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ABSTRACT

For many optimization problems approximate or near-optimal

solutions are the only practical solutions available. This

paper identifies and compares some procedures which use inde-

pendent near-optimal solutions to determine a confidence limit

such that, with a user specified confidence, the global optimum
is between the best near-optimal solution and the confidence
limit.

A computer implementation of the procedures is available

from the authors.
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1. Introduction

Mathematical programming problems have the general form of maxi-
mizing a function g(x) with respect to a vector x which is restricted

to be in some feasible region R. Let

*
G = max g(x).
xeR

Unfortunately, unless g and R are extremely well-behaved it is quite
often impractical to find an xeR with g(x) = G*. Hence the literature
abounds with heuristic procedures purporting to provide “good" or “near-
optimal"” solutions for special cases of g and R. A difficulty with
using these procedures in specific problems is that it is hard to de;
termine how close such an approximate solution, say ;, is to being
optimal; in particular, how small is G* - g(;).

The objective of this paper is to indicate some relatively new
statistical procedures for obtaining an upper confidence limit on G*.
Each of these procedures results in a statement that with a chosen con-

*
fidence (say, a 957 confidence) G does not exceed the computed

%
confidence limit, G ; that is

pc* <G = .95 .
The procedures do not indicate a feasible x with g(x) = G* or even
necessarily produce a feasible x with g(x) near G*. Therefore, a
confidence limit procedure is not intended as a replacement for a
"“solution" finding algorithm, but rather it is intended as a supplement
to such an algorithm in the sense that the difference é* - g(£) pro-
vides a needed indication of just how "near" the "near-optimal"
solution is to being optimal.

The following situation illustrates one type of setting in which a
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confidence limit procedure can be used. A steepest ascent procedure is

used to find the xeR which maximizes g. The procedure requires a

feasible x as a starting point. Hence 10 starting points Xyy seey X

are selected at random from R.

10

Then the steepest ascent procedure is

carried out beginning at each starting point. The 10 corresponding

"near-optimal"” solutions x

= g(§1)
= o(xy)
= g(x)
= g(;7)

= s(§9)

3.7

3.9

9.8

1.1

7.5

1* "+ X190

had
’ g, = g(éz) = 7.5 .
v g mekx) = 36,
> 8¢ = g(ﬁs) = 4.3 ,
s gg = g(;s) = 7.6 .
By Blxy)= AL

Let the ordered values of this independent sample of g values be denoted

by 8(1)’ 3(2)’ ey 8(10) where g(l) f_g(z) < ees 5-8(10)' Then the con-

fidence limit procedure would use the sample size, n = 10 here, and the

ordered values g(l), cens g(n) to produce an approximate 95% upper con-

~k * Ak *
fidence limit G on the unknown G . The G 1indicates roughly where G

is and the difference G - 8(10) indicates how near £(10) is to G .

The chosen confidence level, say 95%, means that approximately 952 of the

time when an independent sample of g values Bys oo B are observed and

~%
G computed

S(n) <G

kR
<G .

Integer programming problems are another setting in which a con-

fidence limit procedure can be used. In these problems the solution

strategy is usually to implicitly enumerate the feasible integer solutions

using a branch-and-bound scheme.

s i e

In such a scheme the important task is
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to determine whether for say fixed values of Xys coes xp there exist

feasible x cees X such that the objective function g(xl, ceey xm)

p+l’

exceeds the best value of g found so far. If no such completion x

p+l’
cevs X exists, then all solutions with these fixed values of i

Xps eees xp have been effectively enumerated. An approximate way of

determining whether any such completion xp+1,

ey xp exists is to randomly select n feasible completions,

ceey X of a partial ﬂ
solution X)»
calculate g for each completion, and determine a 95% upper confidence
limit &* on the maximum value G* of g with the given fixed values of

A* .
Xy eces xp. If G doesn't exceed the best value of g found so far, then %

all solutions with these fixed values of Xys coes xp are considered to

have been enumerated. Thus, since a relatively small sample of com-
pletions can be evaluated much faster than an extensive enumeration of
the completions, a confidence limit procedure can greatly facilitate the

solution of integer programming problems.

2. Confidence Limit Procedures

Three confidence limit procedures are described in the next three
subsections. The author's computational experience with these procedures
is described in section 3.

All three procedures determine the confidence limit &* on G* in
basically the same way.

(1) Begin with n independent sample values of g denoted by

Bys cecs B¢ Denote the ordered values of Bys cee» By

*
by 8(1)’ ceey B(n) with 8(1) j_g(z) < een 5-8(n)'5 G .
(2) Assume that the probability P(4) of a sample value of g

1
[ 3
* H
being less than or equal to say g; () <g <G ), is ]

well approximated by an m-th degree polynomial, say




4=
m
* * 3
F(g 0, G ) = J oy (g ~6)° + 1 where m 1is specified but
i=1

G,s «o., @& are unknown.
1 m

*
(3) For a given estimate G of G calculate estimates

-

@rs cees @ of Qps eovs O o

(4) 1If the estimated distribution function F(-;;,G) is a
"good fit" to the observed Bys ++s Bo» increase the
estimate G of G* and repeat (3).

(5) The upper confidence limit é* on G* is the largest vaiue
of G for which a good fit is obtained.

The three procedures differ in the way the &1, ceey ;m are de-
termined and the criterion used to evaluate the goodness of the fit of
F(-;&,G) t0 gy, +-e» B -

The execution of the confidence limit procedures does not depend upon
the specific way in which Bys ++°» 8, are obtained.

The magnitude of Ié* - C*| and hence the usefulness of &* depends
upon

(1) the confidence level chosen (95% in the discussion below) ;

(2) the shape of P(g) and hence the way in which the sample

values 8y»> ++-» 8 are obtained; and

(3) how close P(g) is to being an m-th order polynomial.

2.1 A Confidence Limit Procedure based on Sample Proportions

Before the sample Bys cevs By is observed, choose values Gl’ ceey Gk

such that

*
G1 < G2 € ceee < Gk <G
and

0 < P(Gl).




Let

np, = # of Bys cees B :-Gi , 1=1, ..., k.

Then Pys +++» P, are sample proportions having a multinomial distribution
with (symmetric) covariance matrix V1 = (vlij)
where

vigg = PGy [l-P(Gj)]/n for 1 < j.

143
-1 _ (-1) '
If v, = (vlij ) , then a goodness-of-fit criterion for the Pi s
and their expectations (the P(Gi)'s) is the quadratic form

- -1 i
Qlk izl jg‘l vlij [Pi P(Gi)][pj P(Gj)]

which has approximately a chi-squared distribution with k degrees of

freedom (see e.g. Kendall and Stuart (1960) and Watson (1959)).

Furthermore, 1if Gl = (;lij) where
;lij = Pi[l-pj]/n for 1 < j
-1 (oD
and 1if V1 (vlij ) , then
k k
3, = D b6, 3,6™ Tp.F (G, sa,6"
Q]_k 1=21 jz'l vlij [Pj F(Gi’aac )][Pj F(Gj:ayc )]

has approximately a chi-squared distribution with k degrees of freedom.

* A
For a given estimate G of G determine a by minimizing .

Q, = lf lf v. D[ —r(6, 30,0) 1, -F(C, 30,6) ] ,
. j41 113 i i 3 3 I

subject to the linear restrictions

e A e S P B




(since F(+*;a,G) should be a distribution function) where gi, ooy g;

are a relative dense set of grid points with g(l)jgii....jgéjp .

Having solved this quadratic programming problem using any of
several available algorithms (e.g. Wolfe (1959)), accept F(o;;,G)
as being a ''good fit" to 81 +-vs 8 if and only if 61k doesn't exceed
the 95-th percentile of a chi-squared distribution with k degrees of
freedom. Let the confidence limit &I be the largest G for which
F(-;&,G) is accepted as being a 'good fit" to Bys cec» B -

This confidence limit procedure was first reported by Hartley

and Pfaffenberger (1969).

2.2 A Confidence Limit Procedure based on the Largest Order Statistics

*
1f P(g) = F(g ;a,G ) , then the transformed variables

z, = F(g(i);a,G*) , 1 =n-k+1, ..., n, (2.2)

would have the distribution of the k largest order statistics from a

uniform distribution. Hence, 2z sees 2o would have

n-k+1°

E[zi] = i / n+1 , 1= n—k+l, ceey N

and (symmetric) covariance matrix V2 = (VZij) where

v = i(n-j+1)/(n+1)2(n+2) for 1 < j .

213

A goodness-of-fit criterion for the z 's and their expectations is the

i

quadratic form




-7

‘Z‘ ‘f (-1)
i Q., = (z,-i/n+1)(z,-j/n+l) v 2.3)
5 2k jen-kél Jen-idl 1 3 213
2
-1 = (-1) 4
where V2 (v2ij ) with
viiD = (a-ih2) () (2) / (n-k#1) , 1 = n-kh]
f vgzi) = 2(ntl)(n+2) , 1 = n-k+2, ..., n
(-1)
Vaiy = -(n+1) (n+2) if |i-j| =1,
(-1) _
v21j 0 otherwise . :
E
Lurie (1971) and Hartley and Pfaffenberger (1972) provided tables of
the relevant percentiles of QZk , and these are reproduced in Appendix F. ;

*
For a given estimate G of G let

-~ -~

zi = F(g(i);ﬁsG)

where o is determined by minimizing

n

: ° (-1)
(z,-i/n41) (z, -j/n+l)v (2.4) i
i=n-k+l j=n-k+l 1 3 213 f

Uk =
] ' :
subject to the linear restrictions (2.1) with 8(n-k+1) < 81 f_f.. <gg <G i
Having solved this quadratic programming problem, accept F(+;a,G)
as being a ''good fit" to Bys +ees> By if and only if the observed value of

doesn't exceed the tabled 95-th percentile of Q2k given in Appendix F.

*
2

as being a "good fit" to B1s voes Bye

Qx

Let the confidence 1imit G, be the largest G for which F(+;a,G) is accepted j

Unfortunately, the distribution of Q2k is very different from that of X
Q2k’ In fact, for n = 40, if
' = = - =
Q2k Q2k with Z o k+l cee z 1,




Q;k = 95-th percentile of Q. from Table F.1,
then

Qp < Q) = 5.83 < Q) = 15.52 for k = 5,

0y < Oy = 13.56 < Q) = 25 for k = 10,
and

Qp < Q) = 24.23 < QJ = 32.7 for k = 15.

Thus, it is fruitless to compare 62k with the percentiles of sz given
in Tables F.1l, F.2, and F.3, Although the distribution of Q2k doesn't
depend upon P(g), the distribution of aZk probably does. Nevertheless,
the empirical evidence reported in section 3 suggests that 62k can be
fruitfully compared to the Monte Carlo generated percentiles of 62k
given in Appendix F (Tables F.4, F.5, ....). These percentiles were

generated by simulating z cees 2o directly from the uniform dis-

n-k+1°
tribution, determining o, and calculating Q2k' Each tabled percentile

was based on 1500 repetitions.

2.3 A Confidence Limit Procedure based on Derivatives

Liau, Hartley, and Sielken (1973) proposed a modification to the
confidence limit procedure described in section 2.2, The proposal uses
the transformed variables Zys ooy zn and uses sz as its goodness~of-

fit criterion for the z,'s and their expectations. However, for a given

i
*
estimate G of G the zi's are estimated by
2, = jzl aj(g(i)-G) +1+ %

where the a,, <.+, « are determined by doing an unrestricted minimization

0’
of




il LAk AT P P it

n n -~ ~
2 (zi—i/n+1)(z -i/n+l)v
f{=n-k+1 j=n-k+l 3

(-1)

21§ . 2.5)

The difference between ;0 and 0 is an additional indication of the

*
suitability of G as an estimate of G . }

Since the n's are unrestricted in (2.5), (2.5) corresponds to a

weighted least squares fit of the z,6's to their expectationms.

i
Therefore,
- T -1 -1 _T .~
a = (XG V2 XG) XG V21Y
where
Y -ﬁ: (n-k+1) /(n+13—1, cevsy f\/(n+li-1}.r
and
- -
m
1 (Bpae)® -+ @(nopa1)~®
X, = : .

)m

000

(g(n)‘c) ) (8(!1)-(; J .

Since the a in

F(g 50,6) = ]

a (g -c)j +1+ ;
=

0
was determined without any restriction on a, and the derivatives of i,
the goodness of the fit of F relative to 81> cevr 8y is evaluated in

terms of a . and the derivative of % between g(n) and G. In particular,

0
defining
i
8(n+i) = g(n) +; (G‘S(n)), i=1, ..., m,

and

A =a

0 0° )

; df - o ~ J-l

173 9590 - 32-1 10, @y s 11, ey,
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~

then Ao should be approximating zero and the A veey Am should be

1’
approximating nonnegative derivatives. Since

A ~

IR
; A= gy Aps veey A" = Ha

1 0 "1°
; - where ~ -
? 1 0 0 cee 0
: n-1

o 1 2(g<n+1)—G) cee m(g(n+1)-G)

H = . . . .
m-1
o 1 Z(g(n-Hn)-G) . m(g(n_‘_m)-c)
?

A is approximately a multivariate normal vector with covariance matrix

T -
= H(XGV2 i z

i=1, ..., m, the Q,, = (;\-}\)T z'l (A-1) should have approximately a
2k

le)'lﬂT. Thus, for some A = (0,1, ..., Am)T with A

™
I

o,

chi-squared distribution with m+l degrees of freedom (see, e.g.

Kshirsagar(1972)). Hence, is the 95-th percentile of a

2
I Xm1,.95
chi-squared distribution with m+l degrees of freedom, G is accepted if

and only if

2

A~ _1 ~

Q3 = ’
A= 0,0y, cees AT 20

*

The confidence limit G3

is the largest G accepted.

Of course,

min G-n 71 G-
A- (0’)\1’ oo ey )\m)zo

is a quadratic programming problem.

3. Observed Empirical Behavior of the Confidence Limits

The usefulness of Qlk as a goodness-of-fit statistic for a com-

pletely specified distribution P(g) is well understood. In addition
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Hartley and Pfaffenberger (1972) and Lurie (1971) have shown that QZk
can be a very powerful goodness—of-fit statistic for a completely

specified distribution P(g). However, the distributions of the goodness- ]
of-fit statistics Qlk’ Q2k’ and Q3k which essentially represent the
minimums over the parameter spaces of Qlk’ QZk’ Q3k respectively are

mostly unknown. The original hope was that the distribution of the 6k's

would be sufficiently close to that of the Qk's to make the ék's useful
in determining goodness-to-fit for not completely specified distributions. !
(The F(-;a,G*) are, of course, not completelyAspecified since o and G*

are both unknown.) Unfortunately, in a recent Monte Carlo study it has
become apparent that this hope has not been fully realized. The relatively
large difference between the distributions of Q2k and 62k has already been

noted and at least partially compensated for via the Monte Carlo sample

percentiles for Q2k tabled in Appendix F.

The Monte Carlo study was itself quite reasonable although small.
Each of the four distributions, P(g), illustrated in Figure 1 was con~
sidered. In each case the range of the distribution is from 0 to 10 with

*
G = 10. Three independent samples of size n = 40 were selected from

- S

% ~%
each P(g) and 957 confidence limits Gl’ GZ’ G3 determined. The values

k = 5, 10, 20 were considered withm = 1 and 2 for each k. When de-

Ak
termining Gl’ the G eeey G, were 2, 4, 6, 8, 10 for k= 5, and 1, 2, ...,

1’ k
10 for k = 10, and .5, 1.0, 1.5, ..., 10.0 for k = 20. When determining

A* A*
G, and G,s the number of grid points gi, RN gé at which the derivative

of the estimated distribution was required to be nonnegative was S = 10,
&
! ]
and the Bys» <+es By Were evenly spaced between 8(1) and G for G1 and

evenly spaced between 8(n-k+1) and G for G The sequence of estimates G

*

2.
*

of G considered was 10.0, 10.1, 10.2, 10,3, 10.4, 10.5, 10.6, 10,8, 11.0,
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1.2, 11.4, 11.6, 11.8, 12,0, 12.5, 13.0, 13.5, 14.0, 14.5, 15.0, 15.5.
*
The last estimate G of G corresponding to a “good fit" was taken to be
~%

the 95% confidence limit G . These confidence limits are given in Table 1.

The Monte Carlo study indicated several interesting characteristics
of the confidence limit procedures.
) “k o~k Kk
All three confidence limits Gl’ GZ’ G3

A* *
lG - Gllfor m = 1 than they for m = 2. Some additional experimentation

did better in terms of

with m = 3 supports the idea that m = 1 is probably best.

~ %
Three practical limitations to the confidence limit G1

1 <6y < e <6 < ¢
with 0 < P(G)) < P(G)) < ... < P(Gk) <1,

are

(1) the necessity of specifying apriori G

*
(ii) the singularity of V1 if P(Gl) =0 or Gi > G for any i, and

(iii) the frequent singularity of V., if k is large relative to n so

1

that two or more sample proportions (pi) are equal,

~%
This last limitation made G1 useless most of the time when k = 10 or 20

and n = 40.
* *
2 3

Although the four P(g) graphs in Figure 1 are certainly not all linear,

The confidence limits G, and G, tended to improve as k increased.

they do not depart "drastically" from linearity, so it is entirely possible

~% ~d
that G2 and G3 might not always improve with k for other shapes of P(g).

Unfortunately, for small k (k = 5, 10) the distribution of st

seems to not be close enough to a chi-squared distribution withm + 1

*
3

the problem is in the "approximate' normality of a = (sz

degrees of freedom to make G, very useful. From a theoretical viewpoint

-1.T -1

-1
2% ¥Vo ¥

since it is the xc which is random and not the Y, From a practical

viewpoint the problem is that almost any reasonable a has A, > 0,

i

i=1, ..., m. Hence QSk becomes almost entirely based on |uo - 0}.
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*
Table 1., Approximate 95% confidence limits for G = 10 based on 40

*
observations from the P(g) distributions in graphs 1, 2, 3, 4

t Confidence Graph 1 Graph 2 Graph 3 Graph 4
. Limit m k Trial: 1 2 3 1 2 3 1 2 3 1 2 3
él* 1 5 10.2{10.1{10.1 10.0{10.0/10.3 10.1{10.0{10.1 10.0{10.1{10.1
‘ 1 10 10.2}10.1}10.2 10.0f -- | -- -~ | == 10.2 - - -
1 20 —— | = - ~— | =] - — | == ] - — | -] -
! 2 5 13.5{13.5{13.5 11.0{ -- |14.5 10.2{10,0{10.1 13.0{13.5{13.0
; 2 10 -- 113,5{13.5 10.3] ~= | ==~ — ] e ] - —} e ] -
2 20 -— | == - - _— | - - | - - -— | -- -
éz* 1 5 11.6§11.0411.2 15.0f -~ - 10.5} -- |14.0 10.0]10.0{10.1
1 10 13.0{11.6]11.2 11.2{11.6(14.5 12,5{13.0{13.0 10.0{10.0{10.3
1 20 13.0{11.2{11.4 10.0{10.5{10.0 10.0{11.0j11.0 10.0{10.0]10.0
2 5 13.5{12.0{13.0 —_— ] -] - 10.0] -~ | -- -- 110.0j10.3
2 10 - 111.6{14.0 - - - 15.0f -- - 10.0{10.0j}10.1
2 20 -~ 115.0f -- -— - - 10.0f -- |15.0 10.0{10.0{10.0
83* 1 s S N S I -] =] - | =] - j
1 10 15.0| == | -~ — ] -] - — | == == — ] =] -
1 20 11.8§11.6{11.2 11.4}412,5}14.5 13.0412.5{11.2 -— | -- ]14.5 %
2 5 — ] | - — | -] - — | - - —| - - ;1
2 10 —_—f == -- — ] =] == — ] == | - -— | == --
. 2 20 | - -- R O —~ 1450145 | =] = | -

*
*A -~ indicates that none of the trial estimates of G yilelded a goodness-

of-fit index exceeding its critical 95-th percentile.
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*
and evaluating an estimate G of G on the

Tool, =1 +%
'2 X¢)1,1]

But even concentrating on a,

basis of the "approximate" normality of (aO—O)/[(X

~ % *
doesn't yield a G close enough to G often enough to be useful.

~% ~%

~ % ~ %
The champion among G and G, appears to be G The confidence

1> G2 3 2°
~ %
limit G2 probably has the strongest intuitive appeal, and the usefulness
*
of Q2k as a goodness-of-fit index for a completely specified P(g) also

~

makes G2 attractive.

*
As one might expect, the more nonlinear P(g) is near G and the nearer

*
dP(g) is to zero the tougher it is to estimate G .

* g;G* * ;

In fact, the ranking for the slopes of P(g) near G for graphs 1, 2, 3, and
4 was 4, 1, 3, 2 with 4 being the largest and the ranking of the per-
formance of é; was the same 4, 1, 3, 2 with é; having the best performance
for graph 4. This is particularly heartening from a practical viewpoint
since graph 4 corresponds to a g(x) with local optimum for x € R - a

situation which seems to occur frequently in practical mathematical pro-

gramming problems.

A

The behavior of G appears to be best whén the P(g) distribution is
linear with positive slope for g < G* in a neighborhood of G*. A way to
transform the underlying distribution P(g) into a distribution having
these characteristics more closely is to perform the confidence limit
procedures on

By = 8 ~ Uy 1=1, ..., n,

where Ugs coes un are independent uniform deviates with say

Pu<t) =0 , t<0

1 *
=% 0<t=<v
i
*
= 1 t > u

*
and U a suitably chosen constant. Of course, the least upper bound on
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the g's is still G*. At first glance it seems counter-productive to
introduce noise (the u's) into the observations analyzed. However, when
P(g) is nonlinear with slope near 0 at G*, the additional noise in the E's
may be more than offset by the relative linearity of P(E). To illustrate
these ideas, the above Monte Carlo study was essentially repeated with

the gi's transformed to g's using u's that were uniformly distributed

on [0, U*] with U* = ,5, 1.0, 2.0, and 5.0. The results are indicated

in Tables 2, 3, 4 and 5 respectively. (Since &; appeared to do better

for k large than for k small, k = 5 was replaced by k = 40 in this

study.)

Several interesting observations can be made concerning the outcome
of the Monte Carlo study of the uniform deviate transformation. Several
of the tentative conclusions based on the original Monte Carlo study
were confirmed; namely,

(i) m =1 tends to be best,

(1 ¢

1

determined for k large relative to n (k = 10, 20 here),

requires too much apriori information and usually can't be

~%k ~k
(1i1) G2 and G, tend to improve as k increase, and
~k
(iv) G, tends to perform the best overall.

2
’ %
As expected, the best value for U depended on the graph of P(g).

~% *
Tables 6 and 7 indicate the relative behavior of G2 for U = 0.0 (the
original Monte Carlo study), 0.5, 1.0, 2.0, and 5.0. In graphs 1, 2, 3,
and 4 the relative magnitudes of the slope of P(g) near G* is roughly the

same as the relative magnitudes of P(9.0 < g < 10.0). Hence the following

comparison is revealing

ciiditimaannen TN




2 5 .

Thus, it appears that the greater the probability of g being close to

* *
G the smaller U should be. A conclusion which agrees with most

people's intuition.
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Table 2. Approximate 95% confidence limits for G* = 10 based on 40
transformed observations from the P(g) distributions in
graphs 1, 2, 3, and 4 with the transformation being the b
subtraction of a uniform deviate with range [0, .5]*%
Confidence Graph 1 Graph 2 Graph 3 Graph 4 J
Limit m k Trial: 1 2 3 1 2 3 1 2 3 1 2 3
&1* 1 5 10.3}10.2} 10.2 - | --110.6 10.0f --1]10.2 10.0 10.0} 10.2 ]
1 10 -- 110.2} -~ -— | -] - -1 -] - - |10.1] --
1 20 — ] -] - — | =1 - e B —] -1 -
2 5 14.0{13.5)13.5 -~ --115.0 10.2) --110.2 13.0} 13.5] 10.2 i
2 10 -- 113,5| -- ~ | -1 -- -— ] - -- ~-113.5 --
2 20 -— ] -] -- — | -] == — ] == - -] -] --
82* 1 5 11.4)11,4|11.2 14,5 - | -- 11.4] -- | 14.0 14,5]15.0] 10.3
1 10 12,5|11.6{11.0 12.5{14.5]12.5 12.5112.5)12.5 10.0{10.0] 10,2
1 20 13.0]11.4j11.2 10.0}10.8|10.0 11.2}10.0] 10.8 10.0]10.0] 10.0
" 2 5 13.0/13.0{12.5 — ] ] - 13.0] -- | -- --] --]10.8
2 10 -- |11.6|11.0 - -] - — | -] - 10.0{10.0{11.2
2 20 -- 115.,5/15.5 15.0) - | -- 10.5|15.5|14.0 10.0{10.0[10.0
G, 1 10 13.0| —- | -- S N | —-f15.0 | | --]14.0 ’
1 20 11.8]11.6] 11,2 11.4{11.8}14.0 12.5]12.5{11.6 -- |13.5/12.5
1 40 11.0]10.8110.6 10.0/10.0{11.0 11.2§11.6{11.0 11.4{11.2|11.2
2 10 —] -] - -— ] - - —_— ] =] - -] -] -
2 20 -~ | == 115.5 -— | == - -~ [15.0]15.5 -] =] -
2 40 15.0|14.0|11.4 10.8{12.5(10.3 15.5] -- |15.0 10.0{15.5|15.5
*A -- indicates that none of the trial estimates of G* yielded a goodness-

of-fit index exceeding its critical 95-th percentile.
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Table 3. Approximate 95% confidence limits for G* = 10 based on 40
transformed observations from the P(g) distributions in
graphs 1, 2, 3, and 4 with the transformation being the
subtraction of a uniform deviate with range [0, 1.0]*
Graph 1 Graph 2 Graph 3
k Trial: 1 2 3 1 2 3 1 2 3
5 10.3{10.210.2 -~ ] ~-110.8 10.3] --]10.2
10 10.4( -- 110.2 -—1 -1 - -~ =] -
20 —] - - e B — ] -1 -
5 14,0113.5|13.5 -= | ~= 115.5 10.3] -- |10.6
10 14.5( --[13.5 — ] -] - — == -
20 — | -] - N TN P R L
5 11.0111.4110.8 14.0] —— | -- 11.6] -~ [13.5
10 11.8111.6{11.0 10.8111.8114.0 12.5112.5]12.5
20 12.5111.2]11.0 10.2110.6|11.4 11.0/10.0{10.5
5 12,5{13.011.8 el e 13.5f ——- | --
10 15.5/14.0{13.5 — | -] - e B e
20 -- 115.5]15.0 — | - 10.5/15.0)14.5
10 -~ | --}14.0 e i -— ] == --
20 11.8111.4}11.0 10.2(11.2112.,5 13.0{13.0}11.6
40 10.8110.8[10.4 10.2{10.0{10.4 11.2{10.0{10.8
10 e e -— | -] - e e
20 -~ | -- ]15.0 15.5| -- | -- -- [15,0{13.5
40 15.0§12,.5]11.0 11.4 |13.0]12.5 15.5] -- |15.0

of-fit index exceeding its critical 95-th percentile,

14.0
10.0

10.0

10.0

10.0

14.5

10.8

15.5

14.5

15.0

11.8

12.0

10.8

14,5

*
*A -~ indicates that none of the trial estimates of G yielded a goodness-

10.5

10.1

10.0

11.4

11.2

10.0

10.6

11.4

11.0

13.0

15.5

12.0
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*
Approximate 95% confidence limits for G = 10 based on 40

transformed observatious from the P(g) distributions in

graphs 1, 2, 3, and 4 with the transformation being the

subtraction of a uniform deviate with range [0, 2,0]*

Graph 1

k Trial: 1

5

10

20

5

10

20

10

20

10

20

10

20

40

10

20

40

of-fit index exceeding its critical 95-th percentile.

10.3

10.0
10.2
10.0
10.0
10.2

10.0

13.5

10.6

14.0

2
10.2

10.3

13.5

14,0

14.0
13.0

12.0

15.0
11.8

11.0

14.5

11.8
10.5
10.4
14.0
13.5

14.5

13.5
10.4

10.0

14,5

10.2

Graph 2

11.2

10.0

10.4

10.0

13.5

10.0

13.5
11.0

10.0

12.5
10.0

10.0

15.0

12.0

15.0

11.0

14.0

11.2

10.0

Graph 3

1

10.2

15.0

13.0

12.0

12.5

11.0

15.5

2

10.0

14.5

10.8

10.0

14.5

14.0

10.6

10.0

14.5

14.0

14.5
12.5

10.8

15.0

15.0

11.2

10.6

14.5

11.6

Graph 4

10.3

10.2

13.5

14.0

14.0
12.5

12.0

12.0

10.6

14.5

10.0

14.0
10.0
11.2
15.0

10.0

13.5

11.4

13.0

*
*A -~ indicates that none of the trial estimates of G yielded a goodness-

10.2

10.2

10.2

13.5

11.0
11.6
11.4
12.0
14.5

15.5

14.0
11.2

10.5

14.5

13.5

235 s i
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Table 5. Approximate 95% confidence limits for G = 10 based on 40
transformed observations from the P(g) distributions in
graphs 1, 2, 3, and 4 with the transformation being the

subtraction of a uniform deviate with range [0, 5.0]%

g Confidence Graph 1 Graph 2 Graph 3 Graph 4 -
Limit m k Trial: 1 , 2, 3 1, 2, 3 1, 2, 3 1, 2, 3
G, 1 s - 110.3|10.3 | = | == | — | 10.5]| - | -- | -= l10.3
1 10 S (N =] =] 105 -] -- — | -- |10.3
1 20 NN I R S N S B S R
2 5 — lis.oliso | =] - | = | 15.5) = | —- — | — [14.0
2 10 S SR = = | 15| — | - | - |14.0
2 20 S R S (N SN N S B
c," 105 14.0{12.5{11.4 | 11.413.5{10.8 | 14.5| — |10.0 | 10.0/13.5|12.5
1 10 14.0{11.0{12.5 | 10.0{10.0l11.0 | 13.5{13.5/10.5 | 10.0/121.6{12.0
1 20 12.5(11.0{12.4 | 10.0{10.0]10.0 | 13.5[11.4|10.0 | 10.0/10.1|11.6
2 5 -~ l15.5|13.5 | = | = Jue.s | =] —-|11.8 ] 11.6] -- |14.5
2 10 - |15.5) = | 15.5]15.5] —- | - |14.5 | 11.6] - l15.5
2 20 | —— | — | w.0f16.5015.0] -=| — |15.5] 13.0] = | --
G, 1 10 - {13.0l15.5 | 11.4] —- |45 | | —=|14.0| 14.0 -~ | --
1 20 11.8|10.6]11.0 | 10.0{10.3]10.0 | 12.5/13.0{10.0 | 10.0{10.4]11.8
1 40 10.5/10.0{10.3 | 10.0/10.0{10.0 | 11.4{11.6{10.0 | 10.0/10.0|11.0
2 10 S B S R ] = - S R R
2 20 - |15.5} —= ] 13.013.5|14.5] --|15.5/14.5 | 13.515.0| -- -
2 40 -- |10.0]10.6 | 11.0l12.5/11.4 | --| —-]10.0 | 11.4{13.5|15.0

*
*A -~ indicates that none of the trial estimates of G yielded a goodness-

of-fit index exceeding its critical 95-th percentile.
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Table 6. G2 based on 40 observations from the P(g) distributions in
! graphs 1, 2, 3, 4 when ¢ =10 and a uniform O, v*
; deviates are subtracted from the observed g's*
. Graph 1 Graph 2 Graph 3 Graph 4

U* m k Trial: 1 2 3 1 2 3 1 2 3 1 2 3
0.0 1 5 11.6111.0{11.2 15.0 -- | -- 10.5 --114.0 10.0f{ 10.0j10.1
0.5 1 5 11.4]11.4}11.2 14.5| — | -- 11.4] --|14.0 14,5/ 15.0{10.3
1.0 1 5 11.0{11.4)10.8 14.0) —- | -- 11.6( -- {13.5 14,0/ 15.0{10.5

{ 2.0 1 5 10.0(14.0¢11.8 -- |13.5] -- 15.0} 14.5( 14.5 14.0{ 14.0|11.0
5.0 1 5 14.0(12.5{11.4 11.4{13.5}10.8 14.5] --110.0 10.0} 13.5]12.5
0.0 1 10 13.0{11.6{11.2 11.2{11.6}14.,5 12.5113.0113.0 10.0}10.0110.3
0.5 1 10 12.5{11.6|11.0 12.5114.5(12.5 12.5}12.5/12.5 10.0{10.0{10.2
1.0 1 10 - 11.8(11.6|11.0 10.8]11.8}14.0 12.5(12.5|12.5 10.0;11.8]10.1
2,0 1 10 10.2413.0{10.5 11.2711.0)15.0 13.0}10.8]12.5 12.5/10.0111.6
5.0 1 10 14.0{11,0j12.5 10.010.0]11.0 13.5}13.5}10.5 10.0{11.0(12.0
0.0 1 20 13.011.2|11.4 10.0{10.5;10.0 10.0§11.0§11.0 10.0{10.010.0
0.5 1 20 13,0(11.411.2 10.0{10.8{10.0 11.2]10.0{10.8 10.0110.0{10.0
1.0 1 20 12.5411.2(11.0 10.210.611.4 11.0{10.0)10.5 10.0112.51]10.0
2.0 1 20 10.0{12.0(10.4 10.0410.0(11.0 12.0{10.0)10.8 12.0{11.2 [11.4
5.0 1 20 12,5]11.0|11.4 10.0(10.0(10.0 13.5j11.4}10.1 10.0}10.1 (11.6

*
*A -- indicates that none of the trial estimates of G yielded a goodness-

of-fit index exceeding its critical 95-th percentile.
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Table 7. Relative behavior of 02

* ,
[0, U] deviate transformation*

in Monte Carlo study of the uniform

| o
: Average G

2

| *

; U 0.0 0.5 1.0 2.0 5.0

E Graph k

E 1 5 1.3 11.3  11.1  11.9  12.6

' 1 10 11.9 11.7 11.5 11.2 12.5
1 20 11.9 11.9 11.6 10.8 11.6
2 5 - - - - 11.9
2 10 12.4 13.2 12.2 12.4 10.3
2 20 10.2 10.3 10.7 10.3 10.0
3 5 - - — 14,7 -
3 10 12.8 12.5 12.5 12.1 12.5
3 20 10.7 10.7 10.5 10.9 11.7
4 5 10.0 13.3 13.2 13.0 12.0
4 10 10.1 10.1 10.6 11.4 11.0
4 20 10.0 10.0 10.8 11.5 10.6

*A -~ indicates that in at least one trial none of the trial

*
estimates G of G = 10 yielded a goodness-of-fit index ex-

ceeding its critical 95-th percentile.
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4, Concluding Remarks

Certainly the final word on a practical confidence limit &* has not
been written. 1In this paper 3 confidence limit procedures based upon 3
goodness~of-fit statistics have been considered. Of these the procedure
based upon Q2k’ m = 1, and the approximate percentiles of 62k has had
the best empirical behavior.

The goodness-of-fit index Q2k given in (2.3) can be rewritten in

the form
22 n
- n-k+1 2 2
Qy = (ntD) (n#2) | —=—= + ) (z,-z, )7 + (Q-z)) - (n+2)
t=n-k+2 |
(See Hartley and Pfaffenberger (1972)). Form =1 o
_ *
z, = F(g(i),a,G )
*
- - *
and the a which yields Q2k for a given estimate G of G {is
a = (G—g(n_k+1))/[(n-k+1)T]
with
2 § 2 2
T=(G-g, ) + (g,,\-8 )" + (G-g _ )/ (n=-k+1)
(n) ton-k+2 (t) =(t-1) (n-k+1)
and

"2

Oy = (n+1)(n+2){fn-k+1)-1 + 2;(g(n_k+1)—c)(n-k+1)-1 +a’ Tf- ().

*
2

The confidence limit procedures considered herein are based on a

Thus, form =1, 62k and & are easy to evaluate.

goodness-of-fit evaluation of F(-;;,G). An alternative approach taken by
several authors is to base é* on the limiting distribution of order
statistics. For example, Boender et. al. (1980) use a method based upon
the two largest order statistics and a result due to De. Haan (1979).
Robson and Whitlock (1964) also base their confidence limit on the dis-

tribution of the two largest order statistics, but they assume that the

R g A RN
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underlying distribution is uniform. Clough (1969) assumes that the
gi's themselves implicitly act like largest order statistics having a
limiting distribution of the exponential form and determines his con-
fidence limit on G* using parameter estimation techniques appropriate
for exponential distributions. Golden and Alt (1979) generalize
Clough's approach by assuming that the limiting distribution is of
the Weibull form. The crucial issue concerning these alternative ap-
proaches is whether or not in a particular problem the sample sizes
(explicit or implicit) are sufficiently large for the limiting dis-
tributions to apply.

The "optimal' transformation E of g has not been identified for
confidence limits based either on goodness-of-fit criteria or on
limiting distributions., The usefulness of transformations is a topic
worthy of further research.

Although neither the use of statistical techniques in mathematical

programming nor the use of confidence limits in steps of various algorithms

are new (see, e.g. Graves and Whinston (1968), (1970)), such usagé is

certainly not widespread. Hopefully, improved confidence limit procedures

will greatly increase their usage.
The author gratefully acknowledges the support of the Office of

Naval Research.




APPENDIX A

Specific Input Instructions for the Computer Implementation

of the Procedures based on Qlk’ Q2k’ and Q3k'

Card A. Title,
Columns 1-80: Any identifying title.

Card B. Procedures to be used.

Col. 1: IQ1K
IQlK = 1 1if the procedure based on Q1k and the
sample proportions is to be performed.
IQlK = 0 otherwise.
Col. 2: IQ2K
IQ2K = 1 1if the procedure based on.QZk and the k
largest order statistics is to be per-
formed.
IQ2K = 0 otherwise.
Col. 3: IQ3K
IQ3K = 1 1if the procedure based on Q3k and the
estimated derivations is to be performed.
IQ3K = 0 otherwise.

Card C. Controlling the amount of printed output.
Col, 1: IWRITL
IWRITL = 1 dimplies that the sample proportions, the
estimated alphas and distributed function
resulting from the procedure based on Qlk
will be printed.

IWRIT1 = 0 otherwise.




IWRIT2 = 1 implies that the estimated alphas and
distribution function resulting from
the procedure based on Q2k will be
printed.

IWRIT2 = 0 otherwise.

Col. 3: IWRIT3

IWRIT3 = 1 implies that the estimated alphas,
lambdas, and distribution function re-
sulting from the procedure based on
Q3k will be printed.

IWRIT3 = 0 otherwise.

Card D. Sample size.
Col, 1-3: n = the number of independent observations on g.

(Format I3; i.e. a three digit integer right
justified.) 1 < n < 100.
Card E, Observations in the random sample.
Col, 1-80: By 1i=1, ..., n.
gy = i-th independent observation on g.
(Format 8F10.0; i.e., eight observations per card
with the first observation in columns 1-10 either
right justified or with the decimal point included,
the second observation in columns 11-20, etc.)
Card F. Transformation. (See Appendix D for a discussion of transforma-
| tions.)
Col. 1-3: L (Format 13)

L =0 if the gi's are not to be transformed.




Card G.

Col.

Card F.

Col.

L > 0 1implies that L non-random estimates of G*

* *
(namely, s +o+» B tO be read in on Card G)
will be used to transform each independent

observation 8 to Ei where

Y- g, + §:‘ WT, gh. if g, < g
BT T L T B T BT B
L-1 . « L
= WWg, + ¢ WT q By t 8 T WT,
jep#1 7R (D @ jap-n 3

* *
1£ 8n) < 81 < B(ne1)

*

* *
where g(l) < 4ee < g(L) are the ordered
* *
values of 81> +es 8 and the WW, WTl, ceey
WTL are the user specified weights (see Card H
and possibly Cards I and J). If L > 0, then
the procedures based on Qlk’ Q2k’ and Q3k are

performed on the gl, ey En instead of the
81> covs B¢
0 <L <10.

Transformation. If L. = 0, Card G is omitted.

*
1-80: gj, j=1, ..., L. (Format 8F10.0)

1:

* x *
gj = j-th non-random estimate of G ; gj <G .

Transformation. If L = O, Card F is omitted.
INDEXW
INDEXW = 0 implies that the weights WW and WTl,

cens WTL are to be read in.

L
Note: WW + I WT, =1,
j=1 3




Card 1.

Col. 1-10:

Card I.

INDEXW = 1 implies WW

INDEXW = 2 implies WW

Transformation weight.

Transformation weight.

Col. 1-80: WT,, j =1,

-29~

1/(L + 1) and

WT, = 1/(L + 1).

1/[(L + 2)(L + 1)/2] and

wT, = A+ 0/@+2)@+1)/2).

If INDEXW>0, then Card H is omitted.

WW, the weight on gy- (Format F10.0)

If INDEXW>0, then Card I is omitted.

«vey, L. (Format 8F10.0)

WT, is proportional to the weight placed on the j-th

3

*
ordered non-random estimate g(j) in constructing the

n N\,
gl, seescy gn

In the instructions below, read El, erey gn in place of Bys =+ B

if L > 0.
Card J.

Col, 1:

Col. 6-

Transformation.
ISUBU

ISUBU = 1

ISUBU = 0

*
15: ‘U . (Format F10.0) This value is ignored if ISUBU = 0.

if uniform random variables Ul’ ey
Un on the range [O,U*] are to be sub-
tracted from gl, cevs B respectively,
The resulting observations will also
be denoted by Bys *+es 8, herein.

Note that G* remains unchanged.

if the observed Bys +-+» 8 are not to

be transformed by subtracting uniform

deviates.

o dhafan.




Col. 16-25; NSEED1. (Format 110) Ignored if ISUBU 0

L]

"

Col. 26-35: NSFED2. (Format I10) Ignored if ISUBU = O
NSEED1, NSEED2 are any 2 ten digit odd integers.
They are used to initialize the composite uniform
random deviate generator.

NSEED1, NSEED2 < 2, 147, 483, 647.
Card K. Nonnegative derivatives. If the procedures based on Qlk and
QZk are neither one to be used, Card K is omitted.
Col. 1-2: S. (Format I2)
S = the number of relatively dense grid points,

gi, ey gg, at which the derivati;e of the es~
timated distribution function F(-«; &, G) 1is

explicitly required to be nonnegative. For the

procedure based on Qlk

! = - -
g} = 8(yy * (1-D[(C-g(1y)/s]
for i =1, ..., S. For the procedure based on

0k
gi = g(n-k+1) + (111)[(G-g(n_k+1))/5]

Card L. Trial estimates of G*.
Col., 1-3: NTRIAL. (Format I3)
NTRIAL = the maximum number of trial estimates,
GTRIAL, of G* to be evaluated
1 < NTRIAL < 100.
Card M, Trial estimates of G*.
Col. 1: INDEXG

INDEXG = 0 implies that the NTRIAL trial estimates

*
of ¢ are being read in.




Card N.

Col. 1-80:

Card O.
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*
INDEXG = 1 implies that the trial estimates of G

are to be GTRIAL, GTRIAL + GINC,
GTRIAL + 2*GINC, ..., GTRIAL + (NTRIAL-1)

*GINC.

*
Trial estimates of G . Only if INDEXG = O, is Card N included.

GTRIAL,, ..., GTRIAL ,o.,. . (Format 8F10.0)

Note GTRIAL, < ... < GTRIALNTRIAL'

*
Trial estimates of G . Only if INDEXG = 1, is Card 0 included.

Col. 1-10: GTRIAL.

(Format F10.0)

Col. 11-20: GINC. (Format F10.0)

Card P.

Col. 1:

Card Q.

Using Qg .

Stopping rules.
ISTOP

ISTOP

ISTOP

Col. 1-8: XNORM.

0 implies that all NTRIAL trial estimates

of G* will be considered.

implies that the estimation of G* will
stop as soon as a trial estimate of G*
is found with a goodness-of-fit index

greater than its critical value.

Include Card Q only if IQ3K = 1,

(Format F8.0)

XNORM = the 100 » y -th percentile of the

standard normal distribution function
(N(0,1)) when 100 x Y 7 confidence limits

*
on G based on the approximate normality of

R 3
T . -1
aO/(XG v )((.;)1’1 are desired. For a 95%

confidence limit XNORM = 1,645. (See

Appendix G for a table of XNORM values)




|
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Card R. Using Q3k' Include Card R only if IQ3K = 1.
Col. 1-40: Xm+1,y’ m=1, ..., 5. (Format 5F8.0)
X1,y ~ the 100 « y ~th percentile of a chi-squared
distribution with m + 1 degrees of freedom

when 100 = y % confidence limits on ¢ based
on Q3k are desired. (See Appendix H for a
table of percentiles of chi-squared distri-
butions.)
Card S. Degree of F.
Col. 1: TREADM
IREADM = 0 implies that the degree, m, of the ap-
proximating distribution function F is
to be determined using the procedure
described in Appendix E.
IREADM = 1 implies that m is to be read in.

l<mc<5.

Col. 2: ICHKM
ICHKM = 0 implies that the degree of F will not be
evaluated using the procedure described
in Appendix E.
ICHKM = 1 implies that a value for m will be com-

puted using the procedure described in
Appendix E. (If IREADM = 0, then ICHKM

is automatically set to 1.) If IREADM =1,
the value for m read in is used in the
procedures based on Qlk’ Q2k’ and Q3k; the

computed value of m is only for information
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and is not used in the procedures in-~
volving Qlk’ QZk’ and Q3k' %
Card T. Degree of F. Include Card T only if IREADM = 1. |
Col. 1: m, the degree of the approximating distribution
function F,
Card U. Using Qlk' Include Card U only if IQIK = 1.
Col., 1-2: k. (Format I2)

k = the number of sample proportions to be used in

the confidence limit procedure based on Qlk'

1 < k < 20.

Col. 3-12: (Format F10.0)

xk,y .
xk,Y = the 100 x v -th percentile of a chi-squared
distribution with k degrees of freedom
when a 100 x y%Z confidence limit on G* is de-
sired. (See Appendix H for a table of per-
centiles of chi-squared distributions.)
Card V. Using Qlk' Include Card V only if IQIK = 1.
Col. 1-80: G

G (Format 8F10.0)

1, ...’ k.
G1 = the i-th scale point used in the procedure based
on Qlk'
Card W. Using Q2k' Include Card W only if IQ2K = 1.
Col, 1-2: k. (Format 12)
The k largest order statistics g(n-k+1)’ ey g(n)
will be used to estimate the upper tail of the

distribution F in the procedure based on Q2k'

1l <k <n<100.




Col. 1-30:

Col. 1-2:

Card X. Using Q2k' Include Card X only if IQ2k =1

CRITL(1), CRITL(2). (Format 2F10.0)
These are the 100 xy -th percentiles of Q2k for

m = 1,2, and 3 respectively. These percentiles can
be found in Tables F.4, F.5, ... in Appendix F. If
m > 3 is specified, then CRITL(2) is used as an
approximate 100 x y -th percentile of 62k’ This level
100 « v should correspond to the desired confidence

*
level in the 100 x y % confidence limit on G .

Card Y. Using Q3k’ Include Card Y only if IQ3K = 1,

k. (Format 12)

The k largest order statistics g(n—k+1)’ ooy g(n)
will be used in the procedure based on Q3k and

derivatives.

1 <k <n <100.
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APPENDIX B

Sample Input for

Computer Implementation

e s e




GRAPH 1 TRIAL 2

"

m
040

.50 4.45 4.83
1.43 3.48 §.93
2.13 .40 5.39
3.30 7.22 2.05
4.57 3.79 8.34
¢
0

10

21
0

10.0 10.% 10.2
1.0 1.2 1.4
13.5 14.0 14.5
\
1.645

5.99 7.81 9.49 .

na

2.0 4.0 6.0
0

7.3151 8.7973

20

9.30
4.09
9.78
5.73
4.25

3.99
9.39
f.12
0.42
5.63

10.0

0139
é.11
5.84
2.64
1.85

3
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APPENDIX C

Sample Output from

Computer Implementation




104000000000E6°0 = $¢9 03ABISEO aHi 40 INTIVA 4$31TvAS Hi-E1 .
N 10400000000€2€° 0 ® $,9 03AYISHO HL 0 INTIVA 3S3IVIvnS WL-Z1
; 1040000001:0042°0 = $+9 03AYISED IHL 40 VWA LSIVIVNE Ni-LT 4
104000000:.0992°0 ® §09 0IABISEO IHL 4O INTVA AS3ITIVNS HA-08
10430000000€12°0 = $¢5 03AUISED 3H) 0 3VIVA 1§31IVNS Mi-e
R 10400000010502°0 = $,5 03ABISAD 34L 40 INWA 4SIVIWAS MA-9 (
" 1040000000052 1°0 = $¢9 03AUISEO INL JO INTVA AS3IVIVRS Hi-g
. 10000000010061°0 ® $¢95 03AY3EED FHL HO VWA L53VIVRS Ha-9
v 10000000000CYI*0 = $¢9 QIANISH0 INL S0 INTIVA LS3VIVNE MA-6 4
10000000000423°0 ® §e5 0IANISED FHL 40 VWA 153VIVAS wi-e
- : 00+400000000069°0 = S0 03A83ISED AHL 40 INTIVA 1S3V IWWRS M€
- 0040000000002 %°0 ® $.5 03ANISE0 FHL 40 INWWA ASIVVWNS Ha-2 (
0040000001002%°0 s $¢D GIAUISE0 4L S0 INTIVA 1SITIVRS Wi-1
- IIUY $.9 GIAUISE0 ML 4O SINWA OINIOND ud L]
9 40 SIAVNILSS WILIND ROONVENON O 38V Judds
D) 14
Y
. 10430000000229°0 = (X)9 NO NOILVAWISEOD Mi-OW
1= 10+00000090964° 0 ® (X)9 ND NIILVA33SE) Hi-of
: 4 10400000000581°0 = (X)9 ND NDILVAS3SEO Wi-0f (
10400000000£96° 0 = (X)D ND NOILVAUISED Mi-s€
~ 1040000000052%°0 = (X)9 NO NOLAVAQISEO Hi-9§
J 10430000000 vE0°0 & (X}9 ND NDILVADSSEO MI-GE ¢
10430000000646° 0 = (X)9 NO NOIAVAGISED Wi-of
10430000000£59°0 = (X)9 NO NOILVAU3ISE0 MA-EC [N
D) . 10+430000000969°0 = (X)D ND NDILVAB3SEOD Hi-2€ .
00+30000000049°0 = €X)D ND NO1AVAWISED Wi-1E
. 10+00000000v92°0 = (X)9 NO NOILVAUISEO Wi-OE
. 00+30000000029°0 = (X)9 NO NOILVAI3ISBD Wi-6Z {
. 10+00000000£25° 0 ®= (X)O NO NDILVASISGO Mi-€2
kY 10430000000502°0 = (X)9 ND NOBAVABISEO ML-22
- 10430000000224°0 = (X)O NI NDILVANISEO HI-92 L
10+000000000€E°0 = (X)9 NO NOIAVASISEO MA-SE
-~ 10+400000000042°0 = (X)D ND NJIJLVAG3ISHO Hi-2
- 10430000000€2€°0 = (X)19 ND NOILvA35S@) Wi-€2 {
| 10400000000 v85°0 = (X)9 NO NOTAVAUISBO HiL-22
@ - 10+430000000216°0 = (X)D NJ NIILVAY3SEO WMA-12 L]
< P 10430000000926°0 = {%)D ND NDIAVAS3SEBD M1-02 {
104000000006£5 *0 & (X)9 ND NDIAVAW3SHD Wi-61
. . 10430000000095°0 = (X)9 ND NO1AVABISE0 Mi-91
J 10+00000000£12°0 & (X)9 NO NOTAVA33SED Hi-L1 .
.. 10430000000£21°0 = (X)D ND NOJLVABZSEO0 M1-91
3 10400000000£26° 0 = (X)D ND NOILVAB5SE0 Mi-G1
- 10400000000 119°0 ® (X)9 NO NOILVAS3SE0 Hi-vl {
104300000006£6°0 = (X)9 NJ NDILVAY3ISEO wa-€1
~ 1040000000060%* 0 = (X)9 ND NOILVA33SED HA-21
- 10400000000569°0 = (X)9 NO NOJAVAS3IS@O Hi-11 (
1042000000099€°0 = (X)9 ND ND1LVAB3ISE0 M2-01
.. 10400000000E%1°0 = {X)9 ND NOXLIVAB3ISHD Wi-© :
- 10400000000616 *0 = (X)9 ND NDIAVAUISEOD Wi-§ <
10430000000622°0 = (X)O NO NOIAVASISED Wi-y
.. 00400000000069°0 = (X)9 NO NDIiVAB35S60 Hi-9
o 10+3000000066€°0 & (X)9 ND NDILVASIS®D Wi-§ 4
' 100000000000£6°0 = (X)O ND NOILVANISEO Mi-¥
A 1040000000058¢°0 = (X)D NO NOILYAWISEO M-
2 10400000000599°0 = (X)D ND NODAVAG3SEO HA-Z (
10400000000051° 0 ® IX)9 NO NOJAVASRSED Hi-}
23UV (X )9 ND SNOJAVANZSHO0 ANZONIUIONT ML
~ [ X
2 win 1 wevad
o~ m.
. 4 1
~ . e e e e e e e e i D S A e . ~
: §
. . b
’ .
¢ .




CANTIVA WOTAIND $i1 NYHL BAivaed

- XFONI 314-40-SSINCOOD ¥ Svi 9 30 BAVNILS3 IWINL V SV NODS SV d0i$ 17VIR JuNCIIOud NOIAVRIASD iy | |
- (
- 20400000000SS1°0 = ¢ 40 4VNILSE Wids HA-12
: " 2040000000001 °0 = 85 40 F1YNILS3 WiuL HA-OZ (
.. 20400000000691°0 = 69 J0 ILYNILSD WWIUL HA-61
2T 20¢000000000¢1°0 s ¢3 20 AvHliS3 W iNL Hi-8Y
) 20+000000006£1°0 = 09 240 ILYNIISE Wil HA-¢l ¢
20+000000000€1°0 ® 82 40 FLVNILSE WINL Wit
- 20400000000521°0 = 9 40 ILYNIASD WIYL WE-S1
= £0¢00000000021°0 = 09 40 ILYNILEF Wil Hi-wi 4
20400000000911°0 = 89 40 UVNILSI WIws HI-CT
- 20400000000911°0 = 9 4D PAVNILISE Wluwd HA-21 %
Y £0000000000%11°0 = 99 40 FALVAILSD WINL MA-1T (
Z0400000000211°0 = o9 40 FAYNILISH Ivigs Hi-0
- 20400000000011°0 = 9 20 ILYNILSD WI¥L Hi-®
o 20400000000901°0 = 9 JO ILYNILSD WIuL Hi-8 (
20400000000901°0 = o9 40 F4VN1ASE W IYL Hi-4
" . 20400000000501°0 = o9 JO ILYNILGS WIvL H1I-®
Ll 20¢00000000001°0 = 09 JO JLVNILSD WINL Hi-G « -
Z0+C0000000€01°0 ® 00 40 AVMILAES Il HiI-V
N 20400000000201°0 = o9 30 3AVNIAS3 W Ius W€
- 20400000000801°0 = 82 40 FAVAILED WIwd wi-T 4
£0400000000001°0 = 05 40 FLYNIASD WINL Wi-l
: 136V 6D 40 SIAVNILSE WINL Db |
- 1S
- 10400000002946°0 = $¢9 G3ADIASEO AHA 40 INTIVA 45371TvwS Hi-00
| R 10400000000E46°0 = $¢9 03AH3SED IHNL IO INTIVA 2S3TIVYNS HA-6E ¢
o . 104000000026£6°0 & $¢9 GIAUISEO 3L 40 INWA 1SIVIVNS Hi-8C
M 58 104000000030£6°0 = $¢9 0FAUISOD 3HL 40 INVVA L$IVIVNS MA-4€
v, 10430000000616°0 = $49 03AUISUD IHL ¥0 3NTIVA 1S3VVYNS WL-9F z
104000000032156°0 = §¢9 03ABISED ML JO BNTYA 1S3 TVvaS HI-SE
-~ 104000000079689°0 ® $¢9 QIAVIASHO INL ST BNIVA 1S3 VIVRE WA=
R 100000000029€9°0 = $.9 03A¥ISEI 3ML 40 INIWA LSI1TIYNS WA-CE (
10400000003624°0 = $¢9 QIAuSED FHL 4O BNIVA 4SIVIVRS HA-ZE
- 10400000000224°0 = S 03AYISO0 INA 40 AVIVA 153 VIVRS HI~-IC !
W 10430000003€69°0 = $¢9 AIAMISED IHL O INTWWA 3$3VIVRS HI-0F L
1040000000$59°0 = $09 03AUSSE0 344 20 3VIVA 1§31VvwS HA-62
- 10400000000459°0 ® $49 03AUISSI IML 20 INTIVA 15IVIVNS HEi-B2
B 10400000000429°0 = $e9 03AYISHO IMA 40 VWA ASIVIVRS MA-L2 {
16400000003119°0 = $+9 OIAUISED IHA 40 INIVA ASIVIVNS NA-92
B 10420000000985°0 = 49 03IAVISOD INL 4O VIVA LSIVIVAS HI-ST
- 1040000000564 60 5 $.9 03ABISED N1 40 BNWA 1S3VIvNS Mi-e2 {
1040000000964 S0 - * $.9 G3ANIED IHL 40 INIVA 1SITIVNE HL-C2
$0400000002E95°0 = $.5 03ABISEI 341 40 INTVA AEIVIVNS ME-22
v 10400000007095°0 = S5 GIAWESE0 ML 40 FINIVA L1SIVIWNS Ki-12 ¢
104000000006 5°0 = $49 03AYISED FML 40 AVWA §E3VIVWNE MA-UE :
- 10000000000€9¥*0 = $49 03ANISED 3L 40 INTIVA 263VIVRE Hi-61 . i
J 1043000000059v*D ® 09 03AUISOD i 4D INTWA L53VIVNS Mi-61 N ,
10400000000529°0 & $19 03ANIS0D INL 40 INWA LS VIVNE Ma= )
- 1040000000080%°0 = Se9 GIAWISA0 WL 40 IVIVA 15VIVAS Hi-0L
N 104G000000066€ 0 = §¢9 CIAWISEO ML 40 INIWA LSIVIVRS HA~GS C
e 1000000000099€°0 & $:9 0IAUISED INL J0 FNVIVA 1SIVNTIVNS ui-ol
Al ;
- * " N v ~

e e e e o e e . —— . ——— —— — i ——— —— — ————— — —— — — — —— ——— - —— i — — e S ———— — A —— e — —— o——
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A N
" , ¢
“ . £
; ) 204000000008°0 = (8 )INI)d WIS 00+0v0GLEI0S°0 = (6 JLAVMg N
' 104000020000°0 « (v )INIDO 3WDS 00+0PZoC1S64°0 = (o )iVHNY
; -~ 100000000009°0 = (C )iNIJd IWIS 00+0IL260809°0 = (£ JAVNHI
; 104000000000°0 = (2 )ANIIJ 3OS 00401 1IG9ZZP°0 = (2 )iVH4 4
. 104000000002°0 = (1 )ANIOC 3OS 00+ 0L56099E2Z°0 = (1§ )ivHs
.
. = $§aNI0E 3WIS ¥ IV 0IAVAIVAS 40D OIills L
10~0¥@L021€6°0 = (1)yHalv OFivwiiS3 (
INUI4 J3AVNQYND ML OIZINININ AVML BOAD3A wHdIV 34 .
L
' 01°11 = FV1INII¥3Za OaUVNOS~=THD TWWIIATuD IHWA $ZO+A9COVI®0 = JYNNIO NIONI 4)S-JO-SSINODOD IHL $Z204000208°0 = WINiD L
- 204000000001°0 = (S JiNI3Y 3WDS 004088 120066°0 = (S )AVMI
J 100000000009°0 = ¢ )iN3Jd WIS 004099659062°0 = (¢ dAVHS 4
.. 1040000000090 = (£ )INIOJ 3OS 00406046¥065°0 = (C )AVHI
20 100000000009°0 = (2 DiIN1Jd WIS 00+CEIWEEI6C°0 = (2 )AVHA
D) 104000000002°0 = (1 JiINIDY 3 WIS 0040Z2244165°0 = (1 JAVHA 4
5 . SSANIDG 3OS N AV GIAVAWAD 40D CIAidd .
) 10~080219£66°0 = §1)vHaIVY OLVNILSI I.
U TWE0A JJLVHOVAD 3HA OIZIWININ AVHL UDADBA VMWW 3N C
. 01°1T = 3VIANIOE3d CIUVAOS~IAD TWIIAIYD 341 T0409CERE*0 = AVyNID XNZON) A14-3p-SSINODDD 3HL 220¢000105°0 = Wiwid ,
- -
. 204000000001°0 = (S DANIDd WIS 104000000001°0 = (S )iVH4
- 1040000000080 = (¥ }iN10d 3IVIS 00403606E962°0 = (v )iVHI
104000000009°0 = (€ JANIJG 3WIS 00+016192836°0 = (€ Jivid {
104000000009°0 ® (2 )ANIOd WIS 00¢GPUZLIEGE®D = (2 davwa
~ 100000000002°0 = ¢ 1 PANIID FWWOIS 004010696£21°0 = (I )AVMS ’
Vi
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- 00400000629°0 = NOJANOCOUd WINVS Wi-€ M4
-~ 00400000S46°0 = NOJLIBODIND FVINVS HA-2 i {
00000000621°0 = ND1iNO4OUd BVIWYS wi-1 ML
-
..
- t SNDILYDaONs FVWIMVS OIABISO0 Iy (
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APPENDIX D

Transformations of the Initial

Random Sample Bys ces By

The confidence limit procedures described in section 2 assume only

that

(1)

(i)

(1ii)

8ys> +++» 8, arenm independent observations on a random
variable g,

the least upper bound on g is G*, and

the distribution function, P(g ), of g is well approximated

by a polynomial of degree at most m.

*
The only characteristic of P(g ) of real interest is G . Hence, if

gi = transformation of 84

v
Bys coes En are independent,

*
G = least upper bound on E, and

49 n
P(g ) = distribution function of g,

the sample El, ooy En could also be analyzed by the confidence limit

*
procedures and provide the desired information on G . In fact, if B(Q )
is more benign than P(g ), the analysis of El, ey En may provide a

*
better confidence limit on G than that based on Bys +o» g,

At this point in time the most benign form for %(g )} is unknown.

It is suspected that a helpful form for %(g ) is roughly linear for
* * *
g < G in a neighborhood of G with the slope of %(g ) near G being neither

too near 0 nor too large.

Frequently when

*
G = max g(x) ’

xeR

v
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some "'good" values for x with "large'" values of g(x) are known or can
be guessed apriori. Such x values (say, Xps wevs xL) and there

* *
associated g values (say g = g(xl), cevs B = g(xL)) are usually known

or guessed from the physical characteristics of the problem. The

*

*
L represents L nonrandom estimates of G . Since

*
collection Bys o0 g
they are nonrandom, the confidence limit procedures should not be applied
* * * *
directly to Bys +vvs By However, the B1s +-+» 8 can be used to

"upgrade" a random sample Bys +vvs B - The upgraded random sample could

be generated by the following general transformation

L

g, =Wdg. + ) WT T < g
Br T TR T L TR T BT B
W*EWT PR Ifmif*< <
= WWg, LBy tg L if g\ <g <g
' j=h+l j-h =(3) (L) jeL-n 3 (h) i ®(h+l)

*
=gy e 2eg
* * * *
where g(l) < se. < g(L) are the ordered values of 81s v B and WW, WTl,

cees WTL are nonnegative weights with

*
Here Ei is a weighted average of 8 and those g 's > gy - The computer
implementation of the confidence limit procedures allows the user to
specify
WW = WL, = ... =Wl = 1/(L+1)

or

WW o= 1/[(L+2) (L+1) /2]

wr, = (i+1) /[ (L+2) (L+1) /2]

or read in any values for WW >0, WTl, ceny WTL. At this time it is not

apparent what "optimal' weights are.
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Of course, it is entirely feasible to create the observations to be
analyzed by first transforming Bys coes g, using L nonrandom estimates
of G* and then subtracting random deviates Ugs eeey U from these
transformed variables.

As discussed in section 3 an alternative transformation of

Bys «-+» 8, is

gi = gi - ui ’ i= l: reey I

where Uy, ..., U are independent nonnegative random variables with
greatest lower bound zero. In particular u being a uniform random

*
variable on [0, 8] ] seems like a reasonable choice since this tends

* *
to make ?(g) linear near G . Currently, the "optimal" magnitude of U

relative to the range of g is unknown,




APPENDIX E

An Automated Procedure for Determining the Degree

of the Approximating Polynomial Distribution Function

Sometimes an investigation of the degree of the approximating

polynomial distribution function is of interest. If

m

* x4
F(g;a,G ) = Z a,{g -G)H) +1
3=1 J
is rewritten as
* m .
F(g;a,G ) = z BgJ,
j=0

then the smallest integer m > 2, say m*, such that the estimate of
op is not significantly different from zero can be roughly determined.
This investigation takes the same form for the procedures based on
sz and Q3k but has a different form for the procedure based on Qlk'
These two forms are discussed below. If the user of the computer
implementation so requests, the value of m* for any or all of the con-
fidence limit procedures will be determined. The user may also specify
whether or not m 1s to be set equal to m* - 1 in each of the confidence
limit procedures.

For the confidence limit procedure based on Qlk the determination

*
of m is as follows: As described in section 2.1, determine the sample

proportions Pys +oes Py where

np, = # of Bys cvs 8 5 Gi’ i=1, ..., k.

Then the vector (pl, ooy pk) has approximately a multivariate normal

JREPIUTTRN 9%
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v
/

distribution with mean vector (\ z Bj lj’ cees Z Bjckj

3=0
and symmetric covariance matrix V1 = (vlij) with
P act)i-
v = B. G B c.P /n for i < j .
E IR neo b3 /

\ A /
Thus, the weighted least squares estimate of B = (81, ey Bm)T

-~ A A
8 = (xTvllx)'1 xTvl1 Y

which has approximately a multivariate normal distribution with mean

vector B and symmetric covariance matrix XTVIIX
where
- " N
g = (Bl, ceay Bm)
X = (xij) with X5 = Gij for i=1, ..., kand § =0, ..., m,
V1 = (vlij) with v1ij = pi(l-pj)/n for i =1, ..., k and
j=1, ..., k, and
T
Y= (Pys +ees P
To-l,. -1 2
Furthermore, if B is 0, then 8 / (X'V,'X) has approximately
m m 1 m,m

L

a t distribution with k-(m + 1) degrees of freedom. Since Bm = am,

the value of o is assumed to be zero if

1

<
m,m -

I
B/ fo LR tx-m-1, .95

|
i
where tk-m-l,.95 is the 95-th percentile of a t distribution with

k-(m+1l) degrees of freedom. This is a test of the hypothesis e = 0

*
with a significance level of approximately ,10. The value of m 1is
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the smallest integer m > 2 for which a can be assumed to be zero on
g the basis of the above t test.
For the confidence limit procedures based on either Q2k or Q3k

*
the determination of m is as follows: 1If

B(n-k+1) < *°* < B(n)

are the k largest order statistics from

F(9) = )} B.g ,

then

z, = F(g(i)) s i=n-%k+1, ..., n |

are distributed like the k largest order statistics from a uniform

distribution. Analogously to section 2.2,

. L ] :

QUi = E E | ? 84y)" (i/n+l) ? g g - j/n+1 :v( -
2km kbl j=n-k+l \h=0 *h (1) h=0 D (j?- 21j

is minimized with respect to B; Letting Q(B) represent this minimum, , ;
*
the value of m -1 is taken to the smallest integer in such that

Qzés) is less than the 90-th percentile of Q, for m = 1 given in

Appendix F (tables F.4 - F.9).
*
The computer implementation considers only m < 5. If m seems to
*
be > 6, the value of m is set equal to 6. This corresponds to a

maximum allowable value of m in the computer implementation being m = 5.
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APPENDIX F i

Percentiles of Q2k and Q2k
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Table F.1 95-th percentile of the goodness-of-fit criterion Q2k

based on a Monte Carlo simulation involving 10,000 samples.*

10 13.46

15 14.42 21.85

20 14.87 23,12 29.38

25 15.14 23.88 30.72 36.52

30 15.31 24.37 31.60 37.84 43.41

35 15.43 24,74 32.22 38.78 44.68

40 15.52 25.00 32.70 39.47 45.64 51.34

45 15,60 25,20 33.05 40.01 46.39 52.31 57.85

50 15.65 25.35 33.34 40.43 46.97 53.06 58.82

60 15,72 25.61 33.76 41,07 47.82 54.18 60.20 65.99

70 15.78 25.77 34.07 41.51 48.43 54.97 61.19 67.17 72.92

80 15.83 25.89 34.29 41.85 48.88 55.55 61.91 68.05 73.96 79.76
90 15.86 26.00 34.46 42.10 49.22 56.00 62.48 68.73 74.79 80.65

100 15.88 26.07 34.59 42.31 49.51 56.36 62.91 69.26 75.40 81.42

*Information taken from Lurie (1971).

i e e AN .
o sl iea -ty 5 o, 2 2 L " 4 odd
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Table F.2 99-th percentiles of the goodness-of-fit criterion Q2k

based on a Monte Carlo simulation involving 10,000 samples.*

n k=235 10 15 20 25 30 35 40 45 50
10 21.47
15 24,21 31.99
20 25.69 34.89 41.20
25 26.60 36.72 43.94 49.70
30 27,23 37.99 45,83 52.26 57.75
35 27.66 38.90 47.22 54.12 60.12
40  28.00 39.59 48.27 55.54 61.95 67.88
45 28.27 40.14 49,10 56.67 63.38 69.44 75.01
S0  28.48 40.59 49.77 57.57 64,53 70.86 76.70
60 28.81 41.25 50.77 58.95 66.28 73.02 79.26 85.17
70 29.04 41.73 51,52 59.92 67.54 74.56 81.12 87.32 93.21
80 29.21 42.09 52.06 60.69 68.49 75.71 82,50 88.94 95.11 101.00
90 29.35 42.36 52.49 61.27 69.23 76.61 83.60 90.20 96.58 102.69
100 29.46 42.60 52.84 61.74 69.83 77.36 84.45 91.24 $7.71 103.98

*Information taken from Lurie (1971).




Table F.3

Upper percentage points of Qzl‘computed from (a) a Pearson

10%
AL

(a)
575
7-40
9-00
10-56
12-08
13-57
15-03

16-47
17-90
19-30
20-70
22-08

23-44
24-80
26-14
27-48
28-80

()
592
7-50

9-08
10-61
12:13
13-59
15-05
16-48
17-90
19-32
20-69
22-09

23-47
24-83

(a)
3012
31-43
32-74
34-03
35-32

36-61
3789
39-16
4043
41-70

42-96
49-20
56535
61-43
67-45

73-42
79-34
85-22
91-07
96-88

102-67
108-43
114-16
119-88
125-57
658-42

5%

{a)
6-98
8-98

10-89
12-74
14-52
16-26
17-95
19-61
21-23
22:83
24:41
25-96

27-49
29-00
30-50
31-98
33-44

{b)
739
8-27

11-14
12-96
14-71
16-44
18-11
19-75
21-35

© 2294

2448
26-05
27-56
29-02

{a}
34-90
36-34
37717
3919
40-60

42-00
43-39
4477
4615
47-52

4888
5559
62-16
6863
7500
81-30
87:53
9371
90-83

105-90
111-04
117-04
123-91
129-84
135-75
578-11

Type V approximation, (b) The exact recurrence formula using

1%

numerical integration and (c) Monte Carlo based on 10,000 samples *

(a)

9-89

12:78

15:51
18-09
20-55
2291
25-18
27-31
29-50
31-56

33-58°

35-54

37-46
3935
4119
43-01
44-80

()
10-19
1319

16-02
18-69
21-11
23-33
2569
27-719
29-88
31-89
33-86
35-73
37:53
39-22

46-56
48-30

50-01

51-70
53-38

55-03

56-60
5828
59-89
61-48

63-05
7075
7820
85-44
92-53
99-48
10G6-31
113-05
119-70
12628

132-79
139-24
14564
152:00
158-31
618-11

* Information taken from Hartley and Pfaffenberger (1972).

(c)

27-36

37-00
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Monte Carlo simulation involving 1500 samples.

Table F.4 Observed percentiles of Q2k form =1 and k = 5 based on a

E
’ Percentile 5 B 10 50 80 90 o 95 99
n
10 0.7950 | 1.0949 | 2.3042 | 3.3690 | 3.9015 | 4.5410 | 5.3294
15 0.6751 | 0.9775 | 2.1596 | 3.0425 | 3.5542 | 3.9302 | 4.4962
20 0.6877 | 0.9782 | 2.0696 | 2.9158 | 3.3288 | 3.6932 | 4.2915
25 0.6893 | 0.9596 | 1.9700 | 2.7530 | 3.2200 | 3.5032 | 4.0544
30 0.7273 | 0.9544 | 1.9289 | 2.7361 | 3.1056 | 3.3973 ! 3.9597
35 0.6550 | 0.9029 | 1.9346 | 2.6579 | 3.1028 | 3.4212 | 3.9295
40 0.7358 | 0.9684 | 1.9094 | 2.6982 | 3,0836 | 3.4030 | 3.8690
45 0.6800 | 0.8878 | 1.8490 | 2.6046 | 3.0072 | 3.2672 | 3.8270
50 0.7206 | 0.9589 | 1.9374 | 2.6762 | 3.0377 ! 3.2993 | 3.7678
60 0.6842 | 0.9035 | 1.8724 | 2.5782 ! 2.9308 | 3.2392 | 3.6676
70 0.6255 | 0.8787 | 1.8664 | 2.5900 | 2.9160 | 3.1548 | 3.6470
80 0.6601 | 0.9105 | 1.8391 | 2.4997 | 2.8721 ! 3.1398 | 3.5502
90 0.7128 | 0.9529 | 1.8747 | 2.6185 | 2.9622 | 3.2496 | 3.5794
100 0.6180 | 0.8571 | 1.8293 | 2.5376 | 2.8690 | 3.1759 | 3.6190




Table F.5
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Observed percentiles of Q,,k for m = 1 and k = 10 based on a

Monte Carlo simulation involving 1500 samples

= T ETTTTEYR mET oTewme

jﬁ
Percentile 5 10

50 80 90 95 39
.
3 10 3.3711 4,0552 7.3316) 10,6786 |12.8215 {15.1200] 20.8051
15 2.8167 3.4484 5.8781 8.1584 9.3515 110.6328| 13.1150
20 2.8702 3.3154 5.4976 7.3223 8.3734 9.,2977] 11.2154
25 2.7925 3.1467 5.2457 6.7980 7.7112 8.5010 9.6934
30 2.5955 3.0817 5.0570 6.5695 7.3799 7.9939 9.4950
35 2.6555 3.1218 4.9751 6.2796 7.1655 7.8611 8.7823
40 2.6070 3.0222 4.,7909 6.1524 6.9258 7.5151 8.8534
45 2.6782 3.0145 4.7416 6.0532 6.8252 7.3820 8.4659
50 2.4862 2.9308 4.6528 5.9321 6.6772 7.2681 8.2132
60 2.5016 2.9023 4.5525 5.8266 6.5429 7.0334 7.9444
70 2.5207 2.9203 4.4808 5.6674 6.3457 6.8675 7.6635
80 2.5231 2.9628 4.5102 5.6608 6.3043 6.7866 7.7215
90 2.4011 2.8398 4.,4074 5.6483 6.3077 6.7621 7.6957
100 2.4607 2.8555 4.,4198 5.6185 6.2526 6.8083 7.6995

e
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Table F.6 Observed percentiles of Q2k for m= 1 and k = 15 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99

n

10

15 6.0914 | 7.1359 [12.2815] 16.6570| 20.2154} 23.8590| 33.7135
20 5.6776 | 6.4080 | 9.9970{ 13.2789| 15.5312| 17.4707 | 21.1083
25 5.3608 | 6.1082 | 9.3787 | 11,9973 13.5924| 15.0445| 17.7235
30 5.2068 5.9049 8.7984 | 11.0806( 12.3676| 13.4961 | 15.2003
35 4.8240 | 5.5523 | 8.3797 | 10.4859| 11.6225| 12,6532 | 14.6437
40 4.7368 | 5.4552 | 8.0681 | 10.0152} 11,1980| 12.3028 | 14.1008
45 4.6838 | 5.4340 | 7.9397 | 9.8499| 10.9455| 11.9427 | 13,4631
50 4.7923 5.3627 7.8080 9.6826( 10.6161{ 11.5213 ¢ 12.8710
60 4,7227 | 5.2296 | 7.5711 | 9.2368} 10.1833| 11.2696| 12.6117
70 4,5246 | 5.0369 | 7.5225} 9.1451| 10.1479] 10.8993 | 12.3907
80 4.5285 | 5.1607 | 7.2436 ) 8.9037{ 9.8969} 10.5539{ 12.1855
90 4,5712 | 5.1717 | 7.2649 | 8.8319| 9.6632} 10.3896 | 11.8508
100 4.5097 | 5.0009 { 7.2393 | 8.7609| 9.5403| 10.2972| 11.6714




74

Table F.7 Observed percentiles of Q2k for m = 1 and k = 20 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99
. n
10
15
20 9.2579 | 10.5217} 16.5988} 22,7815| 26.9844 | 30.6751 | 38.3473
25 8.5401 | 9.5732| 14.4469( 19.0561| 21.8008 | 24,3088 | 29.6780 !
30 8.0960 | 8.9815| 13.4853| 17.0045| 19.0373 | 21.2573 | 24.8389
35 7.8583 | 8.7390( 12.5412]| 15.8006| 17.7042 | 19,5008 | 22.8097
40 7.6267 | 8.5997] 12.0263] 14.8637| 16.5321 | 17.6523 | 20.5317
45 7.4320 | 8.3000] 11.7349] 14.3124| 15.8265| 17.0063 | 19.8576 ?‘
50 7.2564 | 7.9921) 11.3406] 13.7053) 15.1775] 16.5539 | 18.8688 ﬁ‘
60 7.0809 | 7.8149( 10.8401) 13,2074| 14,5522 | 15.4355 | 18,5607 3
70 6.9626 | 7.8092] 10,5761| 12.7222| 13.8563 | 14.9032 | 16.8736
80 6.8612 | 7.6857| 10.3791| 12.3866| 13.4785 | 14.3257 | 16.4240
90 6.7622 ) 7.5427| 10.1685| 12.3459| 13.3713 | 14.4311 } 16.4125 5
100 6.9108 | 7.5716| 10.2337| 12.1787 | 13.1416 ] 14,2235 | 16,1448
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e o

Table F.8 Observed percentiles of Q2k for m = 1 and k = 25 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99

n

10

15

20

25 13.0864 | 14.5874| 22,0860 {29.4558| 33.8175| 38.7396( 53.8266
30 11.6170| 13.0592| 19.0359 24,5862 27.9174{ 30.9565{ 38.9233
35 11,2338 12.4910} 17.7130 (22,1414} 24.4157| 27.2240) 31.7071
40 10.7206f 11.8601} 16.6420 }20.5820} 22.9580| 25.3261| 30.1502
45 10.4122 11.7226f 15.8099 19.2329! 21.2110]| 23.1475| 26.9785
50 10.1611} 11.0480{ 15.2611 [18.3234[ 20.4047| 21.9522| 24.9177
60 9.9086| 10.7442| 14.6107 |17.7812} 19.2960| 20.9158 23.2428
70 9.3952| 10.4303] 14.0350 |16.7457§ 18.1994| 19.6407{ 22.7552
80 9.3390{ 10.1804| 13.6569 |16.2853| 17.8386| 19.1040 22.1676
90 9.1780] 9.9792| 13.4492 |[15.8638| 17.2472| 18.4011| 20.6108
100 8.8945| 9.9902) 13.1934 {15.6186| 16.8663| 18,0363 20.4707
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Table F.9 Observed percentiles of Q2k for m = 1 and k = 30 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99

n

10

15

20

25
30 15.9556 | 17.8899 | 26.3351 | 34.5368| 40.0028 | 45.4640| 59.5800
35 15.0606 | 16.6132 ] 23.7549 | 29.7509| 33.5835 ] 37.1985| 44.5941
40 14.6048 | 16.1073 | 21.9367 | 27.1967] 29.9356 | 32.6829] 39.0256
45 13.8515| 15.1399 | 20.7218 | 25.0228, 27.8213 | 30.6415| 36.2437
50 13.1543 | 14,4307 | 19.7203 | 24.0512| 26.4301 | 28.8160| 33.0465
60 12.6673 | 13.8159 | 18.4865 [ 22,1482 24.2446 | 26.3576| 29.1589
70 12.3299 | 13,5556 | 17.7348 | 21.0749| 22.7931 | 24.4371| 28.0009
80 11.9518 | 12.9899 | 17.1229 | 20.1220] 21.9159 |23.5572( 26.7444
90 12,0188 | 12.8475 | 16.7569 | 19,7140 21.3977 {22.7690( 25.3704
100 11.6842 | 12.5434 | 16.4005 | 19.1245] 20.5820 |22.0335} 25.0725

R N E it PP LN T
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Table F.10 Observed percentiles of Q2k for m = 2 and k =

Monte Carlo simulation involving 1500 samples.

5 based on a

Percentile 5 10 50 80 90 95 99

n

10 0.4613 | 0.6782 1 1.7502 | 2.7411 | 3.3214 | 3.8755 | 4.6372
15 0.4501 | 0.6765 | 1.6995 | 2.4604 | 2,9661 | 3.3802 | 4.0154
20 0.4174 | 0.6645 | 1.6416 | 2.4443 | 2,.8460 | 3.1589 | 3.7249
25 0.4632 | 0.6502 | 1.6027 | 2.3419 | 2.7016 | 3.0544 | 3.7034
30 0.4344 | 0.6789 | 1.6016 | 2.2395 | 2.5904 | 2.8859 | 3.4380
35 0.3967 | 0.6054 | 1.5620 } 2.2351 | 2.6275 | 2.9467 | 3.5036
40 0.4358 |} 0.6133 | 1.5123 | 2.2375 | 2.5901 | 2.8693 | 3.5123
45 0.4004 | 0.6090 | 1.5335 | 2.1455 | 2,5141 | 2.8219 | 3.2461
50 0.3893 | 0.6231 | 1.5539 | 2.2010 | 2.5994 | 2.8621 | 3.3066
60 0.4146 | 0.6190 | 1.5171 | 2.1555 | 2.5063 | 2.7982 | 3.3952
70 0.4869 | 0.6595 | 1.5227 | 2.1448 | 2.5051 { 2.7531 | 3.1990
80 0.3795 | 0.6008 | 1.4664 | 2.0944 | 2.4239 | 2,7459 | 3.2971
90 0.4492 | 0.6889 | 1.4855 | 2,0973 | 2,4535 | 2,7124 | 3.3451
100 0.4193 | 0.6387 | 1.4665 | 2.1283 | 2,4971 | 2.7880 | 3.1881
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Table F.11 Observed percentiles of Q2k for m = 2 and k = 10 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99

n

10 2,7735  3.,4664 | 6,3194 | 9.,0145) 11.0287 | 12.5317 | 16.6531
15 2.4236 | 2.9753 | 5.1627 | 7.1074{ 8.4276| 9.4173 | 11,2169
20 2.4617 | 2.8621 | 4.8016 | 6.4501| 7.3404 | 8.0265| 9.4346
25 2.2138 | 2.6814 | 4.5273 ) 5.9655] 6.7507 | 7.5323] 8.8709
30 2.2791 | 2.6962 | 4.4365 | 5.,7928 | 6.5952 | 7.2239| 8.,7974
35 2.2573 | 2.6721 | 4.2996 | 5.6440 ) 6.3629| 6.9724} 7.9919
40 2.2259 | 2.6656 | 4,2738 | 5.5084 | 6,2222 | 6.7973 | 7.9441
45 2,1947 | 2.5782 | 4.2543 | 5.4622 | 6.1280| 6.8178 | 7.8115
50 2.1860 | 2.5545 | 4.1348 | 5.3299] 6.0032 | 6.5015] 7.6552
60 2.1459 | 2.5384 | 4,0685 | 5.2358 | 5.7932 ] 6.3799 | 7.2054
70 2.0723 | 2.4636 | 4,0438 | 5.,1125 | 5.7523 | 6.2126 | 6.9384
80 2.0873 | 2.4621 | 3,9945 | 5.1090 | 5.7458 | 6.2483 | 7.2358

2.1828

2.1810

2.5129

2.5089

3.9601

3.9695

5.0589

5.0775

5.6437

5.5919

6.1858

6.0206

7.0296

6.7823
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Table F.12 Observed percentiles of Q2k for m = 2 and k = 15 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99
n
10
15 5.4998 | 6.4797 | 10.5848 ) 14.2243} 16.9938 | 20.2635 | 26.6316
20 5.1906 | 5.8855| 9.2666| 12,1887 14,1269 15.7781 | 19,5845
25 4.7518 | 5.4342{ 8.3780| 10.7441} 12.1953| 13.5227 | 15.9983
30 4,3919( 5.0953| 7.8047 | 9.9288 11.1551| 12.2020 | 14.3209
35 4.4576 | 4.9903| 7.5455( 9.4857| 10.5866| 11.4383 | 13.8742
40 4,3089| 5.0156 ) 7.3988 | 9.2471| 10.4213; 11.2213 | 12,9824
45 4.,2903 | 4.8581 1 7.2590| 8.9729{ 10.0068 | 10.9088 | 12.7422
50 4.4317 | 4,9606 | 7.1508 | 8,9278{ 9.9109| 10.7047 | 12.5022
60 4.1014 | 4.6746 ) 6.9142 | 8,4749| 9.4833 ) 10.3124 | 11.7445
70 4.1753 | 4.6893 | 6.7713} B8.4153| 9,2361| 10.0144 | 11.4842
80 4.1534 | 4.6429 1 6.7791 | 8.3617| 9.1988| 9.7937 | 11.1319
90 4.1527 | 4.6438 1 6.7590 | 8.1571| 8.9440| 9.6718 | 10.7496
100 4.0700| 4.6384 1 6.5378 { 8.0925] 8.8913}| 9.6060 | 10.8851

i il




~80-

Table F.13 Observed percentiles of Q2k for m = 2 and k = 20 based on a

Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99

n

10

15

20 8.5894 | 9.7797} 14.9154{ 20.1513 | 23.5669 | 25.8466} 33.6911
25 7.9831 | 8.9248| 13.2781| 16.9533 | 19.1330{ 21.4918 | 26.6315
30 7.5345 | 8.4257{ 12.1439} 15.3297 | 17.1796 | 18.8577 | 22.9272
35 7.3227 | 8.2013| 11.7392| 14.5209 | 16.1844 | 17.8072 | 21.3554
40 7.0572 | 7.8364 | 11.1554} 13.6066 | 15.0583 | 16.4068 | 19.1958
45 6.6492 | 7.5481} 10,7026} 13,1403 ) 14.4691 | 15.5158 |} 18.1505
50 6.7204 { 7.4707 | 10.5959| 12.7150 | 14.0975§ 15,1015 17.0252
60 6.6992 | 7.2944 | 10.1405| 12.2380 | 13.5588 | 14.3838 | 16.4226
70 6.4482 | 7.1605 | 10.0402 | 12,0705 | 13.1646 | 14.0537 | 16.1698
80 6.3564 | 7.0138| 9,6327 | 11.5153 | 12.5613 | 13.4435 | 15.2592
90 6.2466 | 6,8562 | 9,5335| 11.4035 | 12.4791 | 13.1713 | 14.8876
100 6.4103 | 6.9463 | 9.3183 | 11.3160 ) 12.3835 | 13.3123 | 14.4369

L
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Table F.14 Observed percentiles of 62k for m = 2 and k = 25 based on
a Monte Carlo simulation involving 1500 samples.
Percentile 5 10 50 80 90 95 99
n
10
15
20
25 11.6522 | 13,1403 | 19.6254 | 25.5485 | 29.0540| 33.0684 | 41.8129
30 11.2810 | 12.2345 | 17.6469 | 22.3011 | 24.6344 | 27.5356 | 33.3442
35 10.3227 | 11.4571 | 16.2680 | 20.0283 | 22.4879| 24.8890 | 30.7655
40 9.9597 | 10.9959 | 15.4268 | 18.9114 | 20.9758 | 23.0225 | 25.9440
45 9.7321 | 10.6639 | 14.6991 | 18.1540 | 20.0668 | 21,5444 | 25.6196
50 9.4702 | 10.4074 | 14,1786 { 17.4987 | 19.3772| 20.7472 | 23.5817
60 9.1478 | 10.0422 | 13,6210 | 16.3821 | 17.9238( 19.2319 | 21.5942
70 8.8462| 9.8860( 13,1055 15.5060 | 16.9985| 18.1400 | 20.2148 ]
80 8.8309 | 9.6249| 12,7348 | 15.2548 | 16.4483| 17.5788 | 20.3181
90 8.6677 | 9.4741( 12,6442 | 14.9047 | 16.2174| 17.1329 | 18.9588
100 8.6958| 9.5213} 12,5288 | 14.7986 | 15.9483| 17.0049 { 18.8317
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Table F.15 Observed percentiles of Q2k for m = 2 and k = 30 based on

a Monte Carlo simulation involving 1500 samples.

Percentile 5 10 50 80 90 95 99
n
10
15
20
25
3 30 15.0876 | 16.9618} 24.5298 | 30.7084 | 34.6084 | 39.1290 | 48.3428
35 14.4291 | 15.9360| 22.1135) 27.8407 | 31.6929 | 35.4093 | 42.3229
40 13.3173 | 14.6457| 20.0889 24.4914 | 27.5545 | 30.1500 | 35.3132
45 13,3775 | 14,4755{ 19.5084 | 23.7013 | 26.4497 | 28.5206 | 32.8791
50 12.2556 | 13.3886§ 18.7108 | 22.5190| 24.8608 | 26.6890 | 30.5328
60 12.1600 | 13.1408| 17.6514 | 20.8903 | 23.0409 | 24.8029 | 27.5976
70 11.9319 | 12.9337| 16.8397 | 19.8259 | 21.5450 | 22.9388 | 25.5781
80 11.2707 | 12.3369| 16.2566 | 18,9258 | 20.4412 | 21.8323 | 25.2829
90 11.1630{ 12.0334| 15,7477 | 18.7200 | 20.5235 | 21.9124 | 24.9271
100 11.2597 | 12.1157| 15.6233 | 18.2995 | 19.8963 | 21.1062 | 23,8996




Confidence level
99.9%
99.5%
99.07%
98.0%
97.0%
96.0%
95.0%
90.0%
85.0%
80.0%
70.0%
60.0%

50.0%

APPENDIX G

XMORM Values

XNORM value
3.09
2.58
2,33

2.05

1.88
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APPENDIX H
Percentiles of Chi-Squared Distributions
*D.F %2005 x%OI X?OZS X?OS x?lo X?ZO x?30 X?SO x?70 x?80 x?90 x%95 X%975 x?99 x?995
1{ .000 | .000]| .001} .004| .016| .064 | .148| .455|1.07 | 1.64] 2.71| 3.84| 5.02 | 6.63| 7.88
2} .010} .020| .051| .103} .211| .446 | .713| 1.39| 2.41{3.22] 4.61| 5.99| 7.38 | 9.21] 10.6
3] .072 | .115] .216| .352] .584| 1.00|1.42| 2.37|3.66| 4.64] 6.25] 7.81] 9.35 | 11.3]| 12.8
} 41 .207 | .,297| .484| .711| 1.06| 1.65( 2.20| 3.36| 4.88(5.99| 7.78| 9.49| 11.1 | 13.3| 14.9
5| .412 | .554| .831] 1.15| 1.61] 2.34|3.00| 4.35(6.06]7.29} 9.24] 11.1f 12.8 | 15.1| 16.7
6| .676 | .872 | 1.24| 1.64] 2.20| 3.07 { 3.83| 5.35[7.23(8.56| 10.6| 12.6{ 14.4 | 16.8| 18.5
7| .989 11.24]1.69|2.17| 2.83) 3.82 (4.67] 6.35]8.38]9.80] 12.0] 14.1] 16.0 | 18.5| 20.3
811.34 |1.65] 2.18 | 2.73] 3,49 4.59|5.53| 7.34|9.52|11.0| 13.4} 15.5| 17.5 | 20.1| 22.0
911.73 12.09| 2.70{ 3.33] 4.17 5.38 | €.39( 8.34 | 10.7 | 12,2| 14.7| 16.9| 19.0 | 21.7 | 23.6
101 2.16 [2.56] 3,25 3.94} 4.87| 6.18 | 7.27| 9.34 | 11.8 | 13.4{ 16.0| 18.3} 20.5 | 23.2| 25.2
1112.60 {3.05]3.82]4.57| 5.58| 6.99 |8.15| 10.3 {12.9|14.6] 17.3| 19.7| 21.9 | 24.7 | 26.8
1213.07 )3.57 | 4.40 5.23| 6.30] 7.81 | 9.03| 11.3 | 14.0 {15.8] 18.5| 21.0{ 23.3 | 26.2| 28.3 1
13 13.57 {4.11| 5.01 | 5.89| 7.04 | 8.63 |9.93| 12.3 |15.1 }17.0]| 19.8| 22.4( 24.7 | 27.7 | 29.8
14 1 4.07 [4.66]5.6316.57| 7.79] 9.47 [10.8] 13.3 {16.2 {18.2| 21.1] 23.7| 26.1 | 29.1 ] 31.3
15]4.60 |5.23 | 6.26 | 7.26] 8.55] 10.3 |11.7 | 14.3 117.3 [19.3] 22.3| 25.0| 27.5 | 30.6 | 32.8
16 }5.14 ]5.81 ) 6.91[7.96) 9.31 ] 11.2 |12.6 15.3 | 18.4 | 20.5] 23.5| 26.3| 28.8 | 32.0 34.3
17 1 5.70 {6.41 | 7.56 | 8.67} 10.1 | 12.0 [13.5{ 16.3 |19.5 |21.6| 24.8 | 27.6] 30.2 | 33.4{35.7
18 1 6.26 |7.01)8.23 |9.39| 10.9 12.9 {14,4| 17.3 | 20.6 |22.8] 26.0 28.9] 31.5 | 34.8 | 37.2 1
19 6.83 |7.63|8.91|10.1] 11.7 | 13.7 {15.4{ 18.3 |21.7 |23.9] 27.2| 30.1} 32.9 | 36.2 | 38.6
20 | 7.43 18.26 | 9.59 {10.9| 12.4 | 14.6 |16.3| 19.3 | 22,8 {25,0| 28.4 | 31.4] 34.2 | 37.6 j40.0
4 21 |8.03 |8.90|10.3 [11.6] 13.2 | 15.4 |17.2] 20.3 |23.9 |26.2| 29.6 | 32.7} 35.5 | 38.9 | 41.4
t 22 |8.64 |9.54|11.0|12.3| 14.0]16.3 [18.1] 21.3 {24.9 |27.3] 30.8 | 33.9| 36.8 | 40.3 | 42.8 ]
23 /9.26 {10.2 | 11.7 |13.1) 14.8|17.2 [19.0| 22.3 | 26.0 | 28.4| 32.0| 35.2| 38.1 | 41.6 | 44.2
24 19.89 {10.9]12.4 |13.8} 15,7 | 18.1 |19.9| 23.3 |27.1 |29.6] 33.2}36.4| 39.4 | 43.0[45.6 /
25110.5 |11.,5 | 13.1 [14.6] 16.5|18.9 [20.9| 24.3 | 28.2 [30.7] 34.4 | 37.7| 40.6 | 44,3 | 46.9 :
26 {11.2 {12.2 ({13.8 {15.4] 17.3 [19.8 |21.8 | 25,3 {29.2 [31.8] 35.6 | 38.9| 41.9 | 45.6  48.3 .
27 |11.8 {12.9 {14.6 {16.2| 18.1 | 20.7 |22.7 | 26.3 |30.3 [32.9] 36.7 | 40.1| 43.2 | 47.0 | 49.6 ;
28 |12.5 |13.6 | 15.3 {16.9| 18.9 | 21.6 |23.6 | 27.3 |31.4 {34.0] 37.9 | 41.3| 44.5 | 48.3 |51.0
29 {13.1 [14.3 [16.0 {17.7| 19.8 | 22.5 |24.6 | 28.3 |32.5 |35.1) 39.1 | 42.6] 45.7 | 49.6 {52.3
. 30 |13.8 |15.0 | 16.8 [18.5| 20.6 | 23.4 |25.5]29.3 {33.5 [36.2| 40.3 | 43.8| 47.0 | 50.9 [ 53.7
40 |20.7 |22.1 {24.4 |26.5| 29.0|32.3 [34.9 |39.3 |44.2 |47.3]| 51.8 {55.8) 59.3 [ 63.7 | 66.8
50 | 28.0 |29.7 [32.3 (34.8] 37.7 | 41.4 |44.3 | 49.3 [54.7 |58.2] 63.2 (67.5] 71.4 | 76.2 {79.5
60 135.5 |37.5 |40.5 |43.2] 46.5 [ 50.6 |53.8 [59.3 [65.2 [69.0 74.4 |79.1| 83.3 | 88.4 {92.0
*D.F. = Degrees of Freedom
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