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ABSTRACT

\

A\
Ny
/q
Basic theories for polarization utilization in radar target

reconstruction are presented and a general literature review with

many pertinent references is given.

The mathematical descriptions of polarization in terms of the
Poincare polarization sphere are introduced and the relatiomnships
existing among the radar scattering matrix [S], the Stokes
raflection matrix [M], the modified Mueller matrix [Mm], and the
coordinates of the related co-polarization and cross-polarization

nulls on the Poincare sphere are derived.

It is shown that a #cattering phenomenon can be uniquely
expressed given the elements of either omne of [S§], [M], [Mm] or
the coordinates of the optimal polarizations, i.e. unique
inversion relations among the four equivalent representations

exist which is relevant to target polarization synthesis,

The developed theories are verified by computer computation
using measurement data and/or mcdel scattering data as inputs.
The compucer programs are listed and examples of our optimal
polarization analysis are presented for the wmonostatic, relative
phase casé. Single perfectly conducting target shapes and some
sea clutter testing models witn and without target were cliosen;
and our studies demonstrate clearly that the optimal polarization
concept introduced by KENNAUGH is very useful in radar target

analysis as will be further pursued in cther forthcoming reports.

e e e B e o] et et v i

.

-

A S A it it K.

DA Y

IR S 3 S S

[rv ) Ay g




e\ i

PAGE ii

ACKNOWLEDGEMENTS

The principle investigator wishes to express his sincere
gratitude to those who during the past decade introduced him to
researchers in this exciting field and who have themselves
contributed notably to the advances made. In particular I list in
chronological order of first contact: Mr. Frank E. Smith (CRC),
Prof. George Sinclair (U. Toroato), Dr. J. Andre Poelman (SHAPE-
TC), Dr. J. Richard Huynen (Lockheed), Prof. Hans Brand (HFI-
UEN), Dr. Gus Tricoles (Gen. Dyn.), Prof. George A. Deschamps
(UIUC), Dr. Georg Graf (DFVLR-OPH), Dr. C. Lenngrd Bemnett
(Sperry Res. Center), Dr. H. Magura (FGAN), Prof. Edward M.
Kennaugh (ESL, OSU), Prof. Yuen-Tien Lo (UIUC), Prof. Bruce H.
McCormick (UICC), Dr. Karl Steinbach (MERDC), Mr. Jack Daley
(NRL), Dr. Arthur K. Jordan (NRL), Dr. Wolfgang Keydel (DFVLR),
Dr. James Wright (MICOM) and Dr. Steven Weisbrod (Teled.

Micromn.).

We wish to thank our past and present sponsors including the t

NLERC-Canada, NATO Reasearch Office, DFG-DFVLR, the U.S. Army
Office of Reaearch, the U.S. Office of Naval Research, and the
NAV-AIR Sysicwms Command Research program. We wish to acknowledgze
the stimulaving discussions and constructive criticism which we
received from the research contract officers, notably Mr. Phil.
Blacksmith (AFCRL),‘Dr. Jim Mink (ARQ), Dr. Stuart Brodsky (ONR),
Mr. Jim Willis (NAV-AIR), Dr. Herbert Mueller (NAV-AIR), Dr.

Henry Mullaney (ONR), and Dr. Claude Weil (EPA).

L A 5
o iyl Ot i an Dk st a L  E

il '

.

-

e e T T m n e W o itk i -..




E PAGE iii
? TABLE OF CONTENTS
Page
ABSTRACT i
ACKNOWLEDGEMENTS ii
TABLE OF CONTENTS iidi
LIST OF FIGURES vii 3
LIST OF TABLES ix ;
LIST OF SYMBOLS x “1
CHAPTER ONE : INTRODUCTION 1 g
CHAPTER TWO : GENERAL REVIEW 6 §
CHAPTER THREE : THEGCRY 11 i
| 3.1 Introduction 11 i
3.2 Basic Polarization Descriptors 11 ?E
| 3.2.1 The Polarization Vector 11 i
, 3.2.2 The Polarization Ellipse 13 j
3.2.3 The Stokes Parameters 19 3
? 3.2.4 The Poincare Sphere 20 2
} 3.2.5 The Polarization Charts 24 %
F 1. Rumsey p-and-q-Charts 24 %
] 2. Deschamps O and § Charts 29 ) %
J 3. Huynen's Chart 31 g
4. Poelman's Modified Chart 32 |
%. Optimal Polarization Charts 39 T
E 3.2.6 Canonical Polarization Pairs 39 E
h 3.3 Scattering Matrix[S] 41 &
) 3.4 Scattering Matrix Transformation Invariants 46
E 3.4.1 The Unitary Transformation Matrix|[T] 46
3.4.2 The Scattering Matrix in the New Basis [S'(A',B')j 49




PAGE iv
Page
3.5 The Optimal Polarizaticns 52

3.6 The Stokes or Mueller Matrix and its Relationship

to the Scattering Matrix 55

3.6.1 Derivation of the Mueller [M] or Modified Mueller
(Mm] Matrices frum the Scattering Matrix [S] 56 lﬁ
a) Derivation of the Mueller Matrix [M] from the 'y
\ Scattering Matrix [S] 56 A
b) Derivation of the Modified Mueller Matrix [Mm] %
from the Scattering Matrix [S] 58 c

3.6.2 Derivation of the Scattering Matrix [S] from the

Mueller [M] or Modified Muellar [Mm] Matrices 59
a) Derivation of the Scattering Matrix [S] from the
Mueller Matrix [M] 59

b) Derivation of the Scattering Matrix [S]) from the

0 _iapvhems do 0ot o YN 4_;._.AM.;._A.D\J;A,M}?}..I‘, et

b Modified Mueller Matrix [Mm] 60
:i 3.6.3 The Relation between the Mueller Matrix [M] and
;‘ the Modified Mueller Matrix [Mm] 61
3.7 Reconstruction of the Scattering Matrix [S] and the
%‘ Mueller Matrices [M] and [Mm] from the Optimal
‘ Polarizations known on the Poincare Sphere 62 j
3 3.7.1 The CCPOL Null Pair is known(unique) 63 f
: 3.7.2 One COPOL and one XPOL Null are known(unigque) 66
3.7.3 the XPOL Null Fair is known(incowplete) 67 7
CHAPTER FOUR : NUMERICAL RESULTS 69
4.1 Introduction 6Y 1
4.2 Targets with Simple Shapes 69 ;

e e
ot meaetabeli bl et Ssbihenamn P a e GV N e



PAGE v
j Page
4.3 Targets for More Complex Shapes 81
4.4 Sea Clutter 91 ;
_ 4.5 Discussions L) :
g CHAPTER FIVE : CONCLUSION AND RECOMMENDATIONS 97 1
1 5.1 Progress Reported in this Report(1l5, January, 1981) 97
| 5.2 Conclusions 98 i
5.3 Recommendations 99 i
REFERENCES 101 }
APPENDIX (4) Proof of Egs.(3-8) 125 |
i APPENDIX (B) The Stokes Parameters 128

APPENDIX (C) Representation of Any Polarization Vector on

the Poincare Sphere 129

APPENDIX (D) Proof of Det{[S]}=invariant,Span{[S]}=invariant 134

—pr
el e T

APPENDIX (E) Derivation of the Mueller Matrix [M] from the
Scattering Matrix [§] 137

APPENDIX (F) Derivation of the Modified Mueller Matrix [Mm]

from the Scattering Matrix [S] 145

APPENDIX (G) Derivation of the Scattering Matrix [S] from

N A P - P = AN

et

the Mueller Matrix [M] 149

= ke

APPENDIX (H) Derivation of the Scattering Matrix [S] from

the Modified Mueller Matrix [Mm)] 156 ﬁ
APPENDIX (I) Listing of the Computer Programs 160
I-1 First Computer Program for calculating thae

e - v

Mueller matrices [M] and [Mm] and the Optimal

Polarization nulls from the scattering matrix [S] 161




I-3

Second Computer Program for reconstructing [S]
with relative phase from [M] or [Mm] 167
Third Computer Program for reconstructing [S] from

the knowledge of the Optimal Polarization i70

PR P R

P .__':\M_.:‘A".Aa‘.xf‘_AMM“M&_&“;AMH e

T o o ok

tooto Ao iy abyrsRagy

o




PAGE vii
LIST OF FIGURES

' Figure Page ‘:
3.1 The Polarization Ellipse 15 !
3.2 Change in Direction of E for Left Circular Polarization 1
(time wt=0 in (a) and wt=90° in (b)) 15 |
L 3.3 Representation of a Polarization Vector Defined by its |
’ Stokes Vector g=(go,gl,g2,g3) on the Poincare Sphere 23 i‘
3.4 Polarization at Cardinal Points of the Poincare Sphere .j
5 3.5 q-plane Polarization Chart 26 3
' 3.6 p-plane Polarization Chart 28 i
% 3.7 Orthographic Polarization Chart(0) 30 }
E 3.8 Stereographic Polarization Chart(S) 30 *3
, 3.9 Huynen's Polarization Chart 31 j
| 3.10  Poelman's Modified Polarization Chart(a) 33 i
3.11 Poelman's Modified Polarization Chart(b) 38 }
3.12 Besic Polarization Pairs 40 9
3.13 Illustration of Radar Range Equation 41 i
3.14 The Polarization Fork 54 ) i
4.1 Spherical Target 71 i
4.2 COPOL and XPOL Nulls for a Metallic Sphere or j
Flat Plate 71
4.3 A Metallic Trouzt 73 }
4.4 COPOL and XPOL Nulls for a Metallic Trough 73 ;
4.5 A Metallic Helix witi® Right Screw 75 |

4.6 COPOL ar2 XPOL Nulls sor a Right Screw Metallic Helix 75

4.7 A Metallic Helix with Left Screw

. ' .
£ e e ' R TR S b e e i e o o b i s et o i




N ’h'mm‘. TR TR IR Ty e - T e

PAGE viii

Figure Page

4.8 COPOL and XPOL Nulls for a Metallic Left Screw 77

4.9 Linear Target 80

4.10 COPOL and XPOL Nulls forr a Horizontal Linear Target 80

4.11 COPOL and XPOL Nulls for a Vertical Linear Target 80

4.12 COPOL and XPOl Nulls for a Linear Target with y=45° 80

4.13 Geometry for Cross-section Study 82

4,14 Nose Cone Model 84

! 4&.15 COPOL and XPOL Nulls for a Nose Cone Model 85
? 4.16 Sketch of Missile Model 87
‘ 4.17 COPQOL and XPOL Nulls for a Missile Model with Fins 88

4.18 COPOL and XPOL Nulls for a Missile Model Without Fins 90
4.19 Geometry of a Rough Surface 22
| 4.20 COPCL and XPOL Nulls {or Sea Clutter 92
g 4.21 COPOL and XPOL Nulls for a Simulated Target and Sea

Clutter 95

S e R e L s b S At S .4...". i -

L AT dn o r pange - o

B RSOSSNt e i e b i [




B e e e TR e

PAGE ix

LIST OF TABLES

e oA -3

Table Page '
{
3.1 Survey of the 149 used right-seased polarizations 34 i

3.2 Survey of the polarization characteristic ellipticity

ruatio, r, the orientation angle, ¢, correspounding code

number for the right-sensed polarizations 35=-37
4.1 Experimental data for RCS 81 :
b
é
]

ST L T e

Pl SndE
s




W

Unless otherwise stated,

PAGE x

LIST OF SYMBOLS

the symbols most commonly used in tu.s

report have the following meaning :

Greek Symbols

[N SRS

1’62)81’52

=arctan{|P|}

co x
P

the elements of the unitary matrix [T]

the absolute phase of the antenna
represents the magnitude of the ponlarization ratio

the phase difference betweer y and x
channels of the antenna

the phases of the x and y components of the

polarization vector

Kronecker delta functicon

colatitude and longitude on the Poincare
sphere

repcresents the direction of the incident

wave

represents the direction of the scattered

wdve
free-space wavelength

complex transformation parameter

the COPOL and XPOL null roots
radar cross section (RCS)

the polarization ellipticity angle

e h m—— i =

Y SRS VG PR IPT 1)

R SN AR T,

wo

it i s

e sl

: P e

P

e M..m'ﬂt g

T T e




TS v e e e e e o

¢AA’¢AB)¢BA)°BB

Latin Symbols

a
L

AR
sz’czr’crr
e

E

.Ex,Ey
Ei’gf

25(8(:81,8,185)
=(1,Q,U,V)

PAGE xi

the polarization orientation angle

the phase of the scattering matrix

angular frequency (radians/sec.)

the magnitude of the polarization vector

the magnitudes of the (x,y) compoments f
the polarization vactor

the axial ratio

the circular compoments of the scattering

matrix

base of natural logarithm

electric field vector

the x and y components of the electric field

vector

the incident and the scattered electric field
vectors

the Stokes vector

§m=(8m0’8m1’3m2’8m3) the Modified Stokes vector
=(i(I+Q) )&(I'Q) ’U:V)

{=

=

polarization vector

complex phasor of the polarization vector

the unit vector in h direction

-

.

N T T T L T oSGl .




PAGE xii
h
Y hx’hy x and y phasor components of the polarization
vector in x and y directions
ANIA
x,hy unit vectors in x and y direction
h,,h the left aud right circular components of the '
L7r i
polarization vector j
hA’hB the (A,B) compcnents of the polarization vector i
| !
‘ ANEA |
3 hA’hB the unit vectors in (A,B) direction i
" hA',hB' the (A',B') components of the polarization f
vector
'
hi,hs the incident and the scattered polarization !
- T vectors 3
| i
H magnetic field vector }
i
Hi,Hs the incident and scattered magnetic field !
- T vectors ;
’3
- - ' -u
i \/-1 = exp{j(4m)} 1
k propagation constant 3
k propagation vector
é
[M] the Mueller Matrix y
mij the Mueller matrix elements ;
i
[Mm] the modified Mueller Matrix
Mij the modified Mueller matrix element
P =span{ [S]}

: TR S PR R s
BRI P U T o s - R, 3 o




i
. PAGE xiii
P peolarization ratio
4
r position vector ‘
i
R radar range
; (R] constant transformationm matrix relating [M] with [Mm]
:
!
(8] the scattering matrix
3
) '
' [S]SMA the scattering matrix with absolute phase
} [S}SMR the scattering matrix with relative phase
] Sxx’sxy’syy the alements of the scattering matrix in
H (x,y) basis d
3 SAA’SAB’SHA‘SBB the elements of the scattering matrix in
# (A,B) basis
S'A'B"SlB'A" the elaments of the scattering matrix in
S'B'AR,S'B'B' (A',B') basis 1
{T] unitary transformation matrix
u auxiliary complex transformation paramater

X,¥,2 cartesian coordinates

|
i
i
|




CHAPTER_ONE

{ INTRODUCTIGN

In recent years there has been a rapidly expanding volune of
research from both a theoretical and experimental point of view,
directed towards the determination of the characteristic
properties of radar targets through the use of polarization. The
fact that makes this type of investigation possible is that the
scattering properties of radar targets are dependent on the
polarization of the incident radiation. This dependence which
manifests itself as a depolarization of the scattered wave, is a
function of the structure and gecmetry of the scatterer thus
beirg characteristic £or a particular target. It has been
demonstrated that a radar target acts as a polarization
transformer. This transformation was expressed (Sinclair 1948) as
a matrix (8] which could be incorporated into the radar range
aquation. Kennaugh (1950) gave a geometricel meaning to the

i transformation by reprasenting the power received by a radar on
the Poincare sphere. In his series of reports (1949-1954),
Kennaugh also demonstrated that there exist two  radar

polarization states for which the radar receives zero sigual from

T e WM m — == e wen

the target, which are known as null polarizations. As it will be
shown latar the null polarizations (cc-and «ross-polarization
nulis) along with the polarization orientation invariant, i.e.

the span of the scattering matrix [S] (span{[S]}=£i Zj

] |Sij|z ,where the Sij are the elements of the matrix [S]),

can be used to describe in their entirety the characteristic

properties of a target at one frequency and for one aspect.
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It has been established experimentally (Daley 1978-79,
Weisbrod and Morgan 1979) that the null polarizations can be used
in order to discririinate targets against scattering clutter,
which is of great importance. This meets greatly the existing
tremendous need for improved clutter rejection methods in order
to detect accurately small surfaces which 1is also of great
N significance to military, geophysical and environmental remote
sensing. It has been shown (Weisbrod et al, 1979) in the case of
sea clutter that its non-random behaviour manifests itself as a
characteristic clustering of cc-and cross-pblarized nulls as

3 plotted on the Poincare sphera. This clustering was noticeably

disturted wich the presence of a target. This phenomenon could
lead to zero false alarm rate discriminants with the use of *

theoretical models extending existing clutter statistics,
sensitive to the changes in the clustering of co-pol and cross-

pol nulls.

In view of the fact that the co-and cross-polarization nulls

along with the polarization transformation invariant (span of
matrix [S] ) are characteristic of a particular typ» of target
for one aspect and at one frequency, these quantities should be
given directly from the measurement data and recorded on the

polarization sphere and/or its associated polarization maps.

So far, the polarization utilization in radar target related
phenomena has been accomplished through the use of the radar
scattering matrix [S] and the optimal polarization pairs of the

co-and cross-polarization nulls have been expressed in term of

1
4
|
|
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the [S] matrix components. The use of the Stokes reflection
matrix or Mueller matrix (Mualler, 1948) has been overlooked even
though, it contains as much information as the scattering matrix
and furthermore it is easier to obtain, since it involves only
amplitude (power) measurements and not phase determination as in
the case for the matrix [S]. There is also convincing evidence
(Leader 1978, Boarner 1979) that the Mualler matrix elements
behave in a manner characteristic of the material properties of
the specific type of clutter they represent. Though the
interpretation of this behaviour is in need of further
investigation, one can safely assume that the information
provided b  :he matrix [M] can be very useful in establishing
target and particularly clutter characteristics especially for
the incoherent scattering case. Due to the "additivity" property
(Chandrasekhar 1950, Ishimaru 1978) of thae Stokes parameters
(Stokes, 1852) of independent waves, the independent incoherency
properties of clutter are explicitly contained in the matrix [M]
while they are only implicitly inherent in the [S] matrix. In
addition, most of the experimental statistical clutter
distributions are given , in terms of the components of [M].
Therefore, in order to interpret scatter characteristic
polarization properties in terms of the associated co-and cross-
polarization null statistics on the Poincare sphere, it would be
highly practical to express these ontimal polarizationa in terms

of the Mueller matrix.

In view of the above, we have obtained here the scattering

matrix elements from the Mueller matrix (both the matrix [M] and

e e \ e ekl ANadh i

x
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PAGE 4
its modified form [Mm] for the bistatic and monostatic cases).
Tans the problem of obtaining the scattering matrix with relative
phases from the knowledge of the Mueller matrix is feasible. The
expressions related to the problem werc snbsequently tested
against real measurements for the case of sed clutter provided to
us by Mr. J. Daley of the Naval Research Laboratory. In addition,
we have shown that the elements of [S] ,[M] and/or [Mm] can be
generated from the knowledge of te wvadius of the Poincare sphere
and frowm the spherical coordinates of either both co-polarization
(COPOL) or one COPOL plus one cross-polarization(XPOL) null. This
inverse relationship is importent as it will assist us greatly in

the target polar.zation synthesis problem.

The text of the present report is comprised of five Chsapters.
In Chapter Two 4 general review of the existing theoretical and
experimental work in radar target polarization related phenomena
is given. Chapter Three, covers the theoratical principles on
which the Basic Polarization Descriptors, the Scattering matrix
[S], its Transformation Invariants and Mueller Matrix ([M] are
based. In Section 3.6.2 of the same Chapter it is shown how the
amplitudes and relative phases of the elements of the scattering
matrix [S] are derived, given the Mueller wmatrix [1] or its
modified form [Mm]. Also, 4in the same Chapter the relationship
between [M] and [Mm] is given. Similerly, we show how the
elements of [S] , [M] and/or [Mm] can be regenerated from the
knowledge of the spherical coordinates of the two COPOL nulls or
one COPOL plus one XPOL null. In Chapter Four the expressions

obtained in  Chapter Three, were tasted satisfactorily against
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the data available to us. Also for the sake »f completeness, we
have calculated in Chapter Four the Mueller matrix elements (for
both [M] and [Mm] matrices in the wmonostatic case) from the
scattering matrix elements generated for various target shapes
and sea clutter.In addition, the optimal polarization rairs of
the co-and cross-polarized nulls were calculated and their
coordinetes on the Poincare sphere were found. Finally the
summary of our results, conclusions and recommendations are given
in Chapter TFive. Proofs of some pertinent identities and
computer programs for calculating relevant parameters are given

in the appendices.

L.
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CHAPTER TWO

GENERAL REVIEW

The utilization of polarization in radar target and clutter
studies has been the subject of rather extensive theoretical and

experimental research efforts in recent years.

First Sinclair(1948) showed how a radar target can act as a
polarization transformer and he was able to express this property
with the use of 4 matrix which was incorporated in the radar
range equation, There followed a4 series of papers by Booker,
Rumsey, Deschamps, Kales and Bohnert(l1951) oa polarization, as it
is related to radar antennas, which constituted the basis for
future research on the subject. Huynen et al(1953) initiated from
then on studies on radar returns by investigating the effects of
polarization on radar scattering by ground targats and
precipitation. Among the pioneers in the field of theoretical
work on radar target scattering were Kennaugh(1949-1954) and
Gent (1954). Kennaugh was also the first worker to introduce
concepts of such potential impact as the cptimal polarizations of
a radar target(1949). Graves (1956) introduced the polarization
power matrix which gives the total power back-scattered from the
target for any transmitted polarization. Based on Kennaugh's
work, Copelund(1960) gave a classification of the single radar
target by measuring the received complex voltages using rotating
linearly polarized antennas. Studies on  polarization
characteristics in the scattering from symmetric radar targets
were reported by Crispin(1961), Bechtel and Ross(1962). and

Huynen(1962, 1963). A surmary of updating radar measurements was

Ve
: .
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presented by Huynen, Landry, Webb and Allen at the Radar
Reflectivity Measurements Symposium in 1964, In a Special IEEE
( Proceedings Issue on radar reflectivity (August 1965), the theory

and measurement techniques for target scattering matrices

(asymmetric objects included) were discussed by
Lowenschuss(1965), Huymen(1965), Copeland(1960), Kuhl and
Covelli(1965).

! A vast amount of research has also been performed on time-
varying distributed targets which is independent of the
L previocusly cited work on single radar targets. In his analysis of
single targets, Gent (1954) considered also ensembles of
L distributions of single targets. Ament(1960) studied the problem
of whether reciprocity holds for rough surface scattering and
ﬂ Ko(1962) gave an introduction with application to partially
L polarized scattering. Several statistical models for terrain are

given by Spetner and Katz(1960). Studies of scattering from rough

e R

surfaces using scalar theory, which will remain classical, were

treated by Beckmann and  Spizzichino(1963) and updated by

Beckmann(1965). Various rough surface models related to both
theory and measurement have been studied by Beckmann(l1965), é
Parks(1964) and Renau and Collinson(1965). Fung(March 1966, July |
1966,1967) treated rough surface scattering using vector thoery !
which also considered depolarization of electromagnetic waves.

Using high-frequency asymptotic theories baéed on the Kirchhoff
approximation, Hagfors(1967) studied the depolarizat.on of Lunar
Radar Echoes and Stogryn(1967) worked on electromagnetic

scattering from rcugh,finitely conducting surfaces,. Van de
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Hulst(1957) gave an introduction to high-frequency scattering.
Worth mentioning here, are also the overall reviews of
contributions to wave scattering from rough surfaces and various
kinds of clutter, given in the Transactions of the IEEE Special
Issue on Partial Coherence(1967), in "Radar Astronomy" edited by
Evans and Hagfors(1968), in Bowman et al(1969), Crispin and
Siegel(1968), in Ruck et al(1970) and in Beckmann's book on the
depolarization of electromagnetic waves(1968). Huynen(1970)
developed a phenomenological theory, applicable to all rada:
targets, according to which the radar target appears as an object
for investigation through the process of the radar illumination.
Thus one can avoid going into constructions of specific
statistical znd geometrical models, as it has been the case in
most of the literature on the subject. The mathematical framework
for the theory is given in tecms of the target polarization
scattering matrix, which has been used extensively in the Russian
literature(Xanareykin et al, 1966, 1968; Stead, 1967;
‘'Zhivotovskiy, 1973; Potekhin et al, 1969; Kozolov, 1979, and

Basalov et al, 1973).

Due to its importance, several effnrts have been made recently
to use the polarization sensitivity of radar targets towards a
classificgtion of radar targets. Thus the classification of radar
targets suggested by Copeland has been recently investigated
experimentally by Steinbach(1973, 1976). Studies on some methods
for radar target identification are given by Von Schlachta(1977),
Crom(1973), and Jeske(1976). There has also been an extensive

amount of work to be found in the recent literature on

it e
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precipitation scatter (Schneider and Williams, 1976; McCormick
and Hendry 1976; Barge and Humphries, 1979, 1980; Hall et al,
1980; Bringi et al, 1979), on scattering from irregular
surfaces(Bass and Fuks, 1975) and sea clutter(Valenzuela 1968,
1978). A detailed review on radar reflectivity of land and sea
is given in the textbook of Long(1975) and also was discussed in

Stiles and Holtzmann, 1979.

Of particular interest to the present work is the recently
developed literature on studies of the co-and cross-polarization
nulls of radar targets which promise to lead to very effective
radar target versus clutter discrimination techniques. Recently,
studies made in the Naval Research Laboratory(Daley 1978, 1979;
Weisbrod and Morgan 1979) showed that, in the case of sea clutter
the co-and cross-polarization nulls of clutter exhibit a non-
random stable distribution when mapped on the Poincare sphere.
This distribution was disturbed in the presence of a target, a
phenomenon that may lead to effective target discriminatiop when
fully investigated. The importance of the co-and cross-
polarization nulls in radar target versus clutter discrimination
has been emphasized particularly by Poelman(1971, 1974, 197s,
1977). Recently loannidis and Hammers(1979), Rosien et al(1979)
have suggested schemes for radar identification in clutter, based
on the characteristic properties of the co-polarization nulls.
We also wish to rerer to the forthcoming IEEE Trans. AP 29(2),
March 1981, Special Issue on "Inverse Methods in
Electromagnetics", in which several papers on polarization

correction are presented.
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Target versus clutter discrimination for targets embedded in
terrains clutter has been improved by utilizing also
depolarization effects(Gent et al, 1963; Weiss, 1967; Egan et al,
1967; Dainty, 1975). It was shown by Gough and Boermer(1979),

Egan et al(1967) that the correlation functions of linearly and

circularly polarized components allow discrimination between
metal and dielectric random scatterers. In their studies Gough
and Boerner(1979) are using the additive properties of the

Mueller matrix in order to analyse the interaction of coherent ;

target signal with variocus incoherent clutter components. The
usefulness of the Mueller matrix(Mueller 1948, McCormick 1950)
has also been recoguized by Hagfors(1967), Leader(1978) and

others.

Concluding we cite here other textbooks and papers related to
radar target scattering as well as to the theory on partial

coherence. Thus we distinguish here the works by Kraus(1966),

Nathanson(1969), Thiel(1970), Meyer and Mayer(1973), Boerner (The
State of +the Art Review, 19738), Born and Wolf(1966),

Ishimaru(1978), Strohbehn(1978); in the Russian literature the

Y R e L

works by Kobzarev(1969), Shirman(1970), Gorshkov(1974),

Kozlov(1979) and Zhivotovskiy(1976). We note here that in %
i

optiecs major contributions were made by R. Clark |

: Jones (1941-1956) as was documented in Shurcliff(1962), Hecht and

Zajac(1976) and Roots(1978).
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CHAPTER THREE

THEORY

3.1 Introduction :

Chapter Three discusses in general the theoretical principles
related to the wutilization of polarization in radar target
scattering phencmena. First, in Section 3.2, the basic
descriptors of the polarization of monnchromatic plane waves are
given. In Sections 3.3 and 3.4, the theory of the radar cross-
section scattering matrix is discussed and its transformation
invariants as well as its repressntation on the Poincare sphere
with the use of the ~o-and cross-polarization nulls are
considered. In Section 3.5, the Stokes or Mueller matrix is
reviewed and & method of reconstructing the scattering matrix,
given its associated Mueller matrix is introduced in Section 3.6.
In the same Section, the relationship between the Mueller and
modified Mueller matrices is given. Finally in Section 3.7, the
elements of the scattering and the Mueller matrices are
regenerated from the knowledge of the spherical coordinates of
either of the two co-polarization(COPOL) nulls or one COPOL plus

one cross-polarization(XPOL) null.

3.2 Basic Polarization Descriptors

3.2.1 The Polarization Vector

The polarization of an electromagnetic wave describes the
orientation of the field vectors at a given point during one
period of oscillation. In the present treatment, polarization is
referred to the orientation of the electric field vector E only,

since we are concerned with the far-field scattered radiation and
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the magnetic £ield vector H is perpendicular to E in direction
and proportional to that of E in magnitude. The direction along
which a wave propagates is given by the propagation vector k. 1In
an isotropic medium, the plane containing E and H and which is
perpendicular to the direction of propagation, is called
polarization plane [IEEE Standard 149, 1979]. In the case where
the polarization of a wave is the same at every point in space,
the wave is said to be linearly or plane polarized. We consider
here monochromatic plane waves, 1i.e., plane waves at a single
angular frequency w, propagating along the z-axis of a
rectangular coordinate system xyz, where the xy plane is a
reference plane such as the mean surface of the earth. The
electric field vector of a time-harmonic plane wave at a

position xr (x, y, 2z) and time t is given by

E(z,t) = hel (WETKUE) _ p (ut-ka)
where k is the propagation vector wlth magnitude k = 27/A, )\ is
the wavelength of the wave in free space, h is the complex
electric field phasor, known as the complex polarization vector.
In radar propagation the vector h = h/ﬁ, with complex magnitude h
and direction specified by the unit vector/ﬁx may be decomposed

along the two orthogounal directions x and y represented by the

2N
unit veutors'ﬁ; and hy, in the following manner :

T
y oy

(3.1)

(3.2)

-
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or
It a e"‘ax a
X X
h = = = ejﬁx (3.3)
h a eJay a eJG

where’ ax, ay are the polarization vector component

magnitudes, 6x, Gy are their phases and § = 6y - 5x

is their phase difference. In the antenna language, the

2=a2+

magnitude of the polarization vector | h |* = a %

ay’ is a measure of antenna radiation efficiency and 6§ is
the phase difference between the x and y channels of the

antenna (Kraus, 1966).

3.2.2 The Polarization Ellipse

According to (3.1) and (3.3), the electric field vector E
consists of two components along the x and y axes which are

given by :

E j(wt-kz)} = Re{axejsx ej( )}

Re{h e
x X

i

a, cos(s + Gx)

j(wt-kz)} éy ej(wt-kz)}

tx1
|

= Re{h e = Re{a ej
Yy y

or

E=Eh+Eh = a cos(e+s )h +a_cos(e+6 _)h_
27 5Ny T % x’x oy vy

where € = wt - kz, Re{*} stands for the real part of a

complex number {°}.

The curve that the electric field vector E describes at a

: Y .
bkt ot it bt e

(3.4a)

(3.4¢)

M ok 2 sk oS5 sl il b AWl

o

Pl . el o am e ol ki aah




e ——

e L

w—————y e —— . } X

P.GE 14
typical point in space, 1is the locus of the points whose
coordinates are given by (3.4). The nature of this curve is
found after eliminating € between Eqs.(3.4) and after some

algebraic manipulation, to be given by :

E_\? E \? E_\/E
y

X y X
— ] +|{—] -2 |— | =] coss = sin?s (3.5)
a a a_\a
\ X Y y,

which is the equation of an ellipse known as the
polarization ellipse. The ellipse is inscribed into a
rectangle whose sides are parallel to the coordinate axes

and whose lengths are Zax and Zay (Fig. 3.1).

In Eq. (3.4) if a, = 0 , the wave is linearxly polarized

in the y-direction. If ay = 0, the wave is linearly

polarized in the x-direction. Following Kraus(l1966), if § =

~

BY - Bx = 0 and a, = ay, the wave is also linearly

polarized but in a plane at angle of 45° with respect to the

x-axlg. A further special case of interest occurs when 4y

= a and 6§ = #90°., The resulting wave is circularly

polarized. When & = +90°, the wave is said to be left
circularly polarized and, when § = -90°, it is said to be
right circularly polarized. Thus, from (3.4) we have for § =
+90°, at Gy =0, 2=0 and t = 0, that Ex = 0 and Ey =

ay as in Fig. 3.2a. Under the same conditions but at a
later time such that wt = 90°, Ey =0andE =a, as

shown in Fig. 3.2b. The rotation of the electric-field

i, . i s . .

s,
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| |
d X, dy (VERTICAL)
. ‘ /;.; X'
; 3 / g \/ |
; a sint j
zay - A 2
(HORIZQNTAL) 3
j
i
%
y
, v I ‘.
L < 2q, ~
E‘ Fig. 3.1 : The Polarization Ellipse. ;
|
|
!
‘;
\ i
y i
Wt = 90
=0
jé_ wit
z @ > 2 O > X |
' E

Fip, 3.2 : Change in direction of E for left circular
polarization. Time wt=0 in (a) and wt=90 in (b) (Kraus 1966).

ettt 00,251 e, AN e T MY 1



PAGE 16
vector 1is thus clockwisa with the wave 4approaching.
According to the IEEE standards(1979) this sense of rotation
is definded as left circular polarization. According to the
older usage of classical physics (Born and Wolf), this sense
of rotation (clockwise with wave approaching) is definued as
right circular polarization, or opposite to the IEEE

definition (Kraus 1966).

If the wave 1is viewed receding (from negativa 2z axis in
Fig.3-1), the electric vector appears to rotate in the
opposite direction. Hence, clockwiss rotation with the wave
raceding is the same as counterclockwise rotation with the
wave approaching. In the following the IEEE definition will
be used, since it could also be defined (without refarence
to the wave direction) by means of helical-beam antennas
(Kraus, 1950). Thus, a right handed helical-beam antenna
radiates or receives right circular (IEEE) polarization. 4
right~-handed screw, is right handed regardless of thae
poaition from which the helix is viewed. There is no
possibility here of ambiguity. In general Eq. (3.5)
represents a left-handed elliptical polarized (ep) wave if

sin 6 > 0 and right-handed if sin § < 0.

We now seek ultimately to define the polarization vector

in terms of the geometric descriptors of the ellipse of the

ks M

,,M,A;LL;_‘,lgm;iﬂd

|
i
1
a
|




PAGE 17
elliptical polarized (ep) plane wave it represents. The
reason for this, is that, Eq. (3.3) is inconvenient when it
comes to dealing with the proporties of radar targets since
h is being associated with & fixed (xyz) antenna coordinate

system of which the radar targets are independent.

The geometric descriptors of an ellipse are :
1) its size given by the magnitude a = | h | of the
polarization vector,
2) the orientation of the ellipse with raspect to the x-axis
glven by the orientation angle #(0 < ¢ S m),
3) the ellipticity angle t, (~n/4 S tv S w/4) such that cot «
is given by the ratio of the semimajor to semiminor axes of
the ellipse and {t represents the axial ratio (AR), where
1 £ ARS «, and
&) the sense in which the ellipse is being traversed. It
will be shown later that the sense can be given by the sign
of t. Though, it seems natural to define the sense as right-
tianded or left-handed 4dccording to whether the rotation of
the elactric vector E and the direction of propagation from

a right-handed or left~handed screw as explained before.

We now choose a4 coordinate uystem (x',y') such that the
ellipse has an orientation angle ¢ = 0 in these coordinates,

According to Fig. 3.1, the polarizaticn vector L in this

. )
v ' R R N ¥ PO

P = Y SRS TSI .-.’:1,
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case can be given by :
h(a,t,a) = | 3°°%7ed® (3.6)
jasint

where a is called the "absolute phase" of the autenna, and
defines the phase reference of the antenna &t time t = 0.
From (3.6), we notice that, when the sign of t changes, the
direction of sanse of polarization <cJhanges, taeing left-
sensed for positive values of v and right-sensed for the

negative omaes.

The general expression of the polarization vector for an

elliptically polarized wave with an allipse of orientation ¢

is obtained from (3.6) with the use of a rotation matrix :

cosyp ~vine| | cost eja

h(a,¢,7,0) = a (3.7)

sing coug] |jsint

The two descriptions of the polarization vector h of

e Y P SRR N LS.,

(3.3) and (3.7) are equivalent, eacept that in the case of

(3.7), the antenna is descriped by geowetric parameters, The

PRI~ o At cn g Casip- - = -

parametexrs a, ¢, T, o are related tc a,» ay, Gx and
SY accordirg vo the relations (Appendix A) :
2., 12 2 '
a’=a " + a
Zaxay
tan2¢ = — coré (3.8)
a 2-a 2
X

G .
Cwi e PRSI PTIN DD SISV V-0 . iy SO S LR TS




PAGE 19

2a_a
Xy

sin2t = —— sind
a_%+a ?
X v

3.2.3 The Stokes Parameters

A practical way of representing the state of polarization
of an elliptical wave is through a set of parameters, which
all have the same physical dimensions. Such are the Stokes
parameters and they were first introducted by Stokes in his
studies of partially polarized 1light. These parameters
constitute a column vector g (Stokes vector) and they can be
defined in terms of the electric field vector components, or

the set(ax, a, 6, Gy) or (a, ¢, t, a) as defined

y' x
in Sections 3.2.1 and 3.2.2, in the following manner

(Appendix B)

= 2 2 -, 2 2 - 2 =
gy = bl **lh |* =0 f +af =a I
8 = Ihxlz- hy 2 = ax2 - ay’= alcos2tcos2¢ = Q
* 2
8, = ZRe(hxhy } = 2axaycosﬁ = a‘cos2tsin2¢ = U
*
85 = -ZIm{h\(hy } = Zaxaysiné = a?sin2t =V
where :

2 o 2 2 2 = 12 = Qieg24yl
8y T 8y tg,"tg," = IT = QUHUTHY
The component &) describes the intensity while &8 8
and 83 represent the polarization of an ep wave since they

depend on the orientation of its ellipse and through the
ellipticity angle 1t on the sense in which the ellipse is

being described. The four Stokes parameters have the

C ol . e ML SR e VDN ¢ ST PTIC TIPRES VO | SR e

(3.9)

(3.10)
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dimensions of intensity(power); each corresponds not to an
instantaneous intensity but to & time - averaged intensity,
where the average 1is extended over an interval long enough
to permit practical measurement. Although its components are
physically real parameters, the Stokes vector 1is a
mathematical vector, i.e. it is not defined in a three -
dimensional physical space but in a four-dimensional
mathemathical space. The description of polarization through
the Stokes parameters is widely applicable since it covers
the completely, partially or unpolarized waves. The
physical proporty of the 4-component vector will be
discussed in another forthcoming report dealing with quasi-

coherent pan-chromatic wave interaction.

In practice the modified Stokes vector g g 1S often

used with components

1}
[}
[
[+
»
[}
G

& = ¥(IHQ) = |a |®

$(I-Q) |hylz =g %=1

8ml
and

8,7°827 838y a¢ given in Eq. (3.9)

3.2.4 The Poincare Sphere :

The Poincare sphere concept consists of mapping
polarization states on points of a sphere for complstely

polarized ep waves. It constitutes a useful way of

: . LI o, . .
s [RVE R OTURTLIIN 1 NOOPOLI N A ey -

(3.11)
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representing polarized ep waves as it will be shown as the
present treatment unfolds. The polarization state of an ep
wave, which either is described by the polarization vector h
or the Stokas vector g, can be represented on the Pcincare
sphere. Thus one can map the polarization vector h with

complex components hx and hy’ given by (3.3), on the
Poincare sphere by using the auxiliary complex parameter

h_-ih 1-jP

u = = (3.12)
hx+3hy 1+jP

where P is the complex polarization ratio and it is equal to

h
y

P = - (3.13)

h
X

Using (3.12) and (3.13), the polarization vector h can be
represented uniquely on a point on the Poincare sphere with
spherical coordinates (r, 6, ¢') which are given by
(Appendix C)

=l b |t = et

[uf?-1
co~-latitude 8 = arccos{———)} = 7/2-21 (3.14)
Iulz+1 :
¢
4
Im{u}
longitude ¢' = 2¢ = -phase{u} = -arctan{——)}
Re{u}

It should be noted that absclute phases cannot be

represented on the Poincare sphere. In case the polarization

state is described by the Stokes vector g, it is easily seen

. . St . oo
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from Eqs.(3.9) that its 8 8y 84 components can be

regarded as the certesian coordinates of a point P on a

! sphere of radius 8y» such that (m/2-21) and 2¢ are the

spherical angular coordinates of this point(¥Fig.3.3).

According to the above properties, the variocus states of

polarization can be mapped on the Poincare sphere which has
the following properties(Fig.3.4)

1. The Equatorial(x-y) ©plane divides the sphere into the
f left-sensed upper hemisphere where v is positive (0 < 1t

1/4) and the right-sensed lower hemispliere where <t 1is

negative (~m/4 S 1t < ().
2. All linear polarizations (t = 0°) are represented on the
Equator with horizontal polarization(H) at zero longitude ¢'

) = 2¢ = 0 and the vertical polarization(V) at the antipodal

location ¢' = 2¢ = 7

3. Left-handed circular polarization(LC,t=7/4) is mapped on

ER TR SR . S .‘ri -

the zenith (gl=g2=0.33=go) and right-handed circular

polarization (RC,t=~1/4) on the nadir

3
o gy

(8,78,=0,8,=-8,)

T

4. Any two orthogonal polarizations h (a,¢,t,x) and

h ,(a;,¢+n/2,+«1,a,) are wapped on antipodal pcints,

il o

5. Statistical polarization can also be mapped on the
Poincare  sphetn, thermal radiation produces random

pclarization states uniformly distributed over the

polarization sphere.
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: Fig. 3.3 : Representation of a polarization vector defined by its !
{‘ Stokes vector g=(g°,gl,gz,53) on the Poincare' sphere. ;
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Fig. 3.4 : Polarization at Cardinal Points of Poincare' sphere
(Kraus 1966).
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3.2.5 Polarization Charts

Polarization charts ©provide a useful tool for a
simplified representation of the state of any polarization
vector on a two-dimensional chart instead of using the
three-dimensional Poincare sphere, which though is still
preferable in case the XPOL and COPOL null characteristics
need to be studier’ in detail. Deschamzs(1951,1953) in his
tutorial study on tue Hyperbolic Protractor and Rumsey(1951)
showed how various mappings on the sphere can be related to
the power impedance(Smith) chart which was further followed
up by Huynen(1960), Poelman(1971), and also in the Russian
literature as e.g. 1in Kanareykin et al(l966,1968). There
exist many types of polarization charts and here we will
briefly review the properties of some charts which are being

used most frequently.

1. Rumsey p-and gq-Charts :

Rumsey(1951) has used the impedance concept which reduces
the field problem to a transmission line problem. The
analysis of impedance transformation occuring in
transmission line theory can again be simplified by working
in terms of reflection coefficients. The impedance concept
is successful in such applications largely because the
tangential components of the electric and magnetic fields

are continuous at a surface separating two different media.

ol » i,
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3 For the same reason, he used the polarization ratio P defind
as the ratio of two orthogonal tangential components of

electric field, to be equally valuable in the analysis of

| polarization.The polarization ratio P is analogous to
; impedance, then Rumsey finds that the analogue of the
reflection coefficient is the ratio of the right-handed and
left-handed circularly polarized comﬁonents which are
equivalent to the linearly polarized components used to

define P. Following Rumsey(1951)

1l-p 1-q Jhy h2

q = » P = » P = =JjP, q= s
1+p 1+q hx hr

hx’ hy are the linear x and y components of the

polarization vector, and hr’ hz are the right and left

circularly polarized cowmponents. Note that p=jP

=j(Polarization ratio). The transformation from p to q is

thus identical to the transformation from the current
reflection coefficient to the normalized impedance. In view
cof the symmetry of the transformation we can think of p, and

vice versa q, as reflection coefficient or impedance. By

e T T T e e stk g.!,_.‘-di

using these relations, Rumsey has developed the q and p

e

charts for representing any polarization vector.

Fig.3.5 shows how the orientation and shape of the g
polarization ellipse are represented using th. Smith-

Buschbeck Chart as the gq-plane. Fig.3.8 illustrates the

representation using tie Carter-Schmidt diagram as the p- ]

plane.
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H For points on the g-plane Fig.3.5, (Rumsey (1951))
a) We have right-handed polarization for all points irside

the unit circle, and left-handed polarization for all points

outside.
i b) The origin represents right-circular polarization, and
( the point at infinity represents left=-circular polarization.

c) Constant axial-ratio contours are identical to the
circles of constant SWR on a Smith chart. The axial ratie is
equal to the SWx obtained by treacinp q as a reflection
o coafficient.

d) A point on the unit circle represents linear polarization

at an angle aqual to one-half the polar angle.

e) The angle ¢ between the x axis and the major axis of the
polarization ellipse is related to the polar angle 0 on the
plare by the simple relation 2$=8,

f) the locus of the points representing polarizations for

which Ihx/hyl is constant, is the set of circles passing

through the points gq=t1 (the short and open-circuit points),

the orthogonal set of circles is obtained if the phase of

h_/h_is constant.
Xy

For points on the p-plane, Fig.3.6, (Rumsey (1951))

a) Points in the right half-plane represent right-handed
polarization and points in the left-plane represent left-

handed polarization.
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b) Points on the vertical axis represent linear polarizustion
at various angles.
¢) Circular polarization is represented by the points(1,0)
and (-1,Cy.

d) Ccnstant axial-ratio contours are identical to the

circles of constant standing wave ratio(SWR) on the Carter-
Schmidt impedancs chart. The axial ratio is equal to the SWR :

obtained by treating p as an impedance. 'y

e

p Plone Repressntaiion

Ty

Fig. 3.6 : p-plane Polarization Chart (Rumsey 1951).
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v 2. Deschamps O and § charts :

| Deschamps (1951,1953) has used the plarization ratio P
which can be deducad from the parametars ¢, 1t(orientation
and ellipticity angles), to derive the two sets of equations

cos2l = cos2tcosld

o~

tan § = tanltcscle

k
oy R
il

. tan2¢ = tan2¥cosd
T sin2t = sinld¥uind

where P ﬂtanKeJa (6 {s the phase difference between y and

i x channels and tan¥ {s the amplitude of thae polarization

ratio). He has usad two projections on the aquator of the

sphera., The first one, an orthographic projection (chart 0)

e o

is shown in Fig.3.7. The other, 4 sterwographic projaction

from the nadir, is shown on [ig.3.8 (Chart S),

In both cases by drawing the lines along which ¢ and 1
are conscant (moridians and parallels) and the lines along
which § and ¥, or the ratio tan¥, are constant, we have a
method of direct conversion from any two of these parameters

to the others.

The lines § constant are c¢ircles on Chart 8 and ellipses
on Chart O. The lines ¥ constant are straight lines

perpendicular to HV on Chart O and circles on Chart S.
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%
100 "
A
‘ " N

Fig. 3.7 : Orthographic Polarization Chart(0) (Deschamps 1951,53).

Fig. 3.8
1951,53).
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3. Huynen's Chart :

Huynen(l970) has presented two polarization charts, each

\ representing one hemisphere (top and hottom), to wmap the
i whole sphere on a plane. Fig.3.9 shows such a circular

X polavization chart, which maps all positive or laft-sensed

S P

polarizations. The circumference of the cirzular chart gives

all linear polarizations and the chart is left circular,

e et i el -

Notice the effect of 2¢ on points of the chart such that

"horizontal” polarization (¢=0°) is mapped on the extreme

right- hand side of the chart, while "vertical" polarization

v

t (2¢=180°) is mapped on the extreme left-hand side. All

points ¢n the chart represent polarization with orientation

¢=45%, Note the interesting fact that the radial distance of

¢ point on the polarization chart is messured by cosirt,

Sty e ree e iy~

B

Fig. 3.9 : Haynen's Pnlarizstion Churt (Huynen 197C).
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4, Poelmuan's Modified Chart :

L . i

Poelman(1971) has modified Huvnen's chart which was
explained before. He used in his modified polarization chart

the polar coordinates 2¢ and r such that :

l-cos2t

l+cos2t
as then the geometric parameters ¢ and r can easily be read

off., Note that Poelman used r=tant instead of cos2t which

was used by Huynen.

In Fig.3.10 the distinguished polarizations with the
proposed code numbers for the right-sensed polarization are
presented on the modified polarization chart. A similar
chart for the left-sensed polarization can be given, where
for the linear polarization the same code numbers can be

taken as given in Fig.3.10,

In Table 3.1, the 149 used polarizer settings (0,8) for
tha right-sensed poldrizations, including the 28 linear
polarization and the corresponding code numbers are given.
It follows that a group of 270(149+4149-28) different
polarizatious (right-and-left-sensed) is chosen to represent

4ll possible radar polarizations.

In Table 3.2 the pnlarization characteristics (r and ¢)
and corresponding code numbers are listed for the right-

sensed
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PAGE 135
sl el =0 [
1 |0 o° 19 | o 115.5° It 37 | 0.11 | 51.7°
2 |0 5.5°|] 20 | o 122° 38 |o0.10} 58.3°
3 {of| 13° 21 | 0 128.5% || 39 | 0.09 | 64.9°
4 ol 19.5°) 22 |o 135° 40 | 0.01 | 70.9°
5 | ol 25.5°|] 23 | o 141.5° || 41 | o.10 | 78.2°
6 | ol 32° 24 | o 148° 42 | o071 ] 84.4°
7 ol 38.5°| 25 | o 154.5° |t 43 Jo.11 | 90°
8 | o] 45° 26 | o 160.5° I 44 | 0.07 | 95.1°
9 |0 51.5° 21 | o 167° 45 | 0.10 | 101.8°
10 | o] s8° 28 | o 173.5° || 46 | 0.07 | 109.1°
11 | o] 64.5°] 29 | 0.1 o? 47 1 0.09 | 115.1°
12 | o | 70.5%% 30 | 0.07 5.1° || 48 1 o0.10 | 121.7° |
13 o 7% || 31 [o.10] 11.8° || 49 |o.11 | 128.3°
14 | o] 83.5°) 32 {e.or | 19.1° §| 50 | o011 | 135°
15 | o] 90" 33 ] 0.09 | 25.1Y | 51} o.11 | 141.7°
16 | o] 96.5°{| 3¢ | o.0 | 31.7° § s2 )o.10 | 148.3°
17 | o | 103° 35 1o.11 | 38.3° || 53 | o0.09 | 154.9°
18 | o} 109.5° 0 36 | o0.11 | 45° 5a | 0.07 | 160.9°

Table 3.2:

Survey of the polarizatica characteristics ellip-

ticity ratio, r, and orientation angle, ¢, cor-
responding with the code numbers for the right~

sensed polarizatioms.

IR

(Poelman, 1971)

K . M b i -
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oade—r r—- Q@ cede r o | cod:-' r I Em
l No. No. No. !
| | 55 | 0,10 168.2° || 76 | 0.21| 120.7° 97 | 0.31{ 80.2°
E 8 | 0.07 | 174.9° 4 77 | 0.23| 127.8°{ 98 | 0.34 i 84.8°
51 | 0.23] 0O 78 | 0.231 135° 3 99 | 0.35 | 90°
i 58 | 0.2 6.0° 1 19 | 0.23] 142.2° Il 100 | 0.34 | 95,2°
| 23 | 0.2 16.1° 11 80 | 0.21 | 149.3° 1| :of | 0.31 | 99.8°
, o

|
!
|
!
81 | 0.18 156.0° h 102 | 0.34 | 108.9°
|
|
|

| :

! ‘

5

52 0.2 0.7° L 82 63.9° 103 i o i

53 | 0.231 37.8° ) 84 | 0.21| 174.0° § 105 | 0.34 | 126.8° fﬁ

] i " h

| ¢4 , 0.23§ 45° ? 85 | 0.35| 0° |l 106 | 0.35 | 135° i
! | .

65 | 0.23| 52.2°) 86 | o34l s.2° 1107 1 0.34 | 14327 \
Voo | e | o il 108 i ol 1
.55 | 0.2 59.3° i 87 0.31 9.8" 1 |oa 0.31 { 150.1 | j

L ¢ . d

5|08 | 6607l 88 | o | 18.9°f 110 | 0.34 ¢ 161.1° :

46 | ' . ; '
| g | 0w2! 75,9°§. gg 0.31 | 28.9° 1 1411 | 0,31 | 170.2° |
. u i =
i 10 Lo | 84.0° 91 ¢ o.3a] 36.8° i a2 | 034 P 174.8° i

' } | g

l Ti g 0.23| 90° | 92 | 0.35 59 N1y ! o0.48 0° | .
| ' .

I 72 | 0.2t $6.0° | 93 | 0.3 53.2° ! 046 1 7.8° :

| . r i 1

i 13 ] 0.21] 106.1° | gi 0.31 | 61.1° ? 15 | 0.41 1 14.2%) ‘

. { i

|15 I 0.18 | 114.0° ! 96 | 0.3¢ | 7t1%§ 116 | 0.51 | 21.0° |

Table 3.2 (con't)
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:
v code r ool ccde T o7) cole r ¢
] No. Yo. No.
f 17 | 0.41 | 26.1°| 13¢ | 0.48 | 135° || 149 | 0.59 | 121.1° i
: 118 ol 135 0 0 f
i 119 | 0-46 | 33.9° 1 132 | 0.46 | 146.1° || 150 | 0.62 | 135 :
| 120 | 0.48 | 45° || 137 | 0.4t | 153.9%° 1 151 | 0.59 | 148.9° ;
! ;
;g; 0.46 56.1°§ 138 | 0.51 }159° 152 | 0.59 | 167.6° ]
123 | 0.41 63,9°§ 139 | 0.41 } 165.8° i 153 | 080 | 0° }
'y
124 | 0.51 | 69.0° | 140 | 0.46 | 172.2° § 154 | 0.72 | 22.1° ¥
i
125 | 0.41 | 75.8°§ 141 ! 0.62 0° ! 155 | 0.80 | 45° ﬂ
l ,
126 | 0.46 | 82.2°) 142 !o.s9 | 12.4° | i56 1 0.72 | 67.9° @
/ M
f121 | 0.48 | 90° | 143 | 0.5 | 31.9° 8 157 | 0.80 | 90° i
|
128 | 0.46 | 97.8° | 144 | 0.62 | 45° il 158 | 0.72 | 112.1° i
l \
129 | 0.41 | 104.2° i 145 | 0.59 | 58.9° I 159 | 0.80 | 135° |
{l W i
130 | 0.51 | 110.0% } 146 | 0.59 | 17 60; 160 | 0.72 | 157.9° :
131 | 0.41 | 116.1° )1 147 | o0.62 | 90° i 16 ! - é
[ Y
132 _ o PR . ;
Table 3.2 (con't) N
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Fig. 3.11 : Poelman's modified Polarization Chart (b) (Poelman
1977,78).
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polarization, incliuding the linear polarization.

Poelman(1977,1978) has used also another version of the }

modified polarization chart Fig.3.1l1l which is very similar 1

to the cne shown in Fig.3.11 but with using the polar

S A L

coordinates 2¢ and p=1-r.

5. Optimal Polarization Charts

i The optimal polarization charts (Kennaugh, 1952, Huynen,
1970) will be discussed in the forthcoming reports. On these
charts, the COPOL and XPOL nulls will be drawn for diffarent

aspect angles and different frequencies for various targets

pOVSTURERR. I SO

and sea clutter.

3.2.6 Canonical Polarization Pairs

> L‘Y-ﬁ ?

The power P(hj,hi) received, by a receiving antenna
with polarization gj(aj,aj,¢j,rj) dua to that

transmitted by gi\ai,ai,¢i,ti) is found to be

given in general by (Huynen 1970 ):

P(gj,hi) = iaizaj2[1+sin21jsin21 +cosZ(¢j+¢i)c0521jcos211] (3.15) -

i

Thus by selecting the parameters of the polarization pairs

(gj,hi), one can determine according to (3.15) the

magnitude of the received power. There are four such

canonical polarization pairs (Fig.3.12) of special

i e m

importance since they give rise to situations frequently
occuring in practical transimission reception interactionms.

These are :

1,
A it O et Al e i ..
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ORTHOGONAL : gj ={h},

¢i+é“,’cj=-ri) )

Horthogonal j(a and aJ arb. ’¢j
antipodal, but undetermined in a and a:

CANNOT BE USED AS A UNIQUE DESCRIPTOR.

H = - - . = =n 2,5 2
TRANSVERSE : hj gi( a,, ¢i) : P(Ej,hi) Pmax a, aj

B¢ ransverse —J(aJ 840957 “i’¢j ¢i’tj=ri):

OPTIMAL RECEPTION : ANTENNA MATCHING.

. 2
SYMMETRIC : hj =h ( ¢i i) P(h ) ai cos Zti

Esymmetric j(a Ta429 _ai’Tj -Ti’¢j='¢i):

MOST FREQUENCY TARGET POLARIZATION.

CONJUGATE : hj=gi(-ai,-ti)

Bonjugate Bj(8578;,9=70,8,5¢,,1,5-1,):

PRECIPITATION (CIRCULAR CLUTTER).

& &=

ORTHOGONAL SYMMETRIC
TRANSVERSE CONJUGATE

Fig. 3.12 : Basin Polarization Pairs.
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3.3 Scattering Matrix{S] :

The general radar turget detection technique consists of
having an electromagnetic radiation originating from a radar
transmitter scattered by the object under detection and
sampled by the radar receiver. The measure of the intensity
of the scattered radiation in the far zone from the
scattering obstacle was wusually described by the scalar

radar range equation expressed in terms of the radar cross- L

et i L s it . vt s

section (RCS) ¢ given by :

S s
|E% (o 801 R CBIE

o=1imé4mR? a1imémR? (3.16) !
~»>en -
R Eeap1* B rbe e
where R is the range (distance from target where the

< g - " -

scattered radiation is observed, Fig.3.13), E s’ E-s dre

the scattered electric and magnetic field vectors at the

observation point at direction (Bs,¢s), and similarly

E} E} define the incident electric and magnetic field

»

e T e A Dt e ’»4

vectors with direction angles Gi, ¢i.

7\
D

RECEIVER

SQURCE

Fig. 3.13 : Illustration of Radar Range Equation.
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Eq.(3.16) gave unsatisfactory results with clutter
precipitation present thus yielding limited radar target
detection. Recognizing these difficulties, Sinclair(1948)
showed that by introducing polarization in the radar range
equation the problems could be overcome. He proved that a
radar target acts a polarizaticn transformer and this
polarization transformation can be described by a matrix
known as the scattering matrix. We note that in Optics

Jones (1941) introduced a similar matrix(Shurcliff, 1962).

Let the polarization vectors gs and hi for the

scattered and incident radiation, respectively, be defined

in terms of general orthogonal polarization base vectors

(ﬁA.ﬁB) i.e.

and h =

The complex components hA, hr can represent any

polarization by relative magnitudes and phases. The
scattering matrix transforms the transmitted polarization

gi into the polarization of the scattered field h°

according to :
s - . i
h (esy¢s)—[ m(s;\’¢s,ei’¢i)]—!} (ei!¢i)

where [ /0] in case of A=H, B=V is the "linear polarization"

restricted scattering matrix with -absolute phase, i.e.

Q
- |

(3.17)

(3.18)
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‘ where aij and ¢ij represent the raddr cross-sections and

the absolute phases of the target returns with received (i)

?‘ and transmitted (J) polarizationy. The matrix [ /3] in
g Eq.(3.19) is defined in terms of the sbsolute phase ¢,,.
5 By making the substitution :
%
9y
lim = |s,,| where i,j=A or B (3.20)
R-’.’ )

then Eg.(3.18) be-~oma :

| hs=[SISMA§f (3.21)
where [S]SMA is the scattering matrix with absolute phase

L‘ and it can be written from (3.19) and (3.20) by :

| 5,4 Sup |sAA|ej<¢AA'¢AB) E

| (5] gyqp= =ei%aB (3.22)

: S54 Spp |85,1e7®8a™%a8) |5 |edPunan)

The scattering matrix represents the radar target for 4
given frequency and fixed aspect angle . Thus at these fixed
frequency and aspect angle, the target is described
completely by the scattering matrix. However, in special
cases one and the same matrix may represent properties of a
set of different targets (Huynen, 1970). A particularly
useful feature of the scattering watrix representation is
that its intrinsic properties are a function of the target
configuration and do not depend on the measurement technique
or measuring equipment. However, the scattering matrix with

absolute phase does dspand on the target displacement along

.
DIELL Ll T ez D et i v s S e it B i a1
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the line of sight. In order for tiae {S]SMA matrix to be

specified completely, aight redl numbers(four magnitudes and
four phases) have to be measured. The measursment of the
absolute phase of a target becomes very formidable becauso
of its dependence on the location of the ctarget, the
direction of illumination, surface configuraticn and the
radar frequency. Hanca, one has to use highly elaborate
measuxing techniques. Moreover, the absolute phases cannot
be mapped on the Poincare sphere (Thiel 1970) and thus the

[S]SMA matrix camnot have a undgue representstion on the

spherns. Beccusa of these difficulties, the scattaering matrlx

_— S oo i Bovnd i o NS L Rl A

with relative phasa(SMR), whore any one of the phuses of the

matyrix alements can be zet to an arbitrary constant (wost

commonly the phose of the crosg-polarized term SAB i.e,
]
¢AB 18 chosen to ba zero). Thus the scattering matxix with

relative phuse [S]SMR 18 according to (3.22) :

18] MR | with ¢AA’¢BA*¢BBﬁO’ and

¢,p=0

This simplitication reduces the number required to specify
complately the scattering matrix from aight to seven real

numbors.

Another importunt feature of defining relative phases

instead of the absolute ones is that relative phase terms

(3.23)

ottt bl v T ot B et xS ol it BB e AL kN il xR L W s A.A.uun.hﬂlnzimmwmiﬁlwmﬂ:muuLJULQMMAI"MI_M ad
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can be recovered from amplitude only data (Keanaugh,1949).

In the casa of "bistatic" scattering one has : Bsﬁei,
4 R . 1t "
¢w*¢i and SAD#bBA‘ In the "monostatic’ case (both

transmitter and recaiver antennas ars at the same location),

wo have SABWSBA because the reciprocity theorem and

conservation of energy should be satisfied for propagation
in an isotropic wmedium. We note that for anisotropic
scatters this condition need not be satified, Thus the

scattering matrix[S]SMR becomes  symmetric dn the

"monostatic" case and only five real numbers(threa
amplitudes and two phases) are needad to specify it

completaly.

Using (3.17), (3.21) and (3.22), we have

The polarxization of the electromagnetic wave in (3.24) is
defined with respect to two orthogonal components which are
in general elliptical. The two special cases of ellipticél
polarization i.e. linear and circular polarizations are the
most commonly used fur reference systems. If we represent

the linear polarization vector with (hx’hy)’ and the
circular polarization vector with (hr,hz) as its right

and left circular components, respectively, then the

(3.24)
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relations between the scattered fields in the two

1
polarizations are given by (Long 1966) : ]
q
1

h, = é(hx+jhy). h = i(hx'Jhy) (3.25)

The scattering matrices for the two polarizations are ¢

related through the formulas :

Cpp = |§(sxx-syy)+jsxy|, sxy=syx
F
Cpp = Ii(sxx+syy)|, €, =C.q (3.26) i
Cp = 14(5, -8 )-15, | 1
1
where the Cij are the elements of the scattering matrix Q
with respect to the s
circular polarization basis and Sij are the corresponding '

elements with respect to linear polarization basis.

3.4 Scattering Matrix Transformation Invariants

5.4.1 The unitary transformation matrix [T] :

Assuming reciprocity holds, there exists an infinite

number of general pairs of orthogonal elliptical
B

B and an infinite number

AXY.
polarization basis vectors hA’

of possible invariant transformations. Numerically, the

transformation proporties of the scattering matrix [S(A,B)]

(assuming no polarization losses) from one orthogonal pair :

|

A

AN
b = bk, + hihy (3.27)

to another orthogonal pair :

ho=h, B+ ng Ry (3.28)
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can be transformed to another new scattering matrix
[S'(A',B')] by using a unitary transformation matrix [T].
This matrix [T] relates the polarization vector components
in the two orthogonal basis sets (A,B) and (A',B'). To find
the matrix [T], the orthogonality relationship between the
components of each of the two orthogonal basis vectors

should be used e.g.

hooh =5
SR BRG

where Gij is the Kronecker delta function
(Gij=1,i=j,61j=0,i#j) and (i,j) may be equal to A or B

in the first basis set and A' or B' in the second sat.

From (3.27) to (3.29), we have :

het,* = h, =n, 'h.'oR, ) + b '(hteR, )
= A A A 4L TA B V8B A
and
.‘*_ = Vin ten ¥ Vet gh ¥
h hB = hB = hA (hA 'hB ) + hB (nB .hB )

By rewriting (3.30) and (3.31) in matrix form, one has

"v."*"|"* '
hA hA hA hB 'hA hA
£y 'ohy Bytebyt| (ng'
A B B B B
or,
h(4,B) = [T] h(a',B")
where :
v‘*"v.“*
hy'*hy  Bpohy
{T] =
~ A A ~ %
h,'*h h.'eh

(3.29)

(3.

(3

(3.

(3.

(3.

.31)

33)

34)

A Pt3

4
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To determine the matrix [T], the relationship between the
two sets of the orthogonal basis vectors should be known.

For example, let :

"~ ' - ~

hA = “lhA + uth (3.35)
and

[a) ' - -~ -~ -

hB = BlhA + 62h (3.36)

~

These two new unit vectors hA', R

B in the orthogonal

basis (A',B') should satisfy the orthogonal ity relationship

of (3.29). For (3.29) to hold, the following must be met

|Gl|2 + luz!z = l) (3-37&)

[B,1% + 18,1* = 1, and (3.37b)
9% *

alﬁl + azﬁz =0 {(3.37c)

By substituting (3.35) and (3.36) into (3.34) and using

(3.29), the matrix [T} can be written in the fornm :

(T] = (3.38)

This means that there exists an infinite number of
unitary matrices ([T] given by (3.38), which satisfy the

conditions (3.37). For example, if we choose :
By = o0 By =9y (3.39)

which satisfies (3.37b & <) provided that (3.37a) is

satisfied, Eq.(3.38) yields :

. Pt . . i~ L y ! ANt
F AT LI VS BT N (AT O S TR T R L T LN

£t et ALt LM e i
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(T] =

2 1

Let N and a, be defined by a complex parameter p and

*
its complex conjugate p such that the conditions (3.37)

are satisfied, For example, one can write :

1 P ¢,
a.1=-———a.nda2=——-—-—-, so that, — = p
% , %*
Jl+pp 1+pp @,
then :
*
1 1 =-p

(1] = ———

L3
Jl"'PP p 1

In case no polarization transformation losses are
incured, the matrix [T] in (3.42) is a unitary matrix since

it satisfies the condition

7ty = th”

3.4.2 The_scattering matrix in the new basis [(S'(A',B')] :

Using the unitary transformation matrix [T] in terms of

*
the complex parameters p and p given by (3.42), one can
obtain the scatteriﬁg matrix (S'(sa',B')] in the new basis

(A',B') in terms of the elements of the original scattering
*
matrix [(S(A,B)] and p, p .

We now rewrite (3.33) for the incident and the scattered

polarization vectors separately. Thus :

" SR o
Calmeia i Lt St L . . .,
it g in oY I O I P

(3.40)

(3.41)

(3.42)

QA T ASS 57 B i SO ._:Lar‘..a‘,.:;:!< .
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n'(a,3) = [1] n'(a',3") (3.44)

and

8%(A,B) = [T 1n°(A',B") (3.45)

We use [T'] instead of [T] in (3.45) in order to preserve
the same sense of polarization with respect to both
i coordinate systems of the incident and scattered radiation
(Graves 1956, Maffett 1968). From (3.45) :

3 RA',BY) = (71 10 ,8) = [1TT10%(4,B) (3.46)

g Using (3.21) and (3.44) one has :

g 15(A,B) = (S(4,B)1n (4,B)

ﬁ = [$(A,B)][TIn*(a",B") (3.47) ¥,

3 Substituting (3.47) into (3.46), we obtain : @

i T 1 i

" hS(A',B') = [T"1[5(A,B)][T]h (4" ,B") |

) !

% . ’

| = [S'(A',B")]h*(A',B") (3.48) }
2

g where : ;

(s'(a',B")] = [T'](S(A,B)][T] (3.49) i

From (3.49) and (3.42), we obtain : a

', vp0 = (hpp ) 1S, +p2S, +p (5, 45, ,)] '

A'A' PP AATP SBpTP%ypTOpa i

s = (14pp ) L-p"S, +pS. 4S. _=pp"'S 3.50 |

A'B' T (+pp ) “[-p AA P BB “AB pp BA] (3.50) (

' vir = (Ltpp ) [0S, s +pS o tEe,pp S, ] §

B!Al = ( ppe ) [ o] AA P BB ‘:’BA pp ABJ |

s = (1+pp ) L(p¥ 25, 45 -p (S, +§ ﬂ

Using (3.50; we find that the det{[S(A,B)]} and the 1

span {[S{A,3)]} are transformation invariants (Appendix D),

according to :




PAGE 51

det{[S(A,B)]} = det{[S'(A',B")]} = invariant,
and

= 2 2 2 2 -
span{ [S(A,B)]} = ISAAI +|SAB| +| SBA' +|SBBI P

= span{[S'(A',B")]}

= IS'A'A'Iz;IS'A'B'IZ+IS'B'A'IZ+IS B'B'l

= jnvariant
We note that, if sAB = SBA’ then S'A'B' = S'B'A' ,

i.e. , if reciprocity is satisfied for any one pair of
orthogonal polarizations, it is satisfied for all such
pairs. Furthermore, we must emphasize the important property
that for any one givan aspect and for one frequency, the
transformation occurs on one and the same polarization
sphere of radius p = span{{S(A,B)]} = span {[S'(A',B")]}.
Thus,if [S(A,B)] is known, the new scattering matrix
[(S'(A',B')] for any other orthogonal base (A',B') can be
determined if the relationship between the two sets of bases
(A,B) and (A',B') are known. This is shown for example in
the transformation from linear to circular polarization
basis vectors in (Long 1966). In case of polarization
losses, the properties of the ccuerency matrix need to be
used (Kraus 1966), and transformation will not occur on the
same polarization sphere (Deschamps 1951), as is discussed
in (Thiel 1970} and will be further analyzed in one of our

forthcoming reports.

(3.51)

(3.52)

i - = —
v e TR ARUREERILLRMPIEE R AR N it ol . i, DAt e S " il
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3.5 The Optimal Polarizations :

It was first shown by (Kennaugh 1949-1954), that there

i

exist two pairs of optimal polarization which can be
associated with (3.50) and are useful to express the five
independent real components of the scatteving matrix [S] in

the monostatic relative phase case on the polarization

sphera of radMus p subject to (3.52).

L

ol L

The CO-POLARIZATION (COPOL) NULL PAIRS for minimal

T T T S I I R T Y S i
N e ket o 2 T L b, o o e TN I, s

polarization are obtained from (3.50) by setting S'

A'a’
and/or S'B'B' to zero so that in the bistatic case :
- 2,
(S,p+Spp % 4(SAB+SBA) 45)aSpy
co -
P15 = (3.53)
2Spp

reducing for the monogtatic case to :

b
- z.
Sapt ‘V’ Sap ~SaaSps

T S T A T e ey - _.;..A-ZZ.:Z&:M ol it i

1,0 = (3.54)
SBB
The GROSS-POLARIZATION (XPOL) NULL PAIR for maximal
polarizatinn 1s obtained from (3.50) by setting S'A'B' or
S'B'A' to zero so that in tue bistatic case :
}‘
Ut o b2-bac {
X = (3.55a) ‘
P 1,2 . :
2a {
where :
=3 *+S [
8 = SppSpa *Saa Spa
* *
= of! 2.9 Q - 2
b= -{i8pp1*-3,p85, +Syp Spa~ISaal™?
- = S *Q +5,.S5 * 3.55b
¢ = -(Spp Sup*SaaSyp ) (3.55b)

U eaal AN b s Lt
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reducing for the monostatic case to :
b= -{|S,1%-|5,,1?} and ¢ = -a" (3.55c)
BB AA '
If we let, in general :
1-jp
u = (3.56)
1+ip

with p being the transformation parameter defined by
Eq.(3.50), the coordinates resulting for (3.53) to (3.55) on
the Poincare sphere are given by

lu?-1

arccos —— (3.57)
Ju] 2+1

Colatitude : 8

Im{u}

-arctan ——— = -phase{u} (3.58)
Re{u}

On the basis of these expressions, examples of calculations

Longitude : ¢'

of the optimal polarization pairs for radar targets and
clutter are given in Chapter Four. It should be noted, as
is illustrated in Fig.(3.14), that for the monostatic case
the XPOL and COPOL nulls lie on one main c¢ircle, * it the
XPOL nulls are antipodal, and the connecting 1line bisects
the great circle arc between the COPOL nulls, This means
that, if we determine tha COPOL nulls, it is easy to find
the location of the XPOL nulls but not vice versa. Also, if
one XPOL null and one COPOL null are given (e.g. by
measurements), the location of the other twe nulls can be

found. By using the COPFCL null polarizations, the scattering

. w

% SN mxl&h.; .

T Ay T T L T TR ,1._-_3-'..:‘ P
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¢ CoPOL, NULL
X XPOL. NULL

- o PP VrE———

s ,Lm._!’w-h"

e o

by S

]
d

Fig. 3.14 : The Polarization Fork (Huyuen 1970).
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matrix can be graphically represented by two points on the
surface of the Poincare sphere of radius p. The coordinates

; of the scattering matrix or of the target signature and the
radius of the sphere represent the function of the target

reflectivity, eand in principle contain the same information

TR T YT v T e

} as {S] for the monostatic relative phase case.

Details of the intrinsic properties of the optimal
polarization nulls on the Poincare sphere will be discussed
in one of our forthcoming reports together with the analysis

of model generated and measurement data.

3.6 The Stokes or Muellar Matrix and its Relationship with

the Scattering Matrix :

Whereas, 1in the coherent case the elements of the 2x2
Sinclair matrix ([S(A,B)] are additive, in the incocherent

case, the time-averaged Stokes parameters of the 4x4 Mueller

matrix are additive. The Mueller matrix [M] relates the
scattered and the incident Stokes vectors in the following

way

g5 (4,8) = [H)g'4,B) (3.59)

where the Stokes vector g = (30,81.82,83)

(1,Q,U,V) is given by (3.9) in terms of the phasors of its

corresponding polarization vector :

A A
h = hyh,+h by (3.60)

Similarly, the modified Mueller matrix [Mm] relates the
modified scattered and incident Stokes vectors through the

equation :

]

?

b

:

3

]

-

C
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By (4,8) = [alg *(a,B) (3.61)

where By = (3(1+Q),4(1I-Q),U,V) given by (3.11).

In the following sections we will, as given by (3.11),
: derive the relationship between the matrices {M], [Mm] and

{S]. In the first subsection, tha derivation of the elements

P

A e i il 0 kil ol

of [M] and [Mm] from [S] is given, while in the second
subsection, the inverse problem, i.e., the derivation of the
elements of [S] from [M] oxr (Mm] is solved. Also the
] relation between [M] and [Mm] is given in the third

subsection.

3.6.1 Derivation of the Mueller [M] or Modified Mueller [Mm}
Matrices from the Scattering Matrix [S]

a) Derivation of the Mueller Matrix [M] from the scattering
matrix [§] :

The scattering matrix [S(A,B)] is given in the orthogonal

basis (A,B) by (3.22) which in the bistatic case has four
complex quantities or it possesses eight real quantities for

the absolute phase case. The complex quantities are SAA’

ool y-ty-eeerr T :‘—
B ISyt + Sy, SNy e Fra o Wy s oy by v
T L. SR YN

s SBA and SBB y,while the real quantities are

AB’
ISpals 18,51y 18g,ls 1Sgpls ¢p4s 845, 454,
‘BB‘ In the monostatic case, we have SBA = SAB or six

real quantities ISAAI, lSAB!, ISBB[, ®aa> %ap: !

¢gp because ISBAI = ISABI and ¢y, = ¢,5. In this 1

section the slements of the Muellar Matrix [M] for both the
bistatic and monostatic cases are derived from the elements

of the scattering matrix [S(A,B)], as shown in Appendix (E)

. e e e crs e 4e o mabme -

L : N o N
e ikl Attt b = o S o B o b, S o >
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1) Bistatic Case :

- 2 ‘2 2 2
mll - Q{ISAAI +ISBAI +ISAB| +|SBBI }

= 2 2_ 2_ 2y
m12 i('sAAl +|SBA] |SAB | lSBBI J
= Re(S,,5,. +5..5..7)
Byg = Re{S,,5,p +55,5pp
@,, = Im{(S,,S *+s S *}
my, = Im{S,,S,p +S5,5p8
= 3 2. 2 2 o 2
m21 Z{ISAAI ISBA' +ISABI ISBBl }
- 2_ 2_1a (2 2
m,, = {18, 1%=185,[2=[8,,1% +8551%}
= R *.5. 8"
myy = Re{S,,5,5 ~SpsSpp !
= Im(S,,S,. 5. .8..")
my, = Im{S,45,5 ~Spa¥pp
= Re{S..S.. +5..5.."
my) = Re{S,,8p, +5,5855 !
= Re{S,.S.. ~5..5.."}
my, = Re{S,4S5, ~S,55s8
_ *+ *}
myy = Re{S,,Spp +S,35ps
=1 *.s *
My, = Im{S,,Spp ~SypSpy }
-— *+‘ *
my, = -Im{S,,Sp, +5,55pp }
_ * ”*
m,p = ~Im{8,,S5, ~SspSpp ?
= s s
Mg = “Im(S,,Spp +S,55p, )
= Re(S,.S.."-§ *
my, = Re(S,,85p ~5,55p4 )
ii) Monostatic Case :
= 2 10q |2
my Q{ISAAl +2|SAB| +ISBB| }
= 2. 2
my, i{ISAAI lSBBl }
= Re(S *es 5.5
my3 = Re{S,,5,p +S45553
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(3.62)

- b

|
|
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k3

Im{ "5 8
my, = Io{8,,S,p +S,455ps }

m = mlz

2 2y, 2
my, = ${|S,, [*+|S5512}-[5,,]

* [
myy = Re{S,,Syg ~5,55pp !}
- ¥ *
o, = Im{S,,5sp ~SupSpp !
M3y = 43
Msy = Oag
= Re{S,,S 1t S,,|2
my3 = Re{S,,Spp J+|S,y
*
g, = In{S,,Spp }
M1 = "0y
Mi2 = "Dy
M43 = "My
Bhg = B33ty Wy,

In this case, we have a maximum of seven independent
elements. We note from (3.62) and (3.63) that, all elements

of the Mueller matrix [M] are real.

b) Derivation nof the modified Mueller matrix {Mm] from the

scattering matrix [S] :

Using the definition of [Mm] in Eq.(3.61) and of &, in

Eq.(3.11), the elements of the modified Mueller matrix [Mm]
can be obtained directly from the scattering matrix [S(A,B)]

(Appendix F); thus for the bistatic case, we obtain

P N e i A e e e

(3.63)
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: - a
l"“‘ Q 1 3 2 * *
?5 leA| |5ABl Re{SAASAB } In{S;,S,, }
i 2 2 * *
: m|l = * * * * * N
. 2Ra{SAASBA } 2Re{SABSBB } Re{SAASBB +SABSBA } Im{SAASBB SABSBA )
: * * w * ¥ *
X 9 Iml € - 3 - - {
L\ ZIm..uAASBA } ZIm{SABSBB } Im{SAASBB +SABSBA } Re{SMSBB SABSBA } i
4 - A .
ﬂ (3.64) é
and for the wmonostatic case we only have seven independent %
%; «lements, since %
“ Mpy = Myps Myy = 2Myq0 My = =2My, Mgy = M5, !
Kf v
| My = =2Mpys My = My, and M, = Hyp-2, |
: 3.6.2 Derivation of the Scattering Matrix [S] from the
k Mueller [M] or Modified Mueller [Mm] Matrices :
Since it is useful to characterize clutter behaviour by
its optimal polarization properties, it is desirable to
3 express the amplitudes and the phases of the sciattering
]
1 matrix elements Spa SAB’ Spy and Spp in terms of
the elements of the Mueller matrix elements mij or of the
modified one denoted here by Mij.
a) Derivation of the scat.ering matrix [S] from the Mueller
matrix [M] :
As shown in Appendix (G), for the bistatic case; the ;
i
amplitudes of the elements of the matrix (S] are given in ;
terms of the elements of [M] by : !
EW =\/;(m11+“12*m21+”22)
Y ""\,/*("‘11'“’1.2*‘“21'“22) (3.65)

RN TEICICIPEOSEPY

I8gp! = [A(m,;-m

1270217%p7)
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and their phases by :
AL
¢A.A = ¢AB+arcta.n
@ 3t,3
¢AB is arbitrary (=0)
16724 D412
¢BA = ¢AB+arctan ———— APCLAN
M13"023 B317%32
B41"42
¢BB = ¢AB+arctan (3.66)
@317
which simplify in the monostatic case so that
I — -1
845! = [8pyl and 6,5 = 4y, ;
(
H
b) Derivation of the Scattering Matrix [S] from the Modified |

Mueller Matrix [Mm]

Similary for the case of the modified Mueller matrix [Mm]

as shown in (Appendix H), we obtain for tbe bistatic case : j
E
“14 !
ISAAI =\/M11 » $pp = 9 ptarctan
M13

ISABI =‘/M12 » 9,p is arbitrary (=0)

M

35,5
ISpal =y/Myy » 8py = #yptarctan

M,.-M

33744

e VNt A i med e e atntate AP I
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M2

ISggl =\/Myy » #55 = $yp*arctan

Map

which for the monostatic case simplifies so that

=|S

5,p! pal &nd 9,5 = dg,.

3.6.3 The relation between the Mueller matrix [M] and the

modified Mueller matrix [Mm] :

For completeness, the relationship between the Mueller
[M] and modified Mueller [Mm] matrices is derived in this

sention. Rewriting (3.59) and (3.61) which defines [M] and

[Mm] matrices as follows :

£ 4,8) = Mg*4,8) (3.68)
g," (4,8) = [Mn]g *(4,B) (3.69)

where g = (I,Q,U,V) is the Stokes vector which is defined in
Eq.(3.9) and g, = (3(1+Q),4(I-Q),U,V ) 1is the modified

Stokes vector. From the definitions of g and

-

&, one can get the relaticn :

—

PR eyt~ B+ = G Hn. o SRR NN N

P - S 17
g #(I+Q) $ 3 00 I
‘ §m(A.B) = 4(1-Q |=| ¢+ -4 0 0 Q (3.70)
U 0 0 1 0 U :
\' 0 0 0 1 v L
| or g (A,B) = [R]g(A,B) (3.71) |
E where
: 3 40 0
Rl ={% -4 0 O
0O 0 1 0
0 0 0 1
From (3.71), we can write :

&, (A,B) = [R]g%(4,B)
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From (3.73) and (3.68), then :

& . (4,8) = [R] g°(A,B) = [R][M] g (A,B)

= [RI[M] (R '1g,"(A,B) (3.74)

where {R-I] is the inverse of the real matrix [R] of

(3.72) which can be written as :

110 0
R ={1-1 0 o (3.75)
0 0 1 0
00 0 1
From (3.69) and (3.74), one can write
(Mm] = [R][M][R]] (3.76)
or
M] = [R™!] M) [R] (3.77)

In summary, the relation between [M] and [Mm] is derived

and is given by the pair of (3.76) and (3.77), where [R] and

[R-l] are given by (3.72) and (3.75), respectively.

3.7 Reconstruction of the scattering matrix [S] and the

Mueller matrix [M] from the optimal polarizations known on

the Poincare sphere :

In this section the reconstruction of the scattering
matrix [S] and the Mueller matrices [M] and [Mm]is derived
assuming that the COPOL null pair or one COPOL and one XPOL
polarization null are given. It will be shown that knowing
only the XPOL null pair is not sufficient to reconstruct

these matrices as expected. To solve this problem,we have to

L L
. R . . R Ve ) R
S CHPEL PONEIIURIPCPIRS L LIV & PSR S ki 2 Ml st e RIS
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use the equations in the previous sections of this Chapter.
The problem now is:given two polarization nulls,either two
COPOL nulls or one COPOL and one XPOL null but not two XPOL
nulls, such that their representation on the Poincare sphere

are given by (p,61,¢1') and (p,92,¢2'), where

p=span{[S]} is the radius of the Poincare sphere, 0 is the
colatitude and ¢' is the longitude. Then, it is required to
reconstruct the scattering matrix [Z] with relative phase
and similarly the Mueller matrices [M] and [Mm]. TFirst, we
have to calculate the auxiliary parametsr p which is
mentioned in Section (3.5) from knowing 8, ¢' at any

polarization null. Using (3.56), one can get

l-u

p=-]
1+u

where u is a complex number and it can be calculated using

(3.57) and (3.58) as follows :

l+cos®

u=\|\|f—— e
l-cos8

‘j¢'

where (0,¢') is the coordinate of one of the polarization
null on the Poincare sphere. This means if (0,¢') is known
for such a polarization null, its corresponding complex
parameter p can be calculated using (3.78) and (3.79). Next,
we will calculate the scattering and the Mueller matrices

from the optimal polarizations.

3.7.1 the COPOL null pair is known °

Let the COPOL polarization null pair

(p.61°°,¢1°°) aad (p,92°°,¢2°°) be given,

where we know irom Section 3.5 thuat p=span{[S]}. By using

|
. W P L ("
PRI L L PR L . Bl it gl

(3.78)

(3.79)
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(3.78) and (3.79) we can calculate the corresponding complex

parameters pl°°, cho. Each of these parameters

should be a root of the first equation of (3.50). This

implies for the monostatic case :

co.2 co _
Sy,+(p, )28 5420 O 8,5 = 0 (3.80)

and
CO. 2 co -
SAA+(p2 ) SBB+2p2 SAB =0 (3.81)
where SAA’ SAB and SBB are the elements of the

scattering matrix [S(A,B)] in the orthogonal basis (A,B).
From (3.80) and (3.81), one can calculate two elements of
the scattering matrix in terws of the third one. For

example, solving both equations to calculate S in

AA’ SBB

torms of SAB’ one can write :

co_ co
2p) Py
= R
co, co
Py try
and
-2
SBB = —— SAB (3.83)
co, co
Py tr,
then the scattering matrix can be written in the form :
co_ co
2Py Py
- 1
co, co
Py *Py
[S(A,B)] = SAB -2 (3.84)
1
Plco+pzco
L .
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| 3
‘ Now we have to calculate SAB’ where by using (3.52)
Sy 3+218,512+[8551% = p = span{[S(4,B)]} (3.85) |
9
i We substitute (3.82) and (3.83) into (3.85), then
i; co co
\ +
: _\Ip lq P | o
lsAB' -~ ( . )

3 co c o
b v—z_ J|P1c°+pz |2+2Ip1 C‘ch '2+2

The absolute phase of SAB cannot be reconstructed from the

B SR N

knowledge of the optimal polarization pairs as was clearly
\

shown by Kennaugh(1952). The scattering matrix with relative

phase only can be reconstructed.Letting ¢AB=O then

SAB=ISAB|. Substituting from (3.86) into (3.84), one can
write the reconstructed scattering matrix [S] with relative

F phase in terms of the COPOL null pair (91°°,92°°) as

follows :

[S(A,B)] =K (3.87)

e e e e~ e oo o an v

where
K=(p/2 10, %0, 0| 24215, %%, | 242172, o

a = -2p. %%, “exp(-385),

b= |p, "%,

3

[¢]
1

~2exp(-j¢E) and

- ) co, co
¢g = phase(p, ""+p, ")
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e 3.7.2 One CCPOL and one XPOL null are kaown :
1 co
i» Let (pi ,pjx) '« xnown on the Poincare sphere of
§
}
; radius p, where piro is any COPOL null, i=1 or 2 and
f x . iy co . , i
pJ is any XPOL null, j=1 or 2. Py should satisfy i
i
% the first equation of (3.50) and pjx satisfy the second 5;
| ]
; one. TI . .eans : ;
k
k Co. 2z co ¢
{ Suut(p ") 8p+2p ©% 5,0 = 0 (3.88) i
!
and %
e XK X 1. X2 , )
(pj ) SAA+Pj Spp+Sap(l lpj |12y =0 (3.89) 11

ey

%
mulitply (3.33) by (pjx) and add it to (3.89), then :

: "
2%, M -|pjx|’+1

]
]
!
1 J g
Spp = “Sap (3.90) 1
f * .
(ij) (piro)’+pjx :
Substitute (3.90) into (3.88), then : f
co__ co Xia,_ X
Py Py lpj | 2p
. CcO
Sy * Sy Py (3.91) E
X%, co.2 X
+ :
(pJ ) (pi ) P .

Usiug (3.90) and (3.91) and (3.85), then we can writae :

5351 = 0/D U ey ™" (o, %240 1) (3.92)

wuere

et S St aic

D= {2|(pjx)*ipi°°)’+pjx|’

CO( 2 co__ co X|a2_ Xs2
LA G P L PR AT
e ,
#1120, %00 ) =10 *1441]1%) (3.93)
From (3.90), (3.9%) and (3.92), we can write the scattering

matrix with relat/ve phase (¢AB=0) as following :

b et ottt it bl A b s et b R I .
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a b

[S(A,B)] = (3.94)

U"U

where

D is given by (3.92),

a= Pico[Pico-Picolpjxlz'zpjx]B-J¢E

b= 1" (p, %) 240 |

= X%  co,. X
l(pj ) (py ) *p; |

0
i

T Py 34 .
SURITIY | SRS Y

d

. B
“120,%%(p )" - [p X | 4110 7%

. *
¢E = phase of [(pjx) (pi°°)2+pjx] (5.95)

b 3.7.32 The XPOL uull pair is known :

Let (plx,pzx) be the XPOL null pair, then each

value should satisfy the second equation in (3.50), where

. ala R T X o X oX*

and

I
o

, * L
"oy ") Sygtey Spp Sypline, (p, ")) = (3.97)

Multiply (3.97) by plx and subtract the result from g
(3.96) after multiplication by pzx. then :
['Pz (Pl ) +P1 (PZ ) ]SAA

X, x, x* x x *
*HSaploey +ey (py7) by ey -0, 9, (9 ™) ] = 0 (3.98) 4

X, Rw *
Using the relation plx(pzx) =(plx) p2x= -

i.e. the property of the XPOL nulls to ba antipndal,

s e oo - g s s
LT 3 : ! . LT e ——
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which can be derived easily from (3.55a) and (3.55¢).

Eq.(3.98) will vanish for any value of plx and pzx.

S —

This is also true when one tries to calculate SBB in term ;

of SAB' This means the scattering matrix [S] cannot be

determined by using the two XPOL nulls as was previously ;

established by Kennaugh and shown also in Huynen (1970).

. In summary, the scattering matrix [S] with relative phase
at fixed aspect and at a given frequency can be

reconstructed by using (3.87) for the case in which tihie two

COPOL nulls are known, and by using (3.94) for the case in
which one COPOL and one XPOL null are known. We note here
that [S] cannot be reconstructed if only the two XPOL nulls
are known. After calculating the scattering matrix [S], one
can calculate the Mueller [M] and the modified Mueller [Mm]

} matrices in the monostatic case using (3.63) and (3.64),

respectively.

T . mn Lo M e - .
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CHAPTER FOUR

NUMERICAL RESULTS

4.1 Introduction :

In this Chapter, we will use the theory of Chapter Three

to calculate the two unknown matrices given either the

scattering [S], the Mueller [M], or the modified Mueller [Mm]
matrices for different targets and for sea clutter. We will
concentrate on the monostatic relative phase case for the [S§]
matrix. It should be noted that, the bistatic case also can
be calculated by using the formulas of the same Chapter.
Also, the COPOL and ¥POL nulls, at a given aspect and fixed

frequency, and their representation on the Poincare sphere

for each case are calculated. It should be noted that, for
calculating the scattering matrix [S] from the Mueller
matfices [M] or [Mm] in the monostatic relative phase case,

only seven elements from [M] or [Mm] are needed, e.g. m s

] and m

Wyps Mygs Wyps Mooy 23 94 38 was shown in

(3.63) and (3.64).

4,2 Targets with Simple Shapes : (Huynen 1970)

Example(l) : Large metallic sphere or a flat plate _:

In this example a large ideally conducting sphere or flat l

plate at normal incidence is considered. The target shupe is

shown in Fig.4.1. The scattering matrix is given by :

10
[31=10 1

’-
0
[T

- o . e s T I W T UL T TRV T
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the Mueller matrices are given by :

1 0 0 0
[M] = (Mm] ={0 1 0 O
0 0 10
0 0 0 1

Optimal polarization : (fig.4.2)

a. COPQOL nulls :

co

SCD

Py = i, ;= 0°, ¢l arb.

Py = =i, 62°° = 180°, ¢2°° arb.

This means the COPOL nulls lie at the North and South poles.
b. XPOL nulls :

They exist anywhere at antipodal locations on tha Equator

(6=90° major circle).

In this example, if the polarira.ion of the incildent wave
is 1.ft circular then the return signal will be right
circular and vice versa. This wmeans if both the radar
transmitting and receiving antennas are adjusted to use
left(or right) circular polarization, then t' receiver will
receive no (or minimum) return signal from the target. Also,
the received return signal will be maximum 1if both antennas

are using the same linear polarvization.

I e , e o s .
T T et Lo e ot amtnel, ki et il b v PR
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Fig. 4.1 : Spherical Target.
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rig., 4.2 : COPOL and XPOL nulls for a metallic sphere or flat
plate.
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Example 2: Metallic trough: (Fig.4.3)

The target in this case is & large metallic trough (two
;‘ planes intersecting at $0°) oriented with axis (the plane's
] line of intersection) horizontal or vertical. The view angle i
is considered normal to the trough's open surface. This 3
. target has a two-bounce reflection characteristic. The
i scattering matrix is given by (Huynen 1970)
2 -
L 61=i&_]
and the Mueller matrices are :
1 0 0 O
[M] = [Mm] ={0 1 0 O
0 0-1 0
0 0 0 -
Optimal polarizations: (Fig. 4.4)
a. COPQOL nulls :
plc" = -1, el°° = 90°, ¢1°° = -90°
py0 = 1, 8,°° = 90°, 9, = 90°
b. XPOL nulls :
They exist anywhere at antipodal locations on the major

circle ¢ = 0°.
NOTE : In comparisio

we note the important

for Example 2; i.e.;

polarizsd elements is

n with the sphere results of Example 1,

difference in phase of element S

BB
the relative phase relating the two co-

n€ paramount imporicance.
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Fig. 4.3 : A metallic Trough (Huymen 1970).
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Fig. 4.4 : COPOL and XPOL nulls for a metallic trough.
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Example 3 : A metallic helix with right screw. (Fig.4.5)

The scattering matrix in this case is given by (Huynen

i 1970) :

[s] = % -3 ~£] ;

} the Mueller matrix is : j

& 100 1

’ Ml =40 0 0 O i

B 000 0 |

o -1 0 0-1 i
% aiid the modified Mueller matrix is given by : j
¢

5 § 0.5 0.5 0 1 J

L [Mu] = ¢ [ 0.5 0.5 0 1 :

o 0 0 0 o0 -

3 % -1 -1 0-1

Optimal polarizatioms : (Fig.4.6)

a) GOPOL nulls

co _ = o
Pl = j, 1 180 3 ¢1

p2°° = -, ez°° = 180°, $,°° arb,

The two COPOL nulls lie ou the nadir.

b) ¥POL nulls :

= X °
Pl j: el =0, ¢1

X

Py = =4 8,* = 180°, ¢,

2

one XPOL null lies on the =zenith and the other on the

nadir. {

, ‘
: ‘
T Ll
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Fig. 4.5 : A metallic helix with right screw (Huynen 1970).
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Example 4 : A metallic helix with left screw. (Fig.4.7)

The scattering matrix for a metallic helix with left screw

is (Huynen 1970Q) :

1
(51 =% |,

the Mueller matrix is given by :

1 0 0 -1

[M] =4 |0 0 G O
0 0 O 0 j
1 0 0 -1 ¢
and the modified Mueller matrix is : ]
0.5 0.5 0 =0.3 '

[(Mm] = % 0.5 0.5 0 =0.35
0 0 0
1 1 0 -1

Optimal polarizations (Fig.4.8) :

a) COPOL nulls :

cO jg 8 co = 00, ¢lCO

1 arb,

Py

co j, 9200 = 0°, ¢260 arb,

i

Pa

The two COPOL nulls lie at the zenith.

b) XPOL nulls :

plx = -4, 8. % = 180° ¢1x arb.

X = J» 0 = Oog ¢2x arb,

i

)

One XPOL null lies on the zenith while the other on the

nadiz.

R P —— = T A B0 T T
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| Fig. 4.7 : A metallic halix itk 1et: screw (Huynan 1970).

Fig. 4.8 : COPOL -and XPOL nulls for a metallic left screw.
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Example 5 : Linear target oriented by an angle ¢ to the

horizontal (x-~axis) (Huynen 1970) :

The target model is shown in Fig.4.9. The scattering

matrix is given in terms of the angle ¢ by :

cos?y  sinycosy

(8(v)] = sinycosy sin?yp

The Mueller matrices are calculated using (3.63) and (3.64)

by :
1 cos2y sin2y 0
: (M(@)] = 4| cos2y  cos?2¢ #sindyp O
] sin2¢ #sin4y sin?2¢ O
¢ 0 0 0 0
ot
o cos*y 3sin?2¢ cos’ysiny O
. [Mm(P)] = isin?2yp sin“p sinlycosp O
L 2cosysiny  2sin’ycosy #sin?2¢ 0O ]
- 9 0 0 0
T
‘ Optimal polarizations : l
a) COPOL nulls : !
: co__ co__ CO_q CO_gn0 co_, co_
| Py =Py coty, 91 92 90°, ¢1 =¢2 2¢tn

b) XPOL nulls :
p1x=ta“"" p2x=-°°w’ 91x=62x=9°°’ ¢1x=¢2x=2¢

Special cases :

(1) The target is aligned horizontally (y=0) :

E
[S(¥=0)] = |, OJ

co CO=_“ Co o] o co CO=

plx=0, pzx=-u, le=92x=90°, ¢1x=¢2x=0

lf The Co-Pol and X-Pol nulls are shown in Fig.4.10.

(11) The target is aligned vertically (¢=90°) :

| 0 o
3 (S(y=90°)] = [? {}

|
!
|
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CO CO___O , 8 co=e CO=900 , ¢ICO=¢2CO=0
x= x= o x; x= Q
91 32 90", ¢1 ¢2 180

The COPOL and XPOL nulls are shown in Fig.4.ll.

(iii) linear target with ¢=45° :

1 1
[S(p=45°)] =} |,
co

8, %= _“9=g0° 61 =¢2°°=27o°

Pl =P2 =-1, 1 2 ’

X X_ X_q X_gno X_, X_gno
py =P, =1, 8,%=8,%=90°, 9, 7=¢,"=90

The COPOL and XPOL nulls are shown in Fig.4.12.
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Fig. 4.10 : COPOL and XPOL nulls for Fig. 4.11 . COPbL
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Fig. 4.12 : COPOL and XPOL nulls for a linear target with"f’=45 .
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4.3 Targets for more Complex Shapes : (Crispin et al 1561)

Three targets for more complex shapes are taken into
consideration in this section. The data are taken from
(Crispin et al 1961) for three target models : missile with
and without fins, and the ncse cone model. The measured data
for the radar cross-section and relative phases are shown in
Table(4-1). The radar cross-section were measurad relative to
a conducting sphere. The geometry for the cross-section study
used in The University of Michigan, Radiation Lab. Report

(Crispin 1961) is shown in Fig.4.13.

~RCS in DBS Relative to {Phases snnggrees
(=0) |

Target | Aspect Sphers. Rel, to | Sphere
Ixx ny Uyy ?x ¢¥¥7 Diammter

N t

Cg:: 26° 3.6 -16.1 2.8 128.0° | t21.0° 2.945"

Missi|
gist“e 30° | -9.3 |-20.5 | -0.8 |98.60° | 159.3°| 1.98"
ns *

Missile ’
without | 180° 5.9° {-30.0 6.3 34, 5° 35.0° 1.98

Fins

Table 4+1: Experimental data for RCS (Crispin et al, 1961)

R P P .mtm‘;.‘hﬁm! a

The frequency is 9.7 GHz and the range R=364ft. for the !

nose cone target model and R=33ft. for the missile model.
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Fig. 4.13 : (ermetry for cross section study (Crispin et al 1961).
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Example (6): Nose cone model
L The geometry of tha model is shown in Fig.4.14 and the
! scattering matrix relative to the sphere with diameter 2.945
} inches at aspect angle 26° is given by :
: r )
3 -0.452+30.575 0.760x10
(8] = 0.760x10" % '
’ .760x10 -0.345+30.574
,. the Mueller matrix is :
k) -
: -1 PUURPE S| -3 )
) 0.5 0.454x10 =0.£06x10 0.35x10
i M = 0.454x10">  0.488 -0.815x10°%  0.877x107!
| -0.606x10"%  -0.815x1072 0.494 0.6x10"*
L_'-0.35x10'3 -0.877x10"%  -0.6x107! 0.483
the iurfied Mueller matrix is :
ro.54 0.578x10"%  -0.344x10°%  .44x10"7% *ﬁ
(Mu] = | .578x10°%  0.449 -0.262:10"Y  -2.437x1071 ﬁ
-0.688x10° Y  -0.525x10°%  0.494 6.6x107L {
L-o.eexlo" 0.873x10"  -0.6x10"? G.483 i
Uptimal polarizations : (Fig.4.15) 1
3
a) COPOL nulls : 1
i
p1°°=o.1168-jo.9504, el°°=172.s7°, ¢1C°=70.438° g
p2°°=o.1159x10‘3+j1.14so, 9,°%=7.736° $,°°=179.957° g
!
b) XPOL nulls : ‘l
p1x=o.5005+jo.2889x1o’2, elx=s9.735°, ¢lx=-53.177° }
X - 1
Py =1.9979-30.1153x10" ", ezx=9o.2ss°, ¢2x=126.822°
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130 /
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77°
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~a—— 3, 215" t

Fig. 4.14 :.Nose Cone Model (Crispin et al 1961)
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Fig. 4.15 : COPOL and XPOL nulls for a nose cone model.
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Example (7): Missile model with firs :

PAGE 8%

The geometry of this model is shown in Fig.4.16. The

scattering matrix is calculated from Table 4.1 at

aspect

angle 30°. The calculated scattering matrix is given by

(relative to a sphere with diameter 1.98")

-~

-0.521x10" *+j0. 345 0.96x10" !

1

(S] = - .
0.96x10 -0.868+j0.328

e

also, the Mueller matrices are given by :

-~

- -2 7
0.5 -0.369 -0.883x10"%  0.161x1072
M] =|-0.369 0.482 0.783x10">  0.646x10"*
-0.883x10°%  .783x10"Y  0.167 -0.282
_;o.lelxlo'z -0.646x10"Y  0.282 0.149
B -2 coqn=2 -17
0.121 0.922x10 -0.5x10 0.331x10
Mm] = | 0.922x107%  0.86 -0.833x10"%  -0.315x107!
-0.1x10"} “0.167 0.167 -0.282
-0.662x10" 1 0.629x10 "t 0.282 0.149 |
Optimal polarizations : (Fig.4.17)
a) COPOL nulls :
plco=-0.2212-j0.4898, 61°°=139.467°, ¢1°°=-31.839°

p,°0=0.4149+10.563, 8,%°=40.877°,

b) XPOL nulls :

p1x=-8.4809+j0.1551, 81x=89.756°,

¥20.1179-30.2156, 8,%=90.244°,

Pa 2

¢2°°=ss.378°

¢1x=-166.555°

¢2x=13.445°

peghe )
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Fig. 4.17 : COPOL and XPOL nulls for a missile model with fins.
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Example (8): Missile model without fins :
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The geometry of this model is the same as the last one but

without fins (Fig.4.16) . The scattering matrix

is calculated

from the data given in Table 4.1 at aspect angle 180°. The

calculated scattering matrix relative

with diameter 1.98" is given by :

0.111x10"

0.592+30.415

0.569+3j0.391

(8} = 5.111x107¢

and the Mueller matrices are :

to a metallic sphere

oo+l

a4) COPOL nulls :

91°°=177.921°, ¢1°°=-28.335°

p,"%=-0.1669x107}- §0. 9684,

B -1 -1 -3 !

. 0.5 -0.23x10 0.129x10 ~0.261x10 :
f M] = [-0.23x107} 0.5 -0.257x107°  0.892x1072 L
| 0.129x10°1  -0.257x10™°  0.499 -0.436x10"2 :
{ 0.261x10"2  -0.892x107%  0.436x10°2  0.499 ) ¥
i -3 -2 -2 *

0.477 0.123x10 0.63x10 0.433x10 f

Ma] = | 0.123x10™°  0.523 0.656x10°2  -0.459x10"2 {

0.126x107%  0.131x10°%  0.499 -0.436x10"% ]

-0.866x107%  0.918x10"%  0.436x107%  0.499 \

- 4

Optimal polarizations : (Fig.4.18) 2

f

\

i

i

p2°°=-o.839x10'1+jo.986, 8,%=0.934°, $,°%=-31.12° !
b) XPOL nulls :
p,"=3.837-10.07s, 0,%=90.568°,  ¢,%=150.796° :

¢, =-29.204°

X=.0.2605+j0.5298, 92x=89.431°,

Py

A
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Fig. 4.18 : COPOL and XPOL nulls for a missile model without fins.
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4,4 Sea clutter :

Example (9): Sea clutter and ncise : (Fig.4.19)

The data of this example is taken from (Daley 1978) in

which he based his calculatioas for the sea clutter
scattering matrix on (Valenzuela 1968). The parametars in

this case are given by : j

the scattering matrix is given by :

a) dielectric constant of the sea water =70-370 ‘
:i b) wind velocity =10 m/sec %
: c) tilt angle (for slightly rough surface) =4° .j
| d) depression angle =10°
u‘ e) aspect angle =120° h
4 f) propagation constant =68.30° ‘ﬁ
E g) noise level =-89.1db ?
j

1 3

3

1
1

0.686x10" 1+j0.737x10"
0.951+30.291

+30.206x10°
+30.737x10°

0.347x10"
[S] =1 .686x20"

P

where according to Section 3.6.1

i
\
™ 1 1] |
0.5 -0.494 0.679x10 -0.179x10 é
M] = | -0.494 0.491 -0.631x10"%  0.206x107} é
0.679x10° Y -0.631x10"%  0.436x10"%  0.946x10°2 :
0.179x10"%  -0.206x10"%  -0.946x10"* 0.342x10'1_J |
and — \
r - - - - =
0.162x10"%  0.471x10°%  0.239x107%  0.138x10° 2 L
Ma] = | 0.471x1072  0.989 0.655x10"%  -0.193x10"1 |
0.479x10"%  0.131 0.436x10"Y  0.946x102 {
-0.277x1072 0.385x10" 1 -0.946x1072 0.342x10"! | |
Optiral polarizations : (Fig.4.20)
a) COPOL nulls :
pl°°=-o.3436x10'1-j0.1713, 91°°=109.414°, ¢1°°=-4.oss° :

©0=.0.9805x10 " 1-30.2102, 8_%=66.486°, ¢2°°=-11.7os°

P2 2
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k‘ Fig. .19 : Geometry of a rough surface.
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Fig. 4.20 : COPUL and XPOL nulls for sea clutter.
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b) XPOL nulls :
X X ° X °
p, =13.6727-33.6011, 8,7292.054°, ¢,°=172.172
p2x=-0.6839x10'1+jo.1801x10'1, 82x=87.946°, ¢2x=-7.sza°

Example (10): Sea clutter, target and noise :

In this example, the conditions of the sea c¢luttar and

e .

system noise are the same as in the example(9) but a
simulated target is present and no target-clutter interaction

is assumed. The scattering cross-sections of the simulated

Py

- e— .y

L target arc given by (Daley 1978) :

-tk

TERERTERETIRN T L e e ‘h‘hm‘m‘l

chh(target) = ohh(clutter)
avv(target) = ahh-3db

3 ' ohv(target) = dhh-IOdb

and the phases are calculated randomly.

The total scattering wmatrix in this case for the same

é parameters of example (9) is given by :

0.161+§0.69x1n " 0.257-jo.171x10'3]
(51 =14.257-30.171x10"%  0.817+§0.412

The Mueller matrix is :

0.5 -0.403 0.251 -0.884x10

(M] = |-0.403 0.368 -0.169 0.124
0.251 -0.169  0.226 -0.99x10"%
-0.884x10"%  -0.124  0.99x10°2 0.935x10"

The modified Muellar matrix [Mm] is given by :

[o.aoexlo‘l 0.662x10"r  0.413x10"!  0.178x10"]

(Mm] - " 662x10°F  0.837 0.210 -0.106
| .. 826x10 "~ 0.420 0.226 -0.990x10"%
1-0.355x10"Y  0.212 0.990x10"%  0.935x107}]
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Optimal polarizations (Fig. 4.21) :
a) COPQL nulls :
p, %=-0.1836-10.2583, 8,%%=118.001°,  ¢,%=-22.209°
p2°°=-o.3182+jo.5121, 32°°=41.311°. ¢2°°--as.001°
L b) XPOL nulls :
{ X X o X o
; p, =3.1385-11.1042, 9,%=100.543°, ¢,%=148.062 . 4
f Y

pzx=-o.2835+jo.9975x10'1, 8,%=79.457°, ¢?x=-31.938°

In the above two examples,there is a diffarence in two 5

alements of the modified Mueller matrix, a.g. M31 and M41

as comparad to Dalay's results due to a printing mistake inm

Ishimaru's book (1978, vol.l, pp.35) and the correct alements

,
-
A

*
should t» according to Appendix D) MBI.ZRQ{SAASBA 1,

MAl'-ZIm{SAASBA*}' In Daley's rasults, he used SBA

*
instead of SBA . Also, it should be noted that some of

the alements of [Mm] differ in sign with the ones mentioned

O S R AP RSP

in (Ishimaru 1978) and (Daley 1978) due to the difference in

sign of 843 in Eq.(3.9). Also, we noticed that, the XPOL

nulls are antipodal and they should lie on a wmajor circle

with the COPOL nulls and bisect the arc between them. But in

cur model example the XPOL nulls are shifed with very small
angles in both example which may be due to the fact that the

scattering matrix does not completely satisfy the ralative

phase concept or due to some measurement errors which
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requires further analysis. For example, the scattering matrix
in the first example has 0.62° absolute phase and for the
second one 0.04°. We emphasize here the potential use of
calculating the COPOL and XPOL nulls from measurement data

immediately during measurement campaigns for the purposs of

ST e .

checking the accuracy of the measurements. This aspect is
further discussed in Section 4.5; and will be treated in all

detail in a forthcoming report.

Fig. 4.21 : COPOL and XPOL nulls for a simulated targaet and sea
clutter.
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4.5 Discussions :

The numerical investigation of some target shapes ani sea
clutter has shovm the feasibility of applying the theory of
Chapter Thres to calculate the two unknowr milrices of the

| three matrices [S], (M] and [Mm] {f one of them is knowa. We

concentrated on the monostatic case only which is of spmncific

interest here. It should be notad that, the scattering matrix

with relative ' phase can bs recorstructed from [M] or (Mm].

Thers are seven elements rsquired for calculating [S] which

are @y, Wyo, Bygs By, Dyp, Byy and @m,,.

For calculating the optimal polarization in the previous
examples it is gnoticed that, as expected, the cross-
polarization (XPOL) nulls are antipodal om the Poincare
sphere and they bisect the angles between the co-polarizatiom

(COPOL) nwlls. Alse, it should be noted that (M] and [Mm)

have only saven independent elements as shown in the

calculations for the wmonostatic relative phase case 2s shown

bl Tear

in Section 3.6.1.

P o~

More studies area nseded for analyzing the same shapes of
targets and others, and also for sea clutter with aand without
target to see gho effect of changing the frequency or aspact é
angle on the COPOL and *POL null locations and how they are
moving on the Poincare spheras. For the mere rsason to keep

this report of still mcdest siza, aspects of targst optimal

polarization characteristics will be treated in detail im a J

forthcoming raport.
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CHAPTER FIVE

CONCLUSIONS AND RECOMMENDATIONS

We have thoroughly reviewsd the literature on the basic
theory of polarization wutilizatiom in radar target
allocation, detection, imaging and ideatification. Based on
this study, we decided to develop the theories and computer
assisted numerical algorithms, step by step, rechecking
every alternats representation found in the 1literature and
thus correcting several misrepraesanted fcrmulations., We will
retain this approach thi- vshaunr eur studies and produce four

major interim reports annually.

5.1 Progress Reported in this Report(January 13, 1981

We rederived the basic formulaticns of polarization
representation for the radar case. ‘'e established the
relationship between tha 2x2 radar scattering matrix[S], the
4x4 Stokes reflection matrix(M], and tha 4x4 modified
Mueller matrix(Mm]), and vice versa for both the monostatic
aad the  bistatic cases. We derived the associsted
expressions for calculating the CO-POLARIZATION (COPOL) as
well as (A0SS-POLARIZATION (XPOL) nulls and their
preasentaticos on the Poincare sphers. Inversely, given the
radius pwspan{(S]} of the Poincars sphere and the
coordinates of either both COPOL nulls, or, of ona COPOL and
one XPOL null, we derived the exprussions for the elements
of [S§], [M] and;or [Mm] re-expressed as functions of p and

the coordinates of the two respectively given nulls.

[
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We have dsveloped computer program algorithms for
calculating these scattering matrices, the associatad
optimal polarizations ‘'or the monostatic and bistatic casas
for & variety of perfectly conducting target shapes. We have
initiated <cloze collaboration with sevoaral research
laboratories in possession of excellent measurement
facilities for cbtaining reliable monostatic as well as
bistatic scattering data, and somc of the data made
available have been used to calculate the respective optimal

polarizations.

We have extended the mono-chromatic theory of the optimal
polarization concept teo the quasi«colierent and pan-chromatic
cases, and we are completing a study on a novel vacter
scattering approach of extracting the useful target signal
from clutter perturbed data which will be presented in

detail in one of the forthcoming reports.

5.2 Conclusions

Jo analyzing the model dsta wused for verification of :he
optimal polarization concspt, it becomes very evident that
we require to measure in the moncstatic case the relative
phases and amagnitudes of the elaments of the scatteriny
watrix ([S] to describe the complete alectromagnetic
properties of a target uniqualy. For axample (see Section
4.2), 1f the relative phase betweon the two co-polarized

components, SAA and SBB’ is not known, we find that for

grossly differsat shapes the magnitudes can be ideatical

T G s S0
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rusulting in ambiguity of identification (Section 4.2,
examples 1, 2 and 5). Thus, the relative phases existing

betwean all elaments of the scattaring matrix [s]SHR need

t¢ be measured for propar unique presentation of the targat
polarization :harantofistigs which is being clearly verified

by the «xamples presanted in Section 4.2.

We also nots that the inverse procass of calculating the
alem¢uts of (S], [M] and/or [Mm] from the coordinates of the
respective cptimal polarization nulls, provides daep inside
into target charactaristic properties and we should. bave a
powearful tool for introducing the concept of target
polarization synthesis. In target polarization synthesis,
we would wish to design the shape and properties of a target
such that it produces a given set of optimal polarization

pairs.

3.3 Recommendations

Based upon the results of our model verification studiuvs,
we conclude that it is meritorious to furthar advance the
optimdl polarization concept first introducsad by Professor
Edward M. Kemnaugh, subssquently extended by Dr. J. Huynen,
anidi to utilize its great potential in vradar target imaging

and identification.

Ve also recommend that in microwave remots saensing using
both passive (radiometry) and active (SAR, SLAR,
SCATTEROMETRY) wmethods, measurements of the complaete

monostatic, relative phase scattering matrix(S] are made,

- il
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i.e. both smplitudes and , the relative phasas of all four
! E (threz) e¢lements need to be executad to obtain unique

information on the scattering properties of remotaly seused

tazrgsts. The associsted questions of appliczhle zeasurament
techuniques will be treated in A forthcoming :report in great !
detail.
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Appendix (4)
Proof of Egs.(3-8)
From Eqs.(3.3) and (3.7), we have :
po - ~ ja - r - = -y
hx aex cog9d -sing cosT
B= - s o3 (A1)
hy aycjay siné cosd || jsint
e -J - -J - -l ‘= -J
Then, we can write hx and hy &s
j8 . ja
hx =aexm a(cosgcost~isingsint)e (A-2)
and
j8 ja
hy - ayo y = a(singcost+jcosdaint)e (4-3)

From (A-2) and (A-3) :

B2 = |n % |

= g1{cos¢gcondt+sindgsinit+sin®gcosttrcosiysinit)

= 23{cos?¢(cos?t+ain?t)+sin?g(cosdt+sinit)}
= g2
Than
! 2 3 2 -
at+alea (A=4)
] Also, from (A-2) and (A-3) :

* - - !
hxhy - &xaycjcsx ﬁy) . axaye 36 o axay(cosénjsinﬁ)

= a?(cosgcosr-jsingsint) (singcost~jcosduint)

Then
*
R-(hxhy } = axaycosa = 33 (cos¢singcos3t-cosdsingsint)

= $a2sin2¢(cos?t-sinic)

» falsinlgcos2t
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gg Thersefors, ZRc(hxhy*} IZaxaycosG = alsin2¢cos2t (4-5)
?v also,
2la{h b "} = 2a_a_siné
: alb b 2,48
f? = 24%(cos?¢sintcost+sind¢sintcont}
|
g = 2a’sintcost(ccadd+sinig)
ﬁ‘ = g23in2¢
i | . | .
! - 2 -
3 Therefors, ZIm{hxhy } = Zaxaysiné = giginde (A=6)
\"
' From (A-6) we can write
‘i
}: leay Zaxay
! sin2t ®» g ind W ey in (A=7)
\ ot a 34g 3
g Xy
Also from (A-2) and (A-3), we can writa :
§ 2, H 1., 2 1 3 2 2 2,
;ﬁ lhxl |hyl el tea {cos*gcos?t+sintgsinty
‘% ~sin*pcos?t-cos?¢sinit}
Then
ax‘-ay* = 42(cost(cos?p-sin®*¢)~sint(cos?g-sinty)}
s gicos2d(cost-sinit)
i = alcos2dcoslt
:ﬁ Thersfure ax‘-ay‘ = alcos2gcoslt (A-8)
Divide (A-5) onto (A-8), thea
Zaxay
tan2y @ e cosd (A-9)
a 2. 2
* ¥

s ettt A i R
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In summary, from Eqs.(A-4), (A=7) and (A-9) we can rewrite theam
t again :
&
;7\ at = ax’ﬂy’
;“
" z"x‘y
tanly = coud (a~10)

' a 3.3t

x 'y
i“ Z‘x‘y
’ sin2t = ——— sinf
| +
‘._ lx ly
- which are Eq.(3-8).
o
o
“;'




Appendix (B)

Stokaes Parameters
From Eq.(3-9), the Stokes parameters are defined by :
] 1
8 = In 1t + ng|* =1

g = b0t - (B It =0
g " 2Re(h _h *} =y
xy
8~ -iIm(hxhy*) .y

From Eqm.(A-4), (A-5), (A-6) and (A-8) in Appendix (4),

rewrite the Stokes parsmeters in terms of c‘x"y‘dx'dy)
or (a,9,t,a) as following :
2 2 E 3 2
&g = b, l* + |hy| “altalea - I

& - Ihxl‘ - Ihyl‘ - ax' - ay‘ w a2cos2rtcosld = Q

&y = ZRa(hxhy*} - Zaxnyconﬁ w gicos2tsinlg = U

&y ~21m(hxhy*} - ZaxfysinG w glyin2t -V

Frow (B~2), we can write :

313+821+332 a Q2 b U2 oyl

" a‘(cqa’;tcos‘2¢+co:’erin‘2¢+sin'21}
w g'{con?2t(con?2g+sin®2¢)+sin321}
= a*(cus?c+sindie}

ThLan

zol » z11¢‘22+“32 wI*a Q3+Ul+vl

* 4 I . ) . .
. - ‘ L . . o e L e /o e
M..Mw:h.f’.-\..n."-.\L.‘._u’uNJ.L“.LWl-k“'...A-JJ.“.!)!:.‘A [T ...,.../.c:.z»:‘-.lu_'\'.m;..»;im'l‘.‘.m‘f.uun'um'.&-..u\mmuunﬁi’ P TR VRPN WP gt
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can

(B-1)

(B-2)

(B-3)
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| Append C

Reaprasentation of any pclarization vector on Poincare's Sphers :

Given

Bebb Fhh (©1

where hx’ hy are .1 general complex numbers, and hx

o B it

. . and hy &re the unit vectors in % and y directions,

-

respectively. If we intsoduce the asuxiliery cotplex

paramster u using b.x and h_ components of (C-l) them :

y

b,-ib, 1-4P

u = - (G-
h‘-bjhy 1+}P
where
X b,
: P @™« & polarization ratio (Ce3
| B

But we havs from Eq.(3-3) : !

N " AN ARy
. At T N o e e e e, ‘-l<m

!
: hx - nxnjsx. hy - ;y.sz (Cesé
where ‘x"y’ax’ay ery real numbers.
Then :
k a a J
b 4 y :
Pm = --nj(ay'dx) "___”‘js (C-5$
|
,i hx ‘x ax
?, whexe = dy - 6: (C-6

Substitute (C-5) into (C-2), then :

1-4P l-j(cy/ax)cja

1+4P 1+j(ay/ax).5‘
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l-j(aylcx)(cosé+jsin6}

l+j(ay/ax)(c036+jsin6)

Thersfore

% [1+(¢y/ax)sin6]-j(ay/nx)cosﬁ

= (C-7)
4 [1‘(lyltx)sin6]+j(ly/l*JCOIG

Introduce the real numbers xl.xz and Y such that :

Xl = 1+(ay/ax)sin6

xz = 1-(ay/ax)sin6 (C-8)

Y = (ayjax)cosd

[ Then :

XI-JY

Q- (C-9)

x2+jY

Fxom (C-9) :

x1'+Y' (1+{ay/astin6}’+{(ay/ax)cosd}’
,ulz = = .1
X, 2471 (1-(a_/a )sinb}*+{ (a /a )coss}? 5

1+2(ay/ax)sin6+(ay/ax)?

I-Z(ay/ax)ain6+(ay/ax)‘
Thersforn :

lu|2-1 (1+2(ay/ax)sin6+(ay/ax)‘}-{1-2(ay/ax)sin6+(ay/ax)3} f

fuj 2+l (1+2(ay/ax)sin6+(ay/ax)’}-{1-2(¢y/ax)sin6+(ay/ax)‘} J

e e e ememepng s er et
: . . - e T RPN DAY > Yov PP
, . v G ) s o b eyt o L ] 1 o
M b e b " A et riaia sk o




4(ay/ax)sin6

2[1+(ay/ax)‘]

Zaxaysina

2 2
lx +ay

Zaxaysinﬁ

63

From Eqs.(B-2) Appendix B :

2 o 2
& = 3 = ‘x +ay

2 2 0., 2
§ =a casZtcoszw‘t a, ay

8 = alcos2tsin2g = Zaxaycosé

2
P sin2t = Zaxsysind
Then @
a®*sin2t 2&xa siné
= =
% a? a?
Zaxaysinﬁ

Frem (C-10) and (C-12), thersfore

|ul2-1

sin2t = .
|u]3+1

If § = v - 27, therefore,

[uf2-1

cosf = cos(4n-21t) = sin2t =

[u| 2+1
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(C-10)

(C-11)

(C-12)

(C-13)

g B s IR U PP T T e

=

ey

o male ad e
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laf?-1
Then, 8 = 37-2t = arccos{~———} (C-14)
[u|2+1

— i - P

From Eq.(C-9), we have :

Xl-jY xl-jY Xz-jY

- e T T

u= =

, X,HY XY X,-Y

L (%) Xy -¥?) - T (X, #K,)

: 2.y2
l XZ +Y

In{u} ~Y(X1+x

tan{phase(u)} = =

" (C-153
Re{u} xlxz -Y

2)

Substitute from (C-8) into (C-15) :

-2(ay/ax)cosﬁ

tan{phase(u)} =

[1+(ay/ax)sin6][1-(ay/ax)sin6]-[(ay/sx)coss]z

|
1
4
{
-2(ay/ax)c036 ;;
. |
1-(ay/ax)’sin‘d-(ay/ax)‘coszﬁ :
-Z(aﬂax)cosé ‘
=
1-(ay/ax)‘
or
-ZaxachSS

tan{phasa(u)} = ~———————— , (C-168)
a 2-5 2

' . SN, TR - oo~ e e
- [N PR
¢ A bl P L e
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R i i o

But from Eq.{C-1ll), we have :

2
8 Zaxaycosﬁ a‘cos2tsin2¢

1., 2 2
3; &, ay a‘cos2tcosé

= tan(2¢) ‘ (C-17)

From Eqs.(C-16) and (C-17), therefors :

Ef tan({2¢) = -tan{phase(u)} or 2¢ = -phase(u)

If wa lat ¢' = 24, thenm
Imn(u)

¢' = 29 = -arctan(

} = -phase(u) (C-18)
! ~ Re(u)

3 In summary :

If we have a polarization vector

r A A s
h=hh+hh = | % J6,
dyeja

We can rapresent this vector on the Poincare sphers using the

conventional spherical coordinate system (r,9,¢') as follows :

T e e . T2y . PN
e T e K ke st il S =

If u= ((1-jP)/(1+jP)} where P is the polarization ratio

e

defined by : P =h /b = (ay/ax).j‘, 58 b, ;

therefors :

o

r = at = ax’+ay‘
9
luf2-1 4
v = 47-2T = arccos( (C-19) ;
[ul2+1
Im(u)
¢' = 29 = -phase(u) = -arctan{ }

Ra(u)

IF
}

LEN = TR Ty
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Appendix D
Proof of : (I) Det{[S'(A',B')]} = Det{[S(4,B)}} = invariant
y (II) Span{[S'(A',B')]} = Span{[S(4,B}]} = invariant
we have from (3.50) :

»? * -1 F 3 . X -

2 h] A'A' = (1+pp ) [SM"'P snnﬂcsu'!sBA)] (D-1)
| S igr ™ (19pp ) H[=p"8,,+pS, 245, =pp”S ] (D-2)
’ A'B’ P P SpA"POppToap PP Spy .
? S'yr = (e (8", 408, 45, -8 ) (-3)
;\ B'A' PP P S4aTPOBETOBAPP S4p
1
| s' = (L+pp ) L1p" %S, +5. =5 (S, +5as)] (D=4)

B'B’ g P 950" BB"F 'SaAR™3A

». Proof of (I) : Det{[S'(A' ,B')]} = Net{(S(4,8)]} = invariant :
Det([S'(A',3")]} = §'

'8

ata'Sgrgr = STgegeSiyge

a3 .a..-' -

* w2 . w, o
= (l+pp ) ([su*‘?’ SBB+PCSAB+SBA)”P SAA+SBB p (sAB+SBA)1
*_ * Y *
“{=p Sy, *pSpp*S,p=rp Spull-p §,,*pSpg*Sg -ee Sypl)
[ 2. &« *
= (1pp ) (e 18y, 8 Sgpt-pp (545+85,)7
+(1+p 2928, ,8. +p 8, (S, #8_,) (pp ~1)+pS o (S, +8.,) (1=p 8)
Aa°BB"" Saa'"sB™ A’ ‘PP BB'°ABR" °a/ ‘TP P

*® w
.5 Zs tﬂp s

* w»
. - 2
A4 aaSae™® SpaSpaPP "54,5,8

St 1. Sl IO P <~ TP SO

+op 8, S ~p?S. 2pS_ 8. #pip S, S
44°38°F °3B "P°Ba"BB"P AB°33

w* ”*
. » » - - 2
*p S)a545P8 5555545554 Syp

*pﬂ*zS S +p7'p*S -p‘p*zs S . *pp 'S )
AA"BA BA”BB AB°BATPP °pa
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el mee LML e . o el e e i e ittt i i e ac v it it ]

PAGE 135
* <2 2 %2 * v* 2 *2
= (l+pp ) {SAASBB(1+’ p “+2pp )+SABSBA(-2pp =l-p% %)
»* *2 *z * * *2 * *3
+SABSAA(-P +pp “=pp “+p )*SBASAA(-p +pp “+p <pp %)
%* * * *
+5,pS5p(-p pPeptpip =p)+8g,Spu(-p pi+p-pteis )}
% e * *
= (L4pp") 208, Spp (14pp )3=8, 585, (1+pe )2}
= (SAASBB'SABSBA}
= det{[S(A,B)]}

Therefors, det{[S'(A',B')]} = det{[S(A,B)]} = invariant (1)

Proof of II : Span{[S'(A',B'}]} = Span{[S(A,B)]} = invariamt

From the definition

Spas ([S'(A",B')1} = |8, 0| 2+18" figi [ 2418 5oy o 12418 gug |2

*

[ ] ] *
= 5" g8 g *8 g8 g ¥ e S g+ g S g (D-.

Use Eqs.(D~1) to (D=4) and their conjugates into Eq.(D-5),

therefors :
* % PR %* *
] t 1 2 2c 4
Span{{S'(A",B')]} = ({SAA+p SBB+p(SAB+SBA)][SAA +o *Syg *P (SAB +Sp4 )]
* * * dh_ * kR W
+(-p SAA+psBB+sAB-pp SBA)('PSAA +p SBB *sAB -pp SBA )

+(=p"S, ,+pS .+, =pp 'S S, hp Sy S, e S,
(=p Sya+pSpp*Sp,=pp 8,3) (=S, *p Spp +8g, -pe S;p )

*

*: * 2 * * * * .
+(p Sy, *Spp P (S,p*+Sg,)1(p"S,, +Sgg <p(S,5 +S5, Y (1+pp )

Therefcre,
*
(1+pp )2span{[S'(A',B")]}
_— S v%* 1 *+ *+ Py *2 +S S * 2 *1+ * *+
aaSag [1+pe +pe +plp *]+SpaSnn [p%e “tee tpe +1]
. * % 2 ¥, ¥ * e, ok, *
+3,g5,p [pp *1¥p%p *+pn |+5p,55, (pp +p'p “+ltpe |

+5 3 e % *+ *2 *z +S S * 2 *+ 2 *
asSag [P =P *pe “-pp *1+8355,5 [p7p *pp®p sl

et - g i s
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+SA‘*SAB[p-p+vﬁp*-p*p’1+SBB*SAB[pp*’+n*-Pn*'°p*l
+SAASBA*[9*+np*’-p*-pP*’1+SBBSB‘*[9'9*-9‘9*+p-pl
+SA‘*SBA[9+P'P*"9~9*9‘]+SBB*SBA[pp*’-p"p+p*-p*]
+5A‘883*[p*‘-9*’-p*’+9*’]+3A383‘*[pp*-pp*-pp*+pp*l
+SA‘*SBB[p’-p‘-p‘+p’]+SA3*SB‘[pp*-pp*-pp*+pp*]

= (1+pp*)’(lSAAl‘+ISBBI’+ISABI‘+iSBAi‘}

= (1+pp*)sp¢n{[S(A.B)]}

Thersfore

Span{([S'(4",B"')]} = span([S(A,B)]} = invariant (1I)

IO TR PO T
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,' Appendix E

§. Derivation of the Muellar Matrix[M] from thae Scattering Matrix [S]
\\

3 Given
A A ;
b = byl + byhy (E-1) i

and "(“0"1’32"3) so that :

S R IWEN LI :

the scattored and the incideant Stokes vectors g’ and gi are

velated to each other by the Mueller Matrix [M] :

gl.Q’lhAlz' Ih-Bl3 q

g, = U= 2Re{h,b") (E-2) ‘

" i

} gy = V= -ZIn{hAh.B } ti
; satisfying | ;
‘03 - 8134.‘234,‘32 = Il - szz+vz (3_3) i

‘:

f

!

£24,5) = (Mg (4,5 (E-4) .
We have also : L
g (8] h or |
P ;
1]
Sap| | Ba f
(E-S)
. L
33| | B8
L
Therefore : !
] i i
By = Syuby + Syphy
by = Spahy” + Spply (E-6)

v e e n S . — L il
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I‘ 1. Calculation of EQ” 81? :
1 .
: $2 s, s*
Ib,"|* = b,"hy
| = (s, b, tes, b by es,, "h s, Mt
F AA hy" *Su
i. 3
] 14 X v v w4
‘a =5y 8u Iy 12488, Iyt 2es 8, Ty e g8, 0y Ty
P
2 i2 2 2 i» 4
,A w |5, 120w, el s g1 2t s 8, 0" A‘hﬁ |
E i %
| +(8,,5,5 By 2p ) f
. {
= Therafors, r"
B d* 4 % '
| 8312 = 18y, 13, 25,1 It 2 earats, 5. 0 0 Y @en)
i :
B But wa have : §
b
. * i * * T {* :
. G hAihB = [Ra{S,,S,," M+iIn(s,,S,, }][Ro{hAihB }+j¢m(hAihB H 3
' |

= Ra{S,,5,; “Re(n, "0 ¥ }-1a(s 5, " im(n, 0 M)

+i[Re(S,, 8, " Halh, 'y “reretn, n M iags, 5,

D> 3 2w i ~mg e Y

Thersfores,

2Re(S,, 8, n, ot} = 2Ra(s s, “IReth, mp M) -21n(s s, Y imtn, Tyt

(E-8)

Substitute from (E-8) into (E-7), thsreforas :
In 32 2|y 12 21y 12 * i
8,31 = U5y, 1210, 205, 20t 242Rets 8, " IRe(, T

-ZIm{SAASAB*)Im{hAihBi*} : (E-9) *

'haslz - h‘Bsh‘Bs*

i i * i* * L*
= (Spuhy +S3gh ) (Sp, By #S55 by
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= I8y, 2 In, 2ol s 1 Inyt  2es g, 5, Fy sy 0 0, T MY

= |55, 1210, b 2 s, 2 ny tl 2e2rats 55, ", et (E-10)

Similiar to Equation (E-8), we can write :

g e i 1w
2Re(Sy,Sp; h, e MY = 2Re(s;, 5, IReth, Y -21mts 5 Imen, e M

(E-11)
Substitute from (B-ll) into (E-IO), then :
i * i¥e
by % = 1Sy, 121, 1 2415, 1210yt 242Re(5,, 5, " Reth, ' 1)
i%
-2Im{Sy 5,0 }Im{(hAihB } (E~12)

From Eqs.(E-2), (E-9) and (E-12), we can write go’ and

313 as follows :

& = 18,1 + [n®2
= (18, 124185, 1% |0, t 28, 5] #1855 1) [ngt] 2

1
+2Re(S,, S AB SpaSap }Re{hA‘hB }- ZIm{SAASAB 534533 }Im{hA*nB

(E-13)
use the identity :
ax+by = $(at+b)(x+y) + $(a-b)(x-y) (E-14)
Therefors.
8y = $I8,y, 124185, 1 2418, 1 2+ IS5, 10, 2+ T 1) :i

A8, | 2+15, 1 218,51 2= 1855 1P In, 2 [ Tl 1)

. * i%
+2Ra{S S, +55,5pp IRe(h, ' ") |

* i%
ZIm{SAA AB SBASBB }Im{hAihB }
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I Using the defimition (E-2) inte (E-15) : Therefors,

f\‘ 4 i
i s 1 i i i : i
o Bg ™ By18y *Bpp8y tmyg8y ¥By.8, (£16) il
"

ﬁ’? whera :

"

g ayy = 1Sy, 248, 218,51 4+ 8, )

' ;

2 1, Y ]

* my, ® S, (218, [218,51%18,,1%)

o

i w Re{S,,S,, +8.,5. "} a1}

i3 s ReUSua%an paten (B17)

]

p(“ : ' % [ ]

) By ¥ 108,85 *5pa5pp !

- Also from Egs.(E-2,9,12) :

1“ .

' 313 = lhAslz ° IbB‘Iz
. = (1285, 10) 208, 5 2= I8y 2 10yt 2

' * “* M e . ® w iv
+2Re(S, S, -5, 5 ;0 }Rn{hAihB be2lm(3,,8,," -8, 8pn }Im{hmihﬁ }

(E-18)

- Using the identity (E-14) with (E-18), then :
Y w318, 1% 8, | 24|38, |2]G., |2 12 12
81 “u\ Sua hul “-’BBI }CIhA I +Ih-a l )
w18y, 2185, 118,51+, 3 In, 120 b 2)
' ' » A TR N L
+2Re(8,,8,. -5, 5, IRetn, 1t

K . e . * iw
| 21(S, S, " ~85, 5,0 Hmth, 1o 1Y)

{ i £ L
B PR T SR LT PR IR

where :

3 E I 2 4 b 3 2
@y, = IS 1208y, [ 218,01 285,12}

oy ¥ ISy, -8y, 1718, 51 %+ [8,,1%) (E-19)

08 it B B Tt et L] b Rtk TR i, ATl il




2 AIFEITRE  ELRTE TR MR AT SRR iy e R e

o,

i F
- .
15 “ myy = Ro(8,, 8, 8, 80 )
i,
T w * ‘
! wy, % 1m(8,,8,, *Sy,55 ) i
i ] ] lt{
2. Caleulation of & and 33' ! f
8, an i i i LA A f
ey 8y ey (8, sy ™) é
i3 iw w, A 4 4
TS TR R R L R P P e ¥ i
Thavafore, {
 [Re{8,,8 BT VA I Rk ﬁ
by iy ™ VT VTR i

*[““‘Sgnsna*}*irmfsﬂawnn*’1'“ai"

ol

+[nm{$AASBB*)*JIm(SAAﬂBn*)][Rn{hALhBi*}*jIm(hALhai*}]

v(Re{8 58, “MiTn(s, 5, ) (Reth, M) g ath, e Y (Be20

Frowm (E-2) and (E-20)
8, = 2Reth %)

¢ »
T RN T L WERE AT

ix L wo iw - » "
+a.{hA‘uB YRa(S,,8q, 48,5, }~1m{hAihB Mim(5, ,Syp 8,555, ]
w " (] i 2 i 1
w Ro{8,, 80, +8,,5, 5 HIb, "2+ % %)
RN “lg*12)

. * . {w ] iw
+2Re(8, 8 nn 48,350, }Re{hALhB z:rm(aAAsBB Sy 3524 }Im{hAihB }

i

+Rn{8 8

.§ i1

W
apSpp 1{IRy

{ { $
® 0gy8g tPy,8 448, tEy 8y

el o4 o, i

where

= Re{S +8, .5

By s BA RETR

4

S et

L e L R . e , Wl e i TV g U, e e YY)
e T T e A st i A b bl e i b bt il il "““&WW v
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w ‘ W
oy  Ro{8,, 8y, 8,33} (E-21)

*+ [
By ® R'(SAASBB SABSBA }

w W
Wy, IM{sAASBB .SABBKA }

A Also from (P~2) end (E-20) :
1]
! 3-5. = "m[h‘“bns )|
w
'} LR E RIS TPIIERS MENE W ST
: ive " " iw " W
g‘ +Reh, Sy " a8, 8 80 }+Im(h‘ihn YRe{S,,8pn 8, 180 1]

o -Ini8, 8y, "+, 8, 10 et 1)

» * i i
~Im{8,, 85, 8,555y H Ik, "2-11y%%}

" " v " w 1w
-2a(8,, Sy, #8180, }R-{hA"hB }-2Re(8, 8pp" +8, 8 Ml t 1)

4 i L L
“ U8 MB4p8; Ry, E,,E,

" w

. "5 g %
g = ~Im(S,,Sq, -8,a538

' T W .
- -Im{S“SBB +BABS.BA } (E-22)

* * .

In sumnary, then the elemants of the Mueller matrix mij can

be written in terms of the slements of the scattering matrix as

follows :

(a) Bistatic case :
3 F 2 H
oy = S, [ 418y, [ +8, 51 1+]55,1%)




o o k ane

B3

"4

J——

B2

R SEWESE

, = 118,185, 2-18,51 - 15517

*

+S,,Squg }

= Re{S 34538

AA AB

*

= Im(5,,5 AB +8p,5p3 ?

BA' z+|sul z"SBBlz}
= 3(i3,,12-18p, 115,51 *+ISgp!*}

*

*.5. .S}

Re{S,,S,5 “S3,538

v
S

= Im{S,S AB YCTR

“*

aaS BA +8,8588 }

Re{S

o%*

Re{8, 5u, =S, 0S0q }
®13,4°84 ~°aB"BB

*

= Re{S *+sABsBA }

4a5BB

*

*5..5..7)
45584

Im(S“sBB
Ta(S, S, 8, Son
m(S,,Sp, *5,5533 !

L]

In{S, S, *8 S}
=lmi9,4%84 ““AB BB

- 'Im{sAASBB*+sABsBA*}
*

= Ra{S,,Spa SABSBA }

b) Monostatic case (SAB-SBA) ¢

T3

D14

L i{lsAA|‘+zls

AR

, = 318, 1215511

*

= Ra{S, .S, +§ }
{8,,5,3 *Sas5en

= In(S, .S, * *
m{S,,S,n *SapSpp !
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(B-23)

PP




| z, 2

* »
myy * Re(S,,S,3 ~S,p5p !

3 -« w .
| By, ® In(8,,8,." 5, 550"}

\ m,, = Re(S

31

W

= Re(S SAB -

AA ]

u Re{susu*m R

"
By, ® Im(S“Sw 3

m, = -Im{Sus

[ )
By ® Im (8,,Spp } = mmy,

»*
- 1
m, = Re(S,,S,,7) |Su|
we alsc do notica that

m“’ln,

12
241 2. 2

W s * -
AaSap *SapSpp 1 * @y,

5..%} =
apSpp } ™ Wy

* »
aB *SagSpg 1 * ey,

- v *
@9 -Im{SAAsAB ‘SABSBB } = 0,

B TV T L Sy T R U R . R (o L (NPT T S U " W § e el )
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[ Appendix F

;o Derivation of tha Modified Mueller Matrix [Mm] from the
! Scattering Matrix{S] :

Define tho modified Stokes parameters for the polarization vector

L N N
] L =hh, +hyhy (F-1)

) 2
* . 8gg = |1yl =1,
i 2
3 ' 8y = IBgl =1

:‘-ﬂ‘ 8p2 * ZRQ{hAh.B*} = U (F-2)

83 = -ZIm{hAb.B*} ay

and "
s i %
&, (4,8) = Mm]g "(4,B) (F-3) ;*
)
We have : i
!
s i '
hA sAA .SAB hA 1 1
= 1
s i i
by Sga  Spm Lh'B (F-4) H
Thereforse, ;
s . i i T
hA SAAhA + SABhB
np* = sp,b,t + spphyt (F-5)
Then

s S 2 g
Iy = 1Bt =

= (5,, n !t

* i |
s “Sagts )(SAA A +SAB by ) ,

. 2 2 2 1 i%
= [5,,1%n, |+|su| Iha |48 sAA N h'B+SAASAB A“ha




T YT — > e

PAGE 146

Therafors,
1,° = In,%1?
= (5,121, 1 o4ls,p gt 2008, 5,5 Ty T+ (5,8, gt
= |5, 11, s, 51 2 ihgt| 2e2me(s S, "0, P Y (F-6)
But we have :
5,55 By gt @ (Re(S,, S, H+iTn(s, S, )] [Re(h, "y )3 1nin, 'ny 1)

a [RQ{SAASAB*}RQ{hALh.Bi*}-Im{SAASAB*}Im{hALn.Bi*}}

+j(In(S,,$, . Rath, " SV IeRe(s, 5, Vintn, To 1))

Therafores,
' * i% * % * 1%
2Re(S,,S,, b, "t} = 2Re(S, 8,5 YRelh, 'n, "} -21In(s, S, Ya(b, ', 1)
(F-7)
" v * ik * L
2Ia(S,,S, hAi‘b.a } = 2In(S,,S,, }Re{hAi‘h.B H+2Re(S, S, Hath, 1yt
(F-8)
Substitute from (F-7) into (F-6), therafore :
S 3,2
IA = |hA [
2y 112 1 i 2 * i
= ISAAI [hA ' +‘SABI lhB | +ZRG{SAASAB }Ro(hAih3 )3
* i
-2Ia(s, S, }Im{h;'h13 }
Therefore,
3 2 i 2 i l . i * 1
I, = 8,171, #8512 15 +Ra(S, S, U +In{S, S, .}V (D

also we have :

IB’ = IthIg - thth*

{ L. * e o {n
= (Spphy *+Syphy ) (Spy by *85p BT )

R WSV QNI N W VTN STV S s

e T T L T L T T L h o mas e i e M i Bt ol . A had
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21y L2 21y 12 * {* * TR
= [Sgyl I, "1+ Isgp 1 g™ 2485, 800 hAihB *+(S5,533 hAihn )

= |s 4

2 2 2 i, * i*
sal 1B 12415551 2 1yt 242Rets, S }Re(hAihB }

* i
-2In{Sy, 8,0 Math, 0 1)

Then

i |

3 2 i 2 i * i !
;" = ISBAI I, +|SBBI I +R0{SBASBB W+Im(S (II) 7

s.. "
34588

also we have :
s, s* i i w fv * ik ]

By By (Sl ¥Suply D (Spy By *Spp B ) ;

* iz~ * iz »* i* w i*

= SuaSpa IBy 1748, 5Spp IBy7 248,800 hAihn *S48554 (haihn )

* i * i
= R-{sMsBA }lnA |=+R«(sABsm3 }]b.B |2

* ")
+3Im(S,, S5, }lhAiI’+jIm{sABsBB }Ihnil’

e Lt L

+(Re{Sy,Spp " MiTn(S,, 55, M (Reth, Ty 14 Tnn, T 4y

*[R‘{SABSBA*}+jIm{sABsBA*}][R‘{hAihBi*}.JIm{hAihBi*}]

Then

2Re(h,"my"") = 2Re(S,,5;, "} b, | 2+2Re(s, 55, "} 0y |2

P T s e m e

i % * *
+ZRe{hA‘hB YRa(S,,San +5,585, )

i* * v
-zIm(hAihB Ym(S,,Sp5 5,585, )
Therafors,

L] L ]
ud = 2Re{S,, S, }IA +2Re(S, 80" Mg

" * 4 #* * 4
+R¢{SAASBB +SABSBA U +Im{SAAsBB -SABSBA WV (IID
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PAGE 1438
alsa,

<21g{h 3p %" - * ija. * 12
2Im{h, b, } o= 7.11::{5“.3BA HhA ] ZI”(SABSBB ””3 |
-21n(8, S, +sus8‘ }JRe(h “h.ai

* {%
-2Re{S,, 5, -susu }rn(hA‘hB !

Thersfcre,
i
Vj’ = -2In(8,, }IA -2Ia(S, Sy, }IB »-
~In{S, Suq +5,.5,  JU+Re(S, 5. -5, 5. Vv A
84538 *5a858a {5,453 “SppSpa ! (1v)
!
In sumaary, frow (I) to (IV), we can writs [Mm] as : ‘L
r~ £
. . * * ]
IsMI Isnl Re{S, 8,5} La(S,,S,, } 1
2 2 < *
M,,,] _ | 1%gal | 5gg! Re(Sy,5;9 ! Im({Sy,Sgg } i
hnd L] [ ) * » * *
Me(S, 55,7 2Re{S; S0} Re(S,,8,.748,,8, "} In(S,,5p."~5, .5, .}
P4 * L ]
-2Tw{8, 8.} -2Is(S,S.0 *y eTwf 7,588 +su n * Re(S,,Spn 5,555, }
WY

) =

P - T S LIS Ty A -
e w0 i, St e e e, i I R it M e T 3
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- Appendix G
u Derivation of the Scattering Matrix (S] from the Mueller

Matrix(M] :

It is required to calculate the scattaring matrix {[S] from the

Musller matrix([M] in the general bistatic and monostatic cases.

The scattering matrix [S] relates the scattering and the

incident polarization vectors by tha equation :

1%(4,8) = [s] h'(a,B) (6-1)
where :
19 39 .
(s] = SAA SAB . ISulo AA ISABIO AB (G=2)
. s i9 T
Sza  Spp ISBA|° BA ISBBIQ BB

Also the Mueller matrix relates the scattarsd and the incident

Stukns vectors by :

iy ¢ oMt .l S

' (4,8 = (Migia,n) | (6-3) |

wheze : 3

’ % PNESISE é
g= |8 | = |Ibl*-Ingl? (G-4) Y

. é

. w)

% ~2la(h by ) ;

[N . ¥

1. Calculation of the magnitudes lsul,lsul,lsul and IS.BBI :

From Appendix (E), wa have :

- 2 2 2 2 - '*
my, ® HIS,, | 2#|8g, | 2+]S, 51 +|85,1%) . (G=5)
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[ 2 3., 2, 2 -
' : 2 2 2, 2 -
; my, = (1S, |2-[Sp,12+I5,51%-1Sgp!%} (G-7)
’ E F 2 2 -
1 we have :
| 2 2 -
B, +my, = (8,1 + 15, (G-9)
\ :
. 2 o 2 - E
yy + @y, ® [8,,1% = (Sl (G-10)
3 i - k-
‘ then : }
2 E
By + Byy * oy +my, =28, ',
3 and ™
- - 2 R
@y, * @y, t By, - Wy, W 2ISBA| , therefors 1
1Sy,l = #my +m ¥, +my,) (G-11) f
|Sgal = #(m  tmypom,, -my)) (G=12) 1
Similiary : }
i
- 2 2 ;
myy = Byp * ISypl% + ISgl :
)
- 2 - Y 4 4
myy = Wyp = 15,517 = |Sgpl E
Therefore, f
H
1Syl = (@) -a 4wy -my,) (G-13) |
!
Sgpl = H(myy -y pmmy tmyy) (G-14) |
,
‘.‘
2. Calculations of tha phasas ’AA’ ’AB’ "BA’ ‘BB : ‘
Also, we have from Appandix (E) :
** *
m ., ® Re{S,,S,n" + Sp,5.2)
= Im(S,,S h + S,.,C *
4 aaSas ¥ Spatpp !
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Ry *lwy, = S,,S '4-:3‘3“" .(G-U)
Alsa,
| R L
B = IS, 8y - B0
Tharutore,

< I b TR ’u 33‘33, . (G-16)
From (G-13) and (G-16) :

?‘ @yttt )+ (pgrimy ) = 23,8, " 1

(=) y+mpy) + 3wy - ) = 2 gul lsull't(‘“‘*ﬂ) i

0“ - Ou*cun( ) (G-LT)
Tyt

Also from (G~iY) and (G-16) : E

B TS . i
i
]
i

(Byg*imy,) = (mpgimo ) » uu’n* !
(@ 3-mpy) + JCay my ) = 208y, [0 ] o Fmadan) | ,‘

o™

“a3p = =am(

) o (G~18)

132
From Appendiz £ &, 98 alsa hsve :

» »
Byy ™ RalS, S, *Si3%3 !
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- -Im(S..S. .45, S .
m,, = ~Im{8,,Sp, *Ssp5pp !
= Re{S,.S.. -8, So0}
g W3y = Re19ua°pA "°AB”BB
{
! = -In(S, 5., =8, Soo
m,, = ~Io{S,,5p, ~SppSpp !
Tharefore, :
sim,. = S, .S 48, 8. (G-19) 5
Wa17d%,1 = SAA°BA "UAB°BB ’ !
K
and h
=s s ¥s .5 ", th G-20 1
mao =3, = S4a8g4 “SppSpp ¢ FheR (G-20) 3

“‘ . %
(mgy=jmy)=(my -jm, ;) = 25,555

j(‘ttka.¢fiB) , therefore

(myy=mg, )+ (mypm, ) = 2[S,pl Spple

T

i

Ba2" P41

= arctan (—m——) , oOX

%a5"%BB
B31"%32

e PR L

—r—

o A s d 2

e TR T A,
. AR e T

B41"%42

+arctan (————)

(G-21)

%38 = ®aB
By1""32

e

From (G-18), (G-21), therefore :

0447024
¢BA = ¢BB+arctan(—-———————)
My37%23

. . u " L iy .
[FUCE et N L e amdaie Y e el e



B4 %24

¢BA = ¢AB+arctan(

B137023

In the monostatic case :

From Appendix (E), we have :

D1 %2

Y+arctan(

M31"M32

PAGE 153

(G=22)

M1 = P12
My = My3
Myg = M3
Bh1 5 "M
B2 T Mo
m43 = -m34
més = m33+m22-m11
Therefore,
IS4l = Hmy +emy,tmy))
ISupl = 2(myymmpp) = I8y,
|spgl = #(myy-2my,4m,,)
47094
¢AA = ¢AB+arctan( )
D, 31023
¢AB is arb.
D14 4 "0y,
¢BA = ¢AB+arctan( )+arctan(
®137023 M137%23
= %an

N el o
VORI, 7. W% S GRS~} I PP

it s S
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14 P24
¢BB = ¢AB-arctan(~ )
M3 %23
In summnary :

1. Bistatic case :°
18441 =\/ H(my tmy gty g ¥epy)
848! = \/}<m11'm12+“21'm22)
E N V/;zm11+”12'm21'm22)

ISyl = »/5(m11'm12'm21+m22)

TR TA
¢AA = ¢AB+arctan( )
B3,
¢AB is artitrary (may be = 0)
B14"%24 ®41"%%2
¢BA = ¢AB+arctan( Y+arctan( )
my3"Mg3 V)
Bh1 %42
¢BB = ¢AB+arctan( )
B317%32

2. Monostatic case :
1S54l = \ﬁ (m) y+2mp4m50)

lsAB‘ =V i(mll"mzz) = |SBA‘

Y ’\/ $(my -2m)tmy))

_n.um

PLatt. o g Sy

.
4
-.
A
b
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| TR TA
¢AA = ¢AB+arctan(-——'—-““')
' my 5 ti,3
‘ ¢AB is arb.
{ 24 = %ap
j
: - i
; M6 P24
:/ ¢BB = ¢AB-arctan(~—-——)
E My3~Mo3

oo a0 | LA N -3 o< g oy
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g.

Appendix H

Derivation of thae Scattering Matrix[S] from the Modified Mueller
Matrix[Mm] :

From Appendix F,qu. (V), we have :
|

My = I8

M |s

|2
12 AB

M,. = Re{S

\ %
13 aa8ap !

M, = Im(S *
m{S,xSsp

=
fi

- 2
21 = |8p,l

=
>
it

2
20 = |Sppl

R

2 3... S *

[
w

M., = Im{S *
24 = Im(Sg,8p5 )

M, = s,.8..”
2Re( 24584 }

ST e TG T M T

M Re(S,.S.."
= 2Re{S, S;p )

*

M.. = Re{S ~"+s)
= Re A58

aaSsp

w» s *
2aS8p “SapSpa ?

=
L}

In{S

: = -2In(S.,5.."
*

M, = -ZIm{SABSBB }

_ *o o ¥
M .= -Im(SAASBB SABDBA }

w®

*
44 = RelS,,5gp -5,pS

Calculation of the amplititudes :

sl =\/ 1,

T P DA S "E&j:' 2: Ry

et oo 208 L K
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15,31 =\/ Mo
BN =\ Ma1
S5l =/ Myy
Calculstion of the phases :
+iM -Rss*+Is<:*}
Myg*iMy, = RelS,,S,p 13iIm{S,,S,q
=55 "
T “AA°AB
_ 108, ,78,0)
,1 ISAA”SAB|" AA TAB
| Therefore,
‘ }
: Mi4 i
{ tan(g,,-4,,) = ——
i Mis
Then, 1
) M Al
14 5
¢AA = ¢AB+arctan(—--—, ‘
{
M3 ;
also, '%
M, +M,. = In{S,,S.. =8,.5. . }-Im(S. .5.."+5. s ™} ﬁ
3643~ "MSaa%8B TAB®BA T ™'°aA°BB TaB°Ba !
5
* * . ¥ * i
= Im{SAAsBB }-Im{SABSBA }"ImxSAASBB }-Im{SABSBA } ;
* g
= -ZIm{SABSBA } 1
and |
M, -M —RSS*+S'S*}R(S * *
33My, = Re(S,,Spp +5,55;, 1-RelS,, Spp =8,585, } 1
= 2Re(S..5.."}
2Re{S,Sp,

- . R . N | o e e e e
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% then
i MM, )=j(M. +M,.) = 2[Fe{S..S. . ~“}+iIm(s *
P-% (My3~Myy) =3 My M, 5) = 2[Fe(S)pSp, Hilm(S,pSp, )
| i =255 "
8 = ““AB°BA ,
| % (8,000 y) 1
' - RICN
) 218,51 15, 1e3%an %84 !
& ‘
{ g LTALTE é
‘, .
; tan(dypmtpy) = ~(——) %
- M35 M !
. 3
1 b
’ Therefore, }
; AL Y
f - = -arctan(— i
E %aB"%s4 ctan( ) |
! Myg=Myy ﬂ!
y
or i
MaytMys j
= ———— 4
¢BA ¢AB+arctan ( ) ;
) MagMyy, H
also we have :
M_..-jM, ., = 2[Re{S,.S *}+'I {s,.8 *} :
327 3%2 [Re{S,pSpp 1HIIm{S,pSpp 1]
* )
= 25,5538
- 3, n"Pun) -
= zlsABllsBBIe AB "BB :
4

M

42
tan(¢,p-dpp) = - ——
Ma,
Me2
¢BB = ¢AB+arctan(-——)
M

32

. e
o o, & b i a bl et e




R e A St IR = - ks - eig 1y e v e e———

PAGE 159

In summary : for the bistatic case :

ISaal =\/Hps 18,51 =\[Hppe 18g50 =\ /My U85l =\ [y,

and

o}

14

¢AA = ¢AB+arctan( )
M3

$AB is arbitrary (may be=0)
My s

¢BA = ¢AB+arctan(———-—-—-)
LIV RN
Mz

¢BB = ¢AB+arctan( )
M32

'simplify in the monostatic case so that ISAsiz'-ISBA( and

$A~%5a"

L Ny -
bl b medteitin » Bl G0 W e L it

e e T A L il B A

i
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APPENDIX (I)

COMPUTER PROGRAMS

This Appendix includes three computer programs. The first one
calculates the Mueller matrices [M] and [Mm] from the Scattering
matrix [S]. Also, it calculates the COPOL and XPQL nulls and

their representation on the Poincare Sphere.

The second program reconstructs [S] with relative phase from

[M] or [Mm].

The third one reconstructs also [S] from the knowledge of the
spherical noordinates on the Poincare Sphere of either two COPOL

nulls or one COPOL and one XPOL null .

@ . e A et a-i_:

L e e e

g e vu o
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I-1 FIRST COMPUTER PROGRAM :

This program calculates the Mueller matrices [M] and [Mm] f -m the scattering
matrix [S] in the bistatic and monostatic cases using the Equations of
Section 3.6.1. Also, it calculates the COPOL and XPOL aulls and their representation
on the Poincare sphere using the equations of Section 3.5.

//BAKRY JOB
/*JOBPARM R=348
// EXEC WATFIV
//SYSIN DD *
$JOB NOEXT

THIS PROGRAM CALCULATES THE MUELLER AND THE MODIFIED MUELLER
MATRICES FROM UHE SCATTERING MATRIX IN BISTATIC AND MONOSTATIC
CASES.

ALSO, IT CALCULATES THE COPOL AND XPOL NULLS FOR S AND REPRESENT
THEM ON POINCARE' SPHERE .

PUT LANE=0 IF SIGMA'S AND PHI'S ARE KNOWN

PUT LANE.NE.O IF S(I,J) IS KNOWN

aoaoaaoaoaaoaoaon

COMPLEX S(2,2),RHO(2),CI

DIMENSION AM(4,4),AMM(&,4),THETA(2),PHI(2)
COMMON CI,PI,PI1,PI180

€1=(0.0,1.0)

PI=4,0*ATAN(1.0)

PI1=180.0/FI

PI180=PI/180

DATA

aaaq

NDATA=9
=0

LO 999 II=1,NDATA

IF(LANE.EQ.0) GO TO 160

READ 55,((s(I,J),J=1,2),I=1,2)
55 FORMAT(4E10.3)

GO TO 161
160 CONTINUE

SIGHH,SIGHV,SIGVV IN DECIBELS

PHIHH,PHIVV IN DEGREES

aQaaQa

READ(5,155)ASPECT, SIGHH,SIGHV, SIGVV,PHIHH, PHIVV

155 FORMAT{6F10.2)
WRITE(6,156)ASPECT,SIGHH,SIGHV,SIGVV,PHIHK, PHIVV

156 FORMAT('1','ASPECT ANGLE = ',F10.2,2X,'DEGREES'//'0', 'SIGHH = '
1,F10.2,2X, 'DECIBELS'/'0', 'SIGHV = ',F10.2,2X, 'DECIBELS'/'0",
2'SIGVV = ',F10.2,2X, 'DECIBELS'/'0','PHIHH = ',F10.2,2X, 'DEGREES'
3/'0','PHIVV = ',F10.2,2X, 'DEGREES'//)
CALL SCAT(SIGHH,SIGHV,SIGVV,PHIHH,PHIVV,S)

161 CONTINUE

e Tk i

- it

TR L
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8(2,1)=8(1,2)

PWR=NORMALIZED FACTOR

aQaaaGoaoaa

PWR=CABS(S(1,1))*#2+CABS(S(2,2))**2+CABS(S(1,2))#**2+CABS(S(2,1))**
12
Py .2=SQRT (PWR)
WRITE(6,50)
50 FORMAT('l','THE SCATTERING MATRIX 1S :'//)
DO 1 I=1,2
WRITE (6,60 (S8(I,J),J=1,2)
1 CONTINUE
60 FORMAT('0',2X,2(2E10.3,5%))

C WRITE NORMALIZED SCA™ 'm & MATRIX

WRITE(6,51)

51 FORMAT('0','THE NOKMALIZED SCATTERTNG MATRIX IS :'//)
DO 11 I=1,2

'l WRI"7(6,60)(8(I,J)/PWR2,J=1,2]

CALL STOM(S,A&M)
WRITE(6,70)

70 FORMAT('~','THE MUELLER MATRIX IS :'//)
"0 2 I=1,4
WRITE(6,80) (AM(I,J),J=1,4)

2 CONTINUE

80 FORMAT('0',2%,4(E10.3,5X))
XX=AM(3,5)+aM(2,2)-AM(1,1)
WRITE(6,%;XX,PWR,PWR2

L o T D1 mm R 1t o

WRITE NORMALIZER MUELLER MATRIX

aoao

WRITE(6,71)

7. FORMAT('O','THE NORMALIZED MUELLER MATRIX IS :'//)
DO 12 I=1,4

12 WRITE(%,80) (AM(7,J)/PWR,J=1,4) -
CALL STOMM(S,AM.1)
WRITE(%,90)

90 FORMAT('1','THE MCT IFIED MUELLER MATRIX I3 :'//)
DO 3 I=1,%
WRITE(6,50) (AMM(T, 7),J=1,4)

3 CONTINUE

-
PRIy TP ey

(@]

~

aC

WRITE NORMALIZED MODIY'IED MUELLER MATRIX

WRIT:(6,91)
91 FORMAT('O','THE NORMALIZED MODIFIED MUELLER MATRIX IS :'//)
DO 13 I=l,4
13 WRLTE(6,0) (AMM(I,J)/PWR,J=1,4)

T18W=0
CALJ. COPOL(S,RHO,THETA,PHI,ISW)
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IF(ISW.EQ.1) GO TD 120
WRITE({6,100)

100 FORMAT('1l','THE COPOL NULLS ARE :'//)
DO & I=1,2
WRITE(6,101)RHO(I),THETA(I) ,PHI(I)

4 CONTINUE

101 FORM~™¢'0','RHO = ',2G14.7//'0','THETA = ',F8.3,2X, 'DEGREES'//
1'0',"PHI = ',F8.3,2X, 'DEGREES'//)

120 CONTINUE
CALL XPOL(S,RHO,THETA,PHI,ISW)
IT(ISW.EQ.2) GO TO 999
WRITE(6,110)

110 FORUAT('O','THE XPOL NULLS ARE :'//)
no 5 I=1,2
WRITE (6, 101)RHO(I),THETA(I),PHI(I)

5 CONTINUE

999 CONTINUE
STOP
END

vy

(@]

SUBROUTINE STOM(S,AM)

THIS ROUTINE CALCULATES THE MUELLER MATRIX AM FROM SCATTERING
MATRIX § IN BISTATIC AND MONOSTATIC CASES.

G=(I1,Q,U,V)

PP g

a1ao0

COMPLEX S(2,2),CONJG,$1,S2
DIMENSION AM(4,4)

SAA=CABS (S(1,1))%¥2
SAB=CABS(5(1,2))%*2
SBA=CABS(S(2,1))%*2

SBB=CABS (8(2,2))**2
AM(1,1)=(SAA+SAB+SBA+SBB)/2.0
AM(1,2)=(SAA-SAB+SBA-SBB)/2.0
AM(2,1)=(SAA+SAB-SBA-SBB)/2.0
AM(2,2)=(SAA-SAB-SBA+SBB)/2.0
§1=8(1,1)*CONJG(S(1,2)) 1
$2=8(2,1)*CONJG(S(2,2))
AM(1,3)=REAL/S1+82)
AM(1,4)=AIMAG(S51+82)
AM(2,3)=xAL(S1-82)
AM(2,4)=AIMAG(S1-82)
$1=8(1,1)*CONJG(S(2,1))
$2=5(1,2)*CONJG(S(2,2))
AM(3,1)=REAL(S1+82)
AM(3,2)=REAL(51-82) q
AM(4,1)=-AIMAG(S1+82) 1
AM(4,2)=-AIMAG(S1-82)
S1=8(1,1)*CONJG(S8(2,2)) i
52=8(1,2)*CONJG(S(2,1))

AM(3,3)=REAL(S1+52)
AM(3,4)=AIMAG(S1-52)
AM(4,3)=-AIMAG(S1+87)
AM(4,4)=REAL(51-82)
RETURN
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1 END

SUBROUTINE STOMM(S,AMM)

THIS ROUTINE CALCULATES THE MODIFIED MUELLER MATRIX 4MM FROM THE
SCATTEKING MATRIX S IN BISTATIC AND MONOSTATIC CASES.
GM=(IA,IB,U,V)

caaaq

A COMPLEX S(2,2),CGNJG,S1,S2
) DIMENSION AMM(4,4) : :
AMM(1,1)=CABS(S(1,1))%*2
; AMM(1,2)=CABS({S(1,2))%**2
t S1=S(1,1)*CONJG(S(1,2))
' AMM(1,3)=REAL(S1) k
AMM(1,4)=AIMAG(S1)
AMM(2,1)=CABS (5(2,1))%**2 'y
AMM(2,2)=CABS(S(2,2))%¥2
S1=5(2,1)*CONJG(S(2,2))

‘ AMM(2,3)=REAL(S1)

9’ AMM(2,4)=AIMAG(S1)

: S1=S(1,1)*CONJG(5(2,1))
X AMM(3,1)=2.0*REAL(S1)

k AMM(&4,1)=-2.0*AIMAG(S1)
- S1=S(1,2)*CONJG(S(2,2))

ot~ e wfle PP

. AMM(3,2)=2.0*REAL(S1)

3 AMM(4,2)=-2.0%AIMAG(S1)
81=8(1,1)*CONJG(5(2,2))
§2=8(1,2)*CONJG(S(2,1))
AMM(3,3)=REAL(S1+82)
AMM(4,3)=~AIMAG(S1+582)
AMM(3,4)=AIMAG(51-82)
AMM(4,4)=REAL(S1-82)
RETURN

END

s il

e e

SUBROUTINE COPOL(S,RHO,THETA,PHI,ISW)
THIS ROUTINE CALCULATES THE COPOL NULLS AND REPRESENT THEM ON THE
POINCARE' SPHERE . q

COMPLEX §(2,2),RHO(2),4,B,C,D,CSQRT
DIMENSION THETA(2),PHI(2)
A=S(2,2)
B=S(1.2)+8(2,1)
C=S(1,1)
D=CSQRT (B*B-4 , 0*AXC)
ERROR=1.0E- 10
WRITE(6,%)A,B,C,D {
ERRB=CABS (3)
ERR=CABS (A) 1
IF (ERR.LE .ERROR. AND.ERRB . LE. ERROR) GO TO 30 |
TF (ERR.LE.ERROR) GO TO 10 |
RHO(1)=(-B+D)/ (2.0%A) ;
RHO(2)=(~B-D)/ (2.0%A)
GO TO 20

10 WRITE(A,50)ERR
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FORMAT('0', 'WE HAVE ONE ROOT BECAUSE A = ',G14.7/)
RHO(1)=-C/B

RHO(2)=RHO(1)

CONTINUE

CALL POINCR(RHO,THETA,PHI)

GO TO 1

CONTINUE

Isw=1

WRITE(6,40)

FORMAT('0','A =B = 0.0 , NO ROOTS ..... "N
CONTINUE

PETURN

END

SUBROUTINE XPOL(S,RHO,THETA,PHI,ISW)
THIS ROUTINE CALCULATES XPOL NULLS AND REPRESENT TIIEM ON THE
POINCARE' SPHERE :

COMPLEX $(2,2),RHO(2),4,B,C,D,CONJG,CSQRT

DIMENSION THETA(2),PHI(2)
=5(2,2)*CONJG(S(2,1))+8(2,1)*CONJG(S(1,1))
=5(2,2)*CONJG(S(2,2))-S(1,1)*CONJG(S(1,1))
B=B-S(1,2)*CONJG(S(2,1))+8(2,1)*CONIG(5(1,2))

C=8(1,1)*CONJG(S(1,2))+8(1,2)*CONJG(S(2,2))
C=-C

D=CSQRT (B¥*B=4.0%A*C)

ERROR=1.0E-10

ERRB=CABS (B)

ERR=CABS(A)

WRITE(6,*)A,B,C,D

IF (ERR.LE.ERROR.AND.ERRB.LE.ERROR) GO TO 30
IF(ERR.TE.ERROR) GO TO 10
RHO(1)=(B+D)/(2.0%A)

RHO(2)=(B-D)/(2.0%A)

GO TO 20

WRITE(6,50)ERR

FORMAT('0','WE HAVE ONE ROOT BECAUSE A = ',G14.7/)
RHO(1)=C/B

RHO(2)=RHO(1)

CONTINUE

CALL POINCR(RHO,THETA,PHI)

GO TO 1

1sW=2

WRITE (6,40)

FORMAT('0','A =B = 0.0 , NO ROOTS ........ /)
CONTINUE

RETURN

END

SUBROUTINE POINCR(RHO,THETA,PHI)
COMPLEX RHO(2),CI,Q,CONJG,YY
DIMENSION THETA(2),PHI(2)

COMMON CI,PI,PI1,PI180
AMIN=1.E-10
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DO 1 I=1,2
YY=1.90+CI*RHO(I)
. YY1=CABS (YY)
: IF{YY1.LE.AMIN) GO TO 10
) Q=(1.0-CI*RHO(I))/YY
Q2=CABS (Q)#¥*2
> Q3=-(1.0-Q2)/(1.0+Q2)
2 W1=AIMAG(Q)
W2=REAL(Q) ‘
f IF(ABS(W1) .LE.AMIN.AND.ABS(W2).LE.AMIN) GO TO 40
f PHI(I)=-ATAN2(W1,W2)
3 PHI(I)=PHI(I)*PIl
GO TO 20
40 WRITE(6,50)
50 FORMAT('0','PHI IS ARBITRARY , REAL AND IMAG Q ARE ZERD'/)
4 GO TO 20
10 CONTINUE
Q3=1.0
WRITE(6,30)
{ 30 FORMAT('0','Q IS INFINITY , PHI IS ARBITRARY '/)
20 THETA(L)=ARCOS (Q3)
THETA(I)=THETA(L)*PI1
1 CONTINUE
RETURN
END
SUBROUTINE SCAT(SIGHH,SIGHV,SIGVV,PHIHH,PHIVV,S)
COMPLEX CI,S(2,2)
COMMON CI,PI,PI1,PI180
PRINT, 'CI , PI = ',CI,PI
PHIHH=PHIHH*PT 180
PHIVV=PHIVV*PI180
SIGHH=SIGHH/20.0 :
S1=10. 0%*SIGHH }

5(1,1)=81%(COS(PHIHH)+CI*SIN(PH1HH)) .
SIGHV=8IGHV/20.0 i
S2=10.0%*SIGHV

8(1,2)=82

$(2,1)=8(1,2) -
SIGVV=SIGVV/20.0

$3=10.0%*SIGVV

S$(2,2)=83%(COS (PHIVV)+CI*3IN(PHIVV))

PRINT, 'MAG(S(1,1)) ,MAG(5(1,2)),MAG(S8(2,2)) = ',51,52,83

RETURN
END
$ENTRY {
0.0 3.1 -24.4 4.6 203.5 193.5 !
9.50 0.5 -14.9 2.1 -170.2 ~156.2 ;
26.0 3.6 -16.1 2.8 128.0 121.0
42,75 1.2 -29.5 1.2 65.1 75.6 3
' 77.71 21.5 -18.8 21.5 -8.3 -10.8
96.0 -0.5 -22.1 -0.8 -36.0 -45.5
108.0 -23.2 “2/,.8 5.1 108.3 -162.2
12° 50 -1.4 -28.5 0.6 -22.9 -60.4
172.u 17.3 ~15.2 18.4  -133.4  -131.4
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I1-2 SECOND COMPUTER PROGRAM :

This program reconstrucs the scattering matrix [S] with relative phase from [M]

or [Mm] using the equations of Section 3.6.2.

: //BAKRY JOB

‘ /*JOBPARM R=348

5 // EXEC WATFIV

i //SYSIN DD *

- $JOB NOEXT

3 c
c THIS PROGRAM CALCULATES THE RELATIVE PHASE SCATTERING MATRIX (S)
c FROM MUELLER (M) AND/OR MODIFIED MUELLER (MM) MATRICES IN BISTATIC
c AND MONCSTATIC CASES.
c
C DATA : MDATA = NUMBER OF (M)'S MATRICES TO BE ENTERED AS DATA .
C MMDATA = s :r(MM)'S I [ [N ) ')
C MON=0 FOR MONOSTATIC , MON <> ¢ FOR BISTATIC
C NEOW= NUMBER OF ROWS
c

COMPLEX S(2,2),CI
DIMENSION AM(4,4),A8(2,2),PHI(2,2)
COMMON PI,PI1,CI,MON
PI=4.0%ATAN(1.0)
PI1=180.0/PI
CI=(0.0,1.0)
c WRITE(6,%*)PI,CI
MON=0
NROW=4
IF(MON.EQ.0) NROW=2
MDATA = 3
MMDATA = 3
NDATA = MDATA + MMDATA
DO 999 II=1,NDATA %
READ 55, ((AM(I,J),J=1,4),I=1,NROW)
55 FORMAT(4E10.3)
IF(II.GT.MDATA) GO TO 10
WRITE(6,50)
50 FORMAT('1','THE INPUT DATA OF THE MUELLER MATRIX IS :'//)
DO 1 I=1,NROW
1 WRITE(6,60) (AM(I,J),J=1,4)
60 FORMAT('0',2X,4(E10.3,5X))
CALL AMTOS (AM,AS,PHI)
GO TO 20
10 WRITE(6,70)
70 FORMAT('1','THE INPUT DATA OF THE MODIFIED MUELLER MATRIX IS :'//)
0O 2 I=1,NROW
2 WRITE(6,60) (AM(I,J),J=1,4)
CALL AMMTOS (AM,AS,PHI)
20 CONTINUE
DO 30 J=1,2
DO 30 [=1,2
S(I,J)=AS(I,J)*(COS(PHI(I,J;)+CI*SIN(PHI(I,J)))

i e s TSP
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PHI(I,J)=PHI(I,J)*PIl
30 CONTINUE
WRITE (6,80)PHI(1,2)
80 FORMAT('-','THE SCATTERING MATRIX WITH ARBITRARY PHASE PHIAR = ',
1¥8.3,2X, 'DEGREES'//)
DY 3 I=1,2
3 WRITE(6,60)(S(I,J),J=1,2)
WRITE (6,90)
90 FORMAT('-','THE SCATTERING MATRIX IN POLAR FORM IS :'//)
DO 4 I=1,2
4 WRITE(6,60) (AS(I,J),PHI(I,J),J=1,2)
999 CONTINUE
STOP
END

L s ke g A AP R SRR T e B
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SUBROUTINE AMTOS (AM,AS,PHI)

THIS ROUTINE CALCULATES THE RELATIVE PHASE SCATTERING MATRIX FROM
MUELLER MATRIX IN BISTATIC AND MONOSTATIC CASES .
PHI(1,2) IS ARBITRARY E.G. ( = 0.0 )

%wgm.
aaaaa

COMPLEX CI

DIMENSION AM(4,4),AS(2,2),PHI(2,2)
COMMON PI,PI1,CI,MON
WRITE(6,%)PI,CI

CALCULATE THE MAGNITUDES OF (S)

caaaq

IF(MON.NE.O) GO TO 10
AM(2,1)=AM(1,2)
AM(3,1)=AM(1,3)
AM(3,2)=AM(2,3)
AM(4,1)=-AM(1,4)
AM(4,2)=-AM(2,4)

10 CONTINUE
AS(1,1)=SQRT((AM(1,1)+AM(1,2)+AM(2,1)+AM(2,2))/2.0)
AS(1,2)=SQRT((AM(1,1)~AM(L,2)+AM(2,1)-AM(2,2))/2.0)
AS(2,1,=SQRT((AM(1,1)+aM(1,2)-AM(2,1)-AM(2,2))/2.0) -
AS(2,2)=8QRT((AM(1,1)~AM(1,2)-AM(2,1)+4M(2,2))/2.0}

C CALCULATE THE RELATIVE PHASES OF (S)

PHI(1,2)=0.0
X=AM(1,3)+AM(2,3)
Y=AM(1,4)+AM(2,4)
PHY (1,1)=PHI(1,2)+ATAN2(Y,X)
X=AM(3,1)-AM(3,2)
Y=AM(4,1)-AM(4,2)
PHI(2,2)=PHI(1,2)+ATAN2(Y,X)
X=AM(1,3)-AM(2,3)
Y=AM(1,4)-AM(2,4)
PHI(2,1)=PHI(2,2)+ATAN2(Y,X)
c PRINT, 'PKI(2,1) = ',PHI(2,1)
IF(MON.EQ.0) PHI(2,1)=PHI(1,2)

E
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RETURN
END

(9]

SUBROUTINE AMMTOS (AM,AS,PHI)

THIS ROUTINE CALCULATES THE RELATIVE PHASE SCATTERING MATRIX FROM
THE MODIFIED MUELLER MATRIX IN BISTATIC AND MONOSTATIC CASES.
PHI(1,2) IS ARBITRARY E.G. ( = 0.0 )

oNoNoNoNS]

COMPLEX CI
DIMENSION AM(4,4),AS(2,2),PHI(2,2)
COMMON PI,PI1,CI,MON
WRITE(6,%)PIL,CI

CALCULATES THE MAGNITUDES OF (8S)

[oNoNsR o]

IF(MON.NE.0) GO TO 10

AM(2,1)=AM(1,2)

AM(3,2)=2.0%AM(2,3)

AM(4,2)==2.0%AM(2,4)
10 CONTINUE

DO 1 I=1,2

DO 1 J=1,2

AS(I,J)=SQRT(AM(I,J))

1 CONTINUE

CALCULATES THE RELATIVE PHASES

e N e N

PHI(1,2)=0.0
PHI(1,1)=PHI(3,2)+ATANZ (AM(1,4),AM(1,3))
PHI(2,2)=PHI(1,2)+ATANZ (AM(4,2),AM(3,2))
IF(MON.EQ.0) GO TO 20
Vi=AM(3, 4)+AM(4,2)
X=AM(3,3)~AM{4,4)
PHI(2,1)=PHI(1,2)+ATAN2(Y,X)
GO TO 21
20 PHI(2,1)=PHI(1,2)
21 CONTINUE
RETURN
END
SENTRY
0.500E 00-0.434E 90 0.679E-01-0,179E-01
0.491E 00-0.6315-0% 0.206E-01
0.500E 00~0,403E 06 0.251E 00-0.884E<01
0.368E 00-0.169E 00 0.124E 00
0.500E 00 0.454E-01-0.606E-01 0.350E-03
.488E 00-C.815E-02 0.877%-0i
.471E-02 0.239E-G2 0.138E-02
.98%E 00 0.655E-01-0.193E~01
L662E-01 0.413E-01 0.178E-01
.837E 00 0.710E 00-0.106E 00
. 578E~02+0.344E=01 0.440E-01
649E 00-0.262E-01+0,437E-01

[eR el e Nl

0.162E-02
0.306E-01

0.540E Q0
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; : I-3 THIRD COMPUTER PROGRAM :
§

This program reconstructs the scattering matrix [S] from the knowledge of the

j % spherical .cordinates on the Poincare sphere of two COPOL nulls or one COPOL
i and one XPOL null using the equations of Section 3.7.

//BAKRY JOB
. © /*JOBPARM R=348
' //GC EXEC WATFIV,PARM=NOEXT
//SYSIN DD *
b+ $JOB ' %

THIS PROGRAM RECONSTRUCTS THE SCATTERING MATRIX (S) WITH RELATIVE
PHASE GIVEN ITS COPOL NULLS (P,THETA,PHI), WHERE P,THETA AND PHI
ARE THE RADIUS, COLATITUDE AND LONGITUDE OF THE COPOL NULLS ON THE
POINCARE' SPHERE OR ONE COPOL AND ONE XPOL NULL.
DATA: PUT NCC (TWO COPOL NULLS) FIRST.

PUT NCX (ONE COPOL AND ONE XPOL NULL) SECOND.

aacaaocaaoaoaan

DIMENSION THETA(2),PHI(2)
COMPLEX CI,Q,RHO(2),R1,R2,4K,S(2,2),51,Q1,R3,CONJG
CI=(0.0,1.1)
PI=4.0%ATAN(1.0)
PI180=PI/180.0
PI1=180.0/P1
c PRINT,PI,CI
AMIN=1.E-03
AMAX=1.E+10
NCC=12
NCX=5
NDATA=NCC+NCX
DO 10 II=},NDATA
IF(II.LE.NCC) WRITE(6,100)
IF(II.GT.NCC) WRITE(6,110)
READ(5,50)P, ([HETA(I),PHI(I),I=1,2)
WRITE(6,60)P, (THETA(I),PHI(I),I=1,2) -
WRITE(6,70)
DO 1 I=i,2
THR=THETA(I)*PI180
PHR=PHI(I)*PI180
X=1,0+COS (THR)
¥=1.0-COS (THR) l
IF(Y.LE.1.E-07) GO TO 20
Z=8QRT (X/Y)
GO TV 21
20 Z=AMAX
21 CONTINUE
Q=4* (COS(PHR) -CI*SIN(PHR))
Ql=1.0+Q
PRINT, 'Q1l = ',Q1
IF(CABS(Q1).LE.1.E-03) GO TO 30
IF(CARS(QLl).LE.AMIN) Ql=1.0/AMAX
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RHO(I)=-CI*(1.0-Q)/Ql

GO TO 31

RHO (I)=-CI*AMAX

CONTINUE
WRITE(6,71)THETA(I),PHI(I),Q,RHO(I)
CONTINUE

IF(II.GT.NCC) GO TO 40

PRINT, '**RHO(1) ,RHO(2) = ',RHO(1),RHO(2)
R1=RHO(1)+RHO(2)

R2=RHO(1)*RHO(2)

R1IMAG=CABS(R1)

X1=AIMAG(R1)

X2=REAL(R1)
IF(ABS(X1).LE.AMIN.AND.ABS(X2).LE.AMIN) GO TO 45
R1PHAS=ATAN2 (X1,X2)

GO TO 46

CONTINUE

R1PHAS=0.0

CONTINUE

PRINT, '**TEST#*' R1,R2,X1,X2,R1PHAS
R2MAG=CABS (R2)
¥=R1MAG™#*2+2 . 0*R2MAG**2+2 .0

X=2,0%X

AK=SQRT(P/X)

§1=C0S (R1PHAS)-CI*SIN(R1PHAS)
S(1,1)=-2.0%R2%*S1

$(1,2)=R1MAG

§(2,1)=8(1,2)

S(2,2)=-2.0%S1

GO TO 41
CONTINUE
RIO(L) v v vnvvnonnan COPOL NULL
RHO(2) oo evnvnnnnnnn XPOL NULL

R1=RHO (1)*#*2*CONJG (RHO(2) )+RHO(2)

R1MAG=CABS (R1)

R1PHAS=ATAN2 (AIMAG(R1) ,REAL(R1))
R2=RHO(1)-RHO(1)*CABS (RHO(2))*¥2-2.0*RHO(2)
R3=2. O¥RHO ( 1)*CONJG (RHO(2) ) ~CABS (RHO(2))#**2+1.0
R2MAG=CABS (R2)

R3MAG=CABS (R3)

D=2 . O%R1MAG*#2-+(CABS (RHO (1) ) *R2MAG ) **2+R3MAG*2
AK=SQRT(P/D)

$12COS ‘R1PHAS) ~CI*SIN(R1PHAS)
$(1,1)=RHO(1)*S1#R2

$(1,2)=R1MAG

$(2,1)=8(1,2)

5(2,2)=~R3*S1

CONTINUE

WRITE (6,80)AK

DC 2 I=1,2

WRITE (6,81)(S(I,J),J=1,2)

2 CONTINUE
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WRITE(6,90)
DO 3 I=1,Z

WRITE(6,81) (S(I,J)*AK,J=1,2)

3 CONTINUE
10 CONTINVE
STCP

50 FORMAT(5F10.3)

60 FORMAT('0Q','THE INPUT DATA 1S
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:'7/'0','P = ',F10.3/'0",

1'THETA(1) = ',F10.3,2X, 'DEGREES', 10X, 'PHI(1) = ',F10.3,2X,

2'DEGREES'/'0Q', '"THETA(2) = ',F10.3,2X, 'DEGREES', 10X, 'PHI(2) = ',

3F10.3,2X, 'DEGREES'//)
70 FORMAT('0',2X, 'THETA(DEG.)',5X, 'PHI(DEG.)',11X,'Q',19X, 'RHO'/)
71 FORMAT('0',2(2X,F10.3),2(2X,2E10.3))
80 FORMAT('1l','THE RECONSTRUCTED SCATTERING MATRIX WITHOUT MULTIPLYIN

16 BY THE CONSTANT K = ',2F10.3,2X,'1S :
81 FORMAT('0',2(2X,2F10.3))

90 FORMAT('0','THE SCATTERING MATRIX IS : '//)
100 FORMAT('1','THE COPOL NULLS ARE KNOWN'//)
110 FORMAT('1','ONZ COPOL NULL AND ONE XPOL NULL ARE KNOWN'//)

END

SENTRY

1.0 109.414
118.001
172.57
139.467
177.921

0.0
90.0
180.0

0.0
50.0
90.0
90.0
109 .414
118.001
172.57
139.467
177.921

. s .
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-4.055
-22.209
70.438
-31.889
-28.335

-90.0

180.0

0.0

270.0
-4.055
-22.209
70.438
-31.889
-28.335

66.486
41.311
7.736
40.877
0.934
180.0
90.0
180.0
0.0
90.0
90.0
90.0
92.054
100.543
89.735
89.756
90.568

3 TN s T WY B N

-11.708
-45,001
179.957
58.378
-31.12

90.0

186.0

0.0

270.0
172.172

148.062

=53.177
~166.555
150.796
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