e
c

c INITIALIZE VARIABLES FOR THIS STEP

_C. e

NOUle
vSsY(1)
o vemsYy(2) .. .. o e . e
VPERPEY(3)
VisY(d)
. _EMBEY(S) . e e e . o s
EMHSY(6)
EMSEY(Y)
| —1 A A1} e ot e et e e e e e e
ELnY(9)
EX=aY(10)

sY(12)
EkRay(}
_PENRY()
YHEADSY

[ . . “~ e e e uar s weeie e 4 e e e Wh

!
3
4.
(1%)

)
|2
)
)
1

X]wVPERP=VCM
L _...DELTABVS=VPERP+2,0%X1
B3QRBRE
ELDSOSELOVD#ELOVD

c
€ CHECK DISCRIMINANT OF QUADRATIC YERM
c

BIGARG,0*BeEL/(2,04B8Q=F8/4,0/ELDSQ)
BIGBaFS/(BSQeELDSQu8,0=F8) ;
QUAD1E(3,042,04BIGA+RIGA)REKR/EMH j
FACYaVS=VCM -

T OUAD2=BiGBYBIGBRFACTAFACT :
GUADSQUADI=QUAD2 i
. 1F. (RUAD,_GT, 0,0) GO TO.S = e :
WR1TE (NOUT, IOODJ f
CALL EXIT :

EVALUATE F FACTORS  ~—~— — 7~ — 77 T

v m memin m o= e et s b —————— o it

_1F (LSHFT, LT, 3) GO T0 20
EMSE0,0
F820,0
L (Lapor, o 1LEs 2) FH2O0,0
r;' IR TCLBOOY, EG, 3 FHRL,0
&

~EVALUATE SEVERAL DERIVATIVES

o

IF (F8, €0, 0,0) GO TO SO
T XS O o PSP

© e ——— e —— e n e Jeou— - -

. e e e




S0
. 60

&

DERY(1)mw8]IGMA/EMS

GO TO &0

DERY(1)=0,0
DERY(S)®16,00ELDSQeBELRVTWFH
DERY(6)=FSaDELTA=DERY(S)
DERY(7)==FSaDELTA
DERY(11)=VSa(VSaDERY(7)42,0%EMS*DERY (1))
DERY(8)=VTn(1,0=FH)

EVALUATE EFFECTIVE_Ex UF THE_ROD MATERIAL

-y e me e s o e e p e e e ame

IF (EFREE, EQ, 0,0) GO YO 65

_.CALL RODES(VCM,VS,ESYROD) __ _ ..

G0 TO &7
ESTRD=0,0

e —— ——— e = et s+

EVALUATE BACKFACE EFFECT

_ESTARSESTRY e e s

TIF CILAYR, LY, NLAYR) GO 70O 90
BRKPTaTHICK=U4,0%8B
PENTHEYHEAD#COS (ORLIQ)

¥

I

. {

b

{ I
1l

"“TF“cVanP;‘Lr:“oTod'co‘ro“os"

{
| NF-W,"~H”
. ¢
c

' C
c
'_”“fBAHlCl-FACTf-FACYQ

1F" (PENTH, CE, THICK) GO T0" 70
ESTAR®0,0
GO T0 90

TTIF (PENTN, LE, BRKPT) 60 10 90 °

ESTARSESTRT#(|,0=(PENTH=BRKPT)/4,0/B)
IF._ (YHEAD, LT, PEN) GO 7O 93

FORCEZESTARSCOAVPERP2VPERP /2,0
OERY(14)BVPERP _

60710 95

FORCE=x0,0
DERY(IUJIO o
TTTTTETARVYTT
X1SVPERP=VCM
ETA2BETARETA
TUUX128XIwXY
IKRIB«DERY(S)aFHN(ETA24X]2/3,0)
IKRE2mel, o:nuonasc*ELDso-xI-FORCE
FACTsyS=VCM T
IKR3IN2,0*SIGMAAFSaFACT

IKRUBe2 ,0%DERY(7) % (FACTAFACT/2,0=ESTRD)
DERY(13)82KR1+ZKR242ZKR3+2KRY

DERY(2)==VCMn(DERY(S)+DERY(6))=VInDERY(T7)=EMS2DERY(])

“U,0#BSO*ELDSG#FORCEARHD

S b s s e be s e mm =t mde A4 e

DERV(EJRDERYCZ)IEMH

DERY(12)mVCMe (VCMaDERY (6)+2,0«EMHDERY(2))

_DPERY(10)SDERY(11)+DERY(12)+DERY(13)

"DERY(9)BVPERP=Y(M

DERY({5)sVPERP

T TTTTTTFACTORS FORTVPERP AND VY TDERIVATIVES T

_ABAR®(3,0#DERY(13)=(1,5+ETA2+X]12)*DERY(6))/EMH

C1#(DERYCTYDERY(2) ) #F 8/EMM
FAC!l-oEnv(aJ-vrza
FACT2ax1n(DERY(8)+VT)/EL

CBARSCYISZ ORN(FACTIHFACTY 7B —— 7 =

FACTIsDERY(6) % (2.,00VT/B¢XI/EL)/EMH
FACT2aX12/EL/EL+2,0sVT*DERY(8)/BSW

DBAR®],0/B 144
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TIPS OTIFETY UUSTEHNSITURE iR OSSR e A T O A MR N S ST TP MY NI ORI X, S
R PR B L T o » . e

ERARRY (O/EL=F3/EMNH
<
¢ LAST TWO DERJVATIVES
c

v w R ERaT 4%5

T DENOM24,0eXI%DBAReY,0nETA+ERAR - -
DERY (3)2DERY(2)+(2,0%ABAR®DEAR=3,0%ETAsCBAR) /DENOM
e PERY14) 2 (CUAR=EBAR® (DERY (3)«NDERY(2)))/2,0/0BAR - .
RETURN
END
»
e e e
. _ I e e e

P e e i A e Mk AL ek an e - MRte e e e et s e it Aes ) s e .

r~

TR
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BT R T TR AR R | T e
e R R e T e WU BT T

RONE Se===weROl PRUGRAM ESTAR OF ROD
SUBROUTINE RODES(VC3Y,VS1,ESTR)

TTTIHIS SUBROUTINE IN THE ROD PROGRAM
CO“/PUTES THE EFFECTIVE ESTAR OF THE ROD

TR OMMON BMAX, S16MA, ELOVD, ESTHK,EFREE, THICK,RHO, ESTRT,CD,F3
COMMON OBL1Q,ESTAR,PPROJ,LBDDT, ILAYR, NLAYR,L GHFT

TRATIOS0,5x(VSieVE 1) *w2/EFREE

’ IF (RATID, GE. ESTBK) GO T0O 10

.. ESTRREFREE#RATIO/ZESTRK _ o e e
RETURN
10 ESTR2EFREE
-RETUEN
END

G | e s
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SUBROUTINE OUTP(X,Y,DERY, IHLF ,NDIM,PRMT)

RETURN
END

e e —

APREL S

. ——

e ——

—— ey

s bttt s — - — s —
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I R B AR SR R A R TR e T Rt

C MPCG = PREDICTOR-CORRECTOR ORDINARY DIFFERENTIAL EQUATION SOLVER
SUBROUTINE MPCG(PRMT,Y,DERY,NDII1,INLI,FCT,0UTP,AUX)
DIMENSIDN‘PRMTQS)oV(!);DQRV(!)oAU!(Ibpll__

NDIMaNDI]

! NS § '

IHLF=0 R
X2PRMT (1)
' HEPRMT(3)
L. __ PRMY(5)20,0
o] 00 1 1s1,NDIM
R AUX(16,1)m0,0
e .AUX(ISpIJlDERY(I)
¢ ) AUX(L,1)mY(1)
. IF (H*(PRM!(Z)-X)) 3,2,4
- . | 4 3 L
i GO T0 4 T

’ § 3 IHLFa13 1
L4 __CALL FCT()

. T CALL DU!P(X.Y DERY, IHLF,NDIM,PRMT)

’ IF (PRMT(S)) 6:5,6

. S IF CIMLF) 7,706 h_ L

6 INLI=IRLF

1.

8

ok e o o et b v S o ik T Ak R e ke e s ks + A Ty = i — ke 6 S @ 4 s 1 e e————

RETURN .
_ 00 8 1a1,NDIM _ e e e e
TAUXC(E, 1) =DERY(T)
S

. 0100 N ——
{‘9 TXEXeH

DD 10 I=i,NDIM
Auxtz.x)-vcx>
' IMLFaIHLFe1
H'g xex-u

12 1=
T '?JT IT
[ ¢ ! H=0, 51“
‘ L | Y S e
‘ Tsn=3"
e GO 10 100
13 XEX4H o e . . )
_ T CALL FCYTX, Y, DERY)
¢ NE 2 ?
DO 14 _Isi,NDIM |
' AUX(Z,17=YCD)
4 14 AUX(9,1)=2DERY (1)
Jewel L
o GO 10 100
(4 15 DELT=0,0
____bO 16_1=1,NDIM
: 16  DELTSDELT+AUX(15,I)wABS(Y(L)=AUX(d, 1))
L4 DELT=0,06666667+DELT
¢ 1F_ (DELT=PRMT(4)) 19,19,17
A7~ 1F Tfal¥=10) 11,716,148
€, ‘ 18 IHLF=1}

kA ke n S et e s o ML i e m

TP TR TN T g

XX+
) 60 YO 4

. 19 XuX¢H
CALL FCT(K.Y DERY)
THO0T20 1sf,NDIM

AUX(3,1)aY(])
20 ndK(\Ol‘)lDERV(I)
TTTUNSY T

18nui 148
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el

v b .

a4
P?S.

26

27

a8

100

- —

101

102

—

103

KM s s 4 s < e e o4 srg i,

_CALL_QUIP(XyY,DERY, INLF ,NDIM,PRMY) ___ __ __ .

e~ JF (N®3) 27,29,R00 et e e v =

29 D0_30_131,NDIM __ S —— ——— e -

0 Y(I)SAUX(3,1)20.37S2Ha(AUXCH, T ¢DELTSAUR(S1,1))

_-1581QE&!LIL_____“,_._uﬂ_._mpm". — e e e

GO 70 100

NB}

XaXeH

CALL FECY(X,Y,DERY)
XEPRMT(1)

DD 22 121,NDIM '
AUX(llpI)lDEPY(I) .
YOI)mAUX(E, T)+HAC0,37S2AUX(B,]1)¢0,7916667#AUX(9,1)
1 =0,20833334AUX(10,1)90, 00166667*0ERY(I))
_X=Xe¢H

T NENey

CALL FCT(X,Y,DERY)

T oI T IR T )

I
|
|
]
E
i
|

IF (PRMT(S)) 6,24,6
IF (N=4) 25,200,200
-DO_26 I=t,NODIM __ . .. . e e e e e

AUX(N,1)=Y(1) '
AUX(NQ?:I)IDERY(I)

DO 28 Imi,NDIM

DELT=AUX(9,1)4AUX(9,1) ' .

DELY=OELT+DELY ORI
Y{I)mAUX(S, 1) 00, S333333%Hs (AUX(B, 1) +DELT+AUX(10,1))

G0 70 23

DELT=AUX(9, 1) +AUX(10,1)
DELT=DELT+DELT4DELY

GO T0 23

DO 301 Isi,ND]IM

LR AN D ) e e e e e s
AUX(S,1)=2
YCI)RAUX(N,I)¢0,4nZ
12X¢0,48H -
CALL FCT(Z;Y:DERY)
00 3102 1s1,NDIM

AUX(6,1)82

YCIDSAUX(N,3)¢0,2969776%AUX(S5,1)+0,1587596#2

I2X40,4557372%H

CALL FCY(Z,Y,DERY)

DO 103 I=1,NDIM

__2=HeDERY(]) R
AUX(7,1)a2

Y(I)BAUX(N 1)¢0,21810042AUX(S,1)=3, osoobs-nuxca.l)os 832865+

r2 181,

iR e R it Sasd e bt Wi il R S P MBS .

Lo

¢ 200
T 201
- 202

203

BLTITY

CALL FCT(Z,Y.DERY)

DO 104 I=y,NDIM L
L YClIBAUXCN,I)#0,17476032AUX(S,1)=0,5514807nAUXCO, 1) o ‘4
1 *f, ZOSS!b*AUX(7o 10, l?llaaathDERY(I) o
G0 TD (9,13,15,21),18W P
_JSTEP=} i o T B
“JF (NeB) 204,202,204 .

DO 203 Nz2,7
DO 203 I®y,NDIM e e e e
TTTAUN(N=], 1) RAUX(N, 1)

AU!(N¢5.I)lAux(N07.I)

N7 ——

DO 205 I=1,NDIM
AUX(N=1,1)8Y(1) ___ —_— -

AUX(N+6,1)aDERY(]) .
XeXeH ' 149
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bl N 22 Tl

© enEnema

udt]

206 JSTILPRISTEPe)
DO 207 Is§,NDIM
DELTtkux!N-aoi)+:.ssssssrnatnux(Noo.x)olux¢~oe.ll-Aux(NoS;x)
— I SAUX(N44, 1) 0AUX(N+G,])) '
+ 207 AUX(16,1)=DELT K
CALL FCT(X,Y,DEKY)

Y(1)DELT=0,9256198+AUX(16,1) ' o LTI e e

D0 208 I=1,NDIM o : ‘ : T e

DELTIO.IES*(Q.O*AU!(N'Io!)'lUX(N-IoI)OSnO*H'(DERY(I’OAUX(Ntba1)
wpeee .} _VAUXIN$6, 1) =AUX(N#5,1)))

AUX(16,1)2AUX(16,1)=DELT
208 Y(I)=DELT40,07438017%AUX(16,1)
.. .DELT=20,0 —

— n E——— . ——

DO 209 1=g,NDIM
209 DELTIDEL7OAUX(150I)Q‘HS(ﬂUx(lb'l’)
—c o ---LF (DELTSPRMT(4)) 210,222,222
| 21 CALL FCT(X,Y
CAaLL OUTP(XoYpDERY'INLF,NDIM,PRM?)
e JF_(PRMI(S)) 212,211,212

211 IF (IHLF=11) 213,212,212 " T - S
212 INL]I=INHLF
RETURN

¢ DERY) T T e

213 IF (Ha (X=PRWT(2))) 214,312,372
214 IF (ARS(X<PRMT(2))=0,1%ABS(H)) 212,215,215
215 __1F_(DELT=0,024PRMT(4))_ 216,216,201 .

2167 IF (IWLFy 201,301,217 LT s e e e

217 IF (Ne7) 205,218,218
218 IF (1STEP=4) 201,219,219 _

b Sl s

219 IMOD=TSTER/2 T - o

, 1F (I1STEP=1MOD=IMOD) 201,220,204
- 220  MHEHeW_
IHLFRTHLF ]
I1STEPS®D
—:..DO 221 I®1,NDIM . .
TROXINT, 1YSAUX(N=3,T)
AUX{N-Z;{glAU§Cz-00;)
, e AUX(N=3,1)RAUX(N=b,1)
— AUX(N+6,1)BAUX(N+S,1)
AUX(N4S,1)SAUX(N+3, 1)
‘Ux(N’apI).AUX(N+loI)

| DELTEAUX(N#&,IY+AUX(N#S;T) o T

DELTEDELT+DELT+DELT
;?aLM._Auxtlb-1)!8-2929639tV!li-AUX(N-loI)P-Bolbllthﬁ!‘DEBY!!J'QEkL-M*MHU
1 $AUX(N+4, 1))
60 10 20}
222 INLF=IHLF+}

[ IFTUIHCF=10Y 2¥37223,210 -
223  Hm0,5#H
T §-11-1 - e
00 224 Taf,NDIM | R
Y(I)20,003906254(80,0¢AUX(N=1,1)4135,0%AUX(Ne2,1)+40,04AUX(N=3,])

¢ 1_$AUX(Ne8,1))e0, 11718754 (AUX(N+6,2)=6,00AUX{N+5, 1)

R s ml e ——t— . e . . Ot

M 2 sAUXINTE, 1)) sR—— e
AUX(N-“;1330.00390625*(lZ.O’Aux(N'lpI)#135.0‘lUX(N'apI)
| 9105.°*AUX€N'30IJ*‘UX(N-“:1))'0.023“375‘(‘UXCN06!1)
' -—_2—¥T‘:GTIUi(N;STII;V:OfAUf(N*a;]))'H_-""‘M__n-"“&'_“
AUX(N=3,T)mAUX(Ne2,I)
224 AUX(N+d, J)mAUX(N®S,1)
[ T REXeN -
DELTEX=(MHeNH)
CALL FCT(DELT,Y,DERY)

00 2F5 Y I, NDTH - I
AUX(N=2,1)aY(]) 150 ,

D TR i - il




AUX{N+S,1)=DERY (1)

Y(I1)=AUX(N=y4,1)

DELTYSDELT=(NHeN)

CALL FCYC(DELY,Y,DERYY

Lo 236 Ts§,NDIM

DELT:AUK(N#S.I)QAUK(Moa 1

_ DELTEDELT+DELT*DELT.

AUX(16,1)28,9629634 (AUX(N=1)I)eY(I) )3, 36111 nHn(AUX(N46,1)
1 on£L1¢otnv(1>) .

; 226 AUX(Ne3,1)s DERV(K)

; e[‘ GO 10 206
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