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ABSTRACT '

For certain number 6f treatments. v, it is imp6ssible to

form a reduced BIB desirn in blocks of--size k. Based on the

necessary condition* yr ~=bk and i~.(v-1) r(k,-l)l which rnust

=hold in any BIB(v,b~r,k,4) desig,-n, it is shown that v=8and

k = 3 is the only- case for -which no reduced BIB desig-n can be

constructed i-1 k > 2. A table of BIB eigsfor v =8an d

k 3 with support sizes from 22 to 56is provided. _
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1. Introduction. For comparing v treatments in b blocks of-

size k < v it is well known that a BIB design, when it exists,

is the bst possible design for any reasonable statistical cri-

terion given that the model of response is the usual homoscedastic

linear additive model. To minimize the cost of experimentation

it is desirable (i) to conduct the experiment in a BIB design

with as few blocks as possible and (ii) to assign the treatments

to the blocks very judiciously since to the experimenter the

implementation of different treatment compositions in a block

may cost differently.

Unfortunately, the inherent strigent symmetry of a BIB de-

sign dces not allow us to Thoose b with as much freedom as we

wish. Indeed, it is necessary that the number of blocks, b,

satisfies the following conditions.

b > v, the Fisher inequaility

b vr/k for some integer r such that r(k-l) O(mod v-l).

An obvious, yet very important, point overlooked by some research

workers is this: Conditions (1.1) impose restrictions on the

number of blocks not on the treatment compositions of the blocks

of a design (see the last paragraph in this section).

With no other considerations, one way to form a BIB design

for v treatments in blocks of size k ir to take all

possible subsets of size k out of v treatments as the blocks

of the design. For an obvious reason such a BIB design (or its



-2-

multiple copies) is called the unreduced or the trivial BIB de-

sign. Throughout the paper the symbol stands for the
(in

binomial coefficient n/" Clearly, an unreduced BIB design has

a large number of blocks and it is very costly to implement it

in many practical situations. Thus it is highly desirable to

have reduced BIB designs. i.e.. designs whose number of blocks

are less than C. Fortunately, the literature of BIB design
vk'

abounds with such designs. But strangely the literature lacks

any systematic study of those cases where no reduced BIB designs

are possible. Knowledge of such cases is indeed useful in planning

the experiment if the experimenter insist

Therefore, in this context, a problem of interest is to characterize

all (v.k) for which the only b which satisfies conditions (1.1)
is b - 0 (mod .Ck'. Thus for such v's and k's no reduced

BIB designs are possible. Fortunately, as we shall prove there

is only a single case to confront with. namn ely v = 8 and k = 3,

besides the obvious and the unavoidable cases when the block size

is 2. To establish this result we first show that for any v

and k with v > k = 2, a BIB design exists only if the triple

(b,rA) is an integer multiple of

C, /d -1% r d

where X = r(k-l)/(v-l) and d is the greatest common divisor

of v-.Ck 1 , i 0,1,2. Thus we not-ce that a BIB(v,b,r.k.)!) has

the smallest number of blocks among all BIB designs based on v

-- -t _ = "- - - -... . . . ..: .. . . .. : . . . . : i17



and k- if its b, r and X are relatively prime; van Lint

(1973) has obtained many interesting results for such BIB de-

signs, but mainly for b < vCk • We then show that the case

v = 8 and k = 3 is the only case v.hen k > 3 for which Ckv k'

vlkl 2C 2  are relatively prime. Therefore

(v,k) (v,2) or (s,3) are the only solutions to our problem.

B6fore closing this section we would like to emDhasize that,

though for v = 8 and k 3 we need b 0 (mod 56) blocks

in order to form a BIB design but fortunately we do not have to

limit ourselves to the unreduced BIB design. In response to

point (ii) above, Foody and Hedayat (1977) have shon that in

this case we can build a BIB design with repeated blocks with the

ramiber of distinct blocks as low as 22 and indeed for any"

* other number between 22 and 56. Since v = 3 and k 3 is

the only answer to our characterization when k > 3 ,;we have

included a Table of BIB designs for v 8 and k 3 based

on the results of Foody and Hedayat (1977. 1979).

2. Definitions and notation. Let V = [l,2,...,v) and let vtk

be the set of all distinct subsets of size k based on V.

Elements of -,h will be called blocks. A block of size 2

will be referred to as a pair.
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A balanced incomplete block design, D, with parameters

v. b. r, k and X, written BIB(v,b.r,k,)), is a collection of

b elements of vrk with the properties that

(i) each element of V occurs in exactly r blccks;

(ii) each element of v12 occurs in exactly X blocks.

Note that the above definition does not require that the

blocks of a BIB design be distinct. The collection of distinct

blocks in a BIB design, D, is called the support of the design

-and the number of distinct blocks in D is denoted by b* and

called the support size of D.

3. The necessary conditions for existence of a BIB design based

on v and k. For v > k 2 it is easy to verify that the

necessary conditions for the existence of a BIB(v.b.rk.X) de-

sign are:

(i) bk = vr

(i X(v-) = r(k-1).

A very useful version of (3.1) is given below.

Theorem 3.1. For given v and k ith v > k > 2, the necessary

condition for the existence of a BIB(v,br.kl) design is that

the triple (b.r.X) must be an integer multiple of'



vCl/d. v~Ckl/ V~c /d)v where d is the greatest common

divisor of ck v-i and C
v k'v1k-i v-2 k-2*

P'roof: F'rom (3-1), b = vil)rr =L JkVC9r and

~~~~~~- k-2)/vl). =- (v2C-2~ l.)r

eneb/vCk =r/v 0 k-1 = v0_'- t.

V~ote that the cormon ratio t must be a rational number so

that the -numbers b = -t r C -1lrt and I~ = 2 c

are \integers.

Let d be the greatest common divisor of vck Clk and

v- -'-then Ck/d. ,_,Cll/ and v~C ~/d are relatively

Drizr-. In order 'that b, r, X remain intecer values. t ma st

be ecual to t/d for some integer C'. Hence the result.

Corollary 3.1. For -ziven v and kt ;th v > 1t, ~ e

bwnbe the minimum solu4ti4on for b %Difing(.) Then

b C if' an-d only if Cl. 41 V_ and .,c2 are

relatively prime.



-.Characterization of v and k with. v v 2k such that vCk

vCki and 2k- are relatively prime.

Lemm-a 4.1. Let v and k be two positive integers such that

k-12
v >2k and k 3 then Hi (V-i) >k! unless- k= and

i=

k-1
%3roof: Case (i). If k 3, RI (v-i) =v-2 and k!= ~ 6

k-i i=2
Thus TI(v-i)> k2 unless v 18

Case (ii). Di' k >3 then v > 2k >8. For all- ±

such that 2 i I -il we have v-i L v-k-i- > 2k--i-i k-i-i.

Moreover v-2 2k-2 =2(1 -i) and v-4 > 2k'4 2(k-2).

Hence

k-1
RI (v-i) =(v-2)(v-*z)(v-4) .. (r-k-i-)
i--2

> 2(k-l).k.2(k-2).k. ..k

(k5-actors

> 2k(k-i) (P,2) -- -z2-1

Theorem 4.1. For v >2'k and k 2, the only solutLion for

(*%,k) such that the binomia]. coeffiCients ~C* andl ari

v-'~-2are relatively prime are (vk v,2) or



',roof: Let~ k;>3Y sice ,C~ ([vv-1)]/[k(k-l)1H. C2k the

numbers . ~ =0,11'.2 are relatively prm nly if C
V1 -i vr-2 k-2

divides k(k-l). This could- possibly occur only if v29<kk-1)

i=2

Lemma 4.1 implies It hat the p o s sible v and k which sat11isf-y4

the abov..e inequality are (v.k) = 63,(7.3) an f8,3). But

it is easy to check that among these. v =8 and k =3 i s the

only pair with the desired property.

For k 2, it is obvious th at f or any v the number

C_2- is equal to one, hence the numbers i =0, 1. 2

are relatively prime.

For characterizing all v and k for -Which brrSatisfying

(3.1) is at least C it is enough to search amon- those v

and k with v ;>2k due to the fact that the complementary,

desio,. of a BIB design is also a BIB design 'with the same number

of blocks. By Corollary 3.1 and Theorem 14.1. (v~k) = v.'2) and

(8.3%) are the only solutions.

5.Final Remarks. Since v = - and k 3 ijs the only nontrivia-l

case for which bi *' according to (3.1) itwould be i~nte-

sig wthv a and k=3has multiple of ~ 6block~s.

W-e d o not have to take al1 - 56 distinct blocks to form the Cd-esigns.

Af
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Indeed it is possible to construct. BIB design;Is with v = an~d

k =3 wiith support sizes 22 b* 56. Table -1 (from Foody

and Hedayat (1977. 1979), inc'luding a new correction) provides

one example for each stated support size. Utilizing the method

of trade off c'f Hedayat and Li (1979. 19,80). one can construct

many more such designs. W.hether or not o = 22 is the miini--,=

support size in case of v=8. k 3 is under invest-Ig.ation.

Before closing the paper we should mention that. van Lint

and Ryser (19,72) and Van L-int (1973-;) have studied somie 'Telated

problems in IBdesigns. Their discoveries are very useful for

further studies in this area.

A:1

I



Table 1

BIB Designs With v =8 and k 3
Support Sizes 22 to 56

b- 2 2 23 2 4 ?9 2 6 V 2 8 2 9 3 0 3 1 3 2 3 3 3 4 3 5 3 6 3 7 3 8 3 9 4 0 4 1 4 2 A4546U7 he 49 50 512 -3 5 4 55 56
b 56 56 565 56 56 56 56 56 56 56 56 56 56 56 56 56 5656 56 56 5 56 56 56 56 56 56 56112561211211256

123 - - 3 1 - - 2 - - 3 - - - 2 3 1 3 1 1 2 1 1 1 1 1 1 2 1 2 2 2 1124 - - 2 2 - - 3 -2 - 1

125 1 1 1 1 - - - - 4 - 1 3 - 1 - 1 1 2 - 3 2 1 1 - 2 - 1 1 1 2 1 - 1 2 1
126 -2 2 23 - 2 - 2 - - 2 - - - -1- 1 3 -2 1 1 2 1 3 3 2 1
127 2 2 2 1 2 2 1 - 1 - - 3 1 1 1 1 - 1 1 1 1 1 2 2 1 1 2 1 3 2 2 1
128 3 3 3 2 - - - - 2 - 2 1 3 1 1 1 - 1 1 1 1 1 1 1 1 2 1 2 2 3 1

134 . . - -- 22 - - 1 -21 1 1 1 1 1 - 1 1 i 1 1 1 1 2 1 2 2 1135 - - - 1 3 4 4 2 - 3 1 - 1 1 2 1 1 1 2 1 1 1 1 1 1 1 2 1 1 3 1 3 3 3 1
1365 35 -2 1 11 21 - 2 13 1 2 1 11 11 -1 1 11- 11 11 2 22 1
1*37 1 31 ~1 2 2 2 1 1 1 12 12 11 1 11 112 1 22 2 1
138 ---------------- 1 2 - 1-1 1 11-I1 11 1 12 1 22 - 1
145 5 5 5 -- 2 - 3 3 3 2 3 - 2 - 1 2 1 1 1 1 1 1 1 1 2 2 2 11
146 1 1 1 - - 3 3 - 2 2 - 1 2 2 - 2 - - 2 1 - 2 - 1 1 1 2 1 1 3 1 2 2 2 1
147 - -- 31- -1 - -3- - -2 -21 11 1 -1 11 1 -I- - -22 2 1
148 - - - 1 2 1 1 2 1 1 1 1 - - 3 - 3 1 - 1 1 1 3 1 i 1 1 1 2 3 3 3 i

4- - - - 2 -- i 4 1' -- - 2 - 3 - 1 1i - 2 1 i 1 1 1 1 2 322 21157 - . .-.. . . . . . .1 - 2 - 1 1 1 1 1 - 1 1 i 1 2 2 2 1

158-------22 - -2- - -1 1 1 - 2 - 2 - Z11-22 - 2 2 2 1
167 - - - 1 ---- 2 - 1 1 21-2 1 2 -2 2 2 1 - 1 - 1 1 2 2 1 1 22 1 i
168- 2 - . - -- - I -- 1 -1 2 2 1 2 1 1 - 2 1 i 1 - 2 1 1 1 2 1
178 3 1 3 2 4 3 3 4 2 3 2 3 - 2 3 1 1 1 3 1 1 - 1 2 1 1 2 1 1 5 2 2 2 2 1
234& 4 4 4 3 2 2 2 2 3 1 2 3 1 3 1 3 2 - - 2 - 2 2 1 2 2 1 3 3 2 1
235 - - - - 3 - - - 2 - - 1 i - 2 1 2 1 - 1 1 1 2 1
236 - -------------------- 3-121111-13 11-1- 21 2 13 3.2 1
237 2 2 2 - - - - I - 2 1 2 - 1 1 - 1 - - - 1 - 1 - - 3 1 2 2 1
238- -- - 3 2 3 - 3 - -- -2 -2 1 - 1 - 2 2 2 2 1
249 11 1 12 - -2- -1 -2 12 1 1-2 - 1-1 1 1 11 112 121 1
246 11 12 1- -I - -1- I1 11 114 - -1 1-3 1 1- 121 2 22 1
247 - - - - - - 2 2 - 2 2 1 1 - I 1 1 1 1 - 1 1 1 1 2 1 1 . 1 1 2 1 1 2 3 1
248 - ----- 11- 1 2 2 - 1- 1 - 122 1 162 'x 1 2 2 2 1

257 2 2 2 1 3 1 1 3 1 1 2 2 - 1 2 1 1 - 1 2 - 2 1 - 1 1 1 2 2 1 4 4 1 '

258 - - - I 1 3 - 1 1 1 2 1 2 1 1 2 1 i 1 1 i 2 - 2 i 3 3 2 1
267 - - 2 ---- 2 " 2 1 2 --- 2 1 3 1 1 2 1 1 1 1 - 1 1 - - 2 1
268 3 3 3- 2. 1 1 1 1 1 1 1 1 1 1 - i 1 - -1 - 1 2 1 2 1 2 2 2 1
278 - - " 3 2 1 1 2 1 1 1 1 - 1 1 1 1 2 1 1 2 1 1 1 2 1 1 1 1 2 1 2 2 2 1
345 ------ 1 - - 1
346 - 2 -1 1 - - i - 1 2 1- -1- 2 1 - 2 1 1 1 1 1 - 2 2 1
347 2- - 3 - - 2 ---- 3 - I - ! 2 2 - ! ! ! 1 1 - 2 3 2 2 2 1 1
348 -- 2 - - 4 3 - 2 3-2 1 2 1 1 -1 2 2 2 - -1 2 1 2 2 - 2 1 22 3
356--- 1 1 "-- - 1-I - 1 1 1 .2.11 21
357 - 2 5 - - 4 4 3 1 2 - 2 3 2 1 2 2 2 1 2 1 1 2 1 2 1 2 2 2 1
358 6 6 U - 3 - 4 2 1 1 2 - 3 3 3 1 - 1 1 - - 1 1 - 1 1 1 1.4 2 3 3 2 1
367 1 1 5 5 4 - 4 - - - 1 4 1 - - 3 1 3 2 1 1 2 1 2 2 2
36- - --- 1 -3 1 3 1- 3 2 1 1 1321111112 1 2 2 2
378 - . .. - - ----- 2- - -2-11-12-- - 11--22
U56- -- 2 -3 2 1 - -12 - 1 3 i-22122 - 2 121-1 23 21
457 ---- 144214-1-111-11111-111211 122 31
458 5-- 5----- - 4 -. - - 1 2 3 1 - 2 1 2 - 2 - I - 1 2 2 2 1
467 1 3 3 1 - - 1 1 - 2 3 1 2 1 1 2 - 1 2 1 - 3 - 1 1 2 1 1 32 21
468 3 1 1 - 3 1 2 3 - 2 - - 11 3 1 - - ---- 2 - - 1 2 1 1 1 2 11171- 1-11- 111...122

568 -- 2 - 3 2 2 2 3 2 3 2 1 2 - 1 1 2 2 1 1 2 2 2 2 2 i

67§ -1 1 - 1 1 1 i i 1 1 1 - 1 1 1 A1 1 1 1 1 1 1 2 1 4 4 2 1

Note: For each support size the number of' blocks. b. is a mnimum.

-- - - ~ -- = ~ - -- -~~-~- -14
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