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Before praduction, a tautative production schodule is developed to bLielp in
labtor force plauning, toolins, facility needs, the ovdering of long lead time
items, c¢tc. This c¢arly nericd of rime is called the planning stape. This tenta-
tive production schedule is designed to cover the life of the project, but the
formal agrezment Hetween the sovernment and the contractor usually covors just
one ycar. ihe reasen is thot amual congressional fuading, clumging national
needs, or aLuer exozouous ironcis are coatinually varviag throughout the life
of the progran., This periot of chancine situations is called the preduction
period. Ti: essence of thic roscarch is its ability to capture the relationship
between tovnl precram cost ~nd both endogzenous and exogenous producicion rate
chanees durlan this program perviod.  There is now gencrsl agreement that both
learning end production rate chonges inpact total progranm costs. In the former
casc, it iec usually assumed that production costs i'all with cumulative production
experience. In the latter, the direction and magnitude of the impact on total
cest is less certain. Empirical studics have showmn that changes in production
rate may bz associated with increases, decreases, and ne change in total program

costs. . !
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- Historical Perspective

Traditi
cost opd outpui rare, With the introduction of Wrii
dimen«ion was added to the empirical study ef cost. ¥r
foundztion Zor many of the progress fuuction studies t:
cagincoring Mitcerature. These early enzineering cost st ad
zdiction to conventinuel economic theery, In meozl of these studies, cost was
expliained onl; us o function of cumnlative output. Roce.t ressarch by Large shows
tha du Deny cascs cutput rage is staristically insig= <Y "cant for ccst prediction
purposas [7). There is a remarkable shortage of litovwzs sre that recognixcs the
preblem or attewpts to link the utraditional econemic zp- roach with the indusiriail
engincerin: cpproach., Early researchers such as Azhes | 3], Alchian {2, 3], Preston
& Feachie [10], Oi [8]), and Hirshleifer [5] considercd rhe problem in a loose
keuristical fashion, but their results, in general, iack «d ripor. Rosen [11] 1
representad the first attespt to solve the problem dirvec tly. His work includod the
thoeoretical specilication of a market structure, the stz tement of a eriterion
Ffunction, und a straightforvard recursive solution to tb = problem. Althouph this
work is quite noteworthy, it stops short of functional : orms sufficiently precise
for capirvical cslination.

znal ncoclassical econcmic theory expleores the ralationship betucen
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The first real applications oriented integration r 7 the economic and capincer~
ing approaches came with the work of Waslhburn [12]1 and 1. omer [133 14; 15: 16}. The
present research effort represents the refinement of a 1.ore general model [15] for
military aivirames, so that it may be used to cexplain U .o production and cost
behovior of a partleular aivfryamne project.

The G141 Prograw

Thee Wk,

The CHAL program proaduced 204 aiveraflt during the sis year period from 1962

to JOGL 0 2oy e modde ] of the adrveraft wan prodaccd,
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Data fer this study is drava from Lwo sources.  Orsini [0, 98-1027 reports
diveet man-iours per quarter for cach of the twelve lots in the €141 prooranm,
He also rewncts a delivery schedule tor the afreralc by month [9, 961, Orsind
attributes these data to the €15} Financial Muogcsent Reports maintained by the
Air Force Plant Representative Office located al the Lockhood- Ceorgia facility.
The schedule of actual aircraft acceptances by month as reported in the OASD
(PASE) publication Acceptance Rates and Tooling Copoacity for Sclected Military
Aiveraft (4] was used to clieck the Orsini delivery data,

e
»
This data, like much data on aircraft production, provides labor houwrs for

a period ¢f tine (quarterly) and dates and quantities of deliveries. Unfortumateldv,

there is no available infermation which relates output to the period of time over
vhich laber hours are observed.

One ecpproach to this problem, used by Orﬁini, is to make some assumption
about the pzce of producticn on the program and aggregate the guarterly data
across lots. In additiou to being arbitrary, this approach reduces 91 potentinl
cobservaticns to 24.

Our arproach to the data problem is to construct a detailed producticn model
of the aircraft to be delivered in any month. We then aggregate the model to
explain the data rather than the other way around.

Prelizinary analysis of the data revealed two additional data problems. Tirst
there were two instances, late in the program, where a small number of labor kours
were expe~dod en a lot of aircraft after the schedule indicated delivery. This
probably s a situation wnere deliveries were nade out of sequanca. To romedy chis
problem the labor hours for the last quarter of lots 9 and 10 were aggregaled with
those of the previous quarter. This reduced the number of observatious vy two.

Another problem is that in lots two through eight, delivery of the aircraft
secms to lox the last expenditure of labor hours by an average of four months. For
“the otirer five lots labor hours are expended up to the last month of delivery. To
overcome this problem, the deliveries of aircraft in lots two through eighi werc
advanced by four months.

With these adjustments eighty-nine observations on labor hours for tweaty-four

quarters by tvelve lots were used. These observations together with the number of
aircralt delivered each month constitutes the data for the study.

The Model

The model augments a homopencous production function with a learning hypothesis,

The discormted cost of production is minimized subject to the production function
constraint and the optimal time path of resource use is dervived. Cost is measured
in the units of the variable resource. The variables used in the analysis are:
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i index for a batceh of aivframes in the same lot (]) all o! which
are Lo he delivered at time tij’

=8
[

D,, = the number of airframes in batch i of lot 3.

ij
Ei = a measure of experience prior to begiuning baLch i, the cumulative
3 number of airframes to be delivered. )

-1 -1
i.e. = Z I D, + % D
* Py k=1 h P pel

t, = date work begins for all the batches of lot j.

hj

qij(t) = production rate at time t on batch T ;
Qij(t) = curmulative production on batch i at time t, .
t ‘ !

i.e., i qij(‘l‘) dt ;

]
xij(t) = rate of resource use at time t on batch i.
8 = 2 paramcter describing learning prior to batch 1.
€ = a parametar describing learning on batch i,

Y = a paramcier dercrib:ng returns t{o the vurxhb]c rosoutces.,

o = a paraneter associated with decrecases in labor productivity as a
batch of airplanes nears couwpletion.

p = tho discount rate
¢ = disccunted variable program costs

The procduction function is assumcd to be of the following form

ag (1) = & B5,Q5 () & X! HEIORE, | 1)

i3 ij”
where A is a constant. The input X is assuncd to be a composite of many inputs

whose use rate is variable throughout the production period. The output rate

for any btutch is related to the rate of resource use, cumnlative output provious

to batch i, and cumulative expericence during the production of a given bateb.

The additional factor,tji-t, is included to compensute for changes in productivity
due to the approuching of batch delivery date. This roflects the gradually chanping
tacks frow part manufacturing, Iabrication, assenbly te testing during the production
proccess, ' .

Tais peodoct fon Function 1o goonmed to Le honoe n aomes of deyoree /¢ inthe
resourees widh Y > 1, Also, 6 is ansomed 1hat the techmolopical chanee fudue ed by
cxpericnee i¢ Hicks nentral,  "hin avelds hoving to state a different learning
hypothesis ror each of the variable resources.




Althomh the ohriective of the Frem jo oo Tunetion of the vordine of the
contract, cie goal of most contracts {n to induce the firm to miniuize dis-
counted cost.  The prublem way be stated as:

m m

. . . . :
MinC= I I [ ijxij(c)c'“da. (2)
j=1 i=1 ¢ .
R
. § € 1/y Y
ST: .. = AE,. Q.. (e)x=.."(u)(t,.~t) i=1,2, ...
dIJ(L) ElJ QlJ( ) 15 (L)( ij 3o 1: 2 . l:l
Q, .(t..) =D, i=1,2, ..., n
i Hog=1,2, 00 0w,
(L) =
Q, ()

Since total cost is monotone nondecreasing and the sub-problems are additive,
the solutisn can be obtained by minimizing each of the sub problems. The
problem may then be stated as:

Lt -
Min ¢' = £ 1 % (0)e Ptae
tj ij
- § € .‘_1 / Y (
Anij Qij(F)“ij (t)‘tij t

sm qij(t) ¥ : - (3)

Qij(tii) = Djj

0

Qi(tj)

This prohlc is an optimal control problem which may be solved directly by
minimizing the Hamjiltonian function. However, the problem can casily be troums-
formed inte the prohlem of Lagrange, which can be solved using classical vari-
ational tcchniques. At this point the redundant ij subscripts are dropped at
the insistcace of our typist,

Solving the constraint for x(t) yields

x(e) = ¢ AT @) (¢ 0™ )

We desire a transformation yielding one state variable aud one control variable,
the contrel variabie being the time rate of change of the state variable.
Let ‘
-1 -8 1-¢,
(t) = ATE Q (L)/(1-£) (5)
This dept oo -that

2(t) = A-]EGQ-c(t)q(L) (6)

P N




7Z2(t) will ke the new state variable awd its Lime derdvative, 2(t) wilt be che
control variable. Forming the new objective functional regquires absorbing the
constraint, i.e., the only constraints in the proiblem of lLagrange are the
boundary coaditions. Using (4) and (6) yields an expression for x(t) in terms
of the new control variable. :

x(t) = 2V(0) (e ~0) | | QN

Substituting into the objective fun;tlonal and sctting the boundary conditions
yiclds the transformed preblem
l-‘.

Min C' = S Y(L)’t ) Y Pt (8)
t; .
ST: 2(0)= 0

2(t;,) = A “lem8p1 €/ (1-e)

Since the intermediate function does not depend cexplicitly on the state variable,
the Euler sgquation is

ml:n
N[

y-1. ~yoYa -pto_ ]
A (L)(Lij L) e KO »

Solving for optimal z(t) vields .
2(8) = X (¢, .-;)Y“/(Y‘l)e°‘/<Y‘]) - (10)

This alsc provides a sclution for the optimum time path of resource usage.
(t) = Kly(tij_t>ayl(y—1)eyp?/(7;1) . (1)

This optirzl soclution to the problem is only of transient significance since the
viilee of the constant Ky is unknown. What is needed is an optimal expression for
x(t) that is in terms of the variablces and parameters of the original problem.

To obtain the constants, notice that

Z(t) = S Kl(tij-t)“Y/(Y'l)ept/(Y'l)dt + X, o Q2)
let v = p(t j-t)/(y-l) then
EORRES (x__) WY/ (r-1) ~vipt 50 1)Jdv+K (13)

vhere J is Lhu lacobjan of the transformation.

N.\\:An(l ) = p(l -l )/((-J)

and u(tjj) w0 and choosiing 0 and u as the, Hmits of integration we have
u . .

2w =y £y 0, (14
0 )




Z(u) = , T(u,a/ Cy=1)41) 4 K, )

and T is the incomplete gamma [unction.

To satisfy the initial condition that Z[u(tj)] = 0, let

Z(u) = -¥, {F[p(tij~cj)/(v-l),aY/(Y—l)+11-PIu,aY/(Y—l) + 1]} . (15)
Also 1ot \
k= a0 ey i e, -3/ (¥-1) sy / (y-1) 1) (16)
3" iy 3 > ‘
then Z alsou satisficed the final coudition
2t ) = a Y8017 (1-¢)
1j
Also note that
) (L -t) ay/(y-1)
- c7(u) _ ~p(t, . ~t)/(y-1) =0 17)
z(t) Ky [p_T§:~T } e ij (141. .

, substltu_-‘g for hs yields
- (e, ,-t.) ay
R TR R M C N LU
: (y-1) v-1

p(t, .-t) N1 e ey (y-1
N I R S s TN (18)

(y-1) y-1

This forrmlation fozr- optimun z(t)-along with (10) provices a direet solution for

Kl.

Sutistituting for Kl in (11) yields the optimum time path of resource use

x(r) = A“YE-YGDY(I-E)(]"e)-YF D ! ! 1]
() 1) CY“l)

(o (y-131°7 /(y -4y, YPti4/(Y 1)(L ¥ t)aY/(Y_l)

Yot/ (¥=1) (19)

This iz the optimum time path of resource use for any riven batch of ajrframes.

Since the data presented fn the ClH4L study is quacterly data, the quantity
of furerest would be the total amount of resource use over a quarterly period.
1y Tr_g.:in_{rﬁlwﬂvﬂi the bosdnedag and endine dates Tor the quartoerty period
for seme bateh i, we have

']lk
(T )=N(TY = 20 x(1) de (20)
k 5, i)

1
i
;
4
i
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and using (LI) the intcgral is’

T

k .
x(Tk)-x(Tp) - f KIY(tij_t)“Y/(Y-l)cYﬂt/(Y’])dt ) (21)
) T

%

.
11
4

-
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Let y =Yp(tij-t)/(y—1), then

Yo(e, =T/ (v-1)

x(Tk)—x(Tz) - (1Y / . [ ('Y‘l)/YD]aY/ (\:_l)ya\’/ (\/—])e‘ye\'ﬂtij/(‘y—l)
‘ (- (Yy-1)yp)dy (22) ;
YO(tij-lg)/(Y—l) ;

Notice that this is a form of the incomplete gamma function. Integrating yields

oy/ (y=1)+1

y = v Yo yet,/(y~-1)
X(Tk) k(j) Xy [(Yp ) e "1

(T(Yp(tij-Tﬁ)/(Y'l),UY/(Y-1)+1) -

T(Yp(tij-Tk)/(Y*}),QY/(Y-1)+1)] | (23)

Substituting for Kl and performing the necessary zlyebra leaves an expression
that represents the optiuun. amount of resource use over an interval of time.

Y (1—6)(1-8)—Y .

- 6-\;
. DiJ

! oy = a7y
X3 T8y (M) = A By

IVt e )/ (=D e/ (r-1041) G2p)

3

o D [ (yp (e, 1,3/ (=1 s/ (r-1)41) =

.

POy =T )/ (=10 sery/ (v-1)+13 ] (24)

Powever, bueecause of the nature of the data it s impossihlice to observe the quantity
on the 1oft wide of equation (24), What is obuervable are direct man-houwrs poy lot,
This means that the observed quantity is

n

iy Wy (g ()]

where thoera ave n batches io a Joc.,
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Empirical Resulis

To explore the applicability of the theorcetical specification, the para-
meters in (24) arc cstimated using Orsini's Cl41 data [ 9 ].

Let,

B, = & 1(1-e) Y (p/ (=) T LYW D) , |

and By = wi/ (1) 41

Then the rodel may be restated as: Ty

n
v () = » =Y6, Y(1-€) -y - m
.5 xij(Tk) hlj(rg) B, By Dy I [p(tij tj)/(. 1,8

i=1

{F[Yp(tij-Tn)/(Y-l),811 (25)

-I'{yp(t —Tk)/(Y-l),Bl]}

13

Since the zonthly delivery dates for each batch within each lot are known, it is
possible Lu cstimate the paramerers in (25) using nornlincar least squares.,

v, the value of the discount rate was assumed to be 0% and the re-

ors werc cstimated using Marquardts compromise. Diagnostic

ed that the estimatcs for € and § were extremely collincar. This

nat an alterunative specification with € restricted to be equal to &
Also, the restriction thut p = .10 was relaxed, and p vas

cly with the other parameters in the model.

—
=
W,

Do

maining p
checking
sugnests
would boe =
cstimated
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The rcsults of both regressions are presented in Table 1. All of the paramcter
estimates ave significantly different from zero, and the signs agrece with apriori
expectations. 1In particular, notice that the value of Y is significantly grecater
than cne, indicating that the production function does exhibit decrensing raeturns
te the variable factor. The learning parameter is also ceasistent with apriovi
expectations. A & = ¢ value of .272 is consistent with ~n 83% learning curve. g

. Howsveri as far as the optimum time path of resource wse is concerned the ﬂ
estimate [or 5, yieclds a most interesting interpretation. Notice in (25) that o ;

is the avpement in a gawwa function. A gamma function with parameter £, = 3.163
fienerates a time path for resource use that is consistent with our rnowledpe of
Izbor productiviry patterns for "lots" of airframes. To most €ases resouree use
viges at aa increasing rate Crom time t, to an infleeti-m poing, after which it

continues Lo rige, but at a deercesing “rate,  Lventualily vesomce usace reaches

ol

R N . .. L - -, .. . . . . H ]
wee e s e e rs Soe fipuie 1 for s cinatated optionl time nodh

of resoures wiages The eventual decline is becanse as the delivery date approache:n,

3l £ A

The i meaige s M AR et Ml P AR Cm we s 8y v e it een e e o




there are <re tiwe copsuming "Lesting' procodures that are not labor intensive, 3
Therefore, sheve is a perlod of time near the end of o project where Inhor cont
is sipgnificoatly roduced.

Table 1

Paramcter Fstimates and Asymptotic Standord Errors

Paramcter Estimauces . Paramcter Estimates '
p = .10 p estimated from the Data
Estimate Standard Lrror - Eséimatc Standard Error
Bo 6.073 1.0607 5.839 1.0172
B, 3.356 .1299 3.163 .5271
8=¢ 274 .0262 .272 - L0271
Y 1.080 .0004 1.041 . _ . 0004
e .100 K .049 ©.0096
MSE = 3.92 x 107 MSE = 3.96 x 10'°

%
Standard Lrror is not estimated since p is {ixed.

This veserreh represents one step rforward in the quest for a more genceval
model of airirome production. It represents the first of several specific histori-
cal airfrare vroduction programs that will be medelced in the near future. The goal
¢ gencral wodel specifications that arc useful for produciion planning
ation in the airfrawme industry. :

is to find =:
and cost esti
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airframes within a given lot.

Figure 1. imulated optimal time path of resource use for three batches of
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