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1. INTRODUCTICN

Contagious distributions are characteristic of many biotogical
and ecological systams. Numcrous distributions are developed in statis-
tical and biological literature for dealing with certain contarions
events (see for example, Johnson and Fotz, 1962 chp. @ and the refer-
ences contained there in). The Markov-Polya distritmtion, whichk was
derived first by *nrkov (1017) and iater hy Poiyn in Tgpenberger and
Poiya (1923), is one such distribution. The genesis of this distribu

tion is generally presented in terms of random drawings of halls from

an urn. Initialyy, it is assumed that there are o white balls and,
b biack batis in the urn. One bali is drawn at random and then re-
placed with ¢ additional balls of the same coter. This procedurc

is repeated N times. Then the total number, X, of the white bails in
the sample will hove the Markov-Polya distribution (CTD). A vast nun-
ber of interesting properties of this distrilutiun hove been djiscussed
by Bosch (1963) and Dyezka (1972) amonr others. “wever, characteri-~
zations of this distribution, to the hest of this amthor's knowledee,
arc not discussedd in the literature. Thus, the porpose of this paper
is to present certain important an® intcrestinge boarneterization
thoorems concerning the 'Ph,

First of ail, the MPD is renerated, in section 2, from a pure
birth process. In section 3, a characterization of the ‘N is pro-
‘vided utjlizing the reproducible property of the NPP.  Two characteri-
zation theorems, asnalorous to the theorems of Nao-Nubin (1964), hased
on the concept of damage models arce given in scction 4, and scction §
provicdes four other theorams involving the MPD and the NP hased on

conditional distribution concept.




2. PRILIMINARIES

Let the integer valued random variable. . denote tie size of n
biolnrical commmity which produces two types of chitdren. say bovs
and girts fovr the ote of gimplicity. Tet ¥ ond ¥ fdenote the mumber
of boys and firis »~rnevtively., where N = Y27 7f the accent is on
X. we say thnt 7 i reducerd to ¥ hy means of *he Tteee-DMotya survival
modot -

§0/my = P(rakiNen) = () 2RO gy (e (2.1

vhore a>o, o, «fo and k=0,1.7,...,n. If ¢ i neeative, then (- )(n-1) <

(m.)

min (n, M. The egoeescion y iw a Teotoriat potynoriat of the m-th

degree with respect. to v which is piven hy

)
._\,(m, T (e (0 A20) . L (v (im0 e

TG (e ey 2.2

The probabitijte di~!+ritmtion (p.o0.) can " reneral " by a discrete-
time, discret~ inte pure birth proucs's R PAY R TE 10

Tet the initinl probabitity o prodicire o boy be a/(ash).  Tot
the probabitity of producing ¢+ boy chanre “vring the prowth of the
commmnity ~i7e so tha! after having produce? ¢ chifdren, of which k
are boys, the prohahifity that the next offspric~ is a boy is (np+ke)/
(n+h+te).  'The conatant 9 is inferpreted n< o parsmcter of contagion.
Ict ¥(t)=!" represent the number of boys ~t of t children. Ther the
trons‘tion probnhilities are:
| Pl t+1 )=k#1 l.‘f(t)'—‘-kl = (a+ke)/(a+h+te), (2.3)
where a>0, b0, fo. and t is a po.itive inteper. TFrom the taw of
total probability, we can write the unconditionat probhabitity

P(X(t+1)=k+1] as

. .
+ L P "
SISV WISV PRIIS NPE] =T S P




PIV(E+1)=k+1 | X(t)=h | DIV(1)=k] 4 DIV(t+1)=ks1 | V(t)=k+1] PIo(t)=k+1 )
(2.4)

for k=03 2, . i, If we denote L) T ()=, using (0.1) we ean

i bes (7 1) sie -

HEAME

_ at(lA )
T wihre

a+httce

T (B
- (7.5)

Tt

an?
R N
™ Ay - ™ N v - - La)
-n(n‘]) CayTe LY with PO(») ER (2.6)
Droenlvine the recurrecce rolptione (O07) ane (0U0) ) ve enn ensdly see

thot

. ey - e (t. ¢ -
o =ty Rl STy g (e .7

A eonvenient and ciiie form of crgiation (0.1) is obtained hy
Toetting p=a/(a+h), q=h/(a*h) and r=c/(o+h), which cives
Sy = M p(k,r) q(n-—k,r) ' ](n,k) ‘ (°.8)
[ g
vhore ¢ Tp, a1, pryi o ond p o4l
Cenr ciandard disereie dicdribotions ean e obtainerd as specinl

coocs or o Timiting cacec of the "THD Ty instance

i) ¢ = o gives the bhinominl distribution
ii) ¢ = =1 gives the hyperrrorvirie distrilmtion
iii) ¢ = +1 (with a,b positive interers) gives the negative

hypergeometric distriimtion,

iv) The IPD (2.8) tends to the nemative hinominl distribution (1PN

with parameters h/¢ anrd (148) 1 as n> , p#*n and r+o =ch that

np#h and nr+f. This limiting distritution is somntimes called
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the Polyva~Fggenberger distribution. Decause of its importance in the

sequel, we define the IPD as follows:

Definition: A discrete r.v. 1”7 is snid to have a negative hinominl dis-

tri'ilion with paramoters + and p if its probability function (p.f.)

i riven by

. 1, - n
f(n) = P(N=n) = ;lrs—-?%% Pq. nse.i2,,.. (2.9

On occasion, we denote this p.f. by nb(n;l,p).

2. CHARACITRIZATION OF !N IN TR COF
RTPRODUCIRBILITY OF Kbn

The Jjollowing theorr gives a characteri::tion of the YD in terms
of the reprnchv ibitity of the NOD.
Theorem 1: Consicrr the “amily of distributions o(k/r) indexed by the
paramotor n=0.1 .7 ., and each snpported on o sabset of {(kik=0.1....,n}
and dndonendent of 90 Tt n Tollow »n ROP, nh(n:(a+h)/c . 0Y.  Then the
rermltant mixture distrilnmtion is an "0, m(in/e,f) if, and onl- if,
di[n) I sC:n). That de, =fk[n) o iven in (0.1) i the wnique solu-
~tion of
;: RN ab(ini(adh Y e ) = nh( /s, 0) (3.1)
n=o

Proof: Sufficicney.

In (7.1}, let s(i|n) be iven by the MPD. then the left =ide of (3.1) is

(k,c)h(n—k,c) (a+b)(n,c)

o " Hi
I
n=0

s - 0(:'u»h)/c(he)n
(ath)yr 7’ n' c 4

) a(k,c)oa/(‘,(l_e)k {E h(n—k,c)()h/c(l_e)n—k‘]
n

“k  (n-k): ¢"K ]
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The sum of the terms in brackets is one. This, the distribotion of the
mixture is nh(k.a/c.n),
Necessitly.

That s(k/n) i the unique solulion of (3.1) rav be proved in various
ways. A conuvenicnt ane makes 1m:e of the coneept of completeness of
family of distrihvtions, Jet na recall the concept of completencss of
a family of distrimiions: D ={ Dnzﬂrﬁj of a r.v.V, indexed by the
pararrter set 0, is complete if, for any function 7(Y) inflenendent of
9, RI(D) ) = 0 for every 9 e Q implics () = 0 for all x (except pos-—
sibly for a et of x with probability renmire vove for all € e 0).

Ve Jmere Lhal =(k/n) setisfies (5.1). Cuppose that some other dis-
tribntion #(s/n) nlso sptisfe (3,3Y. Yo s have

(o]

y o o=(C:/n) Lo (ath)/c) G("‘“‘)/C(l—n)n -

b " mETCG@R

T+ /c) Ga/ﬂ(i-ﬂsh

T ( /) (h.2)

| onlym) RGeS -

n-o

F(k+a/fc) On/c("n)k

KiT(n/C) ’ (5.3)

for any fixer! 1.

- mubtracting (5.3) from (3.2) ve ot

7 1(n) T(nt(ath)/c) 0(a+h)/c(1_n)n _

neo n! T((a+h) /)

where U(n) = s(k/n) - r(k/n). Put it is well hnown thot the nomative

hinomial is corplete. Tenee, T{'(n)) = 0 irmplies "I(n) = 0 and hence




g(k/n) - =(/n).
Domarls A nultivaricie extension of this theorem can ensily be stated
and proved,

1. CHATACTERIZATION - BASED OM DAMACT IODFLL

Tt (N3O e o random vector oof pon-negntive in'erer-valned compon-
en’ = «ich that
PC=n,x=ls = [(n)sCy/n, (4.1)
vhere {f(n):n=0.1,2,...} and {:(%/n): k=0,1,2,...,n1 for cach n>0 arc
disevete probability distributions. That is, the marginal distribution
of Tis L)} and for eneh >0 with £(n)>0, the contitionnd distribution

of ¥ miven Ten o dg Dai/my 2 1=0,1,2,,..,n} . Turther,

r(v=ry = ¥ r(n)s(k/n), (4.2)

1-

’ ‘3.
r ( AP | "oy (]ﬂmag‘r} - fl.n)S\]‘ k)

yofn)=Ci/) (1.3)
j=n
T tGm)s(k/nd
P {1, damagred! - nr]:-i
) £(ms:/n) (4.4)

k=0 n=i+l

Theorem 2:  If o ».v.'7 defined on non-negative integers is distributed in
nature as an IPH (2.7), with paramcters (k=(a+h) /<, p) and if it is damaged

and reduced to X by the Markov-Tolya survival model (2,1) and further, if ¥

is the resultant r.v., then

i) PC=k) = P(¥=k | damaped) = M(Y%k | no damape), and

i1) Y has an D with paramcters (a/c,p).
Proof: Applyinz the equations (4.1), (4.2) and (4.3) the results (i) and
(ii) follow.




Theorem 3: Iot N he a non-negative integer valued r.v. and let the

~£-

probability that an ohservation n of N is rcduced to k during a destruc-

\
;
’e
L
Z
i
§

tive process be given by the Markov-Polyn process (2.8). Tot X be the
resultant r.v. Then ibhe necessary and sufficient enndition that ¥ has
an NBD is that

P(¥=k) = P | damaged) — P(¥=k ! undomased). (4.5)

1

Proof: llecessary rart follows from thoorem 2. To prove sufficiency we

observe that the condition (4.5) yields

mo- 1- = r ", )
ey 0 (0 0
n=K

(r,m 7 ](!:,r)

feap
Z‘ r(]) p(],r) / l(jnr) (1.6)
J=0
Tefine
Py o o) 1T (1.7

vhoere Vois sone ot ttrary quantity vlich viil be detencine? Iater.,
. . vy . A . .. C.,m) .
Subctituting (CL7) into (4.0Y withy n ookt ond erneellinyg o Jk. on

hoth sivdes of (000) vee et

), V() '1(:"” '.']'*""’ RS v.-"'-_)(,)

=0 2 ~-(.:‘) T‘(‘.i‘r) -:-‘A/;.i"
i:_-.".
Tet a(rt) = § 7)) (o3 Wy
J=

where G(0) = T(0). Miltiplying the equation (1.5) Hy (y\i,)( ':'r)/k! ane!

surning over & {from 0 to =, it beeores




N
[}
® o ' w,r -k i
JEm Y @y ey gk g Gt (1.9
L n! LM G(p)
n=0 j=0
[
Since the quantity in the square brackets is cqunl to (pt+q)(n’r),
(4.92) becores
G(pt+q) G(p) = G(pt). (4.1%)

Putting v = p(+ 1), (L.10) reduces to
Gu'l) o(n) = (ap).
Tet ¢(u) = G(u+l) and v = p=1, this reduces to Touchy functional equation

(1) G(v) = d(utv)

] . 1 . . . N AN s L A(x=1)
the solution of vhich is gmiven hy d(x) = <77 once G(x) = o .
Thus,
oMoy pg) & pt T (1.11)
J=0
N I ‘e
Setting = (1-0) 1 and V = 8/r i» (1.11) wo et
i . 21/ P 3
-0y P = ¥ F(i)(1-0) Ve SG eyt (1.12)

In order to deiemmine 7(j), we consider the identity

3

-0 = g SRR RS (1.13)
J=0
Subtracting (1.37) from (1.12) wo rot
_1/r ey .
0= 1 trmaa o

Thus, F(j) has to be equal to (]—G)I/r. Therefore,

f(ny = (1-0)1/T 1(0T) gty n

r(n+1/r) l/r n
= TTam (1-6)",

which is nb(n; 1/c, @).
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J.  CUAPACTITIZATIONS DASIT ON COMDITIQAL DETRINTTIONS

e now prove the following fheorams.
Theorem 4: If X and ¥V arc two independent. r.v's which follow the M0
(7.0) with parameto.. 7ofe ) on® (b/e,p) respectivels. then the condi-
tiopal distritution - Y pmiven Y4Y=n, is the ‘TH (".7).
Proo{: DBy d~finiiion of conditional prohahilite, o " independence

of rv's ¥ oand Y, we hioe

DP(V=x) P(Y=n-x) | 1
NERED) '

x,0) _a/c X n=x.c Weo nex
A D q ¢ ! D q

P{r= |t n) -

= n- -
_oxioe () e

(n,) p(a‘!h)_/(‘: n

T H

(n+h)

PR BT Few
’:) a(z\'c’ h(n i ’/' (;'.".:"'-(')

B ——

The convei:e of Lhis theorem is also S whieh o dven Belony, f
heora 5o Tet 7 oond T be two independent (di- crocte vyt cmeh that P(N=x|
XHY=n) isopdven byoibe CTD (0.1), then T oand Vo tove 7TV s with pare-

metovs (n/e.p) and (hie . p) respectively

ey N
\’-\).'T

- X ( Y
Proof HOI'S RS < (x,0) h(n X,") ] (0t nee

This iz »f the v @(x o(y)/y(n), where () = :'(x‘r‘) ] xo O(y) -
b8 st and vn) = (asn) 1y

.

Tence, from i theorem of Janardan (1077), the p.f,'s of ™ anl ¥ are,
respectively,

f(x) = u af(x) ¢ and p(y) = vO(y) o

. . r
where u,v and v are sorn arbitrary constants selting o = (q/c), we
L ]

have

r0 = u 2D q/e)x, aty) = v qaze)s




o o

usin the fact J () = 1= ) p(v), the nomali.ane constants u and
NP

"/(‘ hl -,

afe . . .
vV arc 1oen io be oot to p' and recaectivelve Tyg Xoand Y oare

Y,

Theorert G T0 & o= F e I el e o iz oM ivide!? into two

v~ 1

copenciis Tl and 7T o sneh bk fhe oo T Do Aistritution (=R, \.‘;1.__-“)

YEn) ioon T am o cdbeop in 07U, then the vt T ool T oare indepenent
PO, o ond emle A0 T Lo oan TN,
ool TTie joint protel i Tils of TToapt T Teea e
M -1 1 \ N ~
ny 1) (h-ie) -
{721 ) = 00) — Y. (-. 1)
pe s L0
(.’" RN
17 Coen TTTOlUTY, e n ene et i sourtle dU in it Tam
" fre oy (,’\'4 s i n -
! C . O R D A (.M

e oo o o1 0 s oL and h ool Iubsddtatips the vajue of (e} in

- . N

(3.1Y, prives PC=R, VEn=l) o= DO VGEn="0y, chere Y0=K) snt T(=n=k)

Ay

are Doth civen Dw T with povameter (ofo ) and Ch/e ) rospect ively,

Converriely, A0 T and Y oare inlepesdent pov’s e’ thet DN ! N=n)

i an TTU thoen e theoran o, ol U oare ety PTIN e aped =T i alsn

an TN,

Thearon 70 10 X and ¥ oare ten independent yoe's define? on non-nerative

interews such that (ex) = f(x) - o, } fUxYy = 1 and D(Y=y) = 2(v)>0,

Y r(y) =1, and further if, p, 1, =1
=0

vy

=k

Y4+Y=n)

(;) pn(k,r) qn(n-—k.r) / l(n,r). k< n (5.3)

=0, k >n

then (1) Py is independent of n and equals a constant p for all values




£03) Yoand Yomey' have (DD's oith parspoeters {p/r,n) oo (q/r,0)

rospochively,

Proof: ince "7 and Y arce independent vyt
n
P YETER) = e S T00)s(n-),
Y=

which is siven v (5.3) for n11 valuee: oo < n. Forn >oand o< i« n,

this provides the Nimetional relation
D (Y (el
F(1gn-1) . p=l Tn n (3. 1)
T(he-D)er(n=141) IR L (=1,v) (=it
™ L

Neplacing oond noin (G01) e (B47) and (0#1) respectively gives

Wi,y (n-t,r
( ) q )

{(H))p(n=K)  _ n-k+1 Py n+i (5.5)

0D~ (=k+1) AT (k) (n=I+1.1) v

ntl T
Nividing (H.0) by (5.1 we et
(k+1,r) " (k-1,1) . (n-%k,1)

[+1) fC-1) K LU ‘n In (.6)

1.".“‘_) T L Goy) I'\.'T‘_‘. Ch-1..1) e

L "n n Ul

The 1710, of (5.0) s independent of noand this .50 of (5.6) musit

bhe indepepdent of n. Tiorefore Py "D, 70 for 011 n.

Tt itutin: e 100 L0 G-1Y and mttinlying topethioy v ot dhe oy
currence relation:
f(n) = - (o1 )Y f(n=-1)/, (H.7)
vhere « = [{1)/f{0). Te relntion (H5.7) is troe for 211 n = 1,2,...
and thus contimed substitutior yields
ten) = p{T) (M o)/ (5.8)

Gince | f(n) = 1 the series (5.8) must converye to unity.  Tet the un-

known quantity a he equal to (8/r), r # o, 0 <0 <1l. Then the sam of the




sevies (L0 Teeonees [ Fan).
Thus,

i
el Foy g I

: BN ~ q)
R (I (n.¢
/)
SimiTarly, b omehtive 13 dn (D) e

e ensily oot

() = o (n-111) x(n-1)/n. (5 1M

) Thowe fova ) - BUTURIP a(o)/n! and the hypothesic Yi(n) - 1 will

. ‘ : - RS A BT B A
vield o(o) = (]—»“)‘1/] Lo TTeneo ) e e Y st aleo e oon wit
pareretovas (a/r 0.
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