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Abstract

The verformances of the extended Kalman filter implementations
for three different target acceleration models that estimate target
position, velocity, and acceleration states for air-to-air gunnery were
campared., The models included 1) a first order zero-mean Gauss-Markov
relative target acceleration model, 2) a first order zero-mean Gauss-
Markov total target acceleration model, and'3) a constant turn rate
target acceleration model. Measurements available to the extended
Kalman filter at update were the range, range rate, and the error
angles between the true line of sight and the estimated line of sight.
Additional evaluations of the effect of variations in the length of the
sample period and the effect of variations in the variances of the
measurement noises were conducted for thé extended Kalman filter using
the constant turn rate target acceleration model. All evaluations were

accamplished using Monte Carlo simulation techniques.




COMPAPISON OF THREE EXTENDED
KAIMAN FILTEPS FOR
ATR-TO-AIR TRACKING

I Introduction

Background
The accurate estimation of target position, velocity, and accel-

eration for use in a gunsight algorithm has been a major concern for
engineers working on fire control systems. Fram the earliest gunsights
used during World War I to the operational gunsights on the present
fighter aircraft, future target position has been estimated by the pilot.
He has used his personal experience, developed through years of training,
along with his observation of the relative target position and velocity,
Ato determine where the target might be one bullet time of flight in the
future. Therefore, performance in air-to-air gunnery has depended on
how much experience and skill each pilot has in estimating future target
position. For gunnery attacks where the acceleration vector of both the
target and attacker were coplanar (i.e. in-plane tracking), the depen-
dence on pilot experience and skill did not create a significant problem
since the attacking pilot could "pull" the bullet stream throuch the
target by changing only his pitch attitude. Howeve:, as the performance
of aircraft increased, pilots wanted to have a gun solution available for
out-of-plane tracking (snapshots) ‘or front (nose-to-nose) attacks because
the opportunity for in-plane traéking decreased with a resultant degra-
dation of probability of hits.

In 1979 the hardware and software required for a constant gain

1
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extended Kalman filter to estimate target relative position, velocity,

and acceleration were installed in an F-106 aircraft for testing. The
estimated target data were used by the gunsight algorithm to compute
and display predicted target position at one bullet time of flight into
the future. A second display representing the calculated bullet path
at the estimated range of the target was provided. The attacking pilot
then flew his aircraft so that the two displays were properly aligned
to obtain a "correct" gunnery solution based on the target parameters
estimated by the filter.

The constant gain extended Kalman filter used in the test was
developed in a line of sight (LOS) coordinate system using la first order
Gauss-Markov relative acceleration model (Ref 1:30-59). However, two
additional filters have been proposed to estimate the target parameters:
a first order Gauss-Markov total target acccleration model inertial

coordinate (GMI) filter and a constant inertial target turn rate constant

speed inertial coordinate (CTRI) filter (Ref 2).

Purpase and Objectives

The purpose of this thesis is to present a comparison of the capa-~
bilities of a first order Gauss-Markov relative target acceleration model
estimated LOS coordinate frame (GMLOS) filter, a GMI filter, and a CTRI
filter. Also, results for variations in update rates and measurement
noise are presented for the CTRI filter.

The objectives of the research performed for this thesis were:

1., To compare the performance of the three extended Kalman filters
based upon the proposed target acceleration models, when flown against
three different target acceleration profiles. These profiles were chosen

to represent realistic target manuevers in an air-to-air engagement and
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to insure that none of the filters had an advantage due to profile

selection.

2. To investigate the sensitivity of the CTRI filter to differ-
ent update rates. This filter was chosen because it was expected to
have better performance than either of the other two filters; the accel-
eration model used for the CTRI filter more closely approximated actual
target accelerations, especially acceleratiocns with a non-zero mean
characteristic.

3. To investigate the sensitivity of the CTRI filter to different
values of the measurement noise (The measurements are discussed in
Section II). Again, the CTRI filter was chosen since it was expected to

have the best performance of the three filters (as Qiscussed above).

Assumptions and Limitations

The systems evaluated for this thesis were nonlinear either in
measurements or dynamics and measurements, and strictly linear Kalman fil-
ter propagation and update relations could not be used. Several methods for
approximating a solution for filters with nailinear dynamics and/or mea-
surement models exist including the truncated second order filter, the
Gaussian second order filter, the linearized Kalman filter, and the ex-
tended Kalman filter (Ref 3). v¥or the filters evaluated for this thesis,
the extended Kalman filter was chosen for propagation and update. This
approximation was selected since it incorporated a new reference state
trajectory each time new state estimates were calculated, was relatively
simple when compared to either of the second order methods, and was cam-
patable with the program used to perform the simulation (See Section V).

The coordinate frames for all three filters were assuned to be

inertially space-stabilized except possibly during an instantaneous realign-
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ment. For the @LOS filter, the coordinate frame was assumed to be
impulsively aligned just before the update to the estimated LOS calcu-
lated at the end of the propagation. The GMI and CTRI filters' coordinate
frames were assumed to be constantly aligned with an earth-fixed (space-
stabilized) reference frame.

Tracker dynamics were not included in any of the fil*;.er evalua-
tions. It was assumed that a closed loop control system used estimated
target relative position data from the filter to point the tracker along
the estimated 1L0S without error before the measurements were made. Also,
the control system was assumed to provide an inertially space-stabilized
tracker during rneasurenents

The assumptions of a space-stabilized coordinate system between
updates and a space-stabilized tracker during measurements reduced the
complexity of the propagation eguations. The angular velocities of the
filter's coordinate frame and tracker coordinate frame did not have to be
integrated to provide the transformations required; the transformations
were calculated from the estimated position states of the filter. (See
Section IT and IV). If an inertially rotating coordinate frame:'for either
the filter or tracker had been used, the propagation equations would have
included the equations necessary to obtain the transformations. (See Ref 1
for detailed development of GMIOS filter with rotating filter and tracker
coordinate frames.)

The attacker's position, inertial velocity, and inertial accelera-
tion relative to an earth-fixed reference frame and the transformation
from the attacker body frame to the same earth-fixed frame were assumed

to be available from an inertial measuring unit (IMU) without error. This

assurption was made since the errors in current I'Us were much smaller than
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the errors expected to be comitted by the filter. Also, using these

data without adding measurement noise provided the best possible per-

formance for the filter for a given set of filter parameters; the inclu-
sion of errors in the IMU measurements would reduce the accuracy of the
filter,

The earth-fixed reference frame used in the development of the
models for this thesis was assumed to have its positive axes oriented in
local north, east, and down {toward the center of the earth) directions. In
this thesis, when position data are referenced to this frame, the position
of the origin of this frame relative to the surface of the earth will be

stated.




ITI System Dvnamics Mcdels

Gauss-Markov Line of Sight Dvnamics Model

The dynamics equations for the GQMOS filter were developed based on
the assumption that the filter's coordinate system was aligned with its 1=~
axis along the estimated ICS and with zero roll orientation with respect
to the local horizon (Fig II-1). Also, the filter's coordinate frame was
assumed to be space-stabilized from tzr (where the minus sign indicates
time just before a measurement update and the r denotes time after a co-
ordinate realignment) until just before the next measurement update time
ti.:g (where the c denotes time before a coordinate realignment). At time
ti:i, an orthogonal transformation matrix between the filter's current
coordinate system and the desired coordinate system with its l-axis along
the estimated I0S (based on the filter's estimate of the target's position
at ;77 was calculated. Then, the filter's current coordinate frame was
ﬁssured to be instantaneously realigrned along the desired coordinate frame
at t; ;. (See Section IV and Fig II-2)

The state vectar, §£ (1:—) , chosen for the GMLOS filter was
[ xT{:A (t)] . ]
[Ix'réh( t)]z
[xx'réh( £)] 3
(t) = [ fAw] (11-1)
[IxT/ﬁA(t)] 5
[IxTé"(t)] 6
[ xaw],
: [IxTéA(t)]a

L [Ix"é" (t)]g

6
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where
and
and
and
and

| foA(t)] 1

[ 2 w)

[ foA(t)] 7=

[IngA(t)] 20

[IxTéA (t)] ;.

[IxTI/:A( t)] .

[IxTéA(t)] ,

[IXTI{‘A(t)] ’

I _T/A -
[xf. (t)]g

= relative inertial velocity of the target

relative position of the target with
respect to the attacker at time t along
the 1, 2, and 3 axes, respectively,

of the filter's coordinate frame

with respect to the attacker at time t
along the 1, 2, and 3 axes, respectively,

of the filter's coordinate system

relative inertial acceleration of the
target with respect to the attacker

at time t along the 1, 2, and 3 axes
respectively, of the filter's coordinate

system

aat— _ J




The superscripts I and T/A denote that the state represented a total

(as seen fram the inertial refersnce frame) relative (target with respect
to the attacker) quantity. The L subscript denotes that the state was
coordinatized in the filter's coordinate frame (estimated ICS frame).

Fram dynamics, for an inertially space-stabilized cocrdinate system,

the position states satizfied the differential equaticns

[ :'cTI{A(t)]l = [T/ A(t)] (II-2) |
[ ;chA(t)] " (xR0 (1I-3)
[ xT4Act) ] - [IfoA(t):,g (TI-4)

The velocity state differential equations were written as

[137/ A(t)] = [IxT£A<t)] ; (I1-5)
[2x3/ “(t)] = [IxT§A<t)]6 (II-6)
[I T/A(t)] = [IxTéA(t)] . (II-7)

Finaily, a first order Gauss-Markov relative target acceleration model
given by

[I'Téh(t)] [I*Tgh(t)] 3/ 7t (1I-8)

[ .T/A(t)] = [I T’ (t)] /T, + W (11-9)

2

(2™ ] = - [T Iy / T3+ (LI-10)

10




SR i r— Mﬁ
where
B¢ T, and 1y = target relative acceleration
correlation time constant
along the 1, 2, and 3 axes,
respectively, of the filter's
coordinate frame
and
t w1, w2, and w3 = zero mean white Gaussian driv-
l ing noise along the 1, 2, and
{
l 3 axes, respectively, of the
f filter's coordinate frame account-
i
’ ing for errors between the target
* relative acceleration model and
f the true target relative inertial
.accelerations
was selected (See Section IV for values of 11, T3, and 13 and the strengths
of Wy, W,, andw3). The choice of a relative inertial acceleration model
for the GMLOS filter was motivated by the fact that, if the attacker were
perfoming in-plane tracking, the target's inertial acceleration would be
nearly equal to and closely correlated with the attacker's inertial accel-
eration (Ref 1:15). Thus the choice of a first order Gauss-Markov relative
target acceleration model was appropriate.

Note that =gs II-2 to II-10 were not valid during the small interval
ti'c to t;r when the filter's coordinate frame was rotated to the new orien-
tation calculated from the estimated target position at tiro t7°.

11
B
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Now, Egqs II-2 to II-1C in state vector form were written as

[emol] [ Bape], ] [o]
[ {; ol,| | ™), 0
F5rol,| |Empml, s e
[« KA @], | BMPro]s 0
[I,;T/f‘(t)]s = [mxT4Aa] +]0 (II-11)
e I e N A
[#72w],| | [%Aw], 0
Faraw ] | Bx™Pw], 0
[rariace) ] ) -[IxT/A(t)]9 /T3 | ¥
Note that Eq -11-11 is in th_e form -
Xx=Fx+w (I1-12)

which is a linear stecchastic differential equation.

Gauss-Markov Inertial Coordinate Dvnamics Model

The dynamics model for the GMI filter expressed the relationship
between the relative position of the target with respect to the attacker,
the inertial target velocity, and the inertial target acceleration in
an earth-fixed coordinate frame. Relative position states were chosen
to keep the magnitudes of the position state estimates as small as
possible. The choices of inertial target v=locity and acceleration states
were made to facilitate the corparison with the CTRI filter (t:o be dis-
cussed later) and to allow the use of a first order Gauss~Markov inertial
acceleration model. The earth-fixed coordinate frare origin was located
on the surface of the earth with the axes aligned in the north, east,

12




and Gown (toward the oonter of the earth) directions. At the start of
the simulaticn, the center of mass of the attacker was located at an
altitude h on the minus down axis (See Fig II-3). For the short time
of each engagement (12 seccnds), the earth-fixed coordinate system was
assun2d to be an insrtial reference frare.

The state vector, x 1, for the GMI filter was

8 7

[ "rw],
[Ix i (t7] 2
Fx T,
[Pl
200 =[5 T )], (11-13)
[T« T (t)]6

o],
s T (0] 5

x T ],

L

/A
xé (t)] 1’

[XT{A(t)] 4,

and

[xT{A(t)] , = relative position of the target with
respect to the attacker at time t along
the north, east, down axes, respectively,
of the earth-fixed coordinate system

13




Attacker Center of Mass

|

N

e -0
=

= North
0 \—Earth—Fixed Reference Frame

East

Figure II-3. Relation Between Attacker's Center of Mass and the
Earth-Fixed Reference Frame at the Initial Time

14

[ P O



[Ix %‘(t)] 5

and
(Ix T(t)] g = inertial tarset velocity at tire t along
the north, east, and down axes, respec-
tively, of the earth-fixed coordinate
system
and
[2x 2w ]s,
[Ix g(t)]sl
and

[Ix ']1:'(1;)]9 = inertial target acceleration at time t
along the north, east, and down axes,
respectively, of the earth-fixed co-
ordinate system

The superscripts I and T/A are discussed in the section on the GQMIOS
filter dynamics model, the superscript T derotes target quantities, and
the subscript I indicates that a quantity was coordinatized in the earth-
fixed (inertial) reference frame.

The differential equations for the position states were written as
[;‘T{A‘t)h - [« g(t)]z - [ hw]y (11-14)
[3aw], = [ Tw]s - (v 2w, (11-15)

[
[;:T{A(t)]-; = [Ix 'f(t)]a - ‘[Iv ?(t)J3 (I1-16)




where

[Ivg (t)] 1’

[Iv;(t)] 20

and
[IV?(t)] 3 = the inertial velocity of the attacker at
time t along the north, east, down axes,
respactively, of the earth-fixed coordinate
system
Note that the superscript A denotes attacker quantities and the superscript
I and subscript I are defined above.

Now, the velocity states satisfied the differential equations

(Zwl, = (], (11-17)
[fizer]y = [Tl (11-18)
[I:E’f(t)]a = [ng‘(t)] 9 (I1-19)

\l
For the QMO filter, the acceleration state dynamics were described

by:
[Ia.:'f(t)] - [Ix'fm] 3 /734w (11-20)
[I;{:'(t)]s ‘-[ng(t)]s / T+ (11-21)
[I;&T(t)]g =-[IxTe)] o 7 Ty + Wy (11-22)
where \

Ty, T,, and fs = target inertial acceleration correla-
tion time constant along the north,
east, down axes, resgectively, of the

earth-fixed coordinate frame.
16
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wy, wy, and wy = zero mean white Gaussian driving

noise along the north, east, and

down axes, respectively, of the

earth-fixed coordinate system

accounting for errors between the

target inertial acceleration model

and true target inertial accelerations

(See Section IV for values for 1j, 1, and 13 and the strengths of wy,

Wa, and W3)

The choice of the inertial target first order Gauss-Markov

acceleration model was motivated by the desire to increase the filter's

performance for out-of-plane tracking (snapshot or front attacks). For

out-of-plane tracking, the target and attacker accelerations are only

slightly correlated.

This Gauss-Markov acceleration model which provides

no correlation between the target and attacker accelerations was considered

to.be an appropriate model to use in the filter dynamics when out-of-plane

tracking was anticipated.

Equations II-14 to II-22 expressed in state vector form were written

r[ /A )] ;

[Tx T ) )
(T v,
[ T/"(t)]

Ig 'r (t)]s -
[ng (t)]6
[ </Aw],

[I ‘t’] 8

[I T o))

Exlen],

EECIR

_[Ix%(t)]3 /Y

[ng(t)] 5

Ix?(t)] 6

- [I'xg(t)] 6/ T2

)]s

fx1(6)]g

- [ng'(t)]g / %]

17
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0
- [IVII\ (t)] 2

0

[I (t)] 3

0

. [IV? ‘t)] 1T

o ]
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Note that Zq II-23 is in the form
‘ (11-24)
Xx=Fx+u+w

which is a linear stochastic differential equation.

Constant Turn Rate Inertial Coorcdinate Dvnamics Mocdel

The CTRI dynanics rodel was developed based on the assurption
that the target performed a planar, constant turn rate, constant speed
maneuver (Ref 2). This model more nearly represented the actual maneu-
vers that a target might perform during an aerial gunnery engagerent
than either the Gauss-Markov relative target acceleration model or Gauss-
Markov total target acceleration model. As the target and attacker accele-

rations became more non-planar, the correlation hetween these accelerations

was reduced. The total target acceleration modeled as a Gauss-Markov zero

mean process did not represent accelerations that a target would use dur-

ing an aerial engagement since this model did not account for persistent 3
accelerations. The CTRI rodel used an acceleration model that did not

correlate the target's and attacker's accelerations and allowed for per-

siste':"nt (nonzero mean) accelerations. This model eliminated the problems

associated with either the QMLOS or GMI dynamic models.

Like the GMI model, the CTRI model expressed the relative posi-
tions of the target with respect to the attacker and the inertial target
velocity and acceleration in an earth-fixed coordinate frame. (This
coordinate frame is discussed under the GMI dynamics model). The choice
of relative position was made to decrease the magnitudes of the positions
while the inertial target velocity and acceleration were required to

calculate explicitly the constant turn rate needed for the acceleration

18




model. The states used for the CTRI model were the same as for the

o ——T s o

QI model.
The position states and velocity states satisfied the differen~
tial eyuations given by Eqs II-14 to II--19. The difference between

the G'Z and CTRI dynamics model was the acceleration model used to

et

represent target maneuvers. For the CTRI model, the acceleration model

was given by:

IT
(] 5 = -1 [BFw] 5 v vy (11-25)
* I
[Ix;‘(t)] 6 = [ XI(t)] 2 (II-ZG)
L) I -
[I,L'Ir(t)] s = -5, Tll [ (t)} g+ W, (II-27)
where
w3, Wy, and w3y = driving noise on target accel-
eration along the north, east, and
down axes, respectively, accounting
for errors between the constant
turn rate acczleration model and
the true target inertial accelera-
tions (See Section IV for the
strength of Wy, Wy, and w3)
and

2
IlimTH = the square of the magnitude of the target's
inertial turn rate (to be evaluated sub-

séquently)

19
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Equations II-25 to II-27 were developed fram the application of the

Coriolis theorem written as

g (1,7 TdIT I,r I T
5.::(1’-)= {{;(2) (ZuTutu" ) (II-28)

where x denotes cross nroduct and

I,T

= inertial target velocity
IT
L

inertial target angular velocity

and the superscripts I arnd T befcre the derivatives indicate that the j

derivatives are taken in the inertial reference frame and a target body
frame, respectively. MNow, the first term of the right hand side of Eq II-28
was zero since the target was assumed to be at a constant speed. Thus

Eq II-28 became
Ig (I 'r) =(ImeIvT)

(I1-29)
dt
Now, the derivative of Eq II-29 with respect to time gave
1,2
d d
(I 'r . g (IETXI_T (IT-30)
a2 at
or, expressed in the target's body frame
Idz Tq
I T\ . I, I,T I, I,T -
22(W0) = 2 (P (T (TYT)) e

Now, since both the target speed and angular velocity were assumed con-

stant, the first term on the right hand side was zero and Eq II-31 became

& (*e) = (Ime (IngIxT)) (11-32)
at2
20
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Using the relationship for a triple cross product, Eq II-32 was written

as
I.2
Z 2(I1T) = (T IeT) BT - (AT AT (T1-33)
dt

The Iirst term of Eg II-33 was zero since, for a planar, constant angu-
lar rate, constant velocity turn, the target's inertial welocity and
angular velocity vectors are perpendicular. Thus Eq II-33 became
2 2
2 (TT)= - |37 [* LT (11-34)
at?
which was the vector equation form of Eqs II-25 to II-27.

To compute | |1y7T| |2, the target's inertial acceleration vector,

IgT, was written as
I_T IT IT
a = w XV

(11-35)
for a target flying at a constant speed. If the target's velocity vector

was crossed into both sides of Eq II-35, then

ITI T IT, (17 47)

a WS XV (11-36)
or, using the triple cross product relation, Eq II-36 became
ITITIT
I!TngT - (IKT'I.‘LT)I‘_".T - ( v ) v (XI-37)

Again, since the target's inertial velocity and angular velocity vectors
are perpendicular for a planar constant angular rate constant velocity
turn, the last term on the right hand side was zero. Pearranging Eq II-37
gave

IWT = (IvTinT) / “I!_Tl ,2 (11~-38)

21




Now
[[FaT[1? = 2057 (11-39)
swstitution of Eq II-38 into Eg II-39 gave
11 = (3587 () / |71 (xz-40)
If the actual target's inertial velocity and acceleration had been knowm,
then Eq II-40 could have been evaluated using the known values; however,
only estimates of the target's irertial velocity and acceleration were

available from the extended Kalman filter. Using the states defined

for the CTRI filter, Eq II-40 was written as

12,7112 {([Ixx(t)] s [IIw]s - [BTw], [*xTw)] >
(e, [Bdew], - B0, [l )2
+([Ix}'(t>] , [Tl - Blw], [Txg )] 5)2;
/( L] s+ [gw] 2+ [aGeo] : )2 (1I-42)

Now Eqs II-14 to II-19 and II-25 to II-27 written in state vector fom were

_ N I = e oA
[ </ A(t)] LIw), RGN 0

[:7 @w], [T 0], 0 0

[}x1 @], AT [IxI(tﬂz 0 v

[ ), EHCIN Hivkw], 1 | o

[Ix; (® ] 5)= (1 TW)] + o0 * o [(x1-42)
o I I T 150 O B B v2

[ %Téh(t)] ; [Ix;"(tq . {Ivim],| | o

[T v ] (2] 0 0

T wl | [P EGwl ] | oo ] | )
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Since the magnitude of the target's angular velocity was a function of

the state variables, Eq II-42 is a nonlinear stochastic differential

equation of the form

x=£(x) + 2+ w (I1~43)

which is properly written as an Ito stochastic differential ecuation
dx = f(x)dt + udt + dg

where 4@ denotes the differential and
8 = vector Brbwning motion process of

diffusion Q. ﬁ
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III Tracker Mddels and Measurements

Tracker Model for Line of Sight Filter

The tracker used for the LOS filter was assumed to be inertially
space-stabilized at the time of measurement tj, with the tracker's l-axis
pointed along the estimated LOS without error. The choice of a space-
stabilized tracker reduced the complexity of the dynamics model since
the angular velocity of the tracker did not have to be integrated to
obtain the angular orientation of the tracker. Further, the assumption
that the tracker was pointed aloné the estimated IOS with no error elim-

inated the requirement to add noise to the transformation from the old

tracker coordinate frame at tJ€ to the new coordinate frame at tjf. The
2 axis of the tracker was assumed to be parallel to the local horizon
of an earth-fixed reference frame, and the origin was assumed to be
located at the center of gravity og of the attacker (See Fig III-l).
The angles n(qc) and v(tjf_c) were the Euler rotation angles, in that
orde_r, for the transformation from the earth-fixed reference frame cen-
tered at the tracker location to the tracker (estimated 10S) coordinate
system. The angle n(tIc) was the angle between the north axis of the
earth~fixed reference frame and the projection of the estimated LOS into
the north-east plane (local horizon) of the earth-fixed reference frame
at time t§€. The angle v(t;") was the angle between the projection of
the estimated LOS into the local horizon and the estimated LOS vector
at time t;c. These two angles were not assumed to be small angles.
Tracker dynamics were not included in the filter model; a closed
loop control system was assumed to move the tracker to the new position

without error before the next measurement was taken. The new tracker

24
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position at time t; was calculated from the filter's estimate of the

relative target position at the end of the propagation interval;
[;:T{:A(tf)}l, [,ETéA(t;C)L, and [;ETéA(ti"c)]-,. In actual implementation,
the estimated positicn would be calculated before tj. Then the tracker
controller would have time to move the tracker to the new position before
the measurcrment time t; since the change in position for the tracker
would be small for the short intervals between tracker movements. Fur-
thermore, the actual position of the tracker relative to the filter's
reference frame would be of little significance as long as the trans-
formation fraom the tracker coordinate frame to the filter's coordinate
frame is known, the tracker is space-stabilized during the mezsurement,

and the target is within the field of view of the tracker.

Measurements for the Line of Sight Filter

The measurements z(t;) assumed to be available fram the tracker,
were the range R between the target and the attacker, the tangents of
the azimuth and elevation error angles a and e, respectively, between
the estimated I0S and the true I0S, and the range rate R between the
target and the attacker (See Fig III-2). Each measurement was assumed
t0 be made by an independent device (i.e. a pulse radar for range and
the tangents of the azimuth and elevation error angles and a pulse doppler
radar for range rate). Note that if only a pulse radar were used, the
range and range rate measurements would be corrupted by time correlated
noise.

All measurements were coordinatized in the tracker coordinate
frame; however, the tracker and GMLOS coordinate frames were defined
identically. Therefore, the measurements z(ti) were expressed directly

in terms of the states defined for the GQIOS filter in Section II. The
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measuraments at time t. were defined by
-

2 (£ )=R(;) + Vi (t) =([xT€A(ti)]f [P 2 +[XT£A(ti)] ?,)l’

+ vy (t)) (1I1I-1)

T/A
2y (E)=tan e(ty) + Vy(ty) = - e ep)y 7 e ]+ vacep

(111-2)
zyttp=tan atey) + vyt = [FPeep] 2 Pep] | v vy
(I1I-3)
zg(t)=R(t;) + Va(t;) = ([IxT{A(t.)] M, )+ s A )] [x Ae, )]
L], ] )/ [ ( e 2 [xT/A(t 12

2
+ [xTéA (ti)J 7) + vy (ti) (III-49)

vl(ti) measurement noise in range at time ¢4
v2(ti) = measurement noise in the tangent of
e at time t;
v (ti) = measurement noise in the tangent of
a at time
\ (‘ti) = measurerent ncise in range rate at
tire t;
and tj denotes the time of the i'h measurement. The measurements can be

written in the form

z(t) = h[x(e)] + vl (111-5)

which is a nonlinear measurement equation. The measurement noise v(ti)
was assumed to be zero mean white Gaussian discrete time noise with a

diagonal covariance.
28




Tracker del For Inertial Filters

A tracker with the same characteristics as the one for the @LOS
filter was used for the inertial filters. The only difference was that
the 2-axis of the tracker was assumed to be parallel to the xb°yb plane
of the attacker body coordinate frame (See Fig III-3) instead of the
north-east plane of the earth-fixed reference frame at the time of mea-
surement t;. The attacker body coordinate frame had the origin at the
center of _gravity;cg of the attacker with the ®P axis out the nose, the
yP axis out the right wing, and the zP axis down through the fuselage.
The angles n(t{c) and v(qc) were the Euler rotation angles, in that
order, for the transformation from the attacker body axis frame to the
tracker (estimated I0S) coordinate system. The angle n(ti) was the
angle between the & axis and the projection of the estimated LOS into
the ®P-yP plane at time tI€. The angle v(£j€) was the angle between
the projection of the estimated LOS into the xb—yb plane and the estimated
108 vector at time tJ°. The use of the attacker body frame for a ref-
erence for the tracker coordinate system was chosen to reduce the pos-
sibility of a singularity in the Euler angle transformation calculated
by the estimator since the attacker aircraft normally would be maneuver-
ed to keep the target within + 90 degrees of the ® axis. However, the
transformation from the earth-fixed reference frame to the attacker body
coordinate system at time tj was required. This transformation would
not be available until after time t; if taken directly from the IMU.

For this thesis, it was assumed that the errors in this coordinate trans-
formation had only seocond or higher order effects on the performance of
the estimator. Thus, the transformation from the earth-fixed reference
system to the attacker body frame at time t; was used without adding

any measurement noise.
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The use of the earth-fixed reference system for a reference for
the tracker ooordinate frame, as was done for the GMLOS filter, eliminated
the need for the transformation fram the earth-fixed reference frame to
the attacker body axis. However, the probability of having a singularity
in the Euler angle transformation calculated by the estimator was great-

er for this method than for the method used for the inertial filters.

Measurements For The Inertial Filters

The measuremants assumed to be available from this tracker were
the same as described for the GLOS filter: range R, the tangents of
the azimuth and elevation error ahgles a and e, respectively, and the
range rate R (See Fig III-2) As before., each measurement was assumed to be
made by an independent device and was coordinatized in the tracker coordinate
frame. Thus, the measurements at time t; in the tracker coordinate
frame were given by Egs IIZ-1 to III-4. However, the state variables
for the inertial filter were defined in the inertial coordinate system.
Since

Beo(tg) =T () moy(t) (1I1-6)

the transformation from an earth-fixed

ol (t;)
L =+
inertial coordinate frame to the tracker

(estimated 10S) coordinate frame at time tj

m I‘ti) = a vector, m, coordinatized in the earth-
fixed refercnce frame at time t
g\£(ti) = vector m coordinatized in the tracker

coordinate frame at time t;

3l




then the measurements defined by Egs III-1 to III~4 were wri

tten as
7y (ep=r(ey) + vy(ep) = ([ 2] 2 | ol B[] 2
Vi) (111-7)
+ V, (t,) =- [’I‘I't )J [ —/A( ] [;I(t )] [xT/A(t )]
z; (t;)=tan e(t,;) 5 (%) = ( iy EALIPARY AT
+[T§'(ti)] sl "T;A(ti)] 7)/([1%"‘1’] L xrgA‘ti’] 1
+[TI£(ti)] 12 [ XTéA(ti)] 4+ [Tf]: (ti)] 13 [ XTéA(ti)] 7)

III-8)
+ v, (ti) ) (

z3(t;)=tan a(t;) + V3(ti)=({'r1§‘(ti)]21 [xT;A(ti)]l *[Tf;‘ti)] 22 [x"f‘tti)]4
+[’I‘E(ti)]23 [xT/A(t_)]7)/ ([’I‘%(ti)] [xT/A(ti)]l
+[r§(ti)]12 [ "/A(t ol [Ti(ti)]l [ T/A(t )] ) -

+ vylty) (I11-9)
zg (t)=R(t;) + V,(t;) = %([Ix"(ti)] ) -[IV?(ti)]l) [ T/A(t )]
*([Ixf(ti)]s - [IV?(ti)]z)[ TfA(ti)]«:
(Bl - [aace,) ) - YAe, >]

/([xT/A(c ) %[ </t )]2 [xT/A(r. )] )

+ vglty) (I1I-10)
where

Ta(t )

1714 = the ijth element of the transformation

from the earth-fixed coorcinata system

to the tracker coordinate system at tima ty
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The transformation 'I%(ti) was calculated by transforming the relative

position state estimates at time t to the attacker body coordinate frame

using

r -
[iTéA(ti )] 1

/A
[z / (ti)] )

L[i%a( 'Ci)] 7

'I%(ti)

'rg(ti)

rﬁ
E

[)ZT/A

I

iy

~T/A
I

T/A
I

(ti)] 1
(£5)] 4

(ti)] 2

-

(I11-11)

the transformation from the earth-fixad

reference frare to the attacker body

coordinate system at time t;  assumed

perfectly available fram the IMJ.

The subscript b denotes that a vector was coordinatized in the attacker

body frame, and the * dernotes estimated values from the filter. &as

discussed before, the transformation used was the truve transformaticn

available from the trajectory gererating program. Then, the Euler angles

n{t7°) and v(ty€) between the attacker's body coordinate system and the

new estimated ICS based on the filter's estimate of target relative

position at time tf€ (See Fig III-3) were calculated from the position

. vector defined by Eq III-11l.

-90 degrees and 90 degrees as discussed before.

relationships given by

These angles were assumed to be betwcen

n(tic)=tan'1([§T£A(tI°’] 4« [;‘Tgh‘t;c’] 1)

v(tzc)--tan"l( [QT{,A(tZC) ] + ( [x

Hr

1)

Therefore, the tangent

(II1-12)

(II1-13)
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were used. Once the angles n(t;"c) and v(tzc) vere calculatad, the
transformation 'Ig(tzc) frcm the attacker body coordinate frare to the

tracker (estimated 1L0S) coordinate system was found usirg

en (1) ev(ti®) sn(tI®Vcv(t]®)  -sv(t]°)

b . _

TL(6F) =| -sn(tze) cn(ti®) 0 (111~14)
en (1) sv (1) snitisv(t;)  cu(e]S)

where s and c denote cine and cosine functions, respectively. (See

2ppendix A for the develcoment of this transformation.) Tinally, the

transformation 'Ii (t) required for the measurement equations was cal-
i

culated from
r::u;i) = 'I‘E(t;c)Tb;(ti) (II1-15)

As with the tracker for the GMLCS filter, the measurements, Egs
ITI-7 to ITI-10, can be written in the form of Eq III-5, a nonlinear

vector measurement equaticn.

Selection of Tracker Measurement Noises

The noises to be added to the true mcasurements were assumad to
have the same stat:i;stical characterization for each tracker mocel since
the same quantities wers measured. The value of the variance of the
noise for each measurement was based upon the capabilities of trackers
in current fighter aircraft (Ref 4). The probability distribution of
the error in the measurement was assumed to be well represented by a
Gaussian distribution with a mean of zero. Also, since each measurement
was made by an independent device, there were no noisé cross correlations.
Thus, the measure;ne;nt noises were characterized by a Gaussian distribu-

tion with the properties
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W

Efutt)]= 0 (I1I-16)

and
lvit Tt ] = r(eg) 855 (1II-17) 1
where
0 i#j
8 =
i
3 1l i=j

The covariances of the measurement noise R(t;) were defined by

‘ |
°2R(ti) 0 0 0
2
) ol (ty) 0 0
R(t)) = (I1I-18)
0 0 o2 (t,)
a' i 0
2.
Lo 0 0 g R(ti)_

The quantities czR(ti) ' cze(ti), °2a(ti)' and ozé(ti) were the variances
of the range, tangent of the error angle e, tangent of the error angle a,
and range rate measurement noises.

For the range measurement, the tracker was assumed to provide
measurements with + 300 feet, which was considered a 3 sigma value.
Therefore, the 1 sigma value op was + 100 feet. The variance of the

range measurement noise, a2 , was calculated from
R

o%g = (100 feet)? = 10000 feet? (II1-19)

The tracker was assumed to measure the tangent of either error
angle to within + 0.030 radians (+ 1.72 degrees). Again, this was con-

sidered a 3 sigma value; the 1 sigma value ce Or o3 was + 0.010 radians.
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Thus, the variances °2e and oza for the measurement noise of the tan-

gents of the error angles e and a wevre calculated from

02¢ = (0.010)2

0.0001 (III-20)

and

2 (0.010)°

0.0001 (11I-21)

Q
o
L}

Finally, the range rate measurement was assumed to be accurate
within + 75 feet per second. This gave a variance °}'22 for the range

rate measurement noise calculated from

021'2 = (25 feet/secom:l)2 = 625 feetz/second2 (ITI1--22)

A summary of the values for ozR, oze, cze, and ozﬁ is presented in
Table ITII-1. These values were used as the baseline for the variance

of the measurement noises.
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TABLE III-1

Measurement Noise Variances for Tracker Models

Three Sigma

Measurement Value for Errorx Value Used in R Matrix
Range 300 feet 10000 feet2

Tan e 0.030 0.0001

Tan a 0.030 0.0001

Range Rate

75 feet/second

625 feetz/second2




IV Extend=d ¥alman Filter Irplementation

Extoniad Kalman Filter

The extended Kalman filter approximation for the nonlinear f£ilter
was chosen since a new reference state trajectory for linearization would
be used each time new state estimates were calculated, and the complexity '
of the solution was significantly less than other higher order methods
available. The use of a new reference state trajectory for lineariza-
tion provided performance that was far superior to a linearized Kalman
filter since the nqm'.nal trajectory for an air-to-air tracking task
was rot known a priori. Further, the extended Kalman filter was com-
patable with a previously written simulation program used to evaluate
Kalman filters (Ref 5). The equations (Ref 3) for the propagation of
the state estimates and the propagation of the conditional covariance
of the dynamics modeled by Eq II-43 and measurements modeled by Eq ITXI-5

were
£e/eg) = £ [ zeep] (Tv-1)
Blese) = p[R(e/e)] Ble/e) + ple/er[ x(e/e)] + 00 (1v-2)

The update equations for the state estimates and conditicnal covariance

were
I PO T S SN oyl 2 pm 1=
k() = pe)HT (D) (HLx(ti)]P(ti)HT[x(ti)] + R(E) | (IV-3)
- e - - | T2l
R(E]) = x(E)ex() | 2(t,) -a[x(e])] (IV-4)
peeh) = pee]r-xcepnlxesD] peeD) (TV-5)
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where

it_(t/ti) = state estimate at time t for te(tj, tj+1)
based on the initial conditions x(tj/t;)=x(t}),
i.e., on measurements through time tj

_f.[g(t/ ti)_1l= the dynamics model as a function of

x(t/t;)

P(t/t;) = filter's conditicnal error covariance
matrix at time t based on the initial
condition P(t;/t,)=P(t]), i.e., on
measurements through tire t

o(t) = the descriptor of the strength of the

dynanic driviﬁg noise vector, w(t), at
time t
P(tz) = filter's conditional covariance matriz
just before the wpdate time t§

x(ti)

1

filter's gain matrix at time t4

R(t,) = covariance matrix of measurement noises
z(t;) = true measurement vector at time t;
P.[é‘ti)] = measurement model vector evaluated

using g ( t;)

r[g(t/ti)] _A_[ai(i) ]

a-x- a (IV"G)
x=_:g(t/ti)
~ 3h (x)
Hix(t3) A =
ax -
: x-_:_t_(ti)
3a

EEEEEEE——— TS T R RO . N e it s bt -
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Note that the dynaric driving noise vector w(t) was assumed to be a
Zzero mean white Gaussian noise (as described in Section II) with

ocovariance given by
E [wt)wT e ] = o060 (IV-8)

Extended Kalman Filter for Gauss-Markov Line of Sight Model

The implementaticn of the GMIOS model in the extended Kalman filter
required not only the calcxlllation of the F and H matrices, but, also the
transformaticon of the state estimates and the filter's conditional co-
variance at time t7C to the new filter coordinate frame calculated from
the position state estimates at time tf€, The calculation of the F matrix
for the QLOS dynamics model (Eq II-12) was straightforward since the
dynamics model described a linear stochastic system. Using Eg IV-6, the

F matrix for the GMLOS dynamics model was

[0 1 o | o o o | o o o
o o 1 | o o o | o o o
o oL | o o o | o o o

n
o o o | o 1 o | o o o
F[ﬁ“’-/ti)] =lo 0o o | o o » | o o o] (TV-9)

o 0o o | o o -%2 | o o o
o o o | o o o | o 1 o
o o o | o o o | o o 1

_o o o | o o o | o o -.1.3_ E=x(t/t,)




TSP Ry ye—r s —

Note that the correlaticn time ccnstants were assumed to be time in-

variant since the target's acceleration probability distribution was

assumed constant with time (i.e., the target's confirguration did not
change during the engagement)! Also, the coorelation time constants
wz2re assumed to be equal since out-of-plane tracking was anticipated.
(Note that when in-plane tracking is anticipated, the correlation
time constants are not assz.Jmed to be equal.)

The calculation of the H matrix was more difficult since the
measurement model for the GMLOS filter was nonlinear. Using Eq IV-7,
the H matrix for the tracker measurement model used with the GMLOS

filter (5qs III-1 to III-4) was

A[zep] = (IV-10)

11
x=x(t7)

[xT£A ( t )] 1

H -
to ([xTI{A(ti)] i+[xT£A(ti)] i+[xT§A<ti)] ﬁ’

T/A
[x 2] .

B I
2 ( [xTéA(tf',)] i+ [x™2 (1)) i+[xTI{-‘(ti )] f’)"

L

(38 cen] 2 8 ] 2 [ ] )

[xT/A( ti)] 2

L
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C e eyt

[x'rga(ti)] )

T/A
e )]

1

[ T/A(ti’]

[ xT/AA (t; )]

[XT{A(tl)]

1l

: [IxTéa(ti)] 2([ fo‘A(ti)] i+ [xTéA (ti)] i+ [xTéA (ti)] ?I)

+

e 3o Lo o Lo 12

[ T’“(t )]

[xT/A(t )] ([ xT/A(t )] [I T/A(t )]

[ T/A(ti)] [I -r/zx(t )] +[XT4A(tl)] [I T/A(tl)] )l

[ ey )]

(

x4ty )] [Py )]2 [x™* 1)] 2)s




Hio = :[I T/A‘t )] ([ T/A(“ )J +[xT/A(t ) +[x £y )]2)

- [xTéA(ti)] 4( [xTEA(ti)] . [Ix'r?(ci)] ,
+ [xTéA(ti)J 4[5"?(3)} g [xTéA(ti)] 7[IxT£A(ti)] N :

HIES )]? [ )] 2 [%"(tﬂ]j)”z

[ T/A(ti)]

By =

( [xTEA(ti)] ié» [ngA(ti )] 24- [ngA(ti)] 3)}’

B2 = I[IxTéA‘ti’] 8(["1?(‘:1)] i* [xTéA(ti)] i‘ ["Tf\(ti)] :;)
- [lei.A(ti):l ([x T/A(t )] ks T{A(ti)]z
+ [xTéA(ti)] 4[IxT€A(ti)] +[x T/A(t o) [I T/A(t ) 8):
/(G2 ep] 2 [h ) 2 s3] 2 ) 2

[x-r@ t. )]

3"

( [xTéA(ti )] [xréA(tl)] X [xTéA(ti)] )

The transformation of the state estimates from the current filter's
coardinate frame L at time t{€ to the new coordinate frame L, at time t¥

based on the position state estimates at t_‘l'c was accomplished by
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Al AN B e B - i 2 A Kbttt b

pe=y xw ey

a

-~ L -~
x~ (£]T) = T-C(t])x~ (£]©) (Tv-11)
Ln In Le

where
[y 0 0 my; 0 o Ty, o0 o]
0 Tll 0] 0 T12 0 0 '1‘13 0
o 0 T 0 o T
11 12 O 0 Ty,

wo(t;) = |0 Ty 0 0 Ty 0 0 T
Ia

14 T31 o o T32 0 (4] T

0 0

T33_|

and Ti'j is the :'Ljth element of the transformation T’%"C(t i) from the current
n

MIOS coordinate system to the new coordinate system. Now,

TO(E]) = Th (£]) T (ED) (Tv-12)
In In * I

'ri'c(tz) = the inverse of the transformation ’I'Ifh(q_l)
from the earth-fixed coordinate system to
“the GMICS filter's coordinate frame at
time t;
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TEn‘tI) = the transformation from the earth-fixed

r.eference frame to the GMLOS coordinate
frame based on the position state esti-
mates at t;
These transformaticns are discussed in more detail later in this section.
The filter's conditicnal covariance matrix P(t]) was transformed

from the current GMICS coordinate frame to the new frame using

- Lo, - eyl (oo T
Pﬁn(tir) = Tf;(ti)Pic(tic)Tﬁi(ti) (IV-13)

This equation was developed fram the definition of the conditional

oovariance expressed in the current coordinate frame given by
P. (£7°) = BN x. (£)-%. (£79)] [x. (t,)-%. (£79)]T
Lo i ll.-Lc i Lo i ][—Lc i L i ]
lg(ti-l)sgi_l : (IV-14) '

where

!(éi_l) = the random vector representing the entire

measurement history at time ¢_3
Bi-l = realized measurement values at time 4.3
for a single txrial

Likewise, the conditional covariance in the new coordinate frame was

expressed as

ps (t7F) = E

b e 05 [, e-ig 70)"

s
(N

!
substituting Eg IV-11 into Eq IV-15, and noting that

% (t;) (IV-16)

xa (&) = T3E(E])
Iy, In c
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then

P (477) = El7ie(en [x. (D -k (5590][x. (6%, (e7)] "
Ln Ln - LC. IC - Lc LC

Now, since the transformation Trfﬁ was a deterministic function of the

realization 8;_1, Eq IV-17 was written as

¢ (£7T) = whc (¢:

Pin

(IV-18)

which became Eq IV-13 when Eq IV-14 was substituted into Eq IV-18.

As stated earlier, the transformation Tl‘t(tz) was calculated

In

using Eg IV-12. Since .the GMIOS filter's cocrdinate frane was assumed
to be spaée—stabilized from t{fl to t}_‘c, the transformation TI;‘c(tJT_) was
the inverse of the transformation ',Iéh(ti—l) » which was calculated after
the irpulsive rotation but before fhe measurement update at time thl.

The second transiormation ’I‘En (t]) required to evaluatz the transforma-

tion TfI:(t{) was calculated from the position state estimates ccordi-

a -

natized in the earth-fixed reference system at time tj< given by

P[i'r{n(t;c)] 1W —[ :‘:T/ﬂz (t7%)] J i
I [P, | o s [ o0, (xv-15)
f | | [i’f{“(t;")] 7 [ QTQ (t19)] ,
|
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The sine and cosine of the Euler rotation angles, .n(t}') frcm the north
axis of the earth-fixed refere::xce frame to the projection of the new
105 in the north-east plane of the earth-fixed reference frame and
v(t'i') fram the projection of the new LOS in the north-east plane to the

estimated I0S (See Fig IV-1), were calculated from

[ TéA(tx ]

sin n(t3%) = (IV-20)
([ cego] 5 ) 2)
el
cos n(t5%) - (Tv-21)
[preo] f el
[27¢A (5]
sin V(€S = T (Iv-22)
( [QT{A(tEC;] i+ [:‘:T{A(t'ic )] i+ [iTéA(tEC)] j)ﬁ
(BEgheero] 5[ o) ) (rv-23)

cos v(ti%) =

( [iT;A(t;c)] i+ [ﬁT;A(t;c)] i+[ m;A(t )] -2’)‘:

Onoe the sine and cosine values were calculated, the transformation

Tl;n(q) was evaluated using

en(ti v (]  sn(tI®ev(t{®)  -sv(t]®)

1
T~ (¢]) = | =sn(t{°) cn(t5©) 0 (Iv~24)

cn(tzc) sv(t{c) sn(tic) sv(t'i'c) c"(ti )

(See Appendix A for developrent of this transformation.)
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The timing of the events for the GMLOS extended Kalman filter
is shown in Fig IV-2, and the b19ck diagram is depicted in Fig IV-3.
The state estimates _:ch(t) and conditional covariance Pﬁc( t) were pro-
pagated forward in time to time t€ in the current estimated LS co-
ordinate frame (f.c) . At time t;, the state estimates and conditional
covariance were sampled, and the transformation 'I'If‘nc from the current
estimated LOS (filter's) coordinate frame f..c to the new estimated
(filter's) coordinate frame f’n was calculated. This transformation
was used to realign the tracker, and both the state estimates and con-
ditional covariance were expresse_d in the new coordinate system. Then,
the estimates of the measurements were calculated fram the state esti-

mates, the Kalman filter gain K(tj) was calculated from the conditional

oovariance, and the oconditional covariance update was performed. Finally,

the measurement residuals were calculated, multiplied times the Kalman

filter gain, and sumed with the state estimates to generate the state

estimates after the measurement update at time t{

Extended Kalman Filter for Gauss-Markov Inertial Model

The implementation of the GMI extended Kalman filter required only

the evaluation of the F and H matrices since the coordinate frame was
not rotated to a new position at time tj as was the coordinate frame
for the GMIOS filter. Like the GMLCS nodel, the calculation of the F

matrix was straightforward since the dynamics were represented by a

linear stochastic model. Using Eq IV-6, the F matrix for the G dynamics

model was given by Eq IV-9. Again, the correlation time constants were
assumed to be time invariant and equal since the target was assumed to
have the same acceleration capability along any axis.

The calculation of the Y matrix for the @O model frcm T3s III-7

to 1II-10 was more difficult and involved two approximations in the two
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s

argle measurements. Since the measurements of the tangent of the error
angles a and e involved the transformation from the earth-fixed to

the tracker coordinate system, and this transformation was a function

of the position states, the fully-expanded H matrix required the partial
derivative of the transformation matrix with respect to the state vector.
However, the terms involving the partial derivatives of the transforma-
tion were assumed small when carparsd with the other terms (See Ref 6)
.and were ignored for the evaluation of the H matrix for the inertial
filters evaluated in this thesis. Also, the denaminator of Egs ITI-8
and III-9 were assumed constant (ﬁef 6) . With these assumptions, the

Fal 0 ] Hy 0 0 H, 0 .
x e 0 6 H 0 0 Hg O 0
H|x(t])| = |
[-— i] Hy 0 0 Hg 0 0 Hg 0 ol (xv-23)
[flo Fa1 O Hj2 Hj3 0 Hjq Hjs O

[ ]
1

1l =
(0 es) 2] S e )

[ xR ey)] .

(%) i+[xT{A“‘i’] :+["Tf"(ti )] 3)"
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(%P ) 20 PR o] 2 [ e] 3)
1 4 7

[rscep)]
L 3
H4 = -
[fo‘A(f—i)] )
['ri(ti)] 33
By = -
/A
[x Ry )]l
[TE (ti)]
L 33
By = -
[x™/A(0)]
L 1
I
H [Tﬁ(ti)]zl
7 =
T/A
[x : (t )]
1
[Tl’:(ti)] 22
Hg =
xR (e,)
]
3
T-(ty)
Bl
9
[x¥/2e))]
L 1
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2 2
/(B Pee] % B e) 2 b ep] 2

["T{A‘ti)] N

Hll =

([ T/A(t )] +[x T/A(t )] +[x *{A(ti)]‘:)”

), = l([Ix ) -[ ";(ti)]z)([ T/A(t ) +[ T/A(t ol +[ T;A(tl)]j)
NERAITN) . [([ng(ti) 2-[Iv§‘(ti)] 1) (™7 cep))] )
""([ng(ti)] o [Tohiey)] 2)[XT§A(ti)] .
()] -[aee] )e/ren] ]

2
S R T A

[x"Reen]

B3 =
([xTéA(ti)] i+ [xT{A(ti)] i*’ ‘:XT;A (&5 )} j) :
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—————— e e

2
g = [ EFen] - [ een) Jappen) = beae] s o] )

-[foA(ti)l 7[( [Ix'f(ti)] 5= [Ivi\(ti)] l) [xT{A(ti)] 1
H [Beep) - [ropeep] )],
+ [T eey) S‘EIV?(ti)] 3)[*1'{1\“1)] 7] :

/ ([xT{A(ti)] i+ [xT{A(ti)] i+ [xT{A(ti)] .27)3/2

[xTéA(ti)] .

H

15 = 2 ) 2 2%
([mgacen)] 24 [xma en) 2 [ga 0] 3)

and
[¥/2eep] ) [mhep] o] [ ep] ) B2
sen]  [Re)
was the magnitude of the position estimate along the l-axis of the

trackes's (estimated 1GS) coordinate frame.

As discussed in Section III, the tracker was pointed along the

new estimated I0S calculated from the position estimates at time €,

The timing sequence used for the GMI exte:ided Kalman filter implementa-
tion is sumarized in Fig IV-4, and the block diagram is presented in
Fig IV-5. The state estimates :_::_I(t) were propagated forward in time
to time tj when the state estimates were sampled. The state estimates
%;(t]) at time t] were used to calculate the estimates of the measure-
ments frcm the vecter h[g(tz)] and the tran&omation T;:;(ti) “or the

tracker (as discussed in Section III). The measurement residuals were
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formed and multiplied by the Kalman filter gain K(ti) calculated from
the propagation of the conditional covariance P(tj) at time t. This
product was sumed with the state estimates gl(t;) to calculate the
state estimates glr( t+i) used for the initial conditions of the next pro-

pagation interval.

Extended Kalman Filter for Constant Turn Rate Inertial Model

As with the M dynamics model, implementation of the CTRI dynamics
model in the extended XKalman filter required only the evaluation of the
F and H matrices since the filter’s coordinate frame did not rotate.
However, unlike the G model, the calculation of the F matrix was not
trivial since the dynamics model for the CTRI filter was nonlinear. Using

Eq IV-6, the F matrix for the CTRI model was

o F, 0 0o 0 o0 0 0
o 0 F 0O 0 O0 0 0 0
o F, F, Fs Fg 0 F, Fg
6 0 0 0 F, O O 0 O
F [-’S(tlti)] l6 0 0 0 0 F,0 0 0 (TV-26)
0 Fyy F, 0 Fi3 Fig 0 Fig Fyg
© 0 0 0 0 0 0 F, 0
©o 0 0 ©0 0 0 0 0 Fg
0 Fie Fyp 0 Fy Ty 0 Fpy Fyy
xmx (£[])

Fy = Fy=Fg=Fg=F9=Fg=
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Fy = -~

F11 =

Fio =

Fi3 = -

%2 [Ix:'(ti)] 5 gAl(AZ [Ix'i(ti)]s-A3 [Ix:(ti)] 9\)

2+a2+n2) A ’/A3

-2(A§+A§+Ai)[I"%"ti)]zi”(“z 341

-2 [TxT () 2( A [ng(ti)] o [ng‘(ti)] 3)/Ai

-2 [Ix§(ti)] 2}(A4[Ix}‘(ti)] o [ng‘(ti)] 3)Al

-2 (A§+A§+Ai) [Ix'f (ti)] 5: /A:

-2 [I"g(ti)] 2(A2 [Ix}‘ (ti)] 2"A4[Ix¥(ti)] 8)/Ai

-2 [Ix';'(ti)] 2: ( A3[Ix‘1“(t'i)] ;™ [Ixi‘(ti)] 6) Ay

~2 (A§+A§+Ai) [Ix'.f(ti) ] 8:/1\:{

-2 Elxg(ti)] 2( A4[Ix§(ti)] 5-A3[1x§(ti)]2)/Ai

]

-2 [fxT ey s:(Az[Ix;I;(ti) s [l ()] 9)"1

-2 (A§+A§+Ai) [ng'(ti)] 2: / Ai

-1; [ng(ti)] S( A3[Ix§ (ti):l g2 [Ix}‘ (ti)] S)/Ai
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The H matrix for the CTRI model was the same as the one used for the GMI
model since the trackers and state variables were the same for both

filters. The H matrix was given by Eq IV-25. Also, the timing sequence
and the block diagram for the CTRI model were identical to those of the

GMI model and are presented in Fig IV-4 and Fig IV-5, respectively. N

Selection of Parameters for Extended Kalman Filters

The parameters for the extended Kalman filters for the GQILOS and

GMI model that had to be selected were the correlation time constants 1y,
Tys and T4 and the descriptor Q of the strength of the filter's dynamic
driving noise. The correlation time constants were assumed to be equal
for all three axes of the filter's coordinate system as discussed earlier
in this section. The value for the time constants was selected to provide !
a reasonable frequency band for the powver spectral density of the correlated

acceleration. For high performance aircraft, a reasonable upper frequency

for the correlated acceleration was assumed to be three radians per second

(Ref 7). This value of upper fréquency corresponded to a correlation time

constant of two seconds.
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] The values for the elements of the 2 matrix defined by Eq IV-8 were
selected for the GMLOS and MI filter's by performing a steady state

analysis for the filter's conditional covariance matrix P(t). It was

assumed that the driving noises were white Gaussian zero mean noises.

Further, the Q matrix was assumed to be of the form

[ ] |
0 0 o 1 |
|
[
|
0 0 0 | 03x3 ;
[ !
0 0 t :
________qli )_| ________ : 03x6 :
: 0 0 o | (Iv-27)
o(t) = | ]
/0 0 o0 ;
i
: 0 0 q,(t) :
_________ |~ — —— — — -
03x6 ; j0 0 o0
!
: 03x3 :0 0 0
| |
0
B ! ! 0 q3(tL

where q = the ith nonzero element of the Q matrix. This form was used

since it was assumed that

E : wi (£)wy (t+1')= =0 i#j (Iv-28)

for all t and t, a standard assumption for the driving noises used for
filter implementation (i.e., no correlation between the dynamic driving

noises). For the steady state filter conditional covariance analysis,

the Eq IV-2 for the propagation of the filter's covariance was used. In

steady state, this equation was written as

FP + DPFL = -Q (IV-29)
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Since the dynamics model for either the GMLOS or the @I filter were
decoupled along each axis, only the dynamics equations along the l-axis
were evaluated to calculate the q) element of Q. Also, the values of the
nonzero elements of the Q matrix were equal since the correlation time

constants were assumed to be equal. Equation IV-29 became

6 1 0 P11 P12 P13 P11 P12 P13
o 0 1 Pio Pos Poa| + | Py Pyy Pogf il 00
1 _1l |
o 0 -7 P13 P23 P33 P13 Pz P33} (0 1 -7 '
0 0 0
(Iv-30)
= 0 0 0
0 0 -9
where
Pij = ijth element of the filter's covariance
matrix in steady state operation
Evaluation of the 33th element gave
= (Iv-31)

T P33=9q

The value used for the filter's covariance of the target acceleration along
the one axis P33 was calculated based on the assumption that the 3 sigma
values of the error in the target acceleration estimate was 9 g's, or about
290 feet per second?. Thus, the 1 sigma value was 3 g's, or approximately
97 feet per seondz, and the value of element P33 was calculated to be 9409

feet? per second?. This value of 9409 feet? per second? was substituted

into Eq IV-31, yielding a value of q; of 9409 feet? per second® when a




correlation time constant of 2 seconds was used. For the implementation

of the @S and GMI filters, a value of 9000 feet2 per second5 was selected.
For the CTRI extended Kalman filter, only the value of the nonzero

e lemants of the Q matrix had to be selected. However, since this filter

used a nonlinear dynamics model, the steady state conditional covariance

analysis could not be used. The method of selecting the values of the

Q matrix, which was assuned to have the form shown in Eq IV-27, was by

trial and error. Initially, a value of 32 f.eet2 per second5 was chosen
for the g's, which represented a 1 sigma value of about 0.2 g's; but

this value was too small to provide adequate performance for trajectories
with high target acceleration variations. WNext, a 10 fold increase in
the 1 sigma value, i.e., a value of 3000 feet? per second”, was tried; and

the performance was significantly improved., Finally, a value of 9000 fz—':et2

per seconds, representing a 1 sigma value of about 3 g's, was evaluated.

This was the value used in the CTRI filter since it provided good performance
for the filter when evaluated against the trajectories used for this thesis
and permitted the CTRI and QM filter's performance to be compared with the
same Q matrix. The use of the same Q matrix implied that the same order

of uncertainty or variations of the filter's estimate of the trajectory was
assured for both the constant turn rate trajectory computed by the CTRI
filter and the Gauss-Markov zero mean acceleration trajectory calculated

by the QI filter.
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V Method of Evaluation

Monte Carlo Simulation

A modified version of the generalized digital Simulation for
Optimal Filter Evaluation (SOFE) program developed at the Air Force
Avionics Laboratory (Ref 5) was used to test each filter's performance.
The SOFE program provided the basic functions needed to run Monte Carlo
similations of an extended Kalman filter. These functions included a
numerical solution to the differeptial equations for both system simula-
tion and filter propagation, a Carlson square root update of the filter's
state estimates and conditional covariance, and the necessary program
control for maltiple simulations. Nine user written subroutines were
required to define both the system simulation and the Kalman filters.

For this evaluation, the system simulation was provided fram external
trajectory data (to be discussed later in this section). Equations II-1l,
III-1, I1I-2, III-3, III-4, IV-9, and IV-10; Bgs II-23, III-7, III-8,
1II-9, III-10, IV-9, and IV-25; and Eqs II-42, III-7, III-8, III-9, III-10,
IV-26, and IV-25 were included in the user written subroutines to specify
the filter model for the GQIOS, GMI, and CTRI filter, respectively. The
outputs of the SOFE program, the true model state vector, the filter's
estimate of the state vector, the measurement residual vector, the measure-
ment residual variances, and the filter's variances for each interval

were stored for post-processing by the SOFE plotting (SOFEPL) program

(Ref 8), also developed by Air Force Avionics Laboratory personnel.

The number of simulation passes through the simulation for each filter
evaluation used for this thesis was 20. This numher of pc;lSSOS was

selected by camparing plots fram the SOFEPL program for 5, 10, 15, and
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20 passes (Fig B-1 to Fig B-9, Fig B-10 to Fig B-18, Fig B~19 to Fig B-27,
and Fig E-10 to Fig E-18, resvectively). fThere was little difference
between the plots for 15 and 20 passes, and 20 passes were selected to
provide confidence in the accuracy of the solution. Also, the choice of
20 passes kept computer execution tire and storage requirements at accept-
able valuss.,

As stated above, a modified SOFE program was usad for the evalua-

tion. Two modifications, a seocond order Runge-Kutta integration option ]
with fixed step size, instead of the fifth order Runge-Kutta integration |
provided by the SOFE program, and.the use of external trajectory data
for the true state vector, instead of the SCFE program calculating the
true state vector during the simulation, had been previously incorporated by
Air Force Avionics Labératory personnel (Ref 9). These "cqo modifications re-
duced the computational burden required to perform the integration from
time t; to time tj+1, thus reducing the time required for the 20 Monte
Carlo simulations. Also, a thi;:d modification to the SCFE program was
made for the GMLOS filter to allow the transformation of the filter's
conditional covariance matrix P(tj) from the filter's current coordinate
frame at time t:c to the realigned coordinate frame at time tIr as
described in Section III.
The SOFEPL program calculated the ensemble average of the data
from the multiple Monte Carlo simulations from the SCFE program and
formatted these results into the requested plots. Sixteen different
plot types were available fram the SOrEPL program. For this thesis, the
mean error between the truth model (target trajectory data) valve and
the corresponding estimate from the filter, the sum and the difference
of the standard deviation of this error with the mean error i+tsolf, z2nd
the square root of the appropriate diagonal elerment of the filter's
66




conditicnal state covariance matrix were plotted versus time (See Fig V-1).

This plot type provided the sample statistics for actual errors committed
by the filter (mean error and mean error plus or minus the standard devia-
tion of the error) and the filter's computed performance (plus or minus
the square root of the filter's conditional variance) to evaluate filter

tuning and performance.

Trajectory CGeneration and Description

The trajectories used in the evaluaticn of the three filters were
generated by a program, TRAJ, developed by Air Force Avionics Laboratory
personnel, to provide date for both the target and attacker during a
dunnery pass (Ref 9). The program allowed the user to fly the target through
a maneuver by varying the thrust, roll rate, and normal acceleration while
the attacker tracked the target using a gunnery lead collision scheme.

The outputs of the program which were calculated every 0.02 seconds (50
times per second) included the time, position, inertial velocity, and
inertial acceleration of both the target and the attacker in an earth-fixed
reference frame and the transformation from the earth-fixed reference frame
to the attacker body coordinates. The origin of the earth~fixed reference
frame was located on the surface of the earth with the attacker's center
of gravity cg on the negative down asix at the initial time (Fig V-2).

Three trajectories, picked to represent typical target maneuvers
during an aerial gunnery engagement, were developed using the TRAJ pro-
gram. Each engagement lasted 12 seconds, providing adequate time for the
performance evaluation of the filters.

Trajectory 1 was selected to demonstrate the performance of each
filter against a target flying a constant normal acceleration maneuver.
Initially, the target and attacker were flying on the sawe l.wling parallel ' |

o the north axis of the earth-fixed reference frame at the same altitude
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Attacker's Center of Gravity
at Initial Time

e Jorth
\—Earth-Fixed Reférence Frame

East

Figure V-2. Relation Between the Tarth-Fixed Coordinoto Frame
Used by the Trajectorv CGensration Projram i the
Attacker's Center of Gravity at the Initial Time
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of 5000 feet. The target was 7500 feet in front of the attacker and
offset 2000 feet to the attacker's right (See Fig V-3). The initial
speed of the target was 800 feet per second (approximately 500 knots),
and the initial speed of the attacker was 750 feet per second (approxi-

mately 440 knots). Furthermore, the target was established in a 5g

normal acceleration level left turn (arproximately 78 degrees left bank).
For the duration of the trajectory, 12 seconds, the target maintained
the 5g constant normal acceleration left turn.

Trajectory 2 provided a highly dynamic maneuvering target with

out-of-plane maneuvers to evaluat_e the filters' performanqe, and it was
designed to represent a typical target reversal and dive out of the

engagement. The target and attacker had the same initial conditions as
in Trajectory 1 except the initial altitude of both was 10000 feet (See
Fig v-4). For the initial five seconds, the target performed the same
five g normal acceleration level left turn. Then the target initiated

a one radian per second roll to the right while maintaining five g's

nofmal accelration. The roll continued until the target was inverted
with wings parallel to the north-east plane of the earth-fixed reference
frame (wings level). The roll rate was then set to zero, the normal
acceleration was increased to seven g's, and the target completed a
"split s" maneuver to upright level flight.

Trajectory 3 was chosen to demonstrate the filters' performance ’
for a nose-to-nose (front) engagement. The engagement was designed to *
represent a typical front engagement where the target attempts to gain

a firing position behind the attacker. Initially, the target and attacker

were flying with wings level on opposite headings parallel to the north
axis of the earth-fixed reference frame. The target was 15000 feet in
front of the attacker and 2000 feet to the attacker's right (See Fig V-5). 7

Both the target and the attacker were at the same altitude, 5000 feet,
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and same speed, 800 feet per second (approximately 475 knots). Four
seconds after the start of the engagement, the target established a 4g
normal acceleration climbing left turn which was held for 4.5 seconds.
Then the target rolled right at one half radian per second while main-
taining four g's normal acceleration. Once the target obtained 75
degrees of right bank angle, the roll rate was set to zero, and the
target continued in a 4g normal acceleration level right turn until the

end of the engagement.

Measurement Update Rates

The baseline update rate s'elected for the comparison of the three
filters was 25 times per second (0.04 seconds between updates). This
rate was selected since it was compatable with the time increment of the
trajectory generating program and was consistant with measurement rates
available from current sensors (Ref 4)., To evaluate the sensitivity of
the CTRI filter to variations in wpdate rate, update rates of 12% times
per second (0.08 seconds between updates), 6% times per second (0.16
seconds between updates), and 3 1/8 times per second (0.24 seconds
between updates) were selected. Faster update rates were considered but
conmputer storage requirements prohibited the evaluation of these rates.
The descriptor of the strength of the dynamic driving noise Q was held
oconstant during this evaluation. Table V-1 summarizes the update rates

used with each filter. )

Variations in Measurement Noises

The baseline values used for the elements of the noise covariance
matrix R (as discussed in Section III) for the filter only were varied
systematically to evaluate the effect on the CTRI filter's porformance when

flown against Trajectory 2. The value of each variance was independently
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increased and decreased by an order of magnitude for both the range and

range rate measurements, For the error angle neasurements, the variances
of hoth error angle measurements were increased and decreased by an
crdar of magnitude concurrently. Finally, the CTPI filter was evaluated
with each measurement not available and the variances for the other mea-
surements set at the baseline values. Again, both error angle measure-
ments were removed at the same time. A sumnary of the variances used

to investigate the sensitivity of the CTRI filter to variations in the

measurement noises is oresented in Table V-2.

Figures of Merit

Various figures of merit were employed for the comparison of the
three filter models and the evaluation of the effect of different update
rates on the performance of the CTRI filter. Nine figures of merit were
calculated for the comparison of the @L0S, G, and CTRI filters. These
figures were:

- 1) the scalar magnitude of the three dimensional vector of the
approximate time average of the mean errors of position, and similarly
calculated scalar magnitudes for velocity and acceleration (all rounded
to the nearest whole number),

2) the peak scalar magnitude of the three dimensional wvector of
the mean error of position, and similarly calculated scalar magnitudes
for velocity and acceleration (all rounded to the nearest whole number),
and

3) the scalar magnitude of the approximate time average of the
three dimensional standard devi#don vector of the errors committed
by the filter for position, and similarly calculated scalar magnitudes

for velocity and acceleration (rounded to the largest whole number).
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The scalar magnitudes of the average of the mean errors were calculated
by first estimating the time average of the mean error for each camponent
of the position, velocity, and acceleration vectors. Then, using these
camonents of the average mean errors, the rss magnitudes for the average
mean errors of position, velocity, and acceleration were computed. The
peak scalar magnitudes of the mean errors were calculated by using the
mean error for each camponent of the desired vectory (position, velocity,
and acceleration) at time t that produced the largest magnitude of the
mean error. Finally, the scalar magnitudes of the time average of the
standard deviation were computed by estimating the time average of the
standard deviation of the errors comitted by the filter from the SOFEPL-
generated plots for each camponent of position, velocity, and acceleration.
Then, tne rss magnitude of the standard deviation for the position, velocity,
and acceleration vectors were calculated using these estimates. For
Trajectory 1, the nine figures of merit were computed over the total 12
seconds of the simulation, while the figures of merit for Trajectory 2
and Trajectory 3 were calculated over the intervals of 5 to 12 seconds
and 4 to 12 seconds, respectively. These shorter intervals for Trajectory 2
and Trajectory 3 were used to eliminate the influence of the initial 5 g
normal acceleration turn on the figures of merit for these trajectories
since the inclusion of the initial 5 g normal acceleration turn would bias
the results. (Note that the SOFEPL plots provide results fram 0 to 12 seconds.)
For the evaluation of the effect of uypdate rates on the performance
of the CTRI filter, the time average of the standard deviation of the errors
camitted by the filter for each state variable was plotted versus the
update interval for which the average was calculated. Only simulations
against Trajectory 2 were used to evaluate the effect of uplate rates

since this trajectory was the most difficult of the three simulated tra-
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jectories for the CTRI filter to track (See Section VI).

To evaluate the effect of different variances of the measurement
noises, the plots for each of the state variables from the SOFEPL program
for the CTPI filter with the different variance(s) were compared directly
with the corresponding plot.of the same state variable using the baseline
measurenent noise variances (as described in Section III); the percent
difference (rounded to the nearest percent) was then calculated. This
approach was used since not all the state variables were affected by
changes in the measurement noise variances. BAlso, only simulations using

Trajectory 2 were evaluated for the same reason discussed above.
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VI Results

General Perforrmance of the Three Filters

Before the direct camparison between filters is made, the general
performance of each filter will be discussed to provide physical insight
into the results. Figures C-1 to C-27 are the plots of the results from
the Monte Carlo simulations of the GQMLOS filter for the three trajectories
used. The GMLOS filter was characterized by a nearly unbiased estimate
of the position along the estimated 10OS and oscillatory biased estimates
of the two cross range (2- and 3-axes of the filter's coordinate frame)
positions, the three velocity cm;ponent's, and the three acceleration
components. Furthermore, when a high rate of change of acceleration
was present as in Trajectory 2 and Trajectory 3, these eight estimates
exhibited large mean errors. The biases in the estimates and the large
mean errors were a result of the inadequacy of the assumed target relative
acceleration model. This model, a first order zero mean Gauss-Markov
process, did not accurately model the target acceleration when the target
acceleration was not highly coorelated with attacker acceleration (See
Section II) as was the case in Trajectory 2 and Trajectory 3. Thus, the
GMLOS filter had an inherent lag in the estimates of the states when unmodeled
maneuvers with persistent turning accelerations were encountered. Furthermore,
the measurement updates kept the filter from diverging while the un-
modeled maneuver was occurring. The oscillations apparent in the estimates
had both high frequency and low frequency characteristics. The high
frequency éscillation readily seen in the plot of the position estimate
along the 2-axis of the filter's coordinate frame for all three trajectories
(Fig C-4, Fig C-13, and Fig C-22 was caused by the impulsive realignment of

the filter's coordinate frame just before an update. The low frequency
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oscillation appeared to he strongly trajectory-dependent. For Trajectory 1,
this oscillation presisted for the duration of th~» _imulation; while for
Trajectory 2 and Trajectory 3, the intervals where the target maneuver

was fairly dynamic appeared to aid in reducing the amplitude of low
frequancy oscillation. ©One feasible explanation was that the increased

manuevering overcame an observability problem that occurred during Tra-

jectory 1 (constant target maneuver). Also, the zero-mean Gauss-Markov model
was more representative of target accelerations levels that were more

dynamic and less persistent.
For Trajectory 1, the mean errors of all the estimates of the

states were within the envelope of plus or minus the square root of the
oorresponding filter-camputed conditional variance. This was expected
since the target and attacker accelerations were correlated (the target's
acceleration was closely approximated by the attacker's acceleration).
However for Trajectory 2 and Trajectory 3, the mean errors for most of
the estimates of the states exceeded this envelope. Furthermore, in
the case of Trajectory 3, this envelope necked down during the interval
when the target acceleration was rapidly changing and was wncorrelated
with the attacker's acceleration. (That is, the attacker's acceleration
provided no information about the target's acceleration.) The large mean
errors and the failure of the filter's conditional variance to reflect
the growth of the mean errors indicated that the filter was putting too
much weight on the results from the dynamics model and not enough weight
an the information contained in the measurements. Therefore, the tuning
issue for the MLOS filter should be further explored or the use of
adaptive Kalman filter techniques should be investigated to alleviate
this problem.

The plots of the results from the Monte Carlo simulations for the

QMI filter for the three trajectories are presented in Fig D-1 to D-27.

The characteristics of the GMI filter were a nearly unbiased estimate of
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+he ncsition along the north-axis of the filter's coordinate system and
low fregquency oscillatory biased estimates of the positions along the

east- and down-axis, the three components of velocity, and the three

corponents of acceleration. (Note that if the trajectories had been

flown along the east-axis, the results would be rotated +90 degrees

apout the filter's down-axis). Moreover, when the filter was required
to track a target with a high rate of change of acceleration as for
Trajectory 2 and Trajectory 3, large mean errors resulted for these eight
estimates. The biases in these estimates observed for all three tra-
jectories and the large mean errors for Trajectory 2 and Trajectory 3
were caused by the inability of the assumed target acceleration model to
represent the actual target acceleration accurately. The target accelera-
tion model used for the GMI filter assumed that the total inertial target
acceleration was adequately modeled by a first order Gauss-Markov process

with a zero mean, while the actual target acceleration was not zero-mean

nor a first order Gauss-Markov process. Thus, when ummodeled maneuvers
were encountered, the GMI filter did not accurately predict the states
and had an inherent lag in the estimates of the states. Furthermore, the
information provided by the measurement updates maintained the stability
of the filter until the ummodeled maneuver was completed. Like the GMLOS
filter, the low frequency oscillations appeared to be trajectory-dependent
(as discussed above) .

The mean errors of the estimates of the @I filter for Trajectory 1

were all within the envelope of plus or minus the square root of the filter's

| corresponding conditional variance, as expected, since the actual target
acceleration was not drastically different from the assumed model. However,
for Trajectory 2 and Trajectory 3, the mean errors of the estimates ex-
hibited large excursions outside the envelope of the filter's corresponding

82




+AD=A094% 767

UNCLASSIFIED

oM.

AIR FORCE INST OF TECH WRIGHT=PATTERSON AFB OH SCHOO=—ETC F/6 19/5
COMPARISON OF THREE EXTENDED KALMAN FILTERS F o’ ] o=l T

o 4 1 WORCLEY OR AIR=TO=AIR TRAC: civ)
AFIT/GAE/AA/B80S~2 . NL




conditional standard deviation. Furthermore, the filter's variances
for Trajectory 2 or Trajectory 3 did not reflect the growth of the mean
errors during the intervals where the assumed target acceleration model
was providing incorrect predictions of the states. Aas with the GMLOS filter
the (1 filter appeared to be weighting the results from the dynamics
model too much and not weighting the information provided by the measure-
ment updates enough. Two alternatives, retuning the filter or using
adaptive Kalman filter techniques should be explored to eliminate these
problems.

The plots of the results from the Monte Carlo simulations of the
CIRL filter for the three trajectories are presented in Fig E-1 to E=27,
The results were characterized by nearly unbiased estimates of the states,
except during initial transients for estimates of the position and velocity
states along the east-axis. The small bias values cbserved were expected
since the trajectories were well described as constant turn rate tra-
jectories except during the intervals of rapid acceleration changes.
Large mean errors occurred during these intervals and were a result of
the inadequacy of the assumed constant turn rate model to represent the
rapidly varying actual target acceleration. The inadequacy of the model
caused incorrect estimates of the states, and the filter lagged the actual
target parameters; however the CTRI model was more representative of actual
typical maneuvers than either first order Gauss-Markov target acceleration
models (except possibly during transient changes).

The mean errors of the estimates for the CTRI evaluated against
Trajectory 1 were within the envelope of plus or minus the square root
of the filter's corresponding conditional variance. However, as with
the MLOS filter and MI filter, the mean errors of rost of the estimates

for the CTRI when evaluated against Trajectory 2 and Trajectory 3 exceeded
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this envelope. The filter's attempt to increase the conditional \}ariancas
significantly lagged the onset of the maneuver. The large increase in
mean errors and the failure of the filter to increase the conditional
variances indicated that too much weight was given to the predictions of
the dynamics model and too little weight was given to the information pro-
vided by the measurements. Retuning the filter or use of adaptive Xalman

filter techniques should he explored to alleviate these problems.

Comparison of the Three rilters

The figures of merit for each filter for the three trajectories
are presented in Table VI-1 and 'r;able VI-2. As seen fram these tables,
the GMI filter provided estimates of the states where both the scalar
magnitudes of the time average of the three components of mean error and
the peak scalar magnitudes of the three components of mean error were
equal to or less than the corresponding values for the GMLOS filter for
all three trajectories evaluated. (A difference between corresponding
values of ten percent or less was considered insignificant because of the
errors that possibly could occur in determining both the time average and
peak values fram the plots.) Furthermore, the scalar magnitudes of the
standard deviations of the errors camnitted by the GMI filter were also
equal to or smaller than the corresponding values for the GMLOS filter.
(Again, a difference between ocorresponding values of ten percent or less
was oconsidered insignificant because of the errors that possibly could
occur in dtermining the values of the standard deviation from the plots.)
True superiority of the MI filter over the GMLOS filter was deronstrated
when both filters were flown against Trajectory 3. The scalar magnitudes
of the average mean errors, the peak scalar magnitudes of the mean errors,

and the scalar magnitudes of the standard deviations of the errors for
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the @T filter were 20 to 57 percent less than the corresponding values
for the QMICS filter. This trend was expected. The target acceleration
model for the GMI filter assumed no correlation between the accelerations
of the target and attacker while the RILOS filter's target acceleration
model assumed correlated accelerations between the target and attacker

(as discussed jin Section II). Since the actuzl target and attacker accel-
erations were nearly uncorrelated during the maneuver for Trajectory 3,

the GMI filter's acceleration model was a better approximation of the

actual target acceleration than the acceleration model for the GMLOS
filter.

When the performance of the CTRI filter was campared to the per-
formance of the GMI filter using the scalar magnitudes of the average mean
errors and the peak scalar magnitudes of the mean errors, the CIRI filter
performed as well as or better than the GMI filter except for the peak
scalar magnitude of the mean error for position. (A difference of cor-
responding values of ten percent or less was considered insignificant as
_ discussed above.) However, when the scalar magnitudes of the standard
deviations of the errors were campared, the superiority of the CIRI filter
was not apparent. For example, for Trajectory 1, the GMI filter had lower
scalar magnitudes of the standard deviations than did the CTRI filter.
However, this camparison was dependent on how well the GMI filter was
tuned campared to how well the CTRI filter was tuned, and the issue was
not explored further because of the complexity of the CTRI acceleration
model and time constraints. The true superiority of the CTRI filter
over the QMI filter was demonstrated by the decrease in the scalar mag-
nitude of the average mean errors and peak scalar magnitudes of the mean
errors for the acceleration states by 47 and 41 percont, respoctively,
and the decrease in the magnitudes of the average mean error for the
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velocity states by 53 percent. The trend exhibited by these decreases

was anticipated since the CTRI filter's acceleration model more nearly
repfesented the actual target acceleration for Trajectory 2 than did the
QI filter's acceleration model. Furthermore, the mms error (defined as
the square root of the square of the mean error plus the variance of the

error) should be evaluated.
Finally, when camwparing the filter's performances, the opportunity

for an actual gunnery solution had to be considered before finally select-
ing between the GMI and CTRI target acceleration model. For example,
during the high roll rate maneuver of Trajectory 2, the attacker, using
gunnery lead collision tracking, could not obtain a gunnery solution until
the completion of the maneuver assuming the roll rates of the two aircraft
were equal. The direction of the velocity vector of the attacker would
lag the direction of the velocity vector of the target by some fixed
angle (a function of the pilot's reaction time) until the target aircraft
completed the roll. Therefore, the attacker would hot be able to obtain
the relative position needed to provide the gunnery solution, and the
errors in the estimates provided by the filter would not be critical as
long as the filter recovered from these errors rapidly. However, for
Trajectory 3, the situation was entirely different since the gunnery
solution must be achieved during the period when the angular rate of the
target with respect to the attacker is large. This was the only time
when the attacker had an opportunity to obtain a gunnery solution during
the attack, assuming both aircraft could obtain the same normal accelera-
tion value. As the target continued the turn into the attacker, the
attacker could eventually not be able to pull enough lead on the target.
At that moment, the attacker's firing opportunity would be lost. Thus
the filter's estimates during the interval were extremely imrortant, and
any errors in these estimates would be critical to the accuracy of the

gunsight. Another consideration in actual implementation would be the
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corputer resources reguired. The CTRI filter required 176 multiplica~
tions, 223 additions, and 20 divisions for each propagation step while
the GMI filter required 18 multiplications, 162 additions, and no divisions.
The computer resources ;.'equired for an update were the same since both

filters used the same measurement equations. Thus, the requirement for

ada

increased accuracy as-provided by the CTRI filter would have to be weighed

against the subtantially increased camputer requirements. Finally, the

SR

relative robustness of both the GMI and CTRI filters to variations in

parameters, measurement noise, tuning, and imperfect initial conditions
should be investigated to provide. additional insight into which filter

is the better choice for implementation.

Effect of Update Rate on CTRI Filter Performance

“The plots of the three components of the time average of the stand-
ard deviations of the errors committed by the CTRI filter are presented
in Fig VI-1l, Fig VI-2, and Fig VI-3 for the position, velocity, and accel-
eration, respectively. The points for these plots were cbtained from

‘Fig F-1 to Fig F-27 and from Fig E~10 to Fig E-18. The results presented
in Fig VI-1, Fig VI-2, and Fig VI-3 indicate that when the sample period
was increased from 0.04 seconds to 0.24 seconds, the perf;mnance of the
CTRI filter against Trajectory 2 was not significantly degraded. However,
the actual plots of the results fram the Monte Carlo simulation Fig ¥-1
to Fig FP-27 and Fig E-10 to Fig E-18 indicate that as the sample period
was increased, the mean error plots exhibited larger excursions from the
mean error of the corresponding state for a sample period of 0.04 seconds.
Further, the condition variance 6f the filter for each state grew as the
wpdate interval was increased. These trends were expected; however, the

deviation of the mean error with an increase in sample period was more
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irreqular then expected especially for sample periods of 0.16 seconds
and 0.24 seconds. (The mms error should be evaluated for confirm the
results.) Apparently, the use of a constant descriptor Q of the

dynamic driving noise to evaluate the performance of the CTRI filter

for the longer sample period was inappropriate even though the dynamics
were considered to be continwous functions of time. The filter was
derendent on a necessarily erroneous dynamics model for the longer inter-
vals so additional pseudonoise would be required as the sample period was
increased. Additional evaluations of the filter's performance with in-
creased pseudonoise should be accomplished if longer sample periods are

required. However, sample periods of less than 0.08 seconds could be

used with confidence.

Effects of Variations in Measurement Noise for the CTRT Filter

The results for the variations in the elements of the descriptor R
of the measurement noises for the CTRI filter only (as discussed in
Section V) are presented in Table VI-3, Talbe VI-4, and Table VI-5. The
plots of the results of the Monte Carlo simulations which were used to
calculate the approximate percent change between the time average of the
values for the baseline case and the case being evaluated over the inter-
val from 5 to 12 seconds are presented in Fig E-10 to Fig E-18 (baseline
case), Fig G-1 to Fig G-27 (variations of the variance of the range mea-
surement noise), Fig H-1l to Fig H-2 (variations of the variances of the
error angle measurement noises), and Fig I-l to Fig I-27 (variations of the

variance of the range rate measurement noise). As the variance of the range

noise °2R was increased, the performance of the CTRI filter against Tra-
jectory 2 varied significantly only in the position estimate along the

north-axis. The time average of the standard deviation of the errors and
the time average of the square root of the filter's conditicnal variance

increased 200 percent as the variance of the range measurement noise
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ircreased by two orders of magnitude. Since the range measurement was alorqg
the north-axis for most of Trajectory 2, the effect of a variation in the
variance of the range measurement noise was expected along that axis. Fur-
theraore, since the velocity estimates were one integration removed £rom
the range measurement and the acceleration estimates were two integra-
ticrs removed, the effects of the variation of the variance of the range
measurement noise had little effect on these estimates. Moreover, when
no range measurerments were available, the CTRI filter still was able to
estimate thé states, when provided the exact initial conditions, without
diverging. (Note that the range rate measurement was still available
and would provide range information.)

For variations of the variances of the error angle reasurement

noises 02

a and oze, the major effect was apparent in the position and
velocity estimates along the east- and down-axis. As these variances
were increased by two orders of magnitude, the time average of the mean
error, the standard deviation of the error, and the square root of the
filter's conditional variance of these estimates increased approximately
110 percent. The information available fram the error angle measurements
for Trajectory 2 was mostly along the east~ and down-axis. Thus, the
effects of the variation of the variances of the error angle measurement
noises visible in these estimates were as expected. Furthermore, when
the error angle measurements were not available, the filter was not able
to estimate the states even though the filter started from perfect initial
conditions. The lack of these measurements apparently created an observa-
bility problem.

When the variance of the range rate measurement noise 021'2 was varied,

the position, velocity and acceleration estimates along the north-axis

showed the major effects. As the variance was increased by two orders
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of magnitude the time average of the standard deviation of the error and
the square root of the filter's conditicnal variance increased approximately
40 percent while the mean error did not vary significantly. As with the
ranje measurement, the range rate measurement for Trajectory 2 provided
inforration along the north-axis, and the variation of the three estimates
alony the north-axis with changes in the variance of the range-rate mea-
surement noise was as expected. Furthermore, the CTRI filter was able to
estimate the states without a range rate measurement from perfect initial
conditions without diverging. (Mote that the range measurement was still
available and would provide range. rate information.)

Based on these results, the CTRI filter demonstrated the ability
to perform adequately even for large changes in the variances of the range
and range rate measurement noises used for the filter. However, the filter
was sensitive to variations in the variances of the error angle measurement
noises. Furthermore, the filt;ar was evaluated with perfect initial condi-
tions provided to the filter, and additional evaluations of the filter
for uncertain initial conditions should be performed to establish the
sensitivity of the filter to the changes of the variances of the measure-

ment noises.
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VII Conclusions and Recormendations

Conclusions

The CTRI filter and the GMI filter provide performance equal to
or supcerior to the performance of the GLOS filter for the three tra-
jectories evaluated for this thesis. 'then the target acceleration pro-
files are not demanding (as in Trajectory 1), the performance is nearly
the same for the three filters. However, as the target acceleration
profiles become more demanding (Trajectory 2 and Trajectory 3) the per-
formance of the GELOS filter is worse than the performance of either of
the other two filters. The figqures of merit for the GMI filter are at
least 20 percent less than the corresponding figqures for the GMLOS filter
for Trajectory 3, while the figures of merit (except for the scalar
magnitude of the time average of the standard deviation of the error)
for the CTRI filter are in general at least 20 percent less than the cor-
responding figure for the QoS filter. Furthermore, for Trajectory 2,
the CIRI filter provides the best estimates of the states, as expected,
since the actual target acceleration is better modeled by a CTRI accel-
eration model than by either the GMLOS or QML acceleration models. More-
over, for the more demanding target acceleration trajectories, there is
a tuning issue that requires further study to explore the reduction of
the large excursions of the mean error experienced during the periods of
poorly modeled actual target accelerations. Finalliy, the CTRI filter
requires substantially more arithemetic operations (176 multiplications
for the CTRI filter versus 18 for the GMI filter, 223 additions for the
CTRI filter versus 162 for the GMI filter, and 20 divisions for the CIRI
filter versus none for the G filter) than the GMI filter for each pro-
pagation step.
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Sample periods for the CTRI filter of 0.04 seconds and 0.08 seconds

provide estimates of the states that are not significantly different.
Yowever, as the sample period is increased to 0.16 seconds and 0.24 seccnds,
the estimates of the states became very irreqular, and the use of the same
descriptor Q of the dynamic driving noise apparently is inappropriate.
The CTRI filter depends on an erronecus dynamics model fcr longer intervals
requiring the addition of pseudonoise as the sample period is increased.
In any case, sample periods of less than 0.08 seconds provide adequate
filter performance, and should be used for implementation.

The effects of the variations of the variances of the measurement i
noises are as expected for the CTRI filter. When the variance of the range
measurement noise is increased by two orders of magnitude, only the time |

average of the standard deviation of the error and the time average of the

square root of the filter'’s con:iﬁtional variance of the position estimate
along the estimated I0S are increasing approximately 200 percent. Vhen there
is no range measurement, but perfect initial conditicns are available, the
CTRI filter is able to estimate the states without diverging. For an in-
crease of two orders of magnitude of the variances of the error angle mea-
surement noises, only the time average of the mean error, the time average
of the standard deviation of the error, and the time average of the square
root of the filter's conditiocnal variance for the position and velocity
along the east- and down-axis (over the same interval) increase with the
increase approximately 110 percent. Furthermore, when the error angle
measurements are not available, the filter can not estimate the states even
though perfect initial conditions were provided since the filter diverges,
indicating that there is an observability problem. Increasing the variance

of the range rate measurement noise by two orders of magnitude increases
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only the time average of the standard deviations of the error and the
time average of the square root of the filter's conditional variance

for the same interval along the estimated I0S for position, velocity,
and acceleration with the increase approximately 40 percent. If the
range rate measurement is not available, the CTRI filter still is able
to estimate the states from perfect initial conditions without diverging.
The CTRI filter is most sensitive to variations in the accuracy of the
measurements of the error angles while the accuracy of the range and

range rate measurements are not as critical.

Recommendations

The GMI and CTRI filters should be developed with noise added to
the measurements provided by the IMU and with a dynamics model for the
tracker. The use of an imperfect IMU would affect the propagation (by
noisy attacker velocity measurements) and the update (by the noisy trans-
formations from the earth-fixed reference frame to the attacker's body
axis) for both filters. Also, the GMLOS filter should be modified to
include the tracker dynamics. These new models would allow evaluation of
filters that more nearly represent the actual system that would be imple-
mented. Then these filters should be evaluated versus several different
trajectories to insure that the trends identified in this thesis are also
true for the more realistic models.

Additional evaluations of the effects of different update rates
should be accomplished with the CTRI filter retuned for each different
update rate with pseudonoise added to compensate for the dependence of
the filter on an erroneous dynamics for longer periods as the sample
period is increased. Further, the MI filter should also be included
in this evaluation since it is certainly a good candidate for implementa-
tion.

101




‘The rabustness of the GMIOS. &, and CTRI filters using the new
models discussed above should be evaluated to determine the effect of
variations in dynamics and measurement model parameters, dynamic driving
noise statistics, and measurement noise statistics.

All three filters should be investigated to explore the effect of
a retuning effort on the mean errors, standard deviations of the errors,
and the peak mean errors. The filters should be tuned to match the filtar's
camputed cenditional variances with the root mean square of the true errors
comitted by the filter to guard against severe biases.

The recovery from bad initial conditions of the three filters should
be investigated since this issue was not addressed in the results presented
in this thesis. If additional robustness is required, a constant gain ex-
tended Kalman filter implementation should he explored.

Finally, if the retuning of the filters does not provide substantially
better performance, the addition of a hias correction term or the use of
adaptive Kalman filter techniques should be explored to provide the desired
reductions of the mean errors, standard deviation of the error, and peak

mean errors.
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APPENDIX A

Coordinate Transformation

General

Two coordinate transformations were calculated by the filter used
for this thesis. One was the transformation of a vector coordinatized
in the earth-fixed reference frame coordinates to the estimated LOS co-
ordinated frame (and its inverse) and the other was the transformation
of a vector coordinatized in the attacker's body frame reference system
to the estimated IOS coordinate frame ocoordinates (and its inverse).
(These axes systems are defined in Section II and Section III.) Both
transformations involved only rotations about two axes; the correspond-
ing axis for each transformation had no rotation. Furthermore, the
Euler angles n and v with rotations in that order were similarly defined
for each transformation, and both transformations used the right hand
rule to determine positive rotations. Therefore, only one transformation

form was required.

Transformation Development

The transformation from coordinate frame A to coordinate frame B
with the constraint that the yg-axis 1. nained in the plane of the xp-yp
axis required only two Euler rotation angles n and v to completely deter-
mine the transformation. By convention, the first rotation occured about
the zp~axis as shown in Fig A-1 to an intermediate coordinate frame C.
The transformation 'I‘zI\‘ of the unit vectors xp, y,, and 2zp of coordinate

frame A to the unit vectors xc, yc, and zc of coordinate frame C is given

by

Xe cos n sin n 0 Xp Xp
Yyc| = |-sinn cosn O Ya aTé Ya (A-1)
Zc ¢] 0 1l Za - zp
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The second rotation about the yec-axis (shown in Fig A-2) in which the
unit vectors X, yo, and zp of the C coordinate frame were transformed

to the unit vectors Xgr Ypo and z. of the B coordinate frame is given by

xB cos v. 0 =-sin v xC xC
vy | = 0 1 0 Yo =T% Yo (A-2)
2z sin v 0 cos V 2~ zao

Combining the transformations in the proper order, the transformation 'I‘é

from the A coordinate frame to the B coordinate frame is given by

cncev sncv -SV
=T = | -sn en 0 (A-3)
cnsv snsv cv

where ¢ and s denote cosine and sine, respectively.
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APPENDIX B

Graphical Results of the Effect of Increasing Number
of Monte Carlo Simulations on Solution Accuracy
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APPENDIX C

Grpahical Results for the Gauss-Markov
Line of Sight Filter
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APPENDIX E

Graphical Results for the Constant Turn Rate
Inertial Coordinate Filter
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APPENDIX F
Graphical Results of the Effect of Variations in

Update Rates on the Performance of the Constant
Turn Rate Inertial Coordinate Filter
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APPENDIX G
Graphical Results of the Effect of Variations in

the Range Measurement Noise on the Performance of
the Constant Turn Rate Inertial Coordinate Filter
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APPENDIX H

Graphical Results of the Effect of Variations of
the Error Angle Measurement Noises of the Performance
of the Constant Turn Rate Inertial Coordinate Filter
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APPENDIX I

Graphical Results of the Effect of Variations of
The Range Rate Measurement Noise on the Performance
of the Constant Turn Rate Inertial Coordinate Filter
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