.~ AD-A098 152 PITTSBURGH UNIV PA INST FOR STATISTICS AND APPLICATIONS F/6 1271
MULTIVARIATE DISTRIBUTIONS IN RELIABILITY THEORY AND LIFE TESTI==ETC(U)
APR 81 H W BLOCK:» T H SAVITS NOOO14=76=C-0839
UNCLASSIFIED TR-81-13

NL
. ..........
‘ B




&2

| AR
1 !NHQ
=
L2 flie e o

ol

[

s s




e

ADAO9SIS5 o

OTE FILE COPY

MULTIVARIATE DISTRIBUTIONS
IN
RELIABILITY THEORY AND LIFE TESTING1

by
Henry W. Block
University of Sao Paulo and University of Pittsburgh

and

Thomas H. Savits
University of Pittsburgh

April 1981

-

Technical Report No. 81-13

Institute for Statistics and Applications
+Department of Mathematics and Statistics
University of Pittsburgh
Pittsburgh, PA 15260

1Research has been partially supported by ONR Contract

N00014-76-C-0839./'Research of the first named author has
also been partially supported by FINEP and FAPESP while at
the University of Sao Paulo, Sao Paulo, Brazil. Research
of the second named author has also been partially supported
by NSF Grant MCS77-01458.

v

81 4 24 033




MULTIVARIATE DISTRIBUTIONS
IN
RELIABILITY THEORY AND LIFE TESTING1
by
Henry W. Block
University of S3o Paulo and University of Pittsburgh
and

Thomas H. Savits
Univeristy of Pittsburgh

ABSTRACT

" Multivariate parametric distributions which are of

interest in reliability theory and life testing are discussed.

These include distributions with exponential, Weibull and
gamma univariate marginal distributions. Other distributions
of interest are the multivariate nonparametric distributions
whose margina1§ have increasing failure rates (IFR), increas-
ing failure rate averages (IFRA), are new better than used
(NBU) or new better than used in expectation (NBUE). Alsc
mentioned are univariate and multivariate processes which
have associated with them distributions in the various non-

parametric classes mentioned above.
\
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1. INTRODUCTION

In this paper we discuss the various multivariate para-
metric and nonparametric classes of distributions which are
of interest in reliability theory and life testing.

In Section 2 we concentrate on parametric distributions
whose univariate marginals are either exponential, Weibull
or gamma. We also discuss multivariate exponential extensions
which are distributions whose marginals are not generally
exponential but which were formulated utilizing concepts
based on univariate exponential distributions.

Multivariate nonparametric classes are discussed in
Section 3. These classes contain multivariate distributions
which have increasing failure rate or increasing failure rate
average or are new better than used or new better than used
in expectation. Many formulations have been given for each
of these classes, so that in this section only the most recent
or the most established formulations are discussed in detail.

The paper concludes with a discussion of univariate and
multivariate stochastic processes which are related to the

nonparametric classes to which Section 3 was devoted.

2. PARAMETRIC DISTRIBUTIONS

2.1 Introduction
The univariate parametric distributions which have

been most useful in reliability theory have been the exponen-
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tial and Weibull distributions. Others which have been

of some importance are the lognormal and the gamma dis-
tributions. A history of the use of these distributions is
given in Chapter 1 of Barlow and Proschan (1965). An
introduction to these distributions, models from which they
arise, their properties and their use in reliability theory
are contained in Mann, Shafer and Singpurwalla (1974), and
in Barlow and Proschan (1965, 1Y75). See also Bain (1978).
For more detailed expositions on these distributions ana
comprehensive bibliographies see Johnson and Kotz (192).
Multivariate parametric distributions which are ana-
logs of the univariate distributions previously mentioned
are still being developed. Unlike the multivariate normal
distribution, for most other multivariate distributions having
marginals of one type there are many possible dependence struc-
tures and consequently many multivariate versions. Several
multivariate exponential and related distributions, for
example, have been developed. Many of these, along with
their properties, are given in Basu and Bloek (1975) and in

Block (1973). See also Johnson and Kotz (1972).

2.2 Bivariate Exponential and Related Distributions

Most of the distributions treated in this section
have multivariate analogs, but for the purposes of clarity,
and exposition we will treat the bivariate case first. As
with aill the distributions discussed we will say a distri-

bution is a multivariate " " if all of its univariate
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marginals are " ", Therefore a multivariate exponential
distribution will be one whose univariate marginals are

exponential. We will say a distribution is a multivariate

exponential extension if it is derived from properties of

a univariate exponential. The univariate marginals of such

a distribution will not necessarily be exponential.

Freund Distribution

Freund (1961) introduced one of the first bivariate
distributions based on a model involving the exponential
distribution. An interpretation of this model, given in
Block (1975), is the following. Consider a two component
system where the failure of one component affects the life-
time of the other component. Let Yl and Yy have independent
exponential distributions with means aIl and agl respectively
(the initial distributions of the unaffected component life-
times). Let Yl' and Y2’ be independent of Y, and Yo and have
independent exponential distributions with means (ml-')-1 and
(0t2')'1 (the distributions of the affected components).
Then it is easily shown that the distribution of the

component lifetimes

, Accession Fer
(X, %) =4 T T1*¥2 ) 1E ¥y <You uprs crar
DTIC Tt‘®
(Y2+Y1' ,Y2) if Y2 < Yl. Unanianaed
Justilieation._ . __]
has the survival function By. - . .. .
Distrilnties’




4
%1
! Ay=Cy '
}l+ #\.exp(-(ald'az)xz) if xl < X5
1 (!14'&2-0.2'/
- . (1)
F(xl,xz) \ ay

exp(-a, 'X,-(a,+a,-0, ' )X, )
am_g,) 1 F17M TR /2
177275

)ex"('(“1+°‘2)x1) if x,>x,

. ( @17%
\
\

Properties of this distribution are given in Johnson and

Kotz (1972).

Marshall and Olkin and a Related\Distribution
The distribution of Marshall and Olkin (1967a) has

survival function

?(tl,t2)= P(T,>ty, Ty>ty) = exp(-A ty-Ayty -2 max(t,,t,))

for t1>0, t2>0,

where 11, Az, A12 are nonnegative. This distribution is
derivable from 1) a fatal shock model, 2) a nonfatal .shock
model, and 3) a loss of memory model. For details on these
models and for properties of this important distribution see
Johnson and Kotz (1972) and Barlow and Proschan (1975). Esti-
mation and testing for this model have been carried out in
Bennis, Bain and Higgins (1972), Bhattacharya and Johnson
(1973) and Proschan and Sullo (1975). A more general version

of this distribution is given by Marshall and Olkin (1967b).
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A recent characterization of this distribution due
to Block (1977a) is that (T1»T2) has this distribution if
and only if T1 and T2 are marginally exponential and
min(Tl,Tz) is exponential and independent of Tl'TZ' Other
characterizations of this distribution are given in Galambos
and Kotz (1978) and in Basu and Block (1975).

A distribution which is closely related to the
Marshall and Olkin distribution has been studied by Block
and Basu (1974). It is also closely related to the Freund
distribution and can bte obtained from the interpretation
of Freund's model given previously where the affect of one

component on the other is a strain,i.e.,a1<ai, 0o <aé. For
A

the choice a, = "1”‘12(7\'1%'2‘)' oyt = A *hyy, Ay *2”12(71%2')
and a2'= A2+A12 in (1) where xl, Xz, ‘12 are nonnegative and
x1+x2 >0, the distribution is obtained. It turns out that
this distribution is also derivable from a loss of memory
model similar to that of Marshall and Olkin. Furthermore
this distribution is the absolutely continuous part of the
Marshall and Olkin distribution. It should also be noted
that the lifetime of the two organ system of Gross, Clark
and Liu (1971) and also of the two organ subsystem of
Gross (1973) is a special case of the maximum lifetime of
this distribution. See the original paper for details,
estimation and other properties. Estimation and testing

have also been carried out by Mehrotra and Michalek (1976)

and by Gross and Lam (1979). The latter authors consider an




application of this distribution to bivariate relapse

times for patients receiving different treatments.

Friday and Patil Distribution

Proschan and Sullo (1974) briefly suggest a model
which incorporates both the Marshall and Olkin and the
Freund distributions. Friday and Patil (1977) pursue the
idea of a distribution containing these two distributions
still further. They develop a simil#r although more general
distribution than that of Proschan and Sullo which is de-
rivable from (1) a threshold model, (2) a gestation model
and (3) a warmup mode;. The survival function can be

written as
F(xl,x2)==aoFA(x1,x2)4-(1-a0)Fs(x1,x2) (2)

where FA(xl,xz) is given by (1), i.e. the Freund distri-

bution, and
Fs(xl,xz) = exp(-(u1+a2)max(x1,x2)) if x1>0, xz\O

It is clear that for ag = 1 equation (2) gives the Freund dis-
tribution. It should be noticed that this equation is of

the form of the Marshall and Olkin distribution (see

Theorem 1.5, Chapter 5 of Barlow and Proschan (1975)). The
choice of parameters ajy= (>\1+)\2)(.\1+\2+\12)'l where 1,°0.
A2>0 and A12>0 and ay, al', Ay, “2' as chosen for the Block
and Basu distribution in a previous section yields the
Marshall and Olkin distribution.

Also contained in the paper of Friday and Patil is

e




a nice summary of the relations among the various dis-
tributions just discussed. Also discussed are trans-
formations from independence for the distribution and

computer generation and efficiency for this distribution.

Downton Distribution

This distribution is a special case of a classical
biveriate gamma distribution due to Wicksell and to Kibble.
See Krishnaiah and Rao (1961) for a discussion of this gamma
distribution and references. Downton (1970) developed a
model which gave rise to this bivariate exponential distri-
bution and proposed its use in the setting of reliability
theory.

An interpretation of this model, which is due to

Arnold (1975b) is presented here. Consider a two component
system where the components are each subjected to nonfatal

shocks which occur according to two independent Poisson ‘i

processes. Assume the processes have rates (1—o)uIl

and
(l-o)u£1 respectively where 0<o<1, O<u,, O<u,. Let "

{xij};;l’ i=1,2 represent interarrival times for each of

the two processes. Assume that each component fails after *

Nl and N2 shocks respectively where leNZEN is a geometric

random variable with parameter l-o (1.e. P{N=n}=cn'L(1-o),

i
n=1,2,...). The times to failure of the two components E
are then given by |

N Y,

(Vo ¥,)=(}
1'12 &

xil’ ' ). (3

1




By conditioning on N and using characteristic functions

it is easily seen that (Yl,Yz) has density

e ts Nietp)
HqM - 2/pu usy Y
t(y,,¥9)= —2e 170 p (12172, (4)
1'Y2 1o 0 o

for y1>0, v5>0

where Iy is the modified Bessel function of the first
kind of order 0. This is the bivariate exponential distri-
bution given by (2.10) of Downton (1970).

Downton also shows that if instead of NIENZEJ in his
derivation (and equivalently in the above derivation) we
let(Nl,Nz) assume various other bivariate geometric distri-
butiong a distribution of the same form as (4) is obtained.

As mentioned initially the above distribution can be
obtained as the special case of a particular bivariate
gamma distribution. This distribution is obtained as follows.
Let (Xl’Yl)’(XZ’YZ)""'(Xn’Yn) be iid bivariate standard

normal distributions with correlation p. Then

has a correlated bivariate gamma (chi-square) cdistribution.

For the case n=2, a distribution of the form (4) is obtained.

Hawkes Distribution
The bivariate exponential distribution of Hawkes (1972)

is obtained from the same model as that of Downton. The




only difference is in the choice of the bivariate geometric
distribution (NI'NZ)' This bivariate geometric distribution
which was derived by Hawkes was derived independently by
Esary and Marshall (1973) and by Arnold (1975a). The model
given here is from the Esary and Marshall paper.

Consider two devices which receive nonfatal! shocks
at discrete time periods labeled by the positive integers.
The occurrence of these shocks is independent and at each
cycle there is a probability P11 that both devices survive
the shocks, probability Plo that the first survives but
the second does not, probability P01 that the second survives
and the first does not and Pyo that both devices fail. Then

letting N, be the number of shocks to failure for devices

i
i=1,2, and conditioning on the occurrence of the first cycle,
as in Arnold (1975b), it is easily seen that the characteristic
function ¢(t1,t2) satisfies

it,+it

This is essentially the characteristic function equation of
Paulson and Uppuluri (1972b) and is easily solved (i.e.
take t1=0 and solve for ¢(0,t2), then for 5(t;,0) similarly,
then for ¢(t1,t2)). The bivariate distribution which has
this characteristic function is given by
- n n,-n
P(N1>n N,>n

M .
1'N270g) = [ P11 (Po1*Pyy) if ny<ny

R -y
P11 (Pyo*Py1) if np<ny,

1-un-n-nu--nu--n--nun-IIﬁil.ﬂlllﬂilﬁﬂﬁﬂﬁiﬂﬁﬁl“

L5
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Using this distribution in the model of Downton, Hawkes
in slightly different notation (i.e. pij=pji for all
i=0,1, j=0,1) obtains his distribution. By taking
p01=p10==0 it can be seen that N15N2 and so the Downton
distribution is a special case of Hawkes. The resulting

transform is given in Hawkes (1972) along with some

properties.

Paulson Distribution
Paulson (1973) derives a bivariate exponential dis-
tribution through acharacteristic function equation. This
equation is the generalization of a one dimensional character-
istic function equation which arises from a compartment
model (see Paulson and Uppuluri (1972a)). A generzlization
of the compartment model also leads to the bivariate equation.

The bivariate equation is given by

= r ~

where poo*Po1*P19*P11 = 1) P1g*Pyy <1s Poy*Pyy<1 and ¥(ty,t5) =
T . -1 .

‘il—leltl)(l-leztzi_ . Then solving for ¢(t1,t2) in the
above equation leads to the bivariate characteristic function

s » -l . -1
3ty tg) = [(1-18;t1)(L-18,t,) P11] MPoo*Pyo(L-iugty)

. -1
Poy (L-1iuyty) :(

+

_ -1 - -1

where 1y = 9, (pPyotPgy) ~ and uy = 8,5(pyo+pyg) -
It can be shown that this is exactly the form of the
Hawkes distribution and henceforth we will refer to this

distribution as the Hawkes-Paulson distribution. Fotr
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properties see Paulson (1973) and Hawkes (1972).

Arnold Classes
In describing these classes Arnold uses what he
calls a generalized multivariate geometric distribution.
It is easily seen that this is a reparametrized version
of (8) in the bivariate case. Thus we let (NI’NZ) be the

bivariate distribution given by (6). Then Arnold's bi-

variate classes sgz) consist of the random variables
Tr, t
(Y,,Y,)=( X.., X.5)
11720 g2 T oy i
where (Xil’xiz) for i=1,2,... are bivariate iid rvs with
(2)

(2)
0

distributions in € for n>1 and where ¢ consists of

n-1
(X,X) where X is exponential. Clearly the marginals are
exponential for all the classes. It also is not hard to

show that €§2) contains the pair of independent exponentials
(see Arnoid (1975a)) and also contains the Marshall and

Olkin distribution (see the nonfatal shock model discussed

in Barlow and Proschan (1975)). Furthermore, it follows

from the derivations given here of the Downton and the Hawkes

éz) since e§2)

distributions that these are contained in ¢
contains the independent exponentials.

The Arnold classes of distributions have been described
using the characteristic function equation approach of

Paulson and Uppuluri (1972b) and Paulson (1973) in Block,

Paulson and Kohberger (1975). In this latter paper the

characteristic function equation approach has heen used to
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derive properties of the distributions in this class,
including descriptions of the standard distributions in

the class, infinite divisibility of the distributions,
moment properties and asymptotic properties. These results
are summarized, without proof, in Block (1977b), in which
it is also shown how the distributions in the class lead

to multivariate shock models of the type studied in the

univariate case by Esary, Marshall, and Proschan (1973).

2.3. Multivariate Exponential and Related Distributions

Most of the bivariate models in the preceding section
have multivariate (n>3) analogs. In general the idezs are
similar to the bivariate case, but the notational complexity
is greatly increased. Without giving many details, we will
briefly discuss the multivariate situation.

The Freund distribution has been generalized to the
multivariate case by Weinman (1966) but only for identically
distributed marginals. See Johnson and Kotz (1972) for
details concerning this distribution. Block (1975) has
considered a generalization of the Freund distribution for
the case when the marginals need not be identically distributed
as well as generalizing the Block aﬁd Basu (1974) and the
Proschau and Sullo (1974) models in the same paper.

Generalization of the Downton (1970), Hawkes (1972)
and Paulson (1973) distributions implicitly exist within the
framework of the general multivariate gamma distribution of
Krishnamoorthy and Parthasarathy (1951) (see also Krishnaiah

and Rao (1961) and Krishnaiah (1977)) and also within the frame-
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work of the Arnold classes. A specific parametric form
has been given in Hsu, Shaw and Tyan (1977).

Recently a multivariate exponential distribution
has been proposed by Bryant (1979) which arises in the

context of certain cycling systems.

2.4, Multivariate Gamma Distributions

Unlike multivariate exponential distributions multi-
variate gamma distributions have a long history and many
of their distributional properties have been discussed in
the literature. A good reference for these distributions
and their properties is Johnson and Kotz (1972).

Krishnaiah (1977) has specifically discussed multi-
variate gamma distributions in a reliability setting. In
that paper, Krishnaiah discusses the distributions of order
statistics and linear combinations of variables from
various multivariate gamma distributions and their use in
the area of simultaneous test procedures. Furthermore
he discusses multivariate distributions arising from mix-
tures of distributions of type similar to those encountered
in the models of Downton (1970), Hawkes (1972), Arnold (1975)

and Block (1977).

2.5, Multivariate Weibull Distributions

Multivariate Weibull distributions were discussed by
Marshal!l and Olkin (1967a) in the context of their dis-
cussion on multivariate exponential distributions. Speci-

fically they define a multivariate Weibull distribution by
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assuming (Tl""'Tn) has their multivariate exponertial

distribution and then considering

1/0q 1/0.2 1/(1n
(T1 y o ..,'I‘n ) = (T1 , T2 . ..,Tn ) (7)
where ai>0 for i=1,...,n which then has univariate Weibull

marginal distributions. This procedure certainly could be
extended for any multivariate exponential distribution.
Moeschberger (1974) has studied bivariate Weibull distri-
butions of this form, deriving properties and discussing

maximum likelihood expectation.

David (1974) and Lee and Thompson (1974) have intro-

duced multivariate Weibull distributions of the form (Tl,...,

= + e {
Tn)-)\wilgge T, min(UJ. icJ), ¢#JC{1,... n}, P‘UJ>x}
=e J , x>0 and U, are independent - These distributions

J

need not have Weibull marginals if the ajy are not all equal.
Arnold (1967) has also considered Weibull distributions of
a similar form, but his restriction that they belong to an
additive family forces 1;=a for all J. Thus these distri-
butions are also of the form (7).

Recently Spurrier and Weier (1979) have modified the

Freund model using Weibull instead of exponential distributions.

3. NONPARAMETRIC CLASSES OF DISTRIBUTIONS

Various classes of distributions which describe the
way in which component lifetimes wear out have been dis-
cussed by many authors. The most important of these classes

are 1) the increasing failure rate (IFR) class, 2) the increas-
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ing failure rate average (IFRA) class, 3) the new better
than used (NBU) class, and 4) the new better than used in
expectation (NBUE) class. These have been extensively
discussed in the literature. The case where the lifetimes

are independent (which we call the univariate case) are

discussed in the book of Barlow and Proschan (1975) and
also in the expository paper of Block and Savits (1980).

The case where the components are dependent (called the

multivariate case) has also been discussed in the latter paper.

but since the development in the field is so rapid many

new results have appeared since this last mentioned paper.
We give a brief introduction to the univariate case, some '
background in the multivariate case and then outline the ‘

most recent developments.

3.1, Univariate Classes
The most prominent of the nonparametric classes used
in reliability theory is the class of distributions which
have increasing failure rate. See Block and Savits (1980)
for background and motivation for this class In the
following we let T be a random variable with distribution |
function P(x) such that F(0)=0 (the usual assumption is
F(0") =0, but for the purpose of exposition we use the
above) having density f(x) (if it exists). We say F has

increasing failure rate (IFR) if the survival function

F(x)=P{T>x} satisfies
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B(x+t)  jecreases in x>0 for t>0 (8)
F(x)

or equivalently (if the density exists)
f(x)
F(x)

r(x) = increases in x>0,

A distribution F has increasing failure rate average

(IFRA) 1if

F(at) > P%(t) for all O<a<l and all t>0

or equivalently (if the density exists)

t-l(fg r(x)dx) 1increases in t>0.

Another equivalent formulation (see Block and Savits (1976))

is

f;ha(x/z)dF(x) 3_(f8h(x)dF(x)}‘l for all O<as<l (9)

and all nonnegative increasing functions h.

A distribution F is new better than used (NBU) if

F(x+t) < F(x)F(t) for 111 x>0, t>0. (10)

A distribution F is new better than us2d in expectation

(NBUE) if

J:F(x)dx < uP(t) for a1l t>0

where u= fg?(x)dx is finite.

Dual versions for all the above definitions exist bv

reversing the monotonicity or the inequality. Since the

id

|
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treatment of these concepts is similar we shall omit it.

3.2. Multivariate Classes

As in the parametric case many multivariate exten-
sious are possible. Many versions of multivariate IFR,
IFRA, NBU and NBUE have been proposed. Pr various IFR and
IFRA extensions see Marshall (1974) and Esary and Marshall
(1979) respectively. In the following we discuss the

particular multivariate IFR and IFRA notations which at

this time appear to be the most important ones. Various

multivariate concepts of NBU and NBUE are given in Block B
and Savits (1980). As of yet, no clear favorites have ’
emerged but there have been several recent papers on this L
subject. We shall attempt to describe some of this devel- ¥

opment. In the following we let F be the multivariate dis-

tribution of the random variable T= (Tl""'Tn) which is
assumed to satisfy F(0) = F(O,...,0) =1 where we let FCo)
= ?(tl,...,tn) = P(Ty>ty, ... T ot ). 'f
The distribution F is said to be MIFR if ?
_ |
F(x+tl) t4
— decreases in x20 for all t>0 (11)
F(x) T
where 1 = (1,...,1).

This generalizes (8) and has many important properties !

(see Block and Savits (1980)). Various variants cf this

condition are possible (see Marshall (1979)) but the above

version best captures the intuitive idea of the model that
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components in the same environment run for the same
time (i.e. t, = t2= .o -tn = t) but may be of different
ages (i.e. x= (xl,...,xn)). This concept also satisfies

many of the important basic properties that one would
expect of such a multivariate generalization. See Chapter
S5 of Barlow and Proschan (1975) for the statements and
proofs of these properties.

The concept of multivariate IFRA which we now dis-

cuss is a generalization of (9). We say P is MIFRA if

E*[(n(T)) < E[b*(T/a)] for all O<acl

and for all continuous nonnegative increasing functions

h. Recall that F is the df of T. A distribution satisfying
this conaition has all of the properties one would expect
of a generalization of the univariate IFRA concept. See
Block and Savits (LY79b).

Esary and Marshall (1Y79) have proposed various other
concepts of mulitivariate IFRA, many of them having intuitive
appeal. Unfortunately all of them fail to satisfy at least
one of the basic properties which the MIFRA distributions
possess. This is demonstrated in Block and Savits (1978b).

Block and Savits (1v¥80) describe a wide varietyv of
possibie definitions for both the concepts of multivariate
NBU and mulitivariate NRBUE. Some of these were definitions

given by Buchanan and Singpurwalla (1Y77), others were based

on the multivariate IFRA concepts of Esary and Marshall
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and still others were based on Laplace transform character-
izations of NBU and NBUE which appeared in Block and Savits
(1Y79a) and on other characterizations of NBU and NBUE which

appeared in Block and Savits (1973a). At the time the paper

of Block and Savits (1Y80) was written the only thing that was

clear was that many multivariate NBU and NBUE concepts were
possible. Since then some order has begun to appear in
this field.

Marshall and Shaked (19/9) introduce a compelling
concept of NBU. ‘his definition is that a random vector

T=(T,,...,7,) is multivariate NBU if
P{? e (a+B)A} < P{?e aA}P{T ¢ BA} for all x>0, B8>0 (12)

and all upper (or increasing) sets A in r". (A 1s an upper
set 1if Xe A and x<y imply ye A). It is clear that this 1s
a general version of the type of definition studied by
Buchanan ana Singpurwalla (1977) and very recently by

Ghosh and Ebrahimi (19%0), i.e.
?(§+¥) < F(§) F(y) for all x>0 and y>0 - (13)

where X and y are perhaps further constrained. Furthermore
Marshall ana Shaked have four alternate characterizZations
of (12). Several of these involve the concept that ? is
multivariate NsBU if ana only if g(T) is univariate NBU for
all g of a certain type. Many other properties are proven.

The classes of mulitivariate NRU and NBUE introduced

by Buchanan anda Singpurwalla (1lY77), where the NBU distributions

P
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are defined by properties which are cases of (13) and the
NBUE distributions are integrated versions of these, have
been further studied by Ghosh and Ebrahimi (1Y80). These
authors study the relationships among these definitions
(and some variants of them), their properties and also
demonstrate how some multivariate shock models give rise
to them. They also make connections with some of the
IFRA concepts. Griffith (1979Y) has also considered muliti-
variaté shock models leading to some of these concepts.
, A recent paper by El-Neweihi, Proschan and Sethuraman
| (1Y80) discuss the multivariate class which arises as |
minimums of independent univariate NBU random variables. '4
These distributions arise in the same way as the Marshall
and Olkin distribution and also in the same way as one of
the definitions of mulitivariate IFRA (i.e. Condition C)
of Esary and Marshall (1979Y). These have properties similar
to those of distributions with exponential minimums studied i
by Esary and Marshall (1979). Various relationships and i
properties are given. One of them is given that T=(T1""’Tn) :
has this NBU property then it has the Marshall and Olkin
distribution if and only if, for example, m;n T. is exponen-
tial. Relationships are given between tnéisggsent de-

finition and various other definitions.

3.3 Processes
The concept of a one dimensional stochastic process

being of a type described by one of the four classes has
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been proposed by Ross (1¥79). Essentially he has discussed
processes which are decreasing (or increasing) and whose
first entry times into a state are all IFRA. For these
processes, which he caltls IFRA processes, he proves a clo-
sure theorem. He also studies NBU processes. NBU
processes are also considered by El-Neweihi, Proschan
and Sethuraman (19/8) who also prove a closure theorem.
Extensions of Ross's ideas to multivariate processes
have been accomplished by Block and Savits (197Yc). These
authors study several types of multivariate processes
having IFRA type properties.
Hecently Arjas (L1979) has considered IFR processes.

He has discussed both the univariate and multivariate cases.
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