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g, ™ FOREWORD :
‘ ' This report documents an evaluation of statistical fracture theories I
as applied to aerodynamic heating of full-scale seeker domes. Dome 1

fracture data obtained from aerodynamic heating tests of magnesium 4 i

fluoride domes were used to evaluate these fracture theories. The work F B
was performed during fiscal years 1978 and 1979.

This effort was supported by the Maval Air Systems Command (NAVAIR)
and executed by the Naval Weapons Center (NWC) under the Strike Warfare
Weaponry Technology Block Program under AirTask AQ3W-03P2/008B/8F32-300-
000 and 9F32-300-000. This AirTask provides for continued exploratory
development in air superiority and air-to-surface mission areas.

Mr. William Volz (AIR-320C) was the cognizant NAVAIR Technology Ad-

ministrator.
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Technical Dirvector i
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(U) Four statistical fracture theories are applied to the problem of
infrared dome fracture in an aerodynamic heating environment. Theoretical
g fracture predictions are compared with time-to-fracture data obtained for
- full-scale magnesium fluoride domes in an aerodynamic heating environment.
The surface-distributed flaw theory of Batdorf proves to yield the most
~ accurate predictions of the probability of dome fracture.
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INTRODUCTION

The launch envelopes of heat-seeking missiles used on current combat
aircraft are frequently restricted by the thermostructural limits of the
infrared (IR) dome used in the seeker system. These limits are derived
from the predicted fracture of the ceramic materials used in IR dome
construction. In general, ceramics are brittle materials that exhibit a
wide range of fracture strengths under apparentlv identical loading con~
ditions. Consequently, unrealistically severe missile launch envelope
rescrictions are imposed on the aircraft in order to compensate for the
uncertainties in the dome fracture strength.

The results of a previous investigation1 gave indications that better
definition of such launch envelope restrictions could be achieved through
the use of the statistical fracture theories of WeibullZ>3 and Batdorf.4,5
The limited amount of IR dome fracture data extant at the time of this
previous investigation prevented a comprehensive evaluarion of these
fracture theories. In addition, the mathematical details required to
urilize material fracture statistics from a varietv of fracture strength
test methods were not vet developed for the Bartdorf theorv. The current
investigation extends the usefulness of the Batdorf theorv bv develoring
these mathematical dezails for three commonlv emploved strength test
methods.

lw R Compton. Application of Statistical Fracture Criteria 0 the Problem of Predicting Infrared
Dome Thermal Shock Failures. China Lake, Calif., NWC, January 1978. (NWC TP 6010. publication
UNCLASSIFIED.)

2 W, Weibull. “Statistical Theory of Strength of Materials,” Ing. Verenskaps Akad. Handl., No. 151.
45 pp (1939): Ceram. 4bstr., 19{3] 78 (1949) "

3 W. Weibull. “Statistical Distribution Function of Wile Applicability,” J. Appl Mech.. 18[3]293
(September 1971)

4 The Aerospace Corporation. Fracture Statistics of Brittle Materials with Intergranular Cracks. by
S. B. Batdorf, El Segundo, Calif., 10 October 1974, (SAMSO-TR-74-210. publication UNCLASSIFIED.)

5 . Fracture Statistics of Isotropic Brittle Materials with Surface Flaws, by S. B. Batdorf. El
Segundo, Calif., 3 December 1973. (SAMSO-TR-73-378, publication UNCLASSIFIED.)
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Fracture statistics for IR dome materials are usually determined
from flexural tests of small laboratory material specimens. Such material
specimens frequently do not have the same internal grain structure or
external surface preparation that exists for an IR dome. Consequently,
any difference in the method of fabrication between the small material
specimens and an IR dome mav vield erroneous fracture statistics for the
dome. Two sets of fracture statistics for the material magnesium b4
fluoride (MgF)y) were used in this investigation in order to explore this
problem area. One set of fracture statistics was obtained from four-
point bending testsb® of specimens with surface scratches less than
6(10)~4 inch deep (15 um) and another was obtained from concentric ring
bending tests’ of specimens with surface scratches less than 4(10)~53 inch
deep (1 um). Both sets of material test specimens were fabricated from
MgF, plate stock.

The objective of the present investigation was to obtain a comprehen-
sive evaluation of the aforementioned fracture theories by direct com-
parisons with full-scale IR dome fracture statistics. The frac:ture
statistics for IR domes were obtained by subjecting thirty MgFy domes to
the same simulated free-flight thermal environment of the NWC T-Range
hot gas facility. The statistical fracture theories were evaluated by
comparing the predicted and observed probabilityv of dome fracture as a
function of time after the simulated missile launch.

DOME FRACTURE TESTS

Fracture data for IR domes were obtained at the NWC T-Range hot gas
facility bv subjecting 30 MgFy domes (Figure 1} to a thermal envircument
simulating the free-flight profile shown in Figure 2. The T-Range
facility utilizes an axial flow provane burner in a blowdown wind tunnel
to produce free-flight aerodynamic heating levels. The MgFp domes weare
mounted in the free-jet issuing from a convergent-divergent nozzle as
shown in Figure 3. The free-flight thermal environment was simulated bv
varving che total pressure and temperature histories in the T-Range
facility in such a way as to match the total ccnditicns on the dome during
free-flight (Table 1). The range of total pressure and temperature pro-

’ -

files actuailyv observed during the test series is shown in Figures 4 and 5.

6 Naval Weapons Center. Report of Modulus of Rupture Tests on Magnesium Fiuoride IR Dome

Material, by R. L. Smith. China Lake, Calif., NWC. 8 August 1972, (Reg. Memo 4062-010-73. -
UNCLASSIFIED.)
[ S—— . Unpublished test data for fracture strength of magnesium fluoride discs subjected to

con:entrie ring Joading, by R, J. Schiltz and G. A. Hayes, China Lake. Calif.. NWC, ]975,

4




NWC TP 6226

CALORIMETER DOME

MAGNESIUM FLUGRIDE 304 STAINLESS STEEL

FIGURE 1. Magnesium Fluoride Dome Geometry.

The variation of the aerodynamic heat transfer coefficient with time
and dome streamwise position was determined from the thermal response of
a calorimeter dome constructed from 0.060 inch thick 304 stainless steel
(see footnote 1). The neat transfer coefficient variation with time and
dome streamwise position is shown in Figures & and 7. The heat transfer
levels obtained in the free jet were found to be more severe than those
encountered during free flight. This was due to the high turbulence
levels inherent in the T-Range facility. The stagnation point heat
transfer coefficient was roughlv 407 higher than expected during a
missile free flight. In addition, boundarv laver transition occurred
much closer to the dome stagnation point than would be expected during
free flight.
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TABLE 1. Simulated Free-Flizht Conditions.

6.131 IN. >
IR DOME
OGIVAL AIRFRAME T
SECTION 3.700 IN.
&— - - - i—-&—
-

Free~-flight conditions

T-Range nozzle exit conditions

P P
t, Mach P, T, t,’ Mach P, T, t,’
t t 2 t t 2
sec no. psia °R psia no. nsia °R psia
0 2.25 51 8§28 31 2.54 64 828 31
1 2.64 93 981 41 2.3 86 981 41
2 3.06 178 1170 55 2.53 114 1170 55
3 3.49 336 1386 71 2.52 147 1386 71
4 3.90 602 1613 88 2.51 182 1613 88
5 4.20 910 1791 102 2.50 210 1791 102
6 3.84 554 1579 85 2.31 176 1579 35
Pt = Total pressure upstream of normal shock
Pt = Total pressure downstream of normal shock
ol
Tc = Total temperature
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Temperature and thermal stress levels within the MeF> domes during .
rhe simulated free flight were predicted from thermal and stress computer ‘
models8,9 (see also footnote 1), and the observed total temperature and
heat transfer coefficient profiles. The accuracv of the computer models
have been verified experimentally in an earlier investigation (footnote 1).
The predicted thermal stress profile corresponding to the time variation
in facilicv total pressure and temperature is shown in Figure 3 for the
dome stagnation point. The predicted streamwise vdariation of thermal
stresses in the dome at the end of the free-flight boost phase is shown
in Figure 9. It was found (see footnote 1) that the meral dowme housing
could be idealized bv a simplv supported dome rim with small lcss of
accuracv, The predominant effect of the housing on rhe dome stress dis-
tribution was to change the dome temperature distribution locall-. .

All of the MgF» domes fractured during the free~flight aerodvnamic
heating stimulacion. Time to dome fracture after rhe simulated missile
launch was obtained from 400 frame/second camera records of each dome
test. The probability of MgF? dome fraccture as a function of rime arter
simulated missile launch is shown in Figure 10. All domes vere supje-red
to a thermal environment corresponding to the Mach 2.25 launch :ondition
for a minimum of 20 seconds prior to the start of the simuiarted free 7lignrc,
NHote that 50% of the domes failed within 4.5 seconds (Figure 10) a4t a
corresponding stress of less than 10,000 psi (Figure 8). The published
value of rhe mean fracture stress obtained from small! material specimens
is on the order of 20,000 psi.lo

WEIBULL FRACTURE THEORY

The fracture theorv developed hv Weibull (see footnote 2) assumes
that fracrure occurs when the tensile stress exceeds the streng:th »f the
weikest [l'aw present in a marerial sample. It is further assumed °rar the
flaws (type unspecified) occur in 4 manner such that the nrobabiiit: of
fracture for the brittle material is described bv the expression:

g - O'u
Pf =1 - exp -j = dn
n )

8 Naval Weapons Center. Aerodvnamic Heating of Sphericallv Tipped Cylinders, Cones and Ogives
Using the GGeneral Thermai Anaivzer SINDA, by W. R. Compton. Cluna Lake, Caiif.. \WC. June 1674
(NWC TN 4061-172. publication UNCLASSIFIED.)

9 The Aerospace Corporation. SAAS-{II Finite Element Stress Analvsis of Axisvmmerric and Plane
Solids with Different Orthotropic, Temperature-Dependent Material Properties on Tenston and Compress-
sion. by R. M. Jones and J. G. Crose. Los Angeles. Calif.. June 1971. ({TR-0039 (56816-33)-1. publication
UNCLASSIFIED.)

10 The Eastman Kodak Company. Kodak Irtran, Infrared Optical Matertals. 197 1. (Kodak Publication
(.72, UNCLASSIFIED)
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where
Pf = probability of fracture
J = applied tensile stress
a, = tensile stress at which Pf =0
g, = a scaling parameter
m = a flaw density paramecter
n = either the surface area or the

volume of the material

= g

The parameters G, J,, and m are determined by a least-squares fit of
the fracture strength data obtained from flexural strength tests (see
footnote 3). The values of O, and m for MgF, have been determined

"0

using Weibull's two-parameter (¢, = 0) method using the expressions below.

N y N
PR DI NEE I IS & &
- b=l n=1 n=1
N 3 N
2 x|l - X
n=1l n=1
N, H &
\[L Z lh - Z x Y
_ o=l n=1 n=1
¢= N N 2
NY X - X R
n=1 a=]
-2 1 v
5, T expy— in 5 = in (m+ 1) - C]l
1 LH l
o1 = —_— )J \ ————
o exp n [ n Ly + e Ch
m
v 3
s = - X - ——————————e | ——
P = in(l - P,) aCRmY (yj) )
M
% = - B - o LH .;.__.
P = in(1 - P.) [u. * (\70)
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where

H = material specimen thickness parallel to the applied load
(Figure 11)

L = material specimen length between supports
V = material specimen volume between supports

W = material specimen width normal to the applied load

X = ino
n n
n+1
Yo = indn o

n = number of material specimens that failed at a maximum tensile
strength of on or lower

N = ‘otal number of material specimens tested

. th . .
J =~ maximum tensile stress at fracture for the n  material specimen

P = probability of survival

S
* LOAD LOAD
R
[ AR Ox

UNIAXIAL TEST SPECIMEN

RING LOAD LOAD RING

\ SUPPORT
RING

SUPPORT RING
EQUIBIAXIAL TEST SPECIMEN
FIGURE 11. Material Specimen Geometry.
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A summary of values for the Weibull parameters obtained for MgF, is
given in Table 2. The fracture datab® are the data obtained from flexural
strength tests of material specimens with surface scratches less than
6(10)=% inch (15 um) deep. A comparison of the results of the least-
squares approximation and the fracture strength data is shown in
Figures 12 through 16.

The probability of fracture for a given dome geometry is determined
as follows:

1. The temperature distribution within the dome is determined as a
function of time.

2. The thermal stresses within the dome are determined at a partic-
ular time from the temperature distribution and a finite-element stress
analysis.

3. The probability of survival, Pg =1 - Pe, is determined for
each volume (surface) element (An) in the stress model bv using the
maximum principal stress (tensile) in that element (J), and the approxi-

mation,
o m
7y« o - onfEY]

4, The probability of dome survival is then determined for that
particular time byv taking the product of the individual volume (surface)
element probabilities of survival.

Weibull's method is widely used to pradict brittle material fracture.
There is, however, no theoretical +wav of c¢monstrating that the method
is valid for materials that exhibit large fracture strencth dispersions.
Batdorf (see footnote <) has demonstrated analvricaily that the phvsical
model implied by Weibull's method is not satisfactorv when the fluw
censitv parameter, m, is greater than six.

TABLE 2. Uuiaxial MgF, Fracture Data.

Temperature, Volume theory, Surface theorv, 1 a
°r 5, psi I, psi | -
s} o |
-
75 7,507 19,814 ? 8.3
250 10,152 19,897 12.78
500 8,625 20, 302 | 9.77
750 4,470 20,371 i 5.12
1000 2,279 17,269 3.75

18
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BATDORF FRACTURE THEORY

VOLUME-DISTRIBUTED CRACKS

the flaws existing within a brittle material are penny-shaped intergranular

cracks. In addition, Batdorf devised a means of accounting for the effects

The fracture theory developed by Batdortf (footnote 4) assumes that

of crack orientation on the probability of fracture in triaxial stress

states.

Batdorf arrived at the following expression for the probability

of survival for a small volume element at a uniform stress state:

wnere

where

inP
)

M

_fdvf:’,' dM do
4T do d
c
Y
-fd\fﬁ dM

)
- AV [i= dM
a4

[0

probabilitv thar a crack of critical strenzsh - for less) is
. ;o C
present in the volume element (V)

probabiliry that the crack is oriented in a direction such that
the sctrac acrmal to rthe crack plane enceeds the crivics!

crack scrength

crack cricical strength

The probabilitv that the crack is oriented in a direction thac will
result in fracture is determined from the expression,

-
5
2
v 2
— =1 -= cost dbd
-+ Il [
o
N
" K - |K - (Kv - Kz)iln 1
- . . . .
cos” B o= - (shear insensitive cracks)

1 - [K - (K = K )sin” ?l
v v z
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) 2 2

K; - [KV - (K = KZ)Sin' D,-

= 34 (shear sensitive cracks)
1

- [Ky - (Ky - Kz)sin2 Q]z

5 /o
zZ X

angle between the component of J

\ in the Gv - gz plane
and the UV axis (Figure 17) - -

angle between O_ and the Ox axis

N

stress resulting from the principal stresses in a
direction normal to the plane of the crack

principal stress in the x direction

principal stress in the y direction
priacipal stress in the z direction

9,

O

FIGURE 17. Volume-Distributed Crack Coordinate System.
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sctates:
Shear Insensitive Cracks

(K =0, K =0

v z
3 AR
\\%
5 . (ky =1, Kz =0
Y
7 TV T K
+
\C
i (K, =1, K =1)
*
{ Q
3 E_.'=l
. . (K = K. = K,)
| :_ _|, (1 - KV)(AC - kz)
4w

QA KC)(Ky - KZ)

(1 = E)(K - K)
v Ind Z
T (1 - kc)(Ky - Kz)

(¥

= 1-]1

—ajr
|
-~

_(1‘Kc)(Kv-KZ) K. - K
O -X){E -K)
4 [ A

) (1 - KC)(Kv - Kz)

= e sin”
T (1 ky)(kc kz)

*See Appendix A.
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The preceding integral has been evaluated for the following stress

(uniaxial)

(equibiaxial)

(equitriaxial)

triaxial)®

(criaxial)*
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Shear Sensitive Cracks

z
8 . 1 -K (uniaxial)
4T c v xla

(Ky =1, Kz = 0)

Q , 2 . ;
A 1 - Kc (equibiaxial)

%7 =1 (equitriaxial)
Evaluation of the integral for /47 for shear sensitive cracks in a
triaxial stress state involves rather messy hyperelliptic integrals and

is best treated via numerical integration techniques.

If the critical crack strength parameter, M, is expressed as a

series,
n n ..n
M= a - = a T X
nc nsx c
n=1 n=1

then the probapility of survival can be determined analvticallv for the
tollowing special cases:

Shear Insensitive Cracks

n
mp_ = =V —-jESEL-— (uniaxial tension)
wnb o v 1 uniaxial, pure tensio

n=]
n
. v E : %1 n
‘nP_ = - 5] TSI ) (uniaxial, pure bending)
n=1
n

na ¢
y Vv cv s . .
LnPS = - —nm B(n,—) (equibiaxial, pure bending)
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Shear Sensitive Cracks

1 = -V —————— i i 3
nPS m+ D (uniaxial, pure tensicn)
n=1
n
\' andm
LnPS = - E —_— (uniaxial, pure bending)
< (n + 1)
n=1
v nang: n 3
Q, Z = - —— = 2 I3 : : 3
nPs A m+ 1 B (2,2) {equibiaxial, pure bending)
n=1
where
:m = maximum tensile stress

Beta function

The coefficients, a,, in the preceding series are determined from
material specimens by fitting a least-squares polvnomial to the fracture
data:

nP_ = In [N
s
i=1
If four-point bending tests have been used, for example, then the ag

coeificients can be expressed in terms of the 5, coefiicients of the
least-squares fit to the fracture data.

b
. a . . o
a = 2(n + 1)(2n + 1) v (uniaxial, shear insensitive)
2 bn
a = 2(n + 1) T (uniaxial, shear sensitive)

The probabilicy of survival of a material volume element in a triaxial
stress state can then be expressed,

W

3 Sl aeid <t AR

"

e
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where J, is the maximum principal stress (tension) in the volume element
and /47 is determined from the stress state that exists within the
element. The probability of dome survival is then determined in the
same way as described for Weibull's fracture theory.

The current investigation employed a simplified version of the above
equations. The analysis was constrained to using shear sensitive cracks
and the critical crack strength parameter, M, was simplified to

Ox g m
M= (m+ 1) el B
o}
where m and 0, are the Weibull parameters. The parameters, m and c, are
determined from the equations given in the section describing the Weibull
fracture theory. The parameter, C,, is determined from the following

relations:

g, = exp{ % nv - C]‘ (uniaxial, pure tension)
g, = exp{ % in g - in{m + 1) - C]} (uniaxial, pure bending)
T, = exp {% in % + dnm + 2n8<?;%>- Cll (equibiaxial, pure bending)

The probability of survival for these special cases then becomes,

RnPS = .V (;—) (uniaxial, pure tension)
o

X v g \" . ..
mPS = - ;?a—:—Ty (5—) (uniaxial, pure bending)

- o

n
ans = - %! B (%3%)(%—) (equibiaxial, pure bending)
- "o

and the probabilitv of survival for a volume element in a triaxial stress
state is found by numerical integration of the expression,

m
g

m
J
aP = &\ -—-—x m_/\ i
inP_ AV(im + 1) 5 Kz AV m(m + 1) ( >
° K

T —

BARE OO0 RGPS Vv

E
"é
g
|
i
§
|
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where /47 is evaluated for the stress state existing within the volume
element. The probability of dome survival is found bv the method pre-
viously described in the section on the Weibull fracture theory.

The simplified method described above reduces to Weibull's method
for uniaxial stress states, vet retains crack orientation effects on the
] probability of fracture in biaxial and triaxial stress states. In
4 addition, the least-squares curve fit of the material specimen fracture
N data is identical to that used in the Weibull theory for uniaxial fracture
1 "y tests. Consequently, the values for the parameters, m and Gy, shown in
5 Table 2 for uniaxial fracture data for MgF) can be used directly in the
" Batdorf fracture theory. Application of the simplified method to equibi-
axial fracture data (see footnote 7) for MgF; leads to the values for m
and 0, shown in Table 3. A comparison between the least-~squares fit
approximation and the equibiaxial fracture data for MgF, is shown in
Figure 18.

TABLE 3. Equibiaxial MgF, Fraccture Data.

TEeMPErature +e.eeessvoesass 75°F
Volume, 00 veeevaareseseass 6,524 psi
Surface, go tecanevseseenss 19,379 psi

L Cevietesaeee 4.318

SURFACE DISTRIBUTED CRACKS

The fracture theorv developed bv Batdort (foctnote 3) for surface
flaws assumes that such [laws are cracks oriented normal to the surface.
The effects of crack orientation on probability of fracture in a biaxial
stress state are also included in the thecry. The following expression
is used to determine the probability of survival for a small surface
area element in a uniform biaxial stress stace:

w dM
s -J-dAfF docdoc

‘nP

m«-».wmm-m
[ [
[ 1
. k__5
< 5
= L]
o “4lE
— [« %
a{e =
N—
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=
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i N -]
} o
: £ 40+
e 30
! 20
. 10 -
i
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' 0 -
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E. STRESS, PS! (THOUSANDTHS)
: FIGURE 18. MgF, Equibiaxial Fracture Statistics (T = 75°F)
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where
M = probability that a crack of critical strength J, (or less) is
present in the surface area element (AA)
W . ; . .
== probabiljity that the crack is oriented in a direction such
that the stress normal to the crack plane exceeds the critical
- crack strrength
OC = critical crack sctrength
Ty
The probability that the crack is oriented in a direction that will
. result in fracture is determined by setting 3 = 0 in the expression for
. 00326C in the section on the volume-distributed crack theory.
* sin 6 (shear insensitive cracks)
.," ¢
:
‘ sin Sc (shear sensitive cracks)

Since w must be equal to twice ec (Figure 19),

sin (shear insensitive cracks)

1t
[
i

i
[{
lllJ

(shedr seusitive crucks)

FIGURE 19. Surface=Distributed
Crack Coordinate System.

e
e

==1 (equibiaxial limiting value)
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If the critical crack strength parameter, M, is again expressed in
series form,

n 2 : n _n
M= ag = a g K
2 : nec nx ¢

n=l n=1

then the probability of survival can be determined analytically for the
following cases:

Shear Insensitive Cracks

top - - 2L e (L
lnPs - [(w + ] a o B ( 3 , 2)
n=1

(uniaxial, pure tension)

‘ __1*2: W+ —Lh nafm+1l 1
InPS = = [ W+ _— l] andm B ( 3 3 )
n=1

(uniaxial, pure bending)

ans = - A 2 anc; (equibiaxial, pure bending)

n=1

Shear Sensitive Cracks

: - - 2L z n n+1 1
waP_ o= - == W+ H] ancmB( o 3)
n=1

(uniaxial, pure tension)
1 LH
Q‘ = - = J
nPS ”Z [U\ + - 1
n=1

n n+1 1
oo (252 4)

(uniaxial, pure bending)

n e ,
?.nPs = - A E anﬁm (equibiaxial, pure bending)
[
n=1
The ag coefficients are again determined from a least-squares fit to the

fracture data. However, for the surface distributed crack theory, a
solution can be obtained for any biaxial stress state* from the following:

Shear Insensitive Cracks

*See Appendix B
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where
1 -1 -2cx - b 1
I == sin — (K < x<1)
R b - 4ac y- o T
K
v
< _b_ L
L=-2¢5 P
N _ (3b2 - aac) g:
. I, =- 5 IO !
= - 8o~
3ab 5b3
I3 = 5 = 3 Io
4e” l6c™
o S . (@2an-1) b (h -1 .
L Iy = n 3 -l n P
a
N a = =K
. ’
[ ¢ b =1+K
|
c = -1
" Shear Sensitive Cracks
f
] - 22 ) 1.
t LnPS ST on “n x Ta+l
: =1
:
: where
T G0 = (k)
6y =3
. 62 = z(k)

1
< N

G, = - % Kic(k) + 5[' s K2 e (k)
"4 3 3 L v
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- Qn+1) (2n +2).. . .2,
Can+4 (2n + 3) KYGZn (2n + 3)[l M r\yJG2n+2
= (n+1) 2 1 (2n + 3) 2
Conts v 2) 5%+l T2 Tttt KIG 4,
2 2
k* =1 -1
%

{

K(k) = complete elliptic integral of the first kind

e(k) complete elliptic intcegral of the second kind

If the above equations are derived in terms of the two Weibull para-
meters, m and O,, for shear sensitive cracks, then the critical crack
strength parameter, M, becomes

m

o)

Mo [x) g
m+1 1 a
B~——2 » 3 0

The parameters, m and ¢, are determined from the equations describing
Weibull fracture theory, and the parameter, O is determined from the
following expressions:

O

Q!

o, = {:nl- A - CI‘ (uniaxial, pure tension)
00 = {%1 (Lw + ;L.E—.l-) CH (uniaxial, pure bending)
B :n_+ l’ ;.
70=e*~:p%L al = ( 2-——?")—Cn
m T

(equibiaxial, pure bending)

The probability of survival for these cases then becomes,

m

SLnPS = - A (?-) (uniaxial, pure tension)

o)

LH s \" . .
QnPS = - LW + TF T (;—) (uniaxial, pure bending)
"o

A s\ s .

?mPS = - __(-WT—;—I—T (J—) (equibiaxial, pure bending)
B(—5—" =
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and the probability of survival for 4 surface eiement in a biawi.l
state is fcund bv numerical integracion of the expression,

kil 1 oM
_TiA ..m . om e . o=l ,
np = - /-—— ~ o= A —— — - ¥ av
s m l % o+ 1, 1 o :
B ') = T ( ) ") N

where w/7T is evaluated for the scress stute exiscing vithin -he surfice
area element. The probability of Jdome survival is chen determineae v
el the method previously described.

This simplified method reduces to Weibull's merhod
stress states and retains the effects 0f cruck orientacion in Hiaxial
' stress states. Values for the parameters, m uand I ., for ecuibilaxiel
fracture data are shown in Table 3.

for uniaxial

_ ‘C.
. RESULTS
K
. . The volume and surface distributed crack theories of both Weibull
: and Batdorf (simplified version) were applisd co the thermal stress
distributions in the full-scale, MgF, domes that were subiected to -
simulated free flizht. A comparison between the predicted and observed
probabilic: of deme ricture =s a functicn o1 tline olter e simud '
launch is shown in Fiznres 20 chrough 24, Ald ﬂf the domes retai:
their geomecric shape throughout the simulated free [light., even d
4 dome fracture. Note Chdt two curves representing predicted probahilizv
: of deme fracture appear in each fizure. Thesze o curves rsodrescnt
probabilitv of dome Fract;re for the munimam 2 aininum < erma:  iroas
levels that were observed ur 2 given vime n e simulate: Trec- 1 v
test series.
DISCUSSION
! Examination of the fracture statistics that are available for MgF,
1 shows thiat (1) che surface scratches on the uniaxial 1 ra. test b
3 specimens are much luarzer than on a dome, and (1) “he vomd_oracure

dependence of the flexural strength Jor the cocaidlaxial oSt srecimens
9 is not known. Consequentlv, one wouid =xpect that the combination of
large surface scratches and the effects of
1]

test specimen temperature
would result in hizher than actua

arobabilitvties of dome rraccure Sor

the fracture statistics Obtdlntd fvom the uniuxial flexural tescs.
Since the flexural strength of '3F, decreases with temperature, use of

fracture statistics derived from cquiniaxial fiexural tests 4t rocm

ik
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temperature will tend to underpredict the probabilitv of dome fracture.
The opcimum fracture theory for MgF; domes should therefore overpredict
the probabilitv of dome fracture when based on the uniaxial fracture
data, and underpredict the probability of dome fracture when based on
the equibiaxial fracture data. 71t is evident from the results shown in
Figures 20 through 24, that only the surface distributed crack theory of
Batdorf satisfies this criterion.

CONCLUSIONS

1. Fracture statisrics obtained from flexural tests of small MgF,
specimens can be used to predict the probabilitv of fracture of full-
scale domes in an aerodynamic heating environment.

2. The surface distributed flaw theory of Batdorf provides an accurate
means of predicting the probability of dome fracture for the material,
MgF>.
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FIGURE 20. Comparison of Weibull Volume Theory and Dome Fracture
Data (Uniaxial Fraccture Statistics).
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Appendix A

BATDORF VOLUME DISTRIBUTED FLAW THEORY

p cx = principal stress in the x direction
o, = principal stress in the y direction
. )
. Jz = principal stress in the z direction
F ™ UN = stress resulting from the principal stresse- tirection
3 B normal to the plane of the crack
2 g = ; ‘
. = component of ¢ in the ¢ - ¢ ane
3 . n P N y z pl

= angle between the Ox axis and the crack normal

R 3 = angle between the ¢_ axis and S,
; ¥

.

% Then for shear insensitive cracks,

{

; 2 , 2

“ g =0 _cos 9+ 0_ sin 9

: n v z

B
[}

2
OX[KY - (K'v - K2)51n a]

2 2
0 cos 9+ 0 sin"9
X n

Q
2
[}

I, {[Ky - &, - Kz)sin‘ﬁl + [ - K,)

2 o]
+ (Ky - Kz)sin'b]cos‘E}

and for shear sensitive cracks

aQ

2 " 2
= T COs ¢ = J_ sin 3
y\— D 2 1 v

. . , 2
Gx[:(y - (Ky K, )sin 5]
2

2 2
g, = 0_cos"8 + 7 sin’3
N X n

. 2
: _ - Gx{[ky - (K, = K)sins] + (1= %)

+

, 2 29
(Ky - Kz)51n 9lcos -}
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-
"

(¢ - 0. )sin 2 cos &
X n

2 2
Oy =Oxt+ Ty

N N
e
where
TV = shear in the crack plane
GV = effective stress normal to

e
K =0 /o

¥ y %
K =

z 0z/cx

The limiting angle, 8., for which oy
Oy = G¢» Or Oy, = J¢

K - [K_ - (K

2
- + - i A1sin 3 a
cx[(l Ky) (Ky Kz)31n $]1sin 9 cos @

the crack plane

2 Gc or Oy, Z Tc is

. 2
Kz)51n 5]

2 c v v
cos %c =
1 - [ky - (ky - hz)51n ]
2 > 3
KT = [K ~ (K =K )sin 17
2, __c v v z
cos” 2 = ) " - : —
- { ~ (Ky - hz)51n o]

where

K =05 /a
c C X

(&

The solid angle over the stress ellipsoid for which Oy >

is then determined from the expression,

{shear

(shear

T T
7 (% H
o= 8] ddé| sin /8 d6 = 41 - 8 cos GC do
o o o
or
1
2
9 2
H’l—; cos AC dé
0
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The following special cases have been worked out for both the shear
insensitive and shear sensitive cases:

Shear Insensitive Cracks

Shear Sensitive Cracks

Q .
e 1 _‘,Kc (Ry
8 _

Z—Tr‘—l-Kc (K‘]
S . 1.k (K
@ - e v
Q 2

e 1 - KC (Ky

Expressions for the quantity, Q/4m, have currentlv been derived onlv
for shear insensitive cracks in a general triaxial stress state. The
expressions derived for shear insensitive cracks are as follows:

(K >K

v

2D

51
Q

K - K
c z
1 -K

z

w
b
!
-

(1 - KD = K)

(1 - Ky)(Kc - Kz)

— = A‘\O(B,k)

(1 - K

=L o

B = sin e
z

(1 - Kv)(KC - Kz)

\(1 TR, - K

Kz = 0) (uniaxial)

1, Kz = 0) (equibiaxial)

K = Q) (uniaxial) 'i

1, Kz = 0) (equidbiaxial)
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(0 <K, <X)

where

Ao(S,k) is Heuman's Lambda function

Using the approximation,

BTN
~
u

AR = (1 - K)sin B +

the above expressions for /4T become,

(K <K_<1)
v— c-=

£

. (l—KC)(Kv—KZ)]‘ K- K,
T -K)E, - KZ)JJ I-X,

2 (1 - AC)(AV - RZ) Sin_l RC - hz
- (1l - KD)(RK -K) 1 - K
v " Te z z
(K <K <XK)
z— ¢c— v

fid

~ (l—K_)(K‘—K)] 1 -X

e l— _'.’ < Z [

4T (1 - K ) (X -K)J 1 - K
c v z z

L2 (L= KK, ~K) = T -K,

T (l-hc)(hv~1\z) Q1-Kz
(0 <K < X))
- Cc - 2
=t

which can be readilv reduced to the results obtain
cases of uniaxial and equibiaxial stress states.
expressions for shear sensitive cracks involve rat
integrals and are probablv best treated via numeri
techniques.

ed for the special

The corresvonding

her messv hvperelliptic
cal integration
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If the critical crack strength parameter, N, is expressed in the
form,
N = a On = a On Kn
2 : nc z : nx ¢
n=] n=1
i Q Then the following expressions can be developed from the special case
. ] relations for Q/4m:
1 Shear Insensitive Cracks
N
¢
. a 7
| ; unPs = -V E o+ D) (uniaxial, pure tension)
i q n=1
¥ K n
b 2 a J
i inP_ = - y i {(uniaxial ure bending)
{ s 2 (n + D(2a = D wrad, P 8
g n=1
- 3 :
) = - 2 _n_ . .n 2 i .
; LﬂPS 5 T+ 1 4 B (n,2 ) (equibiaxial, pure hending)
¥ n=1
i ' Shear Sensitive Cracks
: n
- nP = -V ——llgl~— (uniaxial, pure rension)
’ s (n + 1)
n=1
E |
F i
{ n
nP = - v ¢ (uniaxial, pure bendiag)
s 2 2
f (n + 1)
n=1
!
: inp = - y —a s "B a3 (equibiaxial, pure bending)
! s 4 (n + 1) “o’m 2°2 ) !
3 i n=1
b
A i
; where H
f .
3 am = maximum tensile stress
f
3 B = Beta function




The coefficients, a,, in the series above can be determined £
material specimens by fitting a least-squares polynomial to the Iracrure

from

daca.

N+ 1-n i
n
nP -1 = - b.o
e n [ N+1 ] i'm
i=]1
where
N = total number of specimens tested
n = number of specimens rhat failed at a maximum tensile stress,
J , or lower
m
b, = least-squares polvnomial coefficients for fracture data

If the four-poinc bending tests have been used, for example, then
the ap coefficients can be expressed in terms of the by coefficients of
the least-squares fit to the fracture data.

b
n L . ..
a = 2(n + 1)(2n + 2) +— (uniaxial, shear insensitive)
S v
5 bn
an = 2(n + 1)° 7 (uniaxial, shear sensicive)

The probability ¢

exXdTessed as

survival of a materiul volume element is then

WP = - [dv| == Z ; aa o" KV lak
S < n x (o Cc
0 n=1

for triaxial stress states. The maximum principal stress, T., can be
determined from a finite-element stress analvsis of the geometrv in
question and the ap coefficients are determined from fracture rest data
obtained in a more convenivnt scrass scate (e.g., uniaxial). The proha-
bility of survival for the zeom v in question is then equal o the
product of the surwvival probabi ies for the individual - ' ume elements

— T
[al
[a s )

i

in the finire-element model.
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Appendix B

BATDORF SURFACE DISTRIBUTED FLAW THEORY

If 6 = constant = 0, in the expression for 5C (Appendix A), then

sin ec = (shear
sin %c = (shear
and for . = 2%
Cc
W 2
X = (shear
T T
y 2 .
<= = (snear
T

The probabilitv of survival of an element of surface area

P _ = —‘/‘dle-;—‘ g—c do =fd.\f:-fd(§)

or
A ' dK
-iap_ =[= S (shear
s JI—KJK-K
. c¥Y¥ ¢ v
v
1
2dA E\‘ch

insensitive)

sensitive)

insensitive)

sensitive)

is given by

insenzitive)

-apP =} —— {shear sensitive)
S
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If the c¢ritical scrength parameter, M, is expressed as the series

o o..n
M = a > K
nx c

n=1
. then
1 n
K dK
: 1 n c c , e
—nnPS ={= anc‘< dA (shear insensitcive)
e ’ 1 - K 4K - K
K
v
1
o+l
K dk
. 2 n C c o .
-inP =] = a4 dA {snear sensitive)
5 i n’'x

The integral for the shear insensitive case is of che form,

WIETre

a + bx + cx
and

a ==K, b

.y

i

(1 + KX)o ¢c=-1

Evaluating cthese intezrais,
1 1
I == |sin

SEIVES 2 e
b al K”
1 o= - B
B 7 b
< b
_ (3b7 - dac)
I, = ~5 L
teTel
Jab 5b°
I,={~— - L
3 . ke 3 o)
4 lhc
50




NWC TP bll6

and
__(2n-1)b (n - 1) a
In n 2¢ In—l ot ¢ In—2
Therefore,
—nP fjﬁl U1 oda (shear insensitive)
s T n X
n=
The corresponding integral for the shear sensitive case reduces to
the form
TT -
5 (m)l)
G [1 K2 sia’ ] T g
atl = - sin”x X
o)
where
x =
2
k=1 - K2
y
)
t = K’
O
Evaluating these integrals
CO = < (k)
61 =3
G, = (k)
T )
= — + K~
Gy =7 (1+K)
G 1,2 2 2 K
£ = - — K« + - + K 2 K
4 3 kyr(k) 3 (1 ky) (k)
and
2n + 1) .2 n + 2) 2
G = - e G + + K™
5k Gn+ 3 % T nw T EDIG
- (n + 1) .2, 1 2n+3) I
s T T D Nlaner T3 Ty RO
Therefore
2
-'nP if{ E a G dA (shear sensitive)
s n ¥ n+l
n=1




NUC TP R22A

INITIAL DISTRIBUTION

13 Naval Air Systems Command
AIR-03A (1)
AIR-03E (1)
AIR-03P2(1)
A[R-30212(2)
AIR-320 (D)
AIR-320B (1)
AIR-320C (1)
AIR-5108 (1)
AIR-5323 (1)
AIR-53242 (1)
AIR-950D (2)
1 Chief of Naval Operations
6 Naval Sea Systems Command
SEA-033 (1)
SEA-03513 (1)
SEA-62R41 (D)
SEA-6543 (1)
SEA-99612 (2)
1 Chief of Naval Research. Arlington (ONR-461)
3 David Taylor Naval Ship Research and Development Center. Bethesda
Code 1606 (1)
Code 166 (1)
Code 167 (1)
2 Naval Air Development Center, Johasville, Warminster
Code 01A (1)
Technical Library (1)
i Naval Air Engineering Center, Lakeliurst
! Naval Air Test Center (CT-176), Patuxent River { Aeronautical Publicaucns Library)
1 Naval Avionics Center. Indiznapolis { Technical Library)
I Naval Ocean Svstems Center. Sun Diego (Code 131 1)
1 Naval Orunance Station, Indian Head
| Naval Postgraduate School. Monterey
2 Naval Research Laboratory
Code 2021 (1)
Code 6360, R. W, Rice (1}
9 Naval Surface Weapons Center Detachiment., White Oak Laboratory. Silver Spring
G441 (1)
K-04 (1)
K21
K-80 (1)
K-31(1)
K-82(1)
R-44 (1)
Technical Library (2)

52




1 Operational Test & Evaluation Force, Norfolk
3 Pacific Missile Test Center, Point Mugu
Code 0101 (1)
. Code 3132 (1)
Technical Library (1)
3 U.S. Army Missile Command, Redstone Scientific Information Center, Redstone Arsenal
. (DRSMI-RPRD)
4 Aberdeen Proving Ground
Dr. B. Karpov (2)
Development and Proof Services (2)
2 Army Ballistic Research Laboratories, Aberdeen Proving Ground
DRDAR-TSB-S (STINFO) (1)
1 Tactical Air Command, Langley Air Force Base (TPL-RQD-M)
1 Air University Library, Maxwell Air Force Base
2 Armament Development & Test Center, Eglin Air Force Base
AFATL/ADLA (1)
Directorate of Ballistics, A. S. Galbraith (1)
12 Defense Technical Information Center
1 Weapons Systems Evaluation Group
1 Lewis Research Center. NASA, Cleveland
1 Applied Physics Laboratory, JHU, Laurel, MD (Document Library)
1 Ceradyne, Inc., Santa Ana, CA (J. Rubin)
1 Chemical Propulsion Information Agency, APL, Laurel, MD
1 Coors Porcelain Co.. Golden. CO (D. Roy)
1 Jet Propulsion Laboratory, CIT, Pasadena. CA (Technical Library)
1 Massachusetts Institute of Technology, Aerophysics Laboratory, Cambridge, MA
1 The Rand Corporation, Santa Monica, CA (Aero-Astronautics Dept.)







