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For certain number éf treatments, v, 1t is imp
form a reduced BIR desiﬁn in blocks fﬁfsize k. Based on t
necessary conditions vr = bk and f(v-l) = r(k-1) which

f
hold in any BIB(v,b,r,k/¥) design, it is

kK = 3 1is the only case for which no reduced

consiructed if k > 2. A table of BIB designs for v = 8

k = 3% with support sizes frem 22 to 56 is provided.
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1. Introduction. For comparing v treatments in b blocks of
size k ¢ v it is well known that a BIB design, when it exists,
is the bgst possible design for any reasonable statistical ecri-
terion given that the model of response is the usual homoscedastic

linear additive model. To minimize the cost of experimentation

it is desirable (i) to conduct the experiment in a BIB design

WO

with as few blocks as possible and (ii) to assign the treatmenis
to the blocks very judiciously since to the experimenter the

implementation of different treatment compositions in a block

SR

may cost differently.
Unfortunately, the inherent strigent symmetry of a BIB de-
sign dces not allow us to choose b with as much freedom as we

wish. 1Indeed, it is necessary that the number of blocks, b,

,ull‘I’hIV!ll[["“"“'V'u'Im.nvwl‘rll[lllllllyll ||llwuv|||l|,|’>|r|||h‘|’vlv||l T R U!; ||||”|l’h\”|".| ml ”Ml “ . ”!IM]‘

satisfies the following conditions.

i it

s

b > v, the Fisher inequaility

ittt

(1.1)
- b = vr/k for some integer r such that r(k-1) = O(mod v-1).

An obvious, yet very important, point overlooked by some research

it it

workers is this: Conditions (1.1) impose restrictions on the

ity

number of blocks not on the treatment compositions of the blecks
of a design (see the last paragraph in this section).

With no other considerations. one way to form a BIE design
for v treatments in blocks of size k 1s to take all ka

’

possible subsets »f size k out of v treatments as the blocks

of the design. For an obvious reason such a BIB design {(or its




multiple copies) is called the unreduced or the trivial BIB de-

sign. Throughout the paper the symbol stands for the

m\

n/*

a large number of blocks and it is very costly to implement it

n
w
mn

binomial coefficient ( Clearly, an unreduced BIB design has :

in many practical situations. Thus it is highly desirable to :
have reduced BIB designs, i.e.. designs whose number of blocks
are less than ka. Fortunately, the literature of BIB desizn

abounds with such designs. But strangely the literature lacks

any systematic study of those cases where no reduced BIB designs

are possible. Knowledge of such cases is indeed useful in planning

the experiment if the experimenter insists on running a BIB design.

Therefore, in this context, a problem of interest is to characterize

21l (v.k) for which the only b which satisfies conditions (1.1)

is b= 0 (mod ,C.}. Thus for such v's and k's no reduced

™

BIB designs are possible. Fortunately, as we shall prove there

is only a single case to confront with, namely v =8 and X = 3,

pesides the obvious and the unavoidable cases when the block size

£ is 2. To establish this result we first show that for any v

and k with v > k = 2, a BIB design exists only if the triple

{b,r.2.) is an integer multiple of

(vck/d’ v—lck-l/d’ ?—GC“ /4) f

r
= R-~&

where A = r{k-1)/(v~-1) and d is the greatest common divisor

of

veilrogr 1= 0,1,2. °Thus we notice that a BIB(v,b,r.k..) has

the smaliest number of blocks among all BIB desizns based on v
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and k- if its b, r and % are relatively prime. van Lint
(1973) has obtained many interesting results for such BIB de-

signs, but mainly for b < ka. YWe then show that the case

4}

v=¢ and k=73 is the only case vhen k > 3 for which ¢

v'k*
e, . = are relatively prime. Therefo
v-1"k-1 nd V-ECk-e prs e

(v,kx) = (v,2) or (8,3) are the only solutions to our problem.

Before closing thiz section we would like to emphasize that-

\

though for v=8 and k=3 we need b= 0 (mod 56) blocks
in order to form a BIB design but fortunateiy vie do not have to
linit ourselves to the unreduced BIB design. In response to
point (ii) above, Foody and Hedayat (1977) have shown that in
this case we can build a BIB design with repeated blocks with the
number of distinet blocks as low as 22 and indeed for any-
other number between 22 and 56. Since v =8 and k =3 1is
the only answer to our characterization when k > 3 we have
included a Table of BIB designs for v =38 and X = 3 Dbased

on the results of Foody and Hedayat (1

'
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2. Definitions and notation. Let V = {1,2,...,v] and let vIk

bz the set of all distinct subsets of size k Dbased on V.

Elements of v7Tk will be called blocks. A block of size 2

will be referred to as a pair.

W s O
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A balanced incomplete block design, D, with parameters

v, b, r, k and 1, written BIB(v,b,r,k,)), is a collection of
b elements of vik with the properties that
(1) each element of V occurs in exactly r Dblccks;

(ii) each element of v¥2 occurs in exactly ) blocks.

Note that the above definition does not reauire that the

blocks of a BIB design be distinct. The collection of distinct

~blocks in a BIB design, D, is called the support of the design
‘and the number of distinct blocks in D is denoted by bv* and

called the support size of D.

3. The necessary conditions for existence of a BIB design based

on v and k. For v > K> 2 it is easy to verify that the
necessary conditions for the existence of a BIB(v.b.r.k.}) de=-

sign are:
(i) b“: = VIr

(3.1)
(i1) A {v-1) = r(x-1).

A very useful version of (3.1) is given below.

Theorem 3.1. For given v and k with v > k > 2, the necessary

condition for the existence of a BIB(v,b,r.k,)) design is that

the triple (b.r.).) must be an integer multiple of
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(VC;/d, Q—lck~l/d’ v-eckae/d)’ where d 1is the grgatest common

(S

divisor of ka, v-le-l and v-eck-Q‘

Proof: From (35.1), b = (v/1)r = {ka/v_le_l]-r and

A= ((k-1)/(v-1))r = (y-2Cuo/v_1Ck.1) -

Hence b/vck = r/v-lck-l = l/v—gsk—o = t.

Note that the common ratio t must be a rational number so
that the numbers b = vck't' r = v—lck—l't and ) = v—2Ck-2't
are -ntegers.

Let d ©Dpe the greatest ccémon divisor of ka, #—lck-l and

v-2ck-2' then ka/d. . C‘_l/a and v—QCk E/d are relatively

v-17k -
prime. In order that b, r, X rema2in integer values. t mlst
be egual te t'/d for some integer t'. Hence the result.
Corollary 5.1. For given v z2nd K with v > K > 2, let

min

b . be the minimum solution for o satisfying (3.1). Then
c

WA
[%]

- —3 i al‘-; O N f i, * c
Omi yOp 1T and only vir* v-1"k-1

relatively prime.




4. Characterization of v

v-1%%-1

Lemma 4.1. Let v and k ©be two positive integers such that
. k-1
v>2 and k>3, then T {v-i) > k! unless' k=3 an
i=2
v £ 8.
A k-1
Proof: Case (i). If k¥ =3, T (v-i) = v-2 and k! = 3! =
, k-1 i=2
Thus # (v-i) > ki unless v ¢ 8.
i=2

Case (ii). If

L such that 2 ¢ i < k-1

Moreover v-2 2_2k—2

R

Hence
k-1

i (V—i) =
i=2

AR

2

il

For v

Theorem 4%.1.

{(v,k) such that the

- C
V<2 k-2

EEQ v-2ck—2

are relatively prim

and Kk with v > 2k
are relatively prime.

k>3, then v > 2K > §. Tor all

we have

2(¥-1) and v-& > 2x-I = 2(k-2).

(v-2) (v=3) (v=2) - - - (v-k+1)

2(k-1)-x-2(k-2)-k---k

>2x and k > 2, the only solution f
binomial coeificients C,. C
binomial coeificients . C, v-1%%-1

1]
15
~
Y

(V,k) = (\r;,g) or (3-3

such that

i

v-i > v-k+li > 2k~k+l = K+,

v'k®

¢
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Proof: Let k > 3, since ,C, = {[v(v-l)}/[k(k—l)}}-v_guk_2 the

-

numbers = 0,1,2 are relatively prime only if

v-ilk-1° 2 ~ v-2%k-2
divides k(k-1). This could possibly occur only if v=oCxon < k(k-1)

k-1
which is éguivalent to T ({v-i) ¢ k!.

I

Lemma 4.1 implies that the possible v and k which saiisfy

the above ineguality are (v.x) = (&.3), (7.3) and {28,3

e

} 1

it is easy to check that among these, v=38 and k=3 1is the

only pair with the desired property.

AR

2 For kK = 2, it is obvious that for any v the number
i vJECk-E is equal to cne, hence the numbers v-iay-i’ i=0,1.2
; are relatively prime.

satisfyin

G

=3 For characterizing all v and k for which b

man

(3.1) is at least WO it is enough %o search among those v

and k with v > 2k due to the fact that the complementary

design of a BIB design is a2liso a BIB design with the same number

e L

T

of blocks. By Corollary 3.1 and Theorem 4.1, (v.k) = {v.2) and

(8.3) are the oniy solutions.

"
A

4 5. Final Remarks. Since v =5 and k =
1]
'_% - -~ PSP ¥ — Fad a2 e ¥
i3 case for which O sn = 4Oy 2ccording to
== - . .
™ resting to study BID desizgns with thesa parameters.

sign with v =3 ané k = 3 has multiple
' We do not have to take all . 56 ¢i
. - -
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Indeed it is possible to construct BIB designs with v = 8 and
K = 3 with support sizes 22 ¢ b* ¢ 56. Table 1 (from Foody

and Hedayat (1977, 1979}. includinz = new correction) p;ovides
one example for each stated support size. Utilizing the method
of trade off cof Hedayat and 1i (1979, 1980). ons can construct

many more such designs. ¥hethar or not o* = 22 is the minimum

4

%

suppert size in case of v = €. Kk = 5 1is under investigation.
Eefore closinz the paper we should mention that van Lint

and Ryser (1972) and van Lint {1973) have studied scme related

proclems in BIB designs. Their discoveries are very useful for

further studies in this area.
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For each suppcrt size the number of bloeks. b, is a minimus.
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