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1. Introduction. Recently there have been significant

attempts for extending the well-understood theory of stationar§
processes to classes of nonstationary ones by many writers.
These are motivated by real applications. Some of these efforts
have been illustrated and analyzed in [31]. A class which

bas a superficial structural similarity is the harmonizable
family. This class was originally introduced by Loéve (cf.[21]).
A closely related but a more general concept is due to Bochner
[2] for essentially the same purpose. Slightly later, Rozanov
[34] has also defined a concept, also called "harmonizable",
which is weaker than that of Loéve's. Each of these notions

is inspired by the stationarity of Khintchine's (also termed
wide sense or weakly), but each is different from one another.
For a systematic study of these classes, it is necessary to
determine their interrelations. One of the main purposes of
this paper is to present a detailed and unified structural
analysis of these processes and obtain characterizations of

the respective classes. This involves a free use of some
elementary aspects of vector measure theory; and it already
raises some interesting problems to be resolved. One finds

that Loéve's definition is more restrictuve than Rozanov's,

and that Bochner's concept is mathematically the most elegant
and general. Further in the Hilbert space context, it is .?
shown that Bochner's and Rozanov's concepts coincide. An
interesting geometrical feature is that the Bochner class is

always a projection of a stationary family. Also Bochner's




concept is based on Fourier vector integration and this identi-

fication yields different characterizations, one of which
extends a result of Yelson's [12] to certain Banach spaces.
Further, in many cases, it results that a process of Bochner-
Rozanov class is a 'pointwise' limit of asequence of harmon-
izable processes in the sense of Loéve. A brief account of
various contributions, for comparison, is appropriate at this
point.

Soon after introduction of the harmonizability concept
by Loéve in the late 1940's, an abstract generalization of
it was considered by Cramér [3]. His is a very general
notion, but it only has a superficial contact with Fourier
analysis. In a key special case, the first step relating the
stationary and Loéve harmonizabile concepts was taken by
Abreu [l]; and it stimulated much later work. On the other
hand in the middle 1950's Kampé de Fériet and Frenkiel (cf.
[15]), [16]), and independently Parzen and Rozanov, have con-
sidéred processes which are generalizations of stationary as
well as harmonizable types, and which are usually different
from those of Cramér noted above. However, they retain some
contact with Fourier analysis, and are sometimes referred to
as "asymptotically stationmary'. A detailed analysis of this
work and some generalizations are discussed in [31] where
further references can be found. The decisive step in extending

the stationarity concept is that of Bochner's as the following

work will demonstrate. Apparently unaware of this work in [2],




Rozanov [34] has initiated an abstract study of spectra for

a class labelled "harmonizable'" which with a careful study

turns out to coincide with Bochner's class for second order

processes, and strictly includes that of Loéve's. But a

systematic study of Bochner and Loéve classes in Hilbert space

was given only by Niemi in his thesis [26] who showed that

they are different types of Fourier transformations of certain

Hilbert space valued measures. He also established essentially

that the Bochner class in Hilbert space is the projection of

a stationary family in [27] and [28]. The latter point was

clarified and the same result was obtained by slightly different

methods in [22]. Recently an extension of the last work was

announced in [33]. I have presented most of the material in

Sections 2 - 6 in my graduate seminar lectures in the academic

year 1979-80. The following account is a refined version of it.
The key domination inequality, on which the projection

or '"dilation" results noted above depend, itself is based on

an aspect of some results of A. Grothendieck's. The methods

of [22], [27] and [28] rest on A. Pietech's rendition of

Grothendieck's work, whereas in what follows this is based

on some properties of the theory of p-summing operators from

[20]. I believe that this yields a better understanding of

the problem with additional insight, not afforded by the

earlier work. Thus the present paper is devoted to a compre-

hensive, unified, and extended treatment of the structure of

the classes of Bochner and Rozanov. It is of some interest




{ to note that an essentially equivalent characterization of
Bochner's Hilbert space version could be obtained from the

| early paper of Phillips' [29], which seems to have been over-
looked by almost all the vector measure theorists and stochas-
tic analysists. It is, in a sense, subsumed under a relatively

recent work of Kluvanek's [19]. The relevance of [29] will

be noted at appropriate places below. But most of all, Bochner's

paper [2] has not been accorded the central place it deserves

g

in the probabilistic treatments on the subject. I hope that
the present work will bring the many key ideas of [2] to the
! forefront.
The structural analysis here is thus developed mostly
* ? for scalar processes, but irncluding random fields and some
; miltivariate indications in the last section, in order to lay
out a basis for later research on prediction and filtering
problems on them. Some of these applications were indicated

in [2] and detailed analysis on filtering for Loéve type (to

be called strong hereafter) harmonizable processes was recently
completed in [18] for "polynomial filters'. This has to be
extended for the Bochner-Rozanov type (termed weak below)
harmonizable processes. In this latter work it turns out that
the theory of bimeasures and the (non-absolute) integration

of Morse and Transue ([23], [24]) will take the center stage.
This difference has not been fully appreciated in the literature.
(The most comprehensive and precise characterizations are
summarized in Theorems 7.3 and 7.4.) For vector valued

processes in both (weak and strong) cases, some new technical




problems have to be resolved. The same is true of random

fields on general locally compact groups. All these aspects
are important in applications. Except for some indications
in Sections 7 and 8, no specialized applications are detailed
at the present time. For accessibility and convenience, the
next three sections treat harmonizable processes, and the
remaining five consider the more general random fields, with
a natural transition. However, an essentially self-contained
exposition (modulo some standard measure theory) is presented
here.

Let us now introduce the terminology and present precise
and analytical details of the preceding discription. Throughout
the paper the following notation is used: R for reals,
for complex numbers, Z for integers, R" the n-dimensional
number space, LCA for locally compact abelian, and E for
expectation. Also a step function is a mapping taking finitely
many values on disjoint measurable sets and a simple function h
on a measure space is a step function vanishing outside of a

set of finite measure. Usuallyover bar denotes complex con-

jugation. Other symbols and terms are explained as they occur.




2. Harmonizability and statiomarity. Let (Q,Z,P) be a

probability space and LZ(Q,Z,P) s OY LZ(P) for short, be
the space of (equivalence classes of scalar square integrable j
functions (= random variables) on Q . Let L%(P) be the

subspace of elements of LZ(P) having zero mean values, for

i coant O A o

convenience. Then LS(P) (as well as LZ(P)) is a Hilbert
space under the usual inner product (f,g) = [ fgdP , and a |
Q -

mapping XIR - L%(P) is called a stationary time series or ]

process (in the wide or Khintchine sense, and this qualification

will be omitted below), if for any s,t in R , the covariance

r(s,t) of X(s) , X(t) depends only on the difference s - t .
Thus r(s,t) = r(s-t) where

r(s,t) = E(X(s)X(T)) = IQX(S)fTE) dP = (X(s),X(t)), s,t&R. (1)

The following analysis is valid in an abstract Hilbert space

X if the "covariance" is interpreted as its inner product,
without reference to a underlying probability space. However,
this is not really a generalization since any Hilbert space .
is isomorphic (and isometric) to an LZ(Q,f,F) on some proba- i
bility space ({,%,P) , (cf., e.g., [32], p. 41l4). Thus in
the following L%(P) , Or an abstract space X , may (and will)

be considered according to convenience.

Observing that r(s,t) is of positive type (= positive
[semi-] definite), assume that 1r(-,*) 1is jointly measurable
which is implied by the measurability of the random function
{X(t),t €R} . 1In the stationary case by Bochner's classical

theorem, there exists a bounded, unique, nondecreasing function




F:R » KX such that
r(h) = f eith dF(t) , a-a-h €R , (Lebegue) , (2)
R

and conversely every such F defines by (2), a measurable
(even uniformly continuous) covariance r . Then by the
classical Kolmogorov existence theorem (cf. e.g., [6], p.

608 ff; [32], Ch. I for this theorem and extensions), one
deduces the existence of a probability space (Q,Z,P) and

a stationary process on it with r(*) as its covariance.

It may be remarked that in (2), in the original (1932) version
Bochner assumed that r(-) 1is continuous, but soon after in
(1933) F. Riesz showed that measurability itself yields the
form (2). This general case was also used in [29].

The function F of (2) is called the spectral distribution

and the Baire measure u it generates (by u:A w» IAdF) is

its spectral measure. One verifies that ({X(t),t € R} is

mean continuous (i.e., E(|X(s) - X(t)lz) +0 as s~»¢t),

iff (= if and only if) its covariance r(-,*) is continuous

on the diagonal of R xR (cf., e.g., [21], p. 470). Thus
the stationarity is such a restriction that its measurability
and validity of (2) everywhere implies the mean continuity of
the process! So for some applications, it is natural to weaken
the hypothesis of stationarity, retaining some representative
features. This has been done by Loéve under the name 'harmon-
izable'". For the reasons noted in the introduction, it will
be called strongly harmonizable. This is stated as:

Definition 2.1. A process XIR -+ Lg(P) with covariance




r(s,t) = E(X(s)X(t)) , is strongly harmonizable if r is the

Fourier transform of some covariance function p:R xR =+ T

of bounded variation, so that one has,
. N 1
r(s,t) = [ [ ¥ I s ,an) , s, €R . (3)
RR

Evidently if p concentrates on the diagonal of R xR ,
then (3) reduces to (2). Note also that r is bounded and
uniformly continuous. Eventhough (3) 1is a natural general-
ization of (2), one does not have an elegant characterization
of an harmonizable covariance. 1In fact Loéve has raised this
problem ([21], p. 477). A solution of it was presented in
([30], Thm. 5). It is not effective in that the conditionms
are not easily verifiable, though the characterization does
reduce to Bochner's theorem in the stationary case.

The preceding comment shows that the concept of strong
harmonizability, though an apparently natural generalization
of stationarity, does not have an efficient procedure which
enables its early recognition. There is however another real

drawback. Since strong harmonizability is derived from sta-

tionarity (so that every stationary process is harmonizable),
consider a'partial’ series {X(n), n € Z} of a stationary
series {X(n), n €Z} so that r(m-n) = E(X(m)X(n)),

X(n) € L(ZJ(P) , where X(n) = X(n) for finitely many n €Z ,

it 5 oAl ey 1T R

and =0 for all other n €Z . Then it is clear that

{X(n),n €Z} is strongly harmonizable. However if X(n) = X(n)




for infinitely many n , and = 0 for all other n , then 1

{X(m), n €z} 1is not necessarily strongly harmonizable, as .

the following simple counterexample illustrates: Let

o ®

{fn,n €Z} < L%(P) be a complete orthonormal set (assuming i

P to be a separable measure). Then r(m,n) = 8 en = r(m-n).

-n
So {fn,n € Z} 1is trivially stationary, and o

™ .
r(m-n) = [ el (m=n)y % , m,n €Z . 4
-1

Let fn=fn,n>0,=0 for n=< 0. Then ¥#(m,n) =

E(f‘m%n) =1,1if m=-n>0, =0 otherwise. But ¥ does E

not admit the representation (3) for a covariance p of the
desired kind. 1Indeed, if (3) 1is true for some such p , then
¥(m,n) will be its Fourier coefficient such that #(m,n) is
only non vanishing on a ray (m = -n > 0) . It is a consequence
of an important two dimensional extension by Bochner of the
classical F. and M. Riesz theorem that o must then be abso-
lutely continuous relative to the planer Lebesgue measure with

density o' . Hence

i J‘" ol (mxtny)

o=

r(m,n) =£ p'(x,y) dxdy .

But this implies fT(m,n) - 0 as |m|+|n] + = by the Riemann-
Lebesgue lemma, and contradicts the fact that r(m,-n) =1

as m=-n - ® , Hence T can not admit the representation

(3) so that {fn,n €2} 1is not strongly harmonizable. This

example is a slight modification of one due to Helson and

Lowdenslager ([13], p. 183) who considered it for a similar

purpose, and is given in [1] for a related elucidationm.
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The preceding example and discussion motivate us to
look for a weakening of the conditions on the covariance
function leading to the rebresentation (3) since it is natural
to expect each subset of a stationary series to be included
in the generalization, retaining the other properties as far
as possible. Such an extension was successfully obtained in
two different forms in the works of Bochnmer [2] and Rozanov [34].
The precise concept can be clearly stated only after some de-
tailed preliminaries.

The measure function p of (3) has the following properties:
(1) ¢ 1is positive definite, i.e.

p(s,t) = p(t,s) ,‘g .g a135 p(si,sj) 20 ,a; €€, (4
i=1 j=1

(ii) p is-of bounded variation, i.e.,

n n
sup{z £ [ [ Ip(ds,dt)l:Ai,B. € 8, disjoint} <=, (5)
i=1 j=1 "A; "B, J

where 8 is the Borel c-algebra of R . If F:8 x 8 * & is
defined by F(A,B) = [ [ o(ds,dt) , it follows from (4) and
AB

(5) that there exists a complex Radon measure u on ]R2

such that F(A,B) = (A ® B) , where A® B €8 ®8 , and u

is positive definite. On the other hand, the defining equation
of F implies that F 1is positive definite (so (4) holds

with p(si,sj) replaced by F(Ai’Aj)) and (5) becomes

n n
V(F) =sup { T £ |F(A,,B:.)]| : Aj,B; €7, disjoint } < =. (5')
= j=1 1°7] J

But (3) is meaningful, if p 1is replaced by F under the

following weaker conditions.




Let F : 8 x8 » € be positive definite and be c-additive
in each variable separately. Equivalently, if n(R,8) is the
vector space of complex measures on 8 , let v(A) = F(A,*),

A €g so that v:8 » hW@R,8) 1is a vector measure. By symmetry, , 1

v:B~= F(-,B) is also a vector measure on 8 = M(R,8) . But

m@{R,8) = X is a Banach space under the total variatior norm, ;

and hence v (as well as ¥) has finite semi variation by a

; classical result (cf. [8], IV.10.4). This means,

n
IVl @®) = sup{”izlaiv(Ai)HI: la; [<1,A; € B,disjoint} < = . (6)

Transferred to F , this translates to:

n n
IFI® xR) = sup{ £ T a,3, F(A;,A;):A, € & , disjoint,
i=1j=1 *J 177371

]ail <1} <>, (7

When (7) holds, F:8 x 8 » T will be called a E-bimeasure

of finite semi wvariation. It should be noted that the

replaced by finite adaitivity and continuity of F from above

|

o-additivity of F(+,*) in each of its components can be }
at ¢ in that lF(An,An)l +0 as A 4 ¢ . The desired l
I

generalization follows from (7) if it is written in the following

n n
form. Let ¢ =T a,x and ¢ = I b.x A, €8 , B, €8
i=1 1784 j=1 7By 7 1 >3

; and each collection is disjoint. Set

n n
I(w,¥) =iE jE aiajF(Ai’Bj) . (8)

Clearly I 1is well-defined, does not depend on the representa-

tion of @ or ¥, and I(p,p) 20 . So (o,¥) = I(p,V) 1is
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a semi-inner product on the space of B-~step functions. Hence
by the generalized Schwarz's inequality one has:
1160, ) 1% = T(2,0)1(4,¥) - (9)
Taking suprema on all such step functions ¢,V such that
loll, =1, Hwnus 1 ([-l, is the uniform norm), one deduces
from (9) and (7) that

n n
: !
17l ®aR)<sup{| z. jglaiFjF(Ai,Bj)l.Iailﬂ.lbj 1<1,4:,8; € &,

disjoint} = ||FI@R xR) , (s V(F)) . (10)
Thus ||F||@R x R) can be defined either by the middle term i
(as in [34))or by (7). For a bimeasure, [[Fl@R xR) is also
called Fréchet variation of F (cf. [23], p. 292.) and V(F)

the Vitali variation, (c£.[23], p. 298).

It should be emphasized that a set function F which is
only a bimeasure (even positive definite), need not define a
(complex) Radon measure on ]R2 . In fact such bimeasures do
not necessarily admit the Jordan decomposition, as counter |
examples show. Thus integrals relative to F (even if
IFl@R x R) < «) cannot generally be of Lebesgue-Stieltjes type.
Treating v:A » F(A,*),A € 8 , as a vector measure into N(R,8),

one can employ the Dunford-Schwartz (or D-S) integral (cf.

[8], IV.10), or alternately one can use the theory of bimeasures
as developed in ({23], [24]) and {39]. This is the price

paid to get the desired weakened concept, but it will be seen

that a satisfactory solution of our problem is then obtained,

and both these integrations will play key roles.
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Let us therefore recall an appropriate integration con-
cept to be used in the following. 1In ([34], p. 276) Rozanov has
indicated a modification without detailing the consequences.
(This resulted in a conjucture [34,p, 283] which will be resolved
in Section 7 below.) Instead, a different route will be
followed; namely the integration theory of Morse and Transue
will be used from [24] together with a related result of Thomas
([39], p. 146). However, the Bourbaki set up of these papers
is inconvenient here, and they will be converted to the set
theoretical (or ensemble) versions and employed.

Let F:8 x B + T be a bimeasure, i.e. F(-,B), F(A,*)
are complex measures on 8 . Hence one can define as usual
(I81,111.6),

I,(£,A) = j;RE(t) F(dt,A) . (11)

for bounded Borel functions £fIR + & . Then fl(f,-) is a
complex measure and in fact fl:ﬁ -+ B(R,8,LC), the Banach space
of bounded complex Borel functions under the uniform norm, is
a vector measure. So one can use the D-S integral (recalled
at the beginning of the next section), defining

I,(f,8) = (QRE(c>i1(dt>><f) €t , (12)

where £f,g are Bounded Borel functions. Similarly starting ‘.
with F(A,:) one can define Iz(f,g) . In general

1,(£,8) # I,(£,8) . 13
In fact the Fubini theorem need not hold in this context.
For a counterexample, see ([24], §8). If there is equality
in (13), then the pair (f,g) is said to be integrable relative

to the bimeasure F , and the common value is denoted I(f,g)




e — i ——

B, .

and symbolically written as:
I(f,g) = [ [ £(s)g(E) F(ds,dt) . (14)
RR :

This is the Morse-Transue (or MT-) integral. While a char-

acterization of MT-integrable functions is not easy, a good
sufficient condition for this can be given as follows, (cf.

{24], Thm. 7.1; (39], Théoréme in §5. 17) If f,g are step

functions, so that £ = T a, Xy > & ™ 2 bij ,» then clearly
1-1 1%y j=1 4%
I(f,g) always exists and
n
I(f =3 Z . 1
(f£,8) 1=1 j=1 aij F(AisB (15)

Next define for any o 2 0 , ¢ 2 0 , Borel functions,

i(@’w) - sup{lI(f,g)l: lf‘ 29, ‘g| <¢ , f,gBorel 1,
step functions

and if u,v are any positive functioms,

I*(u,v) = inf{I(p,¥): o 2 u, ¥ 2 v, o, ¥ are Borel]. (16)
Now the desired result from the above papers is this: If
(f,8) 1is a pair of complex functions such that Il(f,g) and
I,(f,g) exist and 1*(|£f],|g]) < » then (£f,g) 1is MT-integrable
for the T-bimeasure F . 1In the case that the bi_measure F
is also positive definite and has finite semi _variation, then
each pair (f,g) of bounded complex Borel functions is MT-
integrable relative to F . Moreover, using the notations of
(7), one has

|T(£,8)| < Il - lgl,- lsll, » (17)

where ||F|l = ||IFIl@R xR) . It should be noted, however, that
the integrability of (f,g) generally does not imply that of
(1£],18!) , and the MT-integral is not an absolutely continuous

functional in contrast to the Lebesgue-Stieltjes theory, as




X
|
|

!

.l
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already shown by counterexamples in [23] and [24]. Fortunately
a certain dominated convergence theorem ([24], Thm. 3.3) is
valid and this implies some density properties which can and
will be utilized in our treatment below. Also f is termed
F-integrable if (f,f) is MT-integrable. If f = fl - f2 +
i(fa'f4)’fi 20, then f 1is strongly F-integrable if each

fi is F-integrable, i = 1,---4 . Note that, thus far, no
special properties of IR were used in the definition of the

MT-integral, and the definition and properties are valid if R

is replaced by an arbitrary locally compact space (group in thé

present context). This remark will be utilized later on.

With this necessary detour, the second concept is given as:
Definition 2.2. A process XIR *,L%(P) , with r(-,:) as
its covariance function, is called weakly harmonizable if

r(s,t) = I(elsC), 10y o fmfmeis*'m'ndx,dx'>,s,cen, (18)

relative to some positive definite bimeasure F of finite
semi variation where the right side is the MT-integral. [Some-
times F 1is called the "spectral measure" of «r-]

In particular r is continuous and bounded, (by (17)).
Moreover, if F 1is of bounded variation, then the MT-integral
reduces to the Lebesgue-Stieltjes integral and (18) goes over
to (3). The following work shows that the process of the
counterexample following Definition 2.1 is weakly harmonizable.
Later several characterizations of weak harmonizability will

be given, using the fundamental work of [2] and related ideas.




3. Integral representation of a class of second order processes.

In order to introduce and utilize the 'V-boundedness' concept
of Bochner's, it will be useful to have an integral representation
of weakly harmonizable processes. This is done by presenting
a comprehensive result for amore general class including the
(weakly) harmonizable ones., It is based on a method of Cramér's
[3], and the resulting representation yields by specializations
both the harmonizable, stationary, Cramér class of [3], as well
as the Karhunen class (defined below). This is detailed as
follows.

Recall that if (0,,G) is a measurable space (i.e., G
is a o-algebra of the set Qo) and X a Banach space, then

a mapping Z:G + X 1is called a vector measure if Z is

c-additive, or Z(.ﬁlAi)=‘§1z(Ai), A;€G, disjoint, the series
1= 1=

converging unconditionally in the norm of Y . If X = L%(P)

where (Q,Z,P) 1is a probability space, then a vector measure

is sometimes termed a stochastic measure. The integration of

scalar functions relative to a vector measure Z is needed,
and it will be in the sense of Dunford-Schwartz ([8],IV.10).

n
This may be recalled quickly. If f£=1T a

LA, €6,
=l i

iXay
disjoint, then as usual

jAf(s)Z(ds) -iglaiZ(AﬂAi) €Y ,Ac€aq. (19)

Now if g:0g » L is G-measurable, and 8, are G-step functions
such that g, * 8 pointwise, then g 1is said to be
D-S integrable if for each A € G ,{[ g (8)Z(ds),n 21} c X

A

O T AMATYR A . 4=

e i




f—

is a Cauchy sequence. Then the limit, denoted 8y > of this

sequence is called the integral of g on A , and is denoted
as
J 8(s)Z(ds) = 1im [ g (s)Z(ds), A € G . (20)
A n+e A .
It is a standard (but non-obvious) matter to show that the
integral is well-defined, independent of the sequence used,
and the mapping A~ [ g(s)Z(ds) is o-additive on G ,and
A
gv ng(s)Z(ds) is linear. Also

HIAs(s)z(ds)H < gll, llzlia), £ € BCa,,q,E) , (21)

where [|zl|(-) 1s the semivariation of 2z (cf.(6)) which is
always finite on the c-algebra G . ([If G 1is only a $-ring
and Qo £ G, then Z need not have finite semi variation on
G .] The dominated convergence theorem is true for the D-S
integral. (See [8], IV.10, for proofs and related results.
The latter exposition is very readable and nice.)

The general class noted above is the following:
Definition 3.1 A process X - L%(P) , with covariance
r(+,+) , is said to be weakly of class (C) (C for Cramér) if

(i) there exists a covariance bimeasure F on R xR of
locally bounded semi variation in the sense that
n n
F(A,B) = F(B,A), T < aiEEF(Ai’Aj)ZO’ a,€ g, Ay bounded,
i=1 j=1
AiGB,lsiSn , and for each bounded Borel A CR , if 8(A) =
{ANB:B € 8} , then
n n
Il (AxA)=sup{ ‘ iE]_jE]_aiEj-F(Ai’Bj) | : |ai|51’ ‘bJ ‘sl:
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(i1) there exists a family gtﬂR + T of Borel functioms,
t €R , such that I(Igsl,lg—sl) <w,s €ER , where I denotes
the MT-integral relative to F , such that one has (gt(X)

is often written as g(t,\) and 8¢ is strongly MT-integrable):
T(s,8) = Leg,Bp) = [ [ g, IETIF@,") , st €R . (22)

Remark. Note that in this definition F can be given by a

covariance function p since then for A = [a,b), and B = [c,d)
one defines (AZF)(A,B) as the increment p(b,d) - p(a,d) -
p(b,c) + p(a,c) and extend it to B8 x 8 . Also in (22) it
is possible that [[F|[QR xR) = « . If F has finite variation

on each compact rectangle of lR2

, then F determines a

locally bounded complex Radon measure, and the above class
reduces to the family defined by Cramér in [3], and called
class (C) and analyzed in [31]). If J||F|@® xR) < «» , then

ier so that the weakly harmon-

one can take gt(k) = g(t,A\) = e
izable class is included. Again it may be noted that R can
be replaced by a locally compact space or an abelian group
in (22) so that R® or the n-torus T" is included.

To present the general representation, it is necessary
also to note the validity of the D-S integration embodied
in (20), (21) when the set functions are defined on arbitrary
§-rings instead of c-algebras, assumed in [8]. Further our
measure Z:8 + I has the property that it is Baire regular
in the sense that for each A €8 and ¢ > 0 , there exist

a compact C € 8 , open U € § such that C< A c U and




20

lz(D)|| < ¢ foreach DE€R ,DcU~C , where # 1is the
Baire (= Borel here) o-ring of R . Even_if R 1is replaced
by a general locally compact space S , and 8 is its Baire
o-ring and Z:8 + X is o-additive, then 2z 1is Baire regular
and has a unique regular extension to the Borel o-ringﬁof S
and actually Z concentrates on a o-compact Baire set So < Ss.
Moreover if Z is weakly regular in that x*Z 1is a scalar
regular signed measure x* € X* , then Z is itself regular.
(See [19], pp. 262-263 for proofs and simple modifications
needed for the results of [8], IV.10.) In each case the vector
measure Z has finite semi_variation on bounded sets in 8 s (cf. L

(6) where 8 1is replaced by the ring generated by all bounded

Baire sets for S). 1If 8,8 is the class of all bounded

sets (a set is bounded if it is contained in a compact set),

then it is a 8-ring, and the D-S integration of a scalar function
relative to 2:8, X holds as noted above. With this under-

standing the following is the desired general result.

Theorem 2.2. Let XIR - L%(P) be a process which is weakly

of class (C) in_the sense of Definition 3.1, relative to a

positive definite bimeasure F of locally finite semi variation,

and a family {gs,s € R} of strongly MI-integrable functions

for F. Then there exists a stochastic measure Z:lBo -+ L%(?)

where Bo is the &é-rimg of bounded Borel sets of IR , and
(4,%,P) is_an enlargement of (0,Z,P) so L%(?)DL%(P), such that

(1) E(Z(A)-Z(B)) = (Z(A),2(B)) = F(A,B) , A,B €8,
(ii) X(t) = %Rg(t,X)z(dX) , t €R (23)
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where the integral is in the D-S sense for the 6-ring ﬁo .

Conversely, if {X(t),t € R} is a process defined by

(23) relative to a stochastic measure Z:8, 4.LS(P) and a

family {gt,t € R}, D-S integrable for 2Z and 8, , then it

is weakly of class (C) relative to F defined by F(A,B) =
E(z(A)*Z(B)), A,B € 8, » and {gt,t € R} is strongly MT-
integrable for F . Moreover, if ¥, = sp{X(t),t € R} and

X
Hz = sp{Z(A),A € ﬁo} in L%(P) , then By = ¥, when and only

when the {gt,t € R} has the property that [ [ f(X)EE(k')
RR

F(,dA') =0, t €R , implies [ [ £QA)EQ')F(dr,d\') = 0 both
R'R
being MT-integrals.

Proof. The basic lay out is that of [3] where the classical
integrals there will have to be replaced by the D-S and MT-
integrals appropriately. Since the changes are not immediately
obvious, the essential details are spelled out so that in sub-
sequent discussions, such arguments can be compressed.

For the direct part, let the process be weakly of class
(C) . Then its covariance r admits a representation (with
the MT-integration) as:

r(s,t) = E(X(s)X(t)) = %RgRgs(x)gg(x')F(dx,dx') . (24)

Since F 1is a positive definite bimeasure, if L% =

(£: [ [ EQOEQN")F(AN,d\") = (£,£), < = , f strongly MI-integrable
R IR

for F} , and since IF(f,f) = (f,f)F 2 0 , the earlier dis-

cussion implies {L%,(-,')F} is a semi-inner product space,

and g, €12, t €R . Let T:L2 » ¥, be defined by

F X

T:gst* X(s) . Then (24) implies
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(Tgs,Tgt)ux = (85:8¢)p » St €R . (25) |
2 ,

Thus T 1is an isometric mapping of A% = sp{gt,t €ER} c LF

e

onto ux where T 1is extended linearly to A% from its
generators,
Suppose first that A% is dense in L% . By ([24], Thm.
| 11.1) every Borel function with I*(|£[,|£]) <= is in L2,
§ so that, in particular x, € L% for each A € 8, since F |
; is locally of finite semi variation. By the density of A% &
| in L% » there exists an element Z, € ¥, such that Ty, = 2, . &

X
| If A,B € Bo » then

E(ZA'ZB) = (TXA’TXB)HX = (XA’XB)F = F(A:B) ’
and if A N B = ¢ also holds, then
. 2
EC(1Zyyp - Ay = 2g]™) = Oyup = x4 = Xg» Xaup = Xa = Xgdp = O
! since F 1is additive in both components. Thus Z(_):ﬁ -

o]
2 ®
Hy © LO(P) is additive. 1If {Anh S8, ,A =n:1An € 8, , then
n |2 ol 2
E(IzA -2z, I7) = E(lz, +2Z -z AA.I )

i=1 i>n L

2
= E(|z 1y = F(UA; , UA;,) =+ 0
iEnAi i>n * 'i>n T

as n -+ o , since F 1is continuous at ¢ from above (cf.,
discussion after (7)). This Z is o-additive on 8, and
hence is a stochastic measure there. Clearly Hz < ux .
Since {gt, t €R} 1is dense in L% » Xy € L% , and each g,

is strongly MT-integrable for F , there is a sequence

2
gti* X4 in Lp so that (gti-XA’gti Xq)p * 0 . Hence by
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2 .
the isometry E(lXti- ZAI ) + 0 so that {z,,A €8} is

also dense in ﬁx . Thus ux = uz , and each element in ¥
2

corresponds uniquely to an element of LF s
of L%, and where elements h € f% with (h,h)F =0 and O
are identified. Let Y(t) be defined as /

Y(t) = f]Rgt(A)Z(dl) €H, = Uy (26)

where the right side is the D-S integral on the §-ring By -

Z :
the completion ‘ ;

But then

(Y(s),Y(t)) <£Rgs<k>z<dk) » [g.0z(@h)

I [ 8,008 T) F(ar, ") ;
R R I
which holds if 8 is a ﬁo-measurable step function and the
general case follows by ([24], Thm. 3.3) since 8 is strongly

MT-integrable. Thus ng =Y(s) € ¥ But then T being 3

X L]
an isometry and Tg = X(s) , it follows that X(s) = Y(s) a.e.
So (26) implies (23) in the event that A% is dense in L% .
For the general case where KF = f% e K% is nontrivial

where '"bar'"' again denotes completion, let {ht,t € R} bea

basis of A2 If R=R } R . is a disjoint sum to give a

F L]
new index, let és =g, for s €R, =h, for s ¢ R , then

{és,s € R} is dense in f% . So by the preceding case, by

extending T to r from L% -+ L%(E) where (Q,%,P) is
possibly an enlargement of (Q,Z,P) (cf. e.g. [32], p. 82) j

with Xy = 2y € L%(?) » since all the és are strongly MT-integrable, ]
T(s) = [ B (MZ(@h) € Lo(®) . @n

Then as before ?(s) = X(s) for s €R , and (23) holds again.
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Note that in this case By, O Hy properly.
Conversely, let {X(t),t € R] be a process defined by
n
(23). Let F(A,B) = (Z(A),Z(B)) and &n =izlaiXAi , Ai,A,B

in 8, - Then for the D-S integral (23) one has

n n __
IFll(a,a) = sup{iz1 jzlaiaj F(Aj,A5): A; € 8(A), lag| = 1)
- supl] £ 2zl lagls 1, 45 € 6]
< [zl (A)<=, A € 8, .
Thus if Xgn = %Rgn(l)z(dk) , one has with h anotﬁer such
step function,
E(X_ X = MBE_(N)F@A,d") . 28
( g, hn) %R%Rgn( Yh (VPHF( ) (28)

Now given 8 € L% which is strongly MT-integrable, by ({[24],

P. 493) the "Riesz components" of g, (i.e., gg = re(gs)+ -

re(gs)’ + i(im(gs)+ - im(gg)-)) can be approximated by suitable
Borel step functions {gn}°° c L% such that g, 6 + g, pointwise
lg,| = lgg] and similarly with g, * & such that I(g ,E) -

I(gs,gt) . Applying this to (28), one obtains

QRQRgs<X)8Eff')F<dX’d*'> 1§mﬁRﬂRgn(*)§n(*>F(d*’dl')

= lim (X ,X~

n &n &n
= 1i ), [ g ")z(an'
in([ g, ()Z(A), ] 8, 0)2(D"))

= (%RgS(X)z(dx),%Rgt(X)z(dx)), since

for the D-S integral the dominated

convergence holds,
= (X(8),X(t))= r(s,t). (29)
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This shows {X(t),t € R} is of weakly class (C).

Regarding the last assertion, it is evident that
{g;,s €R) is a basis in L2 iff I(f,g,) =0 , t €R implies
I(f,£f) = 0 . This is clearly necessary and sufficient for
Hz = NX since otherwise, with possibly an enlargement of the
underlying probability space) By, 2 Uy and H, = Hg in the
notation of (27). This completes the proof.
Remarks. 1. If F 1is of locally finite variation, then it
defines a locally finite (i.e. finite on compact sets) complex

Borel (= Radon) measure in the plane ]R2

, and then the
MT-integrals for F reduce to the Lebesgue-Stieltjes integrals.
Thus I(gg,8;) < = is equivalent to I(Igsl,lgsl) < » and

the above result reduces to Cramér's theorem of [3]. However,
for the general case of bimeasures (as here), this is no longer
true (cf. [24]), p. 497).

2. The above theorem is true if TR 1is replaced by a

locally compact space, since no special property of R 1is

used. Only the concept of boundedness is needed.
When ||F|@®R xR) < » , so that F 1is of finite semi-
variation on im? , then each bounded Borel function is strongly

th in the above

MT-integrable for F . Taking gt(k) = ei
theorem, one deduces from this result the important represen-
tation stated by Rozanov ([34],p. 279). The last statement
is not hard to establish.

Theorem 3.3 Let XIR - Lg(P) be a process such that

HX(t)H2 SM<ewe, t €R , and be weakly continuous. Then the
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process is weakly harmonizable relative to some covariance

i bimeasure F of finite semivariation (cf. Definition 2.2)

i iff there is a stochastic measure Z:8 -+ L%(P) such that for

| each A,B in B , F(A,B) = (@) ,Z(B)) and

X(e) = [ ™™ z(@) , t €R, (30) -
R

1 the right side symbol being the D-S integral and ”Z”GR) <® ,

Moreover, X is strongly harmonizable iff the covariance bi-

measure F of Z in (30) is of bounded variation in ]R2

(cf. Definition 2.1). In either case the harmonizable process

X is uniformly continuous, and is represented as in (30).

Suppose that in the representation (23) the Z-process is
orthogonally scattered in that (Z(A),Z(B)) = 0 whenever
ANB=¢ . Then F(A,B) = (2Z(A),Z(B)) = F(ANB) , where F

is the covariance bimeasure and F is a positive locally

finite measure on 8 so that it is o-finite there. Then
r(s,t) = E(X.X,) = fmgs<x>7')gt X) F(d) . (31)
A process whose covariance function R satisfies this con-

dition is called a Karhunen process. Moreover, if F is a
SA

finite measure and gs(K) = ei the resulting one is the
classical (wide sense) stationary process. In both these

cases there are no weak type extensions. An interesting anal-
ysis of Karhunen processes (with F , a finite measure) has
been given by Getoor [9] where an operator method and conditions

for existence of a shift operator (extending the stationary

case) where presented. However, the analysis of [9], together

with the example following Definition 2.1, implies that weakly




harmonizable processes do not generally admit shift operators

on them in contrast to the stationary and many Karhunen processes.
Let us introduce a further generalization of the weak

Cramér class to illuminate the above Definition 3.1, and for

a future analysis. Let (Q,T,u) be a measure space and M(u)

be the space of scalar pu-measurable functions on O . Let

N(e):M(u) *]R+ be a function norm in that for f,fn in M(n),
(1) N(£) = N(|£]) =20, (ii) 0 = £, 1 = N(E) t, (iil) N(af) =
|a|N(£), a € T and (iv) N(f+g) s N(f) + N(g) . The functional
N has the weak Fatou property if O < £1 £, I%m N(fn) < o
= N(f) < «» ,and has the Fatou property if always N(fn) t N(£)
(< ) . The associate norm N' of N is defined by:

N'(f) = sup{lJ'Q(fg)(W)u(de:N(g) <1} . (32)
One sees that N' 1is a function norm with the Fatou property.

If N(°) = -1 1

ps»lspse=, then N'(-)=H'Ilq,p +q " =1.

The general concept alluded to above is as follows:

Definition 3.4 (a) If rIR xR + T 1is a covariance function,
it is said to be of ElEEEN(C) relative to a function norm N ,
if there is a covariance bimeasure FIR xR - & of locally
finite N -variation ( let N' be the associate norm of W) ,
and there exists a family {gt,t € R} of Borel functions which
are MT-integrable relative to F , such that
r(s,t) = %RgRgs(k)EETT')F(dk,dx'), s,t €R , (33)

and where locally finite N =-variation is meant the following:

= > [[Flly (Axa) = sup{|I(f,g)|: N'(f) = 1, N(g) = 1}, (34)

Here f£,g are Borel step functions, with supp(f)cA, supp(g) < A ,

A € 8, > the 4-ring of bounded Borel sets of R .
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(b) A process XIR -+ L%(P) is of classN(C) if its
covariance function r is of classN(C) so that it is repre-

i ! sentable as (33).

a It is clear that if N(-) = so that N'(-) = |-,

1
i the N -variation is simply the l-semivariation of Definition
i 3.1 so that [|Flly = [IFl (= JIFl) .
Remark. Without further restrictiouns, classN(C) need not
contain the weak or strong harmonizable processes. However
! if N 1is restricted so that, letting LN(P) = {f € M(P):N(f) <=},
Lm(P) ot LN(P) c Ll(P), where 1 = P 1is a probability then
every classN(C) will contain both the weak and strong harmon-
izable families, as an easy computation shows. If N(-) =

H'Hl , then class, (C) is the class which corresponds to the

. . semi- . .
covariance bimeasure of finite variation. This includes the

classical Loéve and Rozanov processes. Again this definition
holds, with only a notational change, if IR 1is replaced by
a locally compact group G . A brief discussion on some

analysis of these classes, which extend the present work, is

included at the end of the paper.
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4, V-boundedness, weak and strong harmonizability. The

definition of weak harmonizability is of interest only when

an effective characterization of it is found and when its
relations with strong harmonizability are made concrete.

These points will be clarified and answered here. Now Theorem
3.3 shows that a weakly harmonizable process is the Fourier
transform of a stochastic measure and this leads us to a fun-
damental concept called V-boundedness ('V' for "variation"),
introduced much earlier by Bochner [2], which is valid in a
more general context. This notion plays a central role in the
theory and applications of weakly harmonizable processes (and
fields) which are shown to be V-bounded in the context of L%(P).
Further this characterization facilitates a use of the powerful
tools of Fourier analysis of vector measures. The desired
concept is as follows (cf. [2], and also [29]):

Definition 4.1 A process XIR -+ X , a Banach space, 1is
V-bounded if X(QR) 1lies in a ball of X , X as an X-valued
function is strongly measurable (i.e., range of X 1is separ-
able and X-l(B) € 8 for each Borel set B < X) , and if the
set C 1is relatively weakly compact in X , where

c = { £O)x(t)at: &, s L, £ etlwicx, (35)
R
and where £(t) = [ £(\)e ™ ar , [ £(£)X(t)dt being the
R R

Bochner integral. If X 1is reflexive then the condition on

C may be replaced by its boundedness. (Here if the measur-

ability of X 1is strengthened to weak continuity, then it




actually implies the strong [and even uniform] continuity.)
Let us establish the following basic fact when Y = L%(P):
Theorem 4.2 A process XIR -+ L%(P) is weakly harmonizable

iff X is V-bounded (i.e.,HX(t)Hz <M< ®, t €R and the

set in (35) is bounded) and weakly continuous.

Proof. For the direct part, let X be weakly continuous
and V-bounded. Then

I gexceael, = e 1El, , £ eLi@ , (36)
by Definition 4.1. Let Yy = {f:f ¢ LIOR)} < C,R), the space

of complex continuous functions vanishing at "«" , the inclu-

sion holding because of the Riemann-Lebesgue lemma. Moreover,

¥y is uniformly dense in COOR) . Let 3:f» f f(k)zt(k)dk,
t €R , where et(x) = eitk . Then J:Ll(lR) -»néoCIR) is a
one-to-one bounded (contractive!) operator. Consider the
mapping

T:y » L= L3(B) , by T(B) = [ £(O)X(t)dt € 1 .
R
This is well-defined, and the following diagram is commutative:
1 F
L"®R) —

T\, £//T

T, (f) = ng(t)X(t)dt €1.

By hypothesis T 1is bounded and by the density of Yy in

COGR) , it has a norm preserving extension T to COGR) .

Now T will be given an integral representation using a
classical theorem due to Dunford-Schwartz ([8], VI. 7.3)

since T 1s a weakly compact operator because I is reflexive.

To invoke the above cited theorem, however, it should
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first be observed that the result holds even if the space

C(S) of continuous (scalar) functions on a compact space S
(for which it is proved) is replaced by CO(G) with a

locally compact space & . Here & =R . Indeed, let & be
the one-point (at "=") compactification of & and consider
the space C(8) . Now CO(G) can be identified with the
subspace {f € C(8):£f(=) = 0} . Since T:CO(G) + X is con-
tinuous and CO(G) is an "abstract M-space', there is a con-
tinuous operator T:C(S) » Y such that TICO(S) =T . This
follows from the fact that for any Banach space Z containing a
subspace which is an abstract M-space, there is a projection
of norm one on Z onto that subspace, by the well-known
Kelley-Nachbin-Goodner theorem (cf. e.g., [8], p. 398), and
T="To Q . Hence by the Dunford-Schwartz theorem noted above,

~

there is a vector measure Z on & into Y such that
T(£) = [_£f(t)Z(dt) , £ € Cc(®) , (37)
6
and ||T = ||Z||(8) , the integral on the right being in the
D-S sense. Define Z:8(S) » X as 2Z(A) = Z(SMA) , A € 8(S) .
Then Z 1is a vector measure and (|2l < ||Z]] . Moreover, if
£ = fl6 , then
(D) = [ S(02de) + [ £()2(de) , £ € C(S)

= T(£,) since f£(=) = 0 .
Hence T(f) = T(f), £ € C, (&) with |2l < )| Tl =l TQl|<|T!| , and
T(E) = [ £(t)z(dt) , £ €C (8) . (38)
G

Thus writing R for & from now on (the above general case

is needed later), it follows that |[T| = sup{H%Rf(t)z(dt)H:




£ecC ) , l€l,s 1} =lzll@w = IZI@®) , and T and 2z
correspond to each other uniquely. Since T|y = T , this
implies

() = [ Be)zdr) = [ £(e)x()de , £ e Ll@) ,
R R

and (1| = flzl@®) .

Let 2 € I*-. Then (30) becomes (since a continuous
operator commutes with the D-S integral, cf. [8], p. 324 and
p. 153),

[ E(t)eez(dt) = [ £(t)eeox(t)dt .
R R

In (40) now both are ordinary Lebesgue integrals, and hence
using the Fubini theorem (for signed measures) on the left

one has:

J‘]Rf(t)dt j‘met(x)zoz(dk) = jmf(t)zox(t)dc .

Subtracting and using the same theorem of ([8], p. 324),
J”]Rf(c)z(fme;(x)z(dx) - x(tjdt = 0, ¢ e x*, £eLl@. (41)
It follows that the coefficient of £ vanishes a.e., (every-
where as it is continuous). Since £ € Y* is arbitrary it
finally results that the quantity inside ¢ is zero, for
each t €R . Thus
X(t) = J‘met(x)z(dx) - j'meit)‘z(dx), t €R . (42) .

Hence X is weakly harmonizable by Theorem 3.3.

For the converse, let XIR -+ L%(P) be weakly harmonizable.
Then X admits a representation of (42) by Theorem 3.3. Since
lzl@®) < = , (21) implies [X(t)ll, = M <= forall t€R,
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and as £°X(+) 1is the Fourier transform of 102,z € X*, X is
weakly continuous. ronsider the Bochner integral for (fX)-¥as
| £(f £(£)X(t)dr) = [ £(t)eoX(t)dt = [ £(t)-[ e (1) (£02) (dA)dt,
; R R R R
! (43)
since t0X is the Fourier transform of a
L signed measure

=
= f(t)e (A)20Z(dr)dt, by Fubini's
RR theorem,

= [ EQ\) 2oz(dr)
R
= g (QR%(x)z<dx)), by([8], p.324) again. (44)

Since ¢ € Y* is arbitrary, (44) implies
[ E(e)x(e)de = [ E)z(an) € 1. (45)
R R

2 Hence, using (21), one has

[ g@xel, < [ Jzl@® = e, e t'm (46)

where ¢ = ||2||(R) < » . 1t therefore follows that the set
{%ﬂwmwuﬂmmsl,feﬂmncL&m,

and is bounded. Since Y 1is reflexive, X 1is V-bounded.

g This completes the proof.
Remarks. 1. Since V-boundedness concept is defined for !
general Banach spaces (for a treatment of this case, cf.[29]),

i and its Hilbert space version is equivalent to weak harmoniza-

bility, by the above theorem, the latter term will be used in

the Hilbert space context. (Using the general definition
XIR » 1,

of V-boundedness, a characterization of a process
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a reflexive space, which is a Fourier transform of a vector
measure is given in Theorem 7.2 below.)

2. The preceding proof is arranged so that if R is
replaced by a locally compact abelian (LCA) group G , the
result and proof hold with essentially no change. The functions
{et(-),t € G} will then be group characters. Thus the result
takes care of G =TR" 3 SO the (weakly) harmonizable random
fields are included. Precise statements and further results
in the general case will be given later.

If w is the set of all weakly harmonizable processes
on R -+ L%(P) =YX, and T € B(X), the algebra of bounded linear
operators on X , then Y(t) = TX(t), t € R defines a pro-

cess which can be written as:
Y(e) = ([ e*Pz(an)) = [ P (mz)(ar) , (47)
R R
by ([8], p.324), and it is trivial that Z = To2:f + I is a

stochastic measure, ||Z||@®) < |IT/l/|z/l@R) < = . Hence Y €W .

Thus one has:

Corollary 4.3 B(X)*Ww =W , or in words, the linear space

of weakly harmonizable processes is a module over the class of

all bounded linear transformations on I = L%(P) .

Since each stationary process X 1is trivially strongly
(hence weakly) harmonizable, if P:X » X 1is any orthogonal
projection, then Y = PX € b , i.e. weakly harmonizable by .
Corollary 4.3. 1In particular if {Xn,n €2} 1 is an
orthonormal sequence, Ig = Eﬁ(xn,n > 0), let Q(X) = 1, be

the orthogonal projection and Y, = X, = X, if n>0, =0

'~ et - . PR e <~




36

if n <0 . The process {Yn,n €Z} € b , but it is not
strongly harmonizable. Thus the class of weakly harmonizable
processes is strictly larger than the strongly harmonizable
class. (The latter is not a module over B(X).)

In spite of the above comment, each weakly harmonizable
process can be approximated '"pointwise' by a sequence of
strongly harmonizable ones. This observation is essentially
due to Niemi [26]. The precise result is as follows:

Theorem 4.4. Let XIR - L%(P) be a weakly harmonizable process.

Then there exists a sequence of strongly harmonizable processes

2 . 2
XnﬂR -+ LO(P) such that xn(t) + X(t), as n-+ =, in LO(P)
uniformly (in t) on compact subsets of R . If R is replaced

by an LCA group G the same result holds with {xn,n € 1}

being a net of such process.

Proof. By hypothesis, there is a stochastic measure 2Z:8 + X =
L%(P) , such that

X(e) = | e, (\)z(dh) , t €R .
R .
Thus XIR -+ X is a continuous mapping. If By = sp{X(t),t € R}
< X , then the continuity of X and the separability of TR

implies By is separable. Hence there exists a sequence

[wn,n 2 1} € ¥, which is a complete orthonormal (CON) basis

X
for ux , So that
o
X(€) = £ oq(X(£),0) » € ER, (48)
n-
the series converging in the (norm) topology of ux for

each t . Define

Xa(8) = £ o (X(D),e) , € €R . (49)
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Claim: {Xn(t),t €R},n =21, is the desired sequence. [In

the general LCA group case {mn,n € I} 1is a net of CON

tan SR TN

elements of HX » since G , hence e s need not be separable.
Otherwise the same argument works with trivial modifications,]

To verify the claim, it is clear that xn(t) + X(t) in
Hx for each t €R . To see that Xn is strongly harmonizable,

let £,:XP (X,¢,.) , X € ¥ Then 4, € ¥% for each k .
k P k

X - X
Hence using the standard properties of the D-S integral, one has
n n
X, (t) =k21¢kzk(x(t)) =k§1mk‘zk(£Ret(x)z(dk)), since X is 3
weakly harmonizable, B

n
=k§1cpkjmet(x)zkoz(dl) = %Ret(l)cn(dk) , (50)

where €n(+) = 0 2e22() - Let G (A,B) = (¢;(4),6,(B)) -

Then G is of finite total variation. Indeed, if My = £4°2 ,
which is a signed measure (hence has finite variation) on R ,
let m (A,B) = (pyH, (A), o1 (B)) = w (A)w (B) . So G, (A,B) =
kgluk(A)H;TE) . Since |uk(A)l |uk(B)| < (lukICIR))2 < » for
each k , it follows that each Me and hence Gn for each n
has finite variation so that each X is strongly harmonizable.
It was already noted that X being weakly harmonizable,
it is strongly continuous. |[This is true even if R 1is

replaced by an LCA group G(cf. [19], p. 270).] So if K< R

. I T

is a compact set, then its image X(K) < Hy © L%(P) is also
(norm) compact. But Hy being a Hilbert space it has the i

(metric) approximation property. [This means the identity on

ux can be uniformly approximated by a sequence (net) of
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(contractive) degenerate, or finite rank, operators on each

compact subset of ¥ Then Xn(t) + X(t) in X for each

X']
t €R implies, by a result in Abstract Analysis in the pre-

sence of the approximation property, that the convergence holds

in X uniformly on compact subsets of X . This and the fact
| that X(K) is compact implies that Xn(t) + X(t) uniformly

* for t € KCR . In the general LCA case, the same holds with
nets replacing sequences. This completes the proof.

Remark. Even_though the weakly harmonizable process is bounded
and weakly (hence strongly here) continuous with some nice
closure properties demonstrated above, it does not exhaust

the class of all bounded continuous functions in L%(P) . This
can be seen from Theorem 3.2 by a suitable choice of a vector
measure 6f finite local semi_variation but which is not of
finite semi_variation. The following example demonstrates

this point. Let LIGR) be identified with N(@R) of regular

M I A T I A YRR A < [ AT SR P IY T T SRR ST SIS o Gy e s K e e

signed measures on R by the Radon-Nikodym theorem (i.e.
£eLl@ e [ £(t)dt € M(R)) . Now it is known that there
are nontrivial %&%ctions in C @) - y; where Yy; = {Q:nen@)}
Let f € C @) - Yy . For instance £(x) = sgn(x)((loglxl)-1
X[lxlze] + lglx[|x|<e])’ X €R, is known to be such an £ .
Let o € L(Z)(P) R ||cpH2 =1. Let £ € (L%(P))* such that £(o)

=1 . Consider the trivial process Xp:t» f(t)p . Then

XoﬂR - L%(P) is bounded and continuous but not weakly harmon-

T T

izable, since otherwise there exists a stochastic measure Z

i such that (by Theorem 3.3)
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X{t) %Ret(x)z(dl) , and

£(£) = £(X{t) = QRet(k)(zoz)(dk) .

Since £°Z € m(R) , this would contradict the choice of f .
Here is an interesting consequence of the preceding

theorems which is based on the classical Helly-Bray theorem.

Theorem 4.5. Let XIR - Lg(P) be a weakly harmonizable pro-

cess and let Z:8 - Lg(P) be its representing measure by (30).

Then there is (nonuniquely) a finite regular Borel measure

8:8 -’]R+ such that

2 1/
£ Z(d £ = £(t g(dt
I, £©20l = 1€l f=1] 150 1%8ca0))

2),£ € Cu®). (51)

Remark. Eventhough this result is included in Theorem 5.5

below, its proof is elementary and has independent interest.

So it will be given here.

Proof. By hypothesis, X(*) 1is represented by a stochastic

measure Z (cf. (30)), and by the preceding theorem there are
strongly harmonizable X, * X, uniformly on compact subsets
of R . Let gn be the representing measure of X, » SO that
Cho» 2:8 2 L%(P) , and
FE)z(an) = lim [ £0)C () , (52)
R R

n-=e

the limit existing in L%(P) when f is a trigonometric
polynomial. Since such polynomials are uniformly dense in
COGR) and the integrals in (52) define bounded operators from
COGR) into L%(P) , it follows that (52) holds for all

f ¢ COGR) , by the standard reasoning, (cf. [8], II.3.6).

Hence




=4 f(x)z(dx>u2 = Limi[ £0.)¢ NCSTERNE RN 3

n-+eo

= lim j [ EMTRT) Fy(dh,d') , (53)

n-e
where Fn(s,t) = (Cn(-m,s),cn(-m,t)) is the covariance
function of bounded variation for each n . Let IFn|(°,')

be the (Vitali) wvariation measure of the bimeasure F, . Then
the hermitian property of Fn implies, in an obvious notation,
|F | (A,B) = |F | (B,A) . Now define a mapping B :8 »RY by

the equation:

8,8 = [Fl(AR) = 3 [IF, | (AR) + |F | (RA)}, A €5,

so that Bn is a finite Borel measure, and

f £(\)e () = z[j rf(s) |F, | (ds,dt) + ff(t)lF | (ds,dt)]. (54)

Since Fn is positive (semi-) definite,

0= [ [ ETE Fy(ds,de) = [ [ 1£)HFTE) | |Fy | (ds,de)

s %[£R£R|f<s)|len|<ds,dt> R EOINERICRON
since |ab|s(|a|2+|b|2)/2 ,
= Qle(S)Izsn(ds) , by (54).
This and (53) yield
ag = H%Rf(X)Z(dX)Hg-ﬂgﬁR%Rf(x)f(x')Fn(ds,dt)
llmj‘ |f(k)| Ba(dr) , £ € CuM). (55)

Thus if of 1is the right side of (55), then 0 < of < of <=
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for each f , and there is a subsequence {Bn }  such that
i

of = 1im |f(k)|28n (d\) . It is to be shown that this exists
i+ R i
also for £ =1 . Since 1 ¢ COGR) , a nontrivial extension

problem intervenes, and this is resolved with a classical
trick (cf. [35], p. 32).

Let R be the Bohr compactification of R . Then by
classical results (as in [35] above) each trigonometric poly-
nomial f on IR extends to a similar polynomial on R , by
the formula

n "~
£Q) =T a (e  A) , A €ER,
k=1 Kk

where (-,*) 1is the duality pairing of the group R and its
dual ]li{ , and where TR 1is identified with its image in R .

[If x€R, vy ¢R , then (x,y) = (y,Y(x)) defines YR + R
as a continuous isomorphism, and v(@R) 1is a dense subgroup

of R.] The density of R in IR implies the map f£f:X » £())
A €ER , has a (uniform) norm preserving extension so that if

2, 1s defined by ¢ (f) = fmf(x)sn(dx) , for each trigonometric
polynomial £ in C{R) , then the continuous linear functional
£ has a norm preserving extension In to C(ﬁ{) . By the Riesz

n
representation theorem, there is a unique regular Borel measure

8§ on R, such that Zn(f) = %Rf(x)En(dx) » £ e C@® , el

n

~

é‘n(lﬁ) = Han =8 (R) . It is clear that B8 is an extension

of 8, . Butmow 1 € C@R) , and hence §nc(R) < Zn(l) = !!ZnH
Han <o ,n21. The inequality in (55) is unchanged if

8, 1s replaced by §n , and f ¢ CCIIK) . It now follows with

~

f =1, that for some subsequence {8, ,k 2 1} , [ § (dk)*aé .
k R k
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Hence {gnkGR) k 2 1} 1is bounded, and énkGR) S M<=® so
that {Bn ok 2 1} 1is a uniformly bounded sequence of Borel
k

measures on IR . Thus by the Helly selection theorem there is
a further subsequence Bnk' such that Bnk' + 8 weakly (i.e.
in the weak-star topology) for a regular sorel measure 8§ .
Then by the extended Helly-Bray theorem (cf. [21], p. 181)

one has for this subsequence | |f|2(x)8n (@) » [ |f|2(x)8(dx) R
R k' R
f ¢ COGR) . Thus (55) becomes
H@Rf(x>z<dx>né < QR|f|2<x>s(dx> = IEl} 5 £ € Cum) -

This is (51) and the proof of the theorem is complete.

Remark. The eonstruction of B8 shows that, it is not unique

in general. While the Bohr compactificatioh argument 1is
available for LCA groups the Helly theorems and the rest of

the argument becomes more involved or inapplicable with sequences
replacing nets, and so a different argument is desirable for
general random fields. Such a method will be employed in the
next section as it has a potentialof applicatinn to all locally
compact groups,andeven fo [40]-

The preceding theorem can be restated abstractly as follows:

Theorem 4.6. Let 8 be the Borel o-algebra of IR and

v:B - 3 be a vector measure where Y is a Hilbert space.

Then there is a '"dominating' Borel measure 8:R8 -']R+ such
Y

that
If Eeyveanly = ligly o £ € c m®) - (56)

et e et s




it [vl,®) = sup{llfmf(t)V(dt)ll: Iy g <1} <=,

then v may be said to have 2-semivariation finite with

respect to some finite measure B8 , thus the above result says
that every vector measure on IR into a Hilbert space is always
of 2-semivariation finite (but not necessariy of finite variation !)
relative to some finite Borel measure. The domination problem
for other Banach spaces and other base spaces (different from
R) is nontrivial, and is unsolved for most of the Banach spaces.
This question will be analyzed in more detail in the next sec-
t“ion for random fields. In the following section the analog

of Theorem 4.5 will be used to prove the existence of a
""stationary dilation" for each (weakly) harmonizable random
field. Thereafter several characterizations of these processes
will be given, as they facilitate various applications and
analyses. It may be recalled for definiteness, that a random
familf {Xt,t € G} 1is a process of G 1is a one-dimensional

set (G <STR) , and it is a field if G 1is a subset of a higher

dimensional group, (e.g., G g;mp, n>1l) .
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5. Domination;problem for harmonizable fields and vector

measures. The work of the preceding section indicates that
the weakly harmonizable processes are included in the class
of functions which are Fourier transformations of vector
measures into Banach spaces. A characterization of such

functions, based on the V-boundedness concept of [2], has

. been obtained first in [29]. For probabilistic applications

(e.g., filtering theory) the domination problem, indicated
in Theorem 4.6, should be solved. The following result illum-
inates the nature of the general problem under consideration.

Theorem 5.1. Let (Q,f) be a measurable space, X1 a Banach

space and v:I - I be a vector measure. Then there exists a

. . + . .
(finite) measure u:T - 1R, a continuous convex function

mﬂR+-*]§+ such that Qéﬁl /o as x e« , and Vv has
p-semivariation finite relative to u in the sense that

Hv‘.lcp(ﬂ) = Sup{"|“er(uv)V(dw)H-L:Hfllcp,“L <1} <=, (57)

where

Il = infle > 0:] o E8yucan) < 1) <=, and the

integral relative to v in (57) is_in the Dunford-Schwartz

sense.

Proof. Recall that v:Z + X is a vector measure iff it is
o-additive in the norm topology of X . Let S* be the unit
sphere of the adjoint space X¥ of 1I. Then the above statement
is equivalent to the uniform c-additivity of the scalar

measures {x*°v,x*€ S$*} . 1In fact, if v 1is strongly (i.e.

in norm) o-additive then for any disjoint sequence An €z,

n 21, one has
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n
0 = lim HV(iElAi) -izl\)(Ai”

n-e

n
i = 1lim sup |x*ov( g Ai) -z x*ov(Ai)l
! n-oe x*ESK i=1 i=1

! so that {x*ov,x*€S*} is uniformly c-additive. On the other

hand if v 1is weakly c-additive (i.e. the scalar function

! x*ov on the o-algebra £ is c-additive for each x* € §%),

then by a classical theorem of Pettis (cf. [8], IV. 10.1),

v 1is strongly c-additive. Thus weak o-additivity and the
' ! above stated uniform c-additivity are equivalent. Now by
another classical result due to Bartle-Dunford-Schwartz (cf.
[8], IV. 10.5) there exists at least one 'control measure"

TEDN »:mf' such that x¥%°v is y=-continuous for all x* € S* .

Hence if Bt = d x:ov (the Radon-Nikodym derivative), then
by the first part on uniformity, one has lim [ By (W)U (dw) =
H(A)+0 A
lim |x*ov(A) |=0, uniformly in x* € S* . Hence

H(A)~0 '
{gyix* € 5%} < Ll(Q,Z,u) and it is a uniformly integrable

set, by the well-known Dunford-Pettis theorem, ({8], IV. 8.1l1).
Since u(Q) < = , by a (1915) theorem of de la Vallée Poussin

(same argument as in [32], p. 65) there exists a continuous

convex function wﬂR+ *]R+ such that Eéﬁl 7/ ®as X /7 ®

and [ 4(|gu(@)u(dw) s M <= , all x* € Sk . Sucha ¥ is .
called a Young function, and this statement is equivalent to

saying that {gx* , X* € §*1 1lies in a ball of the Orlicz

space Lw(u) . (For the rudiments of Orlicz spaces one may
{ consult [41], p. 173.)

I et i
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Let o:RT + RT be defined as: o(x) = sup{|x]y - ¥(y):y = 0} .
= Then it is easily seen that ¢ 1is also a continuous convex
; function with Qéfl t ®on X7« and ¢ 1is called the comple-
’ t mentary Young function. Considering the L%(u) , by the
L Holder inequality for these spaces (cf. [4l], p. 175),
| it results that
My = suptl] £yve@)ly: e, s 1
= sup{sup[lfﬂ(f,gx*)(w) M(dw) | :x*es*]:llgll, s 1)

s2sup{sup[ll£ll, le ol @ x*€ s*] :ll£ly =1}, by
Holder's inequality,

s2sup{ng*Hw,“:x* € s*} < 2K, <=,

where K, is the radius of the ball] containing the set

{gx*, x* € s*1 . So (57) is true, and this completes the proof.
Remark, If X 1is a Hilbert space, (Q,Z) = (R,8) , then
Theorem 4.6 shows that o(x) = |x|2 and u = 8 there. But
Hle(Q) =Ivii(Q)) < = always, by ([8], IV. 10.2) . Since on

a finite measure space L%(u) c L¥(u) c Ll(u) , for any contin-
uous Young function (the first inclusion is obvious, and the
second follows from the support line property), it is easily
seen that Hva(Q) s ¢|vll;(@) < = , and the inequality can be
strict so that the above result is an improvement on previously

! known ones. However, o may grow faster than a polynomial.

Thus Theorem 4.6 and 5.1 imply that ¢ depends on the space I .
An interesting and nontrivial problem is to classify Banach

spaces for given o-functions such as o(x) = |x|P , p =1.
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The general case is largely unexplored. Some interesting

special problems are considered in the rest of this section.
It will be convenient to introduce a definition and to

state a fundamental result of Grothendieck and Pietsch, for

the work below.

Definition 5.2 Let X,y be a pair of Banach spaces and,as

usual, B(X,y) be the space of bounded linear operators on

L into Yy . If 1 <p <o, T € B(X,y), then T is called
p-absolutely summing if ap(T) < = where 1

n -—
ngﬁgl(i§1|x*(xi)|P)P ’

ap(T) = inf{c > Oz[iglﬂTxi”P]I/Psc

X €L, 1sis<n,nz=1}, (58)

where x* € x* , the adjoint space of X .
The following result of Grothendieck~Pietsch with a
short proof may be found in [20] together with some extensions

and applications.

Proposition 5.3. Let T € B(X,y) be p-absolutely summing ,

1< p<o. Let K* be the weak-star closure of the set of

extreme points of the unit ball U*¥ of Y* . Then there is

a regular Borel probability measure u on the compact space

K* such that
Il < ap(m 1f 1200 PP, x e 3 (59)

Conversely (and this is simple), if T satisfies (59) for some
u on K* with a constant Yo » then T is p-absolutely
summing and ap(T) < ¥q - Further any p-absolutely summing

operator is weakly compact.




Let us specialize this result in the case that X =

Cr(S)[C(S)] , the space of real [complex) continuous functions
on a compact set S . Let K be the set of all extreme points
of the unit ball U* of (Cr(S))* and q:S - (Cr(S))* be

the mapping defined by q(s) = £g with zs(f) = f(s)

f € Cr(S) so that Ly is the evaluation functional, stH =1,
and Ly € K, s € S. Some other known results needed from
Linear Analysis, in the form used here, are as follows. (For
details, see [4], Sec. V.3; [8], p. 441.) 1In this case the
spaces S and q(S) are homeomorphic and q(S) 1is closed
since S is compact. By Mil'man's theorem U* is the weak-
star closed convex hull of q(S) U (-q(S)) , and (by the com-
pactness of S again) it is the extreme point-set of U* and
is closed. Further these are of the form aty > S €S and

la] =1, (c£. [8], V.8.6). Consequently (59) becomes

ITEIP < (a_(T))P - leg(E)IP u(deg) 5 £ € C(S)
P q(S)U(-q(s))

<2 (ap(r))P-f Ias<f)|Pu<dzs> ,

= 2(a (T))P- f |f(s)|p (ds), if S and q(S) are
(as they can be) identified.

For the complex case, C(S) = Cr(S) + iCr(S), and so the same
holds if the constants are dou?led. Thus

ITelly = cpu‘slf(s)ll’u(ds)l"p =clel, ,» £ec , (60

where cg = A[QP(T)]p . This form of (59) will be utilized

below.
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Definition 5.4 Let X be a Banach space, 1 s p s » and
1<) <o. Then 1 1is called an £p,l'§2255 if for each
finite dimensional space Ec Fc X , 1 < n < « , such that
d(F,z;) < A where 2; is the n-dimensional sequence space
with pE'-E power norm and where d(E;,E,) = inf{HTHHT‘lﬂz
T € B(EI’EZ)} for any pair of normed linear spaces E,,E, .
A Banach space I is an £P-§2323 if it is an SP’X-space
for some X =21 .,

It is known (and easy to verify) that each tP(w),p 2 1,

is an £ -space for every X > 1 , and C(S) [indeed each

P>\

abstract (M)-space] is an £_ , -space for every A > 1

sA
The class of Sz-spaces coincides with the class of Banach
spaces isomorphic to a Hilbert space. For proofs and more
on these ideas the reader is referred to the article of
Lind&strauss and Pelczyniski [20].

With this set up the following general result can be

established at this time on the domination zcoblem for vector

measures.

Theorem 5.5. Let S be a locally compact space and CO(S)

be the Banach space of continuous scalar functions on S

t ot

vanishing at '=' . If uy 1is an £p- pace, 1 < p s 2 , and

T € B(CO(S),u) , then there exist a finite positive Borel

measure u on S , and a vector measure Z on S into Yy ,

such that

! W o= Ipf e
lfsf(s)z(ds).lu Tf’us £y o £ ecC(s)

(61)
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Proof. Since I = CO(S) is an abstract (M)-space, it is
an &£ _-space by the preceding remarks. But Y 1is an Sp-space
1 <p<2, and so T € B(X,y) 1is 2-absolutely summing by
({20], Thm. 4.3), and therefore (cf. Prop. 5.3 above) it is
also weakly compact. By the argument presented for (37), (38)
above, one can use the theorem ([8],VI.7.3) even when S is
locally compact (and noncompact) to conclude that there is a
vector measure Z on the Borel o-ring of S into Yy such
that

Tf = f £(s)z(ds) , (D-S integral)
Using the argumeni of (37), if S 1is the one point compacti-
fication of S , and T € B(C(S),y) 1is the norm preserving
extension, then T is 2-absolutely summing (since c(S) is
an abstract (M)-space ), and weakly compact. So by (60) there

exists a finite Borel measure u on S such that

hETal el o~ 3
JTfWu < ¢, £y, 5 £ec) .

Letting u = cgﬁ , one has Hffﬂu < Hf”z,i , £e€c(S) . so
(61) holds on S . Let u(*) = u(SN-) so that u 1is a finite
Borel measure on S . If now one restricts to C_(S) identi-
fied as a subset of C(S), so that T = TICO(S) , it follows
from the preceding analysis that ]!Tf‘)u < ”fHZ,u for all

f ¢ CO(S) . Since the integral representation of T 1is evi-
dently true, this establishes (61), and completes the proof

of the theorem.

If Yy 1is a Hilbert space, it is an £2-space so that

the above theorem includes the result of Theorem 4.5. However,




as above, T € B(X,y) 1is such that for each fn € X, fn + £
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that special case did not depend on any results of [20]. But

the general case needs all this machinery}

a2,

The following statement is actually a consequence of the

above result, and it will be used in the last section:

Proposition 5.6. Let (Q,Z) be any measurable space, and

X = B(Q,Z) be the Banach space (under uniform norm) of scalar

measurable functions. If Yy is an £p- pace , 1 s p =<2,

pointwise boundedly implies HTfnU + IITfll , then there exist

o-additive functions Z:T -y , u:2-+nﬂ', such that

) f(w)Z(dw)HU = lIrglly, < Helly o, £ €1 (62)
Q 2

"y

Proof. First a reduction of the hypothesis to that of the

preceding theorem will be made through use of a basic isomor-
phism result (cf., [8], IV 6.18), and then with standard measure
theory manipulations (62) will be established. These are not
difficult, but need care. Here are the details. ;,
Since X = B(Q,Z) 1is a closed subalgebra of B(Q)
(= B(2,2)) , it follows by ([8], IV. 6.18) that there is a
compact Hausdorff space $ and an isometric algebraic isomor-
phism 1 between the algebra X and 11 = C(S) which takes
real functions into real functions preserving order and complex
conjugate functions into complex conjugate functions. Let
T=7To I']':I1 + 4. Then T ¢ B(X,y) and is 2-absolutely

summing. Hence by the preceding theorem there is a regular

Borel measure u,, on S into R', such that "ff' s

y
g , £€1% . But f 1 implies £ = 1(f) ¢ 1, so that
1

2,1
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Itel = ITEN < IIE , fex. )
Irel, y = el S (63)
To simplify the right side, consider
~12 ~T %
I £1) = (ff,u,) , since n, € C(S)", (-,:) being the dualit
Z,M‘ 1me 1 ( 8 pshﬂng,y

(I(f)I(T),ul) = (I(fD), ul), I being algebraic

and conjugate preserving,

CEF, T(up)) , 170 + 1 is3djoint of I,

L}

f |f|2(w)u2(dw) , with py = I"(uy) € X" = ba(a,I). (64) }
In the last 1in2, Moy is a bounded additive function on T ,
and the integral relative to such Moy is defined in the
standard manner (cf. [8], III.2). Letting Z(A) = TXy » A ez,
it follows that 2Z:Z »+ 4 is additive and for each step function
n
FEL
IJ_E@z@nl, = Izet, < [J“Qlfw)!zuz(dw)}”z,by (63)=(64). (65);

Aj€ L , disjoint) one has

Now one can use a definition of the integral for finitely W
additive Z to conclude that (65) holds for all £ € X so

that (65) reduces to (62) if o-additivity is replaced by

finite additivity. However, the additional hypothesis on T ,
namely, its bounded sequential continuity, allows us to com-
clude that Z 1is o¢~additive since f = xAn, A, >~ ¢ implies

the left side of (65) tends to zero. Then by the D-S integration
theory ([8], IV.10.10) the left side holds for all f ¢ Y .

Thus

”:qf(w)z(dw)US < fclf(w)lzuz(w) , £ €1, (66)




To replace o by a o-additive function, let wu be
the Carathéodory generated measure by the pair (Z,uz) . ]
If ¢ is the class of p-sets , then the classical real
analysis methods imply (cf. eg., [36), p. 67) u on I is 4
c-additive, £ o ¥ and (n|lz 1is Mo 1ff wu, 1is o-additive)
H(A) s uz(A) , A € L . It is now asserted that (66) holds if
Ugy is replaced by u , Z being o-additive. Since step
functions are uniformly demse in X , it suffices to prove
(66) with 2Z,u for all step functions £ . This is accompl- shed
with a simple direct computation as follows.

m

Let £ =T
i=1

and the definition of p , given ¢ > 0 , there exist Ain €T ]

aiXAi’ Ai € Z . By the finiteness of uz s

such that A, c U AS_ and
i in
n=1 .
€ €
- >n£1u2(Ain) ’ (ai # 0 may be assumed )- (67)

u(A,) + -
1 lailz

Replacing A;n by A;n N Ai(EZ) , 1t may also be assumed that

m
_ 2 < . e _
A; = E Ain here. Hence if fN -.E a; Xy , then
n=1 i=1 UA’
ik
k=1
f; € X and f§ » £ pointwise and boundedly. Thus (66) becomes
2120 17 £ (uy )2 €6 ) |2 e 120 U
hpestie= NP £S(w)lle < £E(w) |“u,(dw) = T fa,|“u,( U A%)
Nu “o N7 IQ N 2 j=1 1 2o In
m 2 N . '
< |ai| E uy(A;,) » since 0 < u, is additive.

i=1 n=1
Letting N + =« and using the bounded sequential continuity

of ‘T , one has with ({8], 1v.10.10) ,
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m ~
el = [ £@ze)E < 2 1 Pluay + by 6D,
i

- IQlf<w>|2 u(dw) + =

Since ¢ > 0 1is arbitrary, this implies (62) for any step
function £ and thus (as noted above) for all £ in X .
This completes the proof.
Remarks. 1. The préceding results show that the domination probiem
for vector measures in Lp-spaces, l <=ps=s2, is solved and
hence also for harmonizable fields since only the £2-type
spaces are involved in the latter. However, for p > 2 , such
a satisfactory solution of the problem is not available.
2. The isomorphism mapping I of the above proof,
with ([{8], IV. 6.18), is very handy and plays a key role in

other parts of stochastic analysis. Another such appli-

cation may be found in ([32], p. 130ff).
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6. Stationary dilations. The results of the last section

play a key role in showing that each weakly harmonizable random
field has a stationary dilation. It is a consequence of the
preceding work that for ‘amny stationary field Y:G = L%(P)

with G an LCA group, and each orthogonal projection

Q:L5(P) » L3(P) , the new random field X(8) = Q¥(g), & € G ,
giving X:G - L%(PL is seen to be weakly harmonizable. The
dilation result yields the reverse implication. A '"concrete'
version of this is given by the following theorem and an 'oper-
ator' version will be obtained later from it.

. 2 -
Theorem 6.1 Let G be an LCA group, X:G - LO(P) = H a weakly

harmonizable random field. Then there is a super (or extension)

Hilbert space X 2 H , a probability measure space (5,§,k)

with X = LS(?) , and a stationary random field Y:G -+ Lg(?) s
such that X(g) = QY(g), g € G , where Q:LS(?) + Lé(f) is

the Orthggonaliprojectibn with range L%(P) . I1f moreover,

¥ = Sp{X(g),g € G} , then Y determines ¥ in the sense that

¥ = sp{Y(g), g € G} . [Thus ¥ is the minimal super space for

Proof. The remark has the following easy proof. 1In fact, if
Y:G - L%(P) is stationary, then Theorem 3.3 inplies
Y(g) = [.(g,8)2(ds) , g €G , (68)
G

for a vector measure Z on G into X = LS(P'), with ortho-
gonal increments (also called orthogonally scattered) where

G is the dual group of the LCA group G , and (-,s) 1is a

character of G . If- Q:X » X 1is any orthogonal projection,

then Z = Q°Z 1is a stochastic measure on G into X

H.]
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Indeed,
Izl (6)

i

n ~ 2 ~
sup{l| £ a.z(A )5 : |a;|s 1, A,c G disjoint Borel,
i=] & 2772 i T I 2

n .
sup{HQ'ZlaiZ(Ai)”g : ag] = 1, A;c G , as above}
i=

i

HQﬂzsup{HiglaiZ(Ai)Hg : IailS 1, A,C &, as before}

n n — -
IQi%supf{ £ = a;a; F(A;MA.):|a,|s1, A,c G as before]
i=1j=1 *J o * *

where F(AiﬂAj) = (Z(Ai)’Z(Aj))x p)

1QI2|F|(G) = F@) < =,

since F 1is the spectral measure of Z and so is finite and

Q 1is a contraction. Hence Z has finite semivariation and

is clearly o-additive, so that it is a stochastic measure.

By Theorem 3.3 , X given by X(g) = QY¥(g) = fa(g,s>2(ds),

g € G, is weakly harmonizable. (Note that theGsame conclusion
holds if Q 1is replaced by any bounded linear operator on X
If the range of the projection Q 1is not finite dimensional,
then X need not be strongly harmonizable!)

To go in the reverse direction, the (possibly) augmented
space X D H has to be constructed. Consider X:G =+ H = L%(P) ,
the given weakly harmonizable random field. 1In order to get
simultaneously the additional structure demanded in the last
part, let ¥ = sp{X(g),g € G} also. Then, as before, there
is a stochastic measure on & into ¥ such that

X(g) = [.(g,s)Z(ds) € ¥ , g € G . (69)
G

By Theorem 5.5, with 1 = ¥ , there exists a finite Radon

(= regular Borel) measure u on & such that
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[ £(e)z@e)13 < [ |£(e)1%ude) , £ e c (@) - (70)
G G
Next define a mapping v:8(GxG) +RY by the equation

v(A,B) = u(ANB), A,B € 8(C) , (71)
where ﬁ(é) is the Borel o-ring of & and similarly ﬁ(éxé).
Then v 1is a bimeasure of finite Vitali variation on B(&) X
ﬁ(é) and since this ring generates ﬁ(&x&) , V extends to a
Radon measure on the latter o-ring. Moreover, it is clear
that v concentrates on the diagonal of the product space

~

GxG. If Cb(é) denotes the Banach space of bounded contin-

~

uous scalar functions on G with uniform norm, then
[.[.£(s,£) v(ds,dt) = [.£(s,s)u(ds), £ € C,(GxG) . (72)
GG G

Let F(A,B) = (2(A),Z(B)) so that F:8(GxG) » & is a bi-
measure of finite semi _variation, from (69). Thus using the

D-S and MT-integration techniques as before,

0 = I £(s)z(ds)}3 = [, [ E()TTEIF(ds,dt), £ € Cp (&) . (73)
G GG

Letting £(s,t) = f£(s)-£f(t) 1in (72), o« = v - F one has from
(70) - (73),

0= [ 1£(s)1%u(ds) - [ £(s)2(ds) 5 = [, [, £(s)TTE) [v(ds,dt]
G G GG . p(ds,dr)]

= [LJ.E(s)E(L) ‘a(ds,dt), £ € CL(G) . (74)
GG
So a 1is positive semi-definite and a =0 iff v =F , i.e.,
if F concentrates on the diagonal. This corresponds to X

being staionary itself, Excluding this trivial case, o« # 0 ,

and (74) 1is strictly positive, if £ =1 . 1t follows from (74)
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that [-,-]': C (&) x C (é) + T defines a nontrivial semi-
b b

inner product, where
[£,8]' = I&faf(s)gil) a(ds,dt), f,g € C,(G)

If ng = (£:(£,£'] =0, £ € C (@)} , and ¥, = C,(G)/ng is
the factor space, let [',-]:H1 x ¥y » T be defined by
[(£),()] = [£,8]" , £€ (£) € ¥, g€ (8) €¥ . (75
Then [-,-] 1is an inner product on ¥; and one lets H, be
its completion in [*,']. Let nO:Cb(&) + ¥y be the canonical
projection. Thus ﬁo is nontrivial and need not be separable.
Now let us replace HO by L%(P') on a probability space
(Q',2',P') . This can be done based on the Fubini-Jessen
theorem where P' can even be taken to be a Gaussian measure
(for the real ¥ , see [32], pp. 414-415). The complex case
is similar. A quick outline can be given: Let ({h;,i ¢ 1} c ¥
be a CON set. 1If (Qi,Zi,Pi) is a probability space determined
by a standard Gaussian variable,sO that one can take Qi =0,
(2n)'1/2f exp(-lE%Edtldt2 ,
i%P(Qi’Ei’%i) the
product space given by the Fubini-Jessen theorem. If Xi(w) =

L = Borel o-algebra of &€ , and Pi(A>

AczI,, (t= tl-ﬁtz) , let (0',z',P")

w(i) =w(l) , w € ' = el , the coordinate function, then

EX;) =0 and E(|X;|%) =1 . Also {x;,i € I} forms a CON
basis in gg(P') . The correspondence 7:h;, » X; , extended
linearly, sets up an isomorphism of ﬂo onto L%(P') , and
r(h)12 = E(J%;1%) =1 = [h,,h,] , i € I . Then by polarization
one has [hi’hj] = E(T(hi)?zﬁg)) , so that T 1is an isometric

isomorphism of ¥, onto L%(P')
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2 ~
If m=romg:fm T(my(f)) € LO(P') ="', £ € Cy(G6) ,
is the composite (canonical) mapping, let Xl(t) = ﬁ(et(-)) € u'
where e sk (t,s)
Note that eg =1 ¢ Ny » SO no(l) can be identified with

, 1s a character of G at t € G .

the constant 1 € Cb(&). Thus X;(0) = 7(1), E(|T(1)|2) =1 .
Let ¥" = EE{Xl(t),tEG}CH'. Then there exists a probability
space (Q",2",P") , as above, such that H" = LZ(P") . Finally
set X =H @ H" , the direct sum of Hilbert spaces L%(P) and
L%(P”) . If (5,5,5) = (Q0,Z,P) ® (Q",%",P") then one can
identify, in a natural way, kK = Lg(ﬁ) . Define Y(t) = X(t)

+ Xl(t), t € G, so that (x(t),Xl(t)) =0 since H 1 H"

in ¥ . Then (Y(t), t <G} < ¥ =L3(B) , and if Qi + ¥ =
{#9{0}} is the orthogonal projection, one has X(t) = QY(t),
t € G . It remains to show that Y:G = L%(?) is stationary.
By construction Y(0) = X(0) + Xl(O) and this is X(0) only
when Xl(O) = 0 which can happen iff ¥" = {0} , i.e. when

no enlargement is needed.

To verify stationarity, consider

r(s,t) = (Y(s),Y(t)) = (X(s),X(t)) + (Xl(s),Xl(t)) since X 1+ X

[afa (s ) (EXF(AN,dh )+« [ (s,0) (E X Da(dr,dr ")
GG GG

by (73) and (75) and these are MT-integrals,

[ala(ssM)(ENT) v(dh,dr') , since a =v - F
GG

Fa(s, M) (E5X) u(an) , by (72),
G
[.(s-t,») u(dr) , by the composition of characters.
G (76)




Since u 1is a finite positive measure, (76) implies

r(s+h,t+h) = r(s,t) = £(s-t), and so the Y:G - L%(E) is

stationary. The construction also implies that Sp{Y(t),t € G}=X

in the case that ¥ = sp{X(t),t € G} . This completes the proof.
The following is a useful deduction:

Corollary 6.2 Every vector measure V:B8(G) * ¥ where G is

an_LCA group, 8(G) being its Borel algebra, and ¥ 1is a

Hilbert space, has an orthogonally scattered dilation.

Proof. Since G = é consider the mapping X:& + H defined
as the D-S integral X(é) = jc<é,x> v(d\) . Then X 1is
V-bounded; so it is weakly harmonizable. By the above theorem
there are an extension Hilbert space ¥ D ¥ , an orthogonal
projection Q:X »* X , with range ¥ , and a stationary field
Y:G -+ ¥ such that X(g) = QY(é) . Let Z be the stochastic
measure representing Y , (cf. Theorem 3.3). Hence for each
h € ¥ one has (Z:8(G) ~ X)

fc(é,mv(dx),h) = X@®,0) = Q@)1 = [ (&M (@2 (d),h).

These are now scalar (Lebesgue-Stieltjes) integrals. By the
classical uniqueness theorem of Fourier analysis for such
integrals, one has (v(A)-QZ(A),h) =0, A € B(G),h € ¥ . Hence
v =QZ . Since Z 1is orthogonally scattered by virtue of
the fact that Y 1is stationary, the result follows.

With the last theorem, a more perspicuous version of
the dilation problem for a weakly harmonizable random field can

be given. This, however, depends also on an interesting theorem

of sz.-Nagy [37] and wil be presented. Recall from the classical




theory of stationary processes ([6], p. 512 and p. 638) every

such process {Yt,t €R} c L%(P) , can be expressed as Yt =
UtX0 » where {Ut,t € R} 1is a group of unitary operators
acting on LS(P) (first on EE{Yt,t € R} and then for instance,
define each Ut as an identity on the orthogonal comple-
ment of this subspace). The spectral theory of U, then yields
immediately the corresponding integral representation of Yt's .
The same result holds if R 1is replaced by an LCA group G .
The corresponding operator representation for harmonizable pro-
cesses (or fields) is not so simple. Its solution will be
presented in the following theorem. Recall that a family
T:G » B(X), X a Hilbert space, is positive definite , if

(3djornt cpevalr)

T(-g) = T(g)* aand for each finite set xsl,...,xS of
n

elements of X indexed by J = (sl,sz,...,sn) c G , one has

n n -1
Tz (T(sj si)xso,x ) 20 .

i=1j=1 i 53

Theorem 6.3 Ler G be an LCA group and X:G - LS(P) =X,

a Hilbert space, be weakly harmonizable. Then there exists a

super Hilbert space X = L2 P) > X on an enlarged probability
0 p

space (5,5,5) , a random variable YO € X a weakly continuous

family {T(g),g € G} of contractive linear operators from

¥ to 1 with T(0) as the identity on X (0 being the nutral

element of G) , such that, when its domain is restricted to I ,

it is positive definite, in terms of which X(g) = T(g)Y,.8 € G .

Conversely every weakly continuous contractive family ({T(g),g € G}

: "ﬁ‘ .
of the above type from any super Hilbert space X 2 L, s which




when restricted to X 1is positive definite, defines a weagkly

harmonizable process X:G - X , by the equation X(g) = T(g)YO

for any YO € X .

Proof. The direct part is an operator-theoretic reformulation

of Theorem 6.1. Briefly, let X:G » L%(P) = X be weakiy
harmonizable. Then there _exist: a X = L%(?) > X and a sta-
tionary Y:G * X such that X(g) = QY¥(g),g8 € G , by Theorem 6.1
where Q 1is the orthogonal projection on X with range I .
But Y(g) = U(g)Y(0) where ({U(g),g € G} is a (strongly)
continuous group of unitary opggtgrcs‘m(;:t ;.cor.”;: ‘1',“:::“'?1“(«5' =
QU(g),g € G . It is asserted that {T(g),g € G} 1is the
desired family.

Indeed, T(0) = Q (= identity on X), and [T(g)!l = "qlllUu(g)<1.
The continuity of U(g) on G clearly implies the weak con-
tinuity of T(g)'s. To verify the positive definiteness on I ,

let hS ,...,hs be a finite set In X . Then letting f(g) =

T(g)|y one hasn T(-g) = (T(g))™ since

(§<-g>hsi382> (- shg ) = (U*(e)hg ,Qh, )

(h

. = *k =
sl,U(g)hsz), since Qh_ h  and U (8)

1 1
u(g) ,

#

(@ U ) = (ny ,QU(B) )

#

T T %
(g (@), ) = (T(&)*hy shy ), all b el

i
i=1,2

Similarly,
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n n
) =_Z 'Z (QU(-sj)U(si)hS-’hS.)

j=1 J Y8iT 87T i=1j=1 i Sj

n
T N*U(sHh. ,
ACCTRICRLINENS

The converse depends explicitly on an important theorem
of Sz.-Nagy ([37], Thm. III; see also [38], p. 25 for a stream-
lined proof). According to this result if f(-) = T(')II ,
then there is a super Hilbert space Ky 2 X (Ml may be quite
different from X ) and a weakly (hence strongly) continuous
group - {V(g),g € G} of unitary operators on ¥; such that
i(g) = QIV(g)lx » Q being the orthogonal projection of ¥y
onto I . Here ¥; can be chosen as ¥; = spiv(g)X ,g € G)
If Xq € X 1is arbitrary, then Xq € ¥y N¥ , and T(g)xO =
T(8)xy = QU(8)xy = X(g) , say, g € G . Then ({Y(g) = V(8)xy,8<C]
c Hl is a stationary process so that by the first paragraph
of the proof of Theorem 6.1, {X(g),g € G} ¢ X 1is weakly har-
monizable. Thus for each Xg € X, {T(g)xo,g € G} 1is weakly
harmonizable, and this completes the proof.
Remark. 1In the converse direction one can take K = X . However
in the forward direction, it is not always possible to take
Y0 in X , so that X(0) = Yy » as the example following
Definition 2.1 shows. Thus there is an inherent asymmetry
in the statement of this theorem, and the mention of the super
Hilbert space X 1in the enunciation cannot be avoided. This

does not simplify even for strongly harmonizable fields!

(Compare with [1].)
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7. Characterizations of weak harmonizability. In this

section a different type of characterization, based on the
V-boundedness concept crucially, of weak harmonizability as
well as a comprehensive statement embodying all the other
equivalences of this concept are given. The comparison will
illuminate the structure of this general class of processes.
However, it is interesting and useful to obtain a characteri-
zation of V-boundedness for a general Banach space, and then
specialize the result for the harmonizable case.

In this context let us say that X:G - X , a Banach space,

is a generalized (or vector) Fourier transform if G 1is an

LCA group, and if there is a vector measure v:ﬁ(&) - I such
that X(g) = [.(g,s)v(ds),g € G . 1In [29], Phillips has

extended the fSndamental scalar result of Bochner's V-boundedness
to certain Banach spaces with G =R . Later but apparently
independently, the LCA group case was given by Kluvanek in

([19), p. 269). In the present terminology this can be stated

as follows:

Proposition 7.1 Let G be an LCA group and X a Banach space.

Then a mapping X:G » X 1is a generalized Fourier transform

of a regular vector measure V:R(G) » XL (i.e. for given

¢ >0 and E € ﬁ(é), there exist an open set O and a compact

set C with O D E o C such that for each F<c 0 - C ,

F € B(G) one has V(F)!| < ¢) iff X is weakly continuous

and V-bounded (in the sense of Definition 4.1).




On the other hand, when X =@ , a different kind of
characterization was given by Helson [12]. A vector extension
of this is used for the weak harmonizability problem, and
will be presented here. Let ﬂ((G) be the Lebesgue space
on G relative to an Haar measure, denoted dg. Similarly
ﬂc(é) is defined on the dual group G , and ﬂ&(@) for
X-valued function space. Let il(é) = {%:%(t) = f (t,s) f(s)ds,
f ¢ Ll(G)} and a similar definition for i% R theGintegrals
in the latter being in the sense of Bochner.

The following result contains the desired extension:

Theorem 7.2 Let G be an LCA group, X a reflexive Banach

space, and X:G - L%(G)A be a mapping. Then X is a generalized

-

- Fourier transform of a vector measure Vv on G into X1 iff

for each p ¢ il(ﬁ) the mapping Yp = (Xp):G - i%(é) = i%(é)
1 .-
(G)

Proof. Suppose X 1is a generalized Fourier transform of v

is well defined, i.e., iff i%(@) is a module over L

on G to Y, so that
X(g) = [.{(g,s)v(ds) , g €G . (77)
G
By hypothesis p ¢ il(@) so that p = f for a unique f ¢ Ll(&)~
Hence X(g)p(g) 1is well-defined, and if ¢ ¢ X* , then by the
scalar theory one has

£(X(g)-p(g))

p(8)2(X(g)) = [.(g,s)E(s)ds jé<g,t>10v(dc)
G

fﬁ<g,s>(z°v * f)ds, since (aov*f)A = (oov)h-%
G

the "*" denoting convolution,

.(8,8)k (s)ds , (78)
G
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where kz = gov * f € Ll(G) by the classical theory (cf. [35],

l Thm. I.3.5 (a)). Also k(.)(S):I* + I 1is additive, and

| ”kz(-)”1 < ”f”1°”ZH'”v”(é) +0 as £+ 0 in XI¥ . Hence

| k,(s) 0 as 20 for a-a-(s), so that k,(s) = k(s)(s)
for a E(s) € I = 1 by reflexivity, and for a-a-(s)

ﬂ Thus E(-) is Pettis integrable on G , and the mapping
Zp(-):A -+ jAE(s)ds, defines a o¢-additive bounded set function
into 1 , a vector measure, by known results in Abstract Analysis.

Consequently,

£(X(g)) -p(g)

" (g,s) £°Z_(ds)
uG p

¢ ('.{g,s)Z (ds)) , 2 € X* . (79)
n.G p

Since Zp is a vector measure, sz”(é) <o ,and ¢ € X* is

arbitrary, one has
Y, (8) = (X-p)(g) = f&<g,s>zp<ds) €L, ge€c, (€9)
to be well-defined. Also |Yp(g)|x = |p(g)|IX(g)]IS”f”l-!X(g)!I

Ny ! el . .
so that ‘Yp‘l < ‘fquXH1< = and by (80) Yp is the Fourier

transform of the vector measure Zp on é into X . Hence
Yp € i%(ﬁ) . This proves the direct part. The sufficiency

is slightly more involved.

Thus, for sufficiency, let Xp =Y_ € ii(@) for each

p = il(é) . Since Y is reflexive, bprroposition 7.1, it is

enough to establish that the (weakly continuous) X 1is

V-bounded (cf., Definition 4.1). This is accomplished in two {
stages.

L, A 1,.»
Let us first define an operator T:L7(G) - Ly(G) by the

equation:
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(6 =p-X=Y ,p=F,fe Lty . (1)

Then (7£)° ¢ ii(é) by hypothesis for each £ ¢ Ll(é)

R i oo 5 o S L AT e ¢

Clearly Tt 1is linear. It is also bounded. To see this, let

us show that it is closed so that the desired assertion follows

by the closed graph theorem. So let fn’f € Ll(é) frl + f

in norm, and h_ = £ +h in LI(6) . Then (cf., [19], p. 268)
It - £, s £ -£l; » 0 and Hﬁn-ﬁuu s b -hll; » 0,

as n -+ = , But then

A

X'fn + h and %n -+ f , uniformly.

hn = (Tfn)A
IXE-hll(s) = X(E_-£)'(s) + IXE_-B(s)
< "X(s)! I%n-%l(s) + “ﬁn-ﬁ”(s) 20, as n==,s €G.
Hence Xf =h = (+£)" , and 7f = h (by uniqueness). So T
is closed.
Next let us verify the key property of V-boundedness for
X . Since Yp is continuous for each p € il(C) , it follows
that X 1is weakly continuous. Let h € Ll(G) . Consider
the operator T:Ll(G) + I defined by

~

T(h) = T(h) = [ x(e)h(g)dg , "m', s 1. (82)
G

-~

Since the correspondence h # h is 1-1, T is well-defined 1

- & ~ A
on Ll(G) , and it is to be shown that T:Ll(G) + L is bounded

when the former is endowed with the uniform norm.

Let {ea,a €1} c Ll(é) be an approximate unit (cf.,

(35], p. 6) so that ‘e ", =1, e, 20 and ‘el-e

1
a'l » 0

31
say). The hypothesis

N
1 t

(=X

as a,? 7 'o' . Now (Tea)“ = X-e

implies X, g Lé(&) , o €1, and

o o’




HXQ-XBU(t) = u(T(ea-ea))A”(c)s“T(ex-ej)‘l

s llrtie +0,¢t€G, (83)

-e "
a 31
since T was shown to be bounded. Thus XOL + X uniformly.
Since UXaHu < = , the operator T  defined below is bounded:

T, = [ X, (Oh(e)de, b e L&), (84)

But X 1is the uniform limit of Xa's so it is also bounded,
and hence T of (82) is bounded. Moreover,

LOREAOIRRINES SIOLICLED

< Hx-xauu- jGIh(t)|dt + 0 , by (83) ,
as a 7/ 'e' . Hence HTQ(h)H -+ Iyl , and
T(h) = l&m fa,xa(t)h(t)dt (= faqx(t)h(t)dt) . (85)
If ¢ € T% , (85) implies
(22T) (h) = 1§m IEJ(X(C))h(t)dt (= lém(zOTa)(h))

On the other hand,

(2oT,) (h) = fat(xa<t))h(t)dt - fé@((Tea)‘>M(t)dt
= Iah(t)-z(fé<g,t>(Tea)(g)dg>dt
= f%h(t)<g,t>dc féﬂ(Tea)(g)dg , by Fubini's theorem,
= féz(Tea)(g)h(g)dg , by Fubini again .
Thus
[ (ot ) ()| = TRl Mare )"y s "RY eltietetie 1) (86)

Taking suprema on ![¢" < 1 , and noting that ”ea“l =1, (86)

implies

T () = Rl (87)
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Thus (85) and (87) yield that IT(h)! = c”ﬁwu with ¢ =
lrll < @ . So X 1is V-bounded. Since Y 1is reflexive,
Proposition 7.1 now applies and yields (77) for a unique
vector measure v on G into L . This completes the proof.
Remarks.l. Since G 1is not necessarily compact, p =1 in
Yp 1s not necessarily possible; so that the result of the
theorem cannot be trivialized.

2. The necessity proof also holds (and thus the
theorem) if LY(8) is replaced by () = [a:u(t) =
fé<g,t>u(dg), w € m(é),t € G} , where M(G) is the space of

~

regular signed Borel measures on G . 1In fact let Yp = uX ,

where p = " (is a function!), so that for s € L* ,

(Y, (1))

[i(8:0u(8) * [.(s,e112(5) = (G- 222) (B)
G

(u*go Z)" (t) = Z(f&<g,t>(u*2)(dg))

using the covolution products appropriately (cf., e.g. [19]).

Thus %z 1is a vector measure on G and u*z!'(G) s

lul(G) "2"(G) < = . Thus YP is a Fourier transform of

u*Z . Tdentifying LY(8) & m(8) as Ti:A = [ £(t)dt, the

sufficiency proof of theorem and the above liﬁes show that

il(E) can be replaced by 5(@) everywhere in that result.
Taking X = LS(P) so that V-boundedness is the same as

weak harmonizability, the above theorem together with Theorems

3.3, 6.3, yield the following two summary statements on char-

acterizations of weakly harmonizable random fields.

Theorem 7.3 Let G be an LCA group, X = L%(P) and X:G *'L§(é)




be a weakly continuous mapping. Then the following statements

are equivalent:

(1)
(ii)

(iii)

(iv)

(v)

X is weakly harmonizable

X 1is bounded and V-bounded

X 1is the Fourier transform of a regular vector measure

on G into X .

for each p ¢ il(é) , the process Yp = Xp:G = LS(P) is

weakly harmonizable.

Furthermore, the following implies (i) - (iv):

if ¥ = sp{X(g),g € G} € L , then there exists a weakly

continuous contractive positive definite family of

operators {T(g),g € G} < B(¥) such that T(0) = identity,
and X(g) = T(g)X(0), g € G .

In order to present a similar description of the dilation

results, these individual statements should be couched in terms

of classes. Let us therefore define various classes in X .

v

oo

the set of bounded weakly continuous V-bounded random
fields on G .
= the set of weakly harmonizable random fields on G .
= the class of all random fields which are Fourier trans-
forms of regular vector measures on G~ Y.
= the module over il(é) of all functions on G -+ X ,
in i%(&)
= the class of all random fields on G » X which are
projections of stationary fields on G -+ X, where

¥ > X 1is some extension (or super) Hilbert space of YL .




———

Then the following result obtains:

Theorem 7.4 With the above notation, one has & =h = =

¥=1Ww,

These two theorems embody all the known as well as new
results on the structure of weakly harmonizable processes or
fields. Some applications and extensions will be indicated

in the rest of the paper.




8. Associated spectra and consequences. For a large class

of nonstationary processes, including the (strongly) harmon-
izable ones, it is possible to associate a genuine (non negative)
spectral measure and study some of the key properties of the
process through it. One such reasonably large class, isolated
by Kampé de Fériet and Frankiel ([15]-[17]), called class

(KF) in [51], is the desired family. This was also considered
under the name "asymptotical stationarity" by E. Parzen, (cf.
[14] with the same name for a sub class), and by Rozanov ([34],
p. 283) without a name. All these authors seem to have arrived
at the concept independently. But it is Kampé de Fériet and
Frankiel who emphasized the importance of this class and made

a deep study. This was further analyzed in [31].

If XR - L%(P) is a process with covariance k(s,t) =
E(X(s)X(t)) , then it is said to be of class(KF), after its
authors [15]-[17], pro#ided the'following limit exists for
all h €R :

L :
r(h) = lim T J k(s,s+|h|)ds = lim rT(h) . (88)

T 0 T4

It is easy to see that rT(-) , hence r(.) , is a positive
definite function when X(-) 1is a measurable process. 1If
X(*) 1is continuous in mean square, the latter is implied.

It is clear that stationary processes are in class(KF). By
the classical theorem of Bochner (or its extended form by F.
Riesz) there is a unique bounded increasing function FR - R
such that

r(h) = [ e Fear) , a-a-(h)-(Leb) . (89)
m .
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This F 1is termed the associated spectral function of the

process X . Every strongly harmonizable process is of class
(KF). This is not obvious, but was shown in ([34], p. 283),
and in [31] as a consequence of the membership of a more general

class called almost (strongly) harmonizable. The latter is

not necessarily V-bounded and so the weakly harmonizable class
is not included. (Almost harmonizable need not imply weakly
harmonizable.) Since the bimeasure of (30) is not necessarily
of bounded variation, the proof of [34] given for the strongly
harmonizable process does not extend. Perhaps for this reason,
Rozanov (cf. [34], footnote on p. 283) felt that the weakly
harmonizable processes may not be in class(KF). However, a

positive solution can be obtained as follows:

Theorem 8.1 Let X:IR - LS(P) be weakly harmonizable. Then

X € class(KF) , so that it has a well-defined associated spectral

function.

Proof. Since X 1is weakly harmonizable,

X(t) = [ e z(d) , t ¢R,
R

for a stochastic measure Z on IR into Lg(P) , and if

F(A,B) = (Z(A),Z(B)), then F:8 x 8 » T 1is a bounded bi_measure.

Considering (88) for h = 0 (the case h < 0 being similar)
one has
T-h 1 B
rp(h) = % - =7¢ fo k(s,s+h)ds, k(s,t) = (X(s),X(t)) =
E (X(s)X(E))
To show that 1lim rT(h) exists it suffices to consider
T
T T
L~ k(s,s+h)ds = Lo E(X(s) ‘X(s+h))ds
To T 0
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T . . 1
- EG [ as %RelSXZ(dx) %Re°l(s+h)xz(dk')),(90)

and show that the right side has a limit as T #+ =« . Let
L=y = L%(P) ,and Z = Ll(P) . Since Z:8 =+ 1, i =7Z:8 Yy
are stochastic measures, one can define a product measure on
IR xR into 2Z , using the bilinear mapping (x,y) »* xy ,

of X x y =+ 2z , as the pointwise product which is continuous
in their respective norm topologies. Under these conditions
and identifications, the product measure Z ® Z:8 x 8 =+ Z is

defined and satisfies (D~S integrals):

[ £(s,t) (z82) (ds,dt) = [ z(ds)[£(s,t)z(dt)={Z(de) [£(s,t)Z(ds) ,

for all £ € C,R®R) , by ([5], p. 388). 1In most of the work
on product vector measures, Dinculeanu assumes that they are
"dominated". However, as shown in a separate Remark (cf. [5],
p. 388; cf. also [7], Cor. 3), such a product measure as in
(91) is well-defined, eventhough it need not be "dominated".

It has finite semi_variation, and !Z8Z!@®®R) s Z2'@®)-1Z/®R) =
(”ZWGR))2< » , so that Z ® Z 1is again a stochastic measure.

o s [}
Letting £ (O\,\') = elsh. ~1(s+h)A , so f_ 4 € CLBRR) ,

s,h
(91) becomes:

I eiskz(d)\)j e—i(Sﬁ))\'Z(d)\')=f eiS(X-)\')'ih)\'Z®z(d)\ ,d)\l),
R R RAR (92)

the right side being an element of Ll(P) . Applying the
same calculation to the measures Z ® Z:8@RXR) =+ Z and

u;a([o,r])-»n{* , (M 1is Lebesgue measure), with (x,a) -+ ax

being the mapping of Z xR #+ Z , one can define

"R A e

Bamn et i e s i
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M ® (282):8(0,T) x 8(RAR) » Z and hence
T T
Ju@e)[  £(e,0)Z8Z(dr) = [ z8Z(dr)[ £(t,)\)u(dt) . (93)
0 RAR RXR 0
Writing wp(dt) as dt, (90) - (93) yield:

T : <3 'y o3 ]
EG [ def IO g s an)
0 RXR

' T . .

=E(Jq e-h)‘- 7 ® Z(d)\,dkl)".]f 'J‘ elS(;&")\. )dS)
e iT(A-2") ° ‘
iy 1 - _ |
B E(%Rﬂke-lhk o=y lx[x¢X'] + 8, 01292(dk, ")) E

(94)
But the quantity inside the expectation symbol E 1is bounded

for all T , and since the dominated convergence is valid for

the D-S integral ([8], 1IV.10.10) , constants being Z ® Z-inte-

grable, one can pass the limit as T + «» under the expec-
tation as well as the D-S integral in (94). Hence

-hA! '
E( e 8,1 2 ® Z(d\,dr"))
%RHR A ’

. 1 oL
lim & fok(s,s+h)ds

T

- !
= [ ey E(zez(dr,d "))

RAR
=7 e R@Lan
[(x=x']
where F 1is the bimeasure of Z . Hence lim rT(h) =

T
r(h) exists and

r(h) = [ e"Mhgary
R

where G:Ar (F(dr,d\ ') ,A€R, is a positive finite measure
w-l

8
which therefore is the associated spectral measure of X ¢ 3

class(KF). (Here anZ»:R is the projection.)This completes the proof.:

The above result implies that several other considerations

of [34) hold for weakly harmonizable processes.
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As another application of the present work, especially
as a consequence of Theorem 6.1, the following precise version
of a result stated in ({34], Thm.3.2) will be deduced from the
corresponding classical stationary case.

Theorem 8.2 Let XIR -+ LS(P) be a weakly harmonizable process

with Z:8 - LS(P) as its representing stochastic measure. Then

for any - ® <A <Ay <= , writing zZ(\) for Z((-=,)\)) ,

one has

l'i-m f
T » o©

T _-ithg__-1itiy Z(x2+)+z(xz) ZAH)+Z(hi-)
—r— X(t)dt = 7 - 7 (95)

~T

where 1l-i-m is the LZ(P)-limit. Further the covariance

bimeasure F of 2 can be obtained for any A = (xl,xz),

= ' ' .
B = (Ashp) ast -A1s idjt -t

Ty D A -
oI lesz & "8 . 22 1(s,t)ds dt = F(A,B) , (96)
< o - -
1°T7® "T17Ty

provided A,B are continuity intervals of F 1in the sense that

F((-m,xji), (-w,két)) = F((-w,xj)) , j = 1,2, and where r(-,-)

is the covariance function of the X-process. In particular,

T
if SRR + T is countinuous, % f s(t)dt - ag exists as T #+ = ,
0

and lim r(s,t) = 0 , then for the observed process
ts|+le]=e

Y(t) = S(t) + X(t) , so that S(-) 1is the nonstochastic ‘signal’

and X(-) is the weakly harmonizable 'noise', the estimator
T

- 1 > . 2 . 2

St= 7T IOY(t)dt % ay in LO(P) (i.e. E(|ST-ao\ ) + 0) as

T

T - Thus S is a consistent estimator of ag and in

T
other terms, both X- and ?-processes obey the law of large

numbers.
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Proof. The key idea of the proof is to reduce the result to

the classical stationary case through an application of the
dilation theorem. Thus by Theorem 6.1 , there exists a pro-
bability space (5,§,§) , with L%(?) o) Lg(P) , and a stationary
process Y:R -~ Lg(ﬁ) such that X(t) = QY(t), t € R where

Q 1is the orthogonal projection on L%(ﬁ) with range LS(P)
There is an orthogonally scattered stochastic measurei:ﬁ - Lo(ﬁ)
such that

v(e) = [ ¥ Zan) , t eR, (97)
R

and Z(A) = QE(A) , A €8 , where 2Z:8 = L%(P) represents
the given X-process. Since Q 1is bounded, as is well-known,
it commutes with the integral as well as the 1l:i-m . Thus
(95) is true for the Y-process with Z in place of Z there
(cf.,e.g.,[6], p. 527). Then the result follows on applying
Q to both sides and interchanging the l-i-m- as well as the
integral with Q , which is legitimate. Hence (95) is true
as stated.

Next consider the left hand side (LHS) of (96). With

(95) it can be expressed as:

. . . 1 . ]
T T -1512- -1sx1 -1tk2_-1tx1 i
s = 1im  E(/ ! [ 2[&—x=t X(s)]+ [&——="2 X(t)] dsdt)
T]. ,Tz"“’ 'Tl 'Tz 1s it
-ish, -is) -itN, ~itA|
T 2. 1 T 2 1 . _
= lim E[( ! &~ x(s)ds)([ 2 &—"% X(t)) dt]
Tl,Tz"m 'Tl 1s 'Tz it 3
-
} Z(yH)HZ(0y-) z(xl+)+z(x1-)) ZOgH)+205%) Z(H+2( )]

Bl (— 7 7 i 7
F(A,B) , -
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by the continuity hypothesis on F , after expanding and

taking expectations. This proves (96).

Finally, if Y(t) = S(t) + X(t), t €R , let ap =

N T ~
E(ST) = % fos(t)dt . Noting that Y € class(KF) since X
does (cf. Thm 8.1), and ap 2, ,as T =,

- 2, _2 I.T 2
E(IST-aOI ) 7 fofor(s,t)ds dt + 2|aT-a0|

- I [irT(h)dh +2 |aga,l?, (98)
where, as usual, rT(-) is given by (88) . Since rT(h) -+ r(h)
due to the fact that Y ¢ class(KF) , and since r(s,s+h) + 0
as |s]| #» » by hypothesis together with the fact that
|r(s,tl| < (r(s,s)r(t,t))]‘/2 < M < » where IX(e)ll = M < =
(X being V-bounded), one can invoke a classical result on
Cesaro summability (cf., [8], IV.13.83(a)). By this result
r(h) = 0 for each h €R . Actually rT(h) + r(h) (=0) ,
uniformly in h on compact sets of IR . It follows that
E(léT-ao|2) + 0, and this completes the proof of the theorem.
Remark. The key reduction for (95), which is used in (96), is
possible in the above proof since the linear operation of Q
on the process mattered. However, for Theorem 8.1, the dilation
result itself is not immediately applicable since the problem
there is non-linear, and one had to use alternate arguments as
was done there. Thus the point of the general theory here is

to clarify the structure of these processes, and a reduccion

to the stationary case need not always be possible or essential.
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9. Multivariate extension and related problems. Here a multi-

dimensional extension of weakly harmonizable processes and the
filtering problem on them will be briefly discussed. Even-
E ? though some results have direct k~dimensional analogs (k = 2),
there are some new and non-trivial problems in this case for
a successful application of the theory. The infinite dimen-
sional case will not be considered here since the key finite
dimensional problems are not well-understood and resolved.

Let L%(P,mk)(= L%(Q,Z,P;Ek)) be the space of equivalence

k i

classes of measurable functions f:0 - T , the complex

k
k-space, such that (i) Iflz =T lfilz is P-integrable,
i=1
and (ii) E(f) = [£(w)P(dw) = 0 , or equivalently, E(f;) =
Q
/ £, (WP(dw) =0 , 1 =1,...,k , where £ = (f,...,£), ||
Q

k , and (Q,Z,P) 1is a

is the Euclidean norm of f in T
probability space. If f,g € L3(P,T") , define €15 = (£,£)
where the inner product is given by :

Kk -
(£,8) = [ (£(w),g(w))P(dw) = £ [ £ (w)g; (w)P(dw)
Q i=1 G

Then X = L%(P,Gk) becomes a Hilbert space of k-vectors with
zero means. If k = 1, one has the space considered in the
preceding sections (¥ = LS(P,E))

Definition 9.1 Let G be an LCA group. Then a mapping

X:G + XL 1is a weakly or strongly harmonizable vector (or

k-dimentional) random field or 'process' if for each a =
k

(al""’ak) € Ek , the mapping Ya = a-X(=i§laiXi): G+ i

is a (scalar) weakly or strongly harmonizable random f.eld.

.ih--J_-_......‘_.__._.__u.__.______‘__“_-_-._‘.“..___-_.__-__-‘h




Similarly a vector stationary, Karhunen, or class(C),
processes are defined by reducing to the scalar cases.

It is immediate from this definition that the component
processes are also harmonizably or stationarily etc. correlated
according to the class they belong. Thus if r, is the
covariance function of the Y, -process and R 1is the covariance
matrix of the X-process, so that r_(g,h) = E(Ya(g)YZ(h))

and R(g,h) = E(Xt(g)X(h)) where X(g) 1is a kth

order (row)
vector and ''t'"" denotes the conjugate transpose of a vector

or matrix, then ra(g,h) = aR(g,h)at . With this notation,

the integral representations of multivariate weakly and strongly
harmonizable random fields can be obtained, using Theorem 3.3,

in a straightforward manner.

Theorem 9.2 Let G be an LCA group and X:G =+ X = L%(P,Ek) s

a _weakly continuous bounded mapping. Then X is weakly

harmonizable iff there is a stochastic measure Z on

G-+ X (or if Z(A) = (Z{(A),...,Z, (A)), A< G is a Borel set,
then each Zj is a stochastic measure on G - H , j =1,...,k),

such that

X(g) = fa (g,s) Z(ds) , 8 € G , (99)

-

where G 1s the dual group of G . The mapping X 1is strongly

harmonizable if further the matrix F = (sz,j,ﬂ=l,...,k)

with F(A,B) = ((Zj(A),Zz(B)),j,z=l,...,k) is of bounded

variation on G , or equivalently each sz is of bounded

variation on G . The covariance matrix R 1is representable

as:

R(g,h) = [ [. (g,s)(h,t) F(ds,dt) , g,h € G , (100)
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where the right side is the MT-integral, or the Lebesgue-

Stieltjes integral, defined componentwise, accordingly as X

is weakly or strongly harmonizable, and where F 1is a positive

definite matrix of bounded bimeasures or of Lebesgue-Stieltjes

measures. Conversely, if R(*,-) is a positive definite matrix

representable as (100), then it is the covariance matrix of

a multivariate harmonizable random field.

Sketch of proof. Let a ¢ mk be arbitrarily fixed and con- i

sider Ya = a-X(=aXt) . If X 1is weakly harmonizable, so
that Ya is also, then by Theorem 3.3 (trivially extended
when TR 1is replaced by G) , there is a stochastic measure
Za on G -+ ¥ such that

Y, (8) = fé (g,s) Z,(ds) , g € G .

From this and the definition of Ya , it follows that
Z(_)(A):(Ek + H 1is linear and continuous. Hence there is a

Z on G - I¥*(=%, by reflexivity) such that Z,(A) = a-Z(A) ,
and it is evident that Z 1is o-additive on ﬁ(é) - X so that

it is a stochastic measure. It follows from the properties

of the D-S integral that:
Y, (8) = a-X(g) = [.(g,s) a-Z(ds) = a-[ (g,s)2(ds) ,  (101)
G G

where the last integral defines an element of X . This
implies (99) since a 1is arbitrary and X(:) as well as the
integral operator are continuous. The converse is similarly
deduced from the corresponding part of Theorem 3.3.

If X 1is strongly harmonizable, then so is Ya and if

. s . . , t
Fa is its covariance bimeasure, then Fa = aFa where

F(A,B) = ((Zj(A),Zz(B)), j,£=1,2,...,k) . Now taking special
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values for a in Ek , it follows immed ately that each

component of F 1is of bounded variation. Interpreting

(100) componentwise, the result follows from the scalar case.

The same representation holds with the MT-integration for the

e EA———— - i

weakly harmonizable case. All other statements, including
the converses, are similarly deduced. This terminates the ;h
sketch. i

By an analogous reasoning, it is evidently possible to
assert that there is a 2-majorant of Z , and the X-process
has a (vector) stationary dilation. These results are of real
interest in the context of the important filtering problem
which can be abstractly stated following Bochner [2].

If X:G + X 1is a random field, a (not necessarily bounded)
linear operator A:X + X is called a filter of X , if
commutes with the translation operator onm X , i.e., if
(ThX)(g) = X(hg) , then Th(AX) = A(ThX) , where domain
(A) = {ThX(g), g €G, h € G} . The problem is to find solutions
X of the equation: b

AX =Y (¢ 1), (102)
such that if Y 1is 4 given weakly or strongly harmonizable
random field so must X be.

For the stetionary case, a general concept of filter was
discussed by Hanngn [11]. If k =1, A =.§ a;8; 1is a reverse
shift operator with G =R (so AiX(t) = ;Zi-i)) and Y 1is
stationary, then this problem was completely solved by 1 4

Nagabhushanam [25], and by Kelsh [18] in the strongly harmon-

izable case. 1In both these studies, the conditions are on the




measure function F of (33). If k > 1 , under the usual

assumptions on the random fields, the following new questions
arise with (99) and (100). Frequently employed general forms
of A 1include the constant coefficient difference, differen-
tial, or integral operators, or a mixture of these. For

m .
instance, if A =T AjDJ , wWhere Ajk are k-by-k constant
j=0

matrices, and Dj = gij » (GR) then (102) takes the following
form in order that igtadmit a (weakly) harmonizable solution
for a harmonizable Y where X(j) denotes the mean-square

jth derivative (assumed to exist):

R Y j=0

=

- L(E=3A 55y ]
jEO A %Re (ir)7 z (dr)

- J“]Rr(x)-eitX Z (d\) (103)

where TQO) =-% Aje-ijk(ix)j , called the generator of A in
[2], and Zx,z;O are the representing stochastic measures of
X-and Y-processes. Clearly the existence of solutions of (102)
depends on the coefficients Aj's determining the analytical
properties of the generator T(:) . If the process is strongly

harmonizable then (103) implies (*-denoting conjugate transpose)

r ‘J' eis)\—it)\'

R _(s,t) F_(dx,d\")
y R'R y

%Rﬂmeisx TOOF(dh,d ") (T el x| (104)

where Fx and Fy are the k-by-k matrix covariance bi-

measures of X- and Y-processes. For a special class of

T ISP e " a1
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strongly harmonizable k-vector processes, recently Kelsh
{18] found sufficient ccnditions on the generator T(-) for
a solution of (102) when differential operators are replaced
by difference operators so that {A:T(}) = 0} 1is finite.
The solution here hinges on the properties of the structure
of the space:

LZ(FX) = {T:R » B(Ek), measurable, If [ TO)F, (dh,d")T* (") <=)
RR (105)
Since the integral in (105) defines a positive (semi-) definite

matrix, its trace gives a semi-norm. The measure function F
being a matrix bimeasure, several new problems arise for an
analysis of the LZ(FX)-space. For the weakly harmonizable
case, an extension of the MT-integration , to include such
integrals, should be established. The resulting theorey can
then be utilized for the multivariate filtering problem. Even
if k =2 , the question is non-trivial, involving the rank
questions of F . Application of the dilation results to
the filtering problem has some novel features, but it does
not materially simplify the problem.

Another interesting point is to seek "weak solutions"
of the filtering equation (102) in the sense of distribution
theory. This idea is introduced in [2]. If G 1is a class
of functions on IR (e.g., Schwartz space c“qR)) with a
locally convex topology, then one says that (102) has a

(weak) solution iff for each £ € G

DE(e)Y(e)dt = [ £(E)AX(t)dt = | (AF) (£)X(E)dt (106)
R R R
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where K:Q + G 1is an operator, associated with A , defined
by the last two integrals above. It is an "adjoint" to A
For instance, if A 1is a differentail operator with T(-) as
its generator, if k =1 and X,Y are stationary, then A

is given by

(RE)(£) = [ T(e-MEQ)F () , £ € g (107)
where Fx is th spectral measure function of the X-process.
Clearly many other possibilities are available. Thus there
are a number of directions to presure the research on these
problems, and the paper [2] has a wealth of ideas of great
interest here.

This essentially includes what is known about weakly
harmonizable random fields and processes, as far as the
structure is concerned. Since the class(C) of Cramér and its
weak counterpart (cf. Definition 3.1) and the Karhunen
class of processes, defined by (31), are natural generali-
zations of harmonizable and stationary classes, it is reason-
able to ask whether the latter is a dilation of the former,
i.e. is the analog of Theorem 6.1 true for weakly class(C)?

A restricted version can be established by the same methods,
but the exact (general) result presents some difficulties.
This question will be briefly discussed here in order to

include i: in the set of problems raised by the present study.

Recall that a mapping X:R = LZ(P) is a Karhunen process,
0

if its covariance function 1r(.,:) admits a representation

r(s,t) = g (W) () F(dh) , s,t€R,
R

—— i

o -

TP ]




relative to a family {gs(-), s € R} of measurable functions
and F which defines a locally finite positive regular (or
Radon) measure on TR and g € LZ(F) , (c£. also [10], p. 241).
As an immediate consequence of Theorem 3.2 (cf. Remark 2
following its proof), an integral representation for Karhunen
processes can be given:

Proposition 9.3 Let S be a locally compact space and

X:8 - L%(P) be a process of Karhunen class relative to a

locally finite positive regular (or Radon) measure F on §

and a family {gt,t € 8} c LZ(F) , the space of all scaldr square

integrable functions on (S,8,F) . Then there is a locally

bounded regular (or Radon) stochastic measure Z:8g - LS(P)

where ﬁo c B8 1is the &-ring of bounded sets, such that (i)

E(Z(A)-Z(B)) = F(ANB) , A,B € By » 89 that Z 1is orthogonally

scattered, and (ii) one has

x(t) = [ g.(M)z(dr) , tes, (108)
S

where the right side symbol is a D-S integral, (cf. also [39], § 1.)

Conversely, if X:S - L%(P) is a process defined by (108)

relative to an orthogonally scattered measure Z on S and

{gt,t € 8} satisfies the above conditions, then it is a

Karhunen process with respect to the family {gt,t €S} and

F defined by F(ANB) = (Z(A),Z(B)) . Moreover M, ={§3{X(t),

cH =35 2 - .
t €S} ¥, =5p{2(A),A € By} © Lg(P) and ¥, =, Liff

Z
8.,t € 8} 1is dense in LZ(F)
A proof of this result is essentially given in ([10], p.

242) and is a simplification of that of Theorem 3.2. Even a

e e i) i e
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multidimensional version is not difficult, which in fact is
analogous to that of Theorem 9.2 above. Actually, the version
in [10]) is sketched for the k-dimensional case.

It follows from the arguments of the D-S theory of inte-
gration that a bounded linear operator T and the vector inte-
gral such as that of (108) commute even if Z 1is of locally
finite semi_yvariation on the locally compact space S . This
extension of ([8], IV.10) was proved in ([39], p. 79), and
shown to be easy. Thus if X:S = L%(P) is a Karhunen process,
so that it is representable as in (108) and if T ¢ B(L%(P)) ,
then it follows that

TX(t) = JI‘Sgt(x)'roz(dx) , (109)

~

and it is simple to see that Z = ToZ 1is a stochastic measure of
locally finite semilyvariation, but not necessarily orthogonally
scattered. Hence by Theorem 3.2, TX is weakly of class(C).

In the opposite direction, for a process {X(s),s € S} ¢
weakly class(C), one cannot apply the theory of Section 5
above if only {gt.t € §} < L2(F) , and no further restrictions
are imposed, where Lz(Fx) is the space of strong MT~integrable
functions relative to the covariance bimeasure Fx representing
X:(cf. (105), with k=1). The needed analogs of Theorem 5.5
and Proposition 5.6 are not available. Suppose now that Fx
is such that if each 8¢ is a bounded Borel function and

M(S) 1is the uniformly closed algebra generated by {gt,t € S}
then M(S) < L?(F,) . Let Tg, = X(t) = [ g (A\)z(dr) and
S

extend T 1linearly to M(S) . Then T € B(M(S),¥) . When
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M(S) 1is given the uniform norm. This forces F, to be of
finite semivariation! Under this assumption T 1is 2-absolutely
summing, and Proposition 5.6 is applicable. Hence

el = ”fl!Z,u , £ € M(S) (110)

for a finite measure u on S . (A similar result seems
possible if Z is restricted so that T ¢ B(LZ(FX),ﬂ),

defined above is Hilbert-Schmidt by [20], p. 302. But it

is not a good assumption here.) Thus one can repeat the proof
of Theorem 6.1 essentially verbatim and establish a dilation
result. Omitting the details of this computation one obtains the
following result.

Theorem 9.4 Let S be a locally compact space and X:S - LZ(P)=ﬁ
0

be a Karhunen process relative to a Radon measure F and a

family {gt,t € S} c LZ(F) . If Q:¥ -+ ¥ 1is any (bounded)

projection, then i(t) = QX(t), t € S, is a process in weakly

class(:)) . On the other hand if {X(t),t € S} 1is an element

of weak class(C), and so is representable ‘n the form (108) for

some family {gt,t € 8} c Lz(Fx) where Fo is a bounded

covariance bimeasure of the process, and if each 8¢ is also

bounded, then there exists an extension Hilbert space K 2 H ,

~ o~ A

a_prooability space (Q,Z,P) with ¥ = Lé(?) , and a Karhunen

process Y:S + X such that X(t) = QY(t), t € S where Q
is the orthogonal projection on ¥ with range ¥

This result points out clearly the need to consider the

domination problem for other Banach spaces than those covered




by the results of Section 5. 1Indeed the associated abstract
problem of classifying Banach spaces admitting a positive
p-majorizable measure for each vector measure from a proba-
bility space into that space is essentially open. Also the
preceding theorem and related analysis presumably extend to
classN(C)-processes of Definition 3.4. This will be of inde-
pendent interest in addition to its use in a treatment of the
general filtering theory on these processes. OQther problems
noted in the main text of the paper are of both methodological

and applicational importance for a future study.
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