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ABSTRACT

This paper presents a general expression for the WKB
approximation to the propagator corresponding to an arbitrary
Hamiltonian operator E. For exavrple, if the correspondence rule
used to pass from the classical Haniltonian Hc to g is such that

it associates aP Q +(1 a)Q p to p, q , then the formula gives

Ken ™ exp(%-a)f(» n_/5a%p,) (a_(£).p_(6), )at}

-n/2 T %

(det M) exp(is /h) is vVan Vieck's well~

where KVV = (2wifh)
known formula, S being the action functlonal evaluated at the

classical path (qc,pc) and Mij = 9 25 /}q qu . More generally,

the formula presented here applies to any system described by

a function f(x,t) whose time evolution is given by

(g(x. X9/0x, t) + k¥Nt)f(x,t) = 0, regardless of the form of‘g.
The Schrddinger equation of guantum mechanics and the Fokker-
Planck equation of diffusion are obvious examples. Many examples
are discussed. This generalizes results obtained in a previous

publication (J. Math. Phys. 18 (1977), 786-90).
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INTRODUCTION

The purpose of this paper is to obtain a general expression
for the WKB approximation to the propagator corresponding to an c
arbitrary Hamiltonian operator. In an earlier publication  we
determined a range of validity of Vvan v1eck'sﬂgfll—known formula ,
which was known not to be universally validsj_The approximation
derived here, generalizing Van Vleck's formula, is also valid beyond
quantum-mechanical applications*\gi\it applies to any system

described by a function f(x,t) whosé\Eime\evolution is dictated by

[ Bx, x¥/0x, ¢) + x3/ot] £(x,t) = o,ﬂk\ (1)

L

- gsuch as the FokXker-Planck equation for diffusion processes.

THE GENERAL WKB APPROXIMATION FORMULAE

(Wh operate in n dimensions and summation over repeated

indices is implied. The following theorem summarizes our findings:

Theorem —\‘“\\\\\}?
Let
e H(Q,P,t) be an arbitrary Hamiltonian operator (the lack of
N N

constraints imply that it could be non-Hermitian, time-
dependent, non-quadratic in f, etc.) -
° Hc(q,p,t) = g(g.,q, Eugp, A = 0) be its classical countérpart.
@ The correspondance rule used to pass from Hc to E be such that

it makes the following associations:

f(Q)Hf(g), f(p) &« f(f)' (2)
j J j .

piq &> afi% + (1 a)g Ei for a given a, (3)

(Note that (2) and (3) do not imply Hermiticity of E,

even if a=k).
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i 5 L (qc(t),pc(t)) be the classical solution, solving Hamilton's
equations for H such that ., (t ) = q, and q, (t )y = 9%,
oS (gt qt) _f[p (0&, (6) - 8_(a_(6),p_(6),)] at  (4)
be the class:.cal actlon (T [t’. t“] alse T2 ¢ +-ta),
Mlj (qb b'qa'ta) = ") S /)q bqb (5)

be the Van Vleck - Morette matrix, with determinant det M,

® K(qb,tb,q , t ) be the propagator corresponding to‘§, defined by

[H(QPt)-lflg—]K=0 (6)
lim K = 8(«1b a), (7)
t>t .

e RO T A b Ay b i A o h o

where Q is represented by g and P by -ih D/)qb,
o~ ~

A, 3 imat i h ,
° KWKB (qb’tb a, ta) be the WKB approximation to the propagator
defined oy:

; lg:nl( E(Q P,t,) - iﬁ?/)tb] Koxp = 0({12), (8)
lim K = § (q,-q)). (9)
WKB b “a ‘
thr’ta

Then the WKB approximation is given by

A Rt - 7+

%
k
Keen = Ky exp[(ss - a)f 2 He (g 0. p (01, ) dt], (10)
t, 994 0p,
where va is Van Vleck's formula:
Kpy = (21,16)"“/2 (det M);i exp (i /h). (11)

(The case where det M = 0 is not examined here).




More generally, the WKB approximation is given by

KWKB = Ao exp(lsc/h), (12)
where
® AO 3 KO(O’ tbl 0, ta)o (13)

L} L} 3 :
) Ko(qb ,tb,qa ,ta) is the propagator corregsponding to the

Hamil tonian operator

i 13, eyt _
. a 2 . 2 :
o "l (t1z 2 He , £55 (002 DHe A EICAL N
. i | 9+ 9 Op: i
WP 1979, RN 1°op; 19-9.0)
P: P tt) P> pete) (15)  P=p.¢
® The correspondence rule used to pass from Hc to H is such
~
} that it makes the following associations:
»: i . ¢ « * (3
PiP;&>Vs5 , ad &> v | dpiesw .. (1¢)
; -~ ~ ] ~ J
4

PROOF OF THE GENERAL WKB APPROXIMATION FORMULAE };

o g s

Let us begin by giving a simple example illustrating the fact
that the van Vleck formula va in (11) is not always equal to the
i i . L t b 3 Y
WKB approximation KWKB e '5 e an operator such that KVV = KWKB

The operator

H' = P (Q)HF(Q) ‘ (17) .
has the same H_ (and hence the same va) as H. Yet its WKB appro-
[o] ~

R Y T a5

ximation is not K but
'A%

L Kinep = Fla)F @)Ky, (17a)

as can be verified by direct substitution.
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We now prove the theorem. Formula (10) will be proved by
generalizing the proof given in ref. 1. The more general formula
(12) will be proved by generalizing the method used in ref. 4,

which involves path integrals. It is presented separately because

it is more on the heuristic side.

Proof of first formula

In ref. 1, where we investigated the range of validity

of Van Vleck's formula, we assumed that the WKB approximation was

of the form:

Ko = 26)C exp(iB/h),

where C and B are real functions of db’

pendent of 4, and found that

-{ ,
Kweg { ﬁ"*‘%‘) Kura

[, ]
where Bij =

tb,

ﬁl(‘).

=B+ F(OH,(B",qy, z,)+;,[

3 .
- (ap‘ 3g] He(b,qy, to))’-y(F’(O) + zEF(()))

. 1F(0)C] (oH, . F
C (ap ( p,a b)tb)) 5 ‘1~@B:;

80, _ 3?
(ap 3, /0 "’) .y] e {[‘ s Ol

Ci

- FO) 3 2y - F' S - L ropmy 2 o

2
2C aq
[

cBirgp, - quws"

2
i10)2 " ,,ah 7

1
"“F(O)Bma/, + 2F'(O)Er—'rhl“'(o)
CASIIND SN
3O 1 Ot

xa;agﬂumqhq}”r+omE

qa, and ta' inde-~

(18)

9)

328/bqbi'bqb3, etc., and F is Cohen's F function,
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g = (2rh)

establishing the correspondence between H and Hc by

~

—Znerp dg du dav F(u,v)Hc(q,p,t)

R*  exp{ (imfa-0).u + (-p).v]) - (20)
~ ~
F effects the generating~function correspondence
F(u,v) exp [ (-i/h) (Qu+Pv)] v exp[(~i/h) (qu+pv)], (21)
and a set of Fs effecting a given correspondeance HCQH can be found
by solving6

. n ;
F (u, V)fdp dq H_ (q.p.t)e t{ga+pv) A = (2#1) tr(el(gugv)/nﬂ). (22)

This equatlo1 for F, to bYe understood in the sense of distribution
theory, may or may not have a solution, and the solution may or may
not be unique if it exists. '

In ref. 1, F was assumed to be a function of u.v/A only,
and this requirement is maintained here, as u.v/A is the only dimen-
sionless gaantity one can form with u, v, and A, and it is assumed
here that H contains no constants (other than A) that do not appear
in H . It can be shown7 that the fact that F depends on the combi-
nation u.v/A implies that the operator E corresponding to pmqn in
1l dimension is a linear combination of all the possible ordered
arrangements of B m times and 3 n times (true "factor ordering").
Thus, no true divisors are allowed in Cohen's scheme , an important
restriction since the Laplacian in curved spaces contains true

divisors. We shall return to this point later.

In ref. 1, F was also assumed to be real9 so as to insure
the Hermiticity of‘g. This requirement is dropped here. Therefore,
equating both the real and the imaginary part of the constant term
and the term proportional to A to 0 in (19) yields the following

4 equations to be satisfied by B and C:
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SOP.

6 ) P8
H ( , 22, t) Re]F(O) + e =0 23
, o8 | =
H O a "T‘ib t) m{F(0y] = o0 (24)
ref F (0] .'.')_,Icz SLICER: )\ J
bé ')Qi P =?B/oq, (25) .
+ 2_( ) + 2C2 ’3 He 3V He (q,p.t )i Im[F'(O)] =0 |
it 9% P =28/2q
D
q = q
frefr’ (01} - % 1nfr(0))} [ CALRCEAN (26)
q‘o Ny P =B/ 0q
q=q,
2
+ 1n{F (0] c’ %(q,orp,t ) + % By ?°He ] = 0,
C vp. 2p:Vp. 4 P=B/a
C rA f‘ f; D

where the third eqiation was rewritten in a more compact form.
First, let us translate the conditions (2) and (3) on H
~

into conditions on F. These are:

F(0) =1,  Re[F'(0)]=0, mfF' (0)]=a-% . (27)

Indeed, (2) readily results from (21) with F(0) = 1. If we diffe-~

rentiate (21) with respact to v, then set v=0, then do the same with

u, we obtain

pg &5 F(0) (QP+PQ)/2 ~ 4F' (0), (28)

which yields the 2 conditions on F'(0).
It is, in fact, possible to drop the requirement that the

correspondance be given by an F function, so that the results are
valid for any H satisfying (2) and (3). This will be seen when we
”~»

treat the more general formula (12).




Let us now solve (23)-(26) for B and C. Since F(0) =1,
(23) and (24) are recognized as being one of the Hamilton-Jacobi

eqiations, yielding B = SC. Note that since (23) and (24) stem
from equating only the constant term to 0 in (19), an approximation
to zeroth ordsr in A yields B = Sc and no information on C other
than the fact that it must be such that the boundary condition (9)
is satisfied (this is not sufficient to fix C).

To solve (25), w2 note that if Im[F‘(O)]= 0 (a=%) then
C2 = det M, since the (continuity) eguation satisfied by the Vvan-

Vleck - Morette dezterminant is precisely

S

. (3 o
2fg e ast M} + 2 Jaet M) =o. (29)
rbqbi)' ¢ P ’bt‘l_[ J
This leads us to write
c? = N det M, (30)

which, when substituted in (25) and using Im[F'(Oﬂ = a-% yields

the equation for N(qb,tb,qa,t )
?
q Hc (q/?’{‘)

c b T 4 . . 1:Q ’

with N1 as ts> ta and qrd, if Kwaa(qb-qa) as tb-—rta.

The search for a solution of (31) is facilitated by the

observation that the first two terins form the convective derivative

B L

of N with respact to the finai endpoint. Knowing that the convec-
tive derivative of any function f of position, momentum, and time

{(at the classical path) with respect to either the initial or the

final endpoint is 0, i.e.,

) . ? ']
— (t.) ==, flq (t),p (t),t) =0 32)
['b{'; e o 9,7 41 Pe (

(to be proved shortly), we are led to a trial solution of the form




D He
N = exp[ (1-2a) f - (@ (t),p (t).¢t) d'f] . (33)
{a ’QP:'D?s el c
By direct substitution in (31), (33) is seen to be the correct
solution (use f=qc and f=pc in (32)).

To prove (32), we first ohserve that it is sufficient to
prove it for f=qc and f=pc: the chain rule will then extend its
validity to any f. Now, derivatives of the classical solution with
respect to any parameter introduaced 2y the boundary conditions
(here, ta'tb'qa' or qb) are known to be solutions of the equation
of small disturbances, ottained from the second variation of the
action functionallo*lB. Since this eguation is linear, its general
solution is a linear combination of 2a linearly independent solu-
tions. Thus, the only solution vanishing at both ta and tb mugt
be zero esverywhere. Now, the left-hand-side of (32) with f=qcl(t)
is, by its very coastruction, a solution of the small-disturbance
equation. It vanishes at ta because qc(ta) =q, (a constant). It

also vanishes at tb because

: tb oA e &; .a
9 (t)‘ =f ak 1) =1 (h) + 2 .r i (O (0
b b, ta LA’ %%
. O (a4_o%\ = — g4
= - 7:“1) v 'bﬂég(qb '?e-> " &),

(since 9 /) £,

Thus, (32) is true for f=q_. The case f=pc is proved by observing,
o

commutes with 9/pt when acting on q (t.t .q.)).

by substitution in the equation of small disturbances in phase space
(Crh = 0), that if u is a parameter introduced by the boundary
e

conditions, then

'Dp“. (¥) D (f) 'ché(t’) (35)
I ~ ' D /

JES—




10 |
§ where ?
X £ k+d/dt ?q_(t)/2u \

0~ = - h e (t)ou ) (3¢)
~ = X - d/at g / Pe
-1 d ~
B =g (1— at - k),

and f,g, and k are defined in (15). This completes the proof of

the WKB approximation formula (10). @
Note that (19) indicates that when H is quadratic in

both p and q, the term proportional to ﬁ is 0 because C is inde-
peadent of qa and dy (SC being quadratic in q, and qb), and
higher-order terms are O because they involve third and higher

derivatives of HC. Thus, the WKB approximation is exzact in that case.

This goes beyond the well-known result because H does not have

E! to be Hermitian, so that the extra exponential term in (10)

7 supplementing the van Vleck formula is not constant.

Proof of second formula

Formula (12) will be proved using the path-integral
approach, generalizing a method presented in Ref. 4. More details
on this method and its extension to a WKB expansion of the pro-

pagator for arbitrary Hamiltonians will be presented elsewhere.

R R

The propagator K can be written as a phase space path

s

integral as follows:

K(qb'tb,qa.ta) =f[-—l’—'!]e*<p(18/’1) (37)

where S = vf[pq - H(g,p. t)J dt is the action functional and

: . T

| ? is the space of paths (g,p) such that q(ta) =q, and

' q(t, ) = . If S is expanded around the classical path (q .pP_),
b qb c' te

LT VO S T B

its first functional darivative vanishes by definition of the

classical path and we obtain

%
i - 1S /ﬁ/ [ iSé(x,y)/ﬁ e—i.n.c(x,y)/h' (38)

where 37 1s the space of paths (x,y) such that x(t ) =
x(tb) 0 SI. contains the terms beyond the second funct101a1
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derivative, and the second functional dsesrivative Sg is:

" - .1 - ij _ i j
Sg(x.y) fdt[yi(t)x (t) - 9 (t)yi(t)yj(t) ’sfij(t)x (t)x~ (t)
T i 3
- xS 0y, o (1] (39)
with £, g, and k i 15).
g in (15) o,
We can define a measure WA normalized to 1 and absorbing

the second variation of S by:

dw(x.y) = Ao—1 [‘ix AZ exp(isg(X:Y)/%), (40)
hﬂ
the normalization factor being
A = _/ [‘E‘.‘.’I]exp(isg(x,y)/h). (41)
LA -

Now, it is observed that the sg term in (39) is in the form of

an action functional corresponding to the fictitious Hamiltonian

- ij L ij i j
H (x,y = Yq (t)yiyj + zfij(t)x x k j(t)yix . (42)
Hence, (37) indicates that Ao must be the propagator Ko(qb',tb,qa',t
corresponding to Ho' evaluated at qa' = qb' = 0. But for which
Hamiltonian opesrator Ho? It makes sense that it should be the

operator derived from Ho using the same correspondence rule linking

Hc and H, i.e., {(14) with (16). This leaves us with

K=A eisc/% J/‘ e_i'a'c(x'Y)/ﬁ aw(x,y). (43)
° ¥

It can be showa in this general case, as was done before for
-13
special cases , that the expansion of the {1 term followed
c
by the evaluation of the path integrals (the correspondence rule
being taken into account) yields a series in A,
s A 4 £K, + ﬁ2K2 +...), (44)

which identifies the constant term as the WKB approximation. ®

K=2Age
o]

Let us now retrieve formula (10) from this more general

case. The oparator Ho in this case is
~r

a

)
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H, = gt Iy, Byt ke (t)a'e) + ki (t)[ap Q + (1-—a)Q P. ], (45)

° ~~ 13 - N~

which can be rewritten, u31ng [Q P. } ih Slj,

H =H *+ it (-a)k®, ; (€) (46)
where -
Hoo = 0 (O)B;Ry + e, j0ie) + NOEX S RPN

Now, since H is quadratic and Hermitian, its propagator Koo is
(%)

given exac tly by Van Vleck's formula, (11). In this case, however,

M .Y T A 4R o g T T e e

the Sc in (11) 1s zero because q ' o= qb' = 0. (In fact, in

general S = qb Peo, ; (6) = q,' Peo, ;(t,). where (q co) is

the classical solution for Ho). Further, the "det M" in (11) is

the same as the "det M" for H because Ho and Hc share the same
c .

equation of small disturbances and M., is a boundary value of

a specific solution of that equation 1-13. Therefore, Koo = :

(Zniﬁ)_n/z(det M)%. Now, if H1 = H2 + f£(t), the propagators K1 i
~ ~

and K2 are related by K1 = K2 exp (- (1/h)jrf(s)ds) H and H 00 are

related in this manner. Putting all these results together gives:
Kxn = (eriﬁ)—n/z(dat M);5 expi s + (%-a)fkl. (s)ds} , (48)
B kR © r

whiéh is formula (10). Note that this suggests that the norma-‘

lization factor (2ni)Tn/2 is universal and independent of Hc14.
Note in passing that it is not always easy to find out

what piqj corresponds to given the Hérag correspondence. Scaling

tricks (replacing 3 by ‘Ag in functions of S, then differentiating

with respsct to A and setting A equal to 0) sometimes help.

SOME EXAMPLES

We begin with an example pointing out that formula (10)

is not restricted to the correspondence rule being effected by

an F-function. Considasr the Hamiltonian
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ok LS -k
H =% (3)[f.i - 2, @] s @9 @[p; - aj@]eT@ + v (49)

corresponding to H_ = %gij(q)[pi-Ai(QH[pj - Aj(qﬂ + V(q), where (5(9

k) _ 3

is no F in general because of the divisorsls. Nevertheless, a direct

L}

det(gij). Since it is Hermitian, a=¥. There

substitution shows that Van Vleck's formula applies, and we get:

-{ D i
KVV(t’L’-'hﬂb)KW - "‘7 ( < ’1 +r‘1 MQ + M, Mﬂj

M 3 M M
-M ) ?
- 3T Ty T ) ()
M 3 A
2
where the following properties and definitions were used:
A ia
Mzdet M, rja £ G5, x * %, ~ 5k.al
iy _ _pA mo_ X o ad (s2
97« mid F'“Z& , g ;= 29 F'u, )
.3 _ i3 _ i
a, (t) =g (tb)[pci(tb) - Ai(qb)], P, (t) -‘bsc/qu )
'3_5__‘ = _Hc(qb"b'é“c 7
oty 09,
as well as (29)16.

on the other hand, (19) gives the following expression for

the miss term:

l(ub - 18D/ K,y = [ 70 S (R(0) = iFT(0) - F"(0))
S (F(0) - 2iF" (0))C« +g F(O)__a] (53)
C
an expression which cannot be matched with (51) for any F, for
Y

cC=M"




Consider now the FokXker-Planck equation of diffusion processes:

1.
W12 [pYaeor]- 2 [vVaor]. (54)
At 1 ‘31‘ 'bgij ’Dc,d. i

17
where D is the diffusion matrix and v the drift vector . It
formally corresponds to a Hamiltonian H P1PJD J(Q)/2rﬁ + P v (Q)

with classical Hamiltonian H p p D /th + p vl. Since the P
factors precede the Q factors, a is s1mply equal to 1. Thus, formula

(10) gives:

. bt 2 A. . "1 i
KWKB = (27ih) n/ (det M)%exp[:g S, - (2if) J[.pci(t)Dlj’j(qc(t))dt

. T
1
- a{v,i(qc(t))dtj. (55)

Note that the dynamical equation gives pci(t) = iﬁécj(t)(D-l)ji(qc(t)),:

so that in one dimension part of the integral can be performed,

yielding
Keca = Koy [D(a,)/D(a )] 7 exp (s f15(vn ~v'D) /D) dt) . . (56)
In the case of the backwards equation (Q precedes P, a=0), the
factors % are replaced by -% in (56) and inside the bracket of (59).

For constant diffusion parameter (D=1) and linear drift
v = -'Kq, one retrieves the well-known propagator18

\1
~¥ T\
(9 - e

K. = ¥ ] exr[— e ) ) (s7)

Wk -
T (1-2¢72Y7) |- e=2¥T

which, H being quadratic, is also exact (it satisfies (54) exactly).
It can be shown, by direct calculations, that the "miss

factor” for (55) is exaectly as given by (53) with F(x) = exp(ix/2).

AU TR R r A A obe G omin g e vt s L
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Another interestinjy application is the "lognormal" process
with Hamiltonian
2 2
H= «QP +f0QP (58)
a“r ~ A~ ~ Y
in one dimension, useful in modeling population growthlg. Using
formula (10) on Hc = o<q292 +wsq9 one gets:
1-2a
Koep = (9,797 Ky exp[p(a-¥)T], (59)

where

S TN ( 9. :
KW (29ih) (chrqaqb) e.-:p[M‘ﬂT ij:i.;-/s'r):}.(so)

In our case, a=0. Note that for a=0 the exact propagator is
K = X Bexp(—iﬁaT/4L : (61)

so that the expansion of the exponential gives the terms of a

WKB expansion of K, useful for checking general formulas.

Let us also mention the elements of the WKB approximation for

Hamiltonians in one dimension of the form

m n
Hc = kp q ((z)

where k is a constant. The classical equation ofwyotion %s

ac = (n/m)é~2/qc and the Lagrangian is L = (<'.;(/'q)".‘-:| (mk);n (1-m-1).
[

For m ¥ n these elements are:

= ) wWewd ey -
a (t) = a(t-t )" p (t) =[kmn)] (t-t) A,

Azaq, -y " t = {’“-Y.&’.
wi, 2 |-y -

= - et LI - -

S, (m-1) (kT) ‘ (m-n) CR q

M= [Tk (m—n)]"" e la,9,)
V“(wvﬁ)

~nﬁn(




For m = n, these elements are:

J

q,(t) = exp(at+B), q(t)p_(t) = (a/knm)
C (o]

-1
A =T Log(q,/qa,), B = Log [qa(qa/qb)ta/TJ ,

“Hf(wm-1) -1 w/(m-1)
S, ° (mk'T) (1-m ) [Log(qb/ha)] '

-1
- - 2w
M= (mem)” [ (m-1)q,% }[Log(a, /q )} """ (64)

In all cases,

n(%-a)
Kuxs = Xyv (qb/qa) . (€5)

CONCLUSION
We have produced a formula to approximate the propagator

corresponding to any system dascribed by a function whose time

(-]
evolution is given by a partial differential equation that is first
ordar in time. This approximation can be supplemented by correction

terms that can be generated by path integrals, and this will be the
subject of a follow-up studyzz.
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15. In fact, direct use of (22) indicates that the correspondence
ij « -2 ij o 2

%3 (@)p;py > Y3 (Q)P;9 T (Q)g T (QIP.g(Q) + AT ¢(Q)

is fulfilled by an F function iff §(q) + 4(q) =k % (q), where

k is a constant, i(q) E'%glj iy’ and

- i 2 " w oS
n(«,)gzigu[(zﬂ;').gf. My + (2 + b Y02 1

‘)

r‘l F‘I -1 r! _/zou ..r' 7.
J Mt "<
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V) 1? 1 1 -
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[Zaxdy ] [ 2 (if_)!e(n-;g“x"

where 8(x) = 0 for x4 0 and 1 otherwise. Thus, for T

N . .
J aixl (a/ax)*
4c!

one obtains
o0

__ ‘p(n) R evp[:— ﬂ O(V\—A).]

neo M.

T == Q' .
e £(x) Z. %ﬁ 4 (ﬂ A\' J
For N=2, use of the irtegral represeﬂtatloﬂ

2 2
SN o (ars) ’Sfe x“/4s + nx

T =X .

eTelx) = (hray " oy e

u = x exp(y+a1-a2) gives

- - ’ 2 .
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o 1TH/ﬁ
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y+a_-~a

- 2/4
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2 f(xe
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