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squares distance algorithm. This is accomplished with virtually the same amount of memory and
computer logic.

An algorithm that obtains emitter velocity as well as position is also given in the report. This
algorithm, which requires a nonlinear maneuver by the platform, gives useful results when the
system has good direction-finding accuracy and a capability for recording the time of a measurement,
Typical zesults for both algorithms are presented in tables from which it is possible to judge the merits
of the method for a particular application.
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EMITTER LOCATION USING BEARING
MEASUREMENTS FROM A MOVING PLATFORM

INTRODUCTION

This report presents a set of related mathematical algorithms for determining the location of an
emitter based upon a number of angular measurements from a moving platform. For all except the last
algorithm given, the emitter is stationary with respect to the bearing measurement platform. These
algorithms are particularly useful when there is appreciable error in the angle measurements, but they-
are restricted to platform motion which generates a base line small in comparison to the range from the
platform to the emitter. An alternative approach to this problem is given in a paper by Mahapatra {1}.

Before presenting the new algorithms, another will be outlined for purposes of comparison. This
is the standard algorithm for determining the best solution of an overdetermined system of linear equa-
tions [2]. It minimizes the sum of the squares of the distances to the measured bearing lines. Imple-
menting this proccdure dogs not require that all of the angle racasuvements be stored in memory but
‘rather five sums are accumulated in memory as the various fixes are taken. Hased upon this informa-
uon an cstimatc of emitter lomuon is obtained by solving a system of lincar equations,

For the pani.cular set of conditions one is concerned with here, the combined cffeet of largo angle
ervors and short base line causes the standard algorithm to sometimes fuil to even approximate the
cotrect emiiter position, whereas these new algovithing do work. The new algorithms approximate the
condition that minimizas the sum of the squares of the angle eerors. Although the exact imposition of
this condition leads to numerical problems which are solvable only by time consuming iterative
processes {3), the approximation presented hersin gives a naw algorithmy compaiable 0 the standurd
algorithm in that §t also requites the accumulsiion in memory of only five sums. The estimate of the
emitter location is again dewrmincd by a system of Hnear cquations. :

T the course of deriving this Tatter algorithi, an intermedinte algorithm. reforred 10 as the qua-
~dratic algorithm, will be arrived at whereby emitter iocation is determiined by a simuliancous system
“consisting of a lingar equation, & quadratic equation, and & sign condition. With furiher reckoning, this
systomy iy reduced to a pair of Hnear equations whedeby an algorithm referred W a5 the asymptotic algu‘
vithm is determingd. The last algorithm given is the result of exteading the asymplotic algorithm so
that it deterinings emitter velosity as well as pusition.

The general configuration being considered is that of an emitter along with a moving ESM plats
form from which angle measuraments on the emiiter are made at a number of positions indexed by i

which runs from 1 to A. Notation used in preseating the algorithms w:cmd fo abovc is introduced as
follows and is illustrated in Fig. 1

d Perpendiculae distance from estimated cmauer positiod to the line of agm for the
ith bearing measurement

(p.g) Position of ESM platform for the i th look at tho cnmitter

(xy)  Cartesian coordinates of the estimated cmitter position

Manuicript subsnited March 6, (581
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(x,y)

PLATFORM
(PitQt)

ORIGIN

Fig. | = Geometric configuration of the emitter and moving
platform iltustrating the angle measurementy

(r8)  Polar coordinates of the cstimated emitter position
*Ju‘ _ | Emtter bearing as mea,sured by the i th look from the ESM platform

A, Angular differonce between / th nicasuroment and calculated estimato
of the cmitter position

EMITTER

li the distanves involved are such that the earth's curvatuse is significaiit, tho above quumu(e.s

emitior position is then projecied from the plane on!a the caith’s sutfaae

 THE DISTANLE LEAST SQUARES ALGORITHM -

-are deflned in a plane angent 1o the carth's surface at a polnt near the platform nusiuon The msulung

In this section, the algorithm that minimizes me sunz of the squargs of the distances to thc fiteas

ured bearing lines is derived. Tie distance to the ith bwms line is given by
-' 'a;l + b;y - "I

where

a; = §ind,,

b ~Cos¢,,

-and

(';"" pj“aw1~ Qi wai. ’

The quantity to be minimized is expn:scd as follows:
_ M- E dl.

(1)

()

3

)

5)

Taking partial detivatives of M with rospect to x asid y gives the following syslcm of lincar equations foc

these varigbles,




NRL REPORT 8483

Bix+Ay=E ' (6)
Ax + Byy=-D ' V)]

Here, the following notation has been incorporated:

N
A= 2 a; b]. (s)
juut
N
Bl - 2 alzl (9)
=1
N ] .
B;=3 b2, ' (10)
i=l .
N .
2 b)C;. (ll)
-t
angd-
L
Ew z a6 ) {12)
(Bl

The simulizneous solution of Egs. 6 and 7 is!
BB+ A : : ' o
X .,.E,_,_‘._.l’?. ‘ ST _ - €13)
and -

ye SO o e

This derivation deterinings the distance least squares algerithm Tor calculating the emitter posi-
tion. 1t consists of ihe following squations 10 be evaluated in the order gzv«m 2 3, 4,8,9,10, 11, 12,
13, and 14.

THE QUADRATIC ALGORITHM

, In this section, an algorithm is devised that for small base line and largs angle ertors gives conslds
erable lmprovement in the sceuracy of the results. The algorithm approximately mintnYzes the sum of
the u;uarcs of the angle erross 3¢ ,. This condition i oxprassad ay foﬂows‘

M- zw,. | | o N 13)

whave
-Mi b sin""' g : =, 7 . (16)
Vix=p)+ (p~¢) .

_ To arrive at a practical algorithim for deternvining the emitter position associated with this minimi-
zation, one must assume the following approximations: the ESM patform positicas ase gl in the vicin-
ity of the origin and the angle &¢, can be approxinated by

M}"'djﬂ , 7 “7)
r ) 4
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With these approximations the quantity to be minimized is given by
2

M=3 L (18)
=1
Expressed in polar coordinates 4, is given as
di= la,r cos@ + byrsin® — ¢l (19)
Using this expression in Eq. 18 gives the following:
2
M-‘f:l a,cosa+b,sino-f"—], | 0)

To minimize M, partial derivatives of the above expression are taken with respect to rand 0. The
following expressions resuit.

M alle ,
5 =2 E a; cos @ + b; sin 6 "nle _ #3))
aM -2 E a,c080 + b, sing ~ %][«» g sind + b, coso', 28

~ The partial derivatives represented by Bas. 21 and 22 are set equal to zero. The rasulting equations sre
muitiplied by appropriate factors snd expressed in terms of Cartesian coordinates. These steps rcsuh in
the Tollowing system, & quadeatic and a lincar cquation for x and » '

A By~ A+ Dx v Ey =0 A ' - (23}
Lo~ Dy« G : (24)
Band G are given as follows: _ ,
B=By~8 | ' 28
and '

G= }:t,* o (26)

The coefficients A, 8, B,, D, and £ have previously beon defined. A variable w is inttoduced with the
€quation _

B | Q7

which is solved simuliancously with Eq. 24 1o give

Du + £G
- v (28)
and
£y - DG
GEY @9
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Substituting Egs. 28 and 29 into Eq. 23 gives the following quadratic equation for w
A+ Qu+T=0. (30)

Here, the coefficients are given by the following expressions:

A = A(D?*- E) + BDE, (31

Q = 44DEG + BG(E? - D% + (E* + DY)?, (32)
and

'~ GXAE*- BDE - ADY. (33)

Using the quadratic formula, u is obtained as

-0 4+ VOI—~d4AT
um- T . (34)

To determine the % sign in Eq. 34, one must use the following condition which assumes a minimum
value of M:

B’M

o1 >0 08
Cartying out the indicatcd partial differentiations results in the foliowing condition:
83— 4Axy ~ By + Ex ~ Dy > 0. , (36

 Hence the % sign in Bq. 34 is chosen to sausfy Eq. 36.

, This derivation determines the quadratic algorithm for calcutating the: emitter position. 1t consisis
-of the following cquations 10 be ovaluated in the order given: 2, 3, 4, 8, 9, 10, 2§, 11, 12, 26, 31, 32
33, 34, 28, 29, and 36.

THE ASYMPTOTIC ALGORITHM

in this seciion the quadratic algorithm of the previcus section is simplificd usiog an asymplotic
~ approximation. Equation 23 is a hyperbola which may be approximated by one of its asympietes. This
leads o & new algorithm, whick, for all practical purposcs, gives nearly identical results to those of the
Quadratic algorithm.

Betetmination of the asymptote is accomplished in @ coordinate system, refarfed (o as the primed
system, for which the axes have beon rotated through an angle w. In this system, Egs. 23 and 24, after
being trensformed, retain the same farm with the corsesponding variables and parameters denoted by
primes. The wvaasfornied cquations are

AT By - AP D'+ Ely' =0 (37
and '
E'x' = Dy'= G'. (38)

The primed quantitics are expressed in termis of the unprimed quantitics as follows:
X'=xcobw+ysinw (39)
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y'==xsinw +ycosw (40)
A'= A cos’w + Bsinwcosw — 4 sinw (41)
B’ = —44 sin o cos o + B(cos® o — sin* @) (42)
D'= Dcosw + £ sinw (43)
E'=—-Dsinw + E cos 0 (44)
G'=GC (45)

The primed coordinate system is chosen so that the asymptotes are parallel to the coordinate axes This
is accomphshed by choesiag

‘=0, (46)

Imposing this condition on Eq. 41 gives v
" Acs’o+ Bsinwcose— Asinfow0 47

From this relation the sine and cosiue of the angle of rotation are datermiued to be

Cos 0 = = 2ad, _ (48)
and : .

siho=a( - 8), ' _ : (49)
where | ‘ -
ané : | o

B JadT+ B | | - | (s1)

Substituting Eqs, 48 and 49 into Egs. 39 through 45 gives the foltonm sot 0!‘ eqaauom rcmcsenuns
the coordinate wransformation.

Cx'=al- 24x + 8 ~ Byl (52)
V=al- @~ 8x+ 24y}, v o (s3)
B'=B. | | (54)
D'=al~24D + 5@ - B, ' - (5%)
E'=al-D( - B) - 24E). (56)

Applying the condition of Eq. 46 o Eq. 37 gives, for the equation of the hyperbola in the privaed sys-
tom,

Bx'y +D'x'+ Ey'=0. _ V ' -_ (€Y)]

This cguation may be exuiessed as follows: A
(B'x"+ ENBY + D)= D'E". {58)
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Its asymptotes are
BN+ E=0 (59)
and
By + D'= 0. (60)

The condition that M be a minimum rather than a maximum makes Eq. 36 ia the unprimed system
become in the primed system

B'(x?-y?) + E'x'~ Dy’ > 0. - (6D

This relstion may also be exprcssed as

28'

1)']

—l > 0.

35| | M 67 | @
The asymptote represented by Eqg. 60 satisfies this condition for vatues of x’ fé; from the origin whese
the asympiote is a good approximation; minimum A is obtained for x"outside the interval {(~£78.0).

In the vaprimed system this asymptote is given by

Re+Sy=T _ : | - (63)

whisre _ :
Rep@-8), | (64
=248, - )
Tw E@ -~ B) - 24D, | - | (66)

The estimate of the target position is calculated by solving the simultancous lincar system Consist-
ing of Egs. 24 aind 63, This results in !hi! f@Bowins expressions for the target poesition: A

GS + DT

B Y BR 7
and
« BT - GR 64)

ES + DR’

The algorithm resulting from this derivation consists of Eys. 2, 3, 4, 8, 9, 10, 25, 11, 12, 26, 51,
64, 55, 66, 67, and 68, evaluated in that order.

The process followed in applving this 2igorithm ey be summarized s follows. For ¢ach bearing
measurerient ¢; i is nowessary to kaow the platform position (p,¢). Five sums are accunwlbited in
memory: the quantities 4, B, D, £ and G, which doloraing a pair of lincar equxuom to be solved for
the cstintated emiller posidsn.

SAMPLE RESULTS FOR THE ASYMPTOTIC &LGOR!‘I‘HM

Results are shown in Table | for the asymprolic algorithm under a number »f aasumed conditions.
The wue cmilter vange is 200 distance uaits. The ESM pladorm moves normal to the wue emitior

7
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Table 1 — Sample Resulls for the Asymptotic
Algorithm (range = 200 units)
Base Sigma Sigma Sigma Ave.
Looks (units) DF Range Bear. % Error
(deg) | (units) (deg) Range
5 5 0.1 17.6 .04 8.81
5 10 0.1 8.6 .04 4.28
5 10 0.2 17.6 .09 8.81
5 20 0.1 4.2 .04 2.12
5 20 0.2 8.6 .09 4.28
5 50 0.1 1.7 .05 0.86
3 50 0.2 34 Q09 1.72
5 50 0.5 8.7 22 4.33
b ' 50 1.0 17.9 45 8.93
10 5 0.1 13.0 .03 5.50
10 10 0.1 6.6 03 3.28
10 i0 0.2 ' 13.0 .07 6.50
10 20 0.1 33 .03 1.65
10 20 0.2 6.6 by 3.28
10 20 0.3 163 RN, 8.13
10 0 0.1 1.2 03 0.67
L) 50 0.2 27 07 134
{1} bt ' 0.3 6.6 A7 , in
10 50 1.0 13.1 A5 : 6.517
0 5 0.1 1IN 03 5.54
0 10 0. 5.5 03 an
1) 10 0.2 11.1 05 5.54 .
il 20 6.1 2.8 03 1.39
0 20 9.2 5.5 05 L1
- 10 20 0.5 139 A3 6.95
20 50 0.1 11 03 0.56
20 .50 0.2 i B K133 112
0 50 0.3 5.6 A3 2.80
20 . 50 1.0 1.2 2% 5.60
50 3 0. 6.6 02 in
50 S 6.2 13.5 03 6.7
50 1] 0.1 33 02 1.63
50 10 0.2 6.6 Ki}] i
50 i0 0.5 17. 08 8.51
50 20 0.1 16 02 0.82
50 M 0.2 33 03 _ 1.65
50 10 0.5 8.3 08 3.16
50 20 1.8 17.0 16 5.82
50 50 6.1 0.7 02 0.33
0 $0 0.2 1.3 03 0.6
50 50 0.5 33 .08 1.66
30 50 1.0 6.7 J6 31.34
50 50 290 i3.6 32 0.81
100 5 6.1 5.1 i) 2.56
168 § 0.2 10.4 02 5.21
100 10 0.1 2.6 01 1.28
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Table 1 — (Continued)

_ . 'Base Sigma Sigma Sigma Ave,
Looks (units) DF Range Bear. % Error
(deg) (units) (deg) Range
190 10 0.2 5.1 0.02 2.57
100 10 0.5 13.2 0.05 6.59
100 20 0.1 1.3 0.01 0.64
“100 20 0.2 2.6 0.02 1.28
100 20 0.5 6.4 0.05 3.22
- 100 20 1.0 13.2 0.09 6.60
100 59 0.1 0.5 0.01 0.23
100 50 0.2 1.0 0.02 0.51
160 50 0.5 2.6 0.05 1.29
100 50 1.0 5.2 0.09 2.59
100 50 2.0 10.5 0.18 5.27
200 5 0.1 3.2 0.01 1.62
200 5 0.2 6.5 0.02 3.26
200 5 0.5 16.8 0.04 8.39
200 10 0.1 1.6 0.01 0.81
200 10 0.2 3.2 0.02 1.62
200 10 0.5 8.2 0.04 4.09
200 10 1.0 16.8 0.07 8.39
200 20 0.1 08 0.01 0.40
200 20 0.2 1.6 0.02 0.81
200 20 0.5 4.1 0.04 2,03
200 20 1.0 8.2 0.07 4.09
200 20 2.0 16.8 0.15 8.4]
200 50 0.1 0.3 0.01 0.15
200 50 0.2 _ 0.6 0.01 0.32
200 50 0.5 1.6 0.04 0.8}
200 50 1.0 33 0.07 1.64
206 50 2.0 6.6 0.15 329
200 50 e 17.1 0.37 8.55
500 5 0.1 2.1 0.01 1.05
500 5 0.2 4.2 0.01 2.10
560 5 0.5 10.5 0.02 5.26
500 10 0.1 1.1 0.01 0,53
500 10 0.2 2.1 0.01 1.05
500 10 0.5 5.3 0.02 2.63
500 10 1.0 10.5 0.04 5.26
500 20 0.1 0.5 n.00 -0.26
500 20 0.2 1.1 0.01 0.53
- 500 20 0.5 2.6 0.02 1.31
500 20 1.0 5.3 0.04 2.63
s00 20 20 10.6 0.09 5.28
500 50 0.1 0.2 0.01 2010
500 50 0.2 04 0.01 0.21
S0G 50 0.5 1.1 0.02 0.54
500 50 1.0 2.1 0.04 1.06
500 50 20 4.2 0.09 2.12
500 S0 50 10.7 0.22 5.36
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direction along base lines 0.’ 5, 10, 20, and 50 units. As the base line is traversed the number of equally
spaced angular measurements is 5, 10, 20, 50, 100, 200, and 500. A Gaussian random error is intro-
duced into the bearing ¢; for each look. The standard deviations for these errors "Sigma DF' are 0.1°,
0.2°, 0.5°, 1°, 2°, and 5°. For each combinatior: of the above parameters, 100 Mente Carlo runs wers
made. Standard deviations (over the 100 runs) were calculated for the estimated range and bearing.
The averagc percent error was calculated from the ratio of range standard deviation to true range.
Table 1 shows results of combinations for which the average percent error was less than 10%.,

Consider the ellipse with semimajor axis given by the range standard deviation and semiminor
axis given by the product of the range and the tangent of the bearing standard deviation. The probabil-
ity of the true emitter position falling within this elipse is 0.393. This probability becomes one-half
when the linear dimensions of the elipse are multiplied by the factor 1.177. For a circular error proba-
bility (CEP) of one-half, the radius is obtained by multiplying the range standard deviation by the fac-
tor 0.675.

A paper by Wegner [4] reports on the location accuracies that are possible using optimum estima-
tion procedures. The crrors indicated in Table | are in reasonable agreement with errors determined
under like conditions from Wegner's papar, suggesting that the asymptotic algorithm is nearly optimal.

AN ALGORITHM FOR A MOVING TARGET

An ulgorithm that oblains emitier velocity as well as position is stated here. The algorithm will
nat yield an answer ‘vhen measurements arc made from a platform in straight line motion. The plat-
form must make a nonlincar mancuver. For this algorithm in addition to obtaining at each look the
angular fix ¢, and the platform position (p,,q,), the time ¢ is also recorded and utilized. Equations 69
through 74 reprosent the calculations for a single look.

A= —sing, cosy, (69)
By = sinty, ' (70)
By, = cos® ; . (1)
D= psing, cosy, = g cos’y, 7 (72)
Ew psin?d, ~ ¢ sing, cosy, B (13
CGy= (g sing, ~ g cos ¢ ) (14)

fmaplementation of the algorithm requires the accumulation in maomory of the 19 sums given by Bys, 75
through 96,

&
P ¥ cosy, | (73)
e
. N .
. Q= L siny, | (76}
e} .
ha
- il .
N ~ ’ N
I ’ - .
Alls 3 124, | (19)
S e )
B““ 28‘»‘. 5"“ L2 . (80)
=l o ’

10
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N
B[{- ztlBkh k= 1»2 . (81)
=1
N
Bk”“ 2 ‘12Bkl' k - i, 2 (82)
i=1
N
=1
N
=1
N
Dh- 2 f/zbi (85)
=1
N
Ew EI (86)
=1
N .
F 2 WL (87
j=]
i
E'~ ¥ (88)
-l .
N
G=3 G | a9
-t
N . .
Gl= 3 4G (9G)
F

When a position and velocity are desired, the next set of formulas to be implomented is given by Eqs.
21 through 98. o '

Rw B3~ AP _ (91)
R'wBlQ-A'P ' (s2)
R« Bl Q- A'p (93
SwAQ - BP _ (94)
5l 10~ Bl P (95)
5w A”Q - B{'i’ : T : ‘%)
Tw EQ + DP ' : %7
T'=ElQ+D'P ' : (9%)
The initial position {x,3) and the velouity (v, W) dre determined by solving the following lincar system.
Ex=Dy+Elv=Dwew G . ‘ o o (99)
El'y - Dly + £ ~ D= ¢! {160
Rx + Sy + Riv+Slww T | (101
Rix + 8l + R + §w w T ' (109

SAMPLE RESULTS FOR THE MOVING TARGET ALGORITHM

Listed in Table Z is o number of sample calculations using the moving trget algorithm. The
emilter range, lengths and orientation of the base lines, orrors in the angular mecasurcments, and the

1
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Table II — Sample Results for the Moving Emitter

Algerithm (range = 200 units)

Sigma Sigma Sigma o % Errox % Error % Error

Looks (Sz;es) DF Range Bear. ';g:: Total Radial Angular
(deg) (units) (deg) __|_Displ. Disp!. Displ.
20 50 10 4.0 12 2.01 10.28 18.24 2.38
50 S0 .10 29 .08 1.45 7.10 12.69 1.61
50 50 .20 5.8 16 2.91 14.12 25.45 323
100 20 .10 6.5 .09 3.7 10.12 20 32 1.25
100 50 .10 1.8 .05 0.92 4.45 7917 1.12
100 50 .20 3.7 A1 1.83 8.76 15.95 2.25
200 20 10 5.1 .06 2.57 7.92 15.88 0.83
200 50 10 1.4 .04 0.72 343 6.23 0.75
200 50 .20 2.9 .07 1.45 6.78 12.48 1.50
500 10 10 9.6 07 4.78 9.19 19.32 1.00
500 20 .10 3.0 .04 1.50 49 9.39 0.50
500 20 .20 6.0 .08 3.00 9711 18.76 1.00
50¢ 50 16 0.8 02 042 2.08 3.7 0.47
500 ‘ S0 .20 1.7 .05 0.84 4.16 7.44 0.92
| ™ s0 50 4.2 A2 211 10.37 18.59 2.32

number of rens are the same as those given in the section called "Semple Results for the Asymiptotic
Algor..hm.” Since a nonlincar mancuver is nacessary, the platform is assumed in this case to travesse
the base line fisst in one wirection: aad hen in the other. In the same length of time that it takes to
make th™ mancuver, the emit'er moving with a uniform velocity undergoes a displacement of 50 dis-
tance units. This motion makes a 45° angle with the initial emittor position vector. Reosults are present-
ed in Table 2 for those cases where the percent orror in the radial displacement is less than 30%. In ad-
dition to the quantities described in the section called “Sample Results for the Asymptotic Algorithm.”
Table 2 gives ths percent errors for the total, radial, and angular emitter displacement as detormined by
the slgotithm. A :

SUMMARY

Tha prodlem of determining the position end, in some cases the veludity, of an einitter from a
moving platform equipped with passive Lrection finding equipment has baen addressed. - From a serdes
= of knowd platform positions spanred by o redatively small brse ine, 9 numbsr of bearing measuremonts
are made. When the angle efrors are farge, locating an emitier hy geonolrie triangulation or the dis-
tance least squates method may not git = acceptable accurscy, i so, the results may be brought ap to
an gceeptable lave! of accuracy by using the asymptotic algorithm devived in this repr i For a systom
with zood direction finding accurasy and 4 apabhity for recording the time of o med: srement, an algo-
rithm hag boen preseited for determining both the position and the velocity of the ¢ niiter. This algo-
ithin requires a noalinzar maneu~ 3t by the platform. The methods given here vuve the virtue of
requiring only 4 modest amount of momory and computational logic. Typical results have boen
praseated in tables (rom wiich it is possible 10 judge the nierits of the mothod tur a particular applica-
tion.
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