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PREFACE

The Structures and Materials Panel of the NATO Advisory Group for Aerospace Research and Development
(AGARD) consists of engineers, scientist- and technical administrators from industry, government and universities
throughout the NATO nations, and is concerned with the advancement of aerospace research and development and the
application of the results to the design and construction of, and the solution of problems arising during the operation
of NATO military vehicles, systems and equipment. The biannual Panel Meetings provide forums for specialist multi-
national discussions of problems and research information and for initiating and monitoring cooperative studies and
experimental programmes. The Panel also provides a mechanism for the planning, preparation and distribution of

surveys and reports on the present state of knowledge in technical areas within the fields of Structures and Materials
selected because of their importance and their relevance to current or future problems facing the NATO aerospace
community.

In recent years, fracture mechanics became an important factor in aircraft design and development. Even though
considerable progress has been made with the application of advanced calculation methods and computer programmes
improving the accuracy of flight-load prediction and calculated stresses, it has to be envisaged that cracks in aircraft
structures may occur, initiated during manufacture or in service. These initial cracks will propagate under service
loading and finally could lead to a complete failure of the part, i.e. the structure. Therefore, adequate measures have
to be taken by the designer to avoid catastrophic service failures.

With the aim of ensuring the required safety in aircraft operation, different design philosophies have been developed
in the last twenty years. However, it was learned by service experience that the fail-safe and safe-life philosophies
applied in the fifties and sixties were not satisfactory. The progressing development of fracture mechanics theory
opened new possibilities to investigate the fracture behaviour of aircraft components and predicting crack propagation
and residual strength characteristics. New testing techniques were developed to determine the required material data
necessary for fracture mechanical calculation. The application of fracture mechanics concepts in aircraft design, the
theoretical and experimental investigation of the fracture behaviour of complete aircraft structures are also reflected in
MIL-STD-83444.

Realizing the different problems in the field of aerospace-structures experienced with new high-strength materials,
e.g. flaw susceptibility, stress corrosion, crack detection, crack propagation and residual strength aspects, the Panel was
of the opinion that the existing knowledge and the experience gained by the application of fracture mechanics concepts
in aircraft design should be collected and made available to engineers and designers in a handbook on Practical Applica-
tions of Fracture Mechanics. The Panel set up a Fracture Mechanics Working Group to commission and monitor the
preparation of a comprehensive survey of the pertinent information presently available on the application of fracture
mechanics to the fracture of metals and actual structures. In addition, this work had to cover engine components,
built-up structures, integral structures, joints, lugs and fasteners, forgings, effects of stress corrosion and problems of
scatter including fundamentals of determining stress concentration factors, fatigue crack propagation and residual strength
calculations.

It was recognized that fracture mechanics was an inter-disciplinary growth area of research of ever increasing
importance to those people concerned with the design and operational management of aircraft, especially in the light
of the modern airframe fail-safe design philosophy and aircraft safety. It was therefore decided that the resulting
critical survey report should be given a wide circulation within the NATO nations.

The Panel was very fortunate from the outset in securing the services as Coordinator and Editor of Dean Harold
Liebowitz, School of Engineering and Applied Science, The George Washington University, Washington, D.C., a world
renowned expert on the fracture of material..

An essential feature of AGARD activities is the pooling of relevant knowledge within the NATO nations and the
bringing together of specialists for informed discussions and debate on the subject concerned. This occurred in full
measure within the Fracture Mechanics Working Group and the Panel is indebted not only to Dean H.Liebowitz, thL
Coo-dinator and Editor for his outstanding efforts but especially to the many contributors to the monograph
"Practical Applications of Fracture Mechanics" itself from the nations: Canada, Belgium, France, Germany, Italy,
Netherlands, UK and USA.

H.J.ZOCHER
Chairman, Fracture Mechanics Working Group
AGARD Structures and Materials Panel
Munich. Germany
January 25. 1980
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FOREWORD

The Structures and Materials Panel's Fracture Mechanics Working Group has been workhg, since its inception in
1971, to make available a requisite body of knowledge to facilitate an understanding of fracture and its implications
for, and applications to, aircraft.

In 1974, the Structures and Materials Panel published AGARDograph 176 Fracture Mechanics of Aircraft Structures,
to encourage the dissemination of fracture mechanics work in aircraft design, materials selection, and nondestructive
evaluation as well as provide a detailed survey of the principal tools, testing methods, and materials data.

Following this publication, the Panel decided to continue its activities with a focus on Fracture Mechanics Design
Methodology to address the following areas: practical applications of fracture mechanics in the design of new aircraft;
durability and damage tolerance assessment in aircraft in service; design methodology for built-up sheet structures;
selection of aircraft with forgings, lugs, etc. A specialists' meeting was set up and the results of this meeting are
contained in AGARD CP-221, Fracture Mechanics Design Met'.-,dology.

This volume on fracture mechanics has essentially been oriented to presell, practical applications of all aspects of
aircraft design, manufacture, and testing. Although theoreticai discussions and presentations have been included to
afford the engineer, scientist, and aircraft designer an appreciation of the complexity of the problems involved, the I
main emphasis has been on practical examples of the application of fracture mechanics. It is important to emphasize
that this undertaking was to be an international effort, rather than being confined to one country.

The Editor, Professor H.Liebowitz, wishes to thank the Chairman, Mr Horst Zocher (Germany), and members of
the Working Group, Dr L.A.Harris (USA), Dr G.Incarbone (Italy), Mr J.B. de Jonge (Netherlands), Dr R Labourdette
(France), Mr E.L.Ripley (UK) Mr J.A.Durnsby (Canada), Prof. A.Salvetti (Italy), Prof. F.A.Deruyttere (Belgium),
Prof. J.W.Mar (USA), Mr G.P.Peterson (USA), Dr N.M.Ta~lan (USA), Mr F.Niordson (Denmark), and Mr W.G.Heath (UK)
who also served as Chairman of the Editorial Committee, for their significant efforts and assistance in providing
guidance and direction during the course of preparing this publication.

Appreciation is also given to the administrative and technical staff, especially to Mr John M.N.Willis and Ms. Alice

Guerillot, of the Structures and Materials Panel, Paris, for the many helpful suggestions and assistance rendered. In
addition, the Panel Coordinators from each NATO country participated in obtaining the infurmation to make this a
truly international cooperative project.

Special thanks are due to Dr T.Gaymann (Germany), and Dr R.S.Berrisford (USA) and the other members and
participants of the Structures and Materials Panel for their interest and participation in helping to achieve the objectives
of this study.

Special thank.4 are also due to the many contributors indicated in the List of Contributors for their unfailing co-
operation and untiring assistance in providing the material for the comprehensive discussions and descriptions of
Practical Applications of Fracture Mechanics to aircraft design, manufacture, and testing.

H.LIEBOWITZ

Coordinator and Editor
Washington, D.C.

November 1979
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1. INTRODUCTION

by

Narold Liebowitz
School of Engineering and Applied Science

George Washington University
Washington, D.C. 20052

U.S.A.

Fracture Mechanics principles and their application in the aircraft industry
have made significant gains in the last decade. The main reasons for this advancement
are the requirements for damage tolerant design of the aircraft and the availability
of efficient computer methods to deal with complex crack configurations. Recognizing
the importance of Fracture Mechanics in aircraft design, AGARD first published a
monograph on Fracture Mechanics of Aircraft Structures (AG 176) (Jan. 1974) and subse-
quently published the proceedings of a conference on Fracture Mechanics Design Pethod-
ology (CP 221) (Feb. 1977). On the basis of the presentations of these publications
and subsequent diacuassons, it was felt that a menual on Fracture Mechanics Design
Of Aircraft Structures would be of great help to both the designer and the researcher.
It is expected that the present design manual will be useful to aircraft designers
with a background knowledge of Fracture Mechanics as discussed in the publications
mentioned above and to researchers in this field.

Fracture Mechanics applications to aircraft structures can be seen in the
design and operational phases, as well as iii the maintenance and failure analysis
phases. Since the damage tolerance calculations require the residual strength and
crack growth characteristics to be evaluated during the design phase, important trade
off studies on the choice of materials and the optimum type of construction of differ-
ent components can be performed at an early stage. Fail-safe criteria used in damage
tolerance analysis provide useful information regarding safe inspection periods and
the required crack detection capabilities, based on the initial crack size and shape
and the subsequent crack growth. These aspects are discussed in this manual with
regard to various aircraft components.

Zxperience has shown that practically all the components of the aircraft are
vulnerable to crack propagation. This manual considers fracture mechanics appli-
cations to the built up structures of the fuselage and wing with special attention
being paid to various joints and holes; also the landing gear and other forged com-
ponents are treated in detail because of their special fracture characteristics. An
outline of fracture mechanics applications to the gas turbine disk and blades is
provided to indicate the interaction between thermal and fatigue cycling on crack
qrowth, although uamage tolerant design concepts ere not presently applied to aircraft
engine components. Special chapters on variable amplitude loading, stress corrosion
cracking and simple analytical techniques to obtain stress intensity factors provide
valuable background information.

Broadly speaking, the various design examples presented in this manual supple-
mented by expert comments, indicate that care should be exercised in modeling the
damage and in relating the fracture toughness and crack growth characteristics of
actual components to those obtained for laboratory specimens. Where possible, the
fracture toughness and crack growth characteristics corresponding to the cracked
specimens from the critical component locations should be compared with the standard
laboratory results. Also the validity of the plane strain fracture toughness values
for a cracked component should be checked bared on the component thickness and
yielding in the uncracked ligament of that component.

Design examples presented in this manual can be broadly classified into two
categories: damage tolerant design of a new component and damage tolerance study
applied to an existing component. In the case of a new component many assumptions
are made regarding critical crack locations, geometry and orientations and here a
parametric study of the influence of crack geometry has been recommended. Also, crack
growth rates based on laboratory tests may be often widely different from those
applicable to the component. In the case of an existing component the critical
locations, shape and size of the damage as well as the crack growth characteristic can
be obtained from the actual component performance using the techniques of NDT and
fractography.

An outline of the contents cf this manual and some significant findings are
discussed below:

Engine Components

Continuing demands for Increased engine efficiency and fuel economy in
aircraft can be satisfied only through improved turbine disk and blade durability.
Fracture mechanics principles and crack growth simulation techniques are presently
applied to turbine disk and blade airfoil failure analysis although considerable
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research is needed to establish a mathematical model for micro-crack growth under
extreme thermal environments. Buried intrinsic defects were often the cause of pre-
mature disk failures though such defects may not be noticed in the population of
fatigue test specimens because of the smaller volume of material in the specimen.
Presently$ Monte Carlo simulation techniques are used to develop SM curves for the
fracture mechanics application. The defect size and the applicable crack growth
data are treated as statistical variables while the inspection limit and fracture
toughness are treated as deterministic. It is noted that a nonlinear crack growth
equation provides better simulation of near threshold crack growth. An important
aspect of the problem is that the stress ratio and mean cyclic stress are both influ-
enced by plasticity. Extensive modeline capabilities of the finite element technique
are applicaole to a number of gas turbine engine problems.

In the case of turbine disks, load history and a local model of the cooling
air hole may provide sufficient information for a thermomechanical fatigue analysis
based on fracture mechanics. Assuming an elliptical surface crack and the appropri-
ate test data, crack growth profiles in a turbine disk are obtained at various load
cycles. Substantiating test data are often difficult to acquire in the case of
engine components because of the cost and lack of proper instrumentation. The complex
nature of these engine components pose serious difficulties for the application of
fail-safe design concepts in aircraft engines.

Built Up Strictures in Aircraft Wing and Fuselage

In the case of aircraft wing and fuselage, the requirements of damage tolerant
design in terms of residual strengtn and crack propagation enable a proper choice of
the material and the structural elements to be made in an early stage of the design.
Very efficient computer techniques are presently available which can account for rivet
flexibility, yielding and friction as well as crack tip plasticity and debondinq of
adhesive bonded panels. Two different approaches are available which are based re-
spectively on crack tip stress intensity and the global energy release rate. In the
case of curved panels the effect of internal pressure and load biaxiality are ac-
counted for in recent studies. Many practical examples are presented here which indi-
cate the effectiveness of modern computer programs to analyze built up structures.
Some important results are indicated below:

o Crack arrest properties cf panels with 2024T3 stiffeners are inferior to
those with 7075-T73 stiffeners.

0 Stress intensity factor is history dependent since load transfer takes place
to remote rivets during overloed, causing an increase in the stress intensi-
ty factor.

0 Cracks running into rivet holes experience a sudden increase in damage size
which offsets the advantages due to the required reinitiation period for the
crack to grow beyond the hole.

0 Unconservative predictions often result when damage development assumptions
are too simple.

o Analytical results indicate that integral stiffeners are more effective in
slowing down the crack than riveted stiffeners.

Fastened Joints in the Aircraft Structure

This is an important area where complex crack locations and geometry often
pose difficulties in estimating the elastic stress intensity factor and the effect of
its variation on the residual strength. A thorough survey of the analytical and
empirical formulations and experimental studies is presented here. Many practical
suggestions are provided for m. 'eling the damage.

In general, through cracks, occurring in thin sheets at circular holes, grow
to a considerable distance from the hole before the magnitude of the stress intensity
factor approaches the plane stress fracture toughness for the material. Hence, through
cracks, in thin sheets at circular holes, can be safely modeled using an effective
crack length approach. However, in thick sheets and components, stress intensity
factors of the cracks (quarter circular, elliptical etc.) at the hole attain the
plane strain toughness value oven when the cracks are small. This calls for accurate
determination of the stress intensity factors for part through cracks at structural
holes.

Importast results on the effects of rivet interference and cold working on the
crack growth at holes are discussed in this chapter. It is shown that experimental
data can be used to characterize stress intensity factors for complex crack shapes
end that the fractographic data of actual components are often useful to obtain their
crack growth characteristics. Many of the practical examples presented here include
expert comments on the approaches used. Examples discussed include corner defects at
holes of wing spans, damage tolerance analysis of landing gear components, titanium
alloy wing jugs, aircraft horizontal stabilizers, and engine pylons of a medium

V
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transport aircraft. Crack growth characteristics and inspection life are indicated
in most of these examples.

Integral Structures

In the wing structure integral construction is oiten used Instead of sheets
with riveted stiffeners. Here, the residual strength of integrally attached stiffeners
in a plate is derived using Pose results for riveted stiffeners. It is shown that
for flat panels the predicted crack growth characteristics compare well with experi-
mental results. However, wide differences were indicated betwsen experimental and
theoretical results in the case of curved panels which are attributed to load
biaxiality and panel curvature.

Forgings Including Landing Gear

Forging* are single load path structures and hence can cause catastrophic
failures due to crack growth. Here the special fracture characteristics of forging*
used in wing spans, root ribs, bulkheads, wing or empennage attachment fittings, etc.,
4re prevented. It is noted that the scatter of fracture toughness values of speci-
mens cut from the forqings is often more than the scatter seen in laboratory -peci-
menu. Also the assumption that at equal AX and R, the crack propagation in the speci-
men and the component are aqual, is not always true in the case of forging*.

Interesting examples of test results from actual forging* of discontinued
aircraft components are presented. In the case of certain nose landing gear struts,
different struts having cracks of similar sizes ane shapes produced widely differing
failure loads. Also, a scatter of 1:7 or ls5 wag noticed in the crack propagation
periods forgings with a long fatigue life often had a very short crack propagation
period and vice versa. In several load sequences the Willenborq retardation model
gave unconservative results. Examples presented include forged wing attachment
fittings, hinge rib forgings and full scale fatigue tests on a main landing gear.

Fatigue Crack Propagation Under Variable Amplitude Loads

After a brief review of the fatigue crack propagation under constant loads,
the different aspects of variable amplitude load fatigue ara discussed. Methods for
calculating crack propagation under variable loads are given, including an assessment
of the currently used calculation procedure. Test results Are given for various com-
ponents and it is concluded that Willenborg and Wheeler modwls may not always give
conservative results; while the Forman equation is always on the safe side (when wide
fluctuations in the mean stress of the load secuence are taken care of by providing
additional load cycles).

Accounting For Variability in Materials Performance

Since the numerical values of material properties such as fracture toughness
and fatigue crack growth rate exhibit considerablj scatter, their appropriate design
values have to be determined using statistical procedures. Statistical methods to
account for variabilities in fracture toughness data and crack propagatior data are
discussed in both sections of this chapter.

The first section, "Treatment of Scatter of Fracture Toughness Data for
Design Purposes* (Schitz) deals with the treatment of scatter in fracture toughness
values and emphasizes that a successful statistical analysis depends on a proper
choice of the inp;.lt data. Coefficient of variation in fracture toughness and the
statistical mean value for fracture toughness are evaluated for several .lloya and
plots are given which indicate the expected mean fracture toughness values for
several heats of the same material.

The coefficient of variation in fracture toughness for a particular
material does nct depend on such factors as the type of alloy, type of product
(plate, sheet, extrusions), specimen orientation, temperature and cor-osion. All
the statistical data given in this chapter correspond to laboratory specimens and
the designer implicitly assumes that the scatter in specimen fracture toughness is
identical to the scatter in component fracture toughness. This assumption is not
always correct as pointed out in chapter 6. For designing a component using prob-
abilistic fracture mechanics the necessary probability of survival must be selected
according to engineering judgement.

The second section "Allow3iice for Varihbility in Crack Propagation Data*
(Anstee) deals with the statistical determination of variailities in crack growth
data for constant amplitude and variable amplitude loading. The standard deviations
in crack growth data (derived from several tests) are indicated to enable a compari-
son of variabilities under constant amplitude and FALSTAFF loading for different
materials. These results indicate that the variahilities in crack propagation under
r2ndom loading are often more than the corresponding variabilities under constant
amplitude loading. Also the effect of environment on variabilities is provided for
constant amplitude and random amplitude testing of different materials. There is
no evidence of any systematic influence of environment on variability. Finally,
results on crack propagation in actual structures like aircraft lugs and rotor
blades are used to calculate the statr tical variabilities due to the type of com-
ponent. It is found that there is no significant difference in the range of
standard deviations in actual components as compared to simple specimens. Develop-



1-3

transport aircraft. Crack growth characteristics and inspection life are indicated
in most of them examples.

Integral Structures

In the wing structure integral construction is often used instead of sheets
with riveted stiffeners . Here, the residual strength of integrally attached stiffeners
in a plate is derived using Poe's results for riveted stiffeners. It is shown that
for flat panels the predicted crack growth characteristics compare well with experi-
mental results. However, wid4 differences were indicated between experimental and
theoretical results in the case of curved panels which are attributed to load
biaxiality and panel curvature.

Forgings Including Landing Gear

Forging@ are single load path structures and hence can cause cato~trophic
failures due to crack growth. Here the special fracture characteristics of forgings
used in wing spare, root ribs, bulkheads, wing or emennage attachment fittings, etc.,
ere presented. It is noted that the scatter of fracture toughness values of speci-
mens cut from the forgings is often more then the scatter seen in laboratory speci-
mens. Also the assumption that at equal AK and R, the crack propagation in the speci-
men and the component are equal, is not always true in the case of forgings.

Interesting examples of test results from actual forgings of discontinued
aircraft components are presented. In the case of certain nose landino gear struts,
different struts having cracks of similar sizes and shapes produced widely differing
failure loads. Also, a scatter of 1I0 or l1S was noticed in the crack propagation
period, forgings with a long fatigue life often had a very short crack propagation
period and vice versa. In several load sequences the Willenborq retardation model
gave unconservative results. Fvamples presented i:-lude forged wing attachment
fittings, hinge rib forgings and full scale fatigue tests on a main landing gear.

Fatigue Crack Propagation Under Variable Amplitude Loads

After a brief review of the fatigue crack propagation under conatent loads,
the different aspects of variable amplitude load fatigue are discussed. Methods for
calculating crack propaestion under variable loads are given, includina an assessment
of the currently used calculation procedure. Test results Are given for various com-
ponents and it is concluded tl'at Willenborq and Wheeler models may not always give
conservative results, while th6 Forman equation is always on the safe aide (when wide
fluctuations in the mean stress of the load sequence are taken care of by providing
additional load cycles).

Accounting For variability in materials Performanc

Aince the nuaericAl values of material properties such as fracture touqhness
end fatigue crack growth rate exhibit considerable scatter, their appropriate design
values have to be determined using statistical procedures. Statistical methods to
sernunr fnr vArlahilitiee in fracture toughness data anu crack propagation data are
discussed in both sections of this chapter.

The first section, *Treatment of Scatter tf Fracture Touchness Data for
Design Purposes* (Sch~tz) deals with the treatment of scatter in fracture touqhness
values and emphasizes that a successful statistical analysis depends on a proper
choice of the input data. Coeffiient of %ariation in fractuies toughness and the
statistical seon value for fracture toughness are evaluated for several alloys and
plats are liven which indicate the expected mean fracture toughncsa valaes for
several heats of the same material.

The coefficient of variation in fracture toughness for a particular
material doea not depend on such factors as the ty.,, of alloy, type of product
(p1stw, sheet, ext-uelonS), specimen orientation, eomperature and corrosion. All
the statistical Otata given in this chapter corrospond to laboratory specimen, and

Sthe desiqrger isplicitly assue.e that the scatter in specimen fracture toughness is
identical to the scatter in component fracture toughness. This assumption is not
always correct as pointed out in chapter 6. For designing a coweponent using prob-
abilistic fracture mechanics tht necessary probatility of survival oust be selected
according to enqineering judqesent.

The second section *A:lowance for Variability in Crack Propagation Data'
(Anstee) deals witih the statistical determination of variabilitlew in crack growt?
data for constant amplitude and variable amplitude losding. The standard deviations
in crack growth ,ata (derived from several tests) are indicated to enable a compari-
son of earisbilitles under constart amplitude and FALSTAFF loading for different
matertals. These results ondicate that the varibilitie*a in crack propagation under
randos loadg are often more then the corresponding variabilities under "onstsnt
aoplitude loading. Alto the effest of environment on variabilities is provided for
constant amplitude and random amplitude testing of different materials, There is
no evidence of any systematlLc influence of environment on variability. Finally,
results op crack propagation in actual strrcetures like aircraft lugs and rotor
blades are used to calculate the statistical variabilitiee duo to the type of com-
ponrent. It is frund that there ip no significent difference in the ranqe of
standard deviations in actual components as compared to simple specimens. Develop-



sent of erack growth curves for design purposes poses a particular problem duo to
the demonstrated graster variability in crack growth rate as compared to the vari-
ability in total life.

An AZ2endiz on statistical terms and methods used in analyzing experimental

data is also included.

Application of Fracture Mechanics to Stress Corrosion Cracking

It is indicated that a number of landinq gear failure in aircraft were due to
stress corrosion cracking, making this an important field of study. A method for
predicting potential crack size under stress corrosion cracking is presented hare which
was originally applied to assess the structural integrity of a primary component of

the Saturn 12 space vehicle. Also, methods are suggested to determine the required
inspection period for stress corrosion cracking. Typical valuer of stress corrosion
cracking paraometer are given for ccmmonly used airframe materials and incorporation
of these data int, damage tolerance analysis is dinc~smed.

Simple Methods oL Dstermining Strosq Irtensitv Fact. rs

Nero various te*hniquws to ettimate the stress intensity factors of complex

crack problems from simple cases are indicated which include a superposicion
principle, Greenlo function method, vweqht functions approach, stress concentration
apprnach, and 4ompounding techniques specially applicable to stiffened strtucture8.
Theme methods provide quick and accurate solutions for many practical crack configu-
rations.

An overall view of the information in this AGARDOgraph strongly Indicates
that it is the product of close collaboratloa between the practitioners and re-

searchers in Fracture Mechanics applicatior tc aircraft structuroq. T%@ sdvsntaqes

of such close col'aborston are evident tn almost all thq chapters in this AGARDOgraph.

It is hoped that che publication of this manual will stimulate further cooperation and

collaboration to advance the state of I.e art in the significantly vital area of

fracture mechanics design methodology in aircraft structures.
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2. ENGINE COMPONENTS

T. A. CRUSE

SUMMAR

The chapter describes some of the major areas of fracture mechanics applications to aircraft ge. tur-
bine engine component analysis. The rotating disk structure is treated first due to Its primary structural
Importance. Mhile crack initiation and crack propagation are important design concerns for disks, only the
propagation portion is discussed in detail. Disk crack problems which are described include growth of in-
ternal cracks due to defects and growth of surface cracks following initiation. The turbine airfoil is the
second most mature area of fracture mechanics analysis and is briefly described in this chapter. Finally,
a brief summary of a turbine disk fracture mechanics problem is presented.

SYMBOLS

ac crack s'ze parameters
C Material constant
@Ode Applied, cyclic strain
K,AK Stress intensity factor
A Stress ratio (min. stress/max. ftress)
0.6 Applied, cyclic stress

2.1 INTRODUCTION

Practical applications of fracture mechanics to engine conponents is not a widely developed topic.
Generally, suci applications have emphasized failure analysis rather than design activities. However,
se engine component design models have been developed usinq fracture mechanics methods. The most fully
developed is the critical tngine disk structure. The second component is the turbine airfoil which
impacts performance and maintenance costs. Additional components such as combustor liners and engine
cases are begimning to receive attention.

The present chapter, therefore, emphasizes the disk low cycle fatigue life prediction problem in
some detail. Following the disk problems is a description of some fracture mechanics methods for turbine
blade airfoil life prediction. An example problem from Ref. (1) Is then sumarized.

2.2 TURSINE DISK CRACK GROWTH SIIJLATION

2.2.1 Crack Initiation and Crack Propagation

Fatigue life prediction for gas turbine engine structures may be simplified for most purposes into
two distinct problem classifications: initiat'on of macrocracks at highly stressed locations In defect
free material; and prooiqation of macrocracks in large volIue, moderately stressed locations containing
a statistical distribution of inherent defects. The fracture mechanics design problem for Inherent de.
fects is discussed further on.

Crack initiation is generally taken to ho the generation of a surface related crack of sufficient
size to be reliably detected In service. In disks, this size is approximately 0.030 Inch surface length;
smaller Initiation sizes may be required in locations such as certain disk rims "whee vibration stresses
can cause rapid crack growth. Initiation of surface macrocracks Is a complex problem which Is not fully
understood. Swe portion of the initiation life Is required to generate single or multiple microcracks
by metallurgical dissipation processes. These microcracks generally grow Intermittently before one crack
dominates the others. The remaining. and often the greatest percentage of, initiation cycles propagate
the small crack. It Is not yet clearly established that this microcrack propagation phase follows the
standard elastic fracture mechanic% models of crack growth.

It has been established through experience that fracture mechanics modeling can be used effectively
to predict the subsequent growth of surface macrocracks in disks after initiation. The equally important
initiation problem I,. almost aiwey treated on a strictly empirical basis (see Ref. 2). Considerable
further research is required in order to establish a more mathewiical modeling basis for microcrack
growth. Major issues as to the applicability of fracture mechanic. e,"thodoloqy, surface retardation due
to machining effects on residual stresses and hardness, multiple iniilation and craic Interaction, and
inspection capabilities need to be addressed. This paper focuses on the design analysis of crack growth
In gat turbine engine structures, following the crack initiation phase.

2.?,2 Residual Life fmr Disk Sores

Fracture mechanics failures of disks for early cowaercial gas turbine engines we experi,•, !4 in
limited otiers and forced a change in the fatigue life prediction methodology an processing techniques
for these disks. It had been assumed that the disk fatigue life could be characterized by the usual
speimen-based fatigue (initiation) data associated with surfact stress initiated cracks. Hover, exam-
Ination of these early failures showed that fatigue crack growth associated with a buried intrinsic d-
fect was the source of the premature disk fractures, as shown in Figure 1. Such inherent defects were
not present In the population of fatigue test ;peclmens due to the much smaller volume of saled mater-
ial.

It was sn determined that the nature of the internal defect was that,regardles: of its Initial
shape and orientation, the defect initiated a circular, buried crack which grew transverse to the Prin.
cipal normal stress direction. Simple fAtigue life calculations for growIng circular cracks confirmed
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that the cracks were growing progressively through the entire engine operating life. These earliest disk
fractures, described briefly in Ref.(3),were associated with calcium aluminide inclusions in the air-
melted AMS 6304 compressor disks.

As a result of these early disk fractures, Pratt & Whitney Aircraft (P&WA) initiated axtensive stu-
dies to characterize the buried defects in currently used titanium and nickel-base engine disks. The
problem of buried defect characterization is particularly difficult because of the small defect sizes
associated with current alloys and processes, as well as the large quantities of material that must be
sectioned to obtain sufficiently complete histograms of defect sizes for clean disk alloys. Nickel
disks, for example, contain inherent, process dependent inclusions such as carbide precipitates (0.001
inch), melt formed carbides (0.003 inch), oxides formed from dissolved oxygen (0.007 inch), accidental
inclusions such as mold fragments (0.10 inch), and processing voids (0.10 inch) as described In Figure
2. The population distribution of inherent defects is not unimodal; further, the role each of these de-
fect types play in crack initiation is not unimodal due to such issues as whether a critical initial
size exists for very small defects, defect orientation and shape, residual stresses around defects, and
other microstructural questions.

The fracture mechanics fatigue life prediction for inherent cracks is based on three elments. The
first two, described above, are the specification of the distribution of inherent defects, and the iden-
tification of the stress cycle based on a mission analysis. Major idealizations are required for both of
these elements. Inherent defects are assumed to be equivalent to circular buried cracks of a relatable
size. Also, It is assumed that the largest crack that can ocLur in the fleet of disks is just smaller
than the detection limit of the NDO method used (e.g., ultrasonic Inspection). The mission is assumed to
result in a simple stress excursion ( aio ) at isothermal conditions with no rate effects; subcycle dam-
age is taken to be linearly additive to the major cycle damage.

The third element is, of course, the fracture mechanics model. Given an ideal circular planform
buried crack, It is possible to utilize linear elastic fracture mechanics results for the cyclic stress
intensity factor

AKml• Aa (1)

Further, the crack growth rate, da/dN, is assumed to be uniquely related to A K, as characterized by
standard laboratory testing.

Crack growth prediction for a given level of stress cycling defines the number of cycles to grow an
initial crack to its unstable size. The fatigue life analysis is then based on maintaining a disk stress
level below that necessary to achieve an adequate number of flight cyý as. However, if the largest un-
detectable crack is assumed to be present in each disk, the model will be excessively conservative. Thus
fatigue design for inherent defects requires the use of statistical modeling.

Statistical variables in the disk fracture mechanics model include the defect size and material
crack growth rate. Associated variables, such as crack truncation size (inspection limit) and fracture

* toughness, are taken to be deterministic variables, as is the cyclic stress range. Monte Carlo simula-
tion techniques are used to develop S-N curves for the fracture mechanics problem, as shown In Figure 3,
by selecting a design level of risk.

The baseline otimulation in Figure 3 Is accomplished using the indicated distribution coefficients.
Inherent crack size and crack growth rate data are taken to be log normal for the Monte Carlo simula-
tion. Assigned risk is taken to be a probability of fracture of one part In one thousand. The additional
curves in Figure 3 have been generated to show the sensitivity of the design curve to some of the prin-
cipal statistical uncertainities.

A nonlinear crack growth equation is used far the simulation in order to simulate the near-threshold
crack growth rates more accurately. The accuracy of the fracture mechanics model for small cracks is
more important than accuracy at higher values of stress intensity factor. As a result of the growth
model used, the influence of KIC on the fatigue life curves in Figure 3 Is an exaggeration of reaitty.
Even with this, it is seen that KIC does not have a major influence on fatigue life, except for low
values of KIC.

Further, it can be seen that the effect of crack size truncation level on the fatigue life is limit-
ed to those sizes near the threshold level of a given stress cycle. Thus, the defect distribution and
the crack growth rate distribution we the principal statistical variables for fracture mechanics life
prediction of disks.

2.2.3 Life Ext"nsion for Notches In Disks

2.2.3.1 Fracture.Mechanics Analysis for Surface Cracks

The elastic fracture mechanics analysis of surface cracks requires numerical analysis. Some of the
anallsis methods to be used include singularity finite elements (Ref. 4), alternating techniques (Ref.
5), and the boundary-integral equation (DIE) Pe~thod (Ref. 6). It Is not appropriate to describe the
relative merits of each method; the DIE method has been successfully used for design purposes at Pratt &
Whitney Aircraft.

For fatigue simulation purposes, it has been establihnd that LCF surface cracks ito turbine disks
may be treated as semi- or quarter-ellipses. This has the benefit of reduc'ng the numerical task by
reference of the numerical results to the analytical solution for the buried elliptical crack given in
Ref. 7. The SlE-generated numerical results for elliptizal surface cracks are given in Ref. 8, andillustrated herein In Figure 4 , for the case of simple. uniform tensile stress normal to the crack plane.
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2.2.3.2 Weight Function Simulation for Surface Cracks

Design simulation of surface crack growth in complex geometries requires an efficient means of ac-
counting for local geometrically-induced stress (strain) variations. The weight function method for two
dimensional cracks (Ref. 9) has been successfully extended to three dimensional, surface cracks (Ref.
10). An exr4le problem concerns a corner crack at a hole, as shown in Figure 5 taken from Ref. 11. Ex-
perimtntal results for crack growth of this geometry were reported in Ref. 12 for Plexiglas; comparison
of the experimental and weight function data is given in Figure 6. Application of this technique to
turbine disks is shown in Ref. 13.

2.2.3.3 Definition of Local Stress Ratio

The local stresses at a turbine disk notch are generally loaded beyond the elastic limit. When this
occurs the effect of plasticity is to cause a shift in the mean cyclic stress and the stress ratio, as
shown in Figure 7. The gradient in local stress ratio Is generally along the notch radial direction
witn no gradient normal to the transverse-notch plane. LCF crack growth simulation can account for this
through the use of the resulting local stress ratio in a modified stress intensity factor given as

arff * {C/(C + 0.1 - R)) AK (2)

In (2), the constant C is determined by laboratory testing at appropriate, constant values of R, the
stress ratio.

2.2.4 Surface Crack Initiation Simulation

Inherent defect crack growth is generally limited to reginns of the disk where large volumes of ma-
terial are subjected to moderately high stresses, such as the disk bore or thick web regions. Surface
crack initiation and propagation is the important fatigue life problem at disk notches. A major unre-
solved research issue is the determination of the amount of fatigue life for a surface crack that is
microcrack initiation and how much is propagation that can be modeled using standard fracture mechanics
techniques. Physical evidence of microcrack initiation is generally difficult to document.

Figure 8 shows a notched fatigue specimen used to simulate a fan disk bolt hole, together with a
photo micrograph showing the fatigue fracture surface. It is seen that multiple microcracks were Initia-
ted in a surface zone; one of these microcracks subsequently grew to critical size and caused net sec-
tion fracture. Detailed examination of the crack origins supported the contention of natural metallurgi-
cal crack initiation from a size associated with the a-phase of the titanium alloy (0.0003 inch typi-
cal). Unfortunately, striation indicatVois -ere very limited and could not be used to support the use of
fracture mechanics modeling of crack growth luring the microcrack phase.

Surface crack initiation and early growth was modeled for the bolt hole specimen shown in Figure 8 .
The variable stress field for the K-factor determinations and the R-ratio data for the crack growth
models were taken from the data in Figure S. The initial flaw size was taken to be 0.0003 Inch, the ap-
proximate size of thea-phase microstructure. Crack growth simulation results for various stress analysis
models are shomw in Figure 9; no attempt was made to adjust the Initial crack size in order to correlate
the actual specimen failure data. Use of the elastic stress field at the notch Is the most conservative
assumption for crack growth modeling. The most realistic model included the variable local R-ratio for
the elasto-plastic stress distribution.

Microcrack Initiation and growth are strongly Influenced by surface residual stress and hardness. It
was shown in the study reported in Ref. (2) that the plastic work hardening of the surface layer had to
be accounted for In correlating crack initiation data. It was further shown in Ref. (14) that this sur-
face effect was apparently a major problem in predicting the surface length and aspect ratio for small
surface cracks. Further, the applicability of elastic fracture mechanics models to small surface cracks
in elastic stress fields has not been established. Finally, the growth of surface macrocracks may often
be the result of the initiation, Interrupted propagation, linkup and growth of surface microcracks. Dif-
ficult experimental developments are required in order to resolve many of these remaininq problems.

2.2.5 Cumulative Damage Problems

It is gentrally recognized that a maximum stress excursion may retard subsequent cyclic crack growth
due to the large plastic zone created by the overload. Gas turbine engine structures generally operate
at stress levels close to the maximum safe ooerating stress for tensile failure (burst). Thus, most com-
plex cycle stress excursions involve stress cycles at a nearly fixed value of peak stress with different
values of minimum stress (see Ref. 2). In such cases, crack growth follows the usual linear damage,
superposit;on models.

However, for exceptional situations, the retardation effect of plasticity, or the acceleration ef-
fect of creep must be Included. Generally, these effects are accounted for in the empirical crack growth
model used, and are considered beyond the scope of this chapter. Recent publications by researchers
within the gas turbine engine industry (Refs. 15, 16) address the empirical modeling problem.

2.3 TURBINE SLADE AIRFOIL CRACK GROWTH SIMULATION

2. Thermo-Mechanical Fatigue (TMF) Cyrle Definition

Turbine airfoil durability is a complex, multifaceted problem due to the extremely aggressive ther-
mel environment in modern, high-powered gas turbine engines. iuring a typical flight cycle, the turbine
airfoil may P.e subjected to maximum temperatures in excess of 1BM)F, high rotational inertia loads,
high frequency vibration, corrosive and erosive praducts of combustion, and occasional Impact due to
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hard carbon particles. Continuing demands for increased engine efficiency and fuel economy will be sat-
isfied through higher turbine inlet temperature and rotational speeds; these increases must be satisfied
with improved turbine bl ide durability in order to reduce engine maintenance costs.

In order to achieve the necessary turbine airfoil durability in large engines, the high pressure
turbine (HPT) blades are generally cooled by compressor air, as shown in Figure 10. In addition, advan-
ced nickel-base superalloys are used for their creep and fatigue resistance; further, the turbine blades
are generally coated for corrosive resistance. The two cooling schemes shown in Figure 10 are typical;
detailed aspects of the cooling configuration result from the trade-off of minimum cooling air for the
necessary turbine blade life.

Many of the turbine airfoil durability problems are not directly related to fracture mechanics
modeling. Most design concern with structural life prediction is associated with creep/fatigue initerac-
tion crack initiation, as described in Ref. (17). However, coated airfoils are sometimes life limited by
crack growth, as described in the following sections.

Structural life prediction for turbine airfoils requires a detailed definition of the local stress,
strain, and temperature history within the airfoil for various times within the flight cycle. Missinn
analysis begins with detailed gas flow and heat transfer calculations. Turbine airfoil temperatures are
computed from the external hot gas flow and the internal cooling gas flet using the appropriate boundary
layer heat transfer models. The temperature and rotational speed flight cycle history data form the
basis for the thert.omechanical fatigue (l14F) cycle definition.

In those airfoil life prediction problems requiring greater accuracy, the airfoil is modeled with
three-dimensional, elastic finite element tools. A series of stress and strain calculations for various
time points in the flight cycle are performed using the temperature data and rotational speed for each
time point. The airfoil temperatures are nonuniform, even if the highly local temperature distribution
at fplm-cooling holes is neglected; the arenunif e the higl al the major source of the air-
foil life limiting loads.

Figure 11 shows the variation in local strain-temperature history for a turbine airfoil location,
including the coating on the outside and inside of the airfoil. It is seen that this TMF cycle, genera-
ted during takeoff, cruise, and idle engine operation, can be characterized by a simultaneous cycling of
strain (increasing or decreasing) with cycling of temperature. The complex TMF cycle is generally sim-
plified to two cycle shapes characterized by the maximum and minimum cycle temperatures, cycle slope
(increasing or decreasing strain with increasing temperature), mean strain and strain range. These
cycles form the basis for specimen characterization of airfoil fatigue life.

2.3.2 Fracture Mechanics Analysis

2.3.2.1 Convection Cooled Airfoils

Fracture mechanics modeling for convection cooled airfoils is essentially two-dimensional. Early in
the fracture mechanics life of the airfoil, surface cracks initiate in the coating transverse to the
maximum cyclic strain direction. These cracks rapidly develop a large aspect ratio (length to depth) and
then propagate into the base metal. The edge crack problem is the simple plane strain solution using
local strains rather than stresses.

AK, a 1.12 VJ-i(a( t + b) (3)

In Eq. (3), the crack depth is denoted by 'c', nd the local strain field is broken into the trans-
verse tensile strain (et) and the wall bending strain (ob)" Finite thickness effects on (3) are easily
obtained.

The crack growth rate data for computing the fatigue life for Eq. (3) is generated using TMF cycle
crack growth testing, as discussed under Crack Growth Rate Data Generation. Initial crack size data can
be taken to be the coating thickness for conservetive design puposes. Figure 12 shows the general agree-
ment between analysis and field data that can be achieved using this fracture mechanics model.

2.3.2.2 Film Cooled Airfoils

Unliki the convection cooled airfoil crack, the film cooling hole induces essentially three-dimen-
sional cracks at the acute corner of the cooling hole. The difficult three-dimensional fracture mechan-
ics problm is further compounded by the three-dimensional stress and strain field near the cooling
hole, under complex TMF cycle loading.

These modeling difficulties preclude the development of a cost effective fracture mechanics analyti-
cal model of reasonable generality. Thus, a semiempirical approach has been developed and reported in
Ref. (20). Extensive testing of representative cooling hole geometries in flat plates with material
whose crack growth rate was known forms the basis of the empirically defined stress intensity factors.
Analytical corrections were reported for the effects of hole spacing on local strain and crack interac-
tion, biaxial and bending loads, surface curvature, and other geometrical terms.

The 1W crack growth rate data used for the life prediction calculation is discussed in the next
section. Ref. (18) shows that cracks with initial depths given by the coating thickness can be analytic-
ally grown In TMF; the resultsshow good correlation with results obtained on prototypical airfoil speci-
mens.
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2.3.3 Crack Growth Rate Data Generation

The results of flighti cycle analysis of turbine airfoils clearly establishes the need to simulate
the lNF cycle in crack growth testing. Tubular, strain controlled specimens are used in the test repor
ted in Refs. (19, 20). The temperature and strain cycles are independently controlled using induction
heating wid a servohydrau',ic test machine. Cooling is achieved using compressed air passed through the
interior of the specimen.

TMF testing of the precracked specimens is accomplished using the idealized cycles described above.
The cycle variables include maximum and minimum values of strain and temperature, cycle slope, and mean
strain. Test data reported in Ref. (18) for isotropic airfoil matertais showed that the crack growth
rate for fixed strain cycles was independent of the mean strain and mean stress levels. Thus, the crack
growth modeling reported above is restricted to a strain intensity factor approach.

Since certain locations of the airfoil are subjected to nominal creep during the airfoil life, this
effect ý*as also investigated in Ref. (18). Creep was simulated by periodic incrementation of the mean
strain to i level of about one to two percent during the life of the specimen. The effect of superimpo-
sed creep was to introduce multiple secondary cracks, parallel to the primary crack. Some increase in
crack growth rate was noted but the results were not conclusive, as shown in Figure 13.

Advanced airfoil materials are anisotropic including directionally solidified (OS) and single cry-
stal, nickel-base soperalloys. Ref. (20) shows that the TlF crack growth rate Is strongly influenced by
grain -,rtentatior in OS alloys. The strain i%;tensity factor level gave crack growth rate variations of
nearly an order of magnitude according to grain orientation; further, the cracking mode was seen to de-
pend on the level of K together with grain orientation. However, it has been possible to correlate the
various crack growth rate data for the OS tests in Ref. (20) through the use of the anisotropic elastic
modulus dependence and its implications for single crystal behavior is the subject of ongoing research.

2.4 APPLICATIONS TO REAL STRUCTURES

.. 4.1 Example: Turbine Disk Fracture Mechanics Design Problem I
2.4.1.1 Step 1: Perform Mission Stress/Thermal Analysis of Turbine Disk

Fracture mechanics models for fatigue life prediction correlate crack growth rate data for various
geometries based on the cyclic range of the stress intensity factor (K), the cyclic stress ratio (R -
minimum stress/maximum stress), and component temperature. Such a local definition of operating condi-
tions results from the component mission simulation analysis. An example problem has been selected from
Ref. 1 for the case of the JTDo-17 high pressure turbine disk shown in Figure 14.

The major operating concerns for the turbine disk inFigure 14 include centrifugal stresses due to
rotation, thermal stresses due to exposure to compressor discharge cooling air, and local stress concen-
trations, such as the drilled cooling air supply hole. As a result of the combined loading conditions,
the limiting low cycle fatigue (LCF) location is at the cooling air hole exit in the disk rim slot. The
detailed disk geometry Is shown in Figure 15.

Prediction of the local disk operating conditions requires a thermal and aerodynamic system analysis
of the engine for a given flight profile and flight environment, as shown In Figure 16.Following mission
thermal cycle analysis, the detailed disk temperature history may be computed based on standard heat
transfer analysis, together with estimates of the aopropriate boundary conditions. Figure 17 shows a map
of the JT•D-17 disk cross-section that was used in a finite difference thermal analysis computer pro-
gram. The results of the thermal analysis for the disk bore and rim locations are shown in Figure 18.
Finally, by combining the mechanical loads and thermal loads, the nominal disk stress history for the
selected mission can be computed, see Figure 19.This load history together with a local model of the
cooling air hole provide sufficient information to undertake fracture mechanics life prediction.

2.4.1.2 Step 2: Predict Crack Growth Rate and Total LCF Life

Surface crack growth for the JT8D-17 cooling air hole problem has been taken as the application
problem, from Ref.(1).The disk geometry and mission analyses were reviewed in Figures 15 through 19. Ini-
tiation of a surface crack was predicted for the location shown in Figure 20. The present discussion
concerns the predicted subsequent LCF growth of this surface crack. All necessary material properties
for the analysis are given in Ref. (1).

LCF growth of the surface crack was predicted using the 7000K (800oF) data based on the mission
analysis results. A substantial subcycle In the hoop stress occurs in the rim, as shown in Figure 19.
This subcycle was treated as being equivalent to a major load cycle as the subcycle is within 10 percent
of the major cycle range, thus giving two load cycles per flight.

The surface flua was assumed to be semi-elliptical in shape and the orientation of the flaw was such
that the plane containing the crack was normal to the local stress field. The growth of the surface flaw
"was modeled as if the disk was an infinite width structure; this assumption is viewed to be valid for a
surface flaw depth less than or equal to three-fourths of the finite structural width. The initial crack
aspect ratio of a/c - 0.48 was obtained by analytically growing to the 0.079 cm (1/32 inch) surface
length from an 0.01 cm (0.004 inch) surface length crack. Local stress gradients define this initial as-
pect ratio.

The local stress concentration factor was 3.45 with a peak nominal stress of 3.10 x 108 N/m2

(44.9 ksi). Stress variations in the engine axial and rotor radial directions were estimated from finite
element analysis. LCF crack growth simulation results for R - 0 are shown In Figure 20, based on the
wight function design method in Ref. (9).
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2.5 EVALUATION OF APPLIED PROCEDURES AND RECOMMENDATIONS

The extensive modeling capabilities of fracture mechanics have been shown to be applicable to a num-
ber of gas turbine engine design problems. Further examples thclude static structures in engines, which
are just now being modeled with fracture mechanics methods. It must be recognized, however, that the
complex environment within the engine not only makes the use of these models difficult for the designer,
but also makes acquisition of substantiation data expensive and, in some cases, beyond instrumentation
capability.

It must also be pointed out that the safe life of rotating engine structures is generally based on
crack initiation modeling. Advanced material developments emphasize high strength materials with good
LCF initiation properties, often to the detriment of the crack propagation properties. Use of fail safe
design philosophy for these problems invol,,es potential performance/cost risks that may mitigate against
its application.
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3.1 IWIIDUCTION

The major part of an aircraf" structure consists of built-up panels of sheets and stringers, e.g.
wing and fuselage skin panels; spar webes skin and stiffener doublers. Past experience has shown that
despite all precautions cracks maW arise in any of these structural elements. Cracks will reduce the
stiffness and the load carrying capacity of the structure, and because in built-up structures any element
is essential for the functioning'of the structure as a whole, the possibility of cracking must be taken
into account early in th4 design stage, i.e. the designer has to make his concept "damage tolerant".
With a view to this the task of.the designer in twofold. On the one hand he has to ensure that the chance
of crack initiation will be minimized, and that if cracking occurs it will do so as late as possible in
the service life and the cracks will grow very slowly so that repair will be minimized. This can be
achieved by a well-considered detail design (avoidance of holes, cut--outs,sharp angles, sudden cross-
sectional changes and eccentricities in components subjected to tension); by a good arrangement of
structural elements; .and by choosing material with good fatigue and crack propagation properties. On the
other hand, the designer of a damae tolerant structure has to gua~antee safe operation of the aircraft
assuming a crack of a certain size to be present. To do this he has to be able to predict the fatigue life
until final failure, starting with a certain minimum (- detectable) crack length. Further, he has to be
able to demonstrate that a specified load (usually equal to limit load) can still be carried by the structure
with a certain amount of damage being present (e.g. a two-bay skin crack with or without failure of the
central stiffener). In other words, the crack propagation and residual strength capabilities of built-up
structures have to be demons rated to meet certain requirements early in the design stage of the aircraft.
The foregoing implies that i designer is expected to have analytical and/or experimental tools available
to demonstrate that his desi 1 meets these damage tolerant requirements. The present chapter deals with
the latter part of the desig. sr's task, i.e. prediction of residual strength and crack propagation properties.
In the past, frrcture "echmnce has proved to be a valuable means to determine these properties. Now
designers applied fracture m.chanics in recent projects and how it can be applied in future designs will
be discussed here.
The reader of this chapter i. assumed to have some knowledge of fracture mechanics. Background reading on
fracture and the fundamentalm of fracture mechani.s can be obtained from textbooks published by Broek (1],
Knott [2] or from a special issue of the Journal of Strain Analysis, written by different specialists in
this field (3] .
When a crack occurs in any element of a built-up structureit is characteristic of this type of structure
that it has the ability to transfer load from the cracked to the intact elements, thus relieving the most
critical part of the structure. Conceivably this interaction of intact and cracked elements will be
essential for the residual strength and crack propagation behaviour of the built-up structure as a whole.
In the litcrature a reasonable amount of information ran be found dealing with this subject. A review of
that literature will be given in section 3.2 of this chapter.
Following on from section 3.2, the residual strength and crack propagation behaviour of built-up structures
are discussed in sections 3.3 and 3.4 respectively. At the end of each section a number of practical
examples are co"piled that illustrate residual strength and crack propagation analyses of skin-stringer
combination@ -ade available by various sources. In the heading of each exjmpl* the source is mentioned.
The exasn1] are presented as much as possible in their original but edited form to give full credit
to the contributers. It is emphasized that the way of presentation, the contents and conclusions are the
responsibility of the contributors. Each example is followed by some concise editorial comments.

3.2 ZNTOC7TrON O• REZNIORCIlM AND CRACKED En'ir IN A BUILT-UP STAMTMR

When a crack occurs in any element of a built-up structure one or more nearby intact elements will
usually take over some load from the cracked component. Depending on the type of design, this Ica d transfer
will occur directly after initiation of the crack (e.g. a crack in one of the layers of a •nulti-ply
laminate) or after some growth of the crack (e.g. a skin crack initiating at a stringer runout and propa-
gating towards intact stiffeners). In other words, contrary to a monolithic structure, the built-up
structure has the ability to transfer the load from the cracked element along an alternate load path,
thus reducing the severity of the stress condition at the crack tip of the severed element. In general
this load transfer will result in a higher failure stress of the bWilt-up component as compared to that
of a monolithic structure of the same dimensions and with the same cracl, aise. However, owing to the local
overload in the intact elements one of these elements may fail abruptly and completely (owing to its
limited static strength) or become cracked as well an4 fail after some time. In such cases the effect of
the additional load carrying elements on the stress condition at the crack tip will be detrimental,
because of the pulling-open forces exerted by the failed component on the cracked part. These alternative
possibilities imply that an accurate appraisal of the amount of interaction of the intact and cracked
elements in a built-up structure is essential for prediction of the residual strength and crack propagation
properties of the built-up structure as a whole.
Because most built-up structures in an aircraft consist of sheet (skin) reinforced by stiffening elements,
and the skin usually commences to crack first, the configuration of a cracked skin provided with an intact
stiffener is commonly used as a model for the interaction of built-up sheet structures. In some cases the
effect of a partly or completely failed stiffener on the stress condition at the crack tip is considered
(see literature review further on in this section).

3.2.1 Application of fracture mechanics in general

In elastic fracture mechanics it is usually assumed that the stress condition at the crack tip
is governed by the stress intencity factor, K. For an unstiffened centrally cracked sheet X is defired by

K - f (slw) . o (1)

where o is the gross stress remote from the crack, a is the half crack length, W in the panel width
and f(a/W) is a factor accounting for limited panel size. Cracks in aircraft structures are generally
limited to a small fraction of the panel width, and so the correction factor is close to unity. For this
reason this factor will be ignored henceforth in the expressions for the stress intensity factor. *ore.
information noncerning finite width correction factors can be found in textbooks on fracture mechanics
(for example (1] ).
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In the literature the effect of the stiffener(s) on the stress intensity at the crack tip ia usually
expressed by the velue of the "stress intensity correction factor", C(a), defined an the ratio of the
stream intensity factors of the stiffened (%T.m ) and the unstiffened panel (KM.•n, ) at the
same crack length, or

The amount of overload in the stiffener(s) due to the presence of the crack is usually expressed by
the value of the "stiffener load concentration factor", L(a), defined as the ratio of the stiffener loads
occurring in the region of the crack (Pma) and remote from the crack or

F -L.(a). - A (3)

In the literature many publications dealing with sheet-stiffener interaction are available. Much less
numerous are the publications dealing with the interaction in laminates and sandwiches. A review of the
various publications on the crack-surroundings interaction in built-up shaet structures is given in
the following sections. It is emphasized here that it is not the author's intention to present quantitative
results published in the different references reviewed. The aim of the reviow is simply to let the designer
know where and what is to be found in the literature available on this subject.

3.2.2 Pirst approaches to sheet-stiffener interaction problem

In this sub-section a historical overview of the first approaches to sheet-stiffener interaction
is given. Table 1 shows schematically the configurations studied by various investigators together
with the assumptions made.
To the author's knowledge the first publicatitn an this subject is from Romualdi, Frasier end Irwin (4].
Their work presents examples illustrative for the calculation of K in a cracked sheet with riveted
stiffeners. Two crack locations are considered, viz. a crack symmetrically located at a stiffener, and
between two stiffeners. The stress intensity factor is computed by considering the stress situation for
a crack in a stiffened panel as that of an unstiffened sheet with superimposed fields of stress due to
the rivet forces (see Figure 1). For that purpose the magnitude of the rivet forces has to be known.
Romualdi computed the rivet forces from analytical equations expressing the consistency of displacements
in sheet and stiffener at the rivet locations (see Fig.:e 1). The stresses and displacements in the
cracked sheet were found with the aid of a stress function suggested by Westergaard (5] . When the rivet
forces are known, the total N-value is found by superimposing the K solutions for the different stress
systems. The N-values found in [4] illustrate that the riveted stiffeners for both crack locations serve
as effective crack stoppers. The calculations were checked experimentally by employing straingauge
techniques for the measurement of the total stress intensity at the crack tip. Satisfactory correlation
between analysis and tests was obtained. The principles of the work in [4] were further daveloped in
later publications by Roeualdi end Sanders C6,7,81 . It has to be noted here that the work of Romualdi
at &I. in fact has been the basis for most of the analytical procedures developed later by other investigators.
Independently of the work of Romualdi, reports and articles dealing with sheet-stiffener interaction were
published by Sanders, Greif and Bloom (9,10,11) 1 Sanders (9] used in his analysis an analytical function
of a complex variable to describe the stress-displacement relations, while Greif, Senders and Bloom [10,11]
applied the complex variable method of Nuskhelishvili [12) . Sanders and Greif [9,10] presented a solution
for the stress problem of an infinite cracked sheet stiffened by a continuously attached line stiffener
of constant cross-sectional area. The crack extends perpendicularly to the stringer. Sandere CS] considered
the case of a crack extending an equal distance on either side of the stiffener nsysmetric crack) and
treats the cases of a broken end an unbroken stiffener. Greif and Sanders (10) considered both symmetric
and non-symmetric cracks (i.e. a crack located on one side of the stiffener) extending under or beside an
intact stiffener. Bloom and Sanders [11] considered symmetric and non-symuetric cracks extending under or
beside an intact or broken stiffener attached tc the sheet by means of equally spaced rigid rivets of
equal diameter. Sanders Greif and Bloom (9-11) presented their results in the form of curves relating
C and L (see equations 12) and (3)) to crack length and stiffness paramete's. In their work C is the ratio
of the stresses a (x) in the stiffened and unstiffened sheet for x approaching xtip instead of the ratio
of stress intensmi factors. A brief review of the results obtained in [9-11) can ce found in a report of
Miiger and Broek (13) •
While the work of Sanders, Greif and Bloom is related to infinite width sheet provided with only one
stiffener, Isida and his co-workers [14-19) studied mainly the effect of continuously attached stiffeners
on the stress intensity of centrally cracked sheets of finite widths. Their analysis is based on Laurent's
expansions of the complex stress potentials, where the expansion coefficients are determined from the
boundary conditions. The formu as for the crrck tip stress intensity factors are presented in the form of
power series of the ratio of crack length to sheet width for various combinations of the extensional and
bending sliffness of the stringers. Numerical results for typical cases are summarized, in diagrams.
The analyses performed by Sanders, Greif and Bloom (9-11) and Isida (14-19) were carried cit on panels of
simple configuration provided with only one or two stiffeners. Isida considered in some of his publications
[15,17] panels with more than two stiffeners, but in those cases cracks were present in every other
stiffener bey to account for finite panel width. Poe [20,21,22] published data relating to infinite wide
panels of realistic design. He examined the effect of multiple stringers on the stresses in a cracked
sheet with crack lergths up to six times the stiffener spacing. The stringers were assumed to be uniformly
spaced and attached to the sheet by means of uniformly spaced rivets. Poe determined the unknown rivet
forces in his analysis by requiring the displacements in the sheet and stringers to be equal at correap-
ending rivet locations (in fact the same approach as proposed by Romualdi et al.). The stress intensity
factor for the cracked stiffened sheet was determined by superimposing the solutions of the stress
intensity factor for the rivet forces end for the applied uniaxial stress. Two symmetrical cases of crack
location were considered, viz. a crack extending equally on both sides of a stringer end a crack extending
equally on both sides of a point midway between two stringers. I
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In (20,211 all stiffeners were assumedto be intact, whereas in (22] the effect of various number. of broken
stiffeners was investigated. Poe presented his results in the form of design grsps, giving stress intensity
factors and forces in the most highly loaded rivet and stringer for a systematic variation 3f crack lengths,
stringer stiffness, rivet spacing, and stringer spacing. These make Poe's results attractive for parametric
studies in the design stage of new components, and his results have beon frequently used for that purpose
(see examples presented in section 3.4).

3.2.3 Reviews of first approaches and new solutions

In the early seventies a number of handbooks on available solutions to crack problems were publish-
ed, namely those of Rooke and Cartwright (23] , Sih [243 , and Tada, Paris and Irwin (25] . These books
also contain information about stiffened sheets. Rooks and Cartwright [23] devoted a whole chapter of their
compendium to this structural configuration, in which they reviewed the results of Sanders, Grsif and
Bloom [9-11] and some results of Iaida (17,18] and Poes21] . They presented these results in graphical
form. Sib [24ý reviewed in a section on stiffened sheets some results of Isida [19) and Poe (20) , while
Tada, Paris and Irwin only considered the work of Isida (17) I
Apart frfim stress intensity solutions, (243 and [25] contain information concerning some methods comonly
used in ,istermining stress intensity factors. A review of the many methods available has been given by
Cartwright and Rooks (263 . Based on this review they came to the conclusion that it will often be time
consuming and costly to obtain stress intensity factors for complex configurations and that there was a
need for simple methods of obtaining approximate solutions for new configurations. To meet this need they
developed the so-called compounding method as a quick and versatile way of extending known stress intensity
solutions to configurations for which stress intensity factors are not known. In applying the compounding
method the (complex) configuration for which the stress intensity is desired is separated into a number
of ancillary configurationeswhich have known aolu7-L.-s. The solution of the original configuration is
then obtained by superposition of the ancillary confi,,urations and correcting the results for interaction
of the separate solutions. The great advantage of the compounding method is that the importance of design
parameters such as e.g. type of attachment, flexibility of attachment, and sheet curvature can be studied
using a simple structure with a single stiffener. Results for a structure with multiple stiffeners can
then be compounded from those for the simple structure.
The principles of the compounding method are discussed in (27) and (28) and a detailed description of this
method is g.ven in Chapter 10 of this handbook. Applications to stiffened panels are presented in [29-31].
In (29) and (30] the stress intensity factor is determined for a panel configuration with a crack which
is located asymmetrically between two continuously attached stiffeners in a periodically stiffened sheet.
The reuired ancillary configuration for this problem was provided alread by Greif and Sanders (10] .
The stress intensity solutions for both tips of the &symmetric crack are presented in (29) and (30] in
g-aphical form. In (31) the panel configuration with riveted stiffeners ad an array of collinear cracks
,not necessarily of equal length) is considered. The practical significance of this problem is argued in
(31] by the statement that multiple initiation of cracks at different stiffeners can result in such an
arraq of cracks.

3.2.4 Sheet stiffener interaction computations related to fatigue crack growth

A vast amount of theoretical ahd experimental work, mainly related to the fatigue crack growth
behaviour of stiffened structures, has been carried out by Salvetti and his co-workers (32-38] . They
performed their work on cracked riveted panels of realistic design. The panel dimensions, stringer
geometry and spacing were varied systematically in the construction of the panel. Apart from crack
propagation data, References (32-35) and (38] present plots of C and L versus crack lengths for various
stiffened panel configurations. References [36] and (37] are especially devoted to the evaluation of
fatigue endurance of the stringers as a function of the crack length in the sheet and applied panel load.

3.2.5 Nodelling of the rivet connection

It was shown in the foregoing that in the case of cracked riveted panels the magnitude of the
rivet forces in the region of the crack has to be known to allow computation of the stress intensity factor
of the stiffened panel (see Pigure 1). The accuracy with which the value of the stress intensity can be
determined will depend on the method of modelling of the rivet connection. In most references dealing with
sheet-stiffener interaction mentioned so far (4-34] it is assumed that the attachments are infinitely
rigid and so do not deflect under load. This assumption allows a rather easy determination of the rivet
forces and tWas of K. However, in practice the rivet and its surroundings will deform under bearing loads,
thus making the sheet-stiffener interaction less effective. An additional complication in this context is
that loads will: also be transferred from sheet to stiffener by means of friction forces arising from sheet-
stiffener contact due to riveting pressure. The effect of rivet attachment flexibility has been accounted
for by Swift (39,40) , Cartwright and Dowrick (41] , Ratwani and Wilhem (42-44] and Salvetti (35-38]
The effects of rivet attachment flexibility and friction forces have been discussed by Salvetti in a note
especially prepared for this chapter (see example problem 3.4.2.8).

3.2.6 Double rows of rivets

Stiffeners are often attached to the sheet with a double row ok rivets. In such a situation it
aay be unrealistic to assume that the stiffener is concentrated along a single line. The effects of a
doubly riveted stiffener on the stress intensity factor as compared with the singly riveted stiffener are
considered by Wang and Cartwright (45)].

3.2.7 Partial failure of stiffeners and debonding of adhesive bonded panels

In practice partial failure of the stiffener may occur. Such a situation has been observed by
Poe [46) for the case of integral panels. Poe observed simultaneous crack growth in sheet and stiffener,
at approximately the same rate, after the crack tip had reached the stiffener. Of course such a situation
may also arise when the stiffeners are riveted or bonded to the sheet, although it is not expected then
that initiation of the crack in the stiffener will occur at the instant the skin crack reaches the stiffener.
An additional problem that may arise in the case of bonded stiffeners is debonding of the sheet-stiffener
connection when the crack passes under a stiffener. This problem implies that there m be a region of
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crack growth in the skin that is affected by a stiffener which is either partially cracked or partially
cracked and debonded or only debonded. The problem of partial stiffener failure ha. been studied by
Kanazawa et al.(47) and Miller and Cartwright 148] for a panel in which the stiffener is continuously
attached to the sheet (see Figure 2). A combination of partial stiffener failure and debonding of the
akin-stiffener connection was considered by Cartwright and Miller (49] ) Debonding of the skin-stiffener
connection, with or without complete stringer failure, has been studied by Aria [50-53] (see Figure 3)
and Hart-Smith [54] . In [50lArin considered the effect of partially debonded, intact stringers on the
stress intensity factor. The stiffeners were assumed to be adhesively bonded to an isotropic sheet, but
the bending rigidity of the stiffeners in the plane of the sheet was neglected. In (51] Aria considered
the sane stiffener configuration but now accounting for the stringer bending rigidity. Due to high load
levels in the stringersfailure of one or more of them may occur in addition to debonding. Therefore Arin
also studied the same panel configuration as in (50] with the additional effect of one or more broken
stringers (52] • In [53) the effect of orthotropy was investigated for the came panel configuration an
studied in (52] . Hart-Smith (54] studied. the effect of debonding, combined with & completely failed or
intact stiffener, for panels of realistic deeiin (see Figure 4).

3.2.8 Effect of crack tip plasticity

Assuming that the crack is located in a completely elastic stress field, then a stress singularity
will exist at the tip of the crack. In practice, materials (especially metals) tend to exhibit a certain
stress level above which they deform plastically. This means that there generally will be a region around
the tip of a crack where plastic deformation occurs, and hence a stress singularity cannot exist. The
plastic region is known as the crack tip plastic zone.
The effect of the stiffener on the amount of yielding cround the crack tip and the reciprocal effect of
the crack tip yielding on the load concentration in the stiffener were considered by Ratwani, Wilhen and
Fitzgerald (42-44,551 and Cartwright and Rich (56] . The analyses in (42-44,55,56) are based an a Dugdale-
type strip plastic zone (57) . Cartwright and Rich [56) presented computational results for the magnitude
of the crack tip opening displacement, the stiffener load concentration and the maximum attachment force
for a range of stiffness ratios and strip yield zone lengths for centrally cracked stiffened panel conf-
igurations with two or three riveted stiffeners.

3.2.9 Laminated and sandwich panels

In the foregoing the interaction between a cracked sheet and a discrete stiffener, attached to
the sheet by means of riveting or adhesive bonding, was under discussion. Another type of built-up design
is a sandwich plate or laminate, consisting of two or more layers of metallic or composite material connect-
ed to each other by means of an adhesive. When considering only those laminated structures in which one
or more of the layers contain a through crack, with or without a partly debonded adhesive layer in the
iicinity of the crack, there appear to be relatively few publications available dealing with the inter-
action aspects (in terms of stress intensity) of this type of structure.
The interaction of laminated structures has been studied by Erdogan and Arim [58) , Keer et al. (59)
Anderson .t al. (60) and Ratwani (61-64] . Erdogan and Aria (58) and Keer (59] considered a structure of
similar design, viz. a laminate consisting of two sheets bonded together by an adhesive of finite and
constant thickness. In (58] one sheet was of isotropic (metallic), and the other of orthotropic (fibre
reinforced composite) material, whereas in [ 59) both sheets vere isotropic. In both cases only one sheet
contained a through crack of finite length, namely the metallic sheet. A portion of the adhesive material
surrounding the crack was assumed to be debonded in [58) . In (59) no loss of integrity of the adhesive
layer was considered. In [58) and (59] a stress anlysis was carried out, formulated by the utilization
of integral transform methods, to calculate the crack tip stress intensity factor, and the boundary of
the debonded area (in M8 ). No comparison with experiments wai given.
An.erson (60] treated the problem of two adhesively bonded metal±iP sheets of finite size both analytically
and experimentally. Again one sheet contained an initial through crack while the other sheet was nominally
free of defects. The finite element method was used to determine the stresses in the cracked sheet, the
adhesive, and the uncracked sheet. Results of the analysis were used to predict the growth rate of the
crack, debond zones in the adhesive and the number of cycles required to initiate a crack in the uncracked
sheet. The experimental programme was directed to verification of the analytical results.
Nuch analytical and experimenýal data concerning laminated structures can be found in the work published -

by Ratwani (61-64] . He studied a two-ply (metallic) adhesively bonded structure, with a through crack in
material 1, a debond or no debond in the adhesive around the crack in material 1, and no crack in
material 2. Also studied was the case for which the width dimension of the uncracked ply was reduced to
that of a stiffener. Hatwani used two different methods of analysis, namely the finite element method and
the integral equation approach, to obtain the stress intensity factor in the cracked laminate. The analyses
were carried out assuming no debond in the adhesive, and an elliptical debond with a minos-to-major axis
ratio of 0.1, the end of the major axis of the debond coinciding with the leading edge of the crack. This
debond shape and uize was based on experimental observations. The presence of a crack in only one layer
of a bonded structure will give rise to out-of-plane bending due to lack of symmetry caused by the presence
of the crack. By comparison of computed and experimentally determined ztress intensity factors, Ratwani
found that neglecting this out-of-plane bending will yield unconservali ;a results. A method to account
for the influence of out-of-plane bending on the stress intensity factor was therefore developed [64) . A
parametric study was conducted in (63] to evaluate the influences of debond size and adhesive and adherent
properties on K.

3.2.10 Available computer prograeses

In sub-sections 3.3.2 to 3.2.9 a review 'Is given or publications available to the designer to
evaluate the interaction of cracked and uncracked elements of a certain built-up structure. Data obtained
from design graphs presented in these publications will usually be helpful during the predesign stage of
an aircraft when the designer, on the basis of parametric studies, has to make a final choice from various
alternative design configurations. However, when that choice has been made, he has to demonstrate that
the design meets the residual strength and crack propagation requirements prescribed by the airworthiness
regulations. In that stage of design the analyses discussed in the previous sub-sections will frequentlybe inadequate because of t:he assumptions made in them (e.g. rigid attachments, purely elastic behaviour
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of attachments and stiffeners, neglect of stiffener eccentricity) or because of the fact that the actual
design cannot be properly modelled to the available nolution (e.g. due to its coe *lez shape or construction).
What the designer then needs is a computer programme that enables him to calcula i the residual strength
and crack propagation properties of a certain built-up structure. Such computer progamnes, descriptions
of which are available in tho open literature, have been developed by Swift (39,40,65-71) , Vlieger C13,
72-79] , Lehrke, Huth et al.C80,81) and Schwarmann (82,83) . The programmes of Swift, Vlieger, Lehrke
and Huth et al. are based on analytical solution of the displacement equations (see Fig.l), whereas
Schwarmann used the finite element approach.
The advantage of the analytical method over the finite element method is that for the analysis of cracked
stiffefted panels solutions are either available in closed form or they .. n Va obtained using numerical
analysis. The numerical analysis techniques genermlly require small computer run times. This makes the
analytical 6.tthod excellently appropriate for parametric studies. However, a disadvantage of the analytical
method is ,hat there is a limitation on modelling of the structure. In thoe.i locations of built-ip
structures where many components are interconnected at one point (e.g. a skinm-oubler-etiffener eonnection)
the actual structure has to be reduced to a simple configuration and such an idealization my easily
lead to inaccuracies in the computations. In this respect the finite element method is much more attractive,

because stractural complications can be easily accounted for and the results obtained have a high degree
of accuracy. However, here the major disadvantages are the large computer run times and the fact that
solutions are not closed form, and therefore cannot be easily generalized. If finite element techniques
were to be used for parametric studies of any nature, the cost would probably be prohibitive. Hence this
technique is unlikely to be euitanle for parametric studies. In fact the latter point was the motive for
Swift to change tu analytical computation methods (see [40]).

3.3 RESIDUAL STRGWTH

3.3.1 Residual strength of flat panels loaded in uniaxial tension

In aircraft construction built-up structures usually consist of one or more sheet elements often
reinforced by stiffening elements, e.g. stiffened sheet (lower and upper wing skins, spar webs, fuselage
skin structure); sandwich structure; and laminated sheet (skin doublers). In each of these elements cracks
may occur. When cracks occur there will be an interaction of cracked and uncracked elements. Predictions
of residual strength of built-up structures will usually be based on the residual strength properties of
the cracked element per so, taking into accou.nt the interaction of the cracked and intact elements.
Because the greater part of built-up structures consists of sheet and sheet elements in which plane stress
conditions prevail, knowledge of the behaviour of relatively thin cracked sheet under tension loads is
essential.
In the litirature maziy approaches to the residual strength problem of cracked unstiffened sheets can be
found. A review of the literature on this subject was given by Broek (84) . For a more recent review
article, dealing with the noet =urrent approaches to cot? residual strength and crack propagation analyses
for aircraft structures, along with the assumptions and limitations of each method, the reader is referred
to (85) . To the author's knowledge only two approaches have found ample practical application in predicting
residual strength of built-up panels, viz. the stress intensity factor approach and the R-curve approach.
In this section the principles of both methods and the application to built-up structures are discussed.
starting with the application to unstiffened panels. For information about application of some other methods
of analysis to stiffened panels the reader is referred to (74) •
Only cracks in plane panels and loaded in uniaxial tension are considered. The effects of curvature and
combined loading conditions are discussed briefly in section 3.3.2.

3.3.1.1 Stress intensity factor approach
(a) Unstiffened panels

The behaviour of a sheet with a central transverse crack 2as,subJected to an increasing tension
stress o, is illustrated in the upper half of Fig.5. The stress can be raised to a value ai at which the
crack will start to extend slowly. This slow crack growth is stable; it stops immediately when the load is
held constant, and increasing stress is required to maintain its propagation. Finally, at a certain critical
stress ac a critical crack lergth 2ac is reached where crack growth becomes unstable and sudden total
fracture of the sheet results. Both slow stable crack growth and fast fracture instability occur at lower
stress levels if t!,- initial crack is longer. By testing panels with different initial crack sizes the
curves labelled a and b in the lower half of Fig.5 are obtained. The shaded area between these curves is
the region of stable crack growth. The curve labelled c can be derived from data points of curves a and b
and relates the failure stress directly to the initial crack length. This curve is of special iuterest to
the designer because he wants to know which peak load can still be carried by the damaged structure when
a fatigue crack of certain size (2s.) is detected during inspection. It is immaterial to him that the crack
will show some stable growth (to a iotal length of 2ac) prior to final failure. Curve c is denoted as the
residual strength curve.
Tests have shown that for brittle materials And for panels of a given thickness and size with an inter-
mediate rarge of crack lengths the curves a, b and c of Pig.-5 can be represented by constant values of
the stress intensity factor, vz. by Ki - oi- f , Kc - ac a and Ke - ac •/ , respectively (see Fig.5,
lower part). However, for the ranges of small ana large crack lengths as compared to the panel dimensions
the constant K-curves appear to overestimate the residual strength properties. This point is further
elucidated in Fig.6a in which a curve for a const.•n K - aV/ira is drawn (a curve of hyperbolic shape).
Also shown in this figure is a straight line representing the line for net section yielding: at all points
on this line the net stresses of the uncracked ligament of the specimen are just equal to the yiele stress,
avield' of the material. The croees-hatched areas along the horizontal axis indicate the regions of crack
sgzes at which net section stresses above yield would be required to canse fracture at the given K. Since
stresses above yield cannot occur in cracked components (except for very small crack lengths), fracture in
these regions will occur at stresses lower than those predicted by the constant K-curve. Feddersem has
shown [86] that the residual strength properties for these crack lengths can be obtained by drawing -wo
linear tangents to the K-curve as shown in Pig.6b. One tangent is drawn from the point a - ayield on the
vertical axisa the other tangent is drawn from the point 2a - W on the horizontal axis, where W denotes
the specimen width. According to Ref. [86] the left-hand tangency point (point P in Fig.6b) is always attwo-thirds of the yield stress, independent of the value of K, while the right-hand point of tangency
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(point 3 in Fig.6b) is always at a total crack length of one-third of the specimen width.
When the approach proposed ty Feddersen io assumed, the complete residual etrength curve of a Oshet of
any width of a given material and thickness can be predicted from residual strength toots on panels having
the *mne thi.:kness but r~ot necpesarily the @mes width, provided the test data meet the following
requiremento (see Figure 6b)s

2 il and 2&<WE/3 (4)

From data points meeting these requirements the K-value relevant to the material and thickness in
question can to computed and the K-curve can be drawn in a a versus 2a plot. Tangents drawn to this

cuvefom0 iel t&23 0 ~dand from any panel width IE to I/3 will couplets the residual strength
curve (sb).
The foregoing implies that the validity riquirements for the test duta to yield useful K values are set
by requirements (4). H~owever, there is also a limitation as to the width of the panels used in the test.
Panels should have a certain minimum size in order to provide valid (i.e. omtry Inadependent)
K values. As can be seen from Fig.6b this minisum panel @si*, %i, io when the two points of tangency
(points A snd 11) co~ncide. For panel having a width below Main the residual strength for the whole
range of crack lengths is determined by the net section yield criterion.
The rinimum panel size for valid K data can be determined In the following war. Because points A and I
In Fig.6b are points of tangency to the K-curve, us'.ng requirmonto (4) the crack lengths at these points
are found to be elua.1 to2

The condition for the two points to ocincide yields

%'. - R ( 2 (6)*I

Figure 7 illustrates the effect of panel width for residual strength tests on unstiffened panels of
2 = thick clad 2024-?3 and 7075-T. To Investigate the Wfeet of Oshet width on residual strength and
to be, sure that the panels in all other respects were Identical, the following toot procedure was applied.
First, residual stroenth tests were carried out on 540 se wide panelfr. After thew@ tests a number of
opecimen halves iee used to prepare specimens of 300 = and 120 mowide by mawoutt~ig lengthiase as
Indicated In the sketch of Fig.7. In plotting the result. of the residual strength tests (failure values
of stream sail crack lengh.) the approach of Fedderseui was used.
It can be observed. from the results in Fig.? that the test data of 2024-'fl panels having widths of 300 to
and smaller are on the net section yiold line, wtiero-a two Aat% points for the 540 so wide N'24-T3 panels
appear to be points on the 10-curve. Further all 7075-' results are located on a stiegle 1,.-rurvo
Indspendent of panel widths. Using Equation 14) together with the 1re values found in Fig.7, the minimum
panel sizes for valid Kra-valuse apprar to be equal to 74 ma and 5W8 me for 7075-MO snd 202643.?,
respectively. Apparently, for relatively brittle materials like 7075 very small panel tilths will yield
valid K veluen, whereas for ductile materials like 2024 even the 540 -n width panels were hardly wtid
enough for this purpose.
One final remark has to be made recarding the mIn~imum panel *it* found for the ?WP4 panels. In the fore.
going it was stated that two data points for the %0 sowie U14pansls appeared to yield valid 11,-values for
this material. On the basi, of this assumptimn the minisua panel sIte for valid K data was founi to be
equal to 508 mon. However, altho~igh the two date points Indeed meet the requirements, Pot ty equations (4).
%ney are fairly close to the net section yield line son that the validity of the IV values is 'tuestionable.
In such dlotbtful cases tt is preferable to test additional p~nels wit~h larger width dionsi,'nrs to
check whether theae panels indeed yil h en . au.Another possibility Is to add I* the validity
roquiremeonts given by Equations 4,ter.ur.s

Onet .O a yield()

In that case the boundary for valid toot data will be modified as shown In Figure 7s.
Bo far it has been assumed that the residual strength curve to to 'be determined from lest results. of
evurse the s$awe procedure can be appliod (and In the d~esign etSge often Will be) or. the bosis of ehanibook
values of IC for nominally the seate mterial and thckee. .wevo.r in Pu-h cases one should pay sp*,ial
attention to the point whether the streosse ard crack lengths ctesoln with 4h. riven K-value west
the requirements set by equations (4) and %'7). In principle, availability of a valid I value allows the
designer to establish the residual strengh for any panel site, includling panels smaller than Vein fines
the latter will rfuil at net section yield. 7%is is the ei-eat aitractirn of the Fedieorwen .ieth,i, and a
coms~ilation of K-values for various structural meta alloys of particular Interest for aircraft end
aer1Ospace application emn tie found In CM71
Finally, the effects of shoet thu -kness and temperature on residtual sttength must b" ocosidere. However,
these points will shot be discussed comprehensively )n this charter, since detail le infurmatiso as to
their influence on fracture touglviess can be lountd in terthonks on fracture Cscrajriý a (e.a. ill and (1)
In general It oan be said *hat the residual strength decrreases with Increasing thicknress f~ma a saxiumum
value under pure plane stress conditions to a certain atnimus, valiie (the plane stroln frs~turo toug~nsess,
K1 ) at thirknesses where plane strain conditions proelal. In the transitional rang of thiý-knoes the
resIdual stregh has Intermediate valies. Quantitative K,. values fot sloininup alloy sheet malerials
(2024, 7075 and 7-175) of various thi knoesses can be fmund in Refm( Ai-4'i.
Regarding the effect of temperature, there is gemorally a dsvreass in residual strength with decreaseing
temperature. For aluminium alloy sheet material* (10wil, '075 and 7475) quantitative values of 9,. a& a
function of temiperature can be found Is Refs (9C ?
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(b) Stiffened panels with fully elastic stiffeners and fastening system and nominally elastic crack
tip stresses.

In the previous section the behaviour of an unstiffened, cracked panel with increasing external
load wa discussed (see Figure 5). Further, a prediction of the residual strength diagram for such a panel
configuration was given on the basis of the stress intensity factor approach. This section deals with the
change in behaviour of the panel, and thus the shape of the residual strength diagram, when the unstiffened
cracked sheet is provided with stiffeners.
Comparing the stress distributions in the cracked regions of a stiffened and an unstiffened panel there
will be a dissimilarity caused by the sheet-stiffener interaction in that region. In the case of a cracked
sheet the stiffener provides extra stiffness that decrea.esthe stress at the crack tip by load transfer
from sheet to stiffener. In this connection two significant dimensionless parameters were introduced
in section 3.2 of this chapter, via. the "stress intensity correction factor", C(a) and the "stiffener
load concentration factor", L(a). The factor C was defined am the ratio of the stress intensity factors
of the stiffened and unstiffened panel at a certain crack length (see equation (2)). The factor L was
defined a the ratio of the stiffener loads in the region of the crack and remote from the crack (see
equation (3)).
It hba already been shown in section 3.2 (see Fig.l) that quantitative values of C(a) and L(a) can be readily
calculated when the fastruner loads are known. The fastener loads can be computed for a certain panel
configurstion by assuming equal displacements of corresponding fastener points of sheet and stiffener.
Values of C(a) and L(a), obtained in this manner using [70) , are plotted in Figure 8 for a panel configura-
tion with five rive-sed strip stiffeners containing a central cracki in msking these computations yielding
of rivets and stiffeners was not accounted for.
In Figure 8a the central stiffener is intact. The results show that the value of L for each stiffener
increases with increasing crack length and that the curves level off when the crack tip has passed the
rivet line of the adjacent stiffener. Further, C is smaller than unity over the whole range of crack
longthg.
AlteMatively, the load increase in the stiffeners during a peek load ma become so large that f-acture
of 4 stiffener occurs. When this happens the load from the broken stiffener will be transmitted to the
sheet and to the adjacent stiffeners. Thus stringer failure has an adverse effect on the stress intensity
factor. This it illustrated in Figure 8b for the same panel configuration as in Figure 8a, but now the
dage consists of a combination of a skin crack and a broken central stiffener. C is now larger than
unity for cracks extending in the stiffener bays closest to the broken stiffener.
It will be clear that C and L are important parameters for determining the stiffener effectiveness with
respect to crack growth and residual strength. The effect of these parameter. on the shape of the residual
strength diagram of the stiffened panel will now be discussed.
Combining equations (1) and (2) and ignoring the finite width correction, it follows that

, c(a).o0,/•'i (8)

Assuming that unstable crack growth occurs when L Dattains a value equal to the plane stress
fracture toughness of the unstiffened sheet materhi, Lc(" oc ), then the relation between thecritical stress of the stiffened shoet, ocS ad ea is given by the equation

ac c
CS (9

where d is the stress at which fracture instability in the unotif.aened panel occurs. Equation (9) shows
that ths curve that gives the relation between the critical values of stresm and crack length of the
stiffened panel can be obtained by raising all points of the cc - a. curve of the unstiffened panel by

a factor + pertinent to the particular length of crack. According to equation (3) the maxim.m load

in the stiffener will be equal to (mee also Itg.l)

P L(a).PRZM L(a).a, 5  (10)

where a ad A, are the stiffener end stress and cross-sectional ares, respectively. Ignoring load
eccentrlcity an3 notch effects (i.e. the stross distribution over the stiffener cross-section is
assumed to be uniform), failure of a stiffener will occur when the value FKA of that stiffener becomes
equal to the ultimate strength of the stiffsmer material, Fult(-ult.%T). Thus the relation between

the snd-stress at which the stiffener fails, doSTI and the crack length ti given by the equation

Fult (1)

The overall effect of the sheet-stiffener interaction on the shape of the residual strength diagram is
illustrated in Figure 9.
The residual strength properties of the stiffened panel are determined by equations (9) and (11). From
equation (9) and Fit.8a it can be concluded that in a stiffened panel with intact stiffener. unstable
crack growth will occur at a higher stress level than in the unetiffened panel, the increase being
dependent upon crack Siss. This means that curve b of the unstiffened panel (i.e. the upper curve of the
-4ion of stable crack growth in Figure 5) will be shifted upwards to curve b* in Figure 9. Curve b*
shows a maximam for a crack length slightly larger than the stiffener spacing because the maxisum reduction
in tip stress will occur when the crack tip has just passed the etiffener centre line (see Figure 8a).
However, in a stiffened panel the possibility of stiffener failure should also be considered. Used on
equation (11) and the results in Figure 8a, curve d is drawn in Figure 9 as the lo-us for failure of the
central stiffener (- stiffener that earrese sost load and thus can be assumed to fail first). At sero
crack length the stiffener will fail at its ultimate tensile strength. With increasing crack size the
Inoreased load ooncentration in the stlffener caues it to fail at a lower penel end stress.



The diagram in Figure 9 illustrates four possible cases of panel behaviour, namely
0i) Panel failure due to central stiffener failure, without crack arrest (point A)
1i) Unstable crack growth followed by crack arrest (point B)
iii) Panel failure due to central stiffener failure, after crack arrest (point C)
iv) Panel failure due to skin failure, after crack arrest (point D)

The different posaibilities will be treated sequentially on the basis of the curves shown in Figure 9.
Consider the behaviour under peak loads of a stiffened panel with two different crack lengths. When the
panel contains a small crack of length aA, after some stable growth the crack will propagate unstably at
a stress level a During the propagation of this crack towards the next stiffener the load concentration
in the central stiffener will become so high that this stiffener, and consequently the total panel, fails
(point A). If the initial crack length is larger, of a length aB, unstable crack growth due to a peak
load will occur at a stress aB, but this crack growth will be stopped at the next stiffener (point B)
owing to the reduction in crack tip stress. After crack arrest the load on the panel can be increaed
further, the tip stress is raised, and some additional stable crack growth occurs before the ultimate
load of the central stiffener is reached, at point C. For any initial crack length between 1 and a*
the behaviour will be essentially the same as sketched for crack length aB, i.e. fracture always occurs
at the stress level indicated by T. This implies a predicted residual strength curve (cc versus a. for the
stiffened panel) of the shape drawn heavily in Figure 9. The curve contains a horizontal part determined
by the stiffener strength (ault), the sheet fracture toughness (L[) and the sheet-st-ffener interaction
(which in turn is mainly determined by the relative stiffness of sheet and stiffeners and by the stiffness
of the attachments). For initial crack lengths smaller than the stiffener spacing this flat part of the
curve constitutes a lower bound of the residual strength of the stiffened panel and hence F will be the
fail-safe stress of the stiffened panel.
It must be pointed out here that the stiffener failure curve in Figure 9 intersects the stiffened sheet
crack resistance curve (- curve that relates ac and ac of the stiffened sheet). In that case, for crack
lengths in the range from 7 to a* panel failure due to peak loads will occur only after stiffener failure
following crack arrest. However, the stiffener failure curve need not necessarily intersect the sheet
crack resistance curve. If the curves do not Intersect, failure of the panel will occur afte. crack arrest
by sheet failure at point D in Figure 9.
In the foregoing the residual strength behaviour of the stiffened panel was diec-aseed on the basis of the
relative locations of the instability and failure curves of sheet and central stiffener. The relative
location of these curves in the residual strength diagram was based on the fact that in the cracked region
of a stiffened panel load will be transferred from the sheet to the stiffener by the fastening system
(rivets or bonding connection). But in fact a third curve should have been incorporated in the philosophy,
relating failure of the highest loaded fastener to crack length. This is because failure of a part of the
fastening system (failure of one or more rivets or partial debonding close to the crack) will make the
stiffener less effective in reducing the tip stress so that the sheet curve will shift downwards, resulting
in a lower fail-safe stress (see Figure 9). However, in general the fastening system will yield prior to
failure, so that load is shed from the highest loaded part of the fastening system, close to the crack,
to parts farther away and the chance of fastener failure will be reduced. This brings us to a much more
important aspect that has not been discussed so far, i.e. the effect of yielding of fasteners and stiffenerd
on the residual strength properties of the stiffened panel.

(c) Effect of yielding of stiffeners and fastening system.

The effect of yielding of stiffeners and/or fasteners is illustrated qualitatively in Figure 10.
The dash-dot curves in this figure are based on elastic computations of C and L and are the same curves
as drawn in figure 9. Due to the high loads to be transferred by the fastening system and the associated
high load concentration in the stiffeners, yielding of fasteners and/or stiffeners may occur at relatively
low external loads. This means that the stiffeners henceforth will behave less rigidly than was assumed,
implying a less pronounced increase of the stiffened sheet curve and an upward shift of the stiffener
failure curve. For the case shown in Figure 10 this signifies that the crack arrest and residual strength
properties of the stiffened panel will be overestimated considerably when they are based on purely elastic
computations of C and L. The effect of yielding on the residual strength properties is appraised here only
on the basis of qualitative considerations. A quantitative evaluation of the effect of yielding, based on
analytical computations of C and L, and a comparison of the calculation results with experimental data
can be found in [771 and (78] . In conclusion it can be said that, in determining the residual strength
properties of stiffened panels on the basis of the procedure discussed here, the effects of yielding of
fasteners and stiffeners and the possibility of fastener failure (after yielding) has to be accounted for
in the analysis.

(d) Efect of crack tip plesticity.

In the foregoing aralysis it was as•umed that the residual strength properties of the unstiffened
panel over the whole range of crack lengths are given by a constant value of the stress intensity factor
(the so-called plane stress fracture toughness, Xc). This assumption holds with good approximation for
relatively brittle materials, like the aluminium alloy 7075, which show only a negligible amount of crack
tip plasticity (apart from the extreme crack length regions where the tangents proposed by Feddereen apply,
see Figure 7a). However, in practice the ductile aluminium alloy 2024 is frequently used as skin material
and in this material failure usually is associated with a large amount of plasticity at the crack tip
(see Fig.7b, where even panels of 540 a wide failed by net section yielding). In principle, for this
material the same method of residual strength prediction as discussed before can be applied as well by
increesing the actual (visible) half amok length at failure by an amount rp, whiioh represents a measure of
the crack tip plastic zone esie. In other words, the actual stress in the elesti'-plantic maVrtal,
corresponding to a half crack length, a, is imagined to be equivalent to the stress that would arise from
an "effective" half crack length

aff - a r (12)

in a perfectly elastic material. Well-known plastic none correction factors are those of Irwin [93]
and Duiagle (57] ) For plane stress conditions Irwin proposed a value
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r 2 (13)

while Dugdale on the basis of a "strip-yield" model obtained the equation

r ! K t (14)p 17 ( yi old

In equations (13) and (14) *yield represents the yield stress of the skin material. Using these

equations the residual strength for stiffened panel configurations containing a skin of a ductile
material can be predicted as illustrated in Figure 11. The upper half of this figure shows the residual
strength diagram of the unstiffened panel. The net section yield line is assumed to be the locus of
sheet failure (cc versus a&). For points on this line the crack length is corrected for plasticity
according to equations (13ý or (14)rand a curve is obtained relating do to the effective crack length, aeff.
An iterative procedure has to be used because r. is a function of the stress intensity factor, K, which
has to be expressed in terms of asef to allow an elastic analysis. With this approach, for any combination
of ac and actual (or visible) crack length, ac, of the unstiffened panel, a value of the stress intensity
factor will be obtained that determines fracture of the sheet. The value of this critical K will be a
function of the crack length. The lower half of Figure 11 presents curves which relate constant values of
the stress intensity factor of the stiffened panel to crack length and stress. Assuming that for a certain
effective crack length in the stiffened panel fracture instability will occur at the same stress intensity
value as found in the unstiffened panel, a fracture instability point of the stiffened panel will be
obtained from the KTDMM - const, versus aeff curves, as shown in Figure 11. This approach assumes

that at a certain crack length the plastia zone sizes in the stiffened and the unstiffened panel are the
same (see equation (13)).
In this section the prediction of the residual strength properties of stiffened panels is explained
qualitatively. A quantitative determination of the residual strength, using the approach discussed here,
is given in examples 3.3.3.6 and 3.3.3.7 for bonded and riveted panels, respectively.

3.3.1.2 Energy balance concept(a) Principles of the method

The fracture behaviour of a cracked sheet under increasing tensile loads was illustrated
earlier in Fig.5. When the load increases from a certain stress level, ai, slow stable crack growth takes
place before final failure at the stress cc. According to the energy balance concept, during this slow
stable crack growth there is a continuous balance between energy released from the system owing to crack
extension and energy consumed for crack growth. This is because if there were no balance then either
crack growth would stop (when the required energy exceeds the released energy) or become unstable (when
the difference of both energy quantities yields an ener'y surplus).
The way by which energy is released from the system depends on the loading conditions during crack growth.
The two extreme loading conditions are fixed grips and constant load. In practice the loading conditions
will usually lie somewhere in between. In the case of fixed grips the external load cannot do work because
the displacements of the plate ends remain constant. The energy required for crack growth is then
delivered by a decrease of the elastic energy of the cracked sheet itself. If crack extension takes place
at constant load the ends of the plate are free to move during crack growth and work will be done by the
external load. The energy thus supplied will be used partly for an increase of the elastic energy of the
cracked sheet and partly for crack growth.
The energy consumed by crack growth consists of work required for formation of a new plastic zone at the
tip of the advancing crack plus the actual work of fracture. The latter amount of work is presumably small
in comparison with the energy contained in the plastic zone and therefore the consumed energy is usually
assumed to be equal to plastic work.
For a plate of unit thickness the energy balance concept yields the following condition for crack growth:

(U-i+ W) -o or L(F.-U) -_ (
aa as (15)

BaBa Ba

where U is the elastic energy contained in the plate, F is the work performed by the external force
and W is the energy required for crack growth.
Usually the energy release rate, p. (F-U), is replaced by

aW~ - (.. !) '(16)

where a is the panel end stress, 2a is the crack length and I .s Toung's modulus. Equation (16) comes
from Griffith's criterion and applies to an infinite cracked plate of unit thickness with a completely
elastic stress field. G is the so-ce•'ed "elastic energy release rate" per crack tip. G is also called
the "crack driving force", because its dimensions of energ per unit plate thickness and per unit crack
extension are also the dimensions of force per unit crack extension.
The rate of energy consumption durin, crack propagation, ,i usually denoted by R, which is called

B-aI
the "crack resistance (force)". With these notations the energy condition for stable crack growth (15)
can also be written as

aG - (17)

Using equations (16) and (17) the energy consumption, R, can in principle be found as a function of
crack sise. During crack growth the energy release rate, G, can be determined from recorded stress and
crack length values. Because both a ond "a" increase during crack growth (see Figure 5) it follows from
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equation (16) that G increases more than in proportion to "a", and thus R also increases as the crack
proceeds. According to equation (17) the instantaneous values of G during crack growth will indicate
how R depends upon crack size. R appears to increase during slow crack growth, as is depicted schematic-
ally in Figure 12. Also shown in thib figure are lines indicating how G depends on crack size for constant
stress values (the meaning of these lines will be explained in (b)). It is common practice to position
the R-curve as in Figure 12, so that the origin of the co-ordinate axes coincides with the tip of the
crack and R is plotted as a function of da. This is based on the suggestion proposed by Krafft at al. [94]
that the fl-curve is a function of A& only and independent of ai, i.e. the f-curve is invariant and is
the same for any initial crack length. The G-lines in Figure 12 are drawn from the centre of the initial
crack so that their location with regard to the R-curve depends on the value of the initial crack length.
It was shown above that the N-curve can be determined experimentally from successive values of G during
slow crack growth using the relation R - G - Ro2 a/E. Typical R-curves as determined in this way fot centre-
cracked panels of aluminium alloys of different thicknesses can be found in [951 . The disadvantage of
this method of R-curve determination is that in centre-cracked panels slow crack growth occurs only over
a limi~ed range of crack lengths, and so only a small part of the R-curve will be obtained. The results
obtainA by Heyer and McCabe [96,971 suggest that the use of a tapered cantilever beam specimen or a
compact tension specimen (or, in general crack-line loaded specimenm) has advantages. Since instability
is postponed due to a different G versus "a" relation, it is possible to determine the R-curve over much
greater lengths. This will give a better idea of its shape.
A review of R-curves for different materials as obtained from a variety of specimen types and test
techniques is given in C98) . R-curves especially applying to aluminium alloys can be found in L99-] 01]
A standard test method for R-curve determination is given in [102)

(b) Application to unstiffened panels

According to the diagram given in Figure 13, the behaviour with increasing load of a sheet
containing a crack of length 2ai will be as follows. Suppose the specimen is loaded to a stress a1. If
the crack were to extend, the available energy release rate would be given by point A in the diagram.
However, this value appears to be too low for crack growth to occur. The stress can be further increased
to 0j) where the available energ release rate is given by point B. Suppose this value is sufficient for
crack growth. If the crack were to propagate under constant stress, G would increase according to line B-C.
This line is lower than the R-curve and therefore crack growth under constant stress cannot occur. When
the stress is further increased to 02,both G ard R follow tha R-curve from B to D according to
equation (17) and crack extendion Aa2 will occur. Finally, at ac the crack length has become ac and both
G and R are at point E in the diagram. Crack growth at constant stress 0 c gives an increase of G according
to the line F-P. Because this line is above the R-curve, and the increase in stress intensity as the crack
grows is greater than the increase in resistance, final fracture will occur at point E. That is, the
fractre condition is the point of tangency (point E) or

G nd L R-
0-N asd _ O

fuation (18) is the energy criterion for fracture instability.

(c) Application to stiffened pesels
The behaviour of a stiffened panel will be illustrated for two extreme cases of crack size,

viz. a large crack that extends between two stringers, and a short crack with its tips re-ote from the
stringers.
The first case is shown in Figure 14. As usual the R-curve is positioned at the crack tip. In a stiffened
panel the stress intensity factor is reduced by a factor C (see equation (2)). Since G - K2/2 the G-line
for the stiffened panel will be given by G - C.naa/EE. This line is no longer straight, since C is a
function of crack length (Figure 8). The deviation from straight line will be largest in the vicinity of
the stringer. Slow crack growth will commence at a stress ai for which at point A there is an energ
balance G - R. If the stringer were absent, failure would take place at the stress 0mu (at point B).
Owing to the curved a-line for the stiffened panel, however, the stress acu will only cause slow crack
growth to point C.The stress can be raised further to acs (with simultaneous slow growth to D) before
final failure takes place. At acs the energy release rate for constant stress remains larger than R
(line D-9).
The situation is more complicated for a short crack with its tips remote from the stringers. This case
is depicted in Figure 15. It has to be noted that the same R-curve as in Pig.14 should be used, but it
has to be displaced to the tip of the short crack. Slow stable crack growth will start at a stress ai.
The part.OA of the Gi-curve is still straight, since the stringer is remote. This means that slow crack
growth commences at the same stress ai as in the unstiffened panel. At the stress acu unstable crack growth
occurs, since the line Gcu is tangent to the R-curve in point B. The part OB of the curve Gcu is also
straight and hence unstable crack growth occurs at the same stress acu as in the unstiffened panel. But
in the stiffened panel crack Arrest will occur at C, since the G-curve bends downwards in the vicinity
of the stringer and dips under the R-curve. Further slow crack growth from C to D occurs if ths stress
is raised to al and eventually at ace final fracture will occur, since the G-curve is tangent to the
R-curve at H and G remains larger than R for constant stress.
The foregoing illustrates that when the R-curve of the skin material of a stiffened panel configuration
is known the crack arrest properties and/or the stress and crack length at final failure can be predicted
by drawing G-curves (for o - constant) in an G0R versus "a" plot. The G-curves of a stiffened panel can
be drawn when the a-values are known as a function of crack length (see Fig. 8 ). However, in a stiffened
panel final failure may be due to skin failure (skin-critical case) or stiffener failure (stiffener-
criticalcase) and the possibility of stiffener failure has not been considered so far. Further, failure
of the fastening system has not been allowed for. A problem in this respect is tha. to account for these
effects the possibility of failure of stiffeners and fasteners has to be incorporated in the analysis as
a function of crack length. This is because a small initial skin crack in a panel that originally is not
stiffener-critical may show unstable growth followed by arrest. After crack arrest the stiffener will
have to carry more load than initially (because the crack is larger ) so that panel failure iay now
be induced by stiffener failure. Because the possibilities of stiffener failure and fastener failure

-/ , , . ,
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are not easily incorporated in a GR versus "am plot, for the time being the prediction of residual strength
by means of the R-curve approach only holds for skin-critical configurations (it has to be emphasized that
skin-critical refers here to the condition at final failure of the panel).

(d) Use of the l-curve approach for structural applications

The crack growth resistance curve (or fl-curve) approach to fracture was originally introduced
by Irwin [103] and later modified by Krafft, Sullivan and Boyle [94] . To obtain crack growth resistance
data in terms of linear elastic fracture mechanics Heyer and McCabe [96,97] developed a new specimen type,
viz. the crack-line loaded specimen. This specimen type enabled determination of the fl-curve over a much
greater range of crack lengths and allowed the use of much smaller specimens than the large centre-cracked
tension specimens that were originally required to maintain net section stress below material yield.
Recently, McCabe and Landes £104,105] modified the original test -technique to accomodate fl-curve determina-
tions on structural materials showing large scale plasticity.
The first use of the resistance curve approach to structural applications was by Creager and Liu [106] to
predict the residual strength of simple strap-reinforced sheet panels. However, the use of the resistance
curve was restricted due to the lack of a suitable elastio-plastic analysis. The application of Rice's
path independent J-integral [107) has proved to be a very suitable ,_arameter in this respect. The application
of the J-integral to structural problems in combination with a JR versus Aa curve was proposed by
Verette and Wilh.m [108] and Wilhem [1091 . (Notee: Due to the relationship between the J-integral and
stress intensity factor (K) in the elastic case [107] , (J - K2/E), it is better to speak of VY rather
than J. The suffix R is used to distinguish the resistance curve of the material from the stress intensity
curve ox the specimen). Verette and Wilhem [108,109] assumed in their analysis a Dugdale [57) plastic
zone behaviour and employed the method of Hayes and Williams [110] to compute crack opening displacements
using finite element techniques for a series of assumed plastic zone lengths at fixed plysical crack
lengths [110] . J-integral values could then be computed from the relationship J - Oyield. 6 [111) , where
6 is the crack opening at the physical crack tip and ayield is the material yield stress. Since the original
publications in references [108] and (109] , much effort has been devoted by Wilhem and Ratwani [42,43,55,
112,113,"] to further develop this approach. In recent publications [114,115] they studied the early crack
extension portion of the crack growth resistance curve in an attempt to apply the f-curve concept to
fatigue crack growth.
By their studies and publications Wilhem and Ratwani have given an enormous impetus to a further development
of the fl-curve concept with regard to its application to residual strength predictions of stiffened panels.
The designer who intends to use the R-curve concept for residual strength predictions is strongly recommend-
ed to acquire the large amount of information contained in the various publications of Wilhem and Ratwani
on this subject [42,43,44,55,109,112-115] . To illustrate the application of resistance curves to residual
strength prediction of a realistic structural configuration an example problem wae prepared by Wilhem as
a contribution to this chapter (example problem 3.3.3.4).

3.3.2 Residual strength of curved panels subjected to pressure cabin loads

In the foregoing sections residual strength predictions for flat panels loaded by uniaxial tension
were discussed. Such panels and loading conditions are present in e.g. a wing structure (apart from a
slight curvature and a small amount of torsional shear loading). However, when considering a fuselage
structure the conditions will be quite different. In that case the panels are curved and subjected mainly
to biaxial tension loading due to cabin pressure. The effects of curvature and biaxial loading on
residual strength will be discussed briefly in the following.

3.3.2.1 Effect of internal pressure
Consider a fuselage shell containing a skin crack, the tips of which are not close to a frame or

stringer. Owing to the internal pressure the unsupported fuselage skin in the vicinities of the crack
tips will bulge. This bulging, caused by loss of hoop tension reaction to the pressure loading, in turn
causes local bending at the crack tips. This implies that there exist both bending and extensional stress
singularities at the crack tips, or in other words the stress intensity factor in the pressurized shell
will be larger than that in a flat panel subjected to the same extensional loads. Therefore residual
strength properties of a f.aelage structure cannot simply be derived from the flat panel data. In this
respect one has to distinguish between circumferential and longitudinal cracks. The bulging at a
circumferential crack will usually be smaller because (1) the spacing of the stringers is less than that
of the frames, (2) the skin has additional bending stiffness due to curvature and (3) the hoop tension
loads suppress the bulging.
The foregoing implies that to relate flat panel data to curved panels a bulging coefficient, 0, ha. to be
applied to the stress intensity factor of the flat panel carrying the same in-plane load as the curved
shell, or

KCURVED - 6 " 1PLAT (19)

In the literature various proposals for the functional form of 0 can be found [116-129] , mostly
applying to longitudinal cracks in unstiffened pressure vessels. The expressions in [116-118] are based
on experiments, while the others are derived from theoretical analyses. A summary of expressions for 0
can be found in [127J , derived from publications before 1967, together with suggestions for improvements.
Much effort has been devoted to this subject by Polias [121-123,126,128] . He analysed cracked spherical
shells [121] and cylindrical shells with longitudinal [122] or circumferential cracks [123] • In [126]
Folias gives a survey of existing solutions and discusses methods for estimating approximate stress
intensity factors for other more complicated crack and shell geometries (e.g. an arbitrarily oriented
crack in a cylindrical shelli a circular conical shell with a longitudinal or circumferential crack).
References [121-123,126] treat elastic crack tip conditions, while in [128) the effect of crack tip
plasticity is considered.
Almost all publications except [125,129) consider unstiffened pressure vessels. Of these latter,

reference [129] uses an energy approach in conjunction with the finite element method to determine K.
It has to be noted that in a fuselage structure with frames and stringers the applied bulging coefficient
must be a function of the distance of the crack tip to one of these elements: 0 will be a maximum when
the crack tip is midway between two frames, and reduces to unity when the crack tip is at a frame. To
account for this effect Swift suggested applying a cosine function in combination with 0 [71]
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3.3.2.2 Mofet of biaxial loading

Seon studies of biaxial loading have been lizaited to unstiffened panels [130-138] W Ref [ 130-134)
are mainly experimental, while Refs [135-138] are'.nalytical studios. It has been pointed out by Irdogan
and Kibler [ 139] that analytically the effect of tMaxial stress in unstiffened structures is of second
order and is negligible if purely elastic analysis is considered. However, Hilton (136] showed by an
elastio-plastic analysis that the stress intensity factors are reduce4, and thus the residual strength
increases, by applying a positive biaxial load (i.e. the load components in both directions are positive).
The same study also indicated that the plastic zone miss decreases with an increase in positive biaxial
load ratios. Similar effects have been found by Smith (137) .
Less numerous are the publications dealing with the influence of biaxial loading on cracked stiffened
panels. In Ref. [140) Beck investigated experimentally the effect of biaxial loading on crack growth in
stiffened and unstiffened panels. Analytical studies of the effects of biaxial loading on the stress
intensity factor were performed by Swift (40] and Ratwani and Wilhem (43,141) . Swift (40] found that the
elastic stress intensity factol increased due to the application of positive biaxial loads and that the
influence was not negligible. He explained this behaviour [39] by the fact that in pressurized shells,
where the skin'is biaxially loaded and the stiffeners are uniaxially loaded, the skin works at a higher
stress than-the stiffeners owing to strain compatibility. Ratwani and Wilhem [43,141) considered the
influence of biaxial loading on stiffened sheets using both elastic and el"stio-plastic analyses (in terms
of VIT) and compared their analytical results with experiment3l data. Both their elastic and elastio-
;lastic analyses showed trends similar to those oteerved by Swift L39,40] . Further, they found that the
plastic zone size ahead of the crack tip decreases with an increase in positive biaxial load ratios.
A similar reduction in plastic zone size was observed by Hilton (36) for unstiffened panels. Fi-ally,
Ratwani and Wilhem [141J obtaJned excellent agreement between analytical and experimental data.

3.3.3 Anplication of fracture mechanics principles to real structures

(a) Infomtion available from literature (see section 3.5)

In the literature a large number of applications of fracture mechanics to the prediction of reeidual strength
of real structures can be found. These applications either deal with actual designs or are more general in
nature. In a number of cases the applications concern case studies. Without intending to give the impression
of completeness, a list of relevant references is given here:
(&.l) Applications to actual designs or projects

Crichlow, Wells 119)
Ecvall, Brussat, Liu, Creager 143 145)
Heath, Nicholls, KirkbyL 1471
Nanduri, Radzine 146)
Sanga 144]
Stone, Swift ( 68)
Swift 39,66,67,69-71)
Swift, Wang [65"
Thrall L156
Toor 185]

(a.2) General studies

Cresger, Liu 106Crtchlow 149
Ride 151
Hart Smith 54
Hunt, Denko, Lide 150
Schvermaz, Bauer 154
Smith, Porter, Ingstrom 153]
Sorensen 148J
Ratwani, Wilbom 42-44,113)
Verette, Wilhem 108]
Vlieper 13 72-79]
Wang 1521
Wilho 1091
Wilbe., *itzgemald 55]

(a.3) Case studies and textbooks
Rich, Cartwright (Editors) (1551

Rolfe and Berson 1811
Wilhem 11801

(b) Practical examlee

A number of inveatigatore closely concerned with the application of fracture mechanics to actual designs
wee founct willing to write up results of some of their recent residual strength computations as examples
in this handbook. These examples are presented in this section. They were left as much as possible in
their origiz.al bt edited form, to give full credit to the contr-butors. The way of presentation, the
contents and the conclusions are the responsibility of the contributors. Each example is followed by some
editorial comenta.

It has to be noted that the examples must be consider-d as self-contained texts, i.e. they have their own
rumbering system of figures and references.

1'1
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RMIDUAL MMOTHlI OF 7075--173 PAMR WITH 8 INCH STWFDIM spACIR

T. awlf

McDonnell Douglas Corporation
Douglas Aircraft Comnpany
Long Beach, Calif. 90846

(Literal)

1. 3TATUUT cr Tim PRoBLDI

The fuselage of a modern jet tmanaport aircraft io designed to sust.ain damae conuisting ot two bay*
of akin with a broken central stiffener in either a longitudinal or circumferential direction. During the
development of juat such a fuselage, several stiffened panels were deeigned and tested to determine their
residual strength characteristics. The panels witl, circumnferential cracks, measuring 60 Inch** wido by
120 inches long, were made from 7075MT3 shoot material 0.07). inches thick. They were stiffened by
707"-T511 extruded stiffener*, placed at 8 inch cen-term to simulate fuselage longerons. Lateral s.tiffeners,
representing circumferential frame members, were also included. The primary objective of the test program
was to determine the effects of stiffener configuration and cross sectional area on'residizal strength.
Four different 6tiffener configurations wort included as shown in Figure 1. This exsample describes the
analysis and tooting of these panels and also *hove analysie-teet correlation.

2. ANAL73IS

The residual strength of a stiffened panel containing a akin crwack from a skin fracture standpoint,
can be ýIetorsinod fro~m

Oc .K04 (seeit)1/2

where go plane stroee fracture toughnoweR

a e halt crack length

V - panel width

0 a geometrical rArmsolor (function of a)

In this case the geometrical term 0 wee deltemined by "Lumped, Parameter Finite memeirt hnalysiol 1,?23
This method items the Fortran Natrix Abstraction Technique, Fr)IAT( 31 to solve the neceesary amtrix
operations. The structural idealization used prisarily tor the aircraft is shown in Figure 2. The crack
is simulated by successive disconnection of reactions from the centerline of the panel. The Idealization
ehown In Figure 2 represents one quarter of the actual structure. The crack tip etrees, # el i defined
as the stroes in the horizontal bar 2djacent to the simulated crack tip. Analysis is perfirmed on both
unati cfned and stiffened panels hawirq the same grid configuration. 'Me term 0 Is calculate ame follows
for each crack length oonas~deredt

Uno~tiften~dPanl(2

who" Oyet to the simulated crac-k tip strees. The fleuibility of the faetenir4 system which attaches the
stiffener@ to the akin@ is an important consideration. An empirical equation, repreeenting fastener
displacement 6, was used for this analysis as followme

a 0- t . 8(- (3)

where P a feetener load

3 - sheet modulus

d - fastener diameter

sa Od t 2 - thir~rness of joined shoots

This equation reproeeeeto fastener iisplaca~nint for aluminl i-..% MesIn altminlum shoet. The thiehneee of
the snear panel representing the fasteners as indicated in Figure 2 ie calculated to have the esae
flexibility so the rivets. The area of the idoalisel bare, reprenentine skin in the sioulatedi structure
show" in Figure 2, is determined using akin width halfwav, tbtween a4 *jacent har*. The bmbro carry oinly
axial load ran the panels carry shear load. stirfcner 14eaiications t~r the four tames coneidered here
are shown in Figurer 2.
The etroenih of the stiffoning .1 monts playO an importahnt role in the reeidual strenath of stiffened
panels. Stiffener stresses, as a function of crack loengh, are an Dut;.-it five the analysis. The o,,ter tap
of the stiffener is the moat critical Aue to bending caused by transfer of lcad from the cracked sheot to
the stiffener at the shear tace of the fastening system, which is orffat from the stiftener neutral axis.
A unit stress or 100C psi was applied to the top of the panlel and reactions Atise'noacted one at a time.
The resulting talues of 0 for the tour comes considered are show" In Figure 3. It can be seen that ft is
hiafher tran In the unstlffened panel onte for total orack longtus up to about fourteen inc'xs due to j,*d
input from the broken central stiffener. For c?5cP! loegths larger than fouricon Vicho* the out,,r intact
stiffeners start to pick up load and the sites* Intensity at the crack tip is rediuced below that fur an
unstiffened panel. Stirtfsnd 4trees concentration factors for t"e stirffner outer creq are *own plotted
in Figure 4.



3. TO? RESULTS

The panels were mounted in a universal teating free• and untaxial loads were applied at the bottom
of the penal through a whiffletree system by six hydraulic jacks. Two teats were conducted on each panel.
The dmmago created by the first teat me repaired as indicated in Figure 1. The second test me conducted
to failure. In each came, a half inch long saw cut me made in the skin over a cut stiffener.
Ihiazial constant maplitude cyclic loading was applied to propagate a ikin crack and then static load wam
applied in increments to cause fata fracture. The prizary objective me to determine if a faao. fracture
could be arrested by adjacent stiffeners.

CASS 1 (Sam Figure S)
In the scai of the panel represented by came 1 of Figure 1, constant amplitude cyclic loading was applied
to a maximum tress of 15.5 kali (R-omi•apoa.0-05). The crack was propagated to a total length of 1.95 inches
and static load was then applied in Increments up to a Crose area stress of 28.15 kmt without fast fracture.
Slow stable tear ms observed starting at 20.73 kal as indicated in Figure 5. Slow stable tearing took
place from a total crack length of 1.95 to 2.17 inches during static loadir-g. Cyclic loading was continued
at a mauiamu gros stress of 18.0 kai with R - 0.05 until the crack total length was 3.5 inchee. Static
load was again applied up to 28.62 kni without feat fracture. Slow stable tear started to occur at
18.87 kmi and the crack grew to a total length of 4.14 inches. It has been the contention (4) that slow
stable tear will not occur until at least the stress level ham been reached, which was umed to propagate
the crack. These results confirm this contention. Cycling was continued at a maximum gross stress of
18.0 ksi with I - 0.05. Static load was applied and fast fracture occurred at a gross stress of 28.6 ksi.
The crack we arrested in rivet holes at the inner attachment row. Cycling was continued until the crack
had propagated out of second rivet row at a maxima gross area stress of 15.5 kai with R e 0.05. Static
load wam again applied and the panel failed at a grass area stress of 29.61 kai. The analytical fracture
curve shown on Figure 5 *A plotted from equation (1) using the value of Kc obtained from the fast
fracture together with the 0 values plotted in Figure 3. Analysis-test correlation then as accomplished
by predicting the correct residual strength for the full two bey crack. The stiffener strength curve in
each cams wse determined using the analysis results shown In Figure 4 together with material properties
obtained frrA the failed parts. It can be seen from Figure 5 then that failure stress was predicted with
good accuracy. The crack arrested earlier than the analysis predicted duo to its arrest in rivet holes.

SABI 2 (Boo Figure 6)

in the case of the panel represented by case 2 the skin crack we propagated to a total length of 2.0 inches
at a maximam oyclic stress of 15.5 ksi with R - .05. Static load wae applied and fast fracture occurred at
24.8 khi after 1.21 inches of slow stable grvwth as shown in Figure 6. Slow stable tear in this came started
at 16.3 kat. The crack we arrested in rivet holes at the inboard row of rivet@. During the provious test
on this panel the crack had been arrested between rivets at the inboard row of rivets in each stiffener.
Cycling wae continued until the crack started out of one of the Inboard rivet row. Static load wae applied
up to 23.59 kai and the crack jimpad into a hole in the outboard rivet row. Cycling we continued at a
mastm Mross stress of 18.0 tie, W - 0.05 until the crack had started out of the outboard rivet row.
Static load wa aplied and fast fracture occurred at 27.8 ksi on one side and the erre.k we arreeted
between rivetb in the inboard row of the adjacent stiffener forming a 3 bay crack. Loading me increased
aM fact fracture occurred again, and the crack we again arrested between rivets. The configuration at
this point me a four bay crack, symmetrical about a saw cut central stiffener, with crack tips b*etwen
.vet. Final failure occurred at a grose stress of 36.0' kei which is higher than the predicted failure

Ptrese for two bays of skin shown by Figure 6. Figure 6 does howevr predict the fast fracture stress to
the next stiffener very accurately. Anslysic we not conducted for the 4 bay case.

2*2 3 (So* Figure 7)

The pool for came 3 we subjected to uniaxial cyrlic loading to a maximu strves of 22.0 ksl with
A - 0.20. The skin crack wea propagated to a total lorigth of 4.98 inches. Static loading wee then applied
in increments up to a mexitmu gross stress of 26.0 kti without test fracture, During static loading the
crack extended in total length by 0.23 inches. Slow stable growth in this came started at 22.0 ksi, the
saximum stress at which the croak we propagated. This procedure was repeated four times am indicated by
the teat and analysis results shown on Figure '. Peat fracture occurred on the fourth attempt at 26.54 kai
with a total camok lenrgh of 8.245 incher indlroatd by point I of Figure 7. Tte mock wae arrestod bewoewn
rivets at the adjacent stiffener@ at point P. Static loading wae reepplied and further slow stab.* growth
occurred to a total crack length of 16.31 inches whoe total failure occurre4 at a Cross stress of 31.2 kei.
This value me higher than the intersoctiou of the stiffener strength end skin fracture curves illustrated
by point H in Figure 7.

C113 4 (go Pieurs 8)
The penal reresenting came 4 ws subjected to uniatal yerlie loading up to a msxm.m gioss stress of

22.0 kat with A - 0.20. The skin crack me propagated to • total length of 4.10 inches whop the .yrlic
iaxivim stress we rewuocd to 19.0 ksi. This stress me used to propagato the crack to a total length of
5.3 inches. Static load wa applied snd trat fracture ocu,'red at a Crooe strees of 23.1 kel after 1.95
inches of slow growth. Slow &table growth started at 18.0 kni, the lapt peak value of cyelie stress.The craek
ws arrested between rivets at the adjacent stiffeners. Static load was reapplied and the panel failed at
a Cross stress of 29.6 kal at a total crack length of 16.7 inches after 1.5 inches of slow stable growth
W shon in Figure 8. It will be noticed from Figure 8 that slow stable growth started at 0t.O ket, the
stress at which the latter portion of crack growth had been prnpagated. The proviously hitcher stress of
22.0 kat did not influen•e this. An explanation of this is as follows (4) 1 when the stress level we
reduced from 22.0 kat to 18.0 ksi at a total crack length of 4.1 inhesthe value of I at this point was
1.41 from Figure 3. The radius of the plastic sone at the crack tip can be calculated from the fellowing
claeeaiol equation for plane stress,

or. 0 i.(4)
y

Therefore at a total crack length, 2a~of 4.1 inches and a stress, a, of 22 0 kai. X( Is equa to 78.T2 kolw¶n.



The yield strength of the skin material vms 61.844 kal from coupon tests. The plastic sone radius at the
crack tip was therefore 0.26 inchee antd the resulting value of a + rp was 2.31 inche@. At the time. of
static load application the total crack length was 5.3 inches and 0 at this point wes 1.35 from Figure 3.
The plastic sone *ise using the lower cyclic stress of 18.0 kat vas therefore 0.2 inches and the result-
ine value of a + r. was 2.85 inches. Since this value is greater then the value of & + rp for the higher
stress of 22.0 kai it can be seen that the crack tip is out of the influence range of the higher stress
and therefore slow stable grouith would start to occur at the lower Ottress of 18.0 kal. Further explans-O
tion of this phenomenon can be found in the literature [4]

4. CONCLIOUSOW

It has been shown that reasonable accuracy can be expected in the calculation of residual strength for
stiffened panels using elastic finite element techniques. Because of nonp-linear fastener load displacement
behaviour, this accuracy is not aiways'possible, particularly when akin materials havi~ higher fracture
toughness are used. In this case, it may be necessary to resort to non-linear methods ISe* siample 3.3.3.3).
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6. C01101WrARY

This example is a goodi illustration of the application of the approach disc-ussed in section 3.3.1.1
of this chapter. Contrary to what was proposed in that sertion, In this simtple the residual strength
properties of the stiffened skin are determined from fast fracture data of the stiffened panel itself
Instead of from unstiffened panel data. However, this is not a fundamental point of difference. The
behaviour of the panel after fast fracture, I.e. strosses and crack lengths at crack arrest after fracture
instability and at final panel failure, agrees very well with the behaviour predicted by the calculated
skin and stiffener curves.
This exw ple clearly demonstrates that the applied Uethod is to be recommended In the design stage.
Because the method generates both the skin and stiffener curves, the effects of modifications in the design
on the residual strength properties can easily be predi cted on the basis of diagrams as showin in
Figures 5-8.
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RSIDUAL STRNTH O STIFFEED 7075-T73 PAJWS WITH 20 INC FRUM SACIM

T. Swift

McDonnell Douglas Corporation
(Literal)

1. STATEMET O THE PR0BLE

During the early development phases of a large commercial transport aircraft, a study was undertaken
to determine the residual strength of panels simulating typical fuselage construction. Panel@ with cracks
in either a longitudinal or circumferential direction were designed and tested for that purpose. The
panels were made from 7075-T73 sheet material having a thickness of 0.071 inches. The panels with
longitudinal cracks measured 120 inches wide by 75 inches deep and were stiffened by frames at 20 inch
spacing, parallel to the loading direction. Four different frame configurations were included as shown
in Figure 1. Analysis and testing was performed on panels with and without titanium crack stopper straps.
Lateral stiffening was provided by hat section longerons. The panels were intended to be used to gain
information which would be useful in assessing the strength of a fuselage containing a two bay longitudinal
crack. This example describes the analysis and testing for four of the panels and also shows analysis-test
correlation. These four panels are described by Fig-ire 1.

2. ANALYSIS

For the method of analysis the reader is referred to section 2 of example 3.3.3.1. Just as in that
exampleothe geometrical term 6, in the case of the four panels, was detemined by finite element analysis
of an idealized structure representing the panels. A typical idealization of the panels is shown in
Figure 2. The idealizations for panels 1 and 3 were assumed to be the as=m even though the frame-to-skin
shear clip me slightly different. Different idealizations were used for panels 7 and 4.
Stresses in the stiffening elements are an output of the finite element analysis. In the case of panels 1,
2 and 3, the most critical stiffeners are the frames et the center of the crack. The outer crack stopper
is the most critical ctiffening element for panel 4 since the center crack stopper is assumed failed.
The stress concentration factor for the stiffeners is given by ao oo where a t is the stiffener stress
and a is the gross area stress applied to the top of the panel. * / The ana!is results are shown in
Figure 3.

3. TNT RESULTS

The panels were mounted in a test rig and uniaxial loads were applied through a set of whiffle trees
attached to the top and bottom of the panels. Saw cuts were made in the skins over a central frame and
cracks were propagated to pre-determined lengths under uniaxial loading. Loading was then increased
statically in increments with a view to causing fast fracture in the skins. The objective was to cause
fast fracture at the highest stress which could be arrested by the adjacent frames. One of the reasons
for this was to assess the dynamic effects of crack arrest.

PANE. 1 (See Figure 4)
In the case of panel 1, constant amplitude cyclic loading was applied to a maxiim stress of 14.04 ksi
(R - osin/Om" - 0.05). The skin crack was propagated to a total length of 27.05 inches. Static load was
applied in increments up to a gross area stress of 17.0 ksi without fast fracture. The crack tips extended
during static loading by a total of 0.45 inches. Cycling was continued until the total crack length was
29.0 inches. Static load was again applied without fast fracture. In this case, the slow stable crack
growth was 0.40 inches. Slow stable growth in both cases did not start until the static stress
was higher than the maximum cyclic stress. An explanation of this phaenomnon has already been given[ 1]
Cycling mw continued at a maximum stress of 17.0 kai (R - .05). Fast fracture occurred at a total crack
length of 35.0 inches and the crack was arrested in rivet holes at the adjacent frames. Cycling was
continued to re-initim~te cracks in the holes and static load was again applied. Failure took place at a
gross area stress of 18.1 kai with a to+al crack length of 41.93 inches. The results of this test are sown
in Figure 4. The skin fracture toughness was calculated from the stress and crack length at fast fracture
through the use of equation 'l) ,I'mi in -vanrle 1.3.3.! and M values shown in Figure 3. The resulting
value was 92.76 ksi Vi-n. The skin fracture curve shown in Figure 4 was plotted using this value. It can
be seen from Figure 4 that the peak of the skin fracture residual strength curve is predicted vary closely
by the finite element analysis when the actual fast fracture data is used.
The dynamic effects of crack arrest in this case can be no more than about 6 % since the static failure
stress was only 1.1 kai higher than the stress at crack arrest. If the dynamic effects had been any higher
than this, the crack would not have been arrested.
Figure 4 illustrates the fact that the center frame strength criterion was almost the same am the skin
fracture criterion with a 2 bay nrack (40.0 inches). In view of this, the center frame of panel 2 was
reinforced since the primary objective of the test was to fail the panel due to akin fracture.

PAM• 2 (Sao Figure 5)

we-test procedure for panel 2 was essentially identical to that for panel 1. Again, the finite element
analysis was able to predict the failure stress from a skin fracture standpoint very closely as indicated
by the failure stress of 1.48 kei being very close to the peak of the rcsidual strength curve. The
strength of the reinforced center frame is shown to be much higher than the unreinforced center frame of
panel 1 and yet the failure stresses are almost the same. This illustrates that the skin fracture and
stiffener strength criteria ran be independent of each other as far as failure is concerned.
The dynamic effect for panel 2 can be no higher than 6.8 % for this case for the reasons previously
described.
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PANE. 3 (See Figure 6)
In this cabe, the analysis would predict failure due to center frame failure if NII,-1D-5 B values were
used for frame strength, as used for panels 1 and 2. Tensile coupons cut from the frames of another panel
for the same material batch used for the frames of panel 3 indicated a typical average ultimate strength
value of 79.64 ksi for the 7075-T6 frame sheet material. If the frame strength is based on the typical
value, Figure 6 indicates the failure criterion would be skin fracture.
In the case of panel 3, the dynamic effect would be no higher than 3%.

PAIN• 4 (See Figure 7)
This panel was fitted with titanium crack stopper straps. A 4 inch long saw cut was made in the skin over
a crack stopper strap. Cyclic loading was applied to give a maximum gross area stress of 15.0 ksi with
R - 0.05. After 13,125 cycles a 1.0 inch long crack was detected in the crack stopper and the 4 inch saw
cut had extended to a total length of 6.6 inches. It was decided to increase the cyclic stress to a
maximum of 16.4 kei (R - .05) to compare crack growth with a previously tested panel. The skin crack was
propagated to a length of 18.02 inches at which time the total number of cycles was 14,866. By this time
the crack stopper was completely failed. The center frame was reinforced as in the case of panel 2, but
the center crack stopper was left failed. Static load was applied to attempt to fast fracture the skin up
to a gross area stress of 20.14 ksi. During this application of load, slow stable growth started to occur
at about 16.2 ksi. The amount of growth was 0.32 inches. Fast fracture occurred on the second static load
attempt and the crack was arrested at adjacent frames in rivet holes. Cycling wLs continued to re-initiate
the cracks and static load was applied to 25.12 ksi when failure occurred. Sections of the outer crack
stoppers were removed and tested in tension. The straps were tested as a whole, including the rivet holes.
The average failure stress was 158.75 ksi for the Ti-&A1-IMo-1V material. The residual strength curve
using this value is shown in Figure 7. It can be seen that the finite element analysis would predict this
failure very well.

The benefits of the titanium crack stopper straps can be seen when comparing the allowable stresses for
the 2 bay crack case with the results of panels 1, 2 and 3.

4. CONCLUSION

It has been shown that the residual strength of stiffened panels containing large cracks can be
predicted with reasonable accuracy using elastic finite element methods provided skin material Lc and
stiffener material Ftu values are known. For the type of construction described herein the dynamic
effects of crack arrest are small.
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6. CCUENTANr

The same cosmentary as given in example 3.3.3.1 applies.
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FIGURE 1 TEST PANEL DESCRIPTION
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THE DE'TM OF RIVM YILDINGI ON REIDUAL STRETR OF STIFFEVED STRUCTURE CONTAININ CRACKS

T. Swift

McDonnell Douglas Corporation
(Literal)

1 . INTRODUMION

The residual strength of a riveted structure containing cracks can be determined using elastic finite
element methods. These methods have been shown to give reasonable results when the skin material fracture
toughness is comparatively low ( i). In these methods, the simulation of rivet flexibility is essential to
obtain reasonable analysis-test correlation. When material fracture toughness is hig and when the crack
tips extend beyond the crack arresting stiffeners, it is often necessary to consider nonlinear shear
displacement characteristics of the rivets. If this is not considered, one can easily be misled by the
elastic analysis results. Certain difficulties exist with non-linear finite element analyses. These
difficulties are mainly associated with computer operational costs. Displacement compatibility methods
offer considerable reductions in computer running time and the use of this approach together with non-
linear fastener displacement characteristics becomes economically feasible. This example briefly describes
just such an analysis which correlated with testing extremely well.

2. STATEMENT OF THE PROBLE

During the development test phase of a large transport aircraft, a stiffened panel containing a 2 bay
skin crack with a saw cut central stiffener, was tested for its residual strength. The panel, measuring
120 inches long by 60 inches wide, was made from 2024-T3 sheet 0.071 inches thick. Stiffeners, spaced at
8 inches, were made from "hat" section 7075-T6 extrusions, 0.5471 square inches In cross-sectional area.
A skin crack was propagated into two skin bays, normal to the longitudinal stiff,,ning and equally spaced
about a central saw-cut stiffener. Static loading was applied to f.ilure after the skin crack tips had
propagated beyond the crack arresting adjacent stiffener.

Failure of the panel was precipitated by rivet failure over the entire length of the crack arresting
stiffener at a gross area stress of 39.7 ksi with a half crack length of 9.88 inches. Elastic finite element
analysis would predict the failure mode as being rivet critical but the allowable gross stress at failure
would be too low by a factor of 3.5 to 1 - This analysis indicates that the load in the first rivet,
adjacent to the crack in the crack arresting stiffener, is extremely high. In fact, conriderable non-
linear displacement of this rivet occurs causing adjacent rivets, progressively further away from the
crack, to accept more load. When this occurs the stiffener becomes less effective in reducing the crack
tip stress intensity factor and the panel gross allowabls stress, from a skin fracture standpoint, is
reduced. This effect, of course, cannot be assessed by elastic analysis.

3. ANALYSIS

The analysis used to correlate the results of the panel test was based on the displacement
compatibility method. The details of this method are presented in the literature [2] . Figure 1
illustrates the method and as can be seen from the figure, either adhesively bonded or riveted structures
can be considered. Correlation of an adhesively bonded test panel, using this approach, appears in the
literature [3] . The approach is based on equating displacements in the cracked sheet with displacements
in the stiffening elemente after taking account of fastening system flexibility. Displacements in the
crackcý sheet are calculated at discrete points using the Westergaard Complex Stress Function approach.
Fastening system flexibility and stiffener bending are both accounted for. The number of effective rivets
on each side of the crack in each stiffener is usually 15. This was determined by obtaining solutions with
different number of effective rivets assumed and then plotting crack tip stress intensity factor as a
function of number of effective rivets. This plot becomes asymptotic at approximately 15 rivets for the
2 bay crack case with a broken central stiffener. A matrix of influence coefficients is inverted to obtain
all the rivet loads. Crack tip stress intensity factor in the sheet is then determined from
Muskhelishvili's methods [4] . The elastio-plastic load displacement characteristics, obtained from simple
lap splice tests, was simulated by the tri-elastic model shown in Figure 2 for the test panel under
consideration. The computer program, developed for tnis case, first generates an elastic solution based
on the elastic slope of the rivet load displacement curve. All rivet loads are then compared to the tri-
elastic model and the rivet flexibility matrix is then re.-generated and a second solution produced. This
procedure continues until the crack tip stress intensity factor difference between successive iterations
is less thnn a specified value. The final stress intensity factor, for the specific applied gross area
stress and crack size, is printed out together with all rivet loads and stiffener stresses.

4. ANALYSIS RESULTS

The analysis results for the first elastic iteration of the test panel configuration are shown in
Figure 3. The skin fracture curve is plotted using 0 values (see analysis in example 3.3.3.1) obtained
from the program together with a skin fracture toughness value Kc of 197.87 "Ci V-1 obtained from fast
fracture of a previously tested stiff-ned panel of different configuration from. the one considered here.
At the failure half crack length or 9.88 inches, it can be seen from Figure 3 that the gross allowable
stresses are 11.5 ksi, 32.5 ksi and 53.6 ktsi from rivet failure, stiffener failure and skin fracture
criteria respectively. Actual failure took place at 39.( ksi. It can be seen therefore that one could be
misled by the results of an elastic analysis. The elastio-plastic computer program has the ability to
consider the effects of rivet failure and Figure 4 shows rivet displacement as a function of gross area
stress for various number of rivets failed starting adjacent to the crack. As can be seen from the .'igure
there is considerable difference between elastic and plastic solutions. With all the rivets intact the
first rivet yields at a gross area stress of only 6.808 ksi. Yielding continues as the gross area stress
is increased until point J is reached on line CD, when failure of the first rivet occurs.

A 4%



Line CD represents the average failure displacement of the rivet. Lines AD and IF represent lower and
upper bounds of rivet failure displacement respectively. The crack tip stresa intensity factor as a
function of groee area stress is shown in Pigure 5. The upper curve considers that all rivets are intact
and the other curves are for different number of i vetas failed. When the first rivet fails at constant
gross area stress the stream intensity factor increases as can be seen in Figure 5. The vertical line AB
represents the critical stress intenaity factor of 197.87 kai VT/., obtained fro, a previoua test. The
vertical line CD represents a K. value of 215 kai V.i: used for illuatration purposes later.

Figure 6 shows a cross plot of the intersection of vertical line CD of Figure 4 with the rivet displace-
ment curves. Thin cross plot is titled Rivet Failure Curve. Similarly, vemical line. AS and CD of
Figure 5 are cross plotted in Figure 6 and are titled Skin Fracture Curve Kc - 197.87 kei vTii. and
Skin Fracture Curve X. - 215 kea vih respectively. Figure 6 represents a residual strength diagram for a
half crack length of 9.88 inches. To illustrate how this diagram works, assume for the time being that the
skin fracture toughness Kc - 215 ksi Vli Loading is app: .d slowly and the first rivet adjacent to the
crack fails at point A of Figure 6 corresponding to groer area streas of 39.5 ksi. The panel allowable
from a skin fracture standpoint immediately drops from point B to C. Total failure does not however take
place because the panel allowable based on second rivet failure has increased to point D since this
rivet is further away from the crack and therefore lees critical. The load in still only at 39.5 kai
repreeented by point I and therefore lower than C or D. Total panel failure would now occur if the load
is increased to point C due to akin fracture. In the case of the panel under discussion the fracture
toughness X. in only 197.87 kai VIZ When the first rivet fails at 39.5 kni gro•e stress, represented by
point A of Figure 6, the entire panel fails due to fracture instability in the skin, since the panel
allowable from a skin fracture standpoint drops from point F to point (, which is below the applied stress.
This value is less than 1 % lower than the actual panel failure strees of 39.74 kai. Variation in rivet
failure displacement, represented by the lower bound line AS and the upper bound line EP of Figure 4,
would give variation of panel failure between points G and F of Figure 6. The explanation here is that
at the lower bound point 0 of Figure 4, failure of the first rivet would occur at 37.5 kai. This is lower
than point 0 of Figure 6 so the load could be increased to 39 kai, represented by point 0 of Figure 6.
Consider the u~per bound point H of Figure 4, where the first rivet would fail at 42 kai. In this case
the panel failure stress would be limited to 41 ksi represented by point F of Figure 6. This then repre-
sent@ a spr-sd in allowable between 39.0 and 41.0 ksi equivalent to minus 1.86 and plus 3.17 per cent of
the actual failure stress.

5. CONCLUSIONU

It has been s).cwn that when crack tips extend beyond the crack arresting stiffeners of a panel
containing a two bay crack that elastic analysis will not predict the true gross stress at failure.
For the configuration diacuseed, consideration of the elatio-plastic rivet load-displacement
characteristics gave excellent correlation with test results. This elastio-plaatic analysis was made
economically feasible with the displacement compatibility method where"s non-linear finite element methods
would have been extremely costly.
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7. CaO6TlARY

This is an oucellent exarmla of the application of fracture mechanics techniques to predict the
behaviour of stiffened panels as a function of applied load. By performing analytical studies as
described in this eximple, even during the design stage of an air-raft the designer can find out
which structural elements will precipitate failure. If the results do not meet his requirements, on
the hbaes of such an analysis he is able to modify his design.
Finally, this example clearly demonstrates that on the basis of purely elastic computations one my
easily come to wrong conclusions when the prediction of residual strength behaviour of a structure
is involved. In this respect analytical methods are preferable to finite element methods because
yielding of one or more elements can easily be incorporated in the computation procedure.
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(Lit eral)

1. *SYA'1UT i CF PRORLU

Since the last formal symposium on the development of crack growth resistance data [1] s, everal
studies have been reported on materialas resistance to fracture (2,3) . The use of these data on real
life, structural problems, however, has been limited. Ratweni and Wilh. [4] presented a smmary of the
predictive results of an extenaive restdual strength study given in (2) . *mes• predictiona were Lsd*
using a J-integral baeed resistance curve which accounts for the materials* elastio-plastic behaviour.
This e ple will describe the analysis, predictive techniques and fracture tests
of a representative cracked aircraft etruotu-e, namely an angle stiffened wing panel. The geometry of
theme aluminum test panels Id shown In Figure 1. These panall represented a 29 IS stiffening ratio,
typical of large transport aircraft lower wings. Two conditions were examined; a crack at an intact
central stringer and at a broken central stringer.

2. XWMW Ci ANALTS13

Ta steps ore involved in the analysis procedure. These ire sumartsed below and have this
typical pattern for all preoictions. Details of each step are given in 2] .

Step 1 - Model the structure for finite element snalysis or use existing finite element modeling.
Special consideration mut be given to fastener modelling to account for flexibility.

Step 2 - Select a crack length of interest and five other lengths basd on the ratio of half
crock length, &, to stiffemer spacing, a, e.g. s/o up to 1.1.

step 3 - Prom steps I and 2, perform non-linear calculations assming Dugda"le plastic sone behaviour.

Step 4 - Prom @$tp 3, calculate stiffener streeses " a fumtion of applied strees.

Stop 5 - Pros the computed crack opening data of @tep 3, plot the VIverouia applied panel @tress
to yield stress ratio, o/•yieldp for various crack leaghh.

Step 6 - Cross plot the data from top 5 "s V13verusa crack length for specific applied stresge.

*Step 7 - Determine Croes panel stress for a selected crack eiae at ultimate stiffener stress.

Step 8 - Obtain crack growth resistance data for the skin material in term of V1 vereus slow crack
extension, As.

Step 9 - Plot the data from step 8.

Step 10- Overlay the 0'versum crack ait. curve of step 6 on the data of step 9 at the crack length
of interest. Determine the amount of predicted slow tear. If greater than 0.25 inch, the
tr"ctutre will probthbly be skin critical. If les than 0.25 inch of slow tear it indicated,

then a conservative estimate of residual st.-ength will be made suing step 7 data. The
predicted instability, i.e. fracture stress will be the point of tangemnc between V7 curve

af a skin critical fracture is anticipated, this step can be eliinasted.

Ueing the above ten steps, the residual strength diagrine were developed en shown in Figure 2 for the
intact stringer case. Predictions will be made of fracture and slow tear using this disaram.
On the VIve,-eua crack size plot tor the panel. the M verfus Iapw miterial resistance curve is
overloyed at the initial phymical crack length, &M of interest. The appited straes at which V.7 vmrsua

s ad VT vererus a curves become tangentil will determine the streej at which instabilly occurs
and the crar-k propagates rapidly. After this point of instability, if the VJ curve for the panel dips
below the VJ resistance curve of the material, the crack will be arrested, otherwise it will propagate
catestrophics~ly. The stroeeee in the strinrer which are obtained from the olastim-plastic analysis and
the ultimate strength of the stringer material are used initially to aetermine if a stringer critical case
prevails. The ultimate strength of the stringer material (7075.- extrusions) wae found to be 57.2 kia
from tensile test data. Ueing this ultimate stress value and the gdale type elastio-plsatic analyst@,
the failure of the ýentral stringer (angle) at a half cra length of 2.'75 inches (initiaa half crack
lenth in the tested panel) is predicted at o/c rsld - 0.7. Superimpooee on the plot of Figure 2 is the
I versus A" resistance curve of the 7075z75 skin material plotted at the see- physical half crack
length of 2.771 inches. It is seen from this figure that at the st-inger critical strme o/a/,1dld - 0.7,
there will be considerable slow tear in the skin. Therefore the computed failure stress of te central
stringer for a half crack len4th of 2.775 inches will not be valid due to this etensive alow -rack Jgowth.
Pailure in a panel with this initial crack length will be skin critical. A failure of a skin critical type
structure will be given by the point of tangency between V7 vereus "am curves for the panel and the '
resistance caurve of the naterial. P.om Figure 2 the reeistane!Lcurve of the material plotted (taahed line)
at a half crack length of 2.775 Inches is tangential to the VJ versus crack length curve of the panel



at an applied striss of a/,yield - 0.545 (point A in Figure 2). The first point of crack instability
occurs (after a slow crack growth of 4a, see Figure 2) at this stress and the crack starts a rapid
advance. However, from Figure 2, it is noted that at a half crack length of 4.45 inches, the "3cure
for the panel drops lower than the resistance curve of the material (point B), i.e. beyond this point
the resistance of the material in higher than VY developed in the stressed panal, and hence the running
crack will become arrested. The crack was arrested at the rivet hole in the intact stringer panel where
"the stringer ia connected to the skin. The resistance curve of the akin material is now replotted at a
half crack length of 5.5 inches (distance from cjiterline of the stringer to panel centerline), where the
crack became arrested. For this crack length the V" curve of the Panel becomes tancential to the
resistance curve at an amplied stress of o/01yeld - 0.645. Hence Crack instability occurs at that atresa
and the crack starts running catastrophically. Beyond this point of instability the V7 values in the
panel are higher than the resistance curve of the akin material and, therefore, no possibility exists for
crack arrest. The 10 curve of the panel will continue to rise under increasing load until the influence
of the next stringer on panel stress is felt (11 inches from the centerline of the panel), and the VT
value will once again have a decreasing trend and reach a second minimum at that point. From the trend of
VT curve in Figure 2 it in evident that at an applied stress of a/3•ield - 0.645 the VT value of the

panel will be higher beyond a half crack length of 7.5 inches. Therefore, no possibility of crack arrest
is possible at the second stringer, i.e., 11 inches from the centerline of the crack, under increasing
load conditions.

3. T•T RESULTS

The test panels were mounted in a 500 kip, electro-hydraulic load frame. Loading was accomplished
through a slotted clevis attached directly to boltsd-on-grip ends. Twenty strain puges ware placed
at various locations on the angles and skin, and data recorded continuously to failure.
From the initial jeweler's saw slot, both panels were looAe to stress levels which would produce a
maximum stress intensity level (for fatigue) of 15 kei Vinch at a stress ratio (R) of 0.1. This fatigue
cscling p'-oduced an overall crack length of 5.55 inches for the intact central stringer case and 5.46 for
the broken stringer case.
The intact stringer panel wse then tested to failure. Slow tear started at a load of 60 kips
(0/lyield of 0.32). At this applied load, slow tear at each crack tip was about 0.02 inch. The first point
of instability (rapid crack extension) occurred after an applied load of 60 kips and before a load of
111.7 kips. At 111.7 kips the crack had alread reached the angle stiffeners and was arrested. The aralysis
predicted the first point of instability At an applied stress of 0.545 Cyield (104 kipe, see Figure 2).
After the crack had advanced to the angle stiffeners, the panel was able' o withstand a load of 111.7 kips
(0/dyield - 0.58) without any further slow tear. At this applied load, the slow tear analysis from
Figure 2 is approximately 0.05 inches. This is,less than the radius of the rivet hole. The measured
residual strength of the panel was 116.1 kips compared to the predicted load of 123.A kips (0/0yield -
S0.645), a 6 5 difference in predicted load.
Since the broken stringer panel was identical in geometry to the previous panel, an elastio-plastic
analysis was computed only for the tested crack length of approximately 5.5 inches. The elastic and
elastio-plastic VT values for th# broken central stringer case are higher in both analysu. Benceo, the
VY values will be higher at the same crack length and applied stress. Thus, in the case of the broken

stringer, the first poin% of instability will be at some stress lower then O/dgeld - 0.545 and Crack
arrest will occur. Since the teetod crack lengths for the 1roken and intact at nger panels were similar,
the Vlp values at failure for these two panels should also be expented to be similar. Using the
redicted value 0/ayield - 0.645 aso the elastio-plastic analysis for a half crack length of 2.71 inches
igure 2, intact stringer) the VJ value at failure is 31.7 (in. - lbe./in.

2 )
1

/
2

. Using this VJ value
and the elastio-pl&stic analysis for the broken stringer panel with a half crack length of 2.75 irches
(Figure 2 ), the predicted failure stress is 0/0 LaeW - 0.-.5 or 106.7 keir. 1%0 or,,a

1 
failure load was

107.2 kipe. Thus, the predicted load was within percent of the actual failure load.

4. CO1CLtBIONS

The procedure outlined here and described fn more detail in Referance(& can be used to predict tke
residual strength of typical aircraft stricture loaded in uniaxial tension. The slow tear, crack arrest,
and elastic-plastia fracture can be predicted using a crack growth resistance approach and oultable Drgdkle
type plastic sone assumptions.
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4. Ratwali, N.M. and Wilosn, D.P., "Application of Resistance Cur.ve to Residual Strength Pr.dictionf,
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lbs Present cezmple clearly illustrates the different steps that have to be carried out whenapplying the resistance curve approach for residual strength Prediction of stiffenied panels. Apparently,the criterion that derterainee whether in a panel with a certain Initial crack length failure will beInduced either by' skin fracture (akin-critical case) or ty stiffener fsailurt (stiffener-critical came)Is based on the amount of stable crack growth In the skin (from the initial crack miss) at the stringerfailure stress, the mount of 0.25 inch being the limit value (Not step 10). if at that strews the amountof predicted slow tear in greater than 0.25 in'-h, then the structure will be skin critical, otherwisestringer critical. On the basis of this criterion a comparison of predicted and measured failure bedssof variousm panel configuraticns (2,4] shoved that the accuracy of prediction is usually much better than
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ANGLE-0.063 7075-T6 EXTRUSION
2s,_-INITIAL CRACK SIZE
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UNIPL PROBLEM .3.3.5

AIPPLICATIO3 OF FACTURE MECHANICS IN DUIMflNO LOWR SUACE OF TAMP AIRCRMA -

1.o. Nanduri

The Do Havilland Aircraft of Canafa, Ltd.
Downavie, Ontario 13 1T5

CANADA
(Literal)

1. ST* BAZU a TH PRHON

The fail-osaf integrity of aircraft primary structure in usually shown to be adequate ty conducting
Domage-Tolorance toots on stiffened panels and full scale airplane. Several method. of analysia, via.
Finite Elment Method and Analytical Methods are used at various stages of the design. One of the method@
that provided reasonable correlation with tyal data can to useful in the orelizinarj design stage. This
simple method originally proposed by Figge LIJ will be illustrated ty considering narrow twot panels
similar to the lower surface of a transport aircraft wing. (Figures 1, 2, 3 and 4).

2. MiEHOD O ANALTS• Z

The cracked stiffened panel under consideration is &owned to be a composite material with the skin
and stiffeners repreeenting the zatrix and fibers respectively. The application of the law of
mixtures along with (1) the notch strength analysis of Kuhn [2) for sh~t failure and (2) the proportio.al
limit of the strese-strain curve as the limiting stress for the stiffeners, provides the net section stress
for total panel failure as

(S.) ((A h)

2F 0 -/2]I, ' " + " < ', > { ,.+)1_o2
wbere

ao - initial sesi-crack length

As-sh net s. lion area of skin

-t total area of intact stiffeners

A. - Ah-.h + .-
Cm - material constant for the akin of specific thickness

u static notch strength factor

P L proportional limit of t*I, Mtiffener

S - net section failure stress

u - ultimate strength of skin material

V - panel width

The above equation expressod as gross failure stres-i of the penel is given by

, [-u( J-2a)t +JL A-.t

- skin thicknesop

A - total area of intact plus broken stiffeners

The choice of the parmeter Cm is an important one. Analysis of data from reported unstiffened panel tests
on 2024-T3 indi .ated that lower Cm values as obtained from tests qith buckling guides may not be suitable
in a design situation. For panels described here C. - 0.129(m)-1/2 was agmmed (1.

3. COMPARISON UP ANALIS AND TET
The residual strength of panels 1, 2 and 3 (Figures 2, 3 and 4) calculated as per the above equation

and the test results are given in Table 1. Prom the table it can bo seen that the analysis and test
results are in reasonable agreement for panels 1 and 2 (analysis is slightly unconservative). The failure
mode for panel 3 is due to fastener failure as opposed to complete failure of panels 1 and 2 (Figures 5
and 6) and hence the lack of norrelation between tot and analysis. Configurations such as that of panel 3
will hav* to be analysed for fAstener failure by the more rigorous methods such as that c Ilieger (3)
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1. Figge, I.E., "An Equation for Predicting the Residual Static Strength of Stiffened Panels",tZAdVLAB, 4aPort 70-17 (April 1970).

2. Kuhn, P., "Residual Strength in the Presence of Fatigue Cracks", AGARD Advisory Report 11
(1967).

3. Vlieger, H., "Userts Nanual of "ARREST'', A Computer Routine for Prediction of Residual Strength
of Cracked Stiffened Panel", NLR TR 75129 U (September 1976).

5. C(OAIKTART

The method for the prediction of residual strength of stiffened panels as applied in this example
and based on the notch-strength aaasysis of Kuhn and Pigge (1,2] , is a very simple and approximate
engineering method. In spite of its Simplicity it provides a reast.nable estimate of the panel failure load.
This zethod can be useful in the preliminary design stage of an aircraft. In a later stage of design the
approaches proposed by Swift and Vlieger (Stress intensity approach) and Wilhem (R-curve approach) are to
be recommended, because these methods provide more information to tne designer. Apart from the failure
load, the latter methods predict the behaviour of a stiffened panel with increasing load, including the
crack arrest capabilities, as a function of crack length.

Panel Cm Sul PL Ag-st An-st W t 2ao Sg Sg %
N2M (mm 2 ) (mm) mAnalysis) (Test) L .,f,-No. (mm-½A) (MPa) (NIPS (aMM) Irm)(a)(a rm Ma Ma

(mmm " (MPa) (MPa)_

1 0.129 485.87 394.24 1855.16 1586.45 891.54 2.54 171.96 260.47 237.32 9.76
SEE FIG.2 I

2 0.129 482.63 424.03 1565.80 1043.87 684.28 2.54 228.60 219.61 212.08 3.55

sEE FIG. 3 _____
0.129 485.87 394.24 51E 74 515.74 323.60 2.54 203.20 220.49 175.75

TABLE 1: CORRELATION OF ANALYSIS AND TEST FOR NARROW PANELS (1 ksi = 6.8947 MPa)

TYPICAL STRINGER BONDED WITH 4.57 t
AF-30 PLUS 2-ROWS OF 3.97 MM DIA 31 04
RIVETS AT 31.75 MM PITCH.

53.3-1ý t REAR
FRONT SPAR
SPAR 'I

139.7 128.0 130.6 129.5 131.1 119.38 139.7 130.1

FIGURE 1: SCHEMATIC VIEW OF WING BOTTOM SURFACE (ALL DIMENSIONS IN MILLIMETERS)

I.
,,,,,



PANEL 1 4
1 ? 2 .54 3 1i 8 .9 8 8 5. 9 8 1 5 7

SAW CUT BROKEN

SKIN: 2024-T3 Aluminum Clad
SU - 485.87 MPa (Coupon'Test Results) r.53.34-. 3.18

STRINGER:-2024-T4 Aluminum Extrusion
2-Rowsof4.76mm Dia. Rivets at 31.75 mm t
for Stringer 3 and 4; All other stringers 30.48
similar but 3.97 mm dia. Rivets 4.54.57
Pl- 394.24 MPa (Coupon Test Results)

FIGURE 2: DETAILS OF THE NARROW 7-STRINGER PANEL (ALL DIMENSIONS IN MILLIMETERS)

PANEL 2 BROKEN SAW CUT

124

T 127-iIZLI27 2 17 -2

SKIN: - 2024-T3 Aluminum clad j..._.3 3.18
Su- 482.63 MPa (Coupon Test Results) W T

STR'INGE _:.,4,T4 Aluminum Extrusion - 31.5
Bonded with FM123-2 Glue; In addition 3.18
2 row of 3.97 mm dia. rivets at 31.75 mm
pitch
PL 424 MPa (Coupon Test Results)

FIGURE 3: DETAILS OF THE NARROW 6.STRINGER PANEL (ALL DIMENSIONS IN MILLIMETERS?

SAW CUT

161.8 11.8 -44.2--

3 13.. Z .7ý 
- 131,-I .8

1011.6+101.8 6aýj

SKIN: _ 2024.-r3 Alum~num Clad
STRINGER:_ 2024-T4 Aluminum Extrusion

2 rows of 3.97 mm dia. rivets at 31.75 mm
pitch

NOTE. Skin & stringer properl~es were assumed to be
%am as that of panel of Figure 2 for analysis.

FIGURE 4: DETAILS OF NARROW 2-STRINGER PANEL (ALL DIMENSIONS IN MILLIMETERS)



FIGURE 5 FAILURE OF 6-STRINGER PANEL DURING RESIDUAL STRENGTH TEST I

1/

FIGURE 6 FAILURE OF 2-STRINGER PANEL DURING RESIDUAL STRENGTH TEST



EZmNuZ PWmO0m 3.3.3.6

RESIDUJAL STREWTH O BONDED PANH.S WITS 2024-T3 SKIN AND 7075-T73 OR 20W13 ST

H. Vlieger

National Aerospace Laboratory NLU
Anthony Pokker-eg 2, 1059 CM Amsterdam

The Netherlands

1. STA•KE21T OF THE PROBLE

During the predeasign stage of a new aircraft some residual strength teast were carried out on lower
wing panels consisting of 2024-T3 skin and 7075-T73 stiffeners. The stiffeners were bonded to the skin.
Two bonding materials were investigated, viz. Redux and FM 123/5. More details about the structural deeign
are presented in Figure 1. To avoid an expensi-e clamping arrangement in connection with the preveniu.on
of initial bhnding, the actual configuration was idealized to a configuration with bonded stiip stiffen-
ere having approximately the same cross-sectional area. Owing to this investigation being performed
primarily to study the behaviour of the bonding layer (and particularly the possible occurrence of debonding
of such heavy-aized cracked panels) this idealization was considered to be allowable because ouch
idealization is conservative with respect to the load transfer via the adhesive layer, i.e. the load
transfer may be expected to be greater than that in the actual structure. The teasts showed in a few cases
that some small-scale debonding of the sheet-stiffener connection occurred in the region of the crack.
Further, the panels proved to be skin-critical, i.e. fracture instability in the panels was induced by
failure of the cracked skin.
Because the panels were skin-critical it was a point of interest to investigate whether and by how much
the residual strength of this panel configuration would degrade if the stiffeners were made from 2024-T3
instead of 7075-T73 (in view of a possible improvement of the fatigue properties when using 2024-T3).
This point has been studied analytically using a computer programme that allow determination of sheet-
stiffener interaction in -.;acked panels with bonded stiffeners (1] . In doing so the following procedure
was applied. Firstly, the residual strength waa calculated for the panel configuration with 2024-T3 skin
and 7075-773 stiffeners. These computational results were compared with the test results to see whether
the bonding connection was modelled properly. After that, using the same stiffener-bonding layer
idealization computations were carried out for the panel configuration with 2024-T3 skin and stiffeners.
The present example gives the results of the computations and the analysis-test correlation.

2. KMOD OF ANAL7S1S

2.1 Prerequisites

The analysis in based on the stress intensity factor approach, as applied to ductile materials. The
principles of this method are discussed in section 3.3.1.1 (d) of this chapter. It was found that a
residual strength prediction for stiffened panels with a ductile skin material like 2024-T3 rsquires the
following data:
(i) a relation between the critical stress, act and the effective crack length, aeff - me + rp, of the

unstiffened panel.
(ii) curves of K - const. of the stiffened panel in a plot of stresses versus crack lengths.

(i) Residual strength data of the unstiffened panel (a. versus a.) are shown in the upper half of
Figure 3. The test data appear To obey the net section y'eld failure critoric (from coupon tcata on the
skin material a.ld - 318 NPa was found, while the panel width equals 370 Mi). From the net section
yield line, lab led @ in Figure 3, relations between a. and aeff were determined (see curvislabelled
and (D in upper half of Figure 3) for two well-kno~ur plastic zone correction factors, rp, viz. that of
Irwin 2

and Dugdale (

)t (2)

In equations (1) and (2) the stress intensity factor, K, has also to be expressed in termso aeff to
allow an elastic analysis (see section 3.3.1.1 (d) of this chapter). This implies that for a certain stress
level the r.-valuea have to be determin~d by an iterative procedure, starting with the cc and ac values
given by the net section yield line.

*(ii) To datermine the K - const. curves of the stiffened panel, the in-house developed analytical programme
BOMD was used Ll] . This programe computes the sheet-stiffener interaction for cracked panels with bonded
stiffeners as a function of the panel end stress, a, and accounts for yielding of stiffeners and bonding
material. The elastic and plastib extensional and shear stiffnesses of stiffener and adhesive are incorp-
orated in the programme by usirg linearized versions of the o-c and " diagramsof stiffener and adhesive
respectively.
To compute the sheet-stiffener Interaction for the present panel configuration the stiffener and bonding
lasyr were idealized as shown in Figure 2. Eaoh stiffener was divided widthwiase in three strips and each
strip was imagined to be connected to the sheet at "n" points each side of the crack line. The number of
elements and the length of each element was adjusted to the expected stress gradient in the stiffenar. For
the present problem "n" was chosen to be equal to 9. The element lengths are given in Figure 2. The load
transferred by each element war assumed to be uniformly distributed over the element (see Figure 2).The computation procedure operates broadly as follows. The programse starts for a certain crack length and
a panel end stress a equal to unity with the computation of the interacting forces on each element based
on sheet-stiffener compatibility at the element enda.Using the calculated element loads the street intensity

/
/
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fanctor and the maximum load are determindct. At the termination of this first step the panel stress level
is dctermined at which yielding of a stiffener or bonding element will start anywhere in the structure.
That stress level is used ae the c--value for the second stpp. After the second step the panel stress is
increased with predetermined stress increments after having modified the stiffness of the stiffener or
bonding element that started to yield. After each increment the stress intensity factor and the maximum
stiffener load are determined. The procedure of increasing stresa, checking whether other elements start
to yield andif so, modification of the relevant stiffness, is continued until a predetermined stress
level is reached.
By applying this cal ulation procedure for a number of crack lengths the stress intensity factor (correct-
ed for yielding of stiffener and bonding layer) can be found as a function of panel stress and crack
length. In this m-ner the K - const. curves, plotted in the lower half of Figure 3, were found for the
panel configuration with a 2024-T3 skin and 7075-T73 stiffeners. In this case all the stiffeners were
intact.

2.2 Computation of stiffened-skin curve

The computation of the stiffened-skin curve (ca versus ac) is illustrated in Fig-re 3 for a panel
configuration with five intact +Iffeners containing an effective crack length aeff - 75 mm. The failure
stress levels of the unstiffened sheet corresponding with this crack length are given in the upper half
of Pigure 3 by points A and B for the Inwin and Dugdale plastic zone corrections, respectively. Using the
K and the rp -values belonging to these points (see Table 1) and plotting those in the lower half of
Figure 3, a point on the stiffened skin curve (cc versus ac) will be found. By applying this procedure
for a number of aeff values (see Table 1) the stiffened-skin curves labelled ( and 0 in Figure 3 will
be obtained.
In the same way the stiffened-skin curve of the same panel configuration but with a broken central
stiffener was obtained. The results are shown in Figure 4.

3. TEUT-ANAL73IS CORRIELAKON

A comparison of the computational results with residual strength test data is shown in Figures 5
and 6. Concerning the tests it has to be remarked that the plotted crack lengths at panel failure are
rather doubtful. During the final p-rt of the test, just before panel failure, the panels showed a large
amount of stable crack growth at approximately the same stress level.
Comparing the analyticel results with the tes+ data it can be concluded that the predictions according to
both the Irwin and Dugdale approaches agree fairly well with the test recults. The predicted residual
strength values as given by the top of the respective curves are within 10 % accura(y. Apparently the
behaviour during stable crack gromth of the panels with a broken central stiffener is best predicted by
the Dugdale corrected curve (see panel 3 in Figure 6).

4. PREICTION MF RESIDUAL STRENGTH FOR 2024-T3 PA!EL

Applying the same procedure as described in section 2 the stiffened-sheet curves were determined for
the same panel configuration but now provided with 2024-T3 stiffeners instead of 7075-T73. In doing so,
only the Irwin plastic zone correction was considered. The computational results are shown in Figures 7
and 8 for panels with intact and broken central stiffeners together with the results of the panels with
7075-T73 stiffeners. The residual strength appears to be reduced by approximately 17 % when changing from
7075-T73 to 2024-T3 stiffeners. Further, it can be noted that in considering the shape of the stiffened-
sheet curves for half-crack lengths of the order of the stiffener pitch the panels with 2024-T3 stiffeners
show a less pronounced rise in the curve than those with 7075-T73 stiffeners. In fact, for the 202d-T3
panels with intact stiffeners (see Figure 7) there is only a horizontal part in the stiffened-sheet curves
instead of a rise. This implies that these panels will not show crack arrest properties (see section
3.3.1.1 (b) of this chapter).

5. CONCLUSIONS

(i) The residual strength properties of panels with ductile skin materials like 2024 can be predicted
with sufficient accuracy using the stress intensity factor approach (see section 3.3.1.1 of this chapter).

(ii) For the present panel configuration the residual strength was reduced by approximately 17 % when using
,024-T3 stiffeners instead of 7075-T73 stiffeners. This reduction was independent of the condition of
the central stiffener (intact or broken).

(iii) The crack arrest properties of panels with 2024-T3 stiffeners are inferior compared to those of panels
with 7075-T73 stiffeners.

6. R ER

1. Vlieg-r, H., "WOD, a computer programme for the prediction of residual strength of cracked panels
with bonded stiffeners", NLR report to be published shortly.
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ACTUAL DESIGN MEALIZATIOI

20

4
35 13

0 ,-4 B

STIFFENER MATERIAL. 7075-T 73
SKIN MATERIAL: 2024.T 3
STIFFENER SPACING: 70 m

BONDING MATERIAL: REDUX AND FM 123/5

FIGURE I STIFFENED PANEL CONFIGURATION. DIHENSIONS IN mm

SHEET THICKNESS: 5 mm
a SHEET MATERIAL: 2024.T 3

- .--. STIFFENER MATERIAL. 7075-T 73 OR 2024-T 3
STIFFENING RATIO: 0.5
STIFFENER SPACING: 70

¢__kALK•

•,/ •EL EMENT N40.

C ONNECTION POINTS

IDEALIZATION OF BONDING CONNECTION• J

[ELEMENT ELEMENT yi ADHESIVE LAYER
NO. LENGTH (m)

1 5 5 P
2 5 10

3 5 15.0
4 5 2G SG
5 10 30 SHEET
6 I0 40
7 20 60
8 40 100

FIGURE 2 .STIFFENER AND BONDING LAYER IDEALIZATION JI

........ W -lwo ........ I



0t OF PANEL

CURVE ir MET SECTION YIELD LINE, ac - orw (I L
oe(M Pe) CURVE b: MET SECTION YIELD LINE CORRECTED

FOR IRWIN PLASTIC ZONE SIZE, ' P SEE POINT C
CURVE c: DITTO, CORRECTED FOR DUGOALE 11

250 TEST DATA----_ 0  PA ~MR mrA 2 .u-

t0 20 30 40 so 60 so t0 9 oo

K.m 155 P VI.
SRING DOOW4

qOF PANEL 135 KA, #11A AND Kiprp

'iCM Pe)

400

STIFFEWNR'! M07-11 73

330

10 20 30 40 so 60 70 a0 1*$ 116i

FIGURE CALCULATION PROCMURE Of STIPFEN0 -SHE~ET CURVES (CURVES b* AND e*) FROM W4STIFPINED PANEL
DATA (SEE AL$O TABLE 1) FOR A PANEL WI1145 INTACT STRIP $7IFFENES



Irvin plaslo @on oorrotion Ddalo plastio some corroatiot

fromJ from

uppe *&of 2 upper off

am, alf Z-0 Zc -24fr hal K-0 W- r- a.I
at 'yield of "ye

*a 00(Xpa) op, V,.) (-) (- (we V,. (-) (m)

30 2M 90 12.71 17.29 295 92 16.45 13.55
55 258 11i 20.27 34.73 271 119 27.59 27.41
65 246 120 22.83 42.17 261 128 31.59 33.41
75 232 126 24.82 50.18 252 136 35.98 39.0
85 218 130 26.40 58.40 242 144 40.27 44.73

95 203 133 27.97 67.03 233 153 45.26 49.74
110 177 135 28.65 81.35 218 166 53.61 56-.3

NI1 "Yiel,t, 318 MWs (2024-03)

V - 370 m

TALE I CALCUIATIO VALUES OF K ANDt0 FOR TWO PLASTIC ZONE CORRECTIONS

SOf PANEL

CURVE b* IRWIN PLASTIC ZONE CORRECT IONBL
4100 CURVE¢" DUGO0.E PLASTIC ZONE CORRECTION

330 STIFFENER: M.75 T n

300

235

IO 20 30 0 so 60 70 0 s 0 1,0

FIGURE 4 CALCULATION OF SI'FEMEDO.SEET CURVES (CURV1S b* AMD c*) FOR T1E' PANEL C(UIGURATION

OP FIGURE 2 OUT NOW WITM A 9ROI(EN CENTRI.L STIFFENER ($If ALSO TAAL[ 1)



w(PA Pv) tOFPNLIRWIN PLASTIC ZONE CORRECTION

OUGOALE PLASTIC ZONE CORRECTION

450

STIFFENERS. -05T 7
ADHESIVE: REOUX

% SEE FURTHER FIGURE I

STIFFENED- SHEET

~~~~~~~~~~~~~~~~FFIGURE 3 ETAA.SSCREAINFRPNLWT NATSIFNR

3m OAN PLE IRI PANLASI ZO CRETO L

RUOAEPASTICDUAL CRPCT

2N STRENGTH O7ST7
TESTSVE ROU

10 20 30 40 30 0 70 0 9 10

FIGURE 5 TEST-AN'ALYSIS CORRELATION FOR PANEL WITH IRNTACETRA STIFFENERS



OF PANEL

69A Ps)NOTE: CURVES ARE BASED ON IRWIN PLASTIC ZONE CORRECTION

STIFFENERS. 7075-.T 73 ON

- I 20201T 3

12024.T 3 SKIMN.7075T 73 STIFFENERS

10 20 3 40 so 60 70 so P 10-0

7W5.T 77 STIFFENERS. ALL STIFFENERS ARE INTACT

0OF PANEL

OVAPS)NOTE: CURVES ARE BASED ON IRWIN PLASTIC ZONE CORRCTON

390 5E1#4: M04 -T 3
STIFFENERS: 7075 T 73 OR

2=-T 3

20,2U4T 3 SKIN*?P5.T ?3 STIFFENERS
Z!F"CIES 4AND 6)

2M4 -024T 3 SKIN AND ST IFFENHIERS

S 0 0so40 5 60 70 o 99 100

FIGUE I CONIPARISON OP RESIOUN. MMTREG OP PANELS WITH 2024. T 3 SKIN MOD 2024-T OR
7075T73 STIFF ENERS. CENTRAL STIFFENER IS BROKEN



EXAMUP PROMLN 3.3.3.7

RInSUAL STREm c RIVEm PAIz WITH 7075-T6 OR 2024 SKINS AND 7075-T6 STIFFIK6

H. VMaeger

National Aerospace Laboratory NLR
Anthony ?okkerweg 2. 1059 CM Amsterdam

The Netherlands

1. STATEMT CF TH PROMX

Residual strength calculations were carried out for centre-cracked panels with 2024-T3 or 7075-T6
skins cf 2 mae thickness and provided with Z-stiffenera of 7075-T6. The stiffeners were riveted to the akin.
More details about the structural configuration are given in Figure 1.
The panels contained skin cracks extending across the panel central stiffener. The cracks were symmetrical
with regard to the stiffener rivet line and passed through rivet holes.
The residual strength calculations are compared with test data published earlier [ll

2. ETHOD OF ANALYSIS

The analyeii applied is based on the stress intensity factor approach. The principles of this method
as appliod to stiffened panels are discussed in detail in sections 3.3.1.1 (b),(c) and (d) of this chapter.
The panels with a 2024-T3 skin require a special treatment. This point is discussed comprehensively in
section 2 of example problem 3.3.3.6.
The analysis requires the residual strength properties (ac versus ac) of the unstiffened skin materials
(2024-T3 and 7075-T6). These data can be found in Figure 7 of this chapter for a panel width of 300 ma.
The 2024-T3 residual strength data are on the net section yield line (0yield - 357 Mea), while the 7075-T6
data are on a Kc - 67 Ma V'm curve.
To allow an elastic analysis for the 2024-T3 material (see section 3.3.1.1(d) of this chapter), a relation
between a and aeff (- ac + rpo where r is a plastic zone correction) was determined using the Irwin and
Dugdale pnsetic zone corrections. From •hece relationships values of K and rp were determined. The results
are presented in Table 1. The required K - const. curves in a stress versus crack length plot were found
by using the analytical computer prograzmme ARREST (2J , which enables the computation of the sheet-
stiffener interaction coefficients C and L as functions of streas and crack length for panels with
riveted otiffeners, taking into account the yielding of rivets and stiffeners. Prom the sti-ess intensity
correction factors, C, curves of K - const. in a stress versus crack length plot were determined. A set
of these curves is plotted in Figure 2. Using these curves together with the X and r values presented in
Table 1 the stiffened-sheet curves of the 2024-T3 skin can be found (see section 2.3 of example problem
3.3.5.6). These curves are plotted in Figures 2 and 3 of the present example (labelled @ and •).
The stiffened-sheet curve of 7075-T76 can be found directly because for this material K is not a function
of crack length (at least not for a certain range of crack lengths, see section 3.3.1.1(a) of this chapter).
The stiffened-sheet curve of 7075-T6, i.e. K - 67 XPa V-m (- Kc of unatiffened 7075-T6 material), is
plotted in Figure 4.
From the load concentration factors, L, the stiffener failure curves were determined assuming that failure
occurs when the maximum stiffener strain attains the failure strain of the stiffener material. The stiffener
failure curves of the 7075-T6 stiffeners are also plotted in Figures 3 and 4.
The calculations showed that for stress-crack length combinations corresponding with the region under +hs
stiffener failure curves none of the rivets reached the maximum allowable rivet load. This meant that with
respect to residual strength prediction the possibility of rivet failure can be ruled out for these
configurati ons.

3. TST-ANALTSIS CORRELATION

The residual strengths for the panels with 2024-T3 and 7075-T6 skin are given in Figures 3 and 4
respectively. Also given in these figures are residual strength test data for panels of the same configura-
tion (1] . For those panels that showed unstable crack growth followed by crack arrest the crack-tips were
arrested in rivet holes of the adjacent stiffeners. With Increasing external load the crack tips remained
in the rivet holes until final panel failure. For this reason a vertical line has been drawn at a half
crack length equal to the stiffener pitch plus hslf the rivet diameter. The intersection of this vertical
line with the central stiffener failure curve (point B in Figures 3 and 4) was taken as the predicted
panel failure stress. In other words, it was assumed that the arrested crack tips would remain in the
rivet holes until failure of the central stiffener led to total panel failure. Without this assumption
any poirt on the vortical line between A and B (see Figures 3 -nd 4) could have been taken as the panel
failure stress, because (1) crack re-initiation from the rivet holes would imm diately lead to panel
failure (see shape of stiffened-sheet curve for crack lengths larger than a + ; d) and (2) a criterion
for crack re-initiation after crack arrest is not available. The assumption that the panel* were stiffener-
critical in justified by the fact that all panels that showed crack arrest failed at approximately the
same stress level, irrespective of the choice of skin material.
Compari÷ig the analytical results with the test data, it can be concluded that the failure @tresses were
predicted within 5 % accuracy for both panel configurations. Because the investigated panel configurations
appeared to be atiffener-critical, this result does not give an estimate of the accuracy of the predicted
stiffened-sheet curves. Hr.wever, considerinig thýi str:oses and crack lengths at which unstable crack growth
occurred (see Figures 3 and 4) it cam be concluded that the observed instability points are all fai-ly
close to the calculated curves.

4. COCLt/•031

Ci) The residual strength of panels with a 7015-T6 or 2024-T3 skin and provided with riveted stifferere
can be predicted with sufficient accuracy using the stress intensity factor approach (see section
3.3.1.1 of this chapter).

- A'.MI.aS4. ,i.-..4.l..,.SSad~MA



(ii) The stress levels at which unstable crack growth in 7075-46 md 20243 Wn occurs are

predicted fairly well with the same approach.

1. Vlieger, H., "Residual strength data of riveted panels with different stiffener configuratio.-=,
MLB report 72 76033 U (1976).

2. Vlieer, K., Sanderse, A., "User's Xanual of AMWT, & cowputer routine for predction of
residual strength of cracked -stiffened panels", Z2 report 7R 75129 U (1975).
Issue 2 of this report is being prepared.

PANEL

2 XI

SKIN MATERIAL: 2024-T 3 OR 7075-T 6 (SEE FIGURE 7 OF THIS CHAPTER FOR RESIDUAL STRENGTH PROPERTIES)
STIFFENER MATERIAL: 7075-T 6 (&Iemd465 M Pe, vtm5 35 M Pe)
STIFFENER SPACING: 60 .
RIVETS: dJdJ am, PROTRUDING HEAD
RIVETS SPACING. 20 am

PANEL WIDTH: 300

FIGURE 1 STIFFENED PANEL CONFIGURATION. DIMENSIONS IN..
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Irwin plastic zone correction Dugdale plastic rone correction

1~f K ta i
(in) C0s P~V~/e 2n af K old 2 f Pc c r- K

O a) (XP&V- (, f f NP 0; ,4 (=i .)(m

30 315 99 12.27 17.73 323 102 15.87 14.13

45 289 115 16.54 28.46 302 120 22.28 22.72

57.5 267 125 19.50 38.00 285 133 27.42 3C.08
62.4 258 128 20.51 41.89 279 139 29.59 32.81

67.5 248 131 21.41 46.09 272 144 31.T7 35.72

70 243 132 21.81 48.19 269 146 32.85 37.15
85 212 138 23.80 61.20 248 162 40.19 44.81

OT ield 357 IPs, W 300 mm

TABLE I CALCULATED VALUES OF K AND rp FOR 2024-T 3 SKIN MATERIAL FOR TWO PLASTIC ZONE CORRECTIONS

Q) CURVE WITH IRWIN PLASTIC ZONE CORRECTION SEE TABLE I
Q CURVE WITH DUCOALE PLASTIC ZONE CORRECTION

K 155 M Ps Va

aC Pe) 135

ENTER WITH K
450 ANO rp FROM TABLE 1

FOR %#f 70 -.

S• 2 1 0 1 2

350 102 012

, , SKIN MATERIAL: 2024-T 3
rp SEE FURTHER = IGI)RE 1

300 -7

250

L10 20 30 40 50 60 10 =- 90 100 110

emsm-0

FIGURE 2 CALCUL.ATION Of STIr FENED-SHEET CURVES (CURVES e AND b) FROM UNSTIFFENED PANEL DATA (SEE TABLE 1)
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O.,F PANEL TEST RESULTS:
.(M P- UNSTABLE CRACK GROWTH

o~m P) ýCjL Irr ro CRACK ARR';ST IN RIVET NOLJE
*TOTAL PANEL FAILURE

SKINMATRIA: 22440 PREDICTED RESIDUAL STRENGTH'

STIFFENER MATERIAL: 7075-T 6
SEE FURTHER FIGURE 1

300

250 STIFFENED-SHEET
CURVES a AND h

OF FIGURE 2

1200

10 20 30 40 50 601 70
1U14 . (on

FIGURE 3 RESIDUAL STRENGTH DIAGRAM OF PANELS WITH 2024-T 3 SKIN AND 7075-T 6 STIFFENERS

TEST RESULTS:
CL OF PANE UNSTABLE CRACK GRQ)WTH

OFPAE 0 CRACK ARREST IN RIVET HOLE

a ( PC r Irr r0 TOTAL PANEL FAILURE

45 SKIN 1
STIFENER MATERIAL: 7075.T 6, SEE FURTHER FIG. 1

CENTRAL STIFFENER FAILURE

350

250

200 
A

150a

*us.%d a~ow
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3.4 FATIGUE CRACK PROPAG'TION (D. ROELK)

3.4.1 Fatigue crack propagation in built-up skin-stringer structures

3.4.1.1 Introduction

As in the case of all structures and components, the damage tolerance analysis of skin-
stringer combinations consists of three parts, viz. (1) the stress-intensity analysis, (2) the residual
strength analysis, and (3) the crack-growth analysis. The unique residual strength characteristics of
skin-stringer combinations are the justification for devoting an entire chapter of this handbook to this
type of structure. By the sane token, the larger part of Chapter 3 is devoted to the analysis of these
unique residual strength properties and to the derivation of the stress intensity. Fatigue-crack growth
behaviour of skin-stringer combinations lacks this uniqueness and can be dealt with in relatively short
space. Some of the difficulties encountered in crack-growth analysis of built-up structures are associated
with the presence of holes. These difficulties are reviewed in the chapter on fastened joints (Chapter 4)1
they will not be discussed here.
After determination of the stress intensity as a function of crack size, fatigue-crack-growth analysis
is performed by a numerical integration of da/dN-AK data. The problems germane to this integration, such
as retardation, integration routines, data variability, and crack-tip similitude requirements, will not
be discussed here, because they are not different to crack-growth analysis of any other type of structure.
Remaining problems are generally associated with damage development assumption. These will be the subject
of this section.

3.4.1.2 The crack propagation curve

In previous sections, it was shown that the stress intensity is strongly affected by nearby
broken or intact stringers. Clearly, this will be reflected in the crack-propagation curve as is illustrated
in Figure 16. Complete arrest of a fatigue crack at a stringer should not be anticipated. A fast running
crack can be arrested there if the stress intensity drops below the critical value. This is a go-no-go
situation, which does not exist in fatigue. If the crack approaches an intact stringer, the stress intensity
decreases which merely results in a deceleration of fatigue-crack growth (Figure 16b).Of course, this will
automatically follow from the crack-growth integration and it presents no particular difficulty.
Naturally, in the case of decreasing stress intensity some retardation may occur. The decrease in stress
intensity is slow, however, and retardation will likely be negligible. Moreover, if a retardation model
is used durirg integration any retardation resulting from the stress intensity decrease will be automatic-
ally accounted for.
In the case of a broken stringer, the stress intensity will be increased and a higher crack-growth rate
will result (Figure 16o).
It was shown in the foregoing sections that a proper residual strength analysis requires that fastener
plasticity and stringer plasticity have to be accounted for in the calculation of the stress intensity.
Usually, fatigue-crack propagation will take place at stresses substantially below the residual strength
level. Consequently, these plasticity effects play only a minor role and the stress intensity for the
crack-growth analysis can be determined from simple elastic K-analysis. One complication arises here.
During some of the higher fatigue lods in the spectrum some plasticity may occur in the high load-transfer
fasteners. This means that load transfer during subsequent cycling may be shifted somewhat to more remote
fasteners, which may increase the stress-intensity factor. Hence, the stress-intensity factor becomes
history dependent. Since it is not known in advance when these higher loads occur in actual service, it
is difficult to account for this effect. The consequence is that crack-growth predictions that ignore this
effect will tend to be unconservative.
When a crack reaches a stringer, it may run into a fastener hole. In the chapter on joints, it is shown
that cracks running into holes in general do not show a longer crack growth life, because the reinitiation
period is offset by increased growth rates when the crack approaches the hole and by the increased damage
size due to the hole. Experimental data supporting this are provided in Reference [174] and an example is
shown in Figure 17. Therefore, it seems prudent not to count on any beneficial effects. In this respect,
the USAF airplane damage tolerance requirements of M1'0-A-83444 can be considered realistic in that they
assume continuing damage at the other side of the hole.

3.4.1.3 Damage development assumptions

The most obvious, and also most dangerous damage assumption is that of continuous crack growth
in the skin. It is very likely that an undetected service crack will show discontinuous growth at some
point close to the minimum in the skin-crack propagation curve. This is illustrated in Figure 18.
Although the residual strength of the stiffened skir is generally as high as limit load, unstable crack
growth can occur at much lower loads. When the crack remains undetected until a size at which the minimum
in the skin crack propagation curve is reached, unstable crack growth can occur at loads encountered quite
often during normal operation. Of course, arrest will occur (A to B in upper half of Figure 18), but at
the expense of a much shorter crack growth life.
It cannot be anticipated whether instabilities will occur; or what the magnitude of these instabilities
would be (C-D would be more serious, but less likely because of the higher required load, than A-B).
Obviously, dangerously unconservative crack growth lives are obtained if continuous crack growth is
assumed. Note that the absence of instabilities in a full-scale flight-by-flight test is no guarantee
that they will not occur in service, since they depenu upon the load history and upon whether high loads
occur at smaller or larger damage sizes.
More complex damage development assumptions may be necessary at a crack initiatirg at a stringer. No general
rules can be given here, but the problem may be illustrated by a particular example shown in Figure 19.
The problem is one of cracking of a frame, frame tie clip, crack arrester strip, and skin. The cracking
sequence is not known in advance, nor is it known. what the initiation times in the other components will
be, once the first component cracks. Therefore, it seems prudent to conduct the analysis with assumed
initial damage in the uncracked components. Formally, it would then be possible to oalculate how stress-
intensity factors vary in the relevant components and t,, assess the development of the damage.
Obviously, any assumption on damage development in a complex case as in Figure 19 is arbitrary. It might
ba necessary to analyze which assumptions would lead to the shortest crack-growth life. Since this would
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be a monumental task, it is more practical to rely on damage development observed in the full scale or
omponent tests and on engineering judgement.
An attempt has bcon made to illustrate the complexity of cracni-growth analysis in skin-stringer combinations.
The oonclusion that can be drawn from theme examples is that unconservative predictions are likely when
too simple assumptions are made. Some interesting results of tests with different damage development are
given in Reference (182]

3.4.1.4 Integral Panels

Crack growth in integrally stiffened panels is somewhat easier to deal with. Also in this case,
damage development assumptions are the major problem. A crack in the skin is usually assumed to be semi-
circular, as a matter of convenience. Clearly, elliptical crack3 with high aspect ratio would exhibit
oonsiderably faster growth.
The main damage development problem is encountered when considering cracrs at the fasteners of the
longitudinal splices between planks. This problem, however, is no different from that encountered in built-
up structures. No general rules can be given and the analysis has to 't based on natural damage development
observed in tests and upon sound engi ejring judgement.

3.4.2 Application of fracture mechanics principles to real structures

(a) Information available from literature (see section 3.5)

In the literature a large number of examples can be found which illus':rate the application of fracture
mechanics principles to crack propagation predictions for real structi res. These applications either deal
with actual designs or are more general in nature. Applications to cas& studies are also available.
Without intending to give the impression of completeness, a list of relevant references is given here:
(a.I) Applications to actual designo or projects

Anderson, hu, Kelluck 172J
Anon. 174-176)
Barroie 164
Casalegno 170
Conley, Sayer 169
Crichlow, Wells 119
Uvall, Brussat, Liu, Creager 145

G~kgMl 171
Heath, Nicholls, Kirkby 147
Hedrick, Wehle, Bell 161
Impelliuseri 160
raplan, Reiman 167
Lalli, Sergio 158
L~ehmann 162
McHenry, Henley 163
Varnane, Stronge, Davenport 166
Nelson, Nelcon, Simons 159)
Sang& 1441
Stone, Swift 68J
Swift 39 65,671
Thrall 1561
Troughton, "ctar 1574Tbor r85J
Various authors 168J

Wood 1653
(a.2) General studies

Anderson, Chu, McGee 178]
Cartwright, Dowrick 411
Heller, Liu, Swift 177
Hunt, Denke, ide s150
Poe 46]
Salvetti et al. 32-38]
Schwaxmann 82,83]
Schwarmann, Bauer 154 179)
Smith, Porter, Engstrom 1531
Sorensen 148]
Ratweni 61,62]
Vlieger 75 77 79J
Wang 12

(a.3) Case studies and textbooks
Rich, Cartwright (?&itore) E155I
Rolfe, Beasom 181

Willhas 1801

(b) Practical examples

A number of investigators closely concerned with the application of fracture mechanics to actual designs
were found willing to write up results of some of their recent crack propagation computations as examples
in this handbook. These examples are presented in this section. They were left as much as possible in their
original but edited form, to give full credit to the contributors. The way of presentation, the contents
and the conclusions are the responsibility of the contributors. Each example is followed by some concise
editýrial comments.
It has to be noted that the examples must be considered as self-contained texts, i.e. they have their own
numbering jystes of figure. and references.
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3X A MP L E P R O B L E M 3 .4 . 2 . 1

sTFFEu1D WING PANEL AT SPAR-PANEL JOINT

L. Casalegno
Aeritalia, Turin

Italy
(Literal)

1. STATEMENT OF THE PROBLEM

The wing panel considered (Figure 1) has integral stiffeners and is fastened to the U-shaped spar
with Hi- loks. The material of both the panel and the spar is 2024-T351. Two quarter-circular corner flaws
in a hole are considered, with an initial length of 2.5 me.

2. STRESS IVTEWSITT

The stress intensity was derived on the basis of the solution by Poe [1] for a cracked sheet with
riveted stringers. However, some important differences have to be taken into account, r-mely:

"* The spar is riveted, the stringers are integral
"* The stiffening ratio is different for the stringers to pancl and for the spar to panel details

"* The crack is not a central crack but tends to become an edge crack

"* The crack starts as a corner crack, not a through crack.

In this particular example, however, it is found that the tip of the critical crack cc is still close to
the spar, so that the integral stringers play no role. Also, it is believed that considering the crack as a
central crack in an infinite plate does not introduce a significant error. The spar area contributing to
the stiffening was assumed to be the U-leg plus half the web area; the resulting stiffening ratio
is 4 - 0.33. For this stiffening ratio Poe [1] gives the stress intensity as a function of the a/b (ratio
between crack size and stringer spacing), and with p/b as a parameter (p/b is the ratio between rivet
s7'acing and stringer spacing). The curve with p/b - 1/6 describes the reduction of the stress intensity
factor due to the spar presence, relative to an unstiffened panel. It was assumed that a corner crack is
equivalent to a through-crack by dividing its length by V (see [2] ), i.e.

a( a oh~eq . % 2c
In the range from ac.c . 2.5 to 7 mm (the through the thickness range of the corner crack, see Fig.l),

ths results in (a)eq. - 0.025 to 0.048 (see Fig.l) and the spar effect is on the average a 3 percentb

reduction in K [1] , which was conservatively ignored. The propagation of the corner crack to a
through-the-thickness crack can then be studied as a corner crack in a hole in an unstiffened plate,
using for example the Liu solution (2] . To study the propagation from 7 mm, the curve with p/b - 1/6 was
approximated by stepe with constant values of K in 1 intervals; these values were input to a crack

propagation computer program for centre cracks in unstiffened plates with the same correction "'actors, i.e.

-aa V~.a

3. RESULTS

A critical crack length of (2c c) anal > 140 ms and a life greater than 450 blocks (Figure 2) was
found for a panel stress a -. 187 N•- and F. - 2400 NMr-1"5. However, the overload in the spar and in
the fasteners due to the crack are also to be considered. The spar will fail when the stress reaches

au - 398 Nmm2
, (the material strength), so the maximum overload it can take is L - 398/187 - 2.13.

From Poe (1]. (-c - .68, i.e. cc - .68 x 140 - 95 mm, and (2cc)stiff.= 190 s. The critern for the

stiffener failure could be the yield strength instead of the tensile strength, because, for instance, of

possible aerodynamic consequences of appreciable deformations. In this case, L = a n

(2Cc) stiff. 9 5  .

The fastener's (• - 5.0 mm Hi-loks) strength is F - 12800 N, or, in terms of panel load,
F 12800

7bt - - 0.10. Assuming that this load has to be carried entirely by the rivet closest to the

crack, thi3 corresponds to ()c - 0.17 [1] , i.e. (2cc)fast. - 47.6 me.

So the fasteners are the weakest item in the design. The critical crack length is then 2c - 47.6 mmc

and the life (unretarded) to failure from an initial flaw of 2.5 sn is 350 blocks.

4. *• MNmCES

1. Poe, C.C.,"Stress intensity factor for a cracked sheet with riveted and uniformly spaced stringers",
NASA TR R--358, May 1971.

2. Liu, A.F.,"Stress intensity factor for a corner flaw", Engng. fract.mech., Vol.4 (1972), pp 175-179.

5. COMMENTARY

Practically everything discussed in Section 3.4.1 (Fatigue crack propagation in built-up skin-
stringer structures) of this chapter can be considered an commentary on this example.
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EXAMPLfl PROBLE( 3.4.2.2

CRACK PROPAGATION AND DECELRATION IN STFFEII PANELS

J.N. Thomas
S.N.I. A6roepatiale

Toulouse
France

(Literal)

1. STATMWT OF THE PROBLED(

The problem of crack propagation arises in the choice of design concepts of aircraft structures.
It is a fundamental problem for stiffened panels, where it directly affects inspection frequencies and
the means of crack detection used.
A comparative study has been made to measure the influence of integral or separate stiffeners and the
contribution of fail-safe strips or reinforcements. The calculations were made using the finite-element
method. Special crack tip elements directly provided the stress intensity factor. The crack propagation
curve was calculated using the Forman equation associated with a Wheeler retardation model. The same
constants were used in the Forman equation for all the comparative calculations, although in reality the
thick plate (integral panel) and thin plate (separate stiffener panel) had slightly different propagation
properties.
The panel matorial was AU2GN-T6 with a thickness of 2.2 mm in the pockets. The structure studied was a
panel stiffened with nine stiffeners at a pitch of 133 mm (see Figure 1). In all cases the centre
stiffener was assumed cracked, and the crack propagated on both sides of this stiffener.
The stiffener configurations studied are shown in Figure 2. In the case of separate stringers, the
attachment can be considered to be either infinitely rigid or of finite stiffness to account for the
fasteners. These two alternatives were both considered. In the case of rigid attacinent, a point in the
stiffener was rigidly coupled to a point in the skin in the finite element model. In the case of a
flezible coupling, the two corresponding points were coupled by two sets of hinged bars, one set in the
longitudinal, the other in the transverse direction.

2. RESULTS O' CMPDUTATIOM

The results are shown in the following figures:

Figure 3 - Comparison of propagation for separate strir.gers if the crack propagates between, or
through infinitely rigid attachments (arrest / the hole is not t,%ken into account).

Figure 4 - Comparison of propagation for separate stiffeners if the crack propagates through either
elastic or infirutely rigid attachments (arrest by the hole is not taken into account).

Figure 5 - Comparative study of an integrally stiffened panel under the same load spectrum.

A study was made of the effect of the introduction of titanium or AU4Gl fail-safe strips in the center of
the pockets of the integral panels, in order to slow down crack propagation. These strips were 4.5 mm
thick and 36 mm wide. The strips were connected to the sheet by means of adhesive bonding. The results
obtained are shown in Figures 6 and 7.
In the case of heavily loaded areas, or for repair schemes, one could envisage the addition of reinforcing
plates under which the crack would pass. Two types of reinforcements were considered, viz., a very thick
local plate (to act as a crack stopper) or a thinner but larger plate (to slow down the crack propagation).
In both cases, the reinforcement was riveted to the skin. This calculation exercise was made with:

"* A 5.0 mm thick crack stopper fitted in the vicinity of the second stiffener (the centre stiffener
was already cut).

"• A 3.2 mm thick plate, joining.five stiffeners (with the centre stiffener cut) to slow down the
crack growth.

The various results are shown in Figures 8 and 9.

3. COMPARISON OF CALCULATIO1M WITH TST RESULTS

A comparison of calculations and test results was carried out for a 1.6 mm thick integrally machined
panel. The geometric characteristics of the panel are shown in Figure 10. The panel was subjected to
three different lond spectra. The results of the comparisons are shown in Figure 11.

4. CONCLUSIOX

In general the integral stiffener is more effective in slowing down the crack than the separate
stringer. For heavily loaded areas, the crack propagation can be limited by fail-safe strips or
reinforcing plates. The results are very beneficial, but these schemes are impractical as they are heavy
and costly.
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5. COII(UART

This is &I excellent example of the use of damage tolerance analysis to assess design alternatives.
Unfortunately, man examples deal with the problem of inspection and operational safety. For such
applications damage tolerance analysis is often discredited for its inaccuracy (since there is no other
way to get the desired answers, the objections are somewhat naive). However, the greatest strength of
dmage tolerance analysis is not in such applications, but in trade-off studies during design as in the
present example. Analytical trade-off studies for optimum dawage tolerance are much more economical than
component tests. With regard to skin-stringer combinations, the analytical tools developed by VMieger and
Swift provide an expeditious means for such trade-off studies.
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EXA PLE PROBIJR 3.4.2.3

CRACK PROPAGATION IN WING ST• GE•-SKIN PAEL

X. Bradley
British Aerospace

Nanchester Division
U.K.

(Literal)

1. STATUE1'P T!M PRODLEM

The results of crack propagation tests on stringer-skin panels El] were compared with theoretical
predictions made for the arme configuration. The panels represented the lower wing surface of a medium
transport aircraft in the region of the engine ribs, details of which are shown 

i
n Figure 1. The crack

sizes investigated were within the range 0.5 to 8.0 inches. The loading was of constant amplitude with
a ma•w stress of 8800 psi and en alternating stress of + 4000 psi. The skin matehal was L72 (2014-T3)1
the stringer material was L65 (2014-•6). "lT

2. ANALYSIS

The stress-intensity solution emploý.d was that by Poe [2] for a stiffener-skin combination with all
stiffener* intact. The solution is based on an elastic analysis which does not account for stiffener
attachment flexibility and stiffener offset. The solution assumes a crack in an infinite sheet with an
array of equally spaced identical stiffeners. The crack is positioned symmetrically either at midbay or
across a stiffener. In addition, a correction was included, item 1.1.1 of Reference[3], to allow for the
panel's finite size, since the solution is for an infinite panel. To utilize the Poe solution, the
structure was idealized an follows.
For the predictiens relating to tip A, the solution for a crack originating at a stiffener was utilized
(Figure 2).

where o - gross stress, e /, ° stringer is a function of b and p/b and f/K, is the finite width
correction.
For the predictions relating to tip B, the solution for a cr&ck originating at midbay was utilized
(Figure 3).

K " a• Vrm('o nid a /)( o Pw

"where / id is a function of a/b and p/b.

The baseline propagation data used were obtained from ReferenceC4]. Basically, the predictive calculations
consisted of determining the stress intensity at the tip under consideration from the approach outlined
above and then obtaining the corresponding propagation rate from the baseline data. Plots of ds/dN as a
function of crack size were made for both the predicted and test data.

3. RISULS

Comparison of the test results with the predictions show that on average the latter are low by a
factor of 3. The results are shown in Figure 4 and 5, where a factor of 3 in applied to the predictio:n.
The discrepancy can be attributed to either scatter between the test panel material and material used for
the generation of baseline data, or to the solution not adequately aodelling the configuration, or a
combination of both. Failure to cater for stiffener attachment flexibility and stiffener offset in the
solution, both lead to undereetimations of the stress intensity (5] , which in turn would yield the low
prediutions of prmagation rates. The rate data used were based on the mean of the data, thus this also
could contribute to the error. The predicted curves are drawn for clarity with a factor of 3. It can be
seen that with the exception of the final portion of the curves, the correlation between the two is quite
reasonable. The divergence over the final portion is probably due to errors arising from the difficulty
in determining rates from the curves of cycles against crack size, at the end of the test.
A program was written for integration of the rate data. For reasons of expediency both crack tips were
aesmed to grow as the one under the most aes -- • conditions. Crack propagation curves so obtained are
shown in Figures 6 and 7. A conservative result would be ensured if an additional factor is taken to
cover scatter.
Note - the divergence between predicted and experimental curves beyond W - 10,000 cycles is believed to be
due to unequal growth at the two crack tips.

4. APPLICATION

The method was applied to the engine rib area of a full-scale faiigue test specimen of an aircraft
at stringer 7. The structure is shown diagrammatically in Figure 8. The 0.144 inch reii.forcement is an
extension of a larger plate around an inspection hole between the engine riba. The loading was as shown
in Figure 9. The stresses were obtained from strain gauge measurements. The flight loading win idealized
to one cycle A-B-A at R - 0 and 19.5 cycles B-C-B at R - 0.44.
The crack was assumed to grow from the nearest rivet hole to the large hole to stringer 7, and then from
the other side of the hole 6o stringer 8. Reasonably accurate tUst data were available for a large part
of the second stage of crack growth. This second stage was analysed in two parts (see Figures 8 and 10):
(i) From rivet hole to stringer 8.
Up to stringer 8, when the crack is inside the reinforcement, the stress level was reduced by the ratio
of the cross sectional areas without and with reinforcement.

IFi
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The parameters influencing the Poe factors were also calculated using a skin thickness equal to the skin
and reinforcement. The crack length used in calculating the factor, which was for a broken stringer case,
was ae.
In place of the edge correction, a correction for a crack approaching a sudden change in section w&s applied
using 2.1.4 of Reference[2. The effect of the large hole was taken into account by using the well-known
Bowie factor which expresses (K/Yo) as a function of a/D. The factor used was that for a hole with a crack
at each side. The overall expression was therefore:

Poe change of section Bowie

The major error in this idealization is the assumption of equal cracks at each side of the large hole.
In this case, L.-wever, the crack does not become large compared wi-uh the diameter of the hole and the
error is not great. As the error is always pessimistic the method should serve for design purposes in
all canes.

(ii) From stringer 8 outwards.
The method was basically the same as above with the exceptions that the stress and Poe parameters were
calculated for the basic structure (no reinforcement) and no edge factor was needed. When the crack passed
through rivet holes, it was assumed that a .05 inch crack already existed on the other side of the hole
(.05 inch had been found by experience to be large enough to cover NIL- SPEC requirements in all cases).

5. RESULTS

The graph shown in Figure 11 shows t!e comparison between theoretical prediction and test results
for the starboard wing at the inboard and outboard engine ribs. It can be seen that there is a reasonable
correlation in both cases when the beneficial effects of rivets have been removed. It is important that
these effects are ignored as their presence cannot be guaranteed.

6. CONCLUSION

Compared with methods now beginning 1. become available in the form of sophisticated computer programs
a method based on the Poe curves, which assumes elastic structures and rigid stringer corrections, seems
relatively crude. It can be seen from this example, however, that provided a factor can be derived from
a panel of similar structure and material, a reasonable prediction may be made even when the details of
the structure and the loadings are changed to quite a large degree.
The possible beneficial effects of the rivets are also illustrated. It is unfortunate that they cannot be
relied on.

7. REFEENCES

1. Internal British Aerospace Manchest6r report.

2. Poe, C.C., "Stress Intensity Factors for a Cracked Sheet with Riveted and Uniformly Spaced Stringers"

NASA TR 358, 1971.

3. Rooke, D.R. and Cartwright, D.J., "Compendium of Stress Intensity Factors", HMSO, London (1976).

4. ESDU, Fatigue, Vol.4, Figuc-e 2.

5. Swift, T., "Effects of Fastener Flexibility and Stiffener Geometry on the Stress Intensity in
Stiffened Cracked Sheet", Delft Conference Paper, June 1974.

8. CaMENrARY

As mentioned in the example, more sophisticated computer programs than the Poe analysis are presently
available. Closed form solution programs (Vlieger and Swift) are fast and cheap to run and eliminate the
need for finite-element analysis.
The example is a good illustration of the calibration of the analysis of a complex structure by means of
test data for a simpler configuration. The waviness of the calculated crack-growth curves is puzzling.
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FIGURE 1 PANEL DIMENSIONS. RIVET PITCH-.1.OInch. PANEL LENGTH48 Inches
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EANPL3 PRO13LEN 3.4.2.4

ENGINE PYLON OF MEDIUM TPANSPORT

D. Grange
British Aerospace

Manchester Division
U.K.

(Literal)

1. STAT3(DT F THE PROBLEM

The structure is shown in Figure 1. The structure is basically a box section of fabricated skin and
stiffener configuration. Crack growth and residual strength predictions were required.

2. ANALTSIS

The structure was modelled as a stringer-skin panel using the Poe [1) closed form solution for a panel
of infinite width with an array of equally spaced equal stiffeners. Although there was a physical break in
the skin at the corners of the box section, it was considered reasonable to assume an infinite size since
continuity was maintained with the adjoining side panels by the corner angles. Since the solution does not
permit stiffeners of differing section, the panel was considered to have the light gauge stiffeners of the
side under consideration. This is a conservative assumption.
The damage configuration considered was a crack growing equally about a stiffener. The Poe solution for
this case is given as a function of p/b, g, and a/b, where p - stiffener attachment pitch (i.e., bonded)
b - stiffener pitch (- 5.7 inches), and 1 is the stiffening ratio (0.32). The value of p/b was taken as
1/12 (bonded stiffener). A p/b of zero would be appropriate but the minimum value of p/b for which data
were available was 1/12.
The propagation predictions were based upon a loading spectrum which covered both flight and ground loads.
Preliminary calculations showed the flight loadings contribution to be insignificant, thus only the taxi
spectrum and a ground-to-air cycle were considered. The spectrum was divided up into increments, for each
of which ths average value of stress range, Ao, was obtained, together with the respective stress ratio,
Rt, and the number of occurrences, n. The procedure adopted to evaluate the propagation of the crack under
the spectrum loading is outlined diagramatically in Figure 2. An example of the calculation for one
increment of crack growth is given in Table 1. A plot of crack length against flights is given in
Figure 3. It has to be noted that no allowance was made for crack retardation.

3. RESULTS

The residual strength requirement was 2/3 of the design ultimate loading. The stress distribution
across the section varies thus to be conservative the peak value was taken, giving the residual stress
level as a - 21.920 lb/ink thus at a -'5 inches one finds K- (K/Ko)poE .aVi- 0.654 x 21.92O0x 3.97 -
- 56900 lb/in2 iVn. On the basis of handbook values of Kc [2] it was considered that at this level of
stress intensity the crack would be stable. The crack growth curve is shown in Figure 3.

4. RWE=CES

1 Poe, C.C., "Stress intensity factors for a cracked sheet with riveted and unwfnrmally spec~ed
stringers"
NASA TR 358, 1971.

2 Anon.,"Damage Tolerant Design Handbook - A compilation of fracture and crack-growth data for
high-strength alloys."
MCIC H3-01, Part 1, 1972.

3 Anon.,"Patigue crack propagation in thin sheet aluminium alloy"
ESDU Vol.4, Sheet 73021, Fig.l

5. C0NCOTARY

This example is a good illustration of the idealization of a complex structure to a much simpler
configuration for which, on the basis of existing solutions for the stress intensity, a residual strength
and crack propagation analysis can readily be carried out. Both the modelling of the structure and the
analysis applied were kept simple, ensuring the achievement of a conservative result.

MA.2-,.22-T3 SKIN

TYPICAL STRUCTURE11.4

TOPCORNER OTTOM CORNER ANGLE (2024- T351)
IOCRE AND FAIRING ATTACHMENT (2024-T 3)

ANGLE AND FAIRING A S
ATTACHMENT (2024-T351) A S

5.7 __ 5.7 t -0.125-IN.

IDEALIZATION

A -0.335 SQ IN.

FIGURE I STRUCTURE AND0 IDEALIZATION
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a (IN) INSPECTION INTERVAL (UNFACTOREO) 7050 FLIGHTS s,

S

CRITICAL*
CRACK SIZE.
cc

3

*CRACK WAS CALCULATED TO
2 BE STABLE UP TOu,5.7 Inche,

I.E. SKIN FULLY CRACKED.
TO BE CONSERVATIVE ac
WAS TAKEN AS 4.7 Inch.s
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FIGURE 3 CRACK PROPAGATION CURVE

a-.75 inch to 1.25 inch i.e. ael.O inch

AK-

Stress range, Stress retio, Occu'rences (LK--I i . /a da/dn da/dn
Aa R per flight, 0 POE inch inch

(1lb/i22 ) (lb/in2 V/) per cycle per flight

Ref.[11 Ref.[3]

5250 .237 .004 6704 3410-6 -.3x1o-

4750 .284 .0189 6066 1.8x10-6 3.4x10"8
4250 .334 .137 5427 1.7xlO-6 2.33xi0-7

3750 .388 1.5 4789 1.4lO-6 2.1.10-6

3250 .447 9.3 4150 1.3x105 1.21x10-5

2750 .512 42.06 3512 1.lxlO-61 4.63x10-

2250 .582 101.9 2873 0.9x10-6 9.17x1075

1750 .659 87.1 2235 1.0110-6 8.17x10-5

1250 .744 46.0 1596 0.9x10-6 4.14x10-5

750 .838 53.6 958

250 .943 107.3 319

6150 0 1 7860 1.3xl6

7- 28.3x1,0,
or An - 1767 flights

(for Aa - 0.5 inch)

TABLE 1 EXAMPLE OF CALCULATION PROCEDURE
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DAMAGE TOLERANCE OF A PRESSURE BULKHEAD

D. Orange

British Aerospace
NManchest er Division

U.K.

1. 3TATUIT Or TH PROBLEM

The calculations in thic example formed part of the presiminauy analysis of the pressure cabin rear
bulkhead of a light civil transport. The bulkhead is ofslherical form having a radius of 90 in. Its
construction is built up skin and stiffeners consisting of riveted top hat sections radially and bonded
strape circumferentially (see Figure 1). The skin and stiffener material is L72 (equivalent to 2014-T3).
Initially the skin thickness was 20 awg (.036 inch). On the basis of crack propagation calculations the skin
thickness me chan ed to 18 awg (.048 inch).

2. DARAGE SIZE, LOADING AND IPECTION REQUIROGNM

The initial damage considered is a circumferential crack of 2a - 4 inches, originating at a failed
radial stiffener (see Figure 1). Yhe maximum crack length considered is 2a - 14 inches. Up to this length
comparison with an fl-curve (4] shows the condition to be stable, but above this length negligible addition-
al life will result. The foregoing implies that the inspection interval will correspond with crack growth
from 2a - 4 inches to 14 inches.
The only loading on the bulkhead is that of pressure. This is made up of two components, internal cabin
pressurization and external suction. Fo- the fatigue calculations, loading applicable to normal operations
in required, i.e. a maxirum cabin operating pressure of 6.5 psi and an external suction under normal
conditions of 1.25 psi. This results in a coobined differential pressure of 7.15 psi. One pressurization
per flight was assumed.
For the residual strength calculation, the following loading is applicable with a factor of
1 33, viz. a cabin relief valve pressure of 7.0 psi and an external suction due to air brake deployment
of 2.0 psi. This yields a combined differential pressure of 12.0 psi. Owing to the spherical c--rvature the
differential pressure will create hoop stresses of equal value in both the radial and circumferential
directions. The hoop stress will be equal to

ap.Rc

-hoop 2t

where 4p is differential pressure, RC is bulkhead radius (- 90 inches) and t is skin thickness (- 0.036 inches).
With the respective differential pressures it follows that

ahoop,fatigue " 9690 psi

and
ahoop,residual strength - 15000 psi

The annual inspection will be based on a utilization of 3670 flights per year and a scatter factor on
propagation of 3.0, resulting in a factored value of 11010 flights per year.

3. STRESS INTENSITY SOLUTION

The solution used is that of Poe (1] for a built-up skin stiffener construction having a akin crack
originating at a failed stiffener location. The solution is a function of stiffener pitch (or bay width),
cross sectional area, attachment pitch and akin thickness, but does not cater for the flexibility of the
stiffener attachment. In fact Poe provides stress intensity values for a certain crack size as a function
of the attachment pitch to bay width ratio (p/b) and the stiffening parameter L. The latter parameter is
defined as the ratio of stringer stiffness to total stiffness per stiffener bay.
The bay width was taken here as 27 in. This represen+s the mean value of the outer bay. It was considered
unreasonable to take the maximum width, since considerable restraint can be expected from the edge member.
Using this bay width value, it follows for the bulkhead dimensions shown in Figure 1 (the attachment
pitch is equal to 1.0 in.) that

Ast
- ,----- -0.199

at
and

p/b - 1/27

In the analysis the curve p/b - 1/12 is used since this is the minimum p/b-curve provided by Poe.
Since the pressure loading on the skin will cause a bulging effect on the crack, the correction as
descrbed sem nis l ppg ed [2] . The bulging correction factor as given by Kuhn reads (l+k a ) where
a is semi-crack length, R is radius and k is a constant (- 5.0). (Kuhn uses the total crack length
in his correction factor (see [21 ), instead of the semi-crack length as applied here, editor). However,
the presence of a stiffener was observed by Swift to reduce the bulging to unity (3] . Thus the distribu-
tion derived from this expression, is assumed to be fully effective at mid-bay, reducing to unity at the
stiffener. For this particular configuration, where the stiffener is failed, the bay width will be
considered effectively doubled. With these assumptions it follows for the stress intensity factor in the
curved panel

ka-Cq 1+ XF 1 LAT
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It has to be noted finally that in calculating the value of K in the bi-axial stress field existing in a
spherical bulkhead, it was assumed that the stresses parallel to the crack do not influence K.

4. RESULTS

The computation of the stress intensity factor, K, as a function of crack size and of the number of
flights, N, it takes to grow the crack from 2a = 4 inches to 14 inches are carried out in Table 1 for a
skin thickness of 0.036 inch. The computed values are plotted in Figures 2 and 3. The R-curves of [5]
appear not to be tangential to the K-curvq plotted ir. Figure 2 over the crack size region considered.
Thus the residual strength properties are adequate. However, an can be seen from Figure 3, the crack
propagation life from a - 2 inches to 7 inches provided an inadequate inspection interval (viz.,
325 flights instead of the required 11010 flights). Therefore the same computations as presented in
Table 1 were repeated but now for a skin th ckness of 0.048 inch. These calculations are not given in this
example, but the computed data are plotted in Figures 2 and 3. The 0.048 inch thickness yielded a life
of 12800 flights (see Figure 2), i.e. an inspection interval of 1.I1S years, which was considered adequate.

5. REFERECS

1. Poe, C.C., "Stress Intensity Factor for a Cracked Sheet with Riveted and Uniformly Spaced Stringers"
NASA TR R-358.

2. Kuhn, P., "Notch Effects on Fatigue and Static Strength", published in Current Aeronautical
Fatigue Problems by Pergamon Press (1965).

3. Swift, T., "Application of Fracture Mechanics to the Design of Damage Tolerant Stiffened Aircraft
Structures"
Douglas Aircraft Paper 5981.

4. Bradshaw, F.J., Wheeler, C., "Crack Resistance of Some Aluminium Alloys and the Prediction of
Thin Section Failure", RAE TR 73191, Fig.13.

5. Anon., "Fatigue Crack Propagation in Thin Sheet Aluminium Alloy"

ESDU Vol.4, Sheet 73021, Fig.2.

6. COMM•NTARY

An aircraft pressure cabin bulkhead, built up of skin and stiffeners, is a type of design that is
pre-emixently suited to fracture mechanics analysis, because its loading is well-defined and simple, viz.,
one cycle per flight and of a constant amplitude. The present example clearly demonstrates both the
benefit and necessity of carrying out a fracture mechanics analysis on such a type of structure already
in the design stage. From the analysis it turned out that by applying a 30 % thicker skin in the design
the crack propagation life associated with the defined crack size range increased by a factor of 40
(viz., from 325 flights to approximately 13,000 flights). This enormous increase in crack propagation life
is due to the sensitivity of da/dn to AK variations (da/dn is a power function of AK). This implies that
in general the reliability of a predicted life will strongly depend on the accuracy with which the stress
intensity is determined. With a view to this it has to be remarked that the calculation of K as a function
of crack size, as applied in the present example, is on the one hand unconservative (the Poe solution does
not account for attachment flexibility) and on the other hand conservative (the p/b - 1/12 curve was used,
while the actual p/b is equal to 1/27). Which of both effects (i.e. festanr flexibility and attaochcnt
spacing) prevails in the present design cannot be determined without carrying out a more refined analysis .

RADIAL STIFFENER 12.2

ZI5
FAILED STIFFENER CIRCUMFERENTIAL

SKINj t-0.036 •STRIP, A-.1056 SQ. IN.
(INITIALLY, SEE TEXT)

DIMENSIONS IN INCHES

FIGURE 1 CONSTRUCTION DETAILS OF PRESSURE CABIN REAR BULKHEAD.
MATERIAL OF SKIN AND STIFFENERS- L72 (2014-T3)
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1 bakRef.[1] (Psi V'i) (Psi V•i) Rof.[5] (Plights)

2.0 02.25 1.115 1.55 68,920 44,520 .0027 185

25 2.75 1.137 1.53 76,440 49,380 .0070 71 18
3.0 256

3.25 1.159 1.49 82,490 53,290 .0150 33
3.5 2890 375 1.179 1.44 87,410 56,470 .1270 19

4.0 3084.25 1.199 1.40 92,010 59,440 .0480 11

4.5 319
4.75 1.218 1.36 95,980 62,000 .080 6

5.0 325
5.25 1.239 1.32 99,300 64,150
5 .75 1.251  1 . 30 103,670 66,970

6.o

65 6.25 1.267 1.28 107,800 69,640

6.75 1.281 1.26 111,490 72,020
7.0

TABLE I COMPUTATION OF KRE$1D AND &K( FOR A THICKNESS OF 0.036 INCH

2 /5115 15 890 4,2 02 8
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EXAMPLE PROBLEM 3.4.2.6

CRACK PROPAGATION ANALYSIS OF FLAT STIFFENED PANELS

L. Schwarmann

Vereinigte Flugtechnische Werke-Fokker GmbH
Bremen, Germany

(Literal)

1. STATEMENT OF THE PROBLEM

Crack propagation results obtained from constant amplitude tests on panels with riveted stiffeners
are compared with corresponding analytical results. The influence of the stiffeners on the stress intensity
factor has been calculated by using a semi-closed form solution. The crack propagation rates have been
calculated by using the Forman equation. The constants in this equation were derived from test results of
an unstiffened centre-cracked panel.

2. TESTING DETAILS

Details of the tested panel configurations are shown in Figure 1 and Table 1. Gross-sectional areas A
of stiffeners were varied in order to obtain different values of the stiffening ratio, 4, which is defined
as the ratio of stiffener cross section to total cross section per stiffener bay. The panels were subjected
to constant amplitude loading with amax - 90 MPa (R-O.1). The frequency ias 4.2 Hz, and testing was done
in a laboratory environment. All cracks (total length 2a) were cut in the sheet under the panel central
stiffener. Tests and calculations started at an initial crack length of 2 ai - 24 mm. After applying cyclic
loads the cracks were measured visually as a function of the applied load cycles N. The results of these
measurements were the a - f (N) curves. Two different conditions of the central stiffener were considered,
viz., intact and totally broken.

3. ANALYSIS METHOD

3.1 Crack propagation law

The crack length "a" as a function of the applied load cycles N was calculated using the following
equation

a
a-ai+ / d (1

a.
1

The required analytical procedure was incorporated in a VFW-Fokker in-house computer programme 1].
For the determination of crack propagation rates, da/dN, the so-called Forman equation [2] was used,
which is defined by

d" (1-)K•- (2)

In equation (2) the symbols C. , nF I Kcr are the so-called Fornn= constants, which were derived by
the following:
from the measured "a" versus N curve of the unatiffened panel (panel 1A in Table 1. width . 440 ms) the

crack propagation rate (• d 2) and the range of the stress intensity factor

Ax -(a r -am) (3)

were calculated. The crack propagation test was completed at a crack length of 2a - 286 mm and the
panel had been loaded to failure. The maximum load for this case was Fmax . 94333 N. From these data
the Forman constant

Kcp - /.143.sec 7 1-43 3143 Nmm-1 5
CP 2.440 440

was derived. On log-l~g paper the values

da ((l-R)K,, - AK) versus AK

obtained from test results were plotted, see-Fig.2. These data were approximated by a straight line,
which can be described by the two other Forman constants n5,, C (see Fig.2). The accuracy of the
Format equation for the unstiffened panel was cross-checkea. ýor results see Fig.3.

3.2 Stiffener influence

For the stiffened panels the influence of the stiffeners on the stress intensity factor and its
range has to be taken into account

SAKstiffenedA " ntiffened (4)

The correction factor 1 contains the influence of the intact or broken central stiffener on the stress
intensity factor. In order to obtain these correction fact'rs a special corputer programs has been
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developed [3] , in which the fundamental works by Poe [41 and Swif.t [5 have beom incorporated.
The computed correction factors for the stiffened panels are shown in Fig.4.
The calculation of the crack propagation for the stiffened panels has .esn cartied out by using the
correction factors from Fig.4 and applying equations (l)-(4).

4. TEST-ANALYSIS CORREATION

Comparing the experimental results [6] with the corresponding analytical results (see Figure 5),
one observes that crack arrest, which occurs when the crack reaches a rivet hole, cannot be predicted
by the analysis. However, for all stiffened panels a good correlation between test and calculated crack
life results has been obtained.

5. CONCLUSIONS

The crack propagation behaviour, due to constant amplitude loading, can be predicted satisfactorily,
provided that proper Forman constants (material behaviour) -nd a correction factor on 4Z for the presence
of the stiffeners (specific for the structure) are available.

6. Rmmcm

1. Schwarmaznn, L. at. al, "DAMIOL - A computerprogram for damage tolerance anal~yis"
V1W-Fokker, not published.

2. Forman, R.G., at. al, "Numerical analysis of crack propagation in cyclic loaded structures"
Trans. ASNE, Journal of Basic Engin., 1967, pp. 459-464.

3. Handbuoh Struktur Berechnung, Band 2, Struktur Blatt 63611, "The influence of stiffeners on
orsok propagation and residual strength" IASB, Punioh, 1975.

4. Poe, C.C., "Stress intensity factor for a cracked sheet with riveted and uniformly spaced stringers"
NASA TR R-358, 1971.

5. Swift, T., "The effect of fastener flexibility ant stiffener geometry on the stress intensity
in stiffened cracked sheet".
Douglas Paper 6211, Delft, 1974.

6. VFP-Fokker GmbH, "Crack propagation in aircraft structures"
ZTL 2.20, Ministry of Defence, 1974-1975.

7. COIMSUMTAN

The present example shows that the crack propagation life of center-cracked panels with riveted
stiffeners is to be predicted satisfactorily when the crack growth to the newt stiffener is
considered. Generally, the calculated results are then conservative. When the crack tips reach the rivet
rows of the adjacent stiffeners, the crack path has two alternatives, viz., through or between rivet holes.
In the former case the crack tips will be arrested in the rivet holes for a certain number of cycles,
until a new crack initiates from the hole. The present analysis does not account for this possible crack
arrest. However, because in the actval structure crack arrest in rivet holes is not guaranteed (see for
example results of panels 11.3 and 12.3 in Figure 5), it is not allowable to account for this possible delay
when predicting the crack propagation life of riveted structures for crack lengtns extending beyond the
next stiffeners. By ignoring this delay, in the present example in almost all cases a conservative estimate
of the total crack propagation life (until fractu-e instability) was obtained.

PAIN& STIPPI CROW SECTION ST~uIM CUWAPTIILI RATIO A' ?MEE

1A - - -

5.2 Z 2S x 15 z 0.8 43.9 0.268 IlNACT

5.3 Z 25 x 15 z 0.8 43.9 0.268 m

7.2 Z 30 x 20 z 1.5 101.0 0.457 IITACT

7.3 Z 30 z 20 x 1.5 101.0 0.4!7

11.2 Z 50 x 25 x 2.0 190.1 0.613 INTACT

11. 3 Z 50 z 25 a 2.0 190.1 0.613 mom

12.2 FIAT 25 x 4.0 100.6 0.456 IlT•?

12.3 FLAT 25 z 4.0 100.6 0.456

TABLE 1 PANEL CONFIGURATIONS INVESTIGATED
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FIGURE 5 COMPARISON OF CALCULATED CRACK PROPAGATION CURVE WITH TEST DATA 'SEE ALSO TABLE 1)
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MWPLE PROBLEK 3.4.2.7

CRACK PROPAGATION ANALYSIS OF PRHESZsEz FUSELAGE STUCTREZ

L. Schwarmann
Vereinigte Flugtechnische Werke-Fokker GmbH

Bremen, Germany
(Literal)

1. STATAMMr OF THE PROBLEN

Crack propagation test results of a pressurized fuselage structure, in which different artificial
cracks had been made, were compared with corresDonding analytical results. The crack propagation rates
have been calculated by using the so-called Forman diagraam, which has been derived from test results of
a flat, centre-cracked panel.

2. DESCRIPTION OF STRUCTtRE AND TL-TING DETAILS

The fuselage structure consists of a curved sheet (radius of curvature - 1435 mm, sheet thickness -

- 0.8 mm) with riveted frames and bonded stringers, see Fig.1. The fuselage structure was manufactured
from 2024-T3 c ad material. Three different crack configurations have been considered (see Figure 1), viz.,

i) Crack A (the crack is located in the sheet between two intact frames)
ii) Crack B the crack is located in the sheet below a frame. The strip and part of the clip have been cut).
iii)Crack C (the crack is located in the sheet below a stringer).

The fuselage structure was loaded by constant amplitude internal pressure of 4P - 470 mbar under laboratory
crnditinns.

All cracks have been made in the shell in the longitudinal direction. Tests and calculations start at total
initial crack lengths of 2ai - 50 mm. The cracks were measured visually after applying internal pressure.

3. ANALTIBS MTMOD

3.1 Crack propagation behaviour

The crack length a as a function of the applied load cycles N was calculated by the fullowing
equation [I]

a

a - (1)

ai

The material behaviour, as far as crack propagation was concerned, was measured from constant
amplitude tests of flat panels, the results of which are shown in Fig.2. The crack propagation rates
for the fuselage structure can be found from Fig.2, provided that the range of stress intensity factor

AK - A . Y . TC (2)

for the fuselage struutue is known.

3.2 Correction factors

The correction factors in equation (2) have been determined as follows:
"* Influence of frames - YV

This correction factor has been calculated by using an existing computer
programse •2] , which has been developed based on the investigations of Poe [31
and Swift [4 . The results of the calculations are given in PI9.3.

"* Influence of curvature - YC

The influenc- of curvature and internal pressure has been taken into account
by applying the following equation (5] :

RC .6 2 50tanh-RC (3)

where RC is radius of curvature and t is shell thickness.

4. TEST-ANALYSIS CORRELATION

From the comparisons of m.asured H•] and calculated crack propagation behaviour, see Fig.4-6, the

following statementE can be made:

" Crack A (see Figure 4)

The analytical ant' test results conform with each other extremely well.

"• Cracks B, C (see Figures 5 ar~d 6)

The analysis yields conservative crack propagation results as compared with test
results. Taking into account possible scatter of material behaviour, as far as
crack propagation is concerned, one can conclude that the recommended

S.............. "'I I
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analytical procedure enables the stress engineer to predict crack propagation
rates of fuselage structure loaded by constant amplitude internal pressure.

5. RPEMOCES

1. Schwarmann, L., et.al., "DAMTOL - A computerprogram for damage tolerance analysis"
VFW-Fokker, not published.

2. Handbuch Struktur Berechnung, Band 2, Struktur Blatt 63611, "The influence of stiffeners on
crack propagation and residual strength"
IASB, Munich, 1975.

3. Poe, C.C., "Stress intensity factor for a cracked sheet with riveted and uniformly spaced stringers"
NASA TR R-538, 1971.

4. Swift, T., "The effect of fastener flexibility and stiffener geometry on the stress intensity in
stiffened cracked sheet"
Douglas paper 6211, Delft, 1974.

5. Hahn, G.T., et.al., "Criteria for crack extension in cylindrical pressure vessels"
Int. Journal of Fracture Mechanics, Vol.5, 1969t pp. 187-210.

6. VFW-Fokker GmbH report, "Evaluation of stress intensity factor of cracked fuselage structures"
ZTL 2.01/5, Ministry of Defence, 1973.

6. CONKENTART

This example demonstrates that the growth of longitudinal cracks in a pressurized fuselage structure
(spacing of riveted frames is approximately 500 mm) can be predicted in a conservative (and not too
conservative) way by applying fracture mechanics principles. The cracks in this example appear to become
unstable at a total length of approximately 140 mm, so that possible arrest of the stably growing crack at
the next frames (see the previous example) plays no part.
The crack propagation rates in the stiffened curved structure have been determined using the dK-da/dn
relation of an unstiffened panel and correcting the stress intensity for the influences of frames and
curvature. The correction due to the presence of the frames has been calculated by means of a computer
programme especially developed for that purpose earlier (2] . This procedure is preferable to determining
the effect of the stiffeners on the stress intencity using curves published in the literature, because
these curves generally do not completely apply to the problem to be solved. Further, the effects of, for
example, eccentricity, attachment flexibility, yielding of stiffeners and/or attachments are usually not
accounted for in available stress intensity curves.

TOTAL CRACK LENGTH- 2a
RADIUS OF CURVATURE -1435 mm

SHELL THICKNESS-0.8 mm
INTERNAL PRESSURE -470 mbr

- -- -- SHELL MATERIAL w2024- T3

rC

STRTINGE

STRIPFRAME m

FIGURE I FUSELAGE STRUCTURE. CRACK CONFIGURATIONS
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ANALYSIS-
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EXAWLE PRON.DM 3.4.2.8

FATIGUE CRACK PRCPAGATION IN STRUCTURES WITH RIVE STIF7ENE

A. Salvetti

Institute of Aeronautics
University of Pisa

Italy
(Literal)

FOREWORD

Although this note, strictly speaking, does not represent an example of application of fracture
mechanics in design, it has still been included as a contribution to this handbook because it deals with
the significant problem of the effects of fastener connection flexibility on the stress intensity
factor (Editor).

1. INTRODUCTION

Recent developments in military specifications concerning safety with the introduction of "damage
tolerant" structures as well as the contractual requirement on the use of sophisticated crack control
techniques in spacecraft design have spurred research into cracked structure behaviour by favouring its
growth out of the already large field of commercial aviation. Within that field of research the problem
of fatigue crack propagation in stiffened structures is of particular importance because of its role in
the structural design of air- and spacecraft. A correct solution of the problem is quite difficult even
with constant amplitude loading because of the uncertainty connected with evaluation of the stress
intensity factor.
In fact the value of the stress intensity factor relative to a given crack length depends mainly on the
value of the mutual forces between stiffeners and skin and therefore it is possible to evaluate K
correctly only when those forces can be determined with reasonable accuracy. This accurate theoretical
determination is not easy because of the difficulty of representing the behaviour of the joining elements
properly. In the case of a riveted joint, the rivet is considered as rigid element so there can be no
relative displacement between the center of the holes in the skin and in the stiffener; this assumption
allows a rather easy determination of mutual forces and then of K [1,2] .
Comparison with experimental data [3] has shown that the assumed pattern may be-too unconservative for
skin cracks (while being the opposite for stiffener cracks) since it gives too large rivet forces. In
order to assume a better model the rivet was considered as an elastic eiement which allows some relative
displacement between the centers of the holes# the value of rivet flexibility was also estimated by
generalizing experimental results relative to riveted joints[4,5] and then fitting the experimental
formulae into numerical models developed to evaluate K. The results which were obtained in such a way .aere
not checked with the measured values of rivet forces for cracked stiffened structures. Therefore the
proposed formulae do not seem to offer the same reliability in the different structural situations found
in design practice.
This conclusion also stems from the intrinsic difficulty of formulating a reliable scheme of stiffener
skin joint behaviour. Actually the mechanism of the so-called rivet flexibility, which depends upon the
deformation of both rivet and hole is not fully understood. The global deformation (which also depends
upon rivet type and setting) has different characteristics depending on whether it works in the elastic
domain or shows local plastic regions around rivet holes due to the contact of the rivet on the hole edge.
In the latter case characteristics are hard to determine. Friction forces which arise from skin stiffener
contact because of rivet pressure further increase the difficulty of the problem.
In such a situation it is obvious that developing reasonably reliable methods for the prediction of crack
growth rate in stiffened structures by theoretical evaluation of K requires research into the behaviour of
those structures based on a set of" experimental data covering the different structural situations of
technical interest. On that ground, the Institute of Aeronautics, University of Pisa, as part of a wider
research on the fatigue behaviour of cracked stiffened structures, has taken up the problem of defining
the influence of structural configuration (stiffener geometrical shape, rivet type, crack starting point)
upon crack growth. With this aim many fatigue crack propagation tests have been completed on stiffened
panels of different configuration, and results have been processed using theoretical formulations of the
K factor based on increasingly sophisticated models (rigid rivet, flexible rivet, taking friction into
account). Through this work it has been possible to reach a classification of the behaviour of stiffened
panel configurations explaining, at least qualitatively, the role played by the joint in the crack growth.

2. RESEARCH AIJE AND METHODOLOGY

The need to evaluate da/dn in stiffened structures with the same accuracy as in plates requires a
knowledge based on experimental data of the mechanism through which the load is transferred from plate to
stiffener (Pig.l,2). This knowledge can be gained essentially in two ways: a direct one based on measuring
the forces which are exchanged between the two elements of the stiffened structure; an indirect one based
on comparing results of crack propagation tests in stiffened structures and flat specimens and using for
the stiffened structure a value of K given by increasingly sophisticated models of the riveted joint.
The first way is very accurate since it allows an evaluation of each rivet contribution to a K factor and
also shows the diptribution of mutual forces between rivets and the magnitude of the friction forces.
However, it requires a large experimental effort in order to acquire all the meaningful data even for a
single stiffencd panel. Considering also the influence of random variables on ths problem, it follows that
a rigorous use of the direct way would cause a large waste of time and money.
The second method, which is based upon the relationship

dn
oo (sKR) (M)

can only give global information showing the kind and the magnitude of the error affecting K (9J
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however, it has the advantage of requiring reduced teat time and costs if an efficient technique for
testing and data evaluation has been nreviously developed. Therefore this method offers the possibility
of gaining with reasonable experimental effort sufficiently wide information on the influence of different
parameters concerning the geometrical shape and the type of joint.
At present both those methods are being developed at the Institute of Aeronautics, University of Pisaas
part of a wider research concerningthe fatigue behaviour of cracked stiffened structures.
The first method, based on strain gauge measuring [7] has been used with mome panel configurations with
the multiple aim of setting up the method, getting an early picture of the force scattering among similar
rivets relative to a given panel shape and comparing the force variation induced by crack growth with the
different theoretical forecasts. The results of that early investigation, given in [7) , showed the
variation in behaviour of the joint depending upon stiffener and rivet shape and emphasized the importance
of the randon effects induced by rivet setting.
From that point on the second method, which is employable on a wide range of structural configurations and
required reasonable technical times, has been used to probe further into the problem. The first method may
be used again for refinements and quantitative evaluations found at a later stage of the research.
In particular the research has followed both a theoretical and an experimental direction which interact
and complete each other in reaching the desired aim. First of all, a modular numerical program has been
prepared in order to process rationally and immediately the results of crack propagation tests on stiffened
panels under constant amplitude loads. The first module of the program gives K as function of semi-crack
length "a" for a given panel on the basis of increasingly sophisticated models: rigid joint, flexible joint,
joint with friction. The flexible joint was modelled using the results of a stress and strain elastic
analysis of the rivet hole contour taking simplifying assumptions like "hole wall free to warp and loaded
with a given force distribution" [10] . The hole edge deformation given by this approach is much larger
than that of the rivet, which is assumed to behave like a short beam, and may be considered as the only
cause of joint flexibility. This approach, even though it is based on very strong simplifying assumptions,
may give an acceptable size order of flexibility value and then of K. This analysis is meaningful since it
gives a rational starting point for analysing experimental data on crack propagation towards more accurate
formulation of the flexibility problem based on empirical corrections suggested by comparing the variation
of da/dn as function of AK given by ecLuAtion (1) with the one found using experimental values of da/dn and
computed values of AK.
The evaluation of the frict4on effect on transferring forces from skin to stiffener is done at a preliminary
stage, by replacing the continuous distribution of forces on the contact area by concentrated forces acting
on chosen points and imposing strain consistency at those points as long as friction forces are less than
dislocation limit values, while imposing constant friction forces beyond the dislocation limit condition.
Evaluating the limit condition also depends upon the friction coefficient and the normal pressure between
contact surfaces. In the absence of better experimental knowledge, K is calculated as a function of that
pressure. About the meaning of those evaluations obviously the same considerations as in the case of the
flexibility program hold.
The second module, using experimental a-n data, computes da/dn and, using the data from the first module,
computes log da/dn -F(AK). With that processing technique and using the experimental results explained
in the next section, curves da/dn - F (AK) were obtained for plain sheets (in this case they are supposed
to give the correct trend of F) as well as for stiffened panels using in the latter case three different
approaches in order to obtain K. By comparing the two kinds of data, those referring to plain sheets and
those relative to stiffened panels with the rigid joint approach, the correction which must be given to X
in order to regularize F for the stiffened panel can be evaluated. Afterwards that correction is interpreted
in terms of flexibility and friction effects. Results which can be obtained by this methodology are
discussed later.

3. EIPIRDICTAL PROGRAMME

The experimental side of the research consisted of a set of crack propagation tests on panels with
and without stiffeners under an axial constant amplitude pulsating load. Tests are aimed at obtaining the
propagation curve a = f (n), that gives for each crack length the number of load cycles which is necessary
to produce it.
The specimens used for testing were panels of different geometry, with and without stiffeners made of
2024-T3 and 7075-T6 alloys. They can be subdivided according to their geometrical shape into 4see Table 1):
- stiffened panels with E -shaped stiffeners
- stiffened panels with strip stiffeners on one side
- stiffened panels with strip stiffeners cn both sides
- unstiffened panels.

The joint between skin and stiffeners was made by hand clinched rivets. It was also necessary to differ-
entiate joint geometry since both universal-head and countersunk-head rivets were used.
In each panel a crack is started by a notch artificially made with a thin small saw normal to the direction
of the applied load. In the stiffened panels the crack was introduced between two joint rivets starting
from the junction line (see Table 1).
Table I gives the panel configurations investigated with the main dimensions. Full details of test results
can be found in (11] . All the panels were tested at the fatigue laboratory of the Institute of Aeronautics,
University of Pisa following procedures given in (6) . All the results were processed according to the
method described before [Il] and they are summarized in the next section.

4. ANALSTIS OF FATIGUE TEST PROCESSING RESULTS

The results of the comparison of 52 da/dn-K curves, 42 of which are relevant to the stiffened panels
(see (11] ), are given in this section.
The analysis was divided into consecutive stages. At a first stage all the curves da/dn-K relevant to
stiffened panels, with the assumption of rigid riveted joint, were divided into groups according to panel
material and were compared with average curves (obtained as "Best-Fit" of da/dn-K data) of plates of the
same material. Such a comparison (summarized in Fig.3) was used for an early check on the applicability
of equation (1) to stiffened panels with the assumption of a rigid joint for evaluating K. The situation
appears to be extremely scattered as can be seen on comparing the typical scatter band, showing confidence
levels of 95 % and 99 % reached by a statistical analysis of sheet data made with the linear regression
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technique (5] , and the scatter band for stiffened panels given by simply enclosing all the data between
two lines parallel to the plate -verage curve (it was neither easy nor reasonable at that comparison
stage to process statistically da/dn-K data relative to stiffened panels). The scatter band of stiffened
panels is approximately in the ratio of 5/2 to the scatter band of sheet and is not symmetric as to plate
average line. All that shows the presence of systematic errors (obviously due to the inadequacy of the
rigid joint model) which can bring errors of different importance, depending upon panel geometry and rivet
type, into K computation. In order to explain better this kind of systematic influence, a comparative
analysis was taken of the K-da/dn curves, still assuming a rigid joint at the processing stage. It
followed from the analysis that the curves, while looking scattered in a random way, actually behave
systematically according with rivet type, stiffener anape and global joint geometry (stiffener plus rivet).
Stiffened panel curves representing each single situation were compared in order to show up any peculiar
characteristics of da/dn-K curves which could indicate qualitatively the kind of error affecting K and
therefore could suggest which correction should be given to that quantity.
A first remark concerns the possible shape that F can have for stiffened panels as compared to unstiffened
sheets. In the latter case (Fig.4a) both da/dn and K are increasing functions of "a" so that on a da/dn-K
curve each point represents a definite value of the crack length. For stiffened panels (Fig.4b' both
da/dn and K show subsequent maxima and minima due to stiffeners, so that the same point of the 4a/do versus K
curve may correspond to more than one value of crack length. With those conditions many anomalies of
the curve da/dn-K are possible, due both to schematic errors in the numerical method for K (Fig.4b) and
to small errors in evaluating da/dn due to data processing (Fig.4c).
In all those cases the da/dn-K curve is no longer unique (against the basic assumption of an unequivocal
relation between da/dn and K) and it takes the shape 4b II, when underestimating K, or the shape 4b III
when overestimating it. If there are small errors in the computation of do/dn, cur-jee show the typic-al
loops of Fig.4c. In general both causes may be present and consequently trends are possible which differ
a little from the basic two given in Fig.4.
That being stated, the analysis based on the use oi the factor K for a rigid joint showed the following
effects:

a) Effects of rivet tyne and material
Fig.5 shows da/dn-K curves for two sets of stiffened panels which have the same geometrical shape but

one having universal-head rivets and the other countersunk-head rivets. It is clear from the comparison
that curves for countersunk-head rivets are shifted towards lower values of K under the same value of
da/dn; that means that the theoretical solution is more deficient for countersunk-head rivets than for
universal-head rivets. In other words, because of joint flexibility the stiffeners are less loaded than
in the case of a rigid jointl therefore the actual stress intensity factors are larger than the one given
by theoretical analysis. That "flexibility" effect is even more emphasized in the countersunk-head rivet
joint. That effect appears to be affected by the material choice, as shown in Fig.6.

b) Stiffener geometry effec.
The comparison of curves relating to panels which differ only in stiffener shape, having either a

single striD stiffener or one with double strips, shows that the single strip panel behaves in a more
flexible way (see Figure 7).
Panels with r-ehaped stiffeners also behave in the same way as the single strip panels if K is evaluated
taking into account stiffener flexural deformations due to eccentricity of the rivet force line of action.
That effect can be computed closely through an "area reduction" tc obtain "equivalent" strip stiffeners
which should have the same deformations in the region where loads are transmitted as for actual stiffeners
under the same load condition [6]

c) Stiffener-rivet geometrv effect
The comparison of results given up to this point and processed under a rigid joint assumption shows a

different behaviour for the sheet average curve when the stiffener-rivet syqtem is changed.
That situation is summarized in Fig. 8 , which shows the scatter bands containing results belonging to each
geometry. In more detail it can be noted that double strip joints are the most rigid. Single strips and
shaped stiffener joints with universal-head rivets are next, whil e single strip joints with countersunk-
head rivets have high flexibility. Also it can be seen from Fig.8 that a double strip joint is more
efficient in stress intensity factor reduction than it could be expected from the rigid joint assumption
which was used to calculate K. That efficiency increase is most probably due to two concomitant causes.
First, joint geometry, by giving considerably uniform contact pressure along the rivet hole axis, minimizes
the deformation of the hole surrounding region for a given rivet force and shifts the beginning of
transition to plasticity towards higher values of rivet forces# both those effects make the joint less
flexible.
Second, friction forces of substantial importance are present due to the extent of contact surfaces which
help ri-ets in conveying the load from cracked sheet to stiffener.
Obviously those two factors (i.e. flexibility and friction) have opposite effects on stiffener efficiency
and consequently on K value. Results `1 Fig.8 show that friction has a prevailing effect since all the
scatter band is on the left of the sheet average line. On the contrary the flexibility effect prevails in
all the other rivet-stiffener configurations and that happens because of the lesser contact surface which
lowers, under the same friction force, the friction force maximum and because of probable strong variability
of contact pressure on hole walls in the axial direction of rivets which is inclined to increase hole
deformation where pressure is higher, and to anticipate transition to plasticity under the same rivet
force as in the syymetric case.
Concluding this discussion it can be noted that the analysis based on rigid joint assumption, even though
it does not allow an accurate evaluation of K and therefore of da/dn, is an efficient tool to show and to
classify the different anomalies which characterize the phenomenon. On the ground of those conclusions it
was decided to undertake a new data evaluation organized in the following way:

K was evaluated
- for single strip and shaped stiffener panels with universal- and countersunk-head rivets accowuting

for flexibility, but not for friction,
- for double strip panels accounting for friction, but not for flexibility.

The results of that new evaluatioi. are given in Fig.9 and 10. The left side of Fig.9 shows the typical
change of curves da/dn-K when taking flexibility into account. The flexible joint curve shows substantial
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improvements both qualitatively and quantitatively so that sheet propagation data (average curve) can be
transferred to the stiffened panel with K values so calculated without introducing notable errors. That is
further corroborated by data giv-m in the two other diagrams of Pig.9 where the two scatter hands which
are the envelope of all the da/dn-K curves worked out with the two assumptions of rigid and flexible joint,
are compared. The flexible joint scatter band is very small and of the same magnitude as that of the
unstiffened sheeti however, it is not perfectly symmetric about the sheet average line, and that agrees
with the fact that the theoretical analysis of flexibility at present does not make any distinction between
universal- and countersunk-head rivets. On the contrary they have different flexibility as shown by the
experimental results. Fig.lO deals with double strip panels and compares the results of the analysis of
rigid joint assumption with and without friction forces; in this case substantial improvements both in
curve shape and in scatter band are apparent.
The two last figures are very heartening since they show the possibility of reaching substantial improvements
in technique for fatigue crack growth forecasting in aircraft stiffened structures. Obviously those results
must be regarded as preliminary and K computation techniques here illustrated cannot be used yet for
engineering design.
It is, however, necessary to aoquire further experimental data using mainly the first of the two methods
described in section 3 in order to reach a better understanding of friction mechanism and behaviour
differences among joint types in terms of flexibility. It seems to be reasonable that a numerical model
could be developed which would take into account friction and flexibility with technically acceptable
approximation so that the substantial improvements in forecasting already given by the present method can
be valid in any situation even for geometries which differ substantially from those examined in the present
research.

5. CONCLUDIRO RDPWA

Fatigue crack propagatior in stiffened structures is a very important problem at the present stage of
aerospace technique development. It is therefore of great importance to have accurate methods in order to
evaluate crack growth time in keeping with modern design techniques.
Through a theoretical and experimental research, carried out at the Institute of Aeronautics, University
of Pisa, it has been possible to give some contributions to the solution of the said problem.
On the theoretical side, numerical models for evaluating the stress intensity factor have been improved
by introducing both joint flexibility and friction forces relative to sheet-stiffener contact.
On the experimental side, many crack propagation tests on stiffened panels of different geometry and rivet
type have been carried out.
The analysis of experimental reaults in terms of da/dn-K curves, where K was evaluated according to joint
type, has allowed a first evaluation of stiffener geometry and rivet type effects (Fig.4-7) and has shown
the limits of the numerical method for K evaluation based on rigid joint assumption.
The foregoing analysis, based on K values calculated assuming both joint flexibility and friction forces,
has explained the very important role those two phenomena can play in forecasting techniques for fatigue
crack growth.
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4.1 INTRODUCTION

Holes in lugs and joints are comon locations for crack initiation. Holes are a source of stress con-
centration which in many joints is enhanced by load tranmfer through the pin or fastener. Thus, it is not

f surprising that a review of aircraft structural failures1 1 evealed that about 30 percent of the crack ori-
gins were bolt or rivet holes. As a consequence, holes in joints are the subject of a considerable part of
aircraft damage tolerance analyses, and therefore a substantial number of examples of application of fracture
mechanics to joints and lugs was anticipated. Nevertheless, the number of examples was low. On the other
hand, if many examples would be available, it could be concluded that analysis of joints was common practice,
such that a handbook of this nature would be superfluous. Thus, the scarcity of examples may be considered
a justification for a handbook that presents such examples, although at the same time it prohibits the possi-
ble publication.

The present chapter deals first in general terms with the stress-intensity analysis of joints. Any dam-
age tolerance analysis at present is based on the stress intensity. Hence, the problem of determining stress-
intensity factors is of paramount importance. Since the subject of stress-intensity analysis is dealt with
extensively in other chapters of this handbook, only a brief discussion will be presented here to highlight
some of the specific complications arising in the case of joints in general, and cracks at holes in particular.

Thereafter follows a discussion of damage-tolerance analysis of fastened joints. Here again, many of the
problem are generic to damage-tolerance analysis. Therefore only those problems will be reviewed that are
particular to joints. The discussion will only be brief, partly because no satisfactory solutions exist to
many of the problems associated with cracks at holes in joints.

The second part of this chapter consists of the examples made available by various sources. These ex-
amples are presented as much as possible in their original form in order to give full credit to the ccntribu-
tors. Each example is concluded with some critical comments.

4.2 STATE OF THE ART OF STRESS-INTENSITY ANALYSIS

4.2.1 Through Cracks at Holes Under Remote Loadinx

Every damage-tolerance analysis starts out with the determination of the applicable stress-intensity
solution. Since fastened joints all contain holes, the stress-intensity solution for a crack emanating from
a hole is of great interest.

On the basis of the work by Bowie (2), the stress-intensity factor for a through crack at a hole in an
infinite plate (Figure 1) is given by

K f1 M~ (1)

where a is the size of the crack as measured from the edge of the hole, and D is the hole dianeter. The
function fB (aID) can be given in tabular or graphical form as fB5 for a single crack and fB2 for the sym-
metric case with two cracks. Grandt( 3

) has recently developed a least square fit to fB of the form

C2
f (a/D) -+ C3 (2)

C2 + a/

where C1 , C2 , and C3 have values as given in Figure 1.

If the crack is not too small with respect to the hole size, the hole may be considered part of the
crack. The total defect size is then given by the physical crack length plus the hole diameter (Figure 1).
The stress intensity is simply

-a .4.. ff (3)

By developing Equation (3) as

K-c = ef 2o1• a + o f El(a/D) (4)

foi the asymmetric case, and

K - • ÷ a + -1 a v f. 2 (a/D) (5)

for the symmetric case, it follows that f and fB2 in Equation (1) are replaced by f•E and f_. A compar-
ison of these functions is made in FigureBl. It appears that the diffetences between--the exit functions
and the engineering functions are small, if a/D >0.1. In view of the accuracy of frac ire-mechanics analysis
and the scatter In rew data, the simple Equation (3) can be used in many applications.(4,5,

6
)
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For the practical case of finite panels, the Isida (and Feddersen) width correction can be applied to
Equations (1) and (3) as was shown by the finite-element calculations by Owen and Griffitha(

7
). Results for

a finite-size strip were obtained also by Cartwright and Ratcliffe(
8

), who conducted compliance measurements.
A few attempts were made(3,8,9) to analyze the case of a loaded hole. A simple approximate analysis(9)

based on the superposition principle is presented in Figure 3. According to the figure, the stress-intensity
factor for a loaded hole is given by

KA 2

The Bowie solution of Equation (1) can be taken for KB. The expression for KD is well known to be KD P
if the hole is considered part of the crack. A standard finite size correction can be applied.

Figure 4 allows a comparison of Equation (6) with the results of the compliance measurements made by
Cartvright and Ratcliffe(8). The stress intensity first rises sharply and then decreases, since the second
term in Equation (7) is a decreasing function of aeff. This is in agreement with the results of the compli-
ance measurements. It is also confirmed by the analysis of Grandt(3). If the cracks grow longer, K increases
again as a result of the finite size correction.

Pin loading creates minor shear stresses along the crack line. Consequently, there will be combined K1
and a Kl 1 loading modes. The compliance measurements can only determine C and cannot uncouple K1 and Kll.
But as pointed out by Cartwright and Ratcliffe, the error in equating K1 - vYGi is less than I percent.
Grandt(3) accounted for this by taking the crack perpendicular to the maximum principal stress. The crack is
then at an angle of 81 degrees (instead of 90 degrees) to the loading axis.

4.2.2 Part-Through Cracks at Holes

A corner crack at a hole is an important case i., the fracture safety control of structures. A "rigorous"
solution for flawed holes requires a complicated three-dimensional finite element analysis. However, stress-
intensity estimates have been reported(lO,11) employing elliptical crack solut4ins and correction factors to
account for the hole. For some configurations, stress-intensity factors were determined experimentally(12,13).
4 number of these solutions are described in subsequent paragraphs.

An approximate solution acceptable for rough calculations uses the standard elliptical flaw solution and
applies the Bowie correction factor, as if it were a through crack,

f is (50(7)

where # is the well-known elliptical integral applicable to elliptical cracks, c is along the surface, and fB
is the Bowie function given in Figure 2, but with the abscissa given as c/D instead of a/D. The equation
is limited to cases where a/B <0.5. B being the thickness, unless a back-free surface correction would be
applied.

Hall and Finger(10) derived an empirical expression on the basis of failing stresses of specimens with
flawed holes, assuming the specimens failed when K reached the standard K .. They arrived at

K - 0.87 o/~w- f3 (e 8

In this equation, ce represents an effective crack size, which has to be found from empirical curves. It
incorporates the inluence of both flaw shape and back-free surface, but it is limited to a/c <1. The Bowie
function, fB, is also based on the effective crack size, ce.

Liu(
1 1

) considered a quarter-circular flaw, such that the flaw shape parameter 4 equals w/2. He arbi-
trarily based the bowie function on an effective crack, a. . 1/2 ar2. His equation then is

/W-Af e)(9)

A corner flaw has two free surfaces, which can be accounted for by a free surface correction of 1.26. Since
the edge crack surface correction is already included in the Bowie function, Liu took the free surface cor-
rection of - 1.26/1.12 - 1.12. Taking the back-free surface correction, ab, equal to unity and noting that
9 - w/2, the final equation is

K 2.24a /;. f ( with a (- BD/-a e 2 (10)
(14)

Hall and Engstrom(14 presented an analysis method for dual elliptical cracks emanating from holes.
They used the solution for a pressurized elliptical crack with a pressure distribution in the form of a
polynomial. They fitted the polynomial roughly to the stress distribution around an uncracked hole in a
plate under tension. Then they solved the problem of an elliptical crack (without a hole) with the calcu-
lated pressure distribution. The result is (see Figure 5 for notations),

c02 + 2 s /(11
L c sin 01 /~
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The function F(c/D,O) is given in graphical form in Figure 6. It is also slightly dependent on s/c, but
the variations are within 6 or 7 percent as compared with the case of a/c - 0.6 for which Figure 6 holds.

Hall and Engstrom checked their procedure by applying it to a through crack and found it applicable.
They also showed that the case of an elliptical crack reduces to the Bowie solution for a/c approaching
infinity. The stress-intensity factor is then K - aA/c F(c/D,90"), implying that values of F(c/D,90*) in
Figure 6 should be equal to the Bowie function fg. This is indeed the case.

The solution of Equation (11) was made suitable for corner cracks by applying free-surface correction
factors and an extra correction factor for the case of a single corner crack. The results for a single
corner crack is

K~f% v [os +ai 2  ]1/4rsB, ,4 2~c/A (12)

Some of the above work provides engineering solutions for the stress intensity of corner cracks and
elliptical cracks of arbitrary shape. Such solutions are essential for damage tolerance analysis, since
the crack changes shape during propagation as discussed in a later section. The problem of a corner crack
of arbitrary shape was treated by means of three-dimensional finite-element analyses by Raju and Newman(15).
Stress-intensity factors were derived for a range of values of the relevant parameters; crack depth to
thickness ratio ranged from 0.2 to 0.8, crack dppth to length ratio ranged from 0.2 to 2, but the hole radius
to plate thickness ratio was kept constant at 0.5. Raju and Newman have presented their results in graphical
form.

Fujimoto also presented a solution for corner cracks and elliptical cracks of arbitrary shape at the
edge of a hole. Fujimoto idealized the cracked plate by a number of slices each containing a through-the-
thickness crack of different length. Springs between the slices were used to represent shear coupling.
The solution was presented in terms of closed form pclynomial expressions which contain the relevant ratios
of crack depth to thickness, crack size to hole radius, etc. Fujimoto also provided extensive tables with
coefficients for these polynomials for different kinds of cracks, such as corner flaws at unloaded and
loaded holes, and embedded cracks at unloaded and loaded holes.

4.2.3 Holes With Fasteners

lWhen considering a crack emanating from a fastener hole, the influence of the fastener has to be taken
into account. If the fastener is a loose fit in an otherwise untreated hole, and when there is no load
transfer, it is likely to have little effect on the behavior of a crack emanating from the hole. In general,
however, the fastener has a tight (interference) fit. In many cases it does transfer some load. Moreover,
the holes are often cold worked to improve fatigue resistance. All these things have an effect on cracking
behavior, since they induce a redistribution of local stresses to the effect that the stress intensity is
different from that at a cracked open hole.

Application of fracture mechanics principles to cracks at filled fastener holes requires knowledge of
the effect of interference, cold work, and load transfer on the stress-intensity factor. Grandt( 3 ) calcu-
lated stress-intensity factors for cold worked and interference fit holes by solving the problem of a cracked
hole with an internal pressure distribution equal to the hoop stress surrounding an uncracked fastener hole.

Figures 7 and 8 show the observed trends. Since the shape of the curves depends upon the applied
stress, the calculation has to be repeated for different stresses. Consequently, the results cannot be
presented nondimensionally. The results in Figure 7 may be slightly misleading, because the hoop stress
will be partly released when the bolt gets morE clearance as the crack grows (decreasing stiffness). This
effect was not accounted for in Grandt's solution.

It appears from Figures 7 and 8 that both an interference fit and cold work significantly affect the
stress intensity. Mandrelizing is more effective, since it gives a larger reduction of the stress Intensity
over a wider range of a/D values.

For large a/D the stress intensity of the interference fit becomes larger than that of an open hole
(compare the Bowie solution and interference fit curves for o - 17.5 ksi in Figure 7). As explained above,
the difference may be smaller in reality as the interference decreases due to the lower stiffness resulting
from the larger crack. Yet, this phenomenon is considered typical for an interference fit. It also con-
stitutes the essential difference between an interference fit and a mandrelized hole, as discussed in the
following paragraph.

During mandrelizing the rim of the hole is plastically expanded. After removal of the mandrel the
surrounding elastic material is allowed to contract, and thus it exerts compressive stresses to the rim.
The plastic expansion of the rim does occur upon installation of an interference fastener. But the fastener
stays in place, and hence, no contraction of the surrounding elastic material occurs. As a matter of fact,
there exist tensile stresses around the hole, instead of compressive stresses. This is confirmed by the
positive stress intensity of significant magnitude that remains at a - 0 (Figure 7).

Shah( 16 ) derived an approximate elastic-plastic solution for the stress distribution at holes with
interference fit fasteners and also developed stress-intensity factors for the case of a loaded plate with
a through :rack at a hole containing an interference fit fastener. His results show trends similar zo
those by Grandt(3). Increasing interference gives lower values for the peak stress intensity (by inter-
ference alone); if the plate is loaded the stress intensity becom:s virtually independent of the amount of
interference if the crack size is larger than the hole diameter.
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4.2.4 Joints

In may cases joints transmit little or no load. That is, the joints between stringers and skin in a
stiffened panel transmit moderate shear loads only. Somewhat higher shear loads ave transmitted by e.g.,
a spanwise splice. However, due to the presence of a cracked hole, load will be transmitted from the
cracked material into the underlying reinforcements. Usually, this will not affect the fastener in the
cracked hole; the load transfer occurs through the adjacent fasteners, which may not carry any load in the
absence of the crack. The result is twofold. In the first place, the cracked element experiences a lower
stress, to the effect that growth rates are reduced. However, the load transfer through adjacent fasteners
may induce other cracks. These cracks may occur in the same element, which leads to multiple parallel
cracks. Also, they may occur in the underlying reinforcements. In case that load transfer occurs through
the fastener in the cracked hole (lap joints, stringer run outs), the cracking tends to reduce the load
transfer. This reduces the stresses at the cracked fastener at the expense of higher stresses at adjacent
fasteners, which again may develop multiple cracks. A rigorous damage tolerance analysis might have to
consider these possibilities.

An extreme case of load transfer to reinforcing elements occurs in stiffened panels if the cracks grow
long. A skin crack across a stringer leads to extremely high growth rates in the stringer once it cracks.
Cracks extending to the next stringer induce a high load transfer also, leading to low fatigue endurance
of that stringer.

Many joints are designed for the specific purpose of load transfer, e.g., most pin-lug joints, chord-
wise splices, etc. Analysis of these joints requires the determination of the amount of load transfer
through each of the fasteners. Lap joints and load bearing splices contain eccentricities. The bending
stresses due to these eccentricities will have to be accounted for. Finally, a crack occurring at one of
the holes in the joint will change the local stiffness and cause a redistribution of load transfer, waich
in turn will affect the stress intensity.

In most cases, a conventional stress analysis will be adequate to provide the necessary information
for a damage tolerance assessment. The conventional stress analysis provides the stresses at the relevant
fastener holes. One of the solutions discussed in the previous sections can then be used to determine the
stress-intensity factor. In this manner, it can be established which joints have ample damage tolerance
and which are marginal. The marginal joints could be redesigned; however, if the existing design is accepted
a more elaborate analysis may be in place for these critical locations. A finito-elemant analysis would
then be required.

In general, the finite-element analysis will be of the sub-model type. First, a relatively large,
but coarse model is made of all elements of the joint and the surroinding structure. No cracks are assumed
yet. Subsequently, a finer sub-model is analyzed that contains only the structural elements in the critical
area. The boundary conditions for this sub-model are obtained from the large model. A crack is assumed at
the critical location in the most critical structural element. However, an extremely fine mesh around the
crack is not yet necessary, since this first sub-model is used only to determine the effect of the crack on
load transfer. Finally, another sub-model is made of only the critical structural element at the critical
location. Again, the boundary conditions follow from the previous model. A refined mesh at the crack tip
is made for an adequate calculation oa the stress-intensity factor.

Alternatively, instead of the last sub-model, one of the solutions discussed in the previous sections
can be used to determine the stress-intensity factor, since the last sub-model has reduced the complex joint
to the basic case of a crack emanating from a hole in a plate.

The procedure of sub-modeling is illustrated in Figure 9. The technique is discussed also in one of

the examplo problems later in this chapter.

4.3 DAMAGE TOLIERACE ANALYSIS

4.3.1 Scove

In principle, the actual damage-tolerance analysis of a joint is no different than for any other struc-
tural detail. A crack-&rowth calculation and a residual-strength calculation are required. In this respect,
similar difficulties are encountered as in any damage-tolerance calculation. These are associated with the
stress spectrum, strers history, crack-growth-integration technique, reterdation modeling, etc. Although
these problems may be of more significance than any other of the problems encountered in the analysis of
joints, they are not specific for joints. They ure adequately treated elsewhere(9, 1 8 ) and they are beyond
the scope of this 'hspter.

A number of probleam, specific for the damege-tolerance analysis of joints will be discussed in the
following subsections. The details of how tc perform crack growth and residual-strength analysis will be
assumed well-known.

4.3.2 Residual Strength

In the case of through cracks, particularly when plane stress prevails, the critical crack sizE is
usually on the order of the hole diameter or larger. Then the simple engineering solution for the stress
intensity that considers the hole part of the crack, is adequate for residual-strength analysis. The
accuracy is much better than the scatter in material behavior, so that more refined analysis is not necessary.
This was demonstrated by experimental data on large panels with through cracks at holes. (5,6)

In the case of corner cracks and embedded cracks in plane strain, the effect of the hole and the crack
shape has to be accounted for. Solutions for K were discussed in the previous section. In all cases, the
stress intensity varies along the crack front. It is usually assumed that fracture occurs when the maximu
stress intensity (anywhere along the periphery of the crack) is equal to the fracture toughness.
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Despite the technical importance of the problem, a large scale experimental study to check the useful-
ness of the stress-intensity solutions to predict the residual strength, has never been performed, Seieral
investigations were conducted in which limited ranges of the relevant parameters were considered. Almost
all analysis methods gave good results when applied to such limited sets of data. However, the differences
among the various solutions are large enough( 9 ,18) to state that most of them must have limited applica-
bility. To some extent this may be caused by the assumption that the highest stress intensity is a messurafor the residual strength.

In this respect, the solution by Hall and Engstrom(14) is interesting, because it provides the variation
of the stress intensity along the crack front. Some fracture test data provided by Hall and Engstrom are
reproduced in Figure 10. The figure shows the calculated variation of K along the crack front at the onset
of fracture for this flaw shape. If the analysis is assumed correct, it follows from Figure 10 that fracture
occurred when the material at 8 R 20" was subjected to a K equal to KI,.

Now the difficulty involved in the method becomes apparent. In order to be able to predict the residual
strength of a given configuration, one has to know which K to use. If one chose to assume that K at B - 20"
is the significant quantity, failure would be predicted at point A for the given KIc. Actual test data vary
between P and Q. If any other crack configuration were to be analyzed by the same methcd, the significant
value of B for that particular case would have to be known. It is obvious from Figure 10 that a different
choice of B would affect the outcome of the prediction. Not only the stress-intensity factor varies along
the crack front, also the fracture toughness may be different in different directions. Materials with
greater anisotropy than 4340 steel may exhibit another critical 8, if KIc in the direction of that B is
significantly lower than in other directions. In order to make the method useful for engineering applica-
tions, test programs are required to establish the fracture condition in terms of the angle, 0. The tests
would have to cover different configurations, and do so for a wide range of the geometrical parameters B,
D, a, and c. Of course, any other analysis procedure would be faced with the same problem. The approaches
discussed in the previous sections either assumed B = 0 or 90* to be critical, or they empirically established
an effective crack size which implicitly accounts for the correct B.

The data in Figure 10 can be analyzed easily by considering the hole as part of the crack. The defect
than would be a surface flaw of approximately semielliptical shape, with major axis 2a - 2c + D and minor
axis li a. The flaw shape parameter, ý, is to be based on /2H. Since these are shallow flaws, the backfree
surface correction is fairly large and cannot be neglected. Applying this correction, assuming O/ays P 0.5
for the determination of the flaw shape parameter, and taking KIc = 75 ksidi,-n., the fracture stresses, a,
of the specimens in Figure 10 are predicted as 82, 94, 79, 114, 100, and 68 ksi. The actual fracture stresses
are listed in the same order in Figure 10. The estimates are unconservative by only 6 to 12 percent. Thus,
this simple procedure may be suitable for a quick appraisal of the order of magnitude of the failure stress.

The lesson to be learned from this discussion is that the problem of calculating the residual strength
of a joint is not solved by having a solution for the stress-intensity factor. Indeed, it is dobtful
whether a rough approximate solution for the stress-intensity factor is worse than a rigorous solution ob-
tained from expensive finite-element analyses. Therefore, such rigorous solutions need to be generated for
the most critical cases only. However, regardless of the sophistication of the K-solution, one still is
left with the assumption that the maximum K will dictate fracture. Since this will generally be a conserva-
tive assumption, it is the one adopted in virtually all residual-strength analyses.

4.3.3 Propagation of Cracks at Holes

Fatigue through cracks emanating from holes were studied by Rau and Burck(9). They used specimens of
Udimet 700, containing small holes. In their analysis, they used Lhe Bowie solution with an appropriate
width correction.

Due to the smallness of the holes, th. crack size is soon on the order of the hole diameter. Hence,
the effect of the hole can only be found at low AK values. In this region the data were close to the refer-
ence curve, indicating that the Bowie analysis worked well.

Test data(4) for 2024-T3 aluminum sheet show(4,6,9) that crack growth from holes is very similar to
the growth of a central crack, the differences being of the order of magnitude of the usual scatter in crack
growth. This means that the hole can well be considered part of the cracl if the amount of crack extension
covered is on the order of one or a few times the hole diameter, depending upon the hole sitz.

Some da/dN data of the specimens are given in Figure 11, based on the Bowie analysis. According to
Figure 11, the cracks emanating from holes grow slightly faster initially than normal central cracks at the
same AK. This may be due to the fact that crack closure is less effective due to the presence of the hole.

Since a relatively large part of the crack-growth life is spent while the crack is still small compared
to the hole, predictive calculations often should make use of the Bowie solution. By the same token, if
much of the life is spent while the cracki are small, the accuracy of the solution is of great. impact for
the accuracy of the prediction. However, as shown above, discrepancies may not so much be a result of in-
accurate stress intensities as well as of the lack of similitude. Small cracks at holes have a different
history than the cracks used for derivation of the baseline da/dN data. As a result, conditions of equal K
are associated with different plastic histories, closure, and regidual stress. Thus some differences in
growth rates should be expected. However, in general, damage-tolerance s.nalysis assumes that equal K is
enough guarantee for similitude, so that baseline data are applicable to all cases. Although this is a
general problem in crack-growth analysis, it is more pronounced in the case of cracks at holes. Nevertheless,
the prediction of crack growth can be reasonably accurate as shown by Crews and White(20). Their predicted
crack-growth curves (based on Bowie and on center crack basic data) are compared with actual test results
in Figure 12.

With respect to corner cracks and elliptical cracks at holes, the accuracy is more difficult to assess.
Fatigue-crack propagation of elliptical flaws is a problem for which a generally accepted analysis method is
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not yet available. The complication :f the presence of a hole meems only minor. More than in the case of
fracture, the variation of K along the crack front is of concern for fatigue-crack propagation.

A seuielliptical surface flaw has its highest stress intensity at the end of the minor axis, the stress
intensity at the surface being lower by a factor (/Tc. Assumin3 that fatigue-crack growth in all directions
is governed by the same relation between da/dN and AK, the crack will grow fnster inward than along the sur-
face, thus increasing its ratio a/c. When a c, the stress intensity is essentially constant along the
crack front. Consequently da/dN will be the seae at any crack tip element and the crack remains semicircular.

This tendency of cracks to become semicircular was observed by Mukherjee and Burns(21) in plexiglas
sheet, a material not showing directional effects. Irrespective of the initial c/a ratio, the cracks changed
shape until c/a ' 0.96. Similar results were obtained by Corn( 2 2 ) for an aluminum alloy, two steels and two
titanium alloys. Marked deviations from this behavior occurred in the case of bending, when the crack depth
approached midthickness. Deviations may also occur when the crack-growth properties in the thickness direc-
tion differ from those in width direction. Finally, there is an increasing effect of the back-free surface
when the crack moves further inward, resulting in an extra variation of K along the crack front.

If- standard fracture mechanics approaches apply to surface flaws, there is a basis to assume that they
apply to elliptical flaws at holes as well. Due to the larger variation of K along the crack front (Figure
10), the change of shape must be expected to be more pronounced than in the case of surface flaws. Therefore
it is unlikely that crack growth can be reliably predicted if a flaw of constant shape is assumed. It is
probably even insufficient to consider both the growth of c and a; one or two intermediate positions may be
required.

Once the scene is set for a reliable prediction of crack growth, there remains one technical problem.
This concerns the assumption of initial flaw shapes. Depending upon the assumed damage, machining practice,
fastener type, etc., an endless variation of initial flaw shapes can occur. For a surface flaw, the crack-
propagation life until critical size is reached, depends more on flaw shape than upon initial flaw size and
fracture toughness( 2 3 ). The same holds for flaws at holes.

It might be argued that the flaw shape giving the shortest life shuuld be prescribed. Most likely this
would call for too frequent inspections or for inefficient weight penalties. As in all damage tolerance
requirements, a certain risk of premature failure will have to be accepted. Therefore, the most likely
initial flaw shapes may have to be disregarded. Establtshment of a prescription for one or more initial
flaw shapes would require an analysis of many configurations aloi.g the lines discussed above.

At this point it should be emphasized that the selection of a conservative but arbitrary size and shape
of initial flaw, may not produce the same degree of conservatism in all cases. This is clearly demonstrated
in, Figure 13 which shows crack-growth curves for flight-by-flight loading for five different crack geometries.
The cracks start at an assumed initial crack size of 0.02 incb.

Consider first Case E. If for reasons of conservatism the initial crack was assumed to be 0.05 inch,
the crack-growth life would be approximately 16,000 flights. Crack growth from 0.02 to failure covers
roughly twice as many flights. Thus the assumption of the larger initial crack buys a factor of 2 in con-
servatism.

In Case B, however, the life of an 0.02 crack is approximately 6,000 flights, and the life of an 0.05
crack is 5,000 flights. Thus, the assumption of the larger initial crack buys only a factor of 1.2 in con-
servatism. The difference is due to the fact that the stress-intpnsity factor for a small crack at the
edge of a hole increases very rapidly with crack size (much more so than for the elliptical crack).

The conclusion to be derived from Figure 13 is that assumptions that provide conservative predictions
in some cases, may provide only marginally conservative predictions in other cases. Generplly, this can
easily be foreseen (as in the exarple of Figure 13). Therefore each case should be considered by its own
merits. Attempts to cover all crack problems with general assumptions can lead to dangerous optimism.

4.3.4 Crack Growth in Fastened Joints

Some special problems occur in the analysis of crack growth in fastened joints. These are

e Residual stresses due to interference fit fasteners and mandrelizing (bole expansion)

* Crack growth through rows of holes in multiply fastened joints

a Multiple cracks and merging of cracks in rows of holes

s Fretting.

The question may be raised whether it is practical to deal with these detailed problems. At present,
it %ay be premature in view of the following reasons:

(a) The analysis of a cracked hole is still not satisfactory.

(b) The scatter in raw data makes predictions inaccurate anyway.

(c) There is still no reliable methodology to account for load interaction and retardation.

(d) There are additional unknowns in the load history, temperature history, and the effect of environ-
msent.
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Therefore, a general analysis of the listed problem may suffice. It would provide an appreciation
of the relative significance of each of them. Then they could be dealt with in an approximate way, without
the necessity of costly detailed analysis of each particular structural geometry.

The case of multiple cracks at holes was analyzed by Burck and Rau(24). They determined stress-
intensity factors for single and multiple cracks at linear arrays of holes, either perpendicular or parallel
to the load path. The result is shown in Figure 14(a). Multiple colinear cracks soon attain a high stress
intensity. The single crack in this configuration would only reach a high K when approaching the neighbor-
ing hole (see also the section on arrest capabilities of holec). If rwltlple cracks are aligned in the
loading direction, there is an important shadow effect giving a significant reduction of K.

On the basis of Figure 14(a), Burck atd Rau predicted crack-groath lives for wrought Udimet 700. Their
results are given in Figure 14(b). Due to the presence of multiple holes, the lifetime of single cracks
appears to be influenced by a factor of 0.5 - 3 as compared with a single crack at a single hole. Multiple
cracks show an even larger difference in growth lives. The case of multiple cracks in an array parallel to
the load axis is unstable. If one of the cracks becomes longer than the others, its K increases, while K
of the other cracks decreases. The effect is larger for longer cracks, so that the array is lively to
promote one crack to grow to failure. For colinear cracks, the K for all cracks increases if any one crack
becomes larger.

Some data(2 5 ) regarding the effect of fasteners are presented in Figure 15. They show the large bene-
ficial effect of interference and cold working. In the case of load transfer, the crack-propagation rates
were significantly higher( 2 5 ). Large interference leads to slower prowth rates. Equal mounts of growth of
a corner crack at an unloaded taperlok bolt in 2219-T851 aluminum took 29, 21, and 12 kilocycles at inter-
ferences of 0.0060, 0.0038, and 0.0024, respectively(l 4 ). In the case of the open hole, the same crack
growth occurred in only 6 kilocycles.

These data indicate some trends, but they cannot be generalized. Other stress levels, other fastener
system, and load transfer may change these results considerably. So many parameters are involved that
systematic test data are hard to fiud, if at all available. Investigations to the effect of fasteners all
tend to include too many of these parameters, to an extent that even elaborate test programs often fail to
give generalizable results. Another shortcoming of the tests is inherent in the production of specimens.
In order to obtain the required starter crack, the specimens are precracked before the interference fit
fastener is installed or before the hole is cold worked. Both procedures are liable to build additional
residual strer •es into the crack tip area. A different stress system would exist at the crack tip if it
had grown after fastener installation or hole expansion. Conceivably, also, crack-growth behavior would be
different.

Fastener holes usually occur in rows. A crack initiated at one of them may interact with other holes
in the crack path. If a fatigue crack runs into a hole, it may be arrested there for a considerable time.
Therefore, holes are often considered as useful track stoppers. Unfortunately, it turns out that this is
seldom true.

Isida(30 has determined stress-intensity factors for cracks approaching holes. If the crack tip is
in the vicinity of the hole, the stress intensity tends to infinity. This can be observed also in Figure
14(a). Consequently, the fatigue crack must run into t:he hole at an extremely fast rate. If the crack
reaches the hole, the defect size is suddenly increased by the hole diameter. When the crack reinitiates
at the other side, there is a much larger crack with an inherently bigher growth rate. These two effects
appear to offset the gain in life from the dormant period necessary for reinitiation.

This is confirmed by the test data, 6 ) shown in Figure 16. Irrespective of the size and spacing of
the holes, the crack-propagation curve is practically identical to the reference curve, the differences
being on the order of the normal scatter. Crack-growth rates as a function of AK (on the basis of Isids's
solution) satisfy the reference curve(26). Hence, the case can be treated with normal fracture mechanics
procedures (that do not include the dormant period). In the USAF damage tolerance requirements(27), the
dormant period is completely neglected. The requirements assume the existence of an 0.005 inch crack at
the other side of the hole when a crack runs into a hole.

Probably, the beneficial effect of the hole is much larger in the case of mandrelized holes. Crack
growth into the hole is not likely to be affected much by the expansion, but the residual compressive
stresses will certainly lengthen the reinitiation period. There are no test data available to prove this
point. It is confirmed indirectly by tests on expanded stopholes( 2 8 ).

Arrest of fatigue cracks can be attained in three different ways:

(a) Reduction of stress concentration.

(b) Introduction of residual compressive stresses.

Wc) Reduction of stress-intensity factor.

Reduction of the stress concentration occurs when the crack runs into a hole. As shown previously, this may
not be beneficial unless there are also residual stresses as a result of mandrelizing. Reduction of the
stress-intensity factor occurs when the crack approaches a reinforcement element (e.g., a stringer). The
result is that the crack-growth rates are drastically reduced, although a total arrest may not occur. Since
stringers are usually attached to the skin by means of fasteners; total arrest can occur if the crack runs
into a fastener hole.

The capability of holes to arrest post-instability crack growth is a matter of grcst interest. The
problem is a complicated one because it has to be treated on the basis of dynamic stress intensity and
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elastic energy release rates, wbile there may also be a contribution of kinetic energy. A quelitative analy-
lie of dynamic crack arrest can be made in principle(1 9

). and this could be easended to Sive a qualitative
formulation of the effect of holes. From an investigation by Kobayashi, at al'.1993), it can be concluded
that the arrest power of sma.l holes is probably poor. Therefore, the arrest capability of holes in general
is probably not of great technical Importance.

A particular case of arrest at holes occurs in *tiffened panels, where the arrest my be essentiel to
the fail-safe strength. This subject is dealt with in the chapters an stiffened structures.

4.4 EXAMPLES

4.4.1 Introduction

The numer of exaples received was small. Also, there vas no uniformity in their presentation, nor in
the amount of detail provided. Therefore, it van virtually impoesible to cast all examples in a similar
format. Instead, it vas decided to present the brief examples in their original but edited form, without
attempts to arrive at some uniformity. Ezamples for which more details were provided were abbreviated to
provide an abstract that still retains the essential features of the analysis. It is emphasised that the
way of presentation, the contents and conclusions are the responsibility of the contributors. No
changes were made other than for the sake of legibility. At the end of each example, a brief conment is
provided by the editor.
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4.6 EXAMPLE PROBLEMS

EXAMPLE PROLEM 4.6.1

CRCK PROPACATIOM IN LUGS O9 AFT FLAP LInKS

N. Bradley, British Aerospace
(Literal)

1. STATDEENT OF THE PROBLEM

This calculation was undertaken in order to obtain an inspection crack size for lugs on the aft flap
links of a medium transport aircraft. The Hall and Finger method of analysis for a crack at a hole was
first compared with some data for shackles from another aircraft, but of the ease material, and a factor
deduced to give the correct K.c value at failure.

The aft flap link is shown in Figure 1. The load spectrum consisted of two cycles per flight, each
ascending from zero to a certain maximun value.

2. INTERPRETATION OF SHACKLE DATA FROM A PREVIOUS AIRCRAFT

The shackle data were available only in terms of failure stress as a function of cracked area, as shown
in Figure 2. Assuming the cracks were of elliptical shape, their area is ypq/4, mad q - 0.83 p. So p and q
can be derived for any point on the curve.

K was calculated for 5 points on the curve without using an edge factor. The KIc value of the material
was than divided by the calculated K to give the required edge factor value for each point. A curve vwa
then plotted of edge factor against (d+2qsff)/D as shown in Figure 3.

3. STRESS-IWTESITY FACTOR

The formala used for the stress-intensity factor was the one proposed by Hall and Finger:

K-.87 a1~ 7 F3  4eff /d) FE o2qff d

(crack at both sides of hole) qeff is the length of a through crack equivalent to the corner crack and is
derived using a plot of qeff/q against P/B for the required P/q ratio.

73 is the BOwie Factor which caters for the effect on the hole on the crack.

FE is an edge factor based on the diameter of the hole plus the two eauivalent through crack lengths
being equal to the length of a crack in a center cracked panel. This factor was derived empirically from
the shackle data and tnen used for the flap lugs.

4. CALCULATION OF CRACK GROWTH AND CRITICAL CRACK SIZE

The required residual strength was equal to the cyclic stress.

Using the method derived above, the K values were calculated for the midpoints of successive .05-inch
incrsments. The values of qeff were also calculated for the edge points of the incruent. It was found that
the KIc value of the material was not reached at the outer edge of the lug. As the theory is not applicable
after this point and the shape of the graph of K against q was very steep, it was decided to take the failure
point as the edge of the lug.

The R vnlue for the load cycle was zero and so the max K values calculated above were also the 6K values
for the propagation calculation. Crack-growth data for the S99 material w-ere obtained from the National
Physical Lab Report NO/EF/365/72. The data were represented by

da/dN - 1.6 X 101•' AK
1

.9

Since a refers to the length of a through crack, it follows that a - qeff From this dq/dN values were
calculated at .05 in increments.

Hence for each segment:

qeff (end) - q~ff(start)
Cycles to grow through segment - dqoff/dN

The cycles for each segment were added to the sum of the previous ones to give the number of cycles
from zero to that length. A curve was then plotted through the points obtained by the method above. When
a desired inspection period had been decided this was stepped bazk from the failure point and the correspond-
ing crack length read off (Figure 4). This crack length then had to be of sufficient length to be detectable.

5. DISCUSSION

Unfortunately no test results are available for the flap links no that no comment can be made on the
accuracy of this method. Hovever, the example illustrates the general philosophy used: wherever possible
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the given equations are modified using test data from components similar to the one to be analyzed. This
approach has been used because experience has shown that no one method is capable of covering all cases
adequately. The choice of the Hall and Finger method as a base for the calculacion stems from the limited
amount of data available. The method advocated by Broek, although theoretically superior requires several
corrections of a ccoplicated nature which would require large amounts of data to fully cover them and this
mount of data is not generally available. A numerical example follows which will help clarify the fore-

going outline.

6. NUMRICAL EXAMPLE

A. Shackle

D - 3.64; d - 1.328; B - 0.8. Ultimate design stress is 80 tons/in.
2

. 2 stress is expressed as net
stress; gross stress = net stress x (D - d)/D; q - 0.83 p.

For lose of area of 102

area lost . 0.1 x (2.64-1.328) x .8 = .105per side 2

- wpq/4 - w x .83 p
2
/4; p - 0.2835; q - 0.2353

Z ultimate stress - 76.5.

Hence, gross stress - 76.5 80 2 2.64 - 1.328 68024 psi; p/q - 1.2048; p/B - 0.3544.
2.64 i,

From Hall and Finger Curve; qeff/q - .66

q .66 x .2353 - .1538,; eff .533 .' = -- •d 1.328 •14

From Bowie Curve for crack each side of hole: FB - 2.32

.87 a v'loeff PH - .87 x 68024 x A x •1533 x 2.32 - 95,283 psi/idn-.

For S99 Kic - 80,000/psii.; 7
E - 80,000/95,283 - 0.8396

d + 2
qeff 1.328 x 2 x .1533 0.6192.

D 2.64

Results for various values of (d+2q eff) /D are plotted in Figure 3.

B. Aft Flap Link Top Lux

d - 1.125; D - 1.6; B - 0.5. Gross stress = 6693 psi. K was calculated using the same method as for
the shackle but with the edge factor. Since the case considered now is a single crack at a hole, a different
Bowie curve is used. Use of the derived edge factor is slightly pessimistic but acceptable for design pur-
poses.

Susmary of Results

- qeff K

.025 .0043 2,215

.05 .016

.075 .0311 5,793

.10 .051

.125 .0744 9,078

.15 .0997

.175 .1243 12,715

.20 .151

.2188 .1718 19,104

.2375 .1193

Propagation:

dqeff (for 0 - .05 inc.) - 1.6 Z 10"1 x 22151.9 - 3.6335 x 10-6dN

.016 - 0 - 4.4035 x 105.
Cycles for increment - . 10-6

Summary of Results (plotted in Figure 4)

Crack Inc Cycles in Inc Cumulative Cycles

0 - .05 4.4035 x 10
5
' 440,350

.05 - .10 1.5494 x 105 595,290

.10 - .15 9.1887 X 104 687,180

.15 - .20 5.1024 X 104 738,200

.20 - .2375 1.9917 x 104 758,120

Required inspection period was 1 year (-15,040 cycles with factor of 2). From Figure 4 it follows that
the crack length which must be inspectable is 0.2068 in.

*u
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7. COMETARY"

Calibrating 0 in K oa- 8o,/ b.adJustment to test data is a cost-effective solution. The difficulty

here is the (high) KIC o 80 kstin . If the yield strength of S - 99 is 70 ksi, the failures of the
shackle occurred while the plastic zone (plane strain) was (80/70)2/6, - 0.07 inch, which is 25 percent of

the crack size In the numerical example. The failure stress calculated In the numerical example is 68
ks, so that the entire net section was probably yielding. Thus, applying the calculated equivalent stress-
intensity factors for fracture to fatigue-crack propagation (small plastic zone) Is a violation of simili-
tude requirements. The stress-intensity factors are probably too low. (In the case of net section yield
fracturE: takes place at apparent stress-intensity factors well below those for elastic fracture.) Therefore
the calculated crack growth should be considered with reservation. Nevertheless* if no better information
is available, the method Illustrated in the example can be very useful.

IDI
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DANLE PROBLM 4. 6.2

CORNER DEFECTS AT HOLES OF VIM SPAR 300R0

D. Grange and M. Bradley
British Aerospace

(Literal)

1. STATEUIT OF PROBLE4

Corner cracks occurred at holes in the ving spar boom (Figure 1) of a heavy military aircraft during
its full scale fatigue test. As a result, estimates of the residual strength and permissible inspection
periods wera required. The residual strength estimates were based on the plane strain toughness for the
material and the Hall and Finger stress-intensity solution for a corner defect at a hole. Inspection periods
were based on propagation data deduced from the frsctographic *zaudnation of the fatigue teat specimen
failure. The predictions.assume the damage to be corner defects of quarter circular form at each side of
the hole.

2. STRESS DINTESITY

The solution utilized was that by Hall and Finger for a corner defect at a hole, where the defect is
Idealized as an equivalent through the thickness crack. This solution caters for a finite condition with
regard to thickness, but not with regard to width, thus a correction to cover the latter was included.
Since no test evidence for defect sizes 4pproximating those anticipated as being critical under the residual
strength loading were available, an additional factor of 1.5 was included to cover possible scatter. This
value was dedu.ed from some previous work on these booms, where predictions made using the above solution
were compared with plane strain toughness values, measured from the s material.

i.e., K - 0.87 os/sq -f(q/D).fr---1.5eq eq )

where f(qeq /D) is the Bowie function to allow for the presence of the hole

and f (Rv q is a finite width correciton.

qeq is obtained from empirically derived curves which are a function of P/B and q/P ref. AFFDL TR 70-144.

3. RESIDUAL STREGT

The residual strength requirement aas 802 of the design ultimate, resulting in a stress of 26,160 psi.
The plane strain material toughness for the boom material in the longitudinal direction is 27.0 ksi/G.
The .tress intensity as a function of crack size was determined for the above loading, and the crack size
appropriate to the above toughness obtained. Critical crack size was 0.125 inch.

A typical evaluation of K follows. Considering q - 0.1 evaluate the size of the equivalent through

crack from

p/2 - 0.1/2.24 - 0.0446 p/q - 1.0.

The curves provide: q /q - 0.118, so that q . 0.118 x 0.1 - 0.0118.

The Bowie function for q /D - 0.0118 . 0.0189.
eq 0.625

The finite width correction follows from -+- eq" 0.3125 + 0.01185 0.432, giving f w- 1.12.

v 0.75

Thus: K - 0.87 x 26,160 ,'0.s x 3.08 x 1.12 1 1.5 - 22.67 ksidVin.

A plot of K against a is given in Figure 2.

3.1. Permissible Inspection Period

This vas based on the propagation data deduced from a fractographic examination of the fatigue failure.
The results should be directly applicable since the loading was the actual service spectrum. The permissible
inspection period is the period of growth from the crack reaching a size deemed as inspectable ai to the size
at which unstable growth would result under the residual load ac. The size of crack deemed to be inspectable
under this configuration was 0.05 inch, thus the permissible inspection period will be the time for the crack
to grow fron 0.05 inch to 0.125 inch.

From the fractographic examination, it was known that to grow from 0.05 inch to 0.10 inch requires 460
flights. It was necessary to estimate the additional time for growth from 0.10 inch to 0.125 inch. This
is deduced by estimating the difference in average rate between the two growth periods.

Considering growth from 0.05 inch to 0.10 inch takes N - 460 flights, the average da/dN - 0.05/460 - 1.087 x
10-• in./cycle.



Considering growth from 0.10 inch to 0.125 inch, the difference in average rate can be obtained from the
difference In K for each of the mean crack sizes of the two growth periods: For 0.05 - 0.10 inch the
"average is 0.075 inch and for 0.10 - 0.125 inch the average is 0.1125 inch.

From Figure 2 it follows that the ratio of the K-values for these two crack sizes is 1.42. To obtain
the difference in rate over the two periods, a da/dNl ^- AX curve for the material was used. The average rate
for the growth period covered by the test (0.05 inch to 0.10 inch) was 1.087 x 10-4 in./cycle. According to
the rate data, these represented an effective AK of 21.0 ksiv'I. However, for the growth period 0.10 inch
to 0.125 inch the effective AK value would be expected to have been 21.0 x 1.42 - 29.82 ksiv'iTn.

The da/dW - Ah curve provides the rate applicable to this growth period.

da/dN - 3.54 X 10-4 in./cycle, or N - 0 - 70.6 flights, and tot -460 + 71 - 531 flights.
3.54 x 10-

To cover scatter in propagation, a factor of 3 is applied, making the inspection period 177 flights.

4. COIUMTARY

It is considered reasonable practice to take crack increments of 5 percent (sometimes 10 percent) of the
current crack size. The increment taken in the e-alple is 25 percent; however, the remaining life of 7
flights is so small that the rough approximation is well justified in this case.
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U.ALE PROBLD( 4.6.3

RESIDUAL STRENCTH PMDICTIOUS FOR CORNER DZFCTS AT OS IN SPAR BOOM

D. CranSe, British Aeroepace
(Literal)

1. STATIET OF THE PROBLEM

Residual strength predictions were "ade for test specimens having corner flaw type defects at holes.
The predictions vere based on conventional through-the-thickness crack-toughness data, obtained from speci-
now manufactured from the sawe material. Various stress-intensity solutions were considered, to see which
was the more appropriate. The test results were previously published by Kirkby in Agardograph 176, Chapter
VC.3 but in that instance predictions were only made for one particular solution.

2. TOUGHESS

The specimens were manufactured from sections of wing spar boor, having material specifications DT83
end VrD5074, respectively (Figure 1). The throulh-the-thickness toughnass data for the type 1 Boom Material
(DTD683) were quoted as KIc - 24.6 to 31.8 ksV'Tn, from results of 16 specimens cut fro% 2 residual strength
specimens, and for the type 2 Boom Material (DTD5074) as Ki, - 24.0 to 35.0 ksiA. from results of 36 spec-
ilme frco 9 boom.

The crack orientation for these specimens was not quoted but since crack orientation in the residual
strength specimens was longitudinal, it should be concluded that they were likewise. Which of the to sub-
directions they represented (L-T or L-S) was not known. Possibly they were mom of each. More recently,
some additional toughness measurements have been emde on the type 1 Boom Material, Lhe results vert

L-T 3ýc - 26.7 ksi/t . average of 4 specimens

L-S 'ic " 29,0 ksiin. average of 4 specimens

3. STRESS INTENSITT

Three di•fcrent stress-intensity solutions were considered.

(a) The procedure discussed by Broek in Nlq-rR71033U, where the defect and hole are
idealised as a large surface flaw. K is calculated at the end of the major and
minor axis (Figure 2(a)).

(b) The procedure discussed by Hall and Finger in AFFDTL f 70-14" where the defect
is idealized as a through-the-thickness crack of equal severity (Figure 2(b)).

(c) The procedure discussed by Kirkby in Agardograph 176 where the defect is treated
as a quarter circular corner crack, using the surface dimension as the radius
(Figure 2(c)).

The failure stresses calculated by using the above stress-intensity solutions and the quoted KIc-values
are plotted In Figure 3 versus the actual failure stress in the test. Of course, a 1-to-1 relation in this
figure would be an exact prediction.

The solution that was finally applied to the type 1 booms was K - 0.795 a,•-ea, and the solution applied
to the type 2 boom was K - 0.795 o(w.s/l.75. The factor 1/1.75 was introduced to allow for the increase in
restraint impoeed on the crack due to the relatively smeller holes.

4. COMENTYARY

This example shows (Figure 3) how difficult it is to justify any stress-intensity solution for cracks
at holes. To a large extent this is caused by the large scatter in residual strength usually observed in test
specimens with corner cracks at holes. The results are compared on the basis of a fixed KIc value for the
material. Thus a stress-intensity solution that appears to give a poor correlation for a particular test
my not be at fault, b-it the particular test specimen may have extibited an extremely low or high KIc as com-
pared to the fixed KIc value taken for the evaluation. To sme extent, justification is difficult, because
of the problem discussed in association with Figure 10 in the main chapter.

T= I BOOm SECTION TYPE 2 BOOm SECT=CN

FIGURE 1. SPAR BOOM SECTIONS
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[AM.ZlE PRO]LEI 4.6.4

DAMAGI TOLZANCZ ESTUMS FOR A LANDING CZAR COMMM

0. Grange, British Aerospace
(Literal)

I. STATMIDIT OF PRONLD(

The analysis concerns a component of the main wheel lending goar of a medium transport aircraft, which
during the testing of the fatigue test specimen, developed corner defects at a drain hole. Calculations
were made for the baoic design and aleo for a range of hole diameters, to cover the eventuality of the hole
being increased in size to remove the crack. The damage assumed was a corner defect of quarter circuler
for., at both sides of the hole. The component is made of VTD5104 (U.S. equivalent approximetely 7075-T7;
duplex aged). A section through the component at the drain hole is shown in ligure 1.

2. DAMCE-TOLERANCZ PHILOSOPHY

Two philosophies are considered. A fail-safe approach based on growth from the inspectable size to
the critical size, and a safe life approach, where the hole having been found clear, is increased in size
by an amount equal to the inspectable size. The object of the latter is to remove any defect still existing
of a size less than the inspectable size. Thus only defects of effectively zero size need then be con-
sidered and the safe-life approach is therefore based on the growth from a size just greater than zero to
the critical size. This latter approach would be chosen in preference to the former, when the inspection
interval would be prohibitively short.

If defects are found, the general procedure is to increase the size of the hole in increments, until
a clear indication is achieved from the inspection technique. The appropriate philosophy is then &*osen on
the basis of the resulting hole size.

The detectable defect size was considered to be 0.10 inch. A scatter factor on life of 4.0 was assumed.

3. STRZBS-INTEtSITY SOLUTION

The solution chosen was the one by Hall and Finger, where the corner defect at a hole is idealized by
an equivalent through-the-thickness crack at a hole. The equivalent crack is obtained from empirically de-
rived curves which relate corner cracks to through cracks. This solution caters for a finite condition with
regard to thickness, but not with regard to width, thus a correction to cover the latter was included (i.e.,
Item 1.1.5 of the Compendium of Stress Intensity Factors by Rooke and Cartwright RSO 1976). The stress
intensity is (see Figure 2 for notations):

K - 0.87 ovw.q-.f(q /D)'f(d/b, a/d)eq eq

where f(q /D) is the Bowie function which relates qeq to the hole diameter D and f(d/b, a/d) is a finite
width coAction.

4. FRACTURE TOUGHNESS

In an attempt to obtain a realistic estimate of the critical stress intensity value, relevant to the
defect configuration, toughness tests were conducted on specimens with corner defects at holes of equal
diameter as the drain hole (i.e., 3/16 inch). The specimens (Figure 3) were manufactured from material ob-
tained from other identical components with the defect in the specimens arranged such. that it had the sam
orientation as the defect in the fatigue test specimen.

The values of stress intensity at failure, were evaluated using the above solution. The results
for 6 specimens showed a minimum KJc of 30.9 ksiAin., an average value of 32.65 ksi/W . and a standard devi-
ation of 2.25 ksi/1Tn. The value ,,sed in the subsequent analysis was 30 ksi/1-n.

S. CRACX-PIOPACATION DATA

The data used were'obtained from a fractographic examination of the fatigue failure. The specimen had
bean loaded randomly to the service spectrum, thus the data were in the form of crack size versus flights,
as shown in Figure 4.

These data are applicable only to the hole diameter of the test component. To make it applicable to

defects at other hole diameters a correction must be made. The correction takes the form of a factor on
rate equal to the ratio of the stress intensity fý. a defect at a 3/16-inch hole, to the stress intensity
for that defect at the hole diameter under consideration.

6. RESIDUAL STRENGTH

For each diameter of drain hole considered, the relationship between strength and crack size was estab-
lished, using the solution previously detailed. However, for smell crack sizes, errors can be expected, and
a correction was applied as in the Feddersen approach (Figure 5), using:

a limit - a ult x -- •
2b



where a limit ie the groes streas to produce a net stress equal to a ult, and o ult is the material ulti-
mate stress (69." kai).

The correction takes the form of a tangent drawn from the curve based on K - 30 ksid. to o - a limit
at q - 0. The critical crack size vas then obtained from the corrected plot of a against 'a' at the
residual strength level of aR - 44.59 ksi. A plot of critical crack size as a function of hole diameter is
shoen In Figure 6.

7. CRACK GROWTH

To obtain crack lives at hole diameters othar than 3/16-inch, propagation data relevant to these dimse-
tars were required. They were obtained by the following procedure. Consider, e.g., a hole diameter of
0.23 inch and a starter size of 0.10 in for the fail-safe philosophy. From Figure 6 the critical crack size

,is obtained as q crit - 0.132 inch, which means that the total nmount of fatigue crack growth is 0.032-inch.
From the crack growth data for the 3/16-inch hole (Figrre 4), it follows that growth from 0.1 - 0.18 inch
takes 585 flights. Then the average rate of growth is dn/dF - 0.08/585 = 1.37 x 10-4 inch/flight.

From ESDU Fatigue, Vol. 4, Item 75029, Figure 11, using the 7075-T7351 curve as a basis, the equivalent
value of AK for that rate is found to be 18.2 ksiVin. An estimate is now made of what the value of Ai would
be, if the diameter was 0.25 inch (i.e., considering q - 0.125 inch).

'X - 0.25 8Inch ' 1.007 x 2.08 x 0.87 a A x 18.2 - 20.05 knie.•D- .2 ich"1.006 x 1.89 x 0.87 a A_

Referring back to the da/dN.. AKi curve, this is equivalent to a da/dN - 2.2 x 10-4 inch/flight. Therefore,
the number of flights for the crack to grow from 0.10 inch to 0.132 inch at a 0.25-inch-diameter hole will
be I - 0.032/0.0022 - 145 flights.

This procedure was repeated for various values of hole diameter, and a plot obtained of crack growth
life from a detectable crack size of 0.10-in to failure against hole diameter (see Figure 7).

By repeating the shove procedure, but with a starter length of effectively zero, the ro-lationship
between hole diameter and life was obtained for the safe-life philosophy. In Figure 7 this relationship in
shown, but D is plotted as D - 0.20 inch. This was done to obtain the relationship in terms of the dimamter
of the hole found to be clear of defects.

8. SUNMARY

The damage tolerance philosophy regarding this component may be summarized as follows. The hole is
inspected for defects, and with the technique employed, it is not expected that defects greater than 0.10
inch will be missed. If during inspection no indication of a defect is observed, then it is assumed that
at that hole, at that point in time, there are no defects present greater than 0.10 inch. However, there
could be defects present less than 0.10 inch. Reference is then made to Figure 7, from which is obtained
the inspection interval and safe life for the two philosophies. A decision is then made as to which philos-
ophy is the most practicable. If the safe life is chosen, then the hole must be opened up by 0.20 inch
on diameter, to ensure the hole is then free of defects. If however, on inspection a defect is observed,
then the hole in question is opened up in increments until found to be clear. Reference is then made to
Figure 7 to determine what the subsequent inspection interval or safe life will be.

APPENDIX A. ADDITIONAL TOUGHNMESS DATA

In addition to the toughness results described, data were obtained from two compact tension specimens
with the objective to determine the difference in results if through-crack data were used as opposed to
corner-crack data.

The specimens were manufactured from material obtained from identical components, with the same crack
orientation an the other specimens. The toughness values measured were 25.46 ksiiln. and 23.57 ksiAin. (the
latter could be considered valid as per the BS.5447:1977), The first value was suspect since cracking did
not occur in the same plane over the full width of the crack front.

It is obvious that, with the solution used, an overconservative result would have been achieved with
the compact tension data.

APP2DIX B. CRA(C GROWTH UNDER RANDOM LOADING

If the loading spectrum is modified, then the propagation data, deduced from the fractographic examina-
tion of the fatigue test specimen failure, will not be relevant. Therefore, to cover this eventuality, a
study was undertaken to assess what degree of accuracy could be achieved for predictions of crack growth
under random loading.

The study utilized the results of propagation tests under random loading, which were conducted on the
same specimers that subsequently yielded the residual strength results previously discussed. The calcula-
tions were based on the solution previously discussed, using baseline propagation data deduced from speci-
mens tested under constant-amplitude loading. The applied loading was the same spectrum as applied to the
specimens. The Willenborg retardation model was used to account for load interaction.

The specimens were as detailed in Figure 3. During the tests records were kept of cycles and crack
growth along the surface. However, to evaluate propagation rates, an estimate of the growth down the bore
was required. From the appearance of the fracture surface and the final crack front shape, it was decided
that it would not be unreasonable to assume that the growth down the bore approximately equalled the growth
along the surface.



The to cracks at opposite eides of the hole did not grow at the sm rate. Therefore, since the
solution only caters for an equal crack condition, a concession wes required to evaluate values of 6K.
Values of AK weer evaluated for each tip, based on the crack size for the tip being considered. Evaluating
AK In this manner asutms that the other tip is of equal size. The rate for the tip being considered is
plotted .a.In t this value of hi, the other tip is treated likewise.

A plot of dqeq/dN against hK for constant amplitude is shown in Figure 8. This data is for I - 0. The
data were extended over a wider range than that covered by the teat results, by f-tring each end of the
curve to the equation.

dqq IdN -C.hi"•eq/aoc•

Zn the prediction of the results of the spectrum tests allowance wea made for load interaction by mema
the Villenborg retardation model, using:

K effective - 2K - Iex

where Kn is the K level under consideration and K 8" is the maxmem K reached in the spectrum.

The modified spectrum was e. follows:

8,460 0 1
26,950 0 1
12,480 0 1
6,030 0 1
2,850 0 1

720 0 1
26,680 0 1
11,310 0 0.5
U1,310 0 0.5

A computer program was used for the integration. The calculated results, i.e., qeq against failure,
are plotted together with the spectrum test results in Figure 9. The calculated values are, on average, a
factor of 1.6 on life, lower calculated values were also obtained for the fatigue test specimen, the loading
is 1.17 tirme greater than the latter. Comparison of the calculated with the fatigue test specimen values
are shown in Figure 12; the difference Is again of a similar order.

9. COr•rTARY

This is a good example of the technique sometimes referred to An stripping, by which non-inspectwble
cracks are removed by cutting away material. The example accounts for a detectable defect of 0.1 inch.
This mean that a defect of 0.1 inch can escape detection. Thus, a hole found clear at inspection still has
to be oversized by 0.2 inch to eliminate defects that were rissed.

Zn view of the inaccuracy of predictions for cracks at holes (see previous example) it would still be
necessary to apply ample factors on calculated action intervals.

FlGURE 1. SICTION THROUGH COMPONENT AT DRAIN HOLE FIGURE 2. STRESS INTENSITY

-4-U

FIGURE 3. T•6SS SPICfl•

//

4.4



*IUR 4.S REULSIF4NATORA

FIGURE 5. FEIDDERSEN APPROACH



• -

1 • o a

!1 I I ' l

ti

hiI

4 ,4+I'4



r*

I I iI I

q

/I



7SAY

J •Jaa

a

0..1

a

dw./

FIGURE 10. COMPAR.ISON OF CALCUIATED~ AND•T Fr F~LU~lT

f0

o'a

F~i4Na

m0

?IG[lI.9 10 O•PARXSWI 0F CALCULJATIO AN DlS WIhTETINSLTSU

ff

J/

C .



,EAMPLE PROBLEM 4.6.5

CRACK GROwTH AND FRACTURE OF A LOADED HOLE IN AN AIRCRAFT BOOK END J
M. Bradley, British Aerospace

(Literal)

1. STATEMENT OF THE PROBLEM

Calculations undertaken to find the inspection period for a hole at a boom end, loaded by a pin are
described. The aircraft involved was a geriatric medium transport aircraft. The boom end is shown in
Figure 1.

The problem was to derive an easy to use method of analyzing a corner crack in a hole containing a

loaded pin. A solution along the lines of the Hall and Finger method for cracks at holes with a remote
loading was sought.

2. STRESS-INTENSITY FACTOR

Using the idealization shown in Figure 2, the crack at the hole was idealized as a crack of length equal
to the hole diameter plus crack length, i.e., 2a - D + q. This crack was loaded with sinusoidally distrib-
uted forces along the length covered by the diameter of the hole.

From Sih and Liebowitz's analyses (1968) for a crack with a distributed load along its length, it fol-
lows that:

1 a - -
KA f ' '-a kx ;-:) dX

The bearing stress is given as:

Uf

allS-si lr(x+a) _2D f_. --- D ,

It was desired to derive a function X

K A - k x OB x z or X - KA/oB V with X- f(I)

Using a numerical approximation to calculate KA with a large number of increments, X was derived as indicated
above. A graph of X against q/R appears in Figure 3.

The above analysis, of course, assulmes an infinite sheet. To produce a correction to allow for a finite
environment, some experimental results by Cartwright and Rrtcliffe were utilized. They were in the form of
an overall factor plotted against q/R for a specimen with a 7idth to hole diameter ratio of 2. The overall
factor was divided by A at comparable positions of q/R and the result plotted against 2(R+q)/W, where W -
specimen width. A graph showing the factor appears in Figure 4.

As stated before, the above analysis is for a through crack. The problem that we must solve is for a
corner crack at a hole. This was done by converting the corner crack to an equivalent througu crack using
the Ball and Finger curves. Hence, formula for K for a corner crack at a hole was taken as:

K"Aza x - qeff z FE

where qeff - equivalent or effective crack lecgth, FE - edge factor from Figure 4. and A is from Figure 3.

NOTE: After coaepletion of this job, it has been realized that a better idealization would have been achieved
if the sine distri•bution on one side of the crack had been r.placed by a constant distribution of 2D/ W over
the length of the crack to cater for the remote loading on the other side of the hole. However, as the D/W
ratio for Cartwright and Ratcliffe's specimens, our specirens, and the actual components are all substantially
the rae the final results should not bd affected.

3. EVERIMENTAL VERIFICATION

In order to check the theory derived above, some tests were performed on scaled down versions of the
boom ends. The test pieces consisted of a tie with a loaded hole at each end with a corner crack at each
hole. An alternating load at R - 0.5 was applied and the growth of the crack, both down the hole and along
the surface was monitorud. Also several compact tension specimens for the same material were tested and
propagation curves derived to obtain Ja/dN - AK data.

Using the Hall and Finger curves, with the values of p and q for the test pieces, values of qff can be
derived from

qeff = fn (P/B-P/q) x q

where P - crack length down hole, q - crack length along surface, and B - specimen thickness.



For the test pieces a graph of qeff against endurance. N (cycles), was drawn and dqeff/dN evalu- I

ated at each data point. The value of dqeff/dN could then be read across to the propagation curves from
the compact tension specimens to give a value of AK for each data point in the growth of the corner cracks.

I for the corner cracks ws also calculated by the expressio-

W - A x 60 x w~

which is the expression derived above without the edge factor. The Ax derived from the compact tension
epecimens was divided by the AK calculated from the expression above to give a value of 72 for each data
point. av than plotted against 2(qeff+R)/W.

The graph obtained appears in Figure 5. It will be noticed that all the points follow the slope of the
Cartwright and Ratcliffe line fairly well but a constant factor seems to be required for the line to go
through the mean of the points. A factor of 0.87 was selected as this also appears in the Hall and Finger
expression. This fits fairly well.

This method, when used to calculate the propagation and failure of the crack in the component being in-
vestigated cannot handle a variable p/q and so a value of p/q for the calculation mst be selected. The
graph in Figure 6 shows the results for severil runs using different crack ratios and constants on some of
the specimens. It can be seen that a combination of p/q - 1.5 and a constant of .87 gives a very good cor-
relation between the computer results and the test pieces. The results for two specimens with a higher
loading are shown on Figure 7. Again, the correlation is quite reasonable.

Figures 8 and 9 show the propagation result from the same program. These are not quite as good, mainly
because the variance in p/q ratios in the specimens (1.2 to 2) has a greater effect on propagation than K
value. They do show, however, that the method gives mostly "safe" answers.

On the basis of these results, it was decided that a factor of 2 on life would be sufficient to use
with this method.

The final formula was taken as:

61 - .87 Aoa A ?z ,wqeff -with p/q - 1.5B ~ ef

The propagation curves used were developed from the compact tension specimen results. As they were
only for R - 0.5, the relationship

da

wa used to generate curves for other valuee of R. From a review of available alumintm data a was deduced
to be 2.

In order to get a reasonable correlation between the formula and the compact tension specimens data,

the curve was split into two parts, each part with a different n-value.

4. PROPAGATION AND FAILURE PP..EDICTIOnS

The calculation for the component followid almost exactly the same method as the check calculations on
the test specimens. The major difference was that a complicated load spectrum was applied, representing the
service loading of the component. The load spectrum was derived from both gust loading and ground loading
during taxi. It is of a random nature between takeoff ard landing and during the taxi.

Crack growth was numerically integrated. The dqeff/dN values were simply m-sed to give the total
dqeff/dN for each crack inctement. This is not strictly correct as there will be some retardation effect
owing to small loads being preceded by large ones. owing to the random nature of the loading, however, it
is not possible to make an assessment of the retardation. It was therefore decidee to ignore it, which at
least gives a safe answer.

The results of the calculations for the component appear in Figures 10 and 11. No comwnt un be made
on the accuracy except that an inspection period of 12 flights was adopted and this proved to be satisfac-
tory.

5. DISCUSSION

One aeJor source of error in these calLulations is that the propagation data was extrapolated from a
curve fo, a single R-value. The formula used is one of many propagation equations, none of which is really
reliable.

Unless reliable propagation data are available from another source, it Is suggested that at least two
propagation curves should be produced from compact tension specimens, one at a high R-'-.lue and one at
R f 0. Then at least the boundary values of any selected propagation equation ean be properly evaluated.

6. COMMENTARY

The example dould have been more valuable if the proposed stress-inteneity solution for a lug with a
through crack would have been compared with other solutions (see main chapter).

4-50



The short crack propagation period and short inspection interval (12 flights) are reason to believq that
the crucial point in this analysis is the flight load history. When crack growth covers thousands of flights,
the flight load statistics are rather dependable. However, one series of 12 flights can be largely different
irt= the next series of 12 flights, so that the calculated growth curve will be an average of a very broad
band of actual service behavior. Rather than taking an arbitrary factor en life, -in a case like this it
seems almost imperative that a parametric analysis is made, by repeating the calculation for different types
of flight- (weather). This would at least give a feel for the variability in service behavior to be antici-
pated, and it would give a more rational bases for establishing an inspection interval. (Since the insccurs-
cins of the method would equally apply to all parametric re'mlts, the relative life under various weather and
loading conditions would still provide useful information on variability.)
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EAMPLE PROBLEM 4.6.6

TITANIIr ALLOY WING LUG

L. Casalegno, Aeritalla
(literal)

1. STATDOXT 0 THE PROBILE

The wing lug considered (Figure 1) is in titanium 6AI-4V and is loaded by a steel pin. The quarter-
circular corner flaw has been positioned on the lover edge of the lug bore, where the stream Is about 10
percent higher than the average net section stress due to in-plane bending caused by the eccentric pin load-
in$. This bending stress (a - 330 N/rn

2 ) has been taken as tha section stress, because of the small depth
of the critical crack size resulting from the calculatiors.

2. STr9SS-INTENSITY FACTOR

Four solutions for the stress-Intensity factor of a corner flaw in a lug have been considered from the
literature:

(a) Liu's solution (Reference 1) for a hole in an infinite plate in tension, corrected for finite
vidth

KI 0.713 *Ga . - )1• L eec-

where 14) is the Bowie function with L - a/' end F(7) is the back face correction factor, which

Kobayashi and Moss (Reference 2) have approximated by the polynomial F•) - 1 + 0.05021 (•) -

060 a 2  a 3 _ a +a1.1672

0.504 + 2.201 -tf 3.3879 x +1.47

(b) HUS interim solution (Reference 3) for a lug

K 0.7 a ~ kTb.

where ax is the net stress, k. the geometric stress concentration factor end the quantity in
parenthesis is the finite vidth correction, with g being a function of kT end b the lug arm.

(c) Nerwen's solution (Reference 4) for a pin loaded hole

- r io- r + W V=D
GI- 0GVQ 10.1 ec

where Q is the shape parameter, fb is the Bowie function end Me is a front and back-face correction
factor.

(d) Wenhill end Lof's solution (Reference 5), from a Lockheed formula

1- 2 + D? (1.26 + 2.65 •
Kq1 2D +a 2D + a~j 2(W-D)t

3. CRITICAL CRACK SIZE

For the particular desiLn and material (Kc - 2200 Mma-1- 5 ) and a stress a - 330 N/mm2, the *our solu-
tions give the following critical crack lergths:

Solution (a) - aC - 8.5 me; Solution (b) - 6.0 sm; Solution (c) - 8.2 -- ; end Solution (d) - 7.3 me.

4. CRACK-PROPAGATION CURVE

The crack propagation curves, calculated for the anticipated service spectrum with the Forman's equation
de/dI - c6Xn/( (I - R)Kc - AX are shown in Figure 2. Three of the four solutions gives comparable results,
while the fourth gives only half the life of the others. An average life of 25 bloc1.3 can be assumed. The
effect of load interaction (retardation) can be estimated from tests performed at MBB on a different com-
ponent, but vw.th similar material and spectrum, to be a three to five times increase in life. 4ondestruc-
tive inspection specialists are to assess inspection techniques for this component, and the minimum crack
size detectable with adequate confidence. Inspection intervals will be prescribed based on half the calcu-
lated life or on test regults (when available) and the nondestructive inspect-on method applicable.
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5. WRIFRECES

1. Lin, A. F., hIginsering Fracture Mechanics. Vol. 4, (175), 1972.

2. tobayashi and Nos, "International Conference on Fracture", Brighton, 1969.

3. Geier, W., 163B/Ul FE 217/5/75.

4. Neman, J. C., NASA TN D-8244, June, 1976.

5. Wanhill, R.J.H., and Lof, C. J., AGCAD CP-221.

6. COMMENTARY

The comsents to Example 3 apply here as well. In addition, the analysis is limited to quarter-circular
flaws. There is no guarantee that actual flaws in service will not be elliptical, which would result in
rather drastic changes in crack-growth behavior. It would be worthwhile to assess the magnitude of such
changes in a parametric analysis. Obviously, this applies to all analyses of surface flaws and corner cracks.
Apart from the flaw size, the flaw shape is of great influence on anticipated life (see main chapter). An
arbitrary shape may be useful for comparative (design) studies, but may be unconservative as a basis for
decisions regarding operational safety.
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FIGURE 1. LOWER WING LUG FIGURE 2. CRACK PROPAGATION CURVES
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"f]AMMIZ PROBLE• 4. 6.7

FLIGT-BY-FLICRT CRAC PROPACATION INVESTIGATION ON xwA TORNADO cEomDowmS

V. Coeir and 1. 0. Sippel
Messerechmitt-Bolkw-Blohm C M

Military Aircraft Division
Department of Material and Fatigue

(Literal)

1. STATM(DNT OF TOR PROBLDE

Inspection intervals for the MRCA Tornado have, inter alis, been established on the beais of crack
propagation calculations. A comparison between calculations snd tests carried out on the structure viii be
mads to check if the results obtained from calculations are reliabla. The results thus obtained may help
to make better assumptions for similar crack propagation calculations. This applies in particular to the
transfer of simple known stress-intensity solutions to components of a complex structure. Calculations of
the crack propagation in various components have revealed that the known stress-intensity solutions can in
-may cases only be applied by considerably simplifying the structural components.

Various effects on the crack propagation such as those caused by the rigid structure in the vicinity
of the crack or by the type of load introduction, i.e., the stress distribution can in most cases not be
taken into account in the stress-intensity solutions known in the liteisetdre.

Within the scope of the production investment phase various components were subjected to flight-by-
flight crack propagation tests. The test results Vere compared with crack propagation calculations carried
out aiter Forman.

Although calculations made after flight-by-flight crack propagation tests on center crack specimens
were very much on the safe side (factor N 4.5) this cannot be taken as a general rule for components. In
the case of crack propagation calculations carried out on components, simplifying assumptions must be made
frequently. In the case of flight-by-flight crack propagation calculations carried oat after Forman, the
results may be on the unsafe side even if the retardation effect has not been taken into account.

2. CRACK-PROPAGATION TESTS

Following the life endurance tests on various components and assemblies, crack starter notches vere
made with a sew at critical points, e.g., at points having a high nosinal stress level or a high stress
concentration.

The crack propagation under flight-by-flight loading was observed by means of crack wire gauges. The
test results ate shown in Figures 1, 2, and 3. In this case, the components investigated were the lower
load plate of the wing carry-through box, the outboard aft post of the ving carry-through box, and the per-
taining link. In the case of the lover load plate, the crack starter notch was made on the integral rein-
forcement inside the wing box. During the life endurance test on the outboard aft post, a fatigue crack
appeared. It was an edge crack at the critical lug diameter. In the link an edge crack was made with a
saw.

3. CALCULATION OF THE CRACK PROPAGATION AND THE CRITICAL LENGTH

3.1. Procedure

For the following examples the crack propagation was calculated using the Forman equation:

da/ad - C Aec•(I.• (1-)Kz •

For various reasons which will be dealt with later, the crack propagation retardation caused by the flight-
by-fllght load sequence vae not taken into account.

The load spectra needed for the calculation (Figures 4 and 5) were determined for each component. Each
load spectrum consisted of three sub-spectra which corresponded to the respective wing sweep positions. For
the calculation of the crack propagation, only fatigue loadings were used whereas the calculation of the
critical crack length vps baned on the naximum loading.

The crack propagation values C, n, and Kc to he used in the Forman equation were determined using center
cracked specimens. Normally, the thickness of the specimen is not the same as that of the component to be
calculated.

3.2. Lower Load Plate of Wing Carry-Through Box

The part is shown in Figure 6. It was made uf Ti-6A1-4V, annealed. The constants in the Forman equa-
tion were

C - 2.27 E-10; n - 3.35; and Kc - 3688 N/=3/2.

The Forman values were determined from 120 am wide, 400 mm long center cracked specimens of 8 si thickness,
tested at o - 176 N/rm

2
, a - 147.5 N/rn

2
.

. .....1



The crack model assumed was a semielliptical surface crack with transition to center cracktioz).
The meximm fatigue stress vns 3o - 452 N/mn

2 
and the maximum static load was a.,x - 452 U/mm

2
, both gross

area stress"a.

3.3. Link - Outboard Aft

-- The part is shown in Figure 7. It was made of HP 9-4-30. Constants for the Forman equation were:

C - 5.19 5-5; n - 1.48; and K. - 6775 X/=n3/ 2 . The Forman values were determined from center cracked
specimen, 400 mm inch length; 100 ma inch width; and 5 -is inch thickness, tested at a, - 176.5 N/mm2 

and
so . 147.5 N/m

2
.

/+The crltal crack length was calculated from Kic - 3600 N/=s3/2. The crack model assumed was an edge

crack in a lug(
3

). The maximum fatigue stress was a - 443.5 W/es
2 

and the maximum static stress:
a - 478 N/rn

2
, both are nominal net stresses given byuaN - P/(W-D)t.

3.4. Pout Outboard Aft

The part is shown in Figure 8. Forman values and crack Model were as in Section 3.3. The maximum
fatigue stress was a - 443.5 N/=a

2
, and the maximum static stress: am. - 478 N/mm

2
, both are nominal net

stresses from IN - P7(W-D)t

4. DT.CUSSION

Crack growth in a given load cycle will be retarded when the load cycle was preceded by a higher load
level. Since in flight-by-flight crack-propagation tests a multistep variable amplitude load sequence is
applied where high loads are frequently followed by small ones, considerable crack propagation retardation
is encountered. Retardation is dependent mainly on the type of material and load spectrum.

If the flight-by-flight crack propagation is calculated using a procedure that does not take the retar-
dation effects into account, the life obtained will always be on the safe side. However, an important pre-
requisites are that (1) the damage calculation is carried out using the overall g-spectrum and (2) the
constants used in the Forman equation are determined in crack-propagation tests with constant load amplitude
where R Is greater than 0.

Flight-by-flight crack-propagati*n tests using a typical combat aircraft nz-spectrum and center cracked
specimens revealed that the life endurance calculated without retardation is on the safe side by the factor
of 4.9 and 4.5 in the case of Ti-6AI-4V and high-strength steel, respectively, when compared with the re-
sults obtained from tests.

The fact that the difference between the crack propagation lives obtained from tests and calculations is
considerably less for the components investigated here (lower load plate: 1.63, post: 1.06, and link: 2.3)
may be due to the following reasons:

' (a) Using the same nz-Spectrum, the form of the stress spectrum may be different for various
components. Thus the spectrum used for the test specimen need not be identical with that
used for the component. As has been mentioned above the crack propagation retardation
effect is dependent on the form of the spectrum.

(b) A different stress-intensity distribution in the test specimen and the component may also
lead to different crack propagation retardations.

(c) The selection of the Forman constant has a considerably greater influence on the crack-
propagation life. Various investigations have revealed that in the case of plane stress
the crack-propagation life decreases with increasing material thickness(5,6,7).

The lack o- crack-propagation data often necessitates the use of Forman constants from thin
specimens for thick-walled components and vice-versa as in Section 3. The resulting
inaccuracies may be of the order of 1.5 and more.

(d) The decisive factor for the quality of the crack-propagation calculation, however, is that
the stress intensity in the crack model used for the calculation and the actual stress
intensity in the component are of the same magnitude.

There are a great number of stress-intensity solutions in the literature; however, there
are only a few cases that take the structure used in aircraft into account. The
inaccuracies existing in those cases can be compensated for only by the most conservative
assumptions.

5. CONCLUSION

As has been shcrin in the comparison between the test results and the respective calculations as well as
in the discussion, the accuracy of crack-propagation calculations of an aircraft structure depends on a
number of factors that cannot be quantified. These inaccuracies could be greatly compensated for - at least
in the case of the three components in quesion - by applying a rather conservative crack propagation calcu-
lation procedure, i.e., conservative at least when comparing the results obtained frum flight-by-flight
crack-propagation tests and calculations on center cracked specimens. If the retardation effect obtained for
center cracked specimens was to be taken into account in the component calculations - be it in the form of a
retardation factor, be it by using a crack propagation retardation model - the result might be considerably
"optimistic.

/ .£/ .' .
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t y principle. the same result was obtained by Stephens when investigating crack propagation retarda-
tion('u. During the 9th ICAF Meeting in Darmstadt in May, 1977, he mad the following appropriate state-
Seat:

"The desirable effect of fatigue-crack-growth retardation has become most Impreesive to the
aeronautical industry. Inclusion of the fatigue-crack-growth retardation maodela into aircraft
life prediction is a very fashionable concept today. This inclusion can be quite irresponsible,
however, depending upon the actual service spectrum, environment, thickness, and crack geometry
relative to conditions under which the retardation data were originally obtained."

This in why the crack propagation retardation effect under flight-by-flight loadings should only be
taken into account when the moat important factors have been obtained in the form of proper quantities.
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S- 7. COMMETAR

It is "bon ton" to discredit crack-growth calculations that account for retardation. No engineer seri-
ously involved in the problem vilI deny the limitations of such analysis. However, discrediting them without
making the comparison for the case under consideration, is subjective. A statement that retardation was
conservatively ignored, would have sufficed. As pointed out correctly, the da/dH data were not applicable
to the case under consideration. This, and the limited accuracy of the stress-intensity solutions and
scatter could cause the small discrepancy between linear integration and test data. (This comes out clearly
in Figure 1, where the different shapes of calculated and test curves indicate that the stress intensity used
in the calculation was quite different from the one in the tests.) Thus, it was prevalent to ignore retarda-
tion (although retardation did occur in the tests and the test data were used to determine inspection inter-
vals). When using crack growth analysis in matters concerning safety, it is good to ignore retardation.
However, most damage tolerance analyses are performed in the design stage to arrive at the best design
option. In those cases, retardation has to be accounted for, since linear analysis might show the worst
design to be the beat option.
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EXAMPLE PROBLEM 4.6-8

AICRLAFT HORIZONTAL STABILIZER U W

S. H. .mith, T. P. Forte, H. J. Malik, and N. D. Chadiall
Battelle's Colu-mbus Laboratories

The following is a brief exempt of a paper

pre~anted at the 1978 SESA Spring Meetin

1. STATEDMET OF THE PROBLEM

A fatigue-crack growth and residual-strength analysis was made of horizontal stabilizer lugs (Figure 1)

of high time aircraft. Finite-element-stress analysis was performed to determine stress-intensity factors.

2. S-TRESS-INI-ENSITY FACTOR

The stress-intensity factor was obtained from finite element subuodeling using the NASTRAN code. The
full structural model consisted of 481 nodes and 677 elements (Figure 2). A submodel was used for the
general area around the lugs (Figure 3). Finally, the detailed model of Figure 4 was used to derive stress-
intensity factors for cracks at the lug holes. Through cracks were assumed and K was calculated from crack
opening displacement as well as from crack closure energy. The results were obtained in the form of
B - K 1/oavwaa. In order to arrive at the stress intensity for a corne- crack the calculated values for the
through crack were modified by taking

1.12 Mk
Bz a Be 'fAr with Mf f Q- r

where Mk is the back surface correction and Q io the flaw shape parameter.

3. FATICUE-CRACK-GROWTH ANALYSIS

The scress spectrum consisted of a flight-by-flight history representing a random mix of seven basic
missions used in monitoring the aircraft's service experience. Crack-growth analysis was performed using

N'• the CRACKS III integration program with the 'Jilleaborg retardation model. Retardation within each flight

was taken into account but was not carried over to subsequent flight. Crack-growth baseline data were taken
for 7075-T651 forging tested in humid air. The highest rates of the scatter band were used and represented
by the Forman equation. Examples of calculated growth curves for different mission mixes is shown in
Figure 5.

4. COMMENTARY

This example illustrates the method of submodeling discussed in the main chapter. (See the comments to
Example 9 with regard to detailed modeling.)

The example (Figure 5) also provides i good illustration of parametric analysis as mentioned in the
commnts to Examples 5 and 6.

Finally, it provides an alternative to a normal crack-growth analysis with retardation. Rather the-,
ignoring retardation completely, it is accounted for within a flight, but not carried over to the ncxt -Uight.
This is based an the argument that possible compressive stress hold-periods during ground time could wipe out
retardation due to previous overloads. In addition, the baseline crack-growth data used are the upper
"boundary of the scatterband. Both of these precautions are in fact as arbitrary as ignoring retardation, but
it would be interesting to perform a combined analytical and experimental study to investigate whether this
would consistently lead to more realistic predictions.

In Figure 4, the crack at hole 1 will never be subjected to compressive stresses, since a negative V1
will be supported by the left edge of the hole. However, the same negative V1 will cause compressive stresses
over the crack at hole 2. Thus, the argument concerning cerry-over of retardation does not equally apply to
both holes of the lug. This shows how every conservative assumption is not aqually conservative in all cases
(see also the discussion with regard to Figure 10 in the main paper). Thus. in following the present example,
each case should be considered by irs own merits and the fact remains that engineering judgment is more
important than fracture mechanics formalities.

%
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AMPL! PRlOBLE( 4.6.9

DAMAGE TOLIERACE ANALYSIS OF AN AIRCRAFT STRWTURAL JODrT

S. H. Smith and 7. A. Simonen
Battelle's Columbus Laboratories

The following is an excerpt from a paper presented at the
4th Army Materials Technology Conference

1. STAT•MENT OF THE FROBILD

Crack growth and residual strength were calculated for a chordwise splice joint (Figure 1).

2. STRESS-INTENSITY FACTOR

Finite-element anAlysis and subsodeling were used to determine load transfer through the bolts and the
stress in the vicinity of the fastener holes (Figure 2). A final detailed finite-element model of the area
around the hole was subjected to the boundary conditions obtained from the larger scale models. Stress-
intensity factors were calculated from crack opening displacement and crack closure energy. Results are
shown in Figure 3. K for corner cracks was obtained as in the previous example.

3. CRACK GROWrT

Crack growth was calculated using upper-bound baseline data represented by the Forman equation. Linear
Integration was performed as veil as retarded integration using the liillenborg model. Some results are
shown in Figure 4.

4. COHWENTARY

This is another good example of aubmodeling. Before following this and the previous example, it should
be decided whether or not such a detailed analysis is justifiable from an economical point of view. Generally
speaking, it is advisable to perform a simple hand analysis first to determine the criticality. If It turneq
out that crack-growth life is ample in the prveence of cracks of Inapectable sizo, the hand analysis ('ith
an approrriatE factor) is perfectly acceptable. Only if the case was marginal an elaborate analysis should
be contemplated. However, oven then, it would be sensible to assess how much could be gained in accuracy
from the claborate analysis. If in the end approximate stress-intensity solutions have to be used, the
detailed analysis would only be necessary$ if there were serious doubts about the stress obtained from simpler
analysis.

The example shows an interesting case of multiple cracks. Note that the stress intensity of a given
crack depends upon the length of other cracks. Thus crack-growth analysis for a given crack cannot be per-
formed independently. If two cracks grow simultaneously, the growth of one ts affected by the growth of the
other. This means that one has to know the growth of the other crack during a certain crack increment, be-
fore one can calculate the growth of the first crack during the next increment.
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5 INTEGRAL STRUCTURES

L.F. NICHOLLS, British Aerospace, Bristol, U.K.
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SUMMARY

In this chapter the basic formulae for the determination of stress
intensity factors,appropriate to integral structures on the basis of the
Linear Elastic Fracture Mechanics (L.E.F.M.) approach,are outlined. The
effectiveness of the fracture mechanics approach is demonstrated by
comparison with results from crack propagation and residual strength tests.

Particular difficulties associated with integrally stiffened
structures in relation to accurate stress intensity factor determination
and the more general problems of curvature, loading history and bi-axial
stressing are discussed and areas of further investigation suggested.
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a, e Half crack length
A Cross sectional area of stringer5
b Half stiffener pitch

C Constant in crack growth equation

C* KI/Ko For crack symmetrical about a failed stiffener

Cp Retardation Parameter

Cpoa KI/KO For mid-bay crazk between stringe-s

* Distance of crack tip from adjacent stringer

I Youngts modulus for plate

Es Young's modulus for s"parate stiffener

K Stres3 intensity factor

KI " opening mode

KO " in the absence of boundaries

Kc Critical stress intensity factor

AK Range of stress intensity factor

n Constant in crack growth equation

N Number of cycles of applied stress

p Rivet pitch

R Stress ratio OrMIN/C6X

t Plate thickness

w Half plate width

x Co-ordinate from centre line of panel

a Bending stiffness of stiffener

Ratio e/(2a.e)

A Stiffness parameter

p Stiffener parameter

agc. Applied stress
ay Yield stress

Olmn Minimum stress in stress cycle

(rMAX Maximum stress in stress cycle

CAP



5.1 INTRODUCTION

Integrally stiffened structtres have been extensively employed
in the construction of present day civil and military aircraft. Whilst
integral construction will, in general, give an increase in overall
fatigue life due to the reduction in the number and degree of stress
concentration introduced irto the structure, a conflict arises between
the increase in 'safe-life' and the requirement for a damage tolerant
structure. Derigners have long been aware of the fact that the most
effective way of slowing the rate of propagztion of a crack in a plate
is to introduce a surface boundary. In this way crack growth is
delayed until a new fatigue crack i& initiated. In a similar way the
use of separate crack stopper straps to meet damage tolerance require-
ments has been increasingly employed, the delay in crack growth being
effective until the fatigue life of the strap has been exhausted.
For integrally stiffened structures there are few surface boundaries
at which cracks can be arrested and delayed until further fatigue
crack initiation has taken place. However, integral stiffeners do
have the effect of reducing the rate of crack propagation of an
approaching crack by reducing the stress intensity factor (S.I.F.).
The retardation in crack growth depends upon the size and spacing
of the stiffeners, amongst other things, and a degree of optimisation
is therefore necessary in the design of such panels to meet damage
tolerance requirements.

In the following sections of this chapter the basic fracture
mechanics formulae employed and developed for the analysis of crack
propagation and residual strength of stiffened structures are
presented. The extension of these formulae to the design of
integral structures is then shown by reference to a few practical
examples. Finally problems, perhaps not exclusive to integral
structures, have been addressed in the hope of eliciting further
consideration on these subjects and stimulating interest in those
areas in which further research is necessary.

5.2 FRACTURE MECHANICS IN THE DESIGN OF INTEGRAL STRU-TURE

Integrally stiffened structures contain variou3 geometrical
features of interest, apart from the raised stiffwner, such as holes
and stringer run-outs; attention will however be focused on the
influence a continuous integral stiffener has on the S.I.F. for a
crack located in an integrally stiffened plate. mhe practical
application of the solution to this problem is in the damage tolerant
design of wing structure and pressure cabins, where machined skin
panels, having multiple stiffeners, are employed.

5.2.1 A Review of the Influence of Stiffeners on S.I.F.

In the literature equal attention has been given by researchers
to consideration of a flat sheet having either continuously attached
or discretely attached (i.e. riveted) stiffeners. Romualdi(l) et al
(1957) considered the influence of a riveted stiffener, making a
number of simplifying assumptions which limited the extent of its
applicability, however it was the first of such papers and served
to indicate the way in which a solution might be found to the S.I.F.
for a cracked panel having an intact stiffener.

Sanders(2) (1959) considered the problem of a continuously
attached stiffener to an infinite sheet subjected t3 uniaxial
tensile stress, the crack being normal to and located symmetrirally
about the stiffener. The two possible conditions of either a
broken or unbroken stiffener were investigated. The case of the
broken stiffener is essential to the consideration of integrally
stiffened panels and this work by Sanders is, therefore, directly
relevant to this problem. The S.I.F. solution KI, given as a ratio
of KO the S.I.F. for the crack in the absence of the stiffener, is
commonly referred to.as C*. Table 1 gives C* as a function of the
stiffener parameter

where A - 2atE

which for integral panels reduces to

A u 2at _ cracked area of Plate
As area of stiffener



In the analysis the stiffener was taken to be a single line stiffener
of cross-sectional area As lying in the plane of the plate with zero
in-plane bending stiffness. In practice the stiffener will have
thickness, bending stiffness and will be offset from the plane of
the plate.

The early work by Sanders was extended later by Grief and Sanders(
3 )

to consider an asymmetric crack with respect to the stiffener. This
has application where one end of the crack is approaching an integral
stiffener. The results of KI/Ko for this case are shown in Figure 1.
However, the same limitation with regard to zero thickness stiffeners
etc., implies that the solutions have to be considered somewhat
approximate in practice, particularly in the case of a crack tip
very close to the stiffener.

Isida( 4 ) has considered the case of a cracked plate in tension
with edges reinforced by stiffeners and also of a cracked plate
stiffened by a single stiffener. In both cases the in-plane bending
stiffness of the stiffener was taken into account (see Figure 2).

In an analysis of a sheet sliffened by a number of equally
spaced parallel stiffeners, Poe( 5 ) derived S.I.F's for two symmetrical
cases of crack location involving riveted stiffeners - the case of a
crack extending equally on both sides of a stiffener and the case of
a crack located mid-bay i.e. between two stiffeners. The information
was presented in the form of design graphs and covered the variables
of rivet pitch, stiffener spacing and stiffness and crack length.
The basis of the analysis was that of force and displacement matching
at the rivets. The in-plane bending stiffness of the stiffener was
taken to be zero and all forces were taken as acting in the plane of
the plate. Relative displacement between the rivet and the sheet
(i.e. rivet flexibility)was not considered. Although the theory
could not be applied directly to the problem of zero length rivet
pitch, comparison with results from tests on integrally stiffened
panels has shown: good correlation with prediction based on the low
rivet pitch given by P/2b - 1/12. Figure 3 shows the S.I.F. for a
crack, extending equally between two stiffeners, according to Poe, for
a rivet pitch to stiffener pitch ratio of 1/12 over a range of stiffener
stiffness, given by

AsES +2 btE

The close agreement between the design curves of Poe for rivet to
stiffener pitch ratio of 1/12 and that for a crack approaching an
integral stiffener given by Grief and Sanders is also indicated on
Figure 3 using the results of Figure 1 and the Compounding Technique
of Rooks and Cartwright (6) (See also Chapter 10). The relationship
between S.I.F. and crack length when the crack extends beyond the
adjacent stiffener, given by poe,( 7 ) is shmown in Figure 4. The
crack growth rate is assumed to be equal in the plate and stiffener
so that the stiffener is not severed completely until the crack in
the plate has advanced an additional distance equal to the height
of the stiffener. Poe found that this assumption caused only
slight disagreement between measured and predicted crack growth
rate on integrally stiffened test panels. For the analysis and
design of integrally stiffened panels according to damage tolerance
requirements these two S.I.F. solutions, one for the failed stiffen,'r
from Table I and the analysis of Poe given in Figure 3,were the ones
most generally employed by the authors. They may be combined, using
the compounding technique, for the analysis of a panel having mutiple
stiffeners. It will be observed, by reference to Table i and Figure 3,
that the influence of a failed or intact stiffener on the S.I.F. is of
a localised nature, becoming significant only when the crack tip and
stiffener are in close proximity. An approximate solution for a crack
centred on a failed sti.tfener may be obtained .by combining factors
such that:

K1

K 0 C P. CPoe

However, as discussed by Rooke et al in Chapter 10 this
simplification is not directly applicable if the crack crosses one
of the boundaries. In this case the crack, plus the boundary which
it crosses, must be replaced by an equivalent crack of a size a' which
will give an equal S.I.F. in the absence of other boundaries. This
equivalent crack then interacts with the remaining boundaries.
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From the foregoing basic S.I.F. solutions a fracture mechanics
analysis of residual strength and crack growth rate can be performed
for integrally stiffened panels given the appropriate fracture and
crack growth properties of the basic material. This type of analysis
can be used to demonstrate conformance with damage tolerance require-
ments,for the determination of inspection intervals and for setting
the standard for maximum permissible defect sizes.

5.2.2 Comparison with Flat Panel Test Data

A number of tests have been conducted on flat machine fuselage-
type panels by BAe as part of the Concorde development test programme.
The test panels were of three types and details of their cross sections
are given in figure 5. The panels were of a seven stiffener design
and tests with symmetrical cracks were conducted on a central stiffener.
The tests in general consisted of a period of fatigue crack growth at
typical fatigue stress levels followed by a residual strength test.
Tensile and fracture properties of the material BACM76, (RR58 plate)
indicated that plastic zone sizes for this material under fatigue and
residual strength loading would be small and hence L.E.F.M. would be
applicable. The stress distribution across the centre section of the
test panel was determined from strain gauges and is shown in Figure 6.
The distribution may be represented by an equation of the form

0 .L 0~317 (- - 0. 1657) (3 1.51

When calculating the S.I.F. resulting from such a stress
distribution a factor was applied which took the same form as the
stress distribution. This is equivalent to assuming a uniform stress
across the panel of magnitude a(&/w) equal to that which would exist
at the crack tip location in the absence of the crack. This approxi-
mation had been found to give satisfactory agreement with test results.
However, S.I.F. solutions are npw available for centre and edge
cracks with arbitrary loading( 8 ), which if applied to the above
distribution differ by less than 396 from the above approximation.

The results of the residual strength tests on the stiffened
panels are shown on Figure 7 for the cases in which the cracks were
grown out to the adjacent stifleners. For comparison a calculated
residual strength is also plotted using the method explained in
para 5.2.1 , together with the stress distribution outlined above,
and a Kc value derived from coupon testing. Figure 8 shows the
variation in residual strength across a stiffener bay, for three
values of stiffener parameter, as a function of crack length. It
will be observed from this figure that for a material with a given
fracture toughness (Kc) there is a crack size shorter than the bay
width which is critical at a lower stress. However the propagating
crack is arrested as it extends towards the stiffener into a region
of reducing S.I.F.

Figures 9 (a) and 9(b) compare measured and calculated crack
growth rates in flat panels. The calculated crack propagation rates
are based on a crack growth equation of the form proposed by Forman,
Kearney and Engle: (9)

da C LKn
d-_ * (I-R)Kc - AK

The equation was derived from crack propagation tests on flat coupon
specimens. Favourable agreement is shown between test and calculation.

5.2.3 Summary

The development tests showed the suitability of the L.E.F.M.
approach for thi3 material under uniaxial loading in the damage
tolerance design of the Concorde pressure cabin and other primary
structure. However when related to actual components further
consideration must be given to the possible influences which bi-axial
loading, pressure, curvature and the fatigue spectrum may have on the
crack growth rate and residual strength.

In the following section consideration is given to the application
of fracture mechanics in the fail-safe design of more typical integral
stiffened aircraft structures.



5.3 APPLICATION OF FRACTURE MECHANICS IN FAIL-SAFE DESJGN OF INTEGRAL
STRUCTURES

The application of the methods developed for flat panels in
section 5.1 to cover more typical ai.rcraft structures will now be
discussed. These structures could differ from the flat panels,
on wiich good correlation between test and theory was achieved,
by perhaps having significant curvature, being subject to spectrum
loading and having the possibility of cracks in a bi-axial stress
field. What follows is a review of some of the possible solutions
for dealing with these differences and the effect these solutions
may have on the prediction of crack propagation and residual
strength.

5.3.1 Review of Further Factors Influencina Fail-Safe Desion

A parameter which should be taken into consideration is that
of curvaturk and its possible influence on residual strength and
crack propagation. Folias (O), Duncan and Sanders (11)and Adams (12)
obtained correction factors for the case of circumferential cracks
in unstiffened cylinders. It will be ooserved that there is a
large variation in the curvature correction factors between the
various researchers.

The effect of spectrum loading on crack propagation must also
be considered because a fatigue load preceded by a load of higher
magnitude produces less crack propagation than it would in the
absence of such a load. This retardation effect is mainly attributed
to A combination of residual deformation and stzess around the crack
tip and the effect on crack closure due to the plastic deformation
left in the wake of the crack front.

There are several models treating retardation in a quantitative
way, most are semi-epirical, the two best known are due to Wheeler(13)
and Willenborg et alW4•

Using the Wheeler model, the retarded crack growth can be
determined from the relationship,

da Cp AK)
9N_

where A (AK) is the usual crack growth function and Cp is a
retardation parameter based on experimental data.

Another factor to be considered when carrying out crack
propagation tests on a component, such as a fuselage which includes
internif pres sure, is the resulting bi-axial stress field. Anstee and
Morrow have reported on the effects of bi-axial loading and have
concluded that bi-axial tension stresses reduce the crack growth rate.
They used panels made from the same material ana of almost identical
configuration to those discussed in this report. Their results indicate
a reduction in crack growth rate of 55% when the stress parallel to the
crack is equal to the longitudinal stress and some 33% reduction when
the parallel stress is half the longitudinal. However, these findings
call into question the use of AK (calculated as a function of
applied stress normal to the crack) as the parameter for correlating
with crack growth rate. If bi-axial effects, displacements and
strain energy related quantities re to be adequately represented
then, as discussed by Eftis et a1'16, an additional non-singular
constant term should appear in the local stress components parallel
to the crack.

5.3.2 Comparison with Component Tests

Crack propagation and rpsidual strength tests on curved
integrally stiffened panels, with circumferential cracks, see fig.lO,
have been conducted on a representative fuselage component specimen.
Two residual strength tests were taken to failure, both were carried
out without pressure but the bending moment applied to the specimen
was such that the total tension stress, including that due to
pressure, was developed at the top centre line. The tests were
done with the crack centred on a failed stiffener and extending to
adjacent stiffeners. The results are shown on Figure 11. Also
plotted is a line of constant stress intensity for the curved panels
which has been calculated using the compounding technique, taking
into account the failed stiffener, the influence of the intact
stiffeners adjacent to the crack tips and a value of Kc derived from
coupon tests. The results from fig.7, for the flat panels are also
pl(,tted for comparison. Bearing in mind that there was no pressure
applisd on the fuselage tests, i.e. the stresses being predominantly
uniaxial, it was assumed that any variation between the flat panel
on the fuselage results would be due to curvature. As the results



showed little variation a curvature correction factor of 1.0 was
applied in all subsequent analyses.

All crack propagation tests on circumferential cracks in
curved panels were carried out under a cycle of loads representing
a complete spectram of on-ground and in-flight stresses. A
typical spectrum representing a single flight cycle is shown on
Figure 12. The results of two such crack propagation tests are
shown on figs.13 (a) and 13 (b) together with the results of
calculations using the methods for flat panels derived in
section 5.2, taking a linear accumulation of crack growth under

each individual load in the spectrum.

Although this analysis does not give correlation with the
test results it can be further improved by the consideration of
retardation effects. The method-used was that due to Wheeler(1 3 )
and the results of such an analysis are also shown on figs.13 (a)
and 13 (b).

The crack propagation tests on curved panels also included
at the appropriate times the effect of intezral pressure and its
resulting bi-axial stress 5ield. As the hoop stress in these
tests was circa 8600 lb/in it can be seen from the spectrum of
normal stress that during the time that pressure was applied
(see fig.12) the stresses parallel to the crack are generally
about the same as the peak stresses normal to the crack. The
work of Anstee and Morrow (14) indicates that this degree of
bi-axiality -ould give a factor on life of around 1.5 and a
further improvement in correlation between prediction and test
would be obtained by the application of a factor of this magnitude
to the crack propagation life during the time pressure was applied.

Obviously a more rigorous approach to the effect of a fatigue
spectrum of bi-axial stresses on crack propagation needs to be
developed. In the meantime the best course is to perform tests
in the most representative manner if accurate results are required.

5.4 DISCUSSIOI AND CONCLUSIONS

Despite the simplifications inherent in the two-dimensional
analysis for the determination of S.I.F.s and the idealisation of
the structure which is necessary good agreement between test
results and calculation can be shown for flat panels under uniaxial
loading. Improvements are clearly required in the determination of
the S.I.F. for an integrally stiffened panel for the case where the
crack tip is adjacent to an intact stiffener and beginning to
propagate into it. Poe (7) gives a linear approximation to the
S.I.F. for cracks growing through integral stiffeners.

The influence of curvature on the effective S.I.F. requires
further investigation. Residual strength tests on curved panels
under essentially uniaxial loading have given results comparable
to those obtained on flat panels, also tested under uniaxial
loading,indicating the effect of curvature to be small for the
type of structure tested.

Crack growth in curved panels under a spectrum of biaxial
strpsses differs significantly from that which would be predicted
using a simple linear damage approach. Further investigation is
required into the effect of biaxial stresses, in particular the
influence on crack growth of the resulting variation in magnitude
and direction of principal stress which occurs during a spectrum
of fatigue loading.
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TABLE 1

VARIATION OF S.I.F. WITH STIFFNESS PARAMETER ,

FOR A CRACK IN A PLATE SYMMETRICAL ABOUT A

FAILED STIFFF ER. (.EF, 2)

SC* X C* X C"

0.1 4.06 1.5 1.297 15 1.033

0.2 2.73 2.0 1.228 20 1.025

0.3 2.23 3.0 1.15i 30 1.017

0.4 1.960 4.0 1.119 50 1.010

0.5 1.791 5.0 1.096 100 1.005

0.6 1.676 6.0 1.080

0.7 1.590 7.0 1.069

0.8 1.524 8.0 1.061

0.9 1.472 9.0 1.054

1.0 1.430 10.0 1.049



FGURE 1 - INFLUENCE OF A STIFFENER ON THE
S.I.F AT AN APPROACHING CRACK TIP (REF 3.)
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FIGURE 2 - INFLUENCE OF A STIFFENER ON THE
S.I.F. AT AN APPROACHING CRACK TIP (REF:4)
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FIGURE 3 -S.LF FOR A CRACK EXTENDING EQUALLY
BETWEEN TWO STRINGERS (REF5)
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FIGURE 5 -FLAT PLATE TEST PANELS
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FIGURE 6 -MEASURED STRESS DISTRIBUTION ACROSS
PANELS
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FIGURE 8 -RESIDUAL STRENGTH OF INTEGRALLY
STIFFENED PANEL AS A FUNCTION OF Kc
AND pu FOR A CRACK SYMMETRICAL
ABOUT A FAILED STIFFENER
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FIGURE 9(0)- MEASURED AND CALCULATED CRACK
GROWTH FOR INTEGRALLY STIFFENED PANEL
WITH CRACK SYMMETRICAL ABOUT A FAILED

STIFFENER
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FIGURE 9(b)--MEASURED AND CALCULATED CRACKGROWTH
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FIGURE 10 -CURVED FUSELAGE TEST PANELS
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FIGURE 11 RESIDUAL STRENGTH OF FLAT AND CURVED
STIFFENED PANELS FOR A SYMMETRICAL CRACK CENTRED
ON A FAILED STIFFENER AND EXTENDING TO ADJACENT
STIFFENER S.
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FIGURE 13(at- CRACK PROPAGATION IN CURVED FUSELAGE
PANEL UNDER BLOCK SPECTRUM LOADING
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FIGURE 13(b)- CRACK PROPAGATION IN CURVED FUSELAGE
PANEL UNDER BLOCK SPECTRUM LOADING
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6. FORGINGS, INCLUDING LANDING GEARS

by

Dr.-Ing. Walter SchUtz
Industrieanlagen-Betriebsgesellschaft mbH
EinsteinstraSe 20, 8012 Ottobrunn, Germany

6.1 Introduction

Forgings are employed at many different locations in an aircraft structure. Some
examples which come to mind are wing spars, root ribs, bulkheads, frames wing or empennage
attachment fittings etc. It is typical for these components to be fully machined, the
weight of the finished part sometimes being only a few percent of that of the original
forging. This machining will disrupt the grain flow, which may have been highly irregular
to start with, see Fig. 1.

Compressor or turbine disks, as well as gun barrels or helicopter rotor heads are
examples of fully machined forgings from other fields.

Other forged components such as undercarriage legs are not machined over most of their
surfaces. However, they may still have an irregular grain flow within the forgings and much
more so between individual forgings of identical shape.

The large amount of machining on most aircraft structural forgings can be reduced by
so-called *precision* forgings. The aim is to reduce costs by forging the net shape, re-
quiring no machining except for drilling attachment holes etc. Precision forgings are said
to offer additional benefits such as better mechanical properties and fatigue character-
istics due to the higher degree of work during forging, better grain orientation and other
metallurgical advantages retained when the as-forged surfaces are not removed.

Forged components are monolithic, they usually have a single load path and their
failure may result in a catastrophic accident. This obviously has been recognised in the
relevant NIL-Standard 1587 of the USAF LV, because all surfaces of structural forgings
used in fatigue critical applications must be completely shotpeened or placed into com-
pression by other suitable means after figal machining and heat treatment. Furthermore,
all forging* made of steel with 1400 N/mw' ultimate tensile strength and above must be
htpeened. The objective apparently is to avoid cracks altogether.

Forgings were formerly designed to the 'safe lifoe philosophy; nowadays they have to
smet the "slow crack growth* requirements, at least if the USAF damage tolerance require-
ments Z1, L7 are applicable. Therefore the residual static st:ength and the crack propag-
ation properties of forgings are important to the designer, the airworthiness authorities
and the operator of the aircraft.

6.2 Ztats of the Art of Utilisina Fracture Mechanics for the esign of Forgings

6.2.1 Special Considerations

When utilizing fracture mechanics for the design of new or the damage tolerance
assessment of in-service components, the following procedure is usually followed:

1. Establish the fracture toughness X, of the material (if thickness is sufficient for
plane strain conditions) by standard ASTM tests on specimens machined out of the
component. For simplicity's sake or if the component is not yet available, *typical*
Ie-values are often taken from the literature 41, V.

2. Calculate the reeidual static strength of the component in the cracked condition
asiawing
- a 'typical' crack shape expected in service
- a crack size which is certain to be detected with the NDI mothod employed
- the critical section and its maximum nominal stress at, say, limit lo#d and,

last but not least
- that the fracture toughness KIc as per 1. is valid for the component.

If the residual static strength is too low, the procedure is repeated, using for
example a higher ri•-value or a smaller crack length, meaning that a higher-toughness
material or better OI methods must be employed.

This Is the procedure for designitg new components, neglecting for the mouent the
much more difficult problem of crack propagation under service loads. For the damage
tolerance assessment of components which have cracked in service at least the critical
section and the crack shape are known. Also the specimen can be taken out of the component
near this location. The result of the computation is thus more reliable.

However, the crack may turn out to be of a complex shape, for which no *textbook'
solution* are available. In that case a finite element soltition may be called for.

- - 6V- n3M
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Even then, it should be realized that in the procedures described above one basic
assumption is still employed, which is the mainstay of fracture mechanics, so to speak:
"The fracture toughness of a small standard specimen is a quantitative measure of the
residual static strength (in the cracked condition) of the component from which the
specimen was taken'. If one goes a step further, even the scatter of the fracture tough-
ness of the specimens would have to be equal to (or larger than) the scatter of the
residual static strength of the component.

For calculating the crack propagation, da/dN vs. A K-curves are produced, again
utilizing specimens. Here the basic assumption is: The range of stress intensity AK at
a certain stress ratio R determines the crack propagation rate*, that is, at equal A K
and R the crack propagation rate in a specimen and in the corresponding component are
equal.

In the author's opinion, it has not been shown conclusively that the above basic
assumptions are correct in a 1 1 cases. In the case of f o r i n g s , one might intuit-
ively expect some special problems due to the following reasemso

- The heavy sections of forging. cannot be worked as uniformly or as thoroughly as, for
example, sheet or plate.

- Particulars of the forging procedure, for example if only a finishing die is used, may
heavily influence the residual static strength of a forging resulting in extreme differ-
onces in critical crack sizes.

- The grain flow will be disrupted by machinings furthermore it may be irregular within
the forging. This might lead to different fracture toughnesse* and to pecultar crack
shapes. Two nominally identical forgings, having been forged by the same company In
the same die, may have widely different grain flow patterns and fracture surfaces, see
Figures 2 to 5. Thus the requirement in the applicable MIL-Stindard LV "the first
production forging shall be sectioned and etched to show the grain flow pattern .. 0 may
not be meaningful.

- Many forged components are large and contain widely difierent section thicknesses. It
will therefore be difficult if not impossible to attain similar fracture toughness
properties all over the forging.

The above problems are valid even for only one forging; they may be more marked for
a large number of only nominally Identical forging*.

On the other hand it should be easy to use fracture mechanics procedures on forgings
because the sections are usually thick enough for plane strain conditions to apply. avoll-
Ing the difficulties associated with plane stress conditions such as gross plastic yield-
ing and/or inexact solutions for the applicable stress intensity factor K. In this respect
the solution should be simple, because the forging is, so to speak, In one piece and the
problems with, for example, stress intensity factors for sheet with riveted- on stiffeners
do not exist.

go it would appear that most of the problems of using fracture mechanics for the
design and damage tolerance assessment of typical forged components do not come from the
fractute mechanics side and therefore cannot be solved by Lmprovements in fracture
mechanics theory, better formulae for K etc. Rather they come from the production proced-
ures and materials properties side.

In other words, the difficulties lie not so much in the calculation procedures, but
in the input data - as in many othrr engineering problems - and there might be large differ-
ences in fracture toughness behaviour between specimans and complete components. In any
case a larger than normal variability of fracture toughness has to he eypeoted. Only com-
parative fracture toughness tests with specimens and complete forged components can answer
these questions. Pecause of the enormous costs of such programs little data on the fracture
toughiess and crack propag-tion propertieL of complete forged components are available
L to 17, which are described in section 6.3 in contrast, a very large number of stand-
ard ASTM terts with specimens machined from torglings can be foun in the literature C?7 to

For the rest of this chapter, an attempt will be made to condonen what is available
from IABG and other sources, In order to p-esent some quantitative data and to su rlse
in a qualitative way what the designer of forged eompotaents should know and be aware of
with regard to their fracture toughness properties.

6.2.2 assic Formulae to be Applied

The 'typical' crack in a foLging is of the quarter- or half-elliptical shape the
K-solutions of which can be found in any of the well known handbooks C34 to 3•7. In real
life forgings, the actual crack shape may deviate more or loss from these ideal shapes;
however, this will be known onl,, if service cracks are known or at least If laboratory
tests with realistic load sequences have been carried out. In the example of Figure 6
a sufficiently exact solution can moat probably be found using the procedures described
in vhapter 10 of this handbook.

In an extreme ca"e, such as shown in Figure 7 it will indeed be difficult to calcul-
ate anythingl The only consolation is that this forging had a far longer crack propagation
life and a far larger critical crack length than three other nominally identical forgings,
which showed "normal" crack shapes.



A method for determining a K-solution for a case which is not to be found in any
handbook will be described shortly: If a stepped shaft with a shoulder fillet is loaded
by a realistic torsional load sequence, a large number of small 45 degree-cracks will
initiate in the fillets. At first these are independent of each otherl see Figure 8. When
the test is continued, they will eventually join up and form the continous jagged outline
shown in Figure 9. For several reasons it is very difficult to formulate a stress intens
ity factor solution for this case. For examole, when applying torsion in one direction
the 45-degree surfaces of these multiple cracks will come into contact and friction will
occur. What is more, when reverse torsion is applied, the cracks are opened.

The problem was solved 37]7 in the following wayt
The compliance of the shaft will increase as the cracks grow. Therefore at different
crack lengths the compliance was determined by measuring the decay of the torsional aigen-
frequency of the cracked shaft, exciting it by a large massloaded lever. This method was
chosen in preference tc the usual deflection measurement, because the latter proved to be
not sensitive enough. Care had to be taken to excite only the cracked section of the shaft.

The energy necessary to produce new crack surfaces can be expressed on one hand by
the change of the spring energy dZp divided by the incremental growth of cracked area dA.

S. ... (1)

dA dA

where Cp compliance

T torsional moment

a y-• T2 spring energy.

Another energy equation can also be deduced (according to Irwin) froa the stress
intensity i, for plane strain conditions:

Up~ _ 1
2  

V2
dA 3

Dy equating (1) and (2)

dA 2 (1 - V' 2 )

After some further transformation*;

where Do shaft diameter
A crack area

a shear modulus

"-1 Poiassons ratio

6.2.3 Laboratory Tests and Specimens Utilised

Normally the standard ASTN specimen according to ASIT 3-399 4tf7 is used to determine
the fracture toughness K9 c of forg ngs and in many cases also their crack propagation
properties expressed as &asdN vs. %. K. No more need be said about this well known specimen
except that besides the *normal* rati.o of thickness to width D/W w 0,S other ratios are
also allowed in the standard, namely D/N from 0,25 to 1,0.

This will alKow us to take larger standard specimens out of some forgings. It should
be a prerequisite to machine as large a specimen a9 possible out of the section in question.
Some of the difficulties mentioned before with regard to the use of specimen data for Com-
ponents will then be minimised.

For testing the fracture toughness of thickwalled cylinders, for example forged gun
barrels or high-pressure vessels, a C-shaped specimen has been standardized in the latest
edition of the ASTh fracture toughness standard 1IQ87. It is shown in Figure 10 and has
been successfully used in a number of investigations /76, 26. 39 to 417. On* important
advantage is that this specimen can simply be cut from the existing cylinder with no
additional machining of inside and outside diameters.



6.3 ixamples of Apylication of Fracture Mechanics to Forgings

6.3.s Forgings Designed According to Fracture Mechanics Principles

No example of this type was found in the literature or furnished by the AGM nations.

6.3.2 Forgings. from Aircraft in Service or under Development

Here a number of examples is available:
First, for a modern tactical aircraft which was originally designed to the *safe-life*
philosophy, a daaaqe tolerance assessment was carried out by the manufacturers during
the development phase. To this end, a number of critical components were selected throuqh-
out the structure, som of thea being forgings. For an especially critical aluminum fozging
no less than five possible critical sections wero analysed, four of them for two or more
different flaw types (I. e. corner flaw and through crack). The materials data - KIC or

I as the case was, as well as da/dN vs-.-&-K - were determined with specimens.
Sm. numerical exampless For 2014-T6 forging*, the fracture toughness was determined
as Xa - 778 N/m=3/4 in the T-L direction and as 683 N/,mm/

2 
in the S-T direction. For

Ti6JI4V forgings in the annealed condition, the corresponding values were:

RIC - logo y/=i
3
/2 (S-T)

- 17?3 /XM3/2 (L-T)

a 1708 X/m 3
/

2  
(T-L)

Besides ASTM standard specimens, for crack propagation tests rectangular specimens with
a central crack were manufactured from sheet, plate, or forgings in the appropriate thick-
ness.

These tests established the materials *constants* necessary for the subsequent
damage tolerance assessments, namely XKc or Kc for critical crack length ac an6 C and n
in the Forman equation 04?7

da __ _ _ _

d (1 - R) X0 -it

where a crack length

X number of cycles

C constant

n constant

X stress ration i

which was used fcr calculating crack propagation under service loads, neglecting the
retardation effect of the high loads in the spectrum. Next the stress intensity factor
formulae for the various typical crack shapes expected in the different critical com-
ponents were agreed upon between the firms building the aircraft, for example

"corner crack'
"elliptical internal flawO
"through crack at a hole"
"through-crack at a pin loaded hol-,, etc.

The appropriate formulae for X were mostly taken from the literature 04 to Wj;j
snm of them were derived or existing ones improved or adapted by the firms themselves.

The crack propagation life starting from an assumed initial crack length a. was then
calculated under the stress spectrum applicable to the component. The sosumed initial
crack lengths varied from 0,25 tu 10 nt, in most of the bases being 2,5 M.

The procedure was the soam in principle for all components from thin sheet to
heavy-section forgings. No special measures were employed to take into account, for
example, the potentially higher scatter of X ,- or da/dN-values of forging* or other
heavy-section components.

A second example is the application of fracture meehanice to the dame tolerance
assessment of an older tactical aircraft L which has been in service for more than
15 years. A number of critical locations and the associated crack shapes are therefore
known; compared to the first example this damqe tolerAnce assessemnt thus had the bene-
fit of hindsight in these two important aspects. Among the 39 critical locations selected,
five were in forging*.

It is not intended to cover these damige tolerance assessment procedures In any
detail; they have been well dectmented LZ2, 417 and or* in principle similar to those in
the example described before. Again specimen tests were used to establish the constants
necessary for the subsequent crack propagation and critical crack length calculations for
omaponents, forging, being dealt with in the sam way as sheet, extrusions or plate.



The third example concerns a lug from the Heavy Lift Helicoper (HLI) L147 rotor hub,
which was manufactured from an alpha-beta 6A1-4V titanium forging in the solution treated
and aged (STOA) condition. During fatigue tests of three rotor hub and crossbeam assemblies
premature fatigue cracks occurred in the rotor hub lower lugs, cross beam bosses and
bushings. The failure of the rotor lug was thought to be attributable to one of the
following three possibilities:
- low fracture toughness Kc
- rapid fatigue crack propagation at all stress level of the spectrum applied
- fretting as crack initiatot.

A fracture mechanics assessment was carried out showing that the fracture toughness
mat specifications and that indeed all the stresses in the spectrum led to crack propag-
ation.

Again specimen data were used for arriving at both answers. The fracture toughness
of the lugs at failure in the fatigue test was calculated, assuming a uniaxial stress
existed normal to the fracture surface. Depending on which stress was assumed to be
decisive, that at the chamber of the lug or the average gross stress, a K of 4 850 /
or 3.020 N/=m3 / 2 was calculated. These two values were then averaged to give a Kc of
3.920 N/=n3/ 2. By comparison with specimen data determined in the HLH Titanium Materials
Evaluation Program it was found that even on the basis of the lower above mentioned
fracture toughness the material met specifications.

The da/dN vs. A K data were established in the same evaluation program with specimens
taken from the center of the forging and tested at the stress ratio R - 0 .43, encountered
at the lug during fatigue testing. Using these data, the crack propagation in the lug was
calculated employing two different models, labelled "conservative" and "unconservative".
The former accounted for the stress concentration magnification effect of the lug geometry,
while the latter did not and "was the most optimistic representation of the crack which
could possibly be made" L'47. Calculating back from the known conditions at faiiurs, the
crack growth rates associated with each stress level of the applied spectrum were deter-
mined.

Several more examples were furnished by working group members from other countries%
The first concerns a forged main undercarriage leg of a military aircraft, which had
developed cracks in service. Its residual static strength was calculated employing
fracture mechanics. Two non-standard specimens were machined from the arms of the forging
and a semielliptical surface notch was milled into the surface. The fracture toughness
KIc of the material was established with these specimens, applying the well known ASTM
thickness and crack depth criteria. One of the specimens gave a valid KIc-value, which
was then used to calculate the residual static strenqths at several locations where service
cracks had shown up. In addition the crack growth rate applicable for the material was
taken from the literature and the crack propagation per lending impact was computed. The
result was not checked by a residual static strength test of the landing gear.

In another example L1A7 the failure cause and the reclamation possibilities of stress
corrosion cracked vertical stabilizer beam forgings was analysed using fracture mechanics.
Standard ASTM specimens were taken from the forgings. The direction of crack propagation
in the specimens were selected on the basis of a microscopic examination of the grain
flow in the outer surfaces of the forging near to the service crack region in order to use
relevant fracture toughness data. Valid KIc-data of 630 - 650 N/me 3 / 2 were developed from
these specimen data. Using a somewhat conservative number of 600 N/mm3/ 2 the critical
stress at failure for corner cracks, through cracks and surface flaws was calculated
depending on crack length. Again no check of this calculation was possible since no
residual static strength tests on the complete forging were performed.

Another case Z1, 17 concerns the residual static strength of a forged horizontal
stabilizer rear attachment fitting, see Figure 11, which had failed in flight, resulting
in a fatal accident. Here a slightly different procedure was followeds Five cracked and
two uncracked fittings were statically loaded to failure in a test rig. All the cracked
fittings failed through the fatigue cracks present.

However, the fracture toughness values for the material in question, 7075-T6, were
taken from the literature to be 607 N/mm3/ 2 and 1.101 N/mm3 / 2 in the T-L and L-T direction
respectively. Three slightly different formulae for the stress intensity factor K of the
crack shape prevalent in the failed fittings were also taken from the literature to be

K - 0,799 C. YT

K - 0,705(5.Va

K - 0,s15 e.1T

Thus the failure of the leg according to fracture mechanics could be assumed to be
bounded by the conditions

1010 - 0,7056 -. VW and 607 - 0, 815 (5 - "

These predictions are based on the assumption of a uniform stress on the surface, a
condition not valid in the teqt. The problem of deciding which dimension should be used to
represent the crack length was solved by selectino the value which gave the least scatter
in the predicted failing load vs. the actual failing load. Thus the prediction in a way
was fitted to the test results.



6.3.3 Tests on Forged Components to Determine their Fracture Properties and Comparison

wit4 Specimen Data

6.3.3.1 General Remarks

As mentioned before, one basic assumption has been used in all the above cases:
Fracture toughness properties of components, such as crack propagation or critical crack
lengths were calculated using materials constants derived from specimen tests. Test
programs to verify this assumption can therefore be very useful. The author has carried
out two such programs on aluminum forgings Z9, 10, 137 (a third one on a titanium forging
being underway). These will therefore covered in detail.

6.3.3.2 Nose Landing Gear Strut

By chance,. some years ago the nose landing gear strut of a certain tactical aircraft
type was r-placed throughout the fleet because of suspected stress corrosion cracks; a
large number of (originally) expeasive forgings thus became available at no cost for test
purposes.

The material was 7075-T6, which is no longer used in modern aircraft due to its well
known disadvantages. However it was (and still it) felt by the author that the results
of fatigue and fracture test would still be generally representative of typical aluminum
aircraft forgings: The nose anding gear strut would nowadays probably be manufactured of
7075-T73; it is not at all 14kely that this small change in heat treatment would fundament-
ally alter the behaviour of -.he forgings in question in the cracked condition under static
or repeated loadine, especially the associated scatter. Another objection was the fact
that the various nose landing gear struts had been in service for different, but unknown
numbers of fly'.ng hours. However, during flying service different sections were highly
stressed than in the tests carried out in the laboratory. The third, most serious,
objection was that the forgingb were manufactured about 20 years ago and the forging pro-
cedures thus did not represent modern tandards.

One purpose of this test program was to provide reliable data on the behaviour of
typical aluminum forgings in the cracked condition under static and repeated loading.
A second purpose was the use of fracture mechanics to predict this behaviour; in other
words: Is fracture mechanics able to predict the residual static strength of and the
fatigue crack propagation in these aluminum forgings?

To this end, a large number of nose landing gear struts was obatined, enabling us to
determine the scatter of residual static strength. The forgings (see Figure 12) had been
manufactured to identical drawings by four different forges in three different countries.
Thus, we were also able to determine the influence of manufacturing on the above proper-
ties. The forgings were first notched by sawcuts in three locations, see Figure 13.
Fatigue cracks were then grown in locations 1, 2 and 3 by applying constant load amplit-
udes at the points shown in Figure 13 until a predetermined crack length was reached. The
nose landing gear strut was then broken by increasing the load until failure occurred, the
COD being registered. Finally the fracture toughness of the forging was computed, using
the formula of Irwin [467 which is based on 41?7. The limited width of the component was
accounted for according to [487, bending according to [49]. It was then determined if the
thus calculated value KQ could be considered a valid KIc using the following criteria:

- ofm.x - 0,6 K ) 8,7

-Kmax 2 1,1 (5-per cent secant) L3V and
F0

,,crock depth
" component width 0,

Near locations I and 2, CT-specimens according to ASTM-E 399 L3V were then cut from
the forgings (see Figure 11) and the fracture toughness determined. Near location 2
C-Ihaped specimens (see Figure 14) wore machined from the forging. This specimen type was
originally developed by the Watervliet Arsenal of tý,o US Army Lq0, 417. For the dimensionsJ
shown in Figure 1i the calibration formula@ given in Z417 were not applicabloy therefore
the compliance of the specimen was measured and the formula for X calculated by fitting
a 3rd degree polynominal. The applicable conditions of ASTM-E 399 D8_7 were observed with
regard to crack front straightness, length of crack, generation of the fatigue crack,
S-per cent secant method etc.I

Crack propagation toots were carried out for location 3 only; again the crack starter
notch was mtachined; two different realistic load sequences were usedi

a flight by flight sequence simulating the stresses of the lower wing surface In the
wing root area of a tactical aircraft, called "TCTP spectrum* JS07. The sequence has

pronounced ground to air cycles; a sample Is shown in the upper half of Figure 15. One
repeat period consists of $03 flights with an average of 100 cycles per flight.



a landing gear sequence, simulating the loads acting in the X-direction, such as
spin-up and spring-back on landing, taxying, braking, engine run up etc. This was
called "landinggear spectrum"; a sample is shown in the lower half of Figure 15.
One repeat period consists of 200 flights with an average of 300 cycles per flight

The stresses were selected such that 1.000 to 4.000 flights to complete failure of
the nose ).anding gear strut were obtained. Crack growth was observed visually on the
surface only.

Using the USAF retardation model of Willenborg et al L317 crack propagation under
the landing gear spectrum was then calculated. The constants necessary for this calcul-
ation (C and n in the Forman equation Zl27) were determined by three constant amplitude
crack propagation tests on CT-specimens. Three of them were machined from the edge of for-
gings failed in the crack propagation tests; three further CT-specimens were taken from
the center, in both cases near the fatigue crack. The constants C and n were different
for both locations, probably because of the different grain structure. The calculation
according to the Willenborg model was carried out with the average C- and T-values of
the CT-specimens taken from the center. The K c-values required in the Forman equation
were obtained from CT-specimens cut from the forging near the crack location.

The results are shown In detail in Tables I to 6; some are also given in Figures 16
to 21:
The mean fracture toughness of CT-specimens was - 1020 /Imn" 3/ 2 for the LT-direction,
see Table 5, which agreed closely with literature data on this material Z, 15)V. The
scatter of KIc, see Figur' 16, was about identical to that for CT-specimen taken from
aluminum plate 04, 527.

The C-shaped specimens, see Table 6, again agreed quite well with literature data
on a similar type of specimen taken from a forging L157; scatter was rather high. As there
was no measurable difference in fracture toughness between the two fatigue crack locations
(in the flash line and beside the flash line, see Figures 22 and 23), all valid C-shaped
specimens were statistically evaluated together in Figure 16.

The fracture toughness of the complete f o r g i n g s for location 1, using only thqL1
valid tests as described above, gave a higher mean value (1375 as compared to 1020 N/mm-J/ 2 )
and a much larger coefficient of variation (v - 0,21 compared to v - 0,04) than
the CT-specimens, see Figure 17. This means that the mean (P. . 50 per cent) residual
static strength of the component would have been predicted conservatively using the
fracture toughness of CT-specimens taken from the forgirqitself. However, this conservatism
is only true for probabilities of survival P. - 90 per cent, see Figure 16. At the much
higher P values necessary for safe life parts the prediction would have been highly un-
conservative.

For location 2 no valid fracture toughness KIc was obtainable with the forgings,
see Table 2.

Four valid tests were possible at locations, see Table 3. Again the mean fracture
toughness was higher (Kic- 1130 vs. 717 N/mm-1/3) and the scatter was also higher
(v - 0,16 vs. v - 0,10) Figure 17); the estimate of the residual static strength of the
forging wou. - ave been conservative up to psa 99,95 per cent.

All the data discussed in the preceding paragraphs are summarized in Figure 17.

The residual static strength on net area eNR of some of the forgings (including those
which had not given valid Kic--values) were extremely high, see Tables 1 to 3, surpassing
the tensile ultimate of about F - 550 N/mm2 in some cases, even for quite large cracks.
No explanation can be given at He moment for these results. They were not due to gross
plastic yielding, as proved by COD-measurements on all forging$ tested in this way. +)

Anyway, the load at failure was very much different for similar sizes and shapes of
the crack, see e.g. Table 2: Forgings 3R2-1 and 3R3-3 had very nearly the same size and
shape of crack, yet their failing load was 23.000 N and 15.700 N respectively. Again in
Table 1 forgings IR2-19 and 1R7-38 had failing loads of about 28.000 and 18.000 N. This
result obviously cannot be explained by any calculation method. Also any possible errors
in the formulae for K used cannot account for these results.

There was no discernible difference between the residual static strength of forgings
of manufacturers A, B and C. Manufacturer D (3 forgings only) lay on the lower limit of
the scatter band, see Table 2.

The results of the crack propagation tests are summarized in Table 4 and Figures 18
and 193 It can be seen that the scatter again was extremely large. This is true for the
number of flights to failure (crack initiation plus crack propagation period) as well as
the crack initiation or the crack propagation period alone, see Figure 18.

+) For the calculation of the residual static strength at location I the formula for a
curved beam in pure bending in LS37 was used. The stress calculated in this way was
then used for the determination of the residual static strength and of K in Table I.
The gross stresses at location I and 3 were measured with strain gages a~d found to
agree quite well with the calculated stresses.
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A scatter T = NgI/N10 of 1 : 5,2 (landing gear spectrum) or 1 : 7,7 (TCTP-spectrum)
for the crack propagaEion period is most unusual. The IABW has carried out many tests
with similar or identical load sequences on axially loaded sheet and plate specimens of
aluminum-, titanium- and steel alloys. In every case the scatter was much smaller than
T - 1 :2,0.

As for the scatter of fatigue life, a similar comparison is possible: the forgings
gave T - I : 6,0 for the TCTP-spectrum. Applying the identical sequence to an axially
loaded bolted joint of aluminum alloy AZ 74 resulted in T - 1 : 3,5, wh!le two types of
notched specimens of 7075-T6 gave a still smaller scatter LSQ7.

Moreover, there is no discernible correlation between the number of flights to
failure and the crack initiation or crack propagation period. In other words, a forging
having a long fatigue life to failure did not necessarily have a long crack propagation
period and vice versa. For example, see Table 4, forging lRi2-54 had a fatigue life of
7.604 flights under the TCTP-spectrum while the crack propagation period was only
620 flights; on the other hand forging 1Ri3-49 had a fatigue life of 3.620 flights and
the crack propagation period was nearly the same at 640 flights; finally forging IRi4-12
had a very similar fatigue life at 3.843 flights, but its crack propagation period was
much longer at 2.940 flights.

For the landing gear spectrum only two tests were carried out with identical maximum
loads (30 000 N), see Table 4: the other two forgings were tested with higher and lower
maximum loads respectively. Assuming a slope of I : 6,0 of the 0-N-curve the life of
these other two forgings under a maximum load of 28 000 N can be calculated (figures in
parentheses in Table 4).

The corresponding crack propagation curves are shown in Figures 20 and 21. The upper
end of these curves indicates failure of the forging. Figure 20 also contains the calcul-
ated crack propagation according to the Willenborg model LS17, which was highly conser-
vative in this case: it predicts a crack propagation life from a 1,5 mm crack to failure
of 170 flights. The actual mean life of two forgings, however, was about 750 flights.

The IABG has also used the Willenborg model in another test program L734 on axially
loaded sheet specimens. Under the identical load sequence it was almost exactly right
for maraging steel and conservative by a factor of 1,5 for 2024-T3.

However, in several other load sequences the Willenborg model generally qave quite
unconservative results. For a tactical aircraft lower wing surface load sequence it pre-
dicted, for example, a four times longer life than actually occurred in the test (material
7075-T7351) L547. Similar findings were reported by Weissgerber et al in L357 and the
author ZS27. So the above results should not be generalized.

No influence of the manufacturer on crack propagation behaviour could be found. The
three extreme examples discussed above (IRI2-54, lRi3-49 and lRi4-42) all came from the
same forge.

The fracture surface of some of the forgings looked quite usual, see Figure 7.
This forging had a fatigue life of 4.400 flights, a crack propagation life of 3.510 flights
and a crack initiation life of 890 flights under a maximum load in the spectrum of
28 000 N. The forging shown in Figure 24 (2Ri2-34) under a maximum load of 30 000 N gave
2.045, 860 and 1.185 flights respectively, see Table 4. That is, the percentages of the
life spent for crack initiation and for crack propagation were grossly different, the
forging shown in Figure 7 having a short crack initiation and a long crack propagation
life. These two forgings came from manufacturers A and B. The other forgings also could
be identified as to their origin by viewing their fracture surfaces: Manufacturer A's
forgings always had shear type failures like 2Ril-9, Figure 7, while B's forgings had
the usual brittle failure like 2Ri-2-34, Figure 24. However, a shear type fracture sur-
face was not a definite sign of a long crack propagation period as B's forgings gave the
longest as well as the shortest of such periods, see Table 4, TCTP-spectrum.

The conclusions from this test program were as followst

- The fracture toughness of complete forgings was higher in all three locations than
that of specimens taken out of the forgings at these locations.

- The scatter of fracture toughness was much larger for the forgings than for the
specimens. This scatter of the forgings could not be explained by the usual
metallographic procedures.

- Nominally Identical forgings with cracks of very similar dimensions can have grossly
different ultimate failing loads. This cannot be explained by any calculation method.

- Crack propagation was considerably slower under a landing gear spectrum than predicted
by the Willenborg retardation model. This may be due to the load sequence employed;
for other sequences the Willenborg model gave unconservative results in some other
test programs.

- The scatter of - fatigue life to failure as well as
- the crack initiation and
- the crack propagation period

was extremely large for the forgings under two different but realistic load sequences.



- Forgings with a long fatigue life can have very short crack propagation periods and

vice versa.

- The fracture surface and crack shapes in forgings may be hishly irregular.

- The important forging properties determined in this test program - residual static
strength, fatigue life and crack propagation life - may be subject to an extremely
large scatter, much larger than for sheet or plate components. In order to attain
equal probabilities of survival, larger safety coefficients would therefore have to
be observed for forgings than for sheet or plate components. For a fatigue test on a
structure consisting of forgins and of sheet and plate components, there obviously
exists a dilemma: If the test is stopped at some multiple (say 4) of the required
lifetime, the probability of survival is higher for the sheet and plate components
than for the forgings.

- A long fatigue life of a forged component on test is no guarantee for a long crack
propagation period. This again has obvious implications for the full scale fatigue
test.

- Forgings are often used in internal structure and are therefore difficult to inspect.
Every effort should be made to improve NDI techniques for such applications.

6.3.3.3 Forged Wing Attachment Fitting

After the somewhat disturbing results of the test program on forgings described in
section 6.3.3.2 the author advocated the continuation of this work. In 1978 a large num-
ber of forged wing attachment fittings became available as scrap due to an error in the
machining operations. The material was AZ74, a silver bearing alloy of the AlZnMgCuAg-type
developed in Germany. Thus, all the objections voiced against the program described in
section 6.3.3.2 were not valid here: The material was a modern high-strength aluminum
alloy, the forgings were new and the forging procedure certainly was modern, the forgings
having been produced after 1970. The seven fittiags used for this program came from ?wo
different heats of material with different yield strength, viz. 456 against 512 N/mm

After some further machining a shallow semielliptical flaw was i.troduced into the
tension flange by electrical discharge machining, see Figure 25. The fitting was attached
via the four fuselage frame attach bolts to the IABG strongback and loaded in bending as
shown In Figure 25. Three forgings were loaded by the wellknown "Falstaff" load sequence
L6_J and the crack propagation was monitored visually. In two additional forgings, also
loaded by the Falstaff sequence the crack started at an erroneously machined notch of a
much lower stress concentration factor. The crack propagation in these two forgings was
not monitored. All five forgings were run to complete failure, the failing load being
determined.

Then standard CT-specimens were cut from the broken forgings at different locations
in the tension and compression flange and at different angles to the grain orientation.
An example is shown in Figure 26. Further CT-specimens were machined from two additional
forgings.

Six CT-specimens were used for crack propagation tests to determine the materials
constants which would be required for a subsequent calculation of crack propagation in
the forgings themselves under the Falstaff load sequence. In other words, the materials
constants which would typically have been utilized for assessing the damage tolerance of
the wing attach fitting - namely Kic and da/dN vs. L6K - were determined.

The statistical evaluation of the fracture toughness of CT-specimens from two forgings
is shown in Figure 27. The scatter (coefficient of variation) of Kic is on the high side
for aluminum (see Chapter 9), though not unduly so; however, the extremely large differ-
ence between the fracture toughness with the crack parallel to the grain flow and that
with the crack at right angles to the grain flow is notable. Besides, a large percentage
of the CT-specimens did not give strictly valid Kic-values, mostly because of the direct-
ion which the crack took; soI,;e very peculiar ones occurred, see for example Figure 28.

The crack propagation under constant amplitude loading in CT-specimens is plotted in
Figure 29, starting from a notch plus crack length of 8 mm. The specimen numbering system
is as follows: The first digit designates the number of the forging; the letter o means
"taken from the tension flange", u means "from the compression flange" and the last digit
is the consecutive number.

Overall, the scatter of the crack propagation properties is large, even for the
moment neglecting specimen 708 What is more, there is no discernible correlation between
the position of the specimen in the fitting, or the direction of the crack and the crack
propagation properties. The two specimens from forging 6 had a similar and quite fast,
crack growth, although one came from the tension and the other from the conpression flange.
Even moredisturbing is the fact that 707 and 7u9 are very similar, although one was cut
from the flange and the other from the web at a different crack orientation, compare
Figures 30 and 31; 7o8, which should be identical with 707 because both are situated
symmetrical to the parting plane of the forging, see Figure 30, showed a completely differ-
ent behaviour. If the damage tolerance of the forging to a transverse crack in the region
of 707 and 708 were assessed using by chance the curve of specimen 708 a completely differ-
ent answer would obviously result than if the curve of 7o7 had been employed.



The crack propagation curves of the complete fittings 4, 5 and 6 under the Falstaff
load sequence are shown in Figure 32, including the fracture surfaces: Scatter again is
large; with sheet and plate under the identical load sequence three tests usually fall
within a narrow scatter band bounded by about 1 : 1,5. Also fitting 6 at first was very
similar to 4 and 5, but at about 1.000 flights the crack rate suddenly accelerated.

The failure load of fittings 4, 5 and 6 was then calculated using the mean fracture
toughness Kic - 1330 N/nmm3 /2 shown in Figure 27. Fittings 4 and 5 had failed in test at
the same load step of Falstaff, namely at 80 000 N, fitting 6 at 74 000 N. However,
fitting 4 had a crack length of 53 nun, fitting 5 of only 32 mm, fitting 6 of 50 mm.
Assuming a half elliptical crack no width correction factor and no rear wall correction
factor

Q
with Q " 2,35 for a/21 - 0,4 and 6/65y 0,47

a failing load of 82 000 N was calculated - almost exactly right - for fitting 4; for
fitting 5 the calculated load was 96 000 N, about 20 1 more than actual; for fitting 6
77 500 N was calculated, slightly more than actual. In fitting 1 a crack originated beside
the EDM flaw, the failing load being 80 000 N, however, the calculated failing load was no
less than 114 000 N, almost 50 % higher.

The fracture surfaces and corresponding grain flow patterns for fittings 5 and 6 are
compared in Figures 2 to 5.

The results of the crack propagation tests are shown in Table 7. Except for the
large scatter already mentioned, no peculiarities occurred. Fitting 5 was best in life to
failure as well as in crack initiation and crack propagation. Its critical scatter was
especially large ir the crack initiation period.

These fittings were also found to be critical in the course of the full scale fatigue
test of the tactical aircraft in question Li6J. They were therefore replaced by redesigned
ones made of AZ74 with thicker sections. These were the fittings tested in the program
described above; the critical location was a bolt hole. The crack propagation from this
hole war monitored in 3 fittings of 7079-T6 and 4 fittings of AZ 74 by removing the bolt
at frequent intervals and inspecting the hole by eddy-current. The results are shown in
Figura 33. The load sequence applied was a complex flight-by-flight test. The large scatter
in crack propagation found when testing the fittings alone as described above (and with
an EDN notch, not a bolt-filled hole) was not quite so large in the full scale fatigue
test. Even so, it was quite irregular and it would be interesting to calculate it on the
basis of the materials data developed in the above program.

6.3.3.4 Hinge Rib Forging

The primary objective of the program [Z from which this example is taken was to
establish the mechanical properties and economic advantages of precision forging. Only that
part of the program which is.relevant to fracture toughness of forgings will be mentioned
here.

The hinge rib forging shown in Figure 34 is made from 7075-T7352; it was selected as
a typical forged component. As a conventional die forging it is fully machined; it is
located at the wing leading edge of the Boeing 747, supporting the variable-camber for
flap. Two hand forgings, twelve conventional forgings and eleven precision forgings were
made.

Of these eight conventional and seven precision forgings, as well as one hand forging,
were fatigue tested to failure under a two step load program with marker loads interspersed.
Crack length versus cycles curves were regenerated from the marker load locations by
fractographic analysis near the crack origin where striations could be resolved. As the
current MIL-A-83444 specifies a 1,27 mm deep semicircular surface flaw in the primary
failure region of a fail-safe structure, the crack propagation life to failure from such
a crack length was determined and found to be in all cases less than 21 1 of the life from
the start of the fatigue test to failure. For one forging this percentage was only about
8 S. The percentage of life from a 0,64 mm deep crack to failure was less than 30 per cent
in all eight forgings, in two cases it was only about 15 per cent, see Table 8, which con-
tains most of the data, brought together in a similar way as in Table 4 and 7. Again it
is seen that good crack propagation properties do not necessarily coincide with a long
fatigue life, see for example forging AC 15: It is best in both crack propagation periods
(from 0,67 -m and from 1,27 mm to failure), but it is the third of four in fatigue life.

Furthermore forging AP 04 had the shortest critical crack lencth, but was best (of
four) in crack propagation and in fatigue life; and forging AP 05 had the longest critical
crack length (of thirteen) and the best crack propagation but the shortest fatigue life
(of three). Both the shortest and the longest critical length occurred in precision
forgings I

'A
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Additionally a 0,64 mm deep semicircular crackwas electrically discharge machined
into one precision and one conventional forging at the location where the cracks were
thought to have started in the unflawed forgings. Under the Adentical load sequences as
described above the flaw was grown to a crack length of 1,27 mm and then to failure. The
two forgings with the EDM flaw, however, did not fail at 15 to 30 per cent of the life
of the unflawed forgings, as was to be expected. Instead they failed at 50 to 73 per cent.
This was due to a crack growth rate lower than in the other forgings with the natural
cracks. Apparently the EDM flaws had been placed in a lower stress region than the fatigue
crack origins of the other forgings, i.e. the natural cracks occurred about 10 mn away.
This illustrates the importance of correct preflaw location.

Although the fracture toughness KIc of the forging material was determined by a
sufficient number of ASTM standard tests, no attempt was made in this program to correlate
these results with the residual static strength of the complete forgings.

6.3.3.5 Full Scale Fatigue Test on a Main Landing Gear

The F-104 G main landing gear was tested at the IABG Al by a complex flight-by-flight
load sequence. It originally was made of 7079-T6 and consisted of a largely unmachined
forging; because of stress corrosion cracks the material was later changed to AZ74, the
alloy mentioned in section 6 3.3.3 In all, three forged main gear legs of each alloy were
tested. All of them failed between about 5.200 and 8.000 ldndings. Superficially this means
low scatter. However, the landing gears failed at three completely different sections; one
additional main gear leg of 7079-T6 failed at a fortuitous forging flaw at the king pin'
support. This was repaired and the test continued to 12.000 landings without failure or
cracking of the leg. Thus the actual result of three tests was that one had endured 12.000
landings without failure or cracking at any of the critical locations, while another had
failed at only 5.200 landings, with crack having started at less than 4.000 landings.

This example again demonstrates that large scatter of the fatigue life to failure,
the crack initiation and the crack propagation period may be an inherent characteristic
of forgings.

6.3.4 Fracture Mechanics Tests on Standard Specimens cut from Forged Components

As mentioned in section 6.3.2 it is current practice in damage tolerance assessments
of aircraft to determine the required materials constants by specimen tests. Indeed this
is the only way possible because otherwise complete components would have to be tested at
enormous costs and the whole idea of fracture mechanics would be jeopardized. However,
the scatter to be expected in these materials constants should be taken Into account; in
the opinion of the author perhaps more so than has been done up to the present. It was
therefore thought worthwhile to devote one section of this chapter to fracture tests on
specimens with due regard to the associated scatter. The reader is also referred to
Chapter 8 of this book for a general discussion on how to treat scatter and for some more
examples.

The literature abounds with data on fracture toughness of standard specimens machined
from forgings, only a few which are mentioned in the references •, 4, 15, 17, 18, 20
to 37.

Recently a cooperative fracture toughness program on C-shaped specimens L8J took
place with 8 laboratories participating. All 48 specimens were machined from one cylind-
rical forging; the results are statistically evaluated in Figure 35: The scatter of the
Kic-values is remarkably low, especially when considering that 8 different laboratories
carried out the tests.

The !ABG conducted such a program on a similar steel (of a slightly lower yield
strength) several years ago L7V7 also utilizing C-shaped specimens; however, they were
machined from 5 cylindrical forgings with slightly different heat treatments; the results
are shown in Figure 36. Again the scatter is quite low. However, the slight variations in
heat treatment (mainly the temperating temperature was varied between 5200 and 5650 C)
resulted in quite large differences in fracture toughness, although the yield strengths
differed only between 1210 and 1280 N/mm2 .

The forgings for these two programs were very simple, probably resulting in a well
defined uniform grain flow pattern, symmetrical all around the circumference of the
cylinders. Also, the fact that

- they were gun barrel forgings which for obvious reasons are worked very thoroughly

during manufacture and

- the steels were vacuum degassed

may have helped in obtaining the low scatter and for their yield strength the quite high
fracture toughness.

A typical aircraft steel forging of complex shape was tested in Australia L30J. It
is a component in the F-111 structure and consists of D 6ac steel which is known for its
high variability of fracture toughness. Together with the inherent variability of the
fracture toughness of forgings, this gave the result shown in Figure 38: Within one
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forging the fracture toughness varied almost by a factor of twol Taking only specimens
in one direction does not decrease this variability. Rather it is ceen that there is a
distinct grouping of fracture toughness, the thick-section lug area having a low fracture
toughness, the thin-section web and speed brake area a high fracture toughness. If such a
component were designed according to fracture mechanics criteria, two entirely different
K -values would have to be used, a low one for the thick sections, a high one for the
thn sections. Compared to these large differences in fracture toughness, the orientation
of the specimens notch did not have any measurable influence on fracture toughness.

In Figure 38 five more of these forgings were evaluated, all specimens being machined
from the thin section web and speed brake areas: The scatter of fracture toughness within
any individual forging was very low; however, the mean fracture toughness of the thin-

V section areas, also taking the forging shown in Figure 37 into account, varied between
about 2100 N/mm3 / 2 and about 2800 N/mm3/ 2 .

For titanium forgings, a large body of fracture toughness data is available from
Alcoa L79, 217 containing no less than 1229 valid ASTM specimen results from so-called
lot prolongation tests of three different Ti6Al4V forgings of similar size and complexity.
As shown in Figure 39, which was taken over from 432], the mean fracture toughness and
the associated coefficient of variation varied widely, depending on intentional processing
variables. Scatter is again quite high, even if it is considered that the tests cover a
large number of lots with probably only one or two Kic-tests per lot. Even so, according
to curve I five per cent of 561 testa had a fracture-toughness below about 150 N/mma/ 2 ,
while the mean was KIc P 2050 N/mm/ 2 .

References Z242 und D32 contain a good deal more data on the fracture toughness of
large structural forgings of Ti6Al4V and Ti6Al6V 2Sn and the effect of processing / compo-
sition options. Figure 40, taken directly from 297, is a summary of this work, illustrating
that low oxygen content (0,13 % max.) and a recrystallisation annealing is beneficial
primarily at low yield strengths, compared to standard oxygen content (0,20 % max.i and
mill annealingy it is also beneficial in reducing the scatter of fracture toughness, as
was to be seen in Figure 39. A more detailed explanation of the effect of these composition
/ forging process / heat treatment "options" on fracture toughness is given in Table 9
Z7, showing that a wide range of typical guaranteed minimum properties including fracture
toughness is available in Titanium forgings, even some with the derivable combination of
high static properties and high fracture toughness, albeit at a cost premium.

The IABG has recently carried out some fracture toughness tests on six C-T-specimens
machined from a large Titanium hand forging, a section through which is shown in Figure 1.
The preliminary results are evaluated in Figure 41, scatter is quite low. Another Titanium
forging investigated at the IABG was the compressor disc shown in Figure 42; the associated
statistical evaluation of the *-R specimens is given in Figure 43. It is seen that

- on t•'e average fracture toughness is higher in the hub area "han in the rim area
and

- there is no discernible difference between R-C and C-R or' ntation of the specimens.

Scatter again is quite low, even if all the C-R-specimans (from the hub and the rim
area) are evaluated together as in Figure 43. By the way the manufacturer of the jet engtne
in question requires a minimum fracture toughness for this compressor disc of 1650 N/3/2
in the C-R orientation, the control specimen being taken from the rim area. One specimen
did not meet this requirement, see Figure 42.

The crack propagation properties of the disc were also determined utilising three
discs, they were practically identical with those of a large Ti6Al4V-plate, see Figure 44,
both curves being the mean of several tests. The scatter obtained from six specimens
machined from three discs is shown in Figure 45; it is quite low, all specimens falling
in a scatter band of less than 1 : 2.

As for aluminum forgings, another large test program is available from Alcoa Z207,
a comparison between the modern forging alloys 7175, 7050 and 7049. Many different
structural die forgings were produced from these alloys. They were mainly of two types,
heavy section landing gear type forgings and web-flange type forgings, having highly
directional grain flow. In addition several different hand forgings were produced. The
results of this investigation are summarized in Figure 46, taken directly from 1202.
However, this presents too simplistic a picture: On closer inspection of the results
several peculiarities become apparent. For example, a 75 mm hand forging has the high•
fracture toughness in the LT-direction of fourteen f3rjings of 7050, namely 1562 N/mmM.
In the SL-direction it is, however tenth at 736 N/mm / . This large difference is apparently
not typical for handforgings, because two other 75 mm handforgings of the same material
the same shape and the same heat treatment were ninth and tenth in the LT-direction at
1093 N/m3/ 2 and 1041 N/mm3/ 2 as well as ninth and eleventh in the SL-direction at 760 and
729 N/mm /2. The heavy section 7050 forgings Also tended to have relatively high fracture
toughness in the SL-direction while in the LT-direction the web-flange type forgings were
generally superior. In 7049, two web-flange forgings of a certain shape gave both the
highest and the lowest fracture touyhness in the LT-direction of twenty forgings produced
in eight different dies. The best and worst forging had very similar yield strengths. In
the SL-direction the rating was practically identical; however, the yield strengths of
the best and worst forgings were grossly different!

,/
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In 7175 the rating was very similar in both specimen orientations. However, while
in the SL-direction the forging with the highest KIC had the lowest yield strength and
vice versa in the LT-direction, the picture is not so clear: The forging with highest
fracture toughness had the second highest yield strength.

A gjRE~l conclusion whether a web-flange type forging or a thick-section type
forging re ted in higher fracture toughness was not possible from tIis program.

In Figures 47 and 48 the fracture toughnesses of all forgings of one material in
,:his investigation 2Q_7 are evaluated statistically. The extremely large coefficients
of variation are remarkable. Except for 7050, they are not reduced whon only die forgings
are included and hand forgings are left out. This goes for both specimen orientations.
All this goes to show that it may be quite misleading to speak of "the fracture toughness
of 7XXX forgings"; rather the fracture toughness of any individual forging may depend much
more on as yet unknown variables than on the forging type, the material and the heat
treatment. In addition, the problems of the applicability of specimen data to complete
forgings, as discussed in section 6.3.3, arise.

A large amount of additional specimen data on the fracture toughness of aluminum,
titanium and steel forgings can be found in [r]. As no further details about the forgings
are given from which the specimens were machined, these data must be considered with
caution, in view of the above reservations.

The MIL-flandbook 5 c [47 contains a table of "typical" fracture toughness data for
Aluminum alloys, showing minimum,average and maximum Kic-values for two to five forging
lots per material. The variability of the forgings fracture toughness, that is the quotient
maximum/minimum fracture toughness, is on the average larger than that of plate or
extrusions.

6.4 Conclusions

The following conclusions are based on the test programs described in section 6.3.3.
and 6.3 4

- The application of fracture mechanics to structural forgings of Aluminum, Titanium
and steel alloys is difficult - to put it mildly. This does not reflect so much on
fracture mechanics theory - and therefore cannot be improved by better theory - but
results from the peculiar characteristics of forgings.

- The one outstanding feature of the fracture behaviour is the large variability of
the relevant properties - fracture toughness and crack propagation - in specimen
tests or (much more so) in tests on complete typical structural forgings.
Even if normal scatter is obtained in specimen tests, the complete forged component
may show very large variability.

- Only if the shape of the forging is simple with a well defined symnetrical grain
flow pattern - as in gun barrel or in compressor disc forgings - a normal variab-
ility of fracture toughness is obtainable.

- If the forging procedure results in thorough working of the material and if the
forging process controls are extensive - as in gun barrels and especially in com-
pressor and turbine discs - in addition very high fracture toughness for the
respective yield strength are obtainable.

- The difference in fracture toughness (within one forging) between different actual
or nominal crack orientations can be large.

- Zhere may also be large difference in fracture touganess within one forging between
thin and thick sections.

- Nominally identical forgings can have a very similar fracture toughness in one
crack orientation and a very dissimilar one in another crack orientation.

Nominally identical forgings with cracks of very similar dimensions can have grossly
different failing loads.

- A long fatigue life in a test on a complete forged component does not necessarily
mean a long crack propagation period. Thus a crack may initiate very late in the
life and then propagate very quickly.

- Forgings with short critical crack lengths can have favourable crack propagation
properties as well as long crack initiation periods.

- The fracture toughness of complete forgings can be higher or lower than the fracture
toughness of specimens machined from the forgings at the failure location.
Thus, the calculation of the residual static strength or the crack propagation proper-
ties of a complete forging based on specimen tests may be far on the conservative
or on the unconservative side.

J
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In view of the above conclusions, it is not recoimende4 to depend on specimen data
only if critical forging& are designed according to fracture mechanics criteria. Rather,
full scale tests with such forging* are advocated and, in addition, a comparison between
their results and fracture mechanics calculations based on tests with

- specimens machined from the forging as well as

- "typical" KIc- and da/dN-values taken from the literature.

If full scale tests are not possible and the dimension 2f the forgings must be
based on specimen teats only, at least the larger variability of the fracture properties
of forgings must be accounted for in the calcualtions.
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Table Is Fracture Toughness and Residual Static Strenqht of ftrginge Lacation I

Forging "bnu- Crack Failing woed Residual Static Stress Fracture

m facturer Area Strenght on intesity Toughness

groes area not

AA I.. I P 0 a SRma KQ i

g.!7 X X [NI-!] 474/mi 0--"! i 47 '/

I I 1-21 A 76 70600 o 70600 697 765 2995 -

I at 2-t9 a 1 034 28 350 24 250 240 642 2 430 -

I At 3-2S a 310 2S 000 2S 000 247 343 1 130 1 130

1 it 4-29 a 206 6S700 Si3 700 531 667 2 420 -

S13 S-30 a 200 69 ISO 5 900 562 696 2 480 -

1 3 6-31 C 497 29 300 287 00 283 463 1 380 1 380

1 a 7-38 A 1 184 18 400 17 750 176 679 2 545

t 3t8-41 a 310 34 800 34 800 343 486 1 620 1 620

1 • 9-43 a 410 ..- - - -

I I0-46 o a 630 38 150 33 650 334 578 2 500

in the loat column means that. a valLd fracture toughness Ic could not be obtained

Table 21 Fracture Toughnees and OW ildual Static trenqth of fotrqinqs - Location 2

t Forging 1mnu- Crack Failing Load Iteaidual Static Stream Fracture

No facturtr Area Strewqht on Zntensity Touhgness

gross area not
A I.u I• PQ 5s G3M KQ K

3 3 1-26 A 341 51975 48540 387 649 1 750

3 2- 5 A 943 23 045 23 045 86 569 1 670 -

3 3 3- D 964 is590 M 5s )0 17 389 Oss -

33 4- 5 A 787 25 010 24 520 192 335 1 480 -

3 a 5-31 a 404 39 90 38 too 302 466 1 M

3 a 6-40 D 206 37 SI0 37 550 269 3)3 99S

3R 7-36 0 ,39 00 5 0o to000 76 422 5M-

'I
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Table 31 Fracture Toughness ar-1 Residual Static Strenqht of Forginqm Location 3

Forging Menu- Crack Failing Load Residual Static Stress Fracture

no lecturer Area Strenht on Xntensity Toughness

gross area net

"A A F- rF Q e. 5 MR KQ .c

2-! 2 2l Zk.7Ll! j 3/27 6.3!

4 3 1-25 a 195 3 450 3 450 277 368 1 060 1 060

4 3 2-19 a 216 4 7.C 4 750 380 504 1 455 -

4 3 3-21 A 168 5 950 5 950 476 603 1 890

4 3 4-43 a 346 3 500 3 250 259 452 1 325 1 325

4 R 5-29 3 299 3 900 3 900 312 494 1 475

4 R 6-31 C 510 2 050 2 050 164 368 995 995

4 R 7-41 a 452 2 500 2 500 197 412 1 165 I 165

4 3 8-39 C 15 4 850 4 850 388 373 625 -

4 R 9-46 3 665 2 450 2 350 196 574 1 465

_ _ _ _ _ _ I _ _ _



Table 4s• aeulta of Crack Propagation Tests on Nose landing Gear Strut

Forging Manu- Max. Load Max. Stress Number Number of Plights amber of Flights

No fact. of the in the of Flights from a Crack to a Crack Lenqth

spectrum Spectrum to Failure Length of 1,5 -m of 1,5 -m

to Failure

I - Spectrum

SIUi 1-22 A 22 000 211 3 137 1 980 1 157

(calculated) (24 OO0) (234) (1 O00) (0 130) (670)

1 ti 2-54 a 24 0oo 234 7 604 620 6 984

I 3L 3-49 3 24 000 234 3 620 640 2 960

I Iti 4-42 a 24 000 234 3 643 2 940 903

Icatter N" " Is 6,0 Is 7,7 to 22,0
N
10

Landing Gear spectrum

2 AL 1- 9 1 A 28 000 274 4 400 3 510 890

(calculated) (30 000) (293) (2 950) (2 330) ( 620)

2 AL 2-34 1 30 000 293 2 045 860 1 185

2 Al 4-10 A 30 000 293 1 063 620 443

2 31 5-28 a 33 000 322 1 910 870 1 040

(calculated) (30 000) (293) (3 400) (1 650) (1 550)

v 90
Ocatter T t 3.5 Is 3,5 I 5,2 Is 6.2



Table 5: Fracture Toughness Determined with CT-Specimens

Specimen Direction Stress Intensity KQ Manufacturer

No and

Fracture Toughness Kic

&m-3/2

1 3 1-38 L - T 
99 2 KxIc A

I B 2-38 L - T 1 0
5 9 

KA 3A

I B 3-19 L - T 1 284 a

I B 4-29 L - T 1 360 a

I B 5-25 L - T 1 002 KIc B

1 3 6-30 L - T 1 315 a

1 B 7-41 L - T 1 023 K1 ca

Ki -
KIc

arithmetic L - T 1 020 KIC

mean value

1 3 8-35 T - L 773 3

I B 9-21 T - L 1 013 KIc A

I B 10-46 T - L 836 a

A KIc in the third column means that a valid KXic-value according to 187 was obtained.

Table 6: Fracture Toughness, Determined with C-shaped Specimens

Specimen Stress Intensity KQ Manufacturer

No 
and

Fracture Toughness KIc
-3/2

4 3 1-44 9 
6 3 2 

K c C
4 a 3-35 S 693 KX a~ 6

9
3

Ic

4 B 5- 7 804 K A

4 3 7-47 9 657 C

4 3 9-48 8 930 3

4 B 2-44 N 635 C

4 3 4-35 N 745 X1 c a

4 3 6- 7 N 
7 10 KIc A

4 3 8-47 N 403 C

4 B 10-48 N 880 3

K -

arithmetic 717

"mean value

S - Fatigue crack in the flash line
N - Fatigue crack beside the flash line

A xIc in the second column means that a valid K1c-value according toL8,7 was obtained.

L,



Table 7: Results of Crack Propagation Tests on Wing Attachment Fittings

Forging Nax. Load Critical Number Number of Flights Nimber of Flights

no of the Crack Length of Flights from a Crack to a Crack Length

spectrum to Failure Length of 13 , of 13 m

2 
1
-cr to Failure

- Spectrum -

4 80 955 53.0 (1) 5 170 (2) 2 670 (2) 2 500 (2)

5 80 995 37.0 (3) 6 45o (1) 2 950 (1) 3 500 (1)

6 80 995 50.0 (2) 2 495 (3) 1 595 (3) 900 (3)

Scatter T - 90 I1 3.6 1: 2.4 Is 6.1

90-0 2t 1.
11 * 0
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Table 9: Typical Guaranteed inianm Properties for Composition/Proceeisng Options in
Titanium Structural Forginqs L- 32 7

Room T•mperature Tensile Properties Faure

Alloy Option 0,2 % Y.s. U.T.S. EL (4D)) VA Toghness
.2 / 2 3/2

TI-64 Conv. 830 - 860 900 - 930 10 20 - 25 1290 - 1740

1 a 790 - 830 860 - 900 10 20 - 25 1910- 2260

l b 760 - 790 830 - 860 10 20 - 25 2430- 2780

2 a 790- 860 930 - 1000 6 - 8 10- 1i 260- 2950

2 b 760- 830 830 - 860 6 - 8 1o- 15 2780- 3120

3 a 810 - 850 900 - 930 10 20 - 25 2080 - 2430

3 b 810- 850 860 - 900 8 - 1o 15 - 20 2260 - 2780

4 760- 790 830 - 860 6 - 8 1o - 15 2600 - 2950

Ti-662 Cony. 930 - 970 1000 - 1030 8 - 10 20 - 25 1040 - 1390

I a 900 - 970 970 - 1030 8 - 10 20 - 25 1390- 1740

lb -.....

2 a 860 - 910 970 - 1030 6 - 8 10 - 20 1740 - 20O0

2b ..... -

3 a 900- 930 1000 - 1030 8 - 10 15 - 20 1390- 1740

3 b 900 - 930 970 - 1030 6 - 8 12 - 20 1740 - 2080

4 .....-- .

Option Chemical Forginq Process Seat Treatment
Composition

Conventional Standard /3+ / Mill Anneal (MA)

la Standard aL + /3 lscrystallization Anneal (RA)

lb Special o+ /3 Recrystallization Anneal (RA)

2a Standard d. + 3 3
Solution Tratment + Anneal ( / A)

2b Special OL + 60 Solution Treatamnt + Anneal (/3 A)

3a Standard /3 Preform, cL+ /3 Block & Finish Mill Anneal (MA)

3b Standard 13 Preform, MBlock, 0.+ /3 Finish Mill Anneal (M)

4 Special /3 Preform. rj Block, OL +/3 Finish Duplex Solution Treatment + Anneal
(Duplex STAN)
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Fig.I1 Titanium forging

-. ,,.-~.*C..

Fig. Grin fow attrn o th suraceof

Fg3Fractur surace fof pther wing tthn shraeown inFgue2

Note the almost complete absence of shear lips

J4
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Fig. Grin low attrn n th sufac of wig atachentfiting

Fig. FrainfowPturesrfac of the wingac ofttwing shownhmint fitigue g.

Note the complete shear failure of the left half of the section

A
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Fig.6 Irregular crack shape in an aluminum forging

Fig.7 Crack propagation along the grain flow
in an aluminum forging
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Fig.S Small 45-degree cracks in a Milet
due to torsional loading

IL

M9g.9 Appearance of the torsionally loaded shaft
of F~igure 8 after fracture
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Section A -B

C

Fig. 14 C-shaped fracture touhema specimen
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Specimens COffonent
C-Sh'wd Sm~ CT- Spcnowns;

Location 2 Location I Location 2 Location f
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Fig. 16 Statistical ervaluation of fracture toughneuXKIC
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TC TP- Spectrum Landhig Gear Spectrum
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Filu. 18 Statistical evaluation of crack propagation tests
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Fig.22 Location of the fatigue crack
in the forging searn

Fig.23 Location of the forging seam
away from the fatigue crack

A



Fig.24 Forging 2 R: 2-34 fracture surface
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iD I7

Fig.25 Wing attachment fitting
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Material: AZ 74

Crack parallel to Crack at right

98 the grain orientation angle to the
97 grain flow97.
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Fig.27 Statistical evaluation of fracture toughness j

1~1

//*2



6-42 I1

Fig.28~ ~ ~~~~~~~~~~~M" Gr4 lwpteni h opeso lneo itn lf ie op~dt h
crac diectin i CTspecmen mahine frm fttin 4.Not: 40 an 40; 40ran 40

At/



Material. AZ 74, CT- Specimens
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Fig.29 Crack propagation under constant amplitude loading, CT-specimens
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Fig.30 Specimen orientation in the forging tension flange
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FATIGUE CRACK PROPAGATION UNDER VARIABLE LOAMD

by
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Untornehmensbteeich Flugzeuge
Postfach 8011 60. 8000 Munchen 80

UJiMARY

It Is dhe purpose of Iis treatise to drew attention to same of the problems involved in calculating cack propagation wider constant and multi-stp amiplitude
lond seluences ed point the way to the solution.

By considekrg. a number of factors influencing the cracir propagation behaviour, it is shown that the selection of a su;ta&e calculation formula is only one
ol asveral posible ways of improving the prediction of crack propagation.

For this reeon a first estimration of the crack propagation life may be made with the aid of a simple calculation procedure ech as the Forman equation. which
in gene ykeds convs•tlve results. The Wheeler model which requires a considerably higher expenditure of computing time and cost compared with the For-
mas equation is recommended if more accuracy is required. Finally, calculation models based on the crack cloeure concpt we also considered.

7.1 INTRODUCTION

It has been shown, on the one hand by improved NDI methods applied ir. the course of production and during inspections of the aircraft,
and on the other hand by damage arising during operation, that cracks ;n aircraft components cannot be discounted even before the
aircraft ges into service. When a component is chedced for cracks it is usually only possible to detect cracks above a certain size, and en
then only with a certain degree of probability. In order to guarantee the safe operation of an -ircreft en when non-detactable cracks
we premsn, every effort is made to forecast the propagation of cracks up to the failure of the component,

Thea efforts have already become established as damage toleranca requirements In MI L 83444 of the USAF.

The use of fracture mechanics In aircraft construction, be it to ful;il damage tolerance requirem.ets, asolready mentioned, or to deter-
mine inspection intervals, must at present still be regarded as a relatively new field of engineering in which there area number of gaps yet to
becloud.

A consequence of this is that forecasts of crack propagation life may involve various problems which at preemnt can often un(ly be over-
come by fairly conservative estimates.

It is therefore the aim of this paper to make the engineer aware of various proberms and as far as possible to point the way to suitable
solutions.

ao - initial crack length

a crack length

de/dN crack propstjation rat

Cp - retardation factor for the Wheeler calculation method

C, n , crack p ion parameters

c1' c2  - crack propagation parameters for the crack propagation calculation method of Collipriest

F - correcting function for the street intensity

K , st intensity

AK - range of stress intensity factor

Kmin - maximum strm intonsity for one load cycle
Kmax - minimum stress intensity
K0, Kth thrhold value

Kc , fracture toughness under plane stress conditions

KIC - fracture toughness under plane strain conditions
K *ff effective stress inteniWty

"m retardation exponent for the Wheeler method



Mw - crack propagation pa•smeter for the Walker calculation procedure

nz - multiple of gravitational acceleration

N - number of load cycles

Ne - number of load cycles until fracture

NF - number of flights until fracture

R - str aratio

R * radius of the plastic zone

Reff - effective stress ratio

U - non-dimensional effective stress intensity

V - retardation factor

W - width of specimen

- retardation function ior the calculation method of Habibie

A - control function fo, the retardation according to Habibie

as - ultimate strength of material

a y - yield strength of material

a = gross stres
o =x maximum stress 1

min , maximum stress ) of one load cycle
&min - minimum srs
a - amplitvde stress

Ao a 2 as

g o maximun, spectrum stress

ao) -crack opening strm according to Elber

am mean stress

7.2 PROBLEMSENCOUNTERED IN CALCULATING THE CRACK PROPAGATION

7.Z.I Basic considerations

In the mechanics of linear elastic fracture, the stress field around the crack tip can be described in terms of the stress intensity K (1.

K a- •v" F (2.1)

a represents the gross stres, a the crack length and F a correcting function dependent on the geometwi; of the crack and the component
and on the type of load introduction. In the literature there already exist stress intensity solutions, or correcting functions[2;31 for a
number of diffierent types of crack.

The stress intensity is used in the known procedures as a basis for calculating the crack propagation and the critical crack length.

Crack propagation tests under constant amplitude load have .hown that, at the same stress intensity, cracks of differing geometry display
the same rates of crack propagation. For this purpose it is assumed that for a certain material the stress ratio and the environmental
conditions remain unchanged.

da
-7 f (aK) (2.2)

aK - Kmex - Kmin (2.3)

The experimentally determined crack propagation rate da/dN, as a function of the stress intensity factor range a K, produces approxi-
mately, on double-log arithmic paper, an S-shaped curve.
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sketch: a typical curve of da/dN vs. 4K

Where the rate of crack propagation is very small, AK approacha the threshold value Kth. below which no further cnack propagation
occurs 141.

Within the medium range, the Mltion between da/dN and a K can be extensively expressed by an exponential equation. An accelerated
incmre in the rate of crack propagation can be noted shortly before the critical crack length is rmched.

7.2.1.1 Expreming the connection betwee da/dN and AK with the aid of variou crack prapaget'oa calculation fowmulas

- Paris' calculation fornula

Par (5) was one of the first to state this connection by a simple exponential function

do C AKn (2.3)
dN

C and n are parameters which primarily depend on the material and are determined by crack propagation tests under constant ampli-
tude loed.
The Paris equat*on only takes into account the central, I.e. linear arm (see fig. 2.1). On the other hand, the marginal ares and the
influence of the stress ratio R are not considered.

- Walker's calculation formula

Walker was among those who, to take proper account of the stress ratio R, proposed the following equation

MW

FN = C Kmax • AKn (2.41dNi

- Forman's calculation formula

The accelerated increase in the crack propagation rate close to the critical crack length was first taken into ecount in the Forman
equation 171.

do C AVK2.5

dN (l-R) K, (2.K

- Richards and Lindley's calculation formula

The formula of R & L also includes the threshold value 18).

do E •A - 1 .

TN (K' - K".,)

E and m are crack propagation parameters to be determined in crack propagation tests under constant amplitude load. aR indicetes
the ultimate strength and Kth the threahold value. "th is available for a number of materials in reference [4).

//

/

/
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- Colliprlest's calculation formula
Instead of the much-used exponential formula to express crack propagation under constant amplitude load sequence, Colliprist
uses a hyperbolic tangential function [91.

log de/dN - C1 +C 2 tanh- 1 10 (Keff)1 (2.7)

The material parameters C1 and C2 are likewise to be determined in crack propagation tests under constant amplitude load. For the
independent variable Kerr, Collipriest uses the stress intensity factor range aK. O

0 (Ksf) - 0 (a K) (2.8)

- Davies and Feddernen's calculation formula

Davies and Feddersen [ 101 extend Collinrinat's formula by

9(Kff) - log (Kc • Ko/K~ff) (2.9)
log (Ko / Kc)

For Kff. Walker's formula is used.

Keff -(1 - R! Kmax (2.10)

The methods just cited only represent a small section of the numerous methods known from the literature. It is intended, through
this systematic selection from the best-known calculation methods, to illustrate the individual stages of development. The aim of
all the formulae, beginning with the Paris fom-ula, is to express the correlation between the crack propagation rate and the stress
intensity as precisely as possible.

To achieve this the stress ratio R, the fracture toughness Kc and finally the threshold value Kth were included in the calculation
formulae.

7.2.1.2 Valuation of the Forman equation with the aid of crack propagation tests under constant amplitude load

Present-day practice often uses the Forman equation to show the correlation between da/dN and A K.
The Forman equation has yielded fairly good results, at least in the range R > 0, for the aluminium, titanium and steel alloys commonly
used in aircraft construction [121.

Fig. 2.1 shows a comparison between test results and the calculation after Forman. For the calculation, average Forman parameters were
determined from the te rcsults, and then the ;ndividual crack propagation teot were calculated with thc;c avcrage C, n values. The test
values were from (131.

material: 2024-T3
dimensions of specimen: 400 x 160 x 2 [mm]

2.0- initial crack length: a- 2,5mm 3

Forman parameters: C - 2,01 E-8 n = 2,7 Kc - 2250 N/mm F
1.8-

1.6-

1.4

1.o0-

0.8

0.6

0.4-

0.2-

117.7 118.2 117.7 88.3 88.2 88.2 45.2 46.1 44.1

R 0.65 0.5 0.29 0.56 0.38 0.16 0.29 0.9 .0

Fig. 2.1 Calculation of crack propegetion test under constant amplitude lood after Formen,
using avge C, n values

. . " ,. , . r

q -. , •..• . . . '
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However. when comparing crack propagation tests under constant amplitude load In the range R < 0 with the calculation of crack

propagatlon after Forran, major diverences may occur 1121 if the calculation is made with those Forman parameters which r1 deter-
mined for R > 0.

The magnitude of the divergence between the test and the calculation in the R < 0 range depends not only on the stres ratio but also on

the range of str a•e , i.e. the crack propagation life decreases from R -0 to R I -1 in proportion to the increase of A a.
1.0

0,8 material: 7075-T7351] 0.•

0,4

S- 157 N/mm2  O °ax 70 N/mm.

Fig. 2.2 Decrs of crack propagtion life from R 0.12S to R < 0

at various strsse o rnx/12/

As a general rule, though, it may be said that the Forman calculation always yields conservative results in the R < 0 range. Appropriate
Forman parameters determined at R < 0 may yield a more reliable statement. I

7.2.1.3 Influence of ddkitional factors on the pmdlction of rack propagetion life

The accuracy of the crack propagation calculation does not only depend on the method of calculation but also on the necessary input
data such ns material chari.atristics and stress intensity, not to mention the environmental conditions. This applies in particular to the
calculation of components. It is wall-known that the crack propagation benaviour of any given material deperds not only on a K and R
but alo on the thickness of the specimen or component.

- Material thickness

Particularly when calculating crack propagation for structural components it is found again and again that the appropriate crack prop-
agetion parameters are not available for every thickness of component material. The usual resort is to take the crack propagation pare-
meter of specimens which are thicker then the component to be calculated. In the revers cmse, the comoutation may be es much as
factor 2 on the unsafe side.

30

sheet thickness 4 3 1 2 0.6 mm

10

am "8 kp/mm3

0, 6,5 kp/mm2

10 20 30 40
load cycles Nx 10')

Fig. 2.3 Influence of specimen thickness on crack propagation in 2024-13 /I/



-Fraciture tougphnoesdependent on the componvent

lIn addition to the crack proag~iw pararmetrs, verious calculation procedures use the friacur toughnam Kc or KIla.* owever as
UMst have hOwn 114, 151, the fracture tougliness Kc dspvvth not only on the thicknmas of the material but Mme on the width of the
epemme and thte lenth of the Crack if esiasto-piastic material beav isum presnt Inse fil4 2.41.

kwidt 
of 

pacwyfoen

200- S

-100

<gso
10

WO ength ratio 2&,,W

Kaeof AA74M T761 1141

This may cause difficulttiee In caliculal rIng the craK* propaston ofter, Forman. since toe gerernister C and in Mlwey hold godod ncon.
$incrtion with the Kc velue derived from thes peedual sttmngh of the teoo spetmen.

It C aond n, which wmere determined from a crack primolagetion test under 6 cmestart er1'lt&d Lied with 4 particular toes mecvne
weres to be used In cdcijatling the crackt p ,ogetin In conpotiento of a different sin, It woud tlsif.N the caliculaton if the C eWndi
value *wer used In coonnoeilon with the Kc velue for that particular case

It would be nossool to avnoid this problem by calocullating the crack pnupaqet-on "ri the critical Crack lengh Indepeandently of eac0
other e the critical rreck length woud first be found, then the imrck Oropegtmnn vo to this critcaol legth woud bep wo hed mat
The crack poropaaton might for insoiinct be detoermined aftevr Welker or Formawn, in the letter case using C, n volumes which hae" already
been deteormined in cornnecion with a Kc value which was as high as portible; Itao, te"st ~emel,

It cen be seen trom fig 21 that the crck propaglation rat* it meeyahrctu t'este reet
Mot until it reache the range of the crtioiio crack length does the crack fe~t~n'te in ermeller %wionens Iinese" more rapidly
This range as vurtuly Insignificmnt as regads crack propaglation life.

- nvironnmental conditions
Crack propiagamtion con be considerably Itvfluenc by environmential conditions such soiariste ature, humidity, -p.'svew Mnts ri
load freivuency, Tempserature incresews can accelerate crack propagaion whilpt low er tempertures ;rg to improve toe clack
Propagation behaviour 1171.

The fullowin diep am, fIg. 2.6, sihows the Irtlience of etempert"r on the crack propagaition in 2024 T3 an a functioon of the load
freqiuency.
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Further wotigaitions show that tfsi influonce of environmental factors such as tamperature humidity and corro"siveognt on thel
propagation of cracks depends to a considerable extent oni the load frequ..,icy. It can be generally note that as load freqluen-y
increaaas, crack propagation becomes less dependent on environmrental conditions (181.

Fill. 2.7 iftow thes nfluence of various environmenevtal conditions on the crack propagation at various load frequencies.

10-2 1

air

10.2 distilled wote

& 35% Waqueo Ned I 3.5% auosNC

distll3 Siwdsteed wae

material: IMl 230 M2D

15 20 30 40 so 7

Is 20 30 40 50 60 70 ,rwneatlcorne1 Nm

grew intensity factor range a K I MN/m3/2 1

Fig. 2.7 Crack propagation behavou under differing eonmivnrental conditions at various load frequencx es /i W
Influences of this kind can be covered eithr by determining the rrack pran)swgtion patrametrs under the respective environmentalI
conditions or by taking the influence of e virnornntal condititon into account by means of an adequate safety factor.

Production Process
A further influence on crack propagation behaviour can stem from the stretchino. Irfiwing anid bending of sami finished products
during the production pr-ocess. The extent to which this causes an improvement or detertiorartion of ciack propagatioin behaviour
certainly depend on the material, its heat treatment and shaing conditione.

To give an example, the crack prottaatioti behaviour of 2024 -hee metal is Im p.oe by I -~ 3% stretching 119).
Further strentching, however, maey result in aeccelated crack ,roopegation 1191. M88I tests lluntvblishod) showed the same result. In
this can, 3% and 6% stretching of 2024 T3 caused accleira'on of the crack prupagabon. In ~het mae& of 147S T 7111 alloy, though
the affect of 3% and 6% stretching was only veY" sliglt.

Stress intensiy or correcting Ifunction for components
One of the main factors in calculating the crack propegation and residual st~renth is the stress intensity, Those who analyset struc-
tural components are continually confronted with the Problem of finding a suitable tiree intensity solution for the goinsrieti-y of the
comrosonnrt In general, already known stiree" intensity solutions are then used 121,131 Nwirvrtheless, it will tkldorn be toussiblit to find
a solution which corresponds exactly to tas conditions actually inherent in the component sw-h as its 9"wiwliV, iqid~tV and tooad
transfer. The component almost always has to be idealifsed to a greeter or tesste extent It a suitable strews intensity solution for a
given Case is not rvailablit in the literature. it will have to be deteormined specially, There ive a nuirber of possible procedures for doing
so, which hae" been enmterated in ref, 1161 in connection with the luy probiem and Ih", applications dificumtd.

BSkAsally there ar analytical, numesrical and experimental procedureis aivailable for determining ihe stress intensity. In practice, how.
ever the analytical procedures are unimportant, sincef the marginal conditloris in sitructurs, components are far too complex. Analytical
procedures can therefore only be used for case such as a plate of infinite site with a centre criack or ant infinite plate with a crack
starting from a hole

For more compvlex components, the strew Intensl ity be Wetermined numerically, for instance by the finite element method, or
experimentally by crack propagtinn or cuomp`ýiice esreat 1161

There is no single correct answwr as to -' -!h of the various methodt is bes suited for determining the stirv intensity, The sellection
of a suitable procedure is generally decided by two criteria, namely the lypte of component andf the technical ponsbilitios.



The preceding explanations hew VOwn the varlous pearmamters such.a

- materiall (hesa-traesinint. omarfactwling pro comrponent thickness and size)

-Kc Kfth
-K (geommetry of cormponent and crack, load introduction)

affect the propgaton of cracks.

The calculation procedure used Is thus only one of several factors which may effect the accurecy of a prediction as to crack proFpagti

The urn of a mrore comnplex calculation equation. which usually requires additional temts does not necessarily bring about a coonempoding
kipwovemn in the foroas of crack propagation life. The invortant thing is to take account of ail influencing factors equally.

M.22 DlflWW lsAn~ predicting the wrac proppaaIon under variable loads

The prediction of crack propagaio In real structures Is often additionally complicae by the multistep amplitude load sequence. It hoes
been shown in a seiessof tomt 120;211 that crack propagation following peak loads can be considerably~e rtde. There are two *Way of
definin the term "retardation".

Retardation relative to the crack propagation as:
A wrmaller load following a pee load causes Wa erack prop~ation than does a constant amrplitude load seqluance.

Retardation relathiv to the load cycle numrber.

After a -ea load, conskderablymoreo load cycleswae nee to reach a ghIen crack length than under a consanto amnplitude load --quana

40

~20

(kpi'maW)

10 A 'VV VAA .L or"m8 2  as3 .3

~ I.V XJ~JXXA ove load anMax *19.2

flVC r\v\ over a load (0) .,3 - 19.2

0 100 200 t0 t0 5W
memnber of hilocycles

FIg. 2A3 Iedtivismithrou dweak loads in 2024T3 /11/

As can be seen froni fig. 29, the retardation Is coneideai'bly lessened by a mcomprerni load succeeding ftf peak load.

In the crack proýpagat-ion calaulation models which take account of retardation, such as the Wheeler and Willlauboi models (mseeaction
7 ~7-3.01, the retardation mechanism is only considered w~i~n the plastic zone situated In front of the crock tip. According to this procedure

a large plastir zone is crearted byremeasof an overload, When the load Is reovearnpeow tesi etu nteaeao h lsi
mon. This comprssive stms is the masin contributing fector in reducing the crack propagat ion under a smaoller suceIng load cycle,

Various tests, as for Instance in ret. 1221, have In fact shown that the retardation due to an overload may @yen be efecIVe after the crack
tip has already extende beyond the plaetic zone created by the overload. Recant findings on this rmatter will be dlisaumsd at greater length
In sonction 7,3.2.

Fllnhtby-flioit crackpropegatnn taethave own that the retardation magnitudermainly depnd on the following parameter, 1121:

material
type of kiad qiactrum
Wstes level
starn distribution
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3 a b

-4.

Fig. 24 Inhaeren stia at the erek tip following us overload

If the retardation is defined as

V crack propagation life found in test
era*k propagation lift after Forman

the following retardation values for aeonautica materials are found, takng a typical fighter spectrum soa beasi and a critical crack
length of 2,5 mm.

material 0 a ;ws V ref.
(N/rmm2  (N/mm')

7075-T7351 126 483 0.42 3.4 /23/
SPectrum

300M 373 2102 0.18 !.4.16 /12/ 100%-

H1P9-4-30 8W 1579 0.43 4.68 /12/

TiSAI4V [ 373 995 0.37 5.4 123/

7075-T7351 273 463 0.50 1.9 /23/ 36

Tamla 2.11 Notadation effect ofyvaiosmanterias Fig. 2.10 Typlad fight.pesr W MW

The values obtained for the aluminium and titanium aloys ihow that, at least for thes two materlias the retrdation decra e as the
mesdmumn spectrum load increases.

It can als be seen from the above table that the Various materials display a diffaernt retardationrateat the same relativeOidoad 8 /as



0.7-

0.6- N
* 0.5-.

! 0.43A

I~ 07075-T7351
I 0.2- A TieAI4V

X HP9-4-30
0.1 Initial crack length: ao 2,5 mm

0 1 1 1
1 2 3 4 5 6

retardation factor V

Fig.2.11 Retardation effect of different materiols ase function of the relative load

In fig. 2.11, the relative load 80 aso, which is roughly comparable for the materials 7075 T 7361, Ti SA14V and HP-9-4-30, is plotted
vs. retardation V.

At amedium relative load ot 0 ao a - 0.4, the retardation in 7075 T 7351, HP-9-4-30 and Ti BA14V in that order, increases.
Ti OA14V would then display a retardation 1.47 times as great as that of 7075 T 7351, which shows that the effect depends on the
material.

The retardation V decreae In proportion not only to Increases in maximum spectrum load but also to an inrese initial crack length.
This ie Illustrated in fig. 2.12 below.

Acalculated after Forman teat resultA

soI

b1 2 3
crc prpgtonlfI

FW~~~ 2.2Ifunso iiilcaklIqho o e
Fi.2.2sowtpia lih-b-lgh rakpopgtincrvs frtcaclae ftrFomnan he eeriedepIi n ly
Frr teshp o herocuvs tco e oclddthtno f h rtrdto ocrsM tecrcsIent eyIog.I, hn

To 2.1d do influenceofte load ieun ce lgt-bllh crack legho rtra iopon Intsswocf a u n 21udrvroslo eocs
using. 2.2shw typical f ightrbyflgt spctracu rpgtomuvsfrtcluae.ferFr n hndtemndepnetly



spectrum number flights and load number of

Sof MM per per different load sequence100%.• • o yisprI'o flights

S200 flights defined flight by flight load sequence

0 _:9 14026 load cycle is with gag (ground air ground) cycle
-25%1 -•o 3 stec (normal flight by flight program)

2805 laEcclc squne itnagcyl100% 20 st"

C 400 flights quasi randomise d (I) flight by flight load
30 28.052 load cycle 40U sequence with gag cycle

0:

-25% 20 step

C
31 400 flights 40rando-nised (111) flight by flight load

28.032 load cycle !40sequence with gag cycle

0
-25 % / - 0 steps

100%, a steps blocked program with gag cycle
D , • 400 flights

28.062load cycle -. E ~ r.I I

-2596 _te

F*. 2.13 Various foed sequences used in fligh-b-ffigh crack propee stt /23/

The next diagram, fig. 2.14, shows the average crack propagaticn curves for different load sequences. Basically, fig. 2.14 shos that. as
far as rack propegation life is concerned, randomised load 3equences may be twice as damaging as blocked load *scuences as shown in fig.
2.13. This finding is particularly significant for the experimental damage tolerance qualification test.

normal flight

35- material: 7075-T7361 by flight progrm
(ptate, thickness 90 mm) by flighrprogra

30 specimen size: 370 x 160 mm

0 - 1 SNlmmW

"I
20 

by flight program II

rando.. mise fligt

10-

5o

- I I I I i
1 2 3 4 5 a 7 8 9 10 11 12 x 10 flights

FPI. 2.14 Infleneoflad sque oncrackpropeption /12/
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The retardation effect, and with it the crack propagation life, can s'crease considerably if the peak loads; of a spectrum are truncated.
Cutting the peak loads of a typical combat aircraft n, spectrum down to about 57.5% of the load limit may lewd in Ti 6At4V to a

e of crack propagation life, and thus of the retardation effect, by a factor of 2 [12).

The influce of truncation on the retardation effect depends of course on the type of load spectrum. Schlijw 1241. for instance, owed
thet in a gust spectrum, truncation of the peak loads by only 16% in 2024 and 7075 brings abo-it a reduction of the retardation effect
by approximately a factor of 2. Flight-by-flight crack propagation tests carried out on a particular spectrumn chosen to meet certain require-
ments display a retardation effect which it may not be pasible to achieve again during flight if for instance the originally-assumed high
operating loads do not occur.

14 I r
X . -gust load spectrum

12 -4-----4---4---4-
t stepped approximation

S7777:
o 7//,, , me."," 7"............ ..

ynumber of excefoings in 500 flights
2 IV A 1 1 .'/11 I1A

-67

I0I 10 10• I0. I0. 10.

F, 2.1. Gust s npc ithm /24/

The raeraion offact may also be considerbly recuosd dje "to compression loads. Using a typical taileron specmtrum of a combot aircraft,

it wh posgble to F how that in 7075T7351 aluminium alloy, by dropping the comprowion loaud the crack pront gation life wit is ne h
by u e dat or of 2.7 w12a.

S0 -- 0

FI/ 2.1d To"n p0um wCh & n 1i

7.3 METMOOPS OF CALCULATING THE CRACK PROPAGATION UNDER VARIABLE LOAD SEQUENCE

7..?. 1 Desripi of curr)nt c w

Although the Formen equation wnte dr . the voped for calculating the crack propdgation under constant ac plitude Iced, it Is neorthelntsfrelquortly used for working out the crack I:ropogation under flight-by-flight load sequences. This means that reltardation effects are not
normally considered in flight-by-flight crack propagation.

d8ldN - A~ 13.1)
(1 - R) Kc- AK

Ao •tlmedy mentioned under 2.1, the Forrman charac~teristics= C. n and Ke are deterrmined from crock propga~tion teslts under consvtant

aimolitude load in the R > 0 range. Tt•e correcting furtion F used in

a K - aa..fWe F (3.2)

is x.; 1. týe sk wom ,i:iorons suitable for the comPo-t.e't to be calculated and usually already existirg in the literature.
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The crack growth Aa per load cycle is usually calculated in steps corresponding to flight-by-flight conditions. The calculation can only
be made with the aid of a computer.

Since the Forman equation does not consider retardation effects, the load sequence can be disregarded. It is thereby possible to combine

the individual load levels to obtain a blocked spectrum (see fig. 3.1).

loading sequence number of exceedings

Fig. 3.1 Load sequence with blocked spectrum

For doing this, an approximation solution in the form of a nurerical integration of the Forman equation was developed in [25]. This
procedure is based on the following considerations.

By first considering the crack propagation under constant amplitude load, the number of load cycles between en initial crack length ao
and the critical crack length ac can be found from the following integral.

NcNc - I dN - R) Kc-AK A33)

No J CAKn

ao
Due to the often complex correcting function F, which accounts for crack geometry, boundary effects end loading conditions, there
is no analytical solution to the integral. However, instead of calculating the crack propagation for every load cycle, the function can be
numerically integrated by en approximation procedure (Simpson's rule).

f (a - R) Kcc-AK

C AKn

f(a)

o cc

a 0 crack length a€

Fig. 3.2 Numerical integration of the Formen equation with the aid of the Simpson's rule (2nd-degree polynomial)

The area under the function f between ao and ac corresponds to the load cycle number until fracture. With about 20 integration steps,
the deviation is usually approximately 1 - 2%.

If the computer time has hitherto been approximately proportional to the number N of load cycles, then - Independently of N - only
the computer time required to perform 20 integration steps is necessary.

Incidentally, it is noted that, using this method, crack propagation under constant amplitude load can be computed with a pocket calcula-
tor (e.g. HPE7) with any correcting function. However, to deal with multi-step amplitude load sequences in the same way, a procedure
was developed in [25] for determining a substitute load cycle instead of the blocked spetrum. With the aid of this substitute load cycle
which causes the same extent of damage it is possible to treat the life calculation like that of the crack propagation under constant ampli-
tude load. This can considerably reduce the cost of computation, particularly in working out the crack propagation in aircraft structures.
The errors arising in this approximation are less than 5%.

Special calculation methods were developed for the multi -tep load sequence to make provision for the crack propagation retardation.
The methods which are best-known in the literature are those developed by Willenborg (261 and Wheeler [27].

The principle of these two procedures is described below.
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The method developeod by Wlillenborg could almost be termed a model, since no additional values at fracture mechanvics ame required in order '
to calculate the crack propagation with retardation. One of the known formulae

do/dN - f (a K)

can be used asa basis for Willenborg's retardation model. In the following, the Willenborg model will be considered in conjunction with
the Forman equation. If, using the Wiilenborg model, retardation occurs, then the stres intonsity factor range a Kand the stress ratio R
we replaced in the Forman equation by what are knorwn as effective values.

without retardation with retardation

do/dN * CIK" du/dN C A rff
(1- R) Kc- aK (I - Rf) K - A Kf

The effective values are determined by the following scheme. !f, during a multi-step load sequence, a peek foed causing ol occurs, the
alreedy existing crack ao is extended toe1,. At the same time, in front of the crack tip of aI, a plastic zone Ry of the size

Ry - ap, - a,1 34

is coeated.
The size of the plastic zone depends on the stress intensity K and the yield stress of the material.

The value obtained from 1281 for the spectrum of plane stress is
K I

Ry - (-) 2-

and from (291 for the spectrum of plane strain is
K 2 1(3.6)

Ry - I )
40 ~ ry

For the subsequent load cycle causing 02. it should first be ascertained whether 02 <01 is applicable. If not, the crack propagation is
calculated without retardation after Forman

Otherwise (see fig. 3.3) the stress gpnecessry to obtainsa plastic zone of the size Ry - ap, - a1 is calculated.

The ats SIP is determined with the aid of the equations 3.4 and 3.5.

0ap -y (~a)13.7)

The differnnea between a~ anu a2 yilds a stres ared, which is used to establ ish the ef fective values. No physical explanation for the
derivation of are Is known.

*rd- a a - 02 (3.8)

adis made equivalent to zero, if 02 > gap,

a 2 f 002 - *red

of * > 0 (3g)
0 u2eOff O u2 - gred

It follows that

A Kff (o 0 ff - o u H) [/i F (3.10)

-e oueoff/Oo off (3.11)

Complete crack stoppzge isin'hieved when

a0o2 ff - 0 M312)

This is the case for

a002 ' 0red (3.13)

By InswrIng equation 3.13 in 3.8, the corr elation between gap and 02 is expresed as a ap/ 2 
-02. Sinceagp isidenticaltoo1 .crock

stoppage usually occurs when the atrem following a pea load is only half as gesw.
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If a further load causing 03 Lnsues, it is again chocked whethe the condition 03 < 01 is fulfilled. This presupposes, though, that
retardation occurred in the case of 02

If 02 was greater than '1' 02 replaces 01 as peek load for further crack propagation. We are assuming, however, that crack propagation
was retarded in the case of 02. After load cycle 02, there is a crack length of a2 . Now the effective values are calculated once again
with equations 3.4 - 3.11, crack length a, being replaced by a2 and 02 by 03. This procedure will be terminated if the succeeding
loads causing oa are less than 01, even where

01-1 + Ryi > p (3.14)

11 apaak

I ' _aIpl ap, peak

loading sequence

-...... plastic zone
a S I 1, Ry alpl- jo

crack ' y- i

"a2  j

'apl

Fig. 3.3 Crack with platic zone in multi-step amplitude load sequence

Wheeler and Willenborg used the same model to decide whether crack propagation will be retarded or not.

In this scheme, retardation takes place as long as the crack a with its accompanying plastic zone remains within the plastic zone creatcd
by the peak load (outer limit = ap).

The difference between the two procedures is that Willenborg takes account of the retardation effect by reducing the stress o - aeff
whilst Wheeler takes account of the retardation effect by direct reduction of the crack propaqation using a retardation function.
Secondly, Wheeler requires an additional material value, which has to be determined through a multi-step test.

Like Willenborg, the Wheeler method is also based on a crack propagation law of the formula

da/dN - f (AK).

Wheeler will be considered below in conjunction with the Forman equation.

CAKdo/dn - Cp (3.15)01- R) Kc a K

To determine the crack growth per load cycle, the factor Cp is inserted:

Cp- Ry (3.1)

ap-a

The crack grow+ is retarded if Cp< 1, i.e. a+ Ry< ap. However, as soon asa + Ry> ap, then Cp. 1.

According to Wheeler, the exponent is to be a material constant determined In a multi-step experiment.

m is theref,)re fixed so that there is conformity between the crack propagation calculation after Wheeler and the crack propagation test
under multi-step amplitude load sequence.

41-
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Lo wel-known In the literature Is a retrdation procedure proposed by Habible (301. which Is designed in particular to provide for
truncation effects.

This method is likewise based on the Forman equation. The crack growth is reduced, as In the Wheler method, by a retardation function
which is determined by means of a multi-step crack propagation test.

SCA~n
d/dN - p aK (3.17)

d0- R) Kc - AAK

K- < 1 (3.18)

a and y we to be established experimentally.

An additional function A helps to determine from toad cycle to load cycle whether retardation with p will take place or not. This cri-
terion corresponds to the plastic zone model used by Willenborg and Wheeler; thus, retardation takes plac= when a + Ry < ap. In prac-
tice. however, the method developed by Habibie is of no great significance.

7.3.2 Fuure apropa•chl

The above described methods of calculating the crack propagation under operating loads, which have been in practical use for many
years, deal mainly with retardation effects which are caused by overloads and are confined to the region of the plastic zone in front of
the crack tip.

On the other hand, crack propagation acceleration and the influence of compression loads have not been satisfactorily taken into account.

One promising way of correcting these inadequacies would be by considering the material behaviour, mainly in the wake of the moving
crack.

A recognised precursor of this approach was Elber, with his crack closure concept. Elber f 311 was onq of the first to attempt to describe,
with the aid of a physical model, the connection between Ioad sequence, plastic deformation (by way of crack closure) and crack exten-
sion.

The experiments carried out by Elber on 20243 sheet metal have shown that cracir closure still occurs under tensile stres

Elber assumed that the closure of cracks under tensile stress could be attributed to the deformation of the crack plane remaining behind
the crack tip, and that crack expansion cannot take place under cyclic loads until the crack is opened. In this case it is not the entire stress
intensity area K which affects crack propagation, as assumed in all the crack propagation calculation methods described hitherto, but a
volue AKff reduced by the crack opening tension or stress intensity

AKeff - (amex - oop) V • F (3.19)

Eiber was able to show by experiment that the effective stress intensity, or the non-dimensional quantity U

aa Kf emax - VopU - (3.20)

AK maxr -- mln

in 2024T3 is mainly dependent on the str ratio R.

The function U - f (R) can be represented ýr 2024T3 by a linear equation

U - O.15 + 0.4 R -0.1 < R < 0.7 (3.21)

To calculate the crack propagation under constant amplitude loads, taking into account the crack closure concept, Elber proposes the
following formula:

de/dN - C(UAK) n (3=2)

C and n are materiall caracteristics which can be determined by a crack propagation test under constant amplitude load for a given value
U. The crack opening strs, or U a a function of R, is me.sured by Elber immediately behind the crack tip with the aid of a cra& open-
ing displacement gauge. Fig. 3.5 shows the positioning of the COD gauge and the relationship between applied stre and displacement.

A-!U(C',9 III

* /. //
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0QAK 30 3MN/m3/ a - 25mm
A AK 6 k$1IN/m312 a - 25mm -

1.0 O AK -30 AN/m312  a - 1mmm

0 A K -25 MN/m312  a - 15mm

0..

0.2

-0.2 0 0.2 0.4 0.6 0.8 1.0
stress ratio R

Fig. 3A Reationship between effective range ratio and . ratio for 2024-T3 aluminium alloy

strem , MN/r2a

100

2 mm= •.Nm/ •.5m

-1.0 m r-'[ K=3 N/32 a, C

uisplacement

so

(a) crack configuration and gage location (b) applied stress - displacement relation

Fig. 3.5 Crack configuration and applied stress - displacement relationship

The stiffness of the linear range AB corresponds to that of the metal sheet which has no crack. The stiffness of the range CO is likewise
linear and corresponds to that of a metal sheet with a saw-cut of the same length as the fatigue crack. In the intervening area BC, accord-
ing to Elba,', the crack is opened and closed. Fuhring f321 points out that the crack opening load normally will be underestimated follow-
ing the Elber procedure.

In a comparison with the crack propagation calculation methodi )f Forman and Erdogan, Elber achieved a better conformity betiwwn
test and calculation at various stress ratios using his crack closure concept. One of Elber's aims with the crack cloture model was to
provide a basic physical explanation for retardation and acceleration effects.

Ih



On the bass of Elber's crnck closure concept Eidinoff and Bell (331, Ftihring and Seager (34; 351. and Newman (361 a11 PrOpoed

methods for calculating the crack propagation under muti-step ampl:tude Ioed sequence.

- Eidinoff and Bell method 1331
The craick opening stress required for determining the effactive stress intensity was established by Eidinoff and Bell not by direct
measurements, like Elber, but indirectly by maim of crack propagation tests under constant amplitude load and various R. Accord-
ing to ref. (331 the indirect determination of crack opening stress was preferred becaus, in the direct meesurement. the secatter was
too great. In applying the indirect measurement of crack opening stress, Eidlnoff and Sell rely on Elber's results, according to which
the crack opening stress oo is only a function of the stress ratio R. It was further assumed in this method, for the sake of simplicity
that crack opening stress and crack closure strew are identical. This calculation method also provides for two experimentally-
determined functions which are intended to take into account the influence of several successive peak loads on the retardation effect
on the one hand and the acceleration in transition from small to large lood on the other.

By means of flight-by-flight crack propagation tests with typical combat aircraft v ictra, Eidinoff and Bell were able to demomntte
a high degree of consistency between tas, and calculation in aluminium and titan;jm alloys.
Although the Eidinoff and Bell calculation procedure for multi-step amplitude lord sequences, based on the cr•ck ciosure concept.
has come closer to practical application then any othwr, its general adoption woull require further extensive investigations, I.e. com-
perison between tests and calculations. However, the expenditure involved in expw -imentally determining the retardation and accel-
eration functions has probably become, even today, a serious obstacle to the procw ical use of this method.

- Fihring and Seegr method (34; 351

Whilst the previous method requires experimental determination of the crack openong stress, the Fihring and Seeger method provides
the possibility of calculating the crack opening stress analytically with the aid of an expanded Dugdale model (37).

To simplify the procedure, the material behaviour is assumed to be elastic-perfectly-plastic. An important advantage of this calcula-
tion method as regards its future practical application is to be sean in that it is not necessary when considering crack propagation
under multi-step amplitude load sequence to experimentally determine any additional crack propagation data. The essential input
data for this calculation procedure are the da/dN curve, the yield stress and the modulus of elasticity. Here too, extensive investigations
i.e. comparisons between crack propagation tests under operating loads and calculations, must be m.de in order to diz,,ver how far
this calculation method can be used for structural calculations. Investigations of this kind are being conducted. The corresponding
computer program is based on simplified models of the crack closure concept and can describe both retardations asid accelerations in
crack propagation. As far es its practical application is concerned, the program being tested is considerably fester than the more accurate
Dugdalo method and carn also be used more generally wheru-va• random Ionds and var~ious crack problem dre involved.

- Nowman method (361
In this method the crack closure end crack opening strets are determined with the aid of a two-dimensional, non-linear calculation
using the method of finite elements.

Newman was able to achieve a high degree of consistency between numerically- and experimentally-determined crack closure behaviour

in the constant aid two-step amplitude block experiment.

In the Newman calculation metlod, as in that of Fiihring end Seeger, the crack opening stress is used to determine the effective str
intensity in oroer to obtain a simple lr.a of crack propagation. The Newman method also necessitates no further tam (such as those
required by Eidinoff and Sell) in order to calculate the crack propagation under multi-step arnpliLuder load sequenc. As with Fahring
and See , the material is assumed to have the elastic-perfectly-plastic behaviour. However, this method would appear unsuitable for
future application because of the prohibitive computing costs involved in numerically det ining the crack closure behaviour. For
this method too, extensive comparisons between tests and calculations have yet to be made.

The extent to which any of the above-summnrmisd calculation procedures will be adopted in future practice depenrls, in the last meort, on
whether thes calculation procedures offer any major ad-antages over tracditional methods such as the Wheeler method. The decisiva cri-
tensrla accuracy, computing cots and simplicity of use. As well as comprehersively examining tVe variokus calculation methods, however.
It would also sem necesary to examine whother the basis they have in common, namely the crack closure concept, can be accepted as
goo.lly valid.

Altho.ugh, for the purpostsof developing the calculation methods, the validity of the crack closure concept was more or low taken for
granted, i closer survey of the lit,-ature reveals a series of test results which, at last in pera, show the crack closure conc,,t in a more
dubious light.

Shih and Weu (381, for instance, when examining TiGAI4V by the ,tectropotential method, discovered that crack closure does not only
depend on R, as Elber found, but is also dependent on Kmax which is in agreement with the theory [35] In this examination, moreover,
no crack closure was found for R > 0.3.

According to Shih and Wel, neither the influerce of R on the cracs, ;rupgation nor the retardation can be completely explained by cracl
closure.

As an example, rentardation was observed even in cases where there~wos no crck closure. The difference between these and Eiber's results
lies mainly, according to Shih and Wei, in the fact that Elbe did not cary out enough tests, and that those he did make were in the net
section yielding range.

B e& and Mh.., (391 likewise conducted crack closure measuremems on samples of TiSAI4V, using an extensometsr. Unlike Shih and
Wei, Bachmenn and Munz were not able to discover any influenco of Kmax on crack cloture behaviour, which in turn would seem to con-

firm Elber's results.

I
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It was not only Bachmann and Munz, but also Schiive and Arkema [401, who showed that different environmental media may indeed
have a considerable effect on the crack propagation behaviour, but not on the crack closure behaviour. Schijve and Arkema used the
same measuring method as Bachmann and Munz, the tests being conducted on the 2024-T3 and 7075-T6 materials.

Irving, Robinson and Beevers [411, who conducted their examinations on a-titanium and EN24 steel using the electropotential method,
obsrved crack closure only in vacuo but not in air. Irving et al. also assumed that crack closure is confined to low A K values.

Lindley and Richard [421 conducted crack closure measurements on various steels with the d.c. and a.c. resistance technique. They found
that crack closure above Kmin does not occur under plane strain, but only under plane stress conditions.

The test results of various authors cited in the foregoing display, at least superficlally, a number of contradictions. It may be supposed
that the contradictions stem in part from the different test methods and their accuracy of measurement.

It has evidently not yet been clearly established what influence the material, the stress condition and the surrounding medium have on
crack closure.
The examinations mentioned also show that crack closure behaviour alone cannot completely explain the crack propagation in respect of
mean t-ess retardation, acceleration and threshold.
It can be assumed, though, that crack closure is to be regarded as a significant factor in expressing these values.

7.4 ASSESSMENT OF CURRENTLY-USED CALCULATION PROCEDURES

It can be categorically stated that the calculation procedures used in practice are a long way from taking in the physical processes in the
ar of the crack tip. This is particularly true of inherent stresses after tensile or compressive load application and of strain hardening and
softening processes within the plastic zone.
The assessment of the various calculation procedures therefore takes place mainly in the comparison between test and calculation.

7.4.1 Comparison between test and calculation

Most of the investigations known in the literature which involved a comparison between test and calculation were confined either to one
material, one typical type of spectrum, or to a single crack propagation retardation procedure (261, [27], [30], [43], [44].

Ref. [231 is one of the few investigations where the crack propagation life was calculated after Forman, Willenborg. Habibie and Wheeler
for different spectra and materials and was compared with flight-by-flight crack propagation tests.

The assessment of these calculation procedures therefore relies mainly on this investigation.

Fig. 4.1 shows the comparison between test and calculation using various procedures for 4 different types of spectrum in the 7075-T7351
aluminium alloy.

Spectra A to D occur as stress spectra in a combat aircraft in the following structural areas:
A: Wings and wing root area
B: Link and post of wing carry-through box in variable-sweep aircraft
C: Taileron
D: Taileron without compression loads

Fig. 4.1 shows that the life duration determined after Forman can lie on the safe side by as much as a factor of 4. Since the Forman equation
does not take into account any retardation effects, the life duration calculated generally does lie on the safe side. If, however, wide fluctu-
ations in the mean stress occur during one load sequence, the Forman calculation may also lie on the ursafe side, as is shown by the exper-
iment vi ith spectrum B.

It would he false to conclude that no retardation effect occurs in load sequences with a wide mean stress variation.

What should in fact be assumed is that the fond sequence applied in the test is not taken into account in the same way as is the case with
the crack propagation test.

For this reason the build-ups and drops of stress between marked mean stresses ought to be included as an additional load cycle in the
Forman calculation.

As will be shown later, the Forman calculation is always on the safe side when the calculation is based on the overall g spectrum.

The calculation methods with retardation, such as those of Willenborn, Wheeler and Habibie may, according to the type of the spectrum,
lie on the safe or the unsafe side. The Habibie retardation function and the Wheeler exponent were determined for spectrum A. When the
tests were calculated with spectrum B it was shown that all retardation models were on the unsafe side, some quite considerably. This can
probably be explained by the fact that the additional load cycles between the various mean stress levels were disregarded.
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material: 7075-T735i
maximum stress of spectrum: 3o0 196 N/mm2

initial crack length: ao - 2.5 mm
Forman-factor: c -3.11 • 10.9

Forman-exponent: n - 3.0
Wheeler-exponent: m - 0.9 (from qectrum A)
Habibie-factor: a - 5.285241 x 10'9 (from spectrum A)
Habibie-exponent: -y 3.77256 (from spectrum A)

Fig. 4.1 Comparlaon between tat and calculation for Al 7075-T7351 accordIng to /121
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Yloading sequence . ..

sketch: loading sequence at different mean stresses

From a study of the tests made on Ti6Ai4V it will be found that the crack propagation retardation is about twice as great as in
A17075T7351 (see fig. 4.2). This is shown by the fact that the Forman calculation is much more decidedly on the safe side. As a result,
the life duration determined after Willenborg also tends more strongly towards the safe side.

If Willenborg still lays on the unsafe side by the factor 2.33 for the aluminium alloy in spectrum A, this value is reduced for titanium to
about 1.66. For spectrum C, too, Willenborg is well on the safe siL with titanium.

As for life prediction for Ti6AI4V after Wheeler, a marked displacement towards the safe side can be discerned here too. It is not possible,
however, to take the greeter r-tardation effect in Ti6AI4V as an overall explanation. It is likely that the compressive loads in spectrum C
reduce the retardation in Ti6AI4V to a lesser extent than is the case in A17075T7351.

- it can be categorically stated that the life prediction, with or without retardation, tends more strongly to the safe side in Ti6AI4V than
in A17075T7351.

When considering the tests made on the 300 M high-tensile steel (see fig. 4.3), for spectra A und C, the retardation effect in this material
appears to be slightly less than in Ti6AI4V. Incidentally, the measure of retardation can be seen not only from the comparison between
the Forman calculation and the test result, but also from the Wheeler exponent. As may be gathered from figs. 4.1, 4.2 and 4.3, the
Wheeler exponent takes the highest value as m - 1.95 in TiSAI4V ard the l')west value as m - 0.9 in A17075-T7351. The 300 M high-
tensile steel comes in between with m - i.8.

The relatively great retardation effect in 300 M can in this case be attributed to the low stress level selected for the tests.

For spectrum A, the Willenborg life prediction is on the unsafe side, not only for aluminium and titanium buf also for high-tensile steel.

In spectrum C, Willenborg is on the unsafe side only for steel and titanium, but not for aluminium.
This can presumrably be explained by the lower retardation effect of the aluminium alloy on the one hand and by the greater reduction
of retardation due to compressive loads on the other hand.

The life prediction after Wheeler is bound to conform to the test results for all materials in spectrum A, since the Wheeler exponent was
established accordingly.

If, as in spectrum C, heavy compression loads occur, a comparatively conservative life estimate is to be expected whatever the material
may be. This can chiefly be explained by the fact that both Wheeler and Forman make too much allowance for compressive loads.
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spectrum A ttrsl
100% NF -3 200 flighats

0
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NF test unsafe safe NF" to
'F. calcul. N acl

material: Ti6AI4V ann

maximum stress of spectrum: ;o . 373 N/mm
initial crack length: so - 2.5 mr
Forrrmn-factor: c - 2.29 - 10.8
Formansexponent: n - 2.69

Whee•er-exponent: m - 1.95 (from spectrum A)

Fl. 4.2 Comparison betwee test and calculatlon for Ti6AI4V from 112/

If a final assessment of the various calculation procedures were to be made on the basis of this investigation alone, none of the procedur.
would display any significant advantdge over the others.

Broadly speaking, if there is any major change in the spectrum it Is uncertain whether the calculation will be on the safe or the unsafe side.

The Forman equation constitutes an exception. If, in a load sequence, account is taken of wide fluctuations in mean s"t by introducing
additional load cycles or by means of the overall g-spectrum, the life prediction after Forman will always be e'n the safe side.
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Forman-exponent: n = 2.21
Wheeler-exponent: m - 1.8 (from spectrum A)

Fig. 4.3 Comparison between test and calculation for 300M steel, from / 12

spectrum: B (s. Fig. 4.1)
material: 7075-T7351
maximum stress of spectrum: o0 = 196 N/mm'
initial crack length: a0  - 2.5 mm
Forman-factor: c - 3.11 x 10-9
Forman-rxponent: n - 3.0 768 flights

test result
24600 flights

Forman calculation

1': load cycle by load cycle
11: with additional load
MI: with overall g spectrum

32400 flights I

2 1 1 2 3 4

-* --- unsafe Safe
calculation/test test/calculation

Fig. 4A Comparison between teat and Forman calculation taking into account various oed cycles, from /12/
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Fig, 4.4 shows that the life calculated for spectrum B (see fig. 4.1) after Forman is on the safe side by a factor of about 3.2 when taking
account of the overall g-spectrum and by a factor of 1.1 when taking account -f additionally introduced load cycles.

Turning now to the life prediction according to Willenborg, we find that, in comparison with the test, the calculation is in most cases on
the unsafe side in the investigation conducted in [ 12], the more so where the retardation effect of the material is less marked. This means
that life duration determined after Willenborg displays a much stronger tendency to the unsafe side in A17075-T7351 than in Ti6AI4V.
It may be concluded that the yield stress oy included in the Willenborg model does not adequately represent the retardation behaviour
specific to the material. In addition compressive loads cannot be taken into account.

As already demonstrated in the description of the Willenborg model, no crack propagation occurs when it is true that ai + 1 = oi/2 .
Investigations by Gallagher [45], on the other hand, have shown that in general it is not an 9verload by a factor of 2 which causes

crack stoppage, but that a factor of 2.3 is applicable for aluminium and 2.8 for titanium. It follows that in titanium more load cycles
would contribute to crack propagation than in aluminium. An investigation by Engle and Rudd [46] using the Willenborg model as
modified by Gallagher resulted in a closer conformity to test results than in [ 12] (see fig. 4.5 to 4.9, table 4.1). This investigation [46]
used the load sequences typical of F 111, C5A and F-4E, with the 7075-T6511 aluminium alloy as material.

Whether a similarly close conformity between the test and the modified Willenborg model can be excepted for other spectra and other
materials cannot be predicted on the basis of this investigation.

A statistical evaluation of the deviation of crack propagation life predicted after Wheeler, Willenborg and Forman from actual test results
yields a similar scatter for all three methods. The test results for the statistical evaluation were taken from [ 121. As is evident from figs.
"4.1 to 4.4, the investigation conducted in [ 12] used various materials, and spectra which in some cases differed quite substantially.

As shown in fig. 4.10, the crack propagation life determined after Forman is mainly on the safe side, that of Willenborg extensively on
the unsafe side. Where the scatter behaviour is similar, though, the crack propagation life as determined after Wheeler may equally well
be on the safe or the unsafe side.

A close conformity with the test result can only be excepted from the crack propagation life calculated after Wheeler if the spectrum on
which the test was based, or one very similar, was used to determine the Wheeler exponent.

99-
98

number of test series
96 10

90 0
Willenborg (MOB) 8

_V oeForman (MBB)

s /0

40 -

20-

I - ~actual-lf
,, 1 - ~ p red ic ted - l f

0.5-
0.2

0.1 0•. 1.0 5 1.0

Fig. 4.10 Comparison of predicted and experimental crack growth for tactical aircraft. Fittd m.

Note: Extreme unconsrsative results were for tests with many compressive s , from /43/

Note: This type of comparative representation of different crack propagation calculation methods and their consistency with test
results was first used by Schftz in [47].
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Uroe 1431 conducted a calculation, using Wheeler, for a weins of flight-by-flight crack propagetion teits on 7075-T73 and TiSAI4V
wtxh a typical combat aircraft spectrum.

Since the atreus spectrum was only very slightly altered, as shown In fig. 4.11, the comparison between test and calculation yielded a
high degree of consistency

high stres

A

C A

spectrum spectrum spectrum

Pig.4.11 Veristion of the spectrum for investiaions of crack propagation /43/

An lnves igatlon by SchOtz 147) likewise made flight-by-f light crack propagation test on aluminium, titanium and steel alloys with the
Falstaff, Tornado anod F 104 (wing and landing gear) spectra, comparing them with Forman, Wheeler and Willenbarg.

A statistical representation of the deviation between test and calculation (see fig. 4.12) again shows results essentially comparable to those
of the investigation conducted in [121.

Fig. 4.12 also contains the results of Iroek's comparison between Wheeler and the tests.

go- number of test seies Wheeler (Broelc)
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96

aR 70-

e0-
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0D.2

010.5 1.0 5.0

F*g 4.12 Comparison ot predicted a&W experimental crack growth.

Note: Wheeler mnfor IABO results wae taken same as for Brook's results, from /41/
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A comparison of fig. 4.10 and 4.12 reveels that in both investigations, Forman Is on the safe side and Willenborg on the unsafe side.

It is also noticeable that the scatter of the results achieved with the respective calculation procedures is greater in fig. 4.10 than in fig.
4.12.
A considerable difference as regards scatter can be found between the Wheeler-MOB calculation results (see fig. 4.10) and the Wheeler.
Broek calculation results (see fig. 4.12). The reason may be seen in the fact that Broek only very slightly varied the spectrum in his
investigations (see fig. 4.11), whereas the investigation by Sippel and Weisgerber (121 used fundamentally different spectra for the com-
parison between test and ca;culation (see fig. 4.1).

The same may be said of the investigation conducted by Schitz (IASG) (471 (see fig. 4.12), in which the differences between the various
spectra were by no means as great as in (121.

7.4,2 Suggestions for practical applications

When the various calculation procedures ane compared in the light of a wide range of applications including different types of spectra and
different materials, none of the methods considered offers any notable advantages as regards accuracy of prediciton, as has already been
stated in section 7.4.1

The calculation only corresponds exactly to the test when it has been adapted to the test result by an additional empirical value such as
the Wheeler exponent. This type of adaptation can on principle be undertaken in the Willenborg and Forman models as wull. In the Willen-
borg model this is possible by virtue of the fact that crack stoppaige does not come about at an overload of factor 2 but only, as Gallagher
[451 has shown, at a greater load.

The crack propagation calculation after Forman could for instance be adapted to a flight-by-flight test result by a factor of

test
k = (• relative Miner)

calculation

There wo-Id still be a high degree of consistency between the test and the calculation if either the maximum spectrum stress changed or
if slight variations occurred in the type of spectrum. Spectrum changes of this kind can come about when for instance the requirements
originally made on the aircraft are changed or the spectrum used in the design phase has to be corrected by later inflight measurements.

The improvement of calculations of crack propagation life in aircraft components is not, at present, merely a question of the calculation
method in itself; it is also a question of cost. This is even more the case when the calculation method for life prediction is considered not
in isolation but in the context of all the necessary calculation factors such as stress intensity, material characteristics, environmental
influences, operating loads etc.

In view of the cost involved in calculating crack propagation, the Forman equation, in which the sequence of load cycles is only of sec-
ondary importance, affords a decisive advantage over the retardation models.

The computer cost of a retardation procedure, in which the crack growth must be ascertained load cycle by load cycle, is considerably
higher than with the Forman equation.

It was also proved in section 7.4.1. that the crackc propagation calculation after Forman is always on the safe side. This does presuppose,
however, that wide mean stress fluctuations in the load sequence are taken into account either by additional load cycles or by the overall
g-spectrum.

For the reasons stated, the Forman equation, which was originally developed to calculate crack propagation under constant amplitude
load, can be used as a first approximation for predicting the crack propagation under flight-by-flight load sequences.

The application of this rather conservative calculation procedure at the same time covers a number of uncertain factors connected with
the life prediction such as scatter of material and load, imprecise location of stress, stress intensity, environmental influences etc.

If it should prove, however, that the crack propagation life as determined after Forman is not long enough to establish an economic
inspection interval, this would be the time to start improving the prediction of crack propagation.

There exist a number of suitable steps, such as exact determination of the stress acting on the component by strain gauge measurements,
determining the stress intensity for the component with the aid of the finite elements method etc.

Improvement of the calculation procedure itself, for instance by expanding the Forman equation to include an experimentally determined
etardation function (- Wheeler mdael) is only one of several possible measures.

If one is prepared to accept the cost of flight-by-flight crack propagation tests and long computation times, and if no substantial changes
occur in the stress spectrum from one component to another, then, as Broek 1431 showed, it is possible to achieve sufficient accuracy of
life prediction using the Wheeler procedure.

As soon as greater divergences occur in the spectrum, however, Wheeler offers no particular adventage over Forman (see fig. 4.10) which
might at least justify the greater expenditure involved in making the test and the calculation.

*4 -
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The b igations known in the literature usually only used typical aircraft spectra, usually canter gravity spectra.

On closer consideraion of an aircraft structure, however, it will be seen that, depending on the overall concept of an aircraft (a. g.

fixed wing or variable-sweep wing), the stress spectrum can change its form subsantially not only fron one assembly to another (e.g.
wings, fuselage, taileron, landing gear) but alcs within one assembly.

An example of this are spectra A, B and C in fig. 4.1. These stress spectra all occur In a single aircraft. Whilst spectrum A is still identlfi-

able a- a typical combat aircraft spectrum, this is no longer the case with spectrum B. This example also shows that the Wheeler axponent

determined for spectrum A is no longer of any use for spectrum B.

Boed on the above considerations, the following procedure can be recommended to the engineer.

First of all, the crack propagation should be calculated without retardation using conservative hypothese.

If the crack propagation life s.ould prove to be too short for a reasonable inspection interval, it should be checked to what extent the

comparatively conservative hypotheses used for the first calculation can be improved upon. The following possibilities are available:

- shorter initial crack length due to improved NOT methods
- improved stress analysis, possibly stress massuremenit on the component using strain gauges

- deriving local str spectra
- development of a stress intensity solution for a specific component

- taking account of environmental conditions
- taking account of the retardation effect.

If the calculation is to be verified by making provision for the retardation effect, the Wheeler method can be recommended. It will have
to be checked, however, to what extent the Wheeler exponent can be used for other strin spectra. Some initial indications will be found

in the investigations from references (12, 123) and (431.

7.5 CONCLUSION

It is ae purpoas of this treatis to draw attention to some of the problems involved in calkulating crack propagation under constant and
multi-step amplitude loed avuences and point the vay to the solutions.

In particular, the rea3tionship between da/dN and AK is demonstrated, appropriate calculation formulae such as those of Paris, Walker,
Fomrmn atc. being described.

It appears thet none of the methods considered has any decisive advantage over the others. Even a negligible improvement in the expre-

mon of d•/dN as a function of A K generally necessitates a much greater expenditure for the determination of additionally required mate-
rial datm.

By considering a number of factors such as nmerial thickness, environmental conditions, temperature, correcting function for componen
manufactring proce etc., which also influence the crack propagation behaviour, it is shown that the selection of a suitable calculation
formusl is only one of several possible ways of improving the prediction of crack propagation.

Crack propagation teats under multi-stea amplitude load seque nce we used as a basis to demonstrate that the retardation effect which
appears depends asmntially on the material, the type of spectrum, the st lev, the stre intensity and the load sequence. To calculate
the crack propa gtion under muiti-step amplitude load sequence various methods such as those of Willenborg, Wheeler etc. are described.
ard their principle explained; the method is then rated using a comparison between experimental and calculated values.

Hem, too, it appears that none of the procedures investigated has any particular advantage over the others. For this reason a first as ima-

tion of the crack propagation life may be made with the aid of a simple calculation prem such as the Forman equation, which in
goneral yie"d conservative results.

One of the calculation methods which allows for the retardation effect is that of Wheeler. However, it is only possible to attin sufficient
acuracy by this method if the type of spectrum for a particular material which is used to determine the Wheeler exponent is not
suistntially changed for thq calculation of aircraft components. In curmperison to the Forman equation, however, the use of the Whieler
med reuirs a considerably higher expenditure of computing time and experimenting costs, which wre incurred by the determination
of the Wheeler exponent for various mates ws and stress spectra.

Finally, calculation model boed on the crack closure concept wre also considered. The investigations studied here reveal that on the
one hend some promising approaches have been made, such as thin of Fiihring and Sager. towards a better physical explanation of the
retardation effect. On the other hand, though, there remain a number of questions concerning the crack closure concept which will hav
to be wred by extensive experiments before any of the procedures dealt with can be applied in future practice.
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CHAPTE 8A

TREATMENT OF SCATTER OF FRACTURE TOUGHNES DATA
FOR DESIGN PURPOSES

by

Dr.-Ing. Walter Schits

Industrioanlagen-Betri begssllschaft sbH
Hinsteinstra•e 20, 8012 Ottobrunn, Germany

1.• INTRODUCTION

The numerical values used in fracture mechanics calculations (is K1 c, da/dN) depend on material
properties. Therefore they have an inherent scatter - like all material data. For design purposes, this
scatter must be accounted for either by "safety factors" or by suitable statistical procedures.

The mathematical procedures an such are relatively simple and well known; it is, however, a goat
difficult question which numerical values to use in such a calculation, for example for the coefficient of
variation of fracture toughness KIc; this is so because such numerical values are still very scarce, as
they are much more difficult and expensive to determine than, for example, Ftu-values.

Also, fracture toughness may be such more sensitive to slight variations in heat treatment than the
normal mechanical properties; this may result in large differences of fracture toughness between different
heats of a nominally identical material. This may be another reason why in moot cases only "typical"
values of Krs are given in handbooks (1).

2. TZATNDTW OF SCATTER IN FRACTURE K3EANICS CALCMLATION

2.1 General Remarks

Numerical values of mechanical properties determined by tests cannot be used directly for design
purom•s because that would imply a large percentage of failures. They have to be lowered, that is a
certain "safe" distance has to be kept between the stress endured by the test specimen(s) and the stress
allowable for design. Historically this "safe" distance was obtained by a consensus of the parties
concerned and called a "safety factor". This factor was assumed to cover all eventualities so that
practically no failure would occur. Two examples are the factor of 1.5 against ultimate strength for
aircraft and of 1.5 against yield strength for ships. This factor usually has to be kept against the
"book value" of the mechanical property concerned, which may be a minimum value, as in the Federal
Republic of Germany's Aircraft Materials Handbook (2) or, as in the Ml--HDEK 5 (1), a statistical value
assigned a certain probability with a certain confidence.

In recent years the probabilistic approach has gained acceptance which recognises that a certain
probability of failure is inherent in any engineering structure and that by proper use of statistics this
probability can be calculated - in contrast to the safety factor approach - and therefore kept at an
acceptably low level.

However, it should be kept in mind that any statistical calculation requires as input numerical
coustants - for example the coefficient of variation of KIc - and therefore depends on the degree of
accuracy of these input data and assumptions. In other words; the real difficulties lie not so such in the
mathematics of the problem, but in using correct input data and in making the right assumptions - as in
many other engineering problems. In the end, even when a high-grade statistical treatment is employed,
engineering judgent will be decisive - as it was with the old "safety factor" approach. Therefore the
advantage of using a probabilistic approach is smaller than one would at first think.

Nevertheless in this paper scome numerical values to be used as input data for fracture toughness
calculations will be suggested which in the author's opinion can be used for design purposes. They were
collected from the literature and from IABG data.

Also some suggestions will be made as to other necessary assumptions, is the required probabilities
of mur. val, the kind of distribution to use, etc.

2.2 Necessary Input Data and Assumptions

Theoretically the mean, the scatter (standard deviation or coefficient of variation) and the
distribution are necessary to be able to calculate the necessary f.Actor by which the san value must be
reduced in order to arrive at the required probability of survival.

The Distribution

The determination of the distribution requires an extremely large number of tests, which will
certainly not be available for fracture toughness data for a long time to come, if ever. Therefore, it is
necessary to assume the distribution. Usually the Normal distribution is used for strength of materials,
for example for the tensile strength or the fatigue strengthe. For fatigue life on the other hand, the

The well known staircase or up-and-down method assumes a Normsl distribution for the fatigue strength.
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log-axial distribution is often employed.

One disadvantage of the normal distribution is tait for high probahilitles of survival very low
allmhle stresses are calculated if the acatter is high. On. example; the often-usd "mean min" three
sima" value, corresponding to a probability of survival of about 99.8 per cent is half as high as the
mean value for a coefficient of variation of .166. For still higher probabilities of survival and
coefficients of variation the allowable stress would be-:oue aero or even neptive.

Therefore many statisticians have developed distributions thich give a lower limit at which the
probability of survival reaches 100 per cent, fjr example the Veibull distribution, the r sin "
distribution developed by Roasow and co-workere or a distribution developed by the 1*80 r

However, in the region between 50 and 95 per cent probability of suvival there ia no practical
difference between any of the above distributions and for aimplicity's aake the Normal distribution is
therefore suggeeted as good enough for fracture toughness calculutiono and will be weed in this paper.

The Mean

The mean fracture toughness can be calculated as arithmetic aean from a smell number of toost, may
from two to three valid results, according to -.3994-4,5. This in then the mean of a (mall) sample which
has to be reduced to the mean of t- population using normal statistical procedures

6 I

In a strength of matorials problem one always has to make the consevative asmumption that the
moen of the population is lower than tho man of the smaple. For this calculation the coefficient of
variation is necessary. Its numerical value should not be the one determined from the sample (even
if it were large enough), rather it should be a "typical" or even an "upper linit" coefficient of
variation, see below, and Section 3 and 4.

The Coefficient of Variation

If more than four fracture toughneas teots are carrled out on one heat of a material for me
specimen orientation, a statistical evaluation is possibls and should be done according to the formula

3m-I.100 (par cent),

whore Pes probability of survival

"m a order mmber, where

I I 1 highest fracture toughness of the series
m a • lowest fracture tonghane of tho series

"a a number of tests.

Plotting this on Normal probability paper will result in a sore or les straight line. From this
the standard deviation a can be taken and the coefficient of variation v calculated as

where f a arithmetic monm fracture toughness.

(Ps a 30 per cent).

This then is a measur3 of the satter of the one heat of material tested, is of the aomplo. There
Is another kind of scatter between different heats of a nominally Identical material. If all the fracture
toughness toots on different heats of a nominally identical material in one specimen orientation are
evaluated together there is an implicit assumpgioq that they belong to one population. There ase
statistical procedures to teat this ssumption, %.

Flmally it most be recogiised that the ASTN-standard method itself my have an inherent scatter,
probably due to its many requirements which will be met in varying degrees in ono test series. 1hit Is,
even if a number of specimens of one mple actually had identical fracture toughness, the results would
certainly still show woo scatter due to the inherent weaknesses of the AMTH standard.

3 NUMEICAL DATA FOR TE COEFFICIDIT OF VARIATICO Or FRACTU TOUfS AID CRACS POWAGATION

3.1 Procedure and Data for Ki.

The literature known to the author (2, 8-22) mas *croened for test series with five or maore
nominally identical specimens in one specimen orientation reaulting in valid ASTH-standard teats. Most
data were o tained from the Damage Tolerant Design Handbook, Part 1,9, soe tost series with British
alloys froml; a larger number of suitable toot series was also obtained from IM* reports (8, 12-14,
20-22). Bush "ries was evaluated by computer, ueing the formula given above in Section 2.2 and the
coefficient of variation was obtained. Some examples of these evaluations are given in FPlae I and 2,
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which were taken from IABG tests, Figure 1 from3, Figure 2 from Forgings have been excluded from the
present analysis. Data on forgings will be found in the relevant chapter in this voluae.

The coefficients of variation (65 for aluminium alloys, 46 for titanium alloys and 64 for steels)
were plotted against 5ry specifying the following parameters:

- "type of alloy (Ti 6-4, Ti 8-1-1 etc.)
- type of product (plate, sheet, extrusions)
- specimen orientation
- miscellaneous (temperature, corrosion etc.)

One example of such a plot is shown in Figure 3 for Ti-alloys.

It became apparent that none of theue parameters influenced the coefficient of variation within
one class of materials, with one (well known) exception: D6AC steel showed a larger-than-normal scatter.

Next the coefficient of variation were evaluated statistically for Al-, Ti- and Fe-alloys
according to the formula in Section 2.2, see Figures 4 - 6. However, the 23 test series for D6AC steel
were eva.uated separately, see Figure 7. In these statistical evaluations the distribution developed by
the IAB and mentioned asove was used in lieu of the Normal distribution:

- because it results in a probability P5  - 0 at a coefficient of variation v > 0;
this is obviously a necessary requirement, because zero scatter of fracture toughness is
physically impossible and

- because it gives a probability P. - 100 per cent at a sensible coefficient of variation.

In the following Table 1 the results of Figures 4 - 7 are condensed.

TANBL3I

Material Al-alloys Ti-alloys Steel D6ACIexcept &AC C

Coefficient of variation v

at 50 0.03 0.05 0.05 0.

90 0.06 0.12 0.10 0.22

100 per cent probability 0.14 0.27 0.22 0.C

v u 0.14 at 100 per cent probability for Al-alloys means that using the assumed distribution4 100 per
cent of the test series had a lower coefficient of variation than 0.14; 0.05 at 50 per cent probability
for steels means that the fracture toughness of half of the steel test series had a lower coefficient of
variation than 0.05.

As can be seen from Table I the scatter of fracture toughness K is lower for Al-alloys than for
Ti-alloys and steels. Table I also shows numerical values of the coefficient of variation to be
expected for the different classes of material and at different probabilities.

Another important numerical value is the mean fracture toughness Kic of different heats of a
certain alloy in a certain specimen orientation and its scatter. This was obtained in two ways:

All test series with five or more valid ASTM tests of one specific alloy and specimen
orientation were extracted from the literature and their arithmetic mean fracture toughness
KIc determined. These values were then evaluated statistically using the formula given in
Section 2.2. Some examples are shown in Figures 8 - 11.

All the valid test results in 9 for one specific alloy and specimen orientation were evaluated
together, even if only one or two valid tests per heat were available. The result is given in
Figure 12 for 7050-T73651, 9 in the L-T-direction.

Figures 8 - 12 show the mean fracture toughness to be expected from several heats of one material, that
is (at 50 per cent probability) its "typical" fracture toughness. They also show the coefficient of
variation is again lower for the Al-alloy than for Ti-alloy, while D6AC is highest.

3.2 Procedure and Data for Kc

As there is no universally agreed method to determine K , it is not intended to give numerical
data here. However, should such a method be available some day, the procedures presented in Section 3.1
can also be used. It sight even be possible to use the numerical data shown in Section 3.1 for the
coefficient of variation of fracture toughness KIc also for Kc because in the author's opinion there is no
valid reason why the scatter should be different.



SRECOMMENDED VALUES OF FRACTURE TOUGHNESS PBOPERTIE FOR DESIGN PURPOSES

1.1 General Remarks

When using the data described in Section 3.1 (or similar specimen data) for the derivation of
numerical fracture toughness values for the purpose of designing components, one implicitly ausues that
the scatter of apecimens fracture toughness in identical tith the scatter of the component fracture
toughness.

This assumption is not always correct as win shown by the author in23 (see alto Chapter 6).
Wheres" the scatter of fracture toughness of standard ASTN specimens taken from a forged component was
quite normal, the scatter of the component fracture toughness was much higher. Nevertheless the above
assamption mast be made, otherwise one could not use specimen data for the design of components.

For designing a component using probabilistic fracture mechanics the necessary probability of
survival must be selected according to engineering Judgement. In strength of materials problems often
the "mean minus three signl" value is used (A P - 99.8 per cent); in certain standards for fatigue of
welded bridges the "mean sinus two sigma" value fs employed corresponding to 97.7 per cent probability of
srval assuming a Normal distribution. The author is awre of only one suggestion of a similar nature
for fracture mechanics: Ordorico showed in an AGARD paper that the Aerospatiale Company of France uses
the "mea minus two sigma" fracture toughness for calculating critical crack length etc. The other
numerical values necessary, th 1 mean fracture toughness Kic and the standard deviation 0 are obtained in
the following way according to . All the available *STH tests on one material in one condition and one
specimen orientation that is from several heats, are statistically evaluated together. As the various
Al-alloys have different scatter, different standard deviation& are used.

4.2 Procedure and Numerical Data for Klc

In the present paper a slightly difft.ent procedure is proposed:

- the coefficient of variation in equal within one class of material (but excluding all forgingo),
namely:

- 0.06 for Al-alloys
- 0.12 for Ti-alloys for ncrmal applications
- 0.10 for steels

- and

- 0.14 for Al-alloys
- 0.27 for Ti-alloys for critical applications
- 0.22 for steels

These numbers correspond to probabilities of 90 per cent for normal and 100 per cent for critical
applications according to Table 1.

The above coefficients of variation are applicable in principle to all semi-finished products,
that are plates, bars and extrusions.

For mean fracture toughness KI either the actual test results available for the specific p9obm,
cen be used; if such data are not available TIc can be taken from the literature (for example from 1 -9-14)
using all valid teat results available is from many different heats. It must be understood that this KIc
in in both cases the seen of a sample, which smat be reduced to the mean of the population, using the
coefficients of variation given above.
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CHAPTER 8B

ALLOWANCE• FOR VARIABILITY IN CRACK PROPAGATION DATA

by

R F W Anstes

Royal Aircraft Establishment
Farnborough, Hants, England

1. INTRODUCTION

Information on the measured variability in crackPropagation rate (or life) of aircraft
materials has been available for some considerable time -. In addition there have been several
more recent experimental programmes in which variability has been measured either under constant
amplitude loading

7
-

15
, variable amnlitude loadingl

6 -
2o or in which a quantity of results under both

forms of loading has been obtained 1-2 . Further data are available from reports in which variability
has not been examined directly but from which, by re-analysing the data, conclusions on variability
can be drawn2 9

-3 7
.

In view of the available data it is perhaps surprising that many workers in fatigue hold the
view that variability is not a consideration in crack propagation calculations, but is only important
during initiation of damage. The published design requirements are not consistent in allowance for
variability in cruck propagation. Nil Spec 8344438 makes no mention of variabilit3 in crack propaga-
tion, although a factor of 2 is included to defeguard against,6mperfect inspection 

9 . In contrast the
British Design Requirements for Military Aeroplanes (AvP 970) specify a factor of 3 to allow for
variability in crack growth rate in 'fail safe' structures.

In this Chapter the available information on variability is presented to provide a basis for a

decision on whether an allowance for variability should be included in design.

2. THE NEED FOR VARIABILITY ALLOWANCES

For safe life structures it is established practice to use scatter factors on fatigue life (both
from test and calculation) to ensure aircraft safety. There is as yet no established practice for
damage tolerant structures. However similar arguments to those applied to safe life structures apply
equally well to damage tolerant design, in that variability in design data which can be shown to exist
should be taken into account in the design process. It may be argued that a variability allowance
should also account for the likelihood of a crack occurring in a critical location and also the
possibility of the crack remaining undetected. While these considerations may modify the factor to be
applied they do not negate the need to recognise that variability must be accounted for. Failure to
account for variability must mean that in the presence of an undetected crack 5% of the structures will
fail to reach the desired life at a limiting crack length.

Traditionally demonstration of safety has been by a fatigue test. In damage tolerant design
this has its counterpart in the crack propagation test. The service life or inspection period being
based on the crack growth life between limiting crack lengths with some allowance for variability. A
difficulty arises however in the design process. Crack propagation rate data is required for design, not
crack growth life information. Crack propagation r,te data is obtained by manipulation of the crack
growth curve. This additional operation results in increased variability in crack growth rate data over
that obtained in crack growth life data

7
, as will be shown later. Thus the designer will need to

include a greater allowance for variability during design calculations to ensure the required life is
obtained on test.

Demonstration of damage tolerance by test of a complete airframe or component may be made difficult
by generation of representative flaws, choice of representative damage locations, and possible inter-
actions if more than one location is tested at once. To limit the test work resort may possibly be made
to demonstration by calculation for some damage locations It is accepted practice for safe life design
to employ larger factors for demonstration by calculation

4
1. It would be prudent to carry this practice

through into damage tolerant design. The reasons for an augmented safe life factor apply equally to
calculations of damage growth, perhaps more so since there is generally a more severe power law dependence,
and additionally greater variability in design data (ia growth rate data) than in life demonstration on
test.

3. SOURCES OF VARIABILITY

Variability in crack propagation characteristics can be considered to arise from two sources:
experimental procedures, including analysis techniques, and variation within the material itself. The
influence of analysis techniques has been discussed elsewhere 7

,o. Accuracy of loading and load
distribution (is elimination of unintentional offsets) are important, since the crack growth rate is
a power function of stress. A stable laboratory environment can be seen to be important 9,3 1.

Material sources of variability can be considered as due to production of the basic material and
production of the test specimen. Many investigations have been made into the influence of variations

The Author wishes to acknowledge the generosity of Professor A Salvetti of the Institute of
Aeronautics, University of Pisa, Mr J I M Forsyth of Structures Department, RAE Farnborough and of
Mr F E Kiddle (formerly) of Structures Department, RAE Farnborough, who have all made information on
their investigations available prior to publication by themselves.
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within the chemical specification and production processes (typical exmplmit•'I4 3). Adottional variability
can arise from position of the test specimen from within the sheet or plate of material". Fig I
reproduced from Rof 6 shows the difference in crack growth life due to selection of specimena from

different positions along the length of a plate nad through tae thickness nfothplate. The effects of

residual stresses have been examined (among others by Forsyth 5 and Heath-Saithk) and surface treatment
and tempering are also important influenceso

4
7. Other results from Kiddle's work1

6 
are reproduced in

Figs 2-6. Each figure shows results for five specimen. at each of five different temperatures under

programmed load conditions. The results are for crack growth from the edge of a hole and show very high
scatter at short crack lengths due to residual stresses resulting from the drilling operation. Figs 2 and

3 are for clad sheet and show large variation to 5 -m crack length. Figs 4 and 5 are for unclad sheet and

there is a tendency for the variation to be smaller as crack length increases. Fig 6 for plate material

also shows large variations at very short crack lengths which quickly reduce as crack length increases.

4t. CCARACTIESATION OF VARIABILITY

Before account of variability can be made it is necessary to establish a method of charactertia-
tion. This requires the determination of the typical distribution functiom and a decision as to whether
the standard deviation or the coefficient of variation is the most useful design parameter.

4.1 Distribution

Virkler et a1
7 

tested 68 identical specimens of 2024-T3 material under identical conditions.

Their experimental results are shown in Fig 7. They investigated the methods of obtaining crack growth

rates from the data and the best distribution to characterise the lives and rates obtained. Six different
distributions were fitted to the experimental data. It was found that at a given AK value the beet

fit to the count of cycles to a given crack length (crack growth life) and to the crack growth rate data

Id) were provided by different distributions. Typical results (reproduced from Virclers report) are

shown in Figs 8a, b, c for cycle count data and Figs 9a, b, c for crack growth rate data.

For cycle count data the three parameter log normal distribution provided the best. fit most often.

The two parameter distribution did not provide the best fit very often due to the lack of a location
parmeter. The three parameter Weilbull was deficient in that the shape of the density function did
not match the data well.

The distribution which beet fitted crack growth rate data depended upon whether the data was
skewed right or left. With a left skew or symmetric distribution the normal distribution provided the

best fit. With a right skew, which wee the usual condition, the other distributions fitted better,

with the two parameter log normal distribution providing the best fit most frequently overall.

A separate but less comprehensive investigation has been made by the present author. Rooks5

reported crack propagation tests on DTD 5070A sheet material. The raw data has been reprocessed to

investigate crack growth rate distribution at a range of AK values with up to 91 specimens at each

SK value. In this case the material was drawn from 14 different sheets from two different casts.
The fit to both the normal distribution and the log normal distribution are shown on Figs 10 and 11 for

three different AK values. The fit becomes increasingly poor as the Al value Is increased, but with

the log normal distribution providing the best fit.

Clark and Hudak8 in analysis of a round robin test programme on 10 Ni-8 Co-I No steel commented

that the log normal distribution charecterised the crack growth process more accurately than the normal
distribution.

While the two parameter log normal distribution is not consistently the best fit, it is overall

superior to the normal distribution and provides a reasonable compromise for both life and rate

distributions. In addition it is consistent with existing practice on sMfe life distribution. In the
absence of further information it is intended to use the log normal distribution.

4.2 Standard Deviation or Coefficient of Variation

If variability is allowed for in the usual way by a scatter factor applicable to all conditions

the factor should be based upon a constant value of either standard deviation (o) or coefficient ofda

variation (Ci) . Considering the usual d , A K curve a constant standard deviation implies that

the confidence limits are at a constant displacement from the mean value curve. A constant coefficient
of variation corresponds to confidence limits which diverge as the AK value increases. Reference to
the literature shows confidence limits, where drawn, are usually at (near) constant displacement

1 0
,

1 3
•

3 7
.

The data obtained from re-analysis of Rooks's experiments
5 

have been used to derive the variations

of 0" and CV with AK . The results are shown on rig 12 and are inconclusive. It will be seen that

neither 1r nor CV are constant. There is an approximate 2: 1 variation between the extreme values of

Wr and similar variations in CV but with a particularly high value at low AK . At high A K the

value of 17 has probably reached a maximum value while Cv continues to decrease. Thuu an assumption

of constant 0r in order to determine a scatter factor is expedient although not well supported by the
test evidence. Such an assumption is consistent with safe life practice.

5. EXPERIMENTAL EVIDENCE OF VARIABILITY IN CRACK GROWTH PERFORKANCE

Dmta collected from the listed references fall into four main groups; those for 2024-T3, for all

other aluminium alloys, for steels and for titaniums. Within these groups it is possible to contrast

tests to obtain life to a given crack length and tests to obtain crack growth rate at given values of

/
/
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AK . There is also sufficient evidence to comment upon the differences between constant amplitude and
random/programmed amplitude tests, the effects of environment on variability and experience from service
aeroplanes.

Some of the rate data have been obtained from epecimens at different stress levels but at the Anme

AK values, corresponding to the application of data in design. Other values have been obtained from
striation counting as well as measurement of local slope of the crack growth curve. Finally some of the

standard deviations on rate have been derived from confidence limits presented on graphs, the ESDU
3
7

results in particular being a distillation from several different references.

While there are sufficient results to demonstrate variability in crack growth performance the

collected data relates to a range of different conditions. Some results are for specimens taken from a
single piece of material while others are for specimens from many pieces and from more than one melt.
To represent design information the variability must relate to the range of crack growth performance
which could be expected from material used during the construction run of a number of aircraft. Thus the
variability should relate to material drawn from a number of different melts and positions in the plate

or sheet together with representative thicknesses and environments. Many of the reported data are
related to investigations where causes of variability have been reduced to a minimum to meet the original
purposes of the test. For this reason the data cannot be considered as belonging to a single population

representative of design conditions and no attempt has been made to evolve a typical measure of

variability.

5.1 Aluminium Alloys

There is considerably more data available on aluminium alloys than on steel or titanium. In this
group of materials 2024-T3 has been used for more experimental programmes than any other material.
Sufficient information has been gathered on variability of 2024-T3 specimens for these results to be

presented separately.

5.1.1 2024-T3

The data on 2024-T3 is presented in Figs 14a and 14b for standard deviation on log crack growth

life and standard deviation log crack growth rate respectively. The reference source, number of
specimens and derivation (is direct quote, measurement of published data, re-analysis) is shown together
with any comments. Different symbols have been used for constant amplitude loading, programmed block

loading and random amplitude loading.

Much of the data which show low variability are derived from tests where specimens have been taken

from a restricted source of material (perhaps one panel). In this case typical values of 01 would appear

to be around 0.07. Schijve6 tested seven different batches of material and obtained values of or on
crack life of 0.07 to 0.12 at various loading conditi na. Re-analysis of Schijve's data to obtain crack

growth rates results in o- values up to 0.15. Ellis' tested a number of large panels to obtain crack
growth data. Most of these tests were at different load levels and comparison can therefore only be
made at constant AK values to obtain -ates. Furthermore only 'spot' values of AK are given. Con-

fining attention to only seven of a possible 18 results rates can be compared over a small range of AK

(17.33 - 18.4 MN m"3/2) resulting in a value a' - 0.29 . Attention is also drawn to the values obtained

from confidence limits aligned to the design data in the ESDI data items
3 7

. Here data has been collected
from a number of different sources and design curves have been derived. Significantly when design
information is derived in this way; arguably most representative of material variations during a long
production run; variability is considerably increased to give values of o" equal 0.2 to 0.4.

Comparatively little 'life' information is available compared to 'rate' information. Where

comparison can be made (ie Schijve
6

) it will be seen that the variability in rate is greater.

5.1.2 Other Aluminium Alloya

The collected information on all aluminium alloys other than ?024-T3 is presented on Figs 15a

and 15b for crack growth life and rate respectively.

Rather more information on crack growth life is available for comparison than was the case for
2024-T3. O'Neill

3 2 
tested a number of specimens under constant strain amplitude, with between five

and 16 specimens at each of eight load levels. Standard deviation values of between 0.06 and 0.08
were obtained at six load levels, the other two values being 0.10 and 0.125. Comparison can be made

with tests by van Dijk and Naderveen
2 0 

under 11 different flight simulation programaes. Standard
deviation values for five or six specimens at each load condition range from 0.05 to 0.11.

The variability found during O'Neill's tests
3 2 

is presented on both Figs 15a and 15b for crack
growth life and crack growth rate. As for the example for 2024-T3, the variability in rate is greater
than in life; in the case of O'Neill's L73 data by a factor of almost two.

5.2 Titanium Alloys

Data for titanium alloys are presented in Figs 17a and 17b. There is such lese information than

for aluminium allom. The variability in crack growth life was generally found to be small, particularly

for sheet material . However the results for crack growth rate variability show both high and low
values of stardard deviation. Some of these values were obtained from confidence limits. Impellizzeri's
results

1 9 
have been analysed to obtain the standard deviation for both rate and life and show greater

variability in rate. The general level of variability is not subjectively different from aluminium
alloys.



5.3 Steels

Data for steels are shown in Pigs 18a and 18b, again following the presentation style previously
adopted. As with titanium there it comparatively little information. With the exception of the data

for wild steel the results show variability which does not exceed that of aluminium alloys. In the
absence of more experimeottal results an anauued variability besd upon the aluminium alloy data would be
justified.

5.4 Comparison of Variability under Constant Amplitude and Variable Amplitude Loading

Attention nas previously been directed to comparison of the results from re-analysis of O'Neill's32

experiments and the standard deviations quoted by van Dijk and Nederveen20. In numbers of specimens and
test conditions these sets of experiments are comparable, and it will be amen from Fig 15a that the
standard deviations obtained under constant amplitude and random amplitude loadings are very similar.

Strictly, comparison should be made between sets of results obtained using the same standard
of technology for all loading conditions. This is extremely difficult to ensure without a background
of direct involvement in the test programme. Comparisons restricted to results under both load waveforms
which come from the same source, preferably in the same report, should provide valid indications.

Schijve
6 

included in his experiments some programse load tests. The standard deviations for his
constant amplitude tests vary from 0.0? to 0.12. The single group of progrmme load tests gave a value

of a. O.06.

Salvetti11 as a prelude to crack propagation tests on stiffened panels testad four panels of
2024-T3. Typical standard deviations for these tests are around 0.005. Later tests

2
3 under FALSTAFF

loading on flat panels of the same material resulted in o" values of 0.02 to 0.045.

Oberparleiter in a series of experiments on Titanium 6 Al-4 Vn plate provides data for a
number of comparisons of the effects of load waveform. Under constant amplitude standard deviations
for two different groups of experiments were 0.06 and 0.075. The corresponding values under FALSTAFF
and an operational spectrum were 0.11 and 0.08. Tests were also made on a modified alloy which was

found to be sensitive to frequency effects. At the same frequency the constant amplitude test
variability gave o a 0.016 and under an operational spectrum ( a 0.096.

Oberporleiter and Schutz
2 7 

tested several different materials under both constant amplitude
loading and FALSTAFF loading. The standard deviations derived from these results are tabulated below:

STANDARD DEVIATIONS (Data of Ref 27)

Material Constart Amplitude FALSTAFF

7075-T7351 0.0228 0.0273 and 0.0171
HP 9-4-30 0.0670 0.0349

Titanium 6 Al-4 Vn 0.0608 0.029

The effects of envirnment on crack propagation data have been studied at FLR and the experimental
results have been reported4. These also give further comparisons between constant amplitude and random
amplitude tests for 7075-T6 material. The values of standard deviation for tests under constant
amplitude loads in normal air and salt water were 0.008 and 0.011 respectively. Corresponding standard
deviation values under random amplitude loads were 0.08 and 0.016.

The results above give no support to the sometimes proposed suggestion that there is less
variability in crack propagatior tests under random Amplitude loading than under constant amplitude
loads. Possibly the reverse could be true, but on the evidence available at present it would be prudent
to assume that load waveform has no substantial influence on variability.

5.5 Effect of Environment on Variability

Studies by the NLR 24 provide the only dAta on this topic known to the author. The results of this

work are tabulated below:

Thickness Standard
Material rnvironment Load Waveform (mm) Deviation

2024-T3 Dry air Random amplitude 2 0.05
Normal air C.028
Salt water 0.055

7075-T6 Dry air Random amplitude 2 0.60
Normal air 0.077
Salt water o.016

7075-T6 Normal air Constant amplitude 2 0.008
Salt water 0.011

7075-T6 Normal air Constant amplitude 10 0.015
Salt water 0.057

" .. F
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There is no evidence of any systematic influence of environment on variability.

5.6 Variability of Structtral Components

Most of the results discussed are for simple specimens. A few are for component items. These
include lugs, rotor blades and stiffened panels, the latter being both integral and built up, with some
information from service use.

The standard deviations for crack propagation life tests on lugs
19 

were 0.055 and 0.06 for male
and female lugs tested in the laboratory. Forsyth

15 
has analysed 31 cases of cracking of an aircraft lug

in service. Of these 18 occurred at one location and the remaining 13 at another. The lug was an
undercarriage operating Jack attachment point, loaded once per Jack operation corresponding to constant
amplitude loading. Measurements of crack length must be considered crude. For 18 cracks the standard
deviation on crack growth life was 0.10 and for 13 cracks 0.15.

14 15til12

Stiffened panels have been tested by Salvettia11
2 3 

end by the present author and Forsyth15 has
also provided information from service aircraft. In his earlier worki1 Salvetti included two separate
groups of three specimens tested identically under constant amplitude loads. These gave qtandard
deviation values on crack growth life of 0.15 and 0.02. In his more recent work Salvetti' tested six
stiffend panels under FALSTAFF loading and obtained standard deviations of around 0.04. Anstee and
Morrow reported tests on integrally stiffened fuselage panels which gave a standard deviation of 0.15.
Experience from five incidents of closely monitored wing skin cracking %hich occurred on a jet trainer
aircraft gave a standard deviation of 0.03 under service flying loads.

Crack propagation tests are regularly made on helicopter rotor blades b soge sections of the
Industry. Two manufacturers have reported tests under block loading sequences

5
,

2
5. Eight samples of

one blade type were tested. Five to an anti-submarine spectrum and three to a search and rescue spectrum.
The standard deviations on crack propagation life were 0.12 and 0.03 respectively. Ten samples of a
different blade were tested to a general flying spectrum and standard deviationa of 0.07 to 0.12 were
obtained, depending upon final crack length.

From these data a wide range of standard deviations have been obtained but showing no significant
differences to the range of values found for the simple specimens.

6 DISCUSSION

The variability found from the referenced papers can be seen to be greater for crack growth rate
than for crack growth life. There is no evidence of load waveform or environment having a strong
influence on variability. There is evidence that overall variability is influenced by selection of
specimens from within a section of material and by the inclusion of additional melts in the test
material stock pile. For this reason results which show small variability where material has been
carefully selected should not be used to produce design guidelines.

Much of the material presented is far from ideal as a base for design rules. Even so the
standard deviations found for crack growth life can be said to be quite similar to those found in safe
life testing. This conclusion has been reached independently by yan Dijk and Nederveen2O who compared
their results with a survey of safe life test experience by Hookes 9

. The range of standard deviations
are reasonably bounded by a value a = 0.176 as used for life prediction in the UK. It seems reasonable
then to assume that the same variability occurs in crack growth life as in safe life testing. This may
not mean use of the same scatter factors since, as discussed previously, the probabilities of cracks
occurring and of them being detected (or not detected) say need to be considered.

Development of crack growth rate curves for design purposes poses a particular problem due to
the demonstrated greater variability in rate than in life. One solution would be the development of
'A' and 'B' design curves in the same manner as used to define 'A' and 'B' static strength design data.
The procedures are set out in MIL Handbook 548. The crack growth rate at a given stress intensity
factor range is then given by:

As * antilog [lo 1 O =dn) . K SD lOgl o -I-

where K is obtained from the Handbook. The A and B design curves have been developed for the
Rooks

5 
data and are shown on Fig 18. The factor on crack growth rate ranges from 2 to 4 and is strongly

dependent u-'on the standard deviation and less so on the number of tests at each level.

7 CONCLUSIONS

7.1 There is considerable evidence of variability in crack growth performance.

7.2 Due to the extra manipulation of test measurements there is more variability in crack growth
rate data than in crack growth life data.

7.3 No single distribution fits the data. A three parameter log normal distribution has been found to
provide the best fit most often. A two parameter log normal has been used in this paper to conform with
existing practice.

7.4 Load waveform and environment have little effect upon variability.

7.5 Variability can be minimised by careful selection of specimens. This say result in insufficient
account of variability in design.
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7.6 All groupq of materials discussed have much the smvariability.

7.7 Variability in crack growth life is similar in magnitude to the variability whiich occurs in safe
life teats..

7.8 Crack growth rate deaign curves which include factors for variability can be developed from
relatively tew teats using eatablished procedure.
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APPENDIX A
AN INTRODUCTION TO STATISTICAL TEIMS AND

MET71ODS USED IN ANALYSING DATA
(Item 68013)

1. NOTATION

a order number

N fatigue endurance

a aumber of observations

P(s) proportion of total population having values les" then a gives value of z

p(W) relative frequency of occurrence of z

X rrandon variable

• variate PF()

X(P) percentile

2. DEFINITIONS OF GENEAL TERMS

In order to illustrate the tams used to statistical analysis. a typical set of fatigue
data is shown. The observations are listed In ascending order of magnitude against the
corresponding values of a .

Order 1 2 3 4 A a 7 8

"Endurance N ko 20.6 124.4 188.7 187.2 203.0 213.4 213.4 215.7

Log, ON 1.31 3.09 2.23 2.27 2.31 2.33 2.33 2.33

Order a 8 10 11 12 13 14 is

undurance N ho 219.2 221.0 254.0 274.0 283.3 348.8 381.2

I-610 N 2.34 2.34 2.40 2.44 2.45 2.54 2.50

7he random variable is the property which is observed to vary over a number of repetitions
of a given process, such as fatigue Atrength or endurance. In the example, the random
variable is X = N .

The variate is that function whose distribution of value,. in considered. In the example
the variate may be either N or log N . the latter traee-'omation being made an R result of
the convenience of this torm for subsequent analyeis.

The order mutaer is the number ascribed to each observaLton corresponding to Its posittan
In the data arranged in order of magnitude.

The ao't.%eetic aean of the vartate is the sum of all values of the variate divided by the
number of data n . In tie example, the arithmetic mean of N Is 222.4 and of log N it 2.29.

The geometric (or log) L.ean of the variate is the nth root of the product of all n
values, that is the antilog of the arithmetic mean of log X . In the shove example, ntinlog
2.29 = 195.0.

A percentile is the value of the variate below which a given percentage of the data lies.
In the above example. 20 per cent of the obaervations lie below N = 187.2 or log N 2.27 ,

The median value is the value corresponding to the middle order of tW data. i.e. the
fiftieth percentile. In the esample the median is N = 215.7 or log N = 2.33 . corres-
ponding to order number 8. If the number of data Is even, the median is given by the aveage
of the two central observations.

The deviation is the difference between any single value and the seen of all the values.
In the example, at order number a = 4 . the deviation of N is 187. 2-2.2.4 =-35.2 and
the deviation of logN is 2.27-2.29---0.02.

7he variance of the data Is the sum of the soars* of the deviations divided by a . in
this case, the variance of N is 7103 and of logN 0.019.

7The standard deviation of the data is the square root of the variance and is often taken
as a measure of the dispersion (scatter) of the results. In this case. the standard devia-
tion of N Is 84.3 and of log N 0.28.



The coefficient of variation is the ratio of the standard deviation to the msan, sad is
usually expressed as a percentage. In the sxample, the coefficient of variation of N In

(84.3/222.4) x 100 = 37.91 per cent. and of lo6 N (0. 28/2.29) x 100 z 12.23 per cent.

3. PRESENTATION OF EMPIRICAL DATA

3.1 The listogrom

A histogram Is a diagram in which the number of observations, or proportion of the total
number of observations, falling within each successive class interval is represented by
blocks erected on a hase subdivided into those intervals.

Figure I is the histogram for the above example representing the'frequency of occurrence

of failure in class intervals of 0.2.

3.2 The Cumulative Frequency Diagrsa

A cumulative frequency diagram is one in which the number of observations, or proportion
of the total number of observations, falling below the upper limit of each successive class
interval is represented by blocks erected on a base subdivided into those intervals.

Figure 2 shows the cumulati-i frequency diagram correspondind to the histogram for the

above example.

The sase set of results may be presented in a cumulative frequency diagram showing the
number or proportion of observations exceeding the upper limit of each successive class
interval. In the analysis of fatigue endurance, such a diagram would show the number of
specimens whose endurances exceeded a given number of cycles.

4. ESTIMATION OF POPULATION PROPERTIES FROM A SAMPLE

4.1 tmple'aed Poiulation

A batch of test results is of val: e only in so far as inferences may be drawn as to the
probable behaviour of other nominally identical specimens not tested. The specimens tested

are described collectively as the sample, and the whole body of specimens from which the
sample is drawn is termed the population.

4.2 The Asasmption of a Theoretical Freqeency Distribhtiom

In the analysis of fatigue test results, the sample is considered to be drawn from an
infinitely large population, since the latter will consist of all possible specimens which

could be produced. Presentation of the results in the manner suggested in Section 3 sill
therefore only give a reliable indication of the characteristics of the population if the

sample is large.

If'It were possible to test an infinitely large sample, a histogram of infinitely narrow
class intervals could be constructed, the profile of which would be a continuous function.
Clearly this will represent exactly the frequency distribution of the population, since the
complete population has been tested. This distribution cannot, of course. be determined in

practtce. However. by assuming that it is of some standard form. the test results may be
analysed from predetermined data relating to that particular form.

Selection of a theoretical distribution should be effected with consideration of the
expected boundary conditions of the population. The use of an inappropriate distribution
could lead to errors particularly- at its extremities.

The relevanceoftwo theoretical distributions to the analy-is of fatigue data is discussed

in Itam Nos. 68014 and 68015.

Fi•ure 3 shows a Normal or Gaussian frequency distribution. The slope and relative height
of the curve depend upon the dispersion of the variate.

The area enclosed by the curv, to the left of the ordinate at x() i.e.. p(x)dx ,

is the proportion P(x) having values not greater than x(p) . The area under the complete
curve is 1. and therefore the probability of a result being greater than x(P) is I - P(x)

that is the area to the right of z(p) W i.e. p(x)dx
I,)



4.3 PrbAbIblIty Curves

Figure 4 shows the probability curve I - P(x) against x for the Normal distribution.

By suitably modifying the scale of the ordinate, the probability curve may be represented

by a straight line. The parameters of the distribution are then given by the slope and
Intercept of the line.

Plotting a ample of results on this grid in the oenner propod in AptendisAlfscilitatsma
the determination of point estimates of the properties of the parent population.

4.4 Anccraey ef haimations

the analysis of onl~y one sample gives point estimates of the properties of the population

Lad so such it Is not possible to specify the probability that they are exact. If all
possible *s"pleo of a given size within the population were analysed and point estimates
of the population parameters obtained from each semple in the maner outlined above, then
there would be a population of values for each paraester. These pogulAtlons theseelves

have some forme of distribution referred to as sampling distributions. These provide a
seems of specifying the precision of a particular estimate from a single smaple in terms
of the limats within which the population parameter will Ieo with a given probability.

4.5 Term Asseciated with the Seecificatieo of Precisias

77e confidence interval Is the range within which it A. forecast that the property of the

population will lie.

TAe confidence limits are the two boundary values enclosing the confidence interval.

7Tm confidence level Is the probability that the forecast te correct. Por example a

90 per cent confidence level Indicates that the property has a 90 per cent chance oa lying
Is the specified Interval.

S. COhPAfISOfN OF SAMPLES

5.1 Purpose of Sech Analysis

Section 4 considers the analysi* of only one ample. However It Is sometimes required to
determine whether two or more samplee are drawn from the esne population. This say arise

for example if it is required to determine the effect of a change In detail design or manu-

facture on the strength of a cponent. or to see if it is permissible to pool the results
from various stress levels in a set of fatigue results and so increase the sample slize

5.2 Torse Associated with the Comparison of Ssmplea

A statistical hypothesis Is an initial postulate of the actual situation. Par ezample
the hypothesis eight be that two tsmples are from the none population.

A significance test is one by which the acceptance or rejection of •he hypothesis a9
justified.

The difference between two values is Judged significant when the chance of occurrence of

such a difference is. under the hypothesis of a cosmon parent population, below an assigned
value. The possibility of this relationship is consequently diandessd.

The chance of the nccurronso of a diff..rnce beino which it s deocided that a cemnon

parent populatiti5t way he dis.ounted Is termed the level of signifcaunre. rur example, a

$ per cent level of significance loplies that the hypothesis of a cowman parent population
will be rejected unless the observed difference has a greater than one chance in twenty of
occurt:in under this hypothesis.

I
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AMrefp(x)d. I1-
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FIGURE 3 NORMAL FREQUENCY DISTRIBUTION

Probablity I- P(X) rJplx)dz

-0

Variate x F(x)

FIGURE 4 NORMAL PROBABILITY CURVE

APPENDIX A.1

PLOTTING POSITION OF VARIATE ON PROSASILITT SCALE

A. 1 INTRODSJCTION

TableA. I vLio plotting positions of the vaslateon the probability wale. (1-P(s)) x 100.
for mples sizes 10 n 4 50

The values an obtained frm the relationship.

1 -P~i):1- .
n+

which though not exact is equally appropriate to both Normal and extreme-value distributions.

DERIVATION

1. WRIBULL. . Patigue testing and the analysis of results. Pergam Pi•es,
Oxford. 1961.
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APPENDIX B

THE ANALYSIS OF NORMALLY DISTRIBUTED DATA

(Item 68014)

1. NOTATION

* correction factor for bias of eastimated varianc, of pcpulation

k(e) anmber of standard deviations (Crd) between ample mean and a percentile of
population corresponding to a confidence level at

a order number

s a=mber of obemrvations

P(X) proportion of total population having values leas than a given value of x

p(z) relative frequency of occurrence of z

91 (100 + 0)/2

q, (100 - 00/2

a standard deviation of ample

number of standard deviations (oý) between ample mean and mean of population
corresponding to a confidence level L

a number of standard deviations (Or.) between percentile and retimated mean of
population

a factor proportional to deviattonof asaple percentile free population percentile
corresponding to a confidence level a

X random variable

x0 lower lImit of X

2 varlate F(X)

i seen of smple

-'(P) percentile

CE confidence level

)Aeen of population

A, estimate of mea of population from sample

C0 standard deviation of population

a, unbiased estimate of standard deviation of population

17m standard deviation of sampling distribution of ban*

2. INTRODUCTION

This Data sheet gives information on the use of the Normal or Gaussian distribution, with

particular reference to the analysis of fatigue results. Methods of estisating the nen, the

standard deviation and percentile values of A population from a sample of that population are

,resented on the assumption that the distribution of the population is Normal.

?igure I showes the relative frequency of occurrence and the cumulative probability of x

where • has a Normal distribution. Data which do not initially conform to a Normal dis-

tribution mey reduce to that character upon suitable transformation e.g. z = F(X) = log X

or • z F(X) = log log X or x F(X, = X" . In the analysis of fatigue data logarithmic

transformations are often wued to normalize the results.

A further transformation. x log (Z - Xo) , is applicable when the distribution of the

varlste log X has a finite lower limit. However. estimation of Xn in the smnner described

in Item No.88015 for the Weibull distribution does not give satisfactory results for the

Normal form and at present no alternative method Is available. Therefore in the analysis

of high or low probabilities when a finite lower limit is suspected, other distrinutions

(see Itsw No.68015) my be more oppropraste.

-I.... _
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3. 957TIMATS OF PROPE3I 1ES 0? POPVLATION FINO SAMPLI

3.1 hint Etimates

2.1.1 Neurical malysia of data

Atm

The mes of the observations I may be obtained bI the general namerical method gives ja

Itas no. 68013.

A point estimate of Vio mese of the population Is then gives by the relationship;

Standard deviation

The variance of the observations s2 say be obtainud by the method giva In Item No. 66013.

A point estimate of the variance of the population is then gives b a

Homwver. the square root of this oevation gives a blued eatimathofthe standard deviation

of the population and In order to eliminate this bias. It it necessary to apply a correction
factor an follows:

Pigurs 2 gives K for ole sizes 2 4 n 4 101 . hoen a > I01X m be tesmni unity.

Percentiles

As estimate of a percentile of a eormally distributed population is gives ty:

x(P)= "It * "was

sure valu" s of a(,) aty be obtained from Pigure 3 for the required percentage (I-P(c)) loc.

3.1.2 .1nalysis of data owing probability paper

Normal probability paper neater grids (Pigures 6 ad 7) are provided with both linear and

logarithaic abscissas. The ordinate. I - P(x) . represents the probability of Survival in
the analysis of fatigue data.

The data, listed In ascending order of magnitude, are plotted with co-ordlnstes X
(I - a/(n + t)) , 100 where the plotting positions (I - m/(n + 1)) a 100 are given in
Table Al. Item No.68013. for sample sizes 10 * n $ 50. If the points lie In M approximately
straight line. then they may have been drawn from a normally distributed population. If
however the points ezhibit sane definite non-linearity, transformation of the data my be

tried or mose other standard' distribution considered.

Assuming that the distribution of values of some function of X . F(X) = x . Implies a
Normal population, then the properties if that population may be obtained from the best fitted
straight line through the data In the manner described below.

Ifean

A estimate of the mean of the population is given by the median value of the observations

or the fiftieth percentile x(So) - i.e. the value of x corresponding to (I-P(x)) -a0o-=50.

it,ndlr.I deuttt iun

An unbiased estimate of the standard devistionof the population is given by the difference
between the mean and the percentile x(IS.e) (or '($A. 1) since the distribution is
symmetrical).

I.e. IS.- ( ,)

Percenti les

An estimate of the percentile x plof the population is the value of • corresponding

to the desired percentage on the I - XP~) ails.

3.2 Estimates with ipecifled Confidence

.Veugn

It can be shown that eith a given confidence level O t the value of AA will lie in the
Interval bounded by the limits,

5. ,*
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Figure 4 givvs ,I',l plotted aat "t I fou various values of a.

Standard iku tt ion

The limits within which the ratio W/as can be expected to lie with a given confidence
level a are;

>~ /

Percent ilea

It is often of p;trtkialar interest in the analysis of fatigue results to estimate the percentile life of eadumrsce
for extremely low proportions of spectimen failure, that is, for a high probability of survival, with a given level of
'con fidence.

Accordingly the value of x(1 ,), above which there is a confidence level a that ((I - P(x)) x 1001 percent
of tlie ppulation will survive, is given by

I(p) = - +k~~"

(P) + u() (I - u(.)/2(n - I)j + u2p)/2(n - 1)
w1 - u2a)/2(n - 1)

The factors u(p) and u(ac) nay be read directly fromr Figure 3 for the appropriate values of
i-P i) and a.

4. DF:RIVATION

The expressions:
__ r ,fZ-M i,

=a2 2Pci) ;;717 as L2  121.J'

1. HALD, A. Statistical theory with engineering applications. J. Wiley.
New York, 1952.

2. DIXON. W.J. Introducti.'n to statistical analysis. McGraw-Hill. New York.
MWEY. P.J. Third edition, 1969.

3. PfAmI4. L.S. Rion trika tah'es for statisticians. Vol. 1. Cambridge University
IaRyTt. H..O. Press. 1962.

i,~ .- .--



Cumulative probability P(X) f P(X)dz

Relative f requenicy p(x)
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FIGURE I. NORMAL OISTRIBUTION
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S. ADDENDUM

Section 2 of this Item notes that in some case distributions other than the nor Mal distribution may be more appropriate.
Item No. 68015S deals with the analysis of data that conform to an extranemevalue distribution and provides master grids
(Figures 2 and 3 of that Item) parallel to the Figures 6 and 7 of thsis Item. If Figure 6 or 7 of this Item is Usti to
analyse data that in reality conform to an extremse-value distribution & curve such as that shown on the accompanying
Figure A.1 will result. Such a curve should therefore be taken to indicate that the extreme-vslue distribution is More
appsropriate.
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APPENDIX C

TIlE ANALYSIS OF DATA CONFORMING
TO AN EXTNEME.VALUE DISTRIBUTION

(Iten 68015)
1. N•TATION

SParmeter of distribution defining dispersion

* order amber

= amber of observations

P(X) proportion of total population having values lee than a given value of z

p(z) relative frequenc7 of occurrtaco of a

X rnda variable

Xo lower limit of X

z variate F(M

a, characteristic value of a

Z(p) percentile

y reduced variate

2. INTDUCIM ON

This Data Sheet gives infLrmation on the use of extraem-value distributions with particular
reference to the analysis of fatigue endurance. btimates of b , zx. .X and Z(£) of a
population are made from a graphical analysis of a saple dramw from that population on the
saftetion that the population has an eztreme-valus distribution.

Figure 1 show. the relative frequency of occurrence and the cumulative probability of ,
where x has an extreme-value distribution. Data which do not Initially conform to an
extreme-value distribution may reduce to that character upon suitable transformation e.g.
x = P(X) = log X or x = F(X) = log logX or x = F aX: = . in the analysis of fatigue

data. log transformations are often used.

ibe leibull distribution is a derivative of the basic extreme-value distribution satisfying
the condition that X0 ) 0 . In the event that XO = 0 the Ueibull distribution function

reouceo to that of the basic extreme-value function of logeX .

It is suggested therefore that the Weibull distribution gives a closer approximation to
the probable behaviour if fatigue specimens than do other standard distributions, and this
theory admits the possible existence of minisum lives and fatigue lItits.

3. ANIM.YSI OF DATA USING PROBABILITY PAPER

Extreme-value probability paper master grids (PFiures 2 and 3) are provided with both

linear and logarithmic -ibscissae. In the analysis of fatigue data, thoordipnte (I-P(a)) X too
is the probability of survival.

The data. listed in ascending order of msgnitudo, are plotted with co-ordinates X
(I - a/(n + 1)) v 100 where the plotting positions (I - a/(n + 1)) x 100 for maple sizes
10 4 n 4 50 arc given in Table At. item No.68013. If the points lie in an approximately
straight line. they say have been drawn from a population having an extreme-value distribution.

The lower limit of this distribution will be either X. = -W if the variate Is X . or
X0 z 0 if the variate is log X . The two parametars xa and 6 defining the distribution
may be obtained from the best fitted straight line through the data.

A point estimate of 6 is given by the rate of change of the reduced variate y (obtainable
f the Figure) with a

A point estimate of the characteristic value of the population sa Is the value of a
corresponding to the percentage (I - P(z)) x 100 = M. I

The percentiles of the distribution my be read as the value of a corresponding to the

required percentage (1 - P(s)) x 100 . when percentages greater then N.g are of interest.
the use of Table I .scillitates the necessary extrapolation. Other values not tabulated way
be obtained by the use of the equation for 1 - P(z) given In Section 4 of this Item.

If the plotted data exhibit a definite non-linoearity, transformation of the data am be
tried or some other standard distribution considered. In particular,* if the variats Is
x a log X and the points lie in a curve concave upwards and asymptntic to som value of the
abecissa then the implication is that the parent population conform to the feibull distribu-
tion having a lower limit of X equal to the value of X at (1 -P(i)) . 100 : 100
A point estimate of X0 aly therefore be sade tw inspection.

It will then be necessary to replot the data with a revised variats log (X - £O) . If a

straight line is obtained, the estimate of Xo is approximately correct. If not, successive
estimates of o0 say be made until a linear plot is obtained. The remaining parmeters of
the distribution x and 6 may be determined in exactly the sas way as for the basic
extreme-value distribution.

" !9-12
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4. DEIVATION

For the basic (lot mallest) extrsee-vclue distribution;

1-p(x) = bexp(y-el)

and i - P(s) = xv (-Or)

were y = -b(z - S)

For the WeWIuli (3rd smallest extreme-valu.) distribution;

l-p(,)~ ~ ~~~spl I z_.-~.-.~ -• "X.-XlJ

4d 1 -P(W) = eop (-@Y) .

,ers -b {lo,. (, - Xo) -log, Qx. - Xo))

1. - Probability tables for the analysis of extreme-value data.
U.S. Department of Commerce. National Bureau of Standards
.4ppled Mathematics Series 22. 1953.

2. sWl.L. W. Fatigue testing and the analysis of results. Pergawon Press,

Oxford. 1961.

3. - A guide for fatigue testing and the statistical analysis of
fatigue data. Spec. tecls. Pubis Am. &ac. 'Test. Mater., No.91 - A

(Second Olition). 1963.

Cumulative ptabability PNo) f'p(x)d.

Relative frequency p(x)

-6 -5 -4 -3 -2 "1 0

Reduced vvaiate y

FIGURE 1. First Smallest Extreme-Value Distribution
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9.APPLICATION OF FRACTURE MECHANICS
TO STRESS CORROSION CRACKING

by

C. S. Carter
Boeing Commercial Airplane Company

Seattle, Washington
USA

SUMMARY

Evaluation of stress-corrosion cracking behavior is described in terms of stress and
stress intensity parameters. Typical values are given for commonly used airframe
materials. Incorporation of the data into damage tolerance analysis is discussed.

9.1 INTRODUCTION

Stress-corrosion cracking (SCC) denotes a cracking process caused by the conjoint
action of sustained stress and a corrodent. Depending upon the material, SCC can occur
in a variety of corrodents including such ubiquitous environments as moist air.

Many airframe components have fractured as a result of SCC; indeed, SCC has been a
cause of failures in essentially every branch of industry. Table 1 summarizes the causes
of failure in a number of landing gear components from several military airplanes, and
highlights the fact that SCC failures are far from being an exception. The purpose of
this paper is to describe how SCC susceptibility can be characterized in terms of stress
and stress intensity, and to show how these can be incorporated into the damage tolerance
analysis of airframe structures.

9.2 SERVICE FAILURES

Cracking of high-strength aluminum alloys has been, by far, the most frequently
occurring SCC problem in airframes. The majority of failures have been in 7079-T6
followed by 7075-T6, but cracking has also been encountered with 2014-T6 and 2024-T3.
Crack propagation usually occurs in the short transverse direction because of its much
greater sensitivity to SCC. High-strength steel (tensile strength exceeding 200 ksi)
components have also failed by SCC; approximately 50% of steel landing gear failures have
been attributed to this type of cracking (ref. 1). All types of low-alloy steels (4340,
300M, 4340M, 4330V, D6AC, and Hll) have fractured in this way. Some fractures have also
been experienced with maraging steel and with precipitation-hardening stainless steels
(17-7PH, PHl5-7Mo, 17-4PH, and PHl3-SMo) heat treated to their maximum strength levels.
Magnesium alloys, principally AZ91-T6 and AZ80-AF, have fractured by SCC. All these
failures have oc-urred in the environments normally encountered by airframes. Titanium
alloys have not cracked under these conditions, but SCC has been experienced in specific
environments such as methanul and liquid N204, and 'in contact with solid cadmium (refs.
2-4).

The sources of stresses causing propagation of SCC cracks in aluminum alloys are
primarily residual tension stresses, from heat treatment and fabrication, and assembly
stresses (fit-up, improper shimming, and bushing installation). Stresses due to sus-
tained applied lgads also have caused failures, but to a lesser extent. In the case of
high-strength steels, service-induced stresses are the main cause of failure with
residual and assembly stresses as smaller factors.

Stress risers (holes, sharp radii) and corrosion pits have been the main initiation
sites for SCC in both aluminum and steel alloys. Improper machining, leading to the
formation of untempered martensite, is a major cause of SCC in steels, particularly in
reworked components. Fatigue cracks also have provided sites for SCC in both types of
materials.

A number of remedies have been adopted to minimize the risk of SCC. They include the
following:

o Use of alloys with greater resistance to SCC--overaging of 7075 to the T73
condition and the recently developed 7049-T73, 7050-T736, and 7175-T736 alloys
provide good SCC resistance. Replacement of 4340 with 300M/4340M also has led to
improvements in service behavior (refs. 4 and 5).

"0 Careful design practice--limiting the stress developed by minimizing assembly and
fit-up stresses by control of tolerances and shimming, and by control of grain
flow.

o Shot peening to introduce residual surface compressive stresses (SCC does not
occur under compressive stress).

o Surface protection by cadmium plating (of steel) and painting.

Most of the above were reviewed in detail in previous AGARD publications (refs. 6
and 7).

~ N. G3 L 3~ ILL=
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9.3 8CC TESTING

9.3.1 Smooth Specimen Tests

The term *smooth* specimens refers to test specimens that do not contain any inten-
tionally introduced notches or precracks. Test specimens are loaded (in tension or
bend'ng) to a series of stress levels and exposed to the corrosive environment until
failure occurs or an arbitrary time limit is reached. Time to failure is plotted as a
function of the applied stress, as illustrated in figure 1. A thre3hold stress can be
defined below which no SCC failures occur. This threshold stress depends upon the
environment, alloy, heat treatment, grain direction, product form, and testing time.
Figure 1 clearly illustrates the influence of grain direction on aluminum alloys (ref.
8). The most widely used testing procedure involves immersion in 3.5% sodium chloride
solutioni alternate immersion is often used for aluminum alloys. Test times usually
extend from about 30 to 180 days in aggressive environments. In less severe corrodents,
such as industrial environments, testing times of not less than 3 years are required.

A number of problems are associated with smooth specimen testing. A large number of
specimens are required to establish the threshold stress with a high degree of confidence
because of the scatter inherent in smooth specimen testing. The data cannot account for
SCS susceptibility in the presence of a crack; titanium alloys are resistant to SCC when
tested as smooth specimens, but may be very susceptible when precracked. In spite of
these shortcomings, such data have been widely used in the airframe industry to reduce
the risk of SCC, the aim being to keep the stress level below the threshold.

9.3.2 Fracture Mechanics Tests

In recent years, tests with smooth specimens have been supplemented with tests that
were designed to measure stress-corrosion resistance in the presence of a precrack One
of the justifications for this is that SCC service failures often originate from stress
risers or flaws (e.g., notches, fatigue cracks, localized corrosion). A measure of the
resistance to SCC of an alloy (or structure) under stress with a crack present is given
by the threshold stress intensity KISCC, below which SCC does not occur. This can be
determined by sustained loading of fatigue precracked specimens at different stress
intensity levels in the corrodent. Specimens should be exposed to the corrodent prior to
loading; otherwise oxidation at the crack tip can give misleading results. In specimens
loaded above KISCC, the stress-corrosion crack grows until the stress intensity reaches
KIC (or KC) and the specimen breaks. Below KISCC, no stress-corrosion cracking occurs.
By plotting the initial stress intensity level against time to failure, the threshold
KISCC can be established (fig. 2).

The growth rate of stress-corrosion cracks (above KISCC) is controlled by the stress
intensity factor. Accordingly, the SCC behavior can be described by a curve of crack
groeth rate versus K, as illustrated schematically in figure 3. This type of curve is
found with many material/environment combinations (refs. 5, 8, 9, and 10) and generally
exhibits three regions. In region I, at stress intensities close to KISCC, the crack
growth rate is strongly K dependent. At intermediate stress intensities, region II, the
crack growth rate Is independent of the applied atrcsc intensity, i.e., the curve
exhibits a plateau. At relatively high stress intensities, the crack growth rate may
again be K dependent, region III. All three regions have been observed in high-strength
steels, but in commercial high-strength aluminum alloys, generally only regions I and II
have been reported. Region I is essentially absent in titanium alloys..

Typical curves are shown in figure 4 for two high-strength aluminum alloys. These
data represent the results of many tests with specimens from several different plates of
the alloys. The data are in good agreement with test results for different conditions of
loading, net section stress, crack length, and specimen shapes, thus indicating that the
SCC growth rate correlates well with the crack tip stress intensity if the metallurgical
and environmental parameters are kept constant. The scatter indicated in figure 4 is
reduced if specimens from only one plate are used. The shape of the curves is charac-
teristic of most aldminum alloys.

A variety of types of precracked specimen can be used to determine the growth rate
and/or KISCC. There are illustrated in figure 5 and are classified with respect to the
relationship between the stress intensity factor KI and cra~k extension (ref. 11).
Depending on the method of loading and7or the geometry of the test specimen, the stress
intensity factor can be made to increase, decrease, or remain constant as the crack
length increases. Details of testing procedures are given in refa. 11 and 12.

Although the fracture mechanics approach overcomes many of the disadvantages assoc-
iated with smooth specimen (threshold stress) tests, it is not devoid of problems. In
particular, the testing time required to establish a true threshold KISCC can be very
long and still have an element of uncertainty (i.e., would longer times lower the
value?). There are two reasons for this. First, the crack growth may be very slow,
particularly in region I of the crack growth-K curve (fig. 3), so that long testing times
can be required to break a specimen or to define region I. Tais is observed with alum-
inum alloys and some steels. One approach is to define the threshold at a selected
growth rate; for example, 1 x 10-5 in./hour has been used for aluminum alloys (ref. 8).
Secondly, some steels eshibit an extensive incubation period before SCC growth initiates
from the precrack. The incubation period increases with decreasing initial stress
intensity level, usually with a reduction in strength level (refs. 13 and 14). TitaniU2
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alloys do not present a problem, as the incubation period is negligible (as with aluminum

alloys) and the SCC crack grows rapidly or not at all.

9.3.3 Test Environment

Ideally, the test environment should be fully representative of the service condi-
tions. Both chemical composition and temperature should be accounted for. In the case
of pressure vesqels containing gases, the pressure should be duplicated since this can
have a significant effect on KISCC. Furthermore, the possibility of transients in these
variables needs to be consideredl the effect of locally high concentration buildup due to
evaporation or other physio-chemical effects should not be ignored. In addition, the
effect of fluids used during processing (e.g., cutting, degreasing) and NDI should be
evaluated.

Selection of test environment(s) that adequately simulate all the conditions exper-
ienced by the airframe presents some difficulties because of the wide variety of condi-
tions that can be encountered. Internal environments include jet fuel, hydraulic fluid,
and water containing various chemicals (chlorides, chromates) of varying concentrations.
External environments include the whole gamut of normal atmospheres, including rural
marine and industrial, humidities from 0 to 100%, and a wide regime of temperature
(approximately -50 to 100 0 C).

The importance of accurately simulating these environments has been recognized and
data are now being reported for some of the above, including sump tank water, cleaning
fluids, and JP4 fuel. Sump tank water, having the composition shown in table 2, is
representative of the fluids found in airplane sumps. This was used as the test environ-
ment for the determination of KISCC values used in the damage tolerance analysis of the
B1 and P16 airplanes. Available data (ref. 15) indicate that the KISCC values measured
in sump tank water are generally comparable to those in 3.5% sodium chloride solution for
aluminum and steel alloys, but can be higher in the case of titanium alloys.

Very long testing times are required to establish a threshold stress intensity in air.
Fortunately, a number of tests have shown that KISCC measured in 3.5% sodium chloride
solution, which can be determined faster, usually provides a reasonable correlation with
the threshold measured in a marine atmosphere for most airframe materials (refs. 16 and
17). Precipitation-hardening stainless steels are an exception in that a 20% sodium
chloride solution is required to provide the correlation, probably because of the corro-
sion resistance of these alloys.

This correlation does not hold for SCC growth rates. Table 3 shows that the plateau
growth rate for aluminum alloys in 3.5% sodium chloride solution is 5-10 times faster
than in corrosive air environments; for precipitation-hardening steels and titanium
alloys, there can be a 10-100 times difference in rates (refs. 17 and 18). Furthermore,
the growth rate is sensitive to the type of air environment (table 3). This is due, in
part, to differences in the relative humidity; as shown in figure 6, the growth rate can
be quite dependent on RH. The presence of cnlorides accelerates the growth rate in
aluminum alloys, the extent depending upon the specific alloy. On the other hand, in
some high-strength steels the cracking rate is faster in the absence of chlorides (refs.
13 and 19).

Based upon the above considerations it appears that, in general, 3.5% sodium chloride
solution or sump tank water provide a realistic aqueous environment for the determination
of KISCC for airframe materials. For crack growth rate measurement, sump tank water is
probably more representative of severe service conditions than the more aggressive 3.5%
sodium chloride solution.

9.4 SCC DATA

Threshold stress and KTSCC data for high-strength aluminum alloys are given in table
4; plateau crack growth rates are presented in table 5. The alloys that have exhibited
SCC in service (i.e., 2014-T6, 2024-T3, 7075-T6, and 7079-T6) are characterized by low
threshold stress and KISCC values. Much higher values are recorded by the highly resis-
tant alloys, such as 7075-T73, that also exhibit considerably slower growth rates.

Similar data for high-strength steels are given in tables 6-8. The main factor con-
trolling KISCC in steels is the strength level. Above 220 ksi tensile strength, most
alloys have low KISCC values. Even the recently developed AF1410 alloy, which has par-
ticularly high fracture toughness, is little better with respect to KISCC, although the
growth rate is slower than in competitive steels. Lowering the strength level below 200
ksi produces significant improvements in SCC resistance. It should be noted that contact
with a dissimilar metal (e.g., aluminum) can markedly reduce the KISCC value,
particularly for the precipitation-hardening stainless steels (ref. 4).

Stress corrosion is difficult to induce in smooth specimens of titanium alloys. How-
ever, as indicated in table 8, some alloys are quite susceptible to SCC in the presence
of a precrack. Table 8 illustrates the wide range of KISCC values that can be obtained
with titanium alloys according to their chemical composition and heat treatment. Plateau
crack growth rates are usually within the range of 1-10 in./hour (ref. 10).

High-strength magnesium alloys typically have KISCC values of 7 ksi in. 1/ 2 in sodium
chloride solution (ref. 9). The nickel-base alloy INCO 718 has high resistance to SCC in
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sump tank water, KISCC being approximately equal to KIC (ref. 15). Some other precipi-
tation-hardening nickel-base alloys, however, have shown much greater susceptibility in
water (ref. 20).

Little information is available on the influence of thickness constraint on the thresh-
old stress intensity. Table 8 shows that the effect can be considerable, the threshold
for 0.05/0.06-inch sheets of either Ti-6A1-4V or Ti-SAl-lJo-lV being much greater than at
0.5 inch thickness. However, SCC problems are usually confined to heavy section compon-
ents (forgings, extrusions) and thus are generally limited to cases where plane-strain
conditions prevail.

The reader is cautioned that the typical data given in tables 3-8 are based upon very
limited information for most materials. For critical applications, further testing
should be considered.

9.5 DZSIGN APPLICATION

.5.1 Combination of Smooth Specimen and Fracture Mechanics Data

While the designer would obviously prefer to use an alloy that is fully resistant to
8CC in the service environment, other constraints on material selection such as strength,
availability, and cost can dictate the use of a material that is susceptible to SCC.
Therefore, we need to consider how the SCC data given in section 9.4 can be used to
avoid failure.

A prime requirement is to check that the sustained stress (applied stress + residual
and assembly stress) does not exceed the smooth threshold stress for the relevant environ-
ment(s). The magnitude of the residual stresses present can be experimentally determined
by X-ray or strain-gage techniques, or based upon Judgment with respect to the coanponent
configuration, and heat treatment. Assembly stresses can be estimated from the build-up
of tolerances, or the interference fit, in a joint.

The parameter KISCC defines the minimum conditions of stress (a) and crack size (a)
that will cause SCC according to the following relationship:

KIsCC a a (wa) 1 / 2 y (1)

where Y depends upon the crack geometry and boundary conditions. A typical relationship,
for a long, thin surface flaw in 7079-T6 plate, is shown in figure 7. This indicates,
for example, that inthe presence of a 0.001-inch-deep crack, a tension stress of 20 ksi
can be sustained indefinitely. However, smooth specimens loa~ed to this stress level
fail within a short time, the threshold stress being 8 ksl. This is because the fracture
mechanics analysis does not take into account the fact that cracks can initiate in the
absence of defects, for example, at metallurgical discontinuities. Thus, it is desirable
to combine the threshold stress and KISCC data into a single diagram that describes the
SCC resistance in the presence or absence of a precrack. Figure 8 illustrates a compos-
ite diagram that combines these data foe 7079-T6 and defines a "safe' region for the
prevention of SCC. Composite diagrams can be constructed for any material provided KISCC
and the threshold stress are known, and for the desired crack configuration using the
appropriate Y factor.

Composite diagrams for several aluminum alloys were developed in reference 17 and are
given in figure 9. These point out the superiority of the highly SCC resistant alloys
that have become available in recent years. Moreover, figure 9 shows that the transition
from stress-controlled SCC to stress-intensity-controlled SCC occurs at quite large flaw
sizes for these resistant alloys. In other words, for small flaw sizes the SCC resis-
tance is determined by the threshold stress and not KISCCI the use of RISCC alone could
lead to an unrealistic expectation of SCC resistance.

Steel and titanium alloys have somewhat different characteristics. These alloys have,
in general, quite high threshold stresses, but can have low KISCC values. Consequently,
except at very small flaw sixes, the SCC behavior is controlled by KISCC rather than the
threshold stress (fig. 10).

This approach was used to assess the structural integrity of a primary component of
the Saturn 1B space vehicle (ref. 21). This was an E-beam, forged from 7178-T6, located
in the thrust support structure. Stress-corrosion cracking had been encountered in some
forgings due to residual stresses, and it was necessary to determine the possible extent
of cracking and resulting structural behavior in the members intended for service.

The method for predicting the potential crack size is shown schematically in figure
11. The solid line was constructed from threshold stress and KISCC data for 7178-T6, as
described above, and defines the stre3s-crack length conditions for SCC. The dotted line
depicts a typical sustained stress profile (assembly and residual stresses plotted
against 9 beam location). The intersection of the two lines defines the maximum possible
extent of crack growth, since at longer crack lengths the sustained stress is insuffi-
cient to maintain crack growth (i.e., the stress intensity is less than KISCC). This-
crack length was then compared to the critical crack length that would cause failure at
the design stress level. Each potential crdcking site was analyzed in this way and an
assessment made of the resulting load-carrying capability. Based upon this, certain
restrictions were placed on the conditions for vehicle la,:.ich, and the parts were used
successfully.



9.S.2 Relevance to Specification MIL-A-83444

. The USAF specification MIL-A-83444 (ref. 22) recognizes that due to the limitations of
UDI procedures, components entering service can contain defects or crack-like flaws.
This specification defines the sizea of the initial flaws to be considered in the damage
tolerance analysis according to the method of qualification (i.e., fail-safe oc slow
crack growth--for definitions see MIL-A-83444), and assumes 100G inspection of the com-
ponent using conventional NDI procedures. These initial flaw sizes are shown in figure
12.

To avoid SCC crack growth from these flaws, the components must be design.ed to operate
at a sustained stress level (applied stress + residual stress and assembly stresses)
lower than GSCc, which is given by:

SCC ( (2)

where ai is defined in figure 12, and provided of course that SCC is less than the
smooth specimen threshold stress. A composite diagram (sec. 9.5.1, constructed for
the appropriate flaw configuration and material, can be conveniently used for this
purpose. An example is shown in figure 10 for titanium 6A1-4V (STA) and indicates that
the sustained stress level should not exceed 90 ksi for safe life structure containing
a 0.05-inch-deep surface flaw. The minimum level of KISCC that would be required at a
given stress level also can be established from equation (2).

in principle, one could allow the stress level to exceed SCC for inspectable struc-
ture, provided that integration of the crack growth-K curve demonstrates that the time to
grow from the initial flaw size to the critical flaw size sufficiently exceeds the inspec-
tion interval. However, this approach cannot be recommended because of the uncertainties
involved. These include the limited amount of growth rate data available, and accurate
definition of the service environment and the residual stresses present. Furthermore,
tables 5 and 8 show that the growth rate in many high-strength materials exceeds 10-3
in./hour in sodium chloride solution. This corresponds to 1 inch of growth in about 6
weeks and would require an impractically high frequency of inspection.

As noted in section 9.2 , stress-corrosion crack growth initiated from fatigue cracks
has been found in service. In other words, crack extension to the critical crack length
is accelerated by SCC. Consequently, a damage tolerance analysis based solely upon
fatigue crack growth may significantly overestimate the component life. To avoid such an
event, it is necessary to -recognize in the damage tolerance analysis that SCC occurs
under a steady stress and that for in-flight conditions this corresponds to the lg stress
level together with any residual'assembly stresses. While the rate of fatigue crack
growth, da/dN, can be accelerated by the environment, this should be separately accounted
for as part of the fatigue crack growth analysis (sec. 9.6 ). The maximum size of crack
ac that cannot be exceeded during the required life (or inspection interval) is given by:

KIC - cxx (1ac)l/ 2 Y (3)

where axx is the maximum stress the structure must be capable of tolerating and depends
upon the inspectability level. This is a basic requirement of damage tolerance analysis
to avoid failure. Thus, to prevent SCC at any crack size below ac, the lg stress (Olg),
including the residual and assembly stresses, should be less than:

KYSCC a 01y (lrac) 1/ 2 Y (4)

It follows from equations (3) and (4) that SCC can be prevented when the following
requirement is met:

KISCC alg
- - (5)

KIC Oxx

For noninspectable safe life structure, Oxx is equal to the limit load (all) so
that equation (5) can be written as:

KISCC lg (6)

RIC OLL

Such an analysis was conducted as part of the damage tolerance analysis for the
F1ll recovery program (ref. 23). For the wing pivot fitting lower plate fitting,
fabricated from D6AC steel (220-240 ksi), the following was shown:

KISCC - 16 ksi in. 1 / 2 (in water) max. 0lg a 23 ksi

RIC - 42.5 ksi in. 1 / 2 (at +0oop) max. aLL - 96.1 ksi

i.e., 0.?76 > 0.239

Hence, SCC was not expected to be an in-service problem with this component.



it is important to emphasize that the magnitude of Ozx (as defined in HIL-A-83444)
depends upon the inspectability level. For example, for damage that can be detected by
walkaround visual inspection, the structure is required to be able to withstand the maxi-
Lum stress that occurs once in 1000 flights, or in the case of flight-evident damage,
this is reduced to once in 100 flights. These Ozx stress levels are considerably less
than the limit load stress (OLL). Consequently, for these stress levels the 0 1 /Qxz
ratio will be greater than 0 1g/O.L, and to avoid SCC, the IzSCC/KIz ratio will have to be
correspondingly larger than for linit load capability.

The NIL-A-63444 specification also requires that when the primary crack terminates due
to structural discontinuities, or element failure in fail-safe structure, damage must be
assumed to exist in the remaining structure. The degree of damage to be assumed depetads
upon the design concept that is being qualified. Equation (5) can be used to assure that
SCC does not occur during crack growth from this damage in the remaining structure. An
important consideration here is that the lg stress may be considerably increased when
the primary crack terminates, because of the reduced load-carrying area. Accordingly,
the required level of KISCC/KIC will be higher than prior to primary crack termination.

While the military specification has been used above to illustrate the use of fracture
mechanics in preventing SCC, the general approach should be applicable to other damage
tolerance criteria. For example, in commercial airplanes, the limit load condition can
usually be expressed as 2.5g. Therefore, the minimum RISCC/KIC ratio required to be met
in the damage tolerance analysis is given by:

1 ISCC 7lg
Itc 2.Sg

i.e., 1 =0.4

However, in the event of element failure in the fail-safe structure, a higher
RISCC/XlC could be required to prevent SCC from continuing damage in the remaining
structure.

9.5.3 Proof Testing

Proof testing can be used to establish the maximum size of flaw that may exist in the
structure. At the completion of a successful proof test, the maximum flaw size ap that
can be present is given by:

KIC
2

ap = (8)

where Op is the proof stress level.

The environment in which the proof test is conducted may be conducive to SCC of the
structural material. Crack growth may then occur during the pKoof test and can result in
failure during the proof test. This actually occurred when methanol was used for the
proof testing of Ti-6A1-4V vessels (ref. 2). If SCC can occur, then two additional possi-
bilities must be considered. First, a crack that was not of critical size at the proof
stress level might continue to grow to a size larger than a during the unloading period.
The magnitude of the growth that could occur can be estimated from the relevant crack
growth-I curve, or experimentally determined from precracked specimens that are loaded in
the test environment to simulate the proof load cycle. A second consideration is that
remnants of the test fluid may cause SCC in service. This was a factor in the failure of
a large pressure vessel fabricated from a low-alloy steel (100 ksi yield strength).
Cracking initially occurred during processing in a weld of high hardness, probably as a
result of the stress relief heat treatment. This crack subsequently extended to critical
size by SCC as a result of residual stresses (the stress relief was only partially
effective) and the moisture that remained from hydrotesting (ref. 24). This failure
illustrates the importance of considering all the metallurgical variables and
environments that can be encountered during fabrication and service.

One further item to be considered is the possibility of SCC occurring prior to the
proof test, due to the cnmbined action of residual stresses and the presence of proces-
sing fluids or water. If the proof test is conducted immediately after fabrication, such
flaws may not have grown to sufficient size to be detected, but could ertend to a size
greater than ap subsequent to the proof test.

This problem was encountered during the Fill recovery program, which included proof
testing of the wing structure (ref. 23). Interference fit bolts were used in certain
areas of the D6AC steel (220-240 ksi) structure for fatigue life improvement. Tensile
residual stresses were developed by these bolts, and the introduction of aggressive envi-
ronments such as water, drilling coolants, and cleaning agents was possible during instal-
lation. Stress corrosion could occur if these environments were present. Calculations
were made to determine the maximum time required for a stress-corrosion crack to grow to
a size that would be detected during proof test. Plateau crack growth rates (lower bound
of the scatter band) and maximum incubation times for the initiation of cracking for all



environments were used for the analysis. A time delay of 115 days was established and
incorporated into the proof test program.

There is evidence to show that proof loading may increase the KISCC for cracks present
during the test (ref.25). However, this crack blunting effect would be destroyed by
subsequent fatigue growth.

9.5.4 8CC in Service

It is conceivable that in spite of all the precautions taken, SCC may be experienced
in service. Unexpected residual or assembly stresses are a possible cause. Under these
circumstances, it may be necessary to institute periodic inspection, rather than to
immediately replace the component.

To'determine the required inspection interval, the most straightforward method is to
assume that the SCC growth rate corresponds to the plateau value (da/dt) for the material
in the most severe environment anticipated. The inspection interval tl, which will be in
real time, then is given by:

tl (acr - aj) da (9)
n -dt

where ai is the maximum size of crack likely to be missed by the NDI method used and acr
is the critical flaw size that would cause unstable fracture at the maximum stress level
that could occur between inspections. The factor n (>2) is used to ensure that the crack
is found prior to reaching acr and to account for variability in da/dt.

This method was used to estimate the extent of SCC that could occur in a 7079-T6
component used in the Saturn 1B space vehicle (ref. 21). Fracture mechanics analysis
showed that the stress intensity level in service could significantly exceed KISCC.
Although the part was fully loaded for only a few hours, the potential SCC growth (at the
plateau growth rate) was such that structural modifications were required.

9.6 INFLUENCE OF ENVIRCNMENT ON FATIGUE CRACK GROWTH

The rate of fatigue crack growth can be related to stress intensity by the expression:

da/dN . cA•n (10)

where C and'n are parameters that depend upon the material and the environment. The
values of C and n do not vary markedly for a given alloy family (e.g., high-strength
steels, 7XXX aluminum alloys) when tested in a nonaggressive environment. In a corrosive
environment, there can be significant differences between individual alloys, or even heat
treatment conditions for a single alloy. The influence of environment on fatigue crack
growth was discussed at a recent AGARD conference, where much of the available data was
reviewed (ref. 26). While it is redundant to reiterate this information, it is impor-
tant to emphasize that the influence of several variables on fatigue growth rate in the
corrodent can be considerably different from their efTect in air. These include the
following:

"o cyclic frequency

"o wave form (e.g., hold period at Kmax)

"o stress ratio

"o material thickness

"o spectrum loading

"o metallurgical variables (e.g., heat treatment condition, composition, grain
direction, galvanic contact)

Furthermore, altering one variable can modify the response to changes in another.
Unless these factors are adequately accounted for, the damage tolerance analysis may lead
to an overly optimistic estimate of.service life.

If the maximum cyclic stress intensity exceeds KISCC, the crack growth in each cycle
can occur by a combination of fatigue and SCC. The contribution from SCC increases with
decreasing cyclic frequency since a longer time is available for SCC growth. Figure 13
illustrates this effect in 4340M steel exposed to water. The marked effect of frequency
at stress intensity levels exceeding 13 ksi in. 1 / 2 , which is approximately equal to
KISCC, is due to the dominance of SCC in the cracking process. For materials that
exhibit much slower rates of SCC growth than 4340M, significant acceleration in fatigue
crack growth rates only occur at low cyclic frequencies.

Thus, calculation of the fatigue crack propagation life, using the da/dN-AK curve
appropriate to the service condition, such as figure 13, adequately accounts for envi-
ronmental damage during fatigue cycling. Crack growth by SCC at the sustained lg stress
level can be avoided by the procedures outlined in section 9.5.2.

~...-.. A~ -
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It should be noted that substantial accelerations in fatigue crack growth rate may be
produced by the aggressive environment when KISCC is not exceeded by the cyclic stress
intensity. Further information is given in reference 26.
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TABLE I

SUMNARY OF LANOING GEAR COMPONENT FAILURES REPORTED IN REFERENCE 1

A/P No. of
Model Material Failures Type of Failure Failure Origin Influencing Factors

A 4340 6 Fatigue Hole Corrosion

B 7075-46 4 Fatigue Tool scratch ---
., 988V40 so Fatigue Wear scratches Corrosion

C 7075-T6 7 Fatigue Hole Residual stress
7075-TS I Stress corrosion Forging parting plane Corrosion
2014-76 1 Fatigue Sharp corner Corrosion
4340 2 Stress corrosion Hole ---
4340 4 Stress corrosion Corrosion pit Residual stress
4340 4 Overstress Sharp corner Corrosion
4340 4 Stress corrosion Surface flaw Residual stress

D 4340 2 Fatigue Surface flaw Corrosion
4340 3 Stress corrosion Surface flaw Surface imperfections
4340 2 Fatigue Surface flaw ---
4340 1 Fatigue Corrosion pit Corrosion
4340 2 Stress corrosion Tool scratch
4340 1 Stress corrosion Unknown Corrosion
4340 2 Fatigue Sharp corner Corrosion

E 4340 16 Impact load Sharp corner Corrosion
4340 1 Fatigue Corrosion pit Corrosion
4340 1 Unknown Unknown Surface imperfections
4340 1 Fatigue Forging flaw -

F 7075-T6 27 Stress corrosion Unknown Residual stress
7075-T6 5 Stress corrosion Hole Fitup stress
4340 2 Stress corrosion Hole Untempered martensite
4340 2 Stress corrosion Hole Fitup stress

G 7075-T4 I Stress corrosion Sharp corner Fitup stress
(extrusion)

N 7079-T6 39 Fatigue Wear scratches ---
7079-T6 3 Stress corrosion Forging parting plane Fitup stress
7079-T6 15 Stress corrosion Forging parting plane ---
7079-T6 1 Stress corrosion Hole Corrosion

NOTES:

1. Each line entry represents a specific component.

2. All parts fabricated from forgings except where indicated.

.A



V!

TABLE 2

CHEMICAL CONTENT OF SIMULATED SUMP TAW RESIDUE WATER

Constituent Concentration (ppm)

CaC1 2  50

CdC1 2  1000

49C12 50

NaC1 100

ZnCl 2  10

PbC1 2  1

CuC1 3  2H20 1

CrCl 3  6H20 1

FeCI 3  5

MnCl2 4H20 5

NiC12  6H20 1

Distilled water balance

TABLE 3

COMPARISON OF SCC PROPAGATION RATES IN THE 3.5% NaCi
ACCELERATED TEST AND IN OUTDOOR. ATMOSPHERES (REF. 18)

Average Plateau Velocity, in./hr x 10-5
Alloy
and
Temper 3.5% NaC1 Seacoast Industrial

7079-T651 320 35 25

7079-T6351 220 30 25

5456-Sens. 210 40 2

2219-T37 210 35 20.

2014-T65: 120 15 10

2024-T351 100 20 10

7075-T651 100 20 10



TABLE 4

SHORT TRANSVERSE STRESS-CORROSION AND FRACTURE TOUGHNESS
PROPERTIES OF HIGH-STRENGTH ALUMINUM ALLOYS (REF. 8)

Smooth Specimen Threshold Fracture
Stress Corrosion Stress Intensity Toughness
Threshold Stress Kl I[

Alloy ksit ks'jn. 1/2 ksi in.1/2

2014-T451 7 5 21
2014-T651 6 6 18
2024-T351 6 7 22
2048-T851 17 38
2124-T851 >30 11 22
2219-T37 <10 6 33
2219-T87 38 >22 28
6061-T4651 >36 <20 34
7049-T73 >25 < 8 21
7050-T736 >25 9 23
7050-T73651 >45 9 25
7075-T651 7 S 18
7075-T7651 25 < 14 19
7075-T7351 40 is 20
7079-T651 7 4 20
7175-T66 7 5 21
7178-T651 7 6 17

I

TABLE 5

PLATEAU CRACK GROWTH RATES IN THE SHORT TRANSVERSE
DIRECTION FOR HIGH-STRENGTH ALUMINUM ALLOYS (REF. 8)

Plateau Crack Plateau Crack
Growth Rate in Growth Rate in
3.5% NaC1 Solution Distilled Water

Alloy (in./hr) (in.Ihr)

2014-T451 3 x 10-3 ---
2014-T651 8 x 10-4
2024-T351 9 x 10-4 3 x 10-4
2048-T851 6 x 10-4 2 x 10-5
2124-T851 6 x 10-4

2219-T37 2 x 10-3
7049-T73 9 x ios5 9 x I0
7050-T736 8 x 10.5 a x 10-S
7050-T73651 2 x 10-4
7075-T651 2 t 10-3 S x 10-4
7075-T7651 3 x 10-S 3 x 10-5
7075-T7351 S x 10-6
7079-T651 2 6 '10-3
7175-T66 2 x 10-2 S x 10-4
7175-T736 I ; 10-4 ---
7178-T651 2 x 10 3  S 10x 4
7475-T651 2 x 10-3 6 x 10.4



TABLE 6

THRESHOLD STRESSES FOR HIGH-STRENGTH STEELS
IN 3.5% SODIUM CHLORIDE SOLUTION (REF. 4)

Alloy and Tensile Strength or Heat Treatment Threshold Stress, ksl

300M (280-300 ksi) 170 (L)
136 (T)
115 (ST)

4330M (220-240 ks1) 150 (L)
115 (T)
100 (ST)

9Ni-4Co-0.3C (220-240 ksl) 150 (L)
130 (T)
110 (ST)

17-4PH (H900) >75% YS*

/ 17-4PH (HIO00) -•80% YS

15-SPH (H900) > 1001 YS*

15-SPH (H1000) >100% YS

PH13-8Mo (H950) >100% YS*

PH13-814o (H1050) > 75% YS

17-7PH (RH950) <25% YS

17-7PH (CT1050) <27% YS

PH15-7Mo (RH9SO) <25% YS

*Threshold stress is <75% YS in a marine environment.

"" r L". . . . .
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TABLE 7

TYPICAL STRESS-CORROSION MAD FRACTURE TOUGHNESS
PROPERTIES FOR HIGH-STRENGTH STEELS (REF. 4)

Alloy and Threshold Stress Fracture Toughness
Tensile Strength Intensit. KISCC KI at 70OF
or Heat Treatment ksi in.Z/ ksT tn.1/Z

300H (280-300 ksi) 15 55
4340 (260-280 ks!) 10 53
4340 (200-220 ksi) 10 80
4340 (180-200 ksi) 27 105
43301 (220-240 ksi) 20 80
HNl (280-300 ksi) 8 25
H11 (220-240 ksi) 23 so
06AC (220-240 ksl) 16 80
911 -4Co-0.2C 80 140
"911-4Co-0.3C 27 90
AF1410 <30 140
Naraglng 300 10 65
Maraging 250 15 80
Maraglng 200 (220 ks1 yield) 25 120
Maraging 200 (200 ksl yield)I 50 110
17-4PH (H1900) 37* 50
17-4PH (HIO00) !20 120
15-SPHI (1900) 33* 70
15-SPH (HIOO1 ) 120 120
PH13-SUo (H950) (31"* 62
PH13-8o (HIOSO) <44** 87
17-7P14 'RH95O) (20 32
17-7PH THIOSO) 14 47
PI41S-79o (RH950) <10* 30
P115-71o (THIOSO) 16 33

All test data In 3.5% NaCl solution except as noted.

*Tested in 20% MaCl; comperable values were obtained at a marine coast.

"*Mfarine coast.

TABLE 8

PLATEAU CRACK GROWTH RATES FOR HIGH-STRENGTH STEELS (REF. 4)

Alloy and Plateau Crack
T-nsile Strength Growth Rate,
or Heat Treatment in./hr

300M (280-300 ksi) 8 x 10-1 (1)
4340 (260-280 ksi) 6.0 (1)
4340 (220-240 ksi) 5 x 10-1 (1)
4340 (200-220 ks1) 9 x 10-3 (1)
4130 (220-240 ksi) 7 x 10-1 (1:
4130 (180-200 ksi) 4 x 10-2 (1)
06AC 1220-240 ksi) 8 x 10-3 (1)
H11 (220-240 ksi) 2 x 10-2 (1)
AF1410 (235 ksi min.) 3 x 10-4 (2)
Naraging 300 3 x 10-2 (2)
Maraging 250 3 x 1G-3 (2)
15-SPH (Hg(40) 2 x 10-3 (3)
P1413-8no (H950) 2 x 10-2 (3)
PH13-SMo (H1050) 3 x 10-2 (3)
17-7PH (RHIO50) 4 x 10-1 3
PHIS-71o (RH1O50) 4 x 10-2 (3)

(1) Distilled water
(2) 3.5% NaC1 solution
(3) 201 NaCI solution

*Estimated from data In referponce 27



TABLE 9

TYPICAL STRESS CORROSION AND FRACTURE TOUGHNESS PROPERTIES
OF COM4ERCIAL TITANIUM ALLOYS (REF. 10)

KIC KISCC
Thickness, Heat or K or K

Alloy inch Treatment ksi 1n.1/2 ksi n.1/2

a Alloys

TI-7OA 0.50 A-AC 123 33
Ti-Sii-2.SSn 0.50 A-AC 88 30

a+8 Alloys

Ti-8A1-IMo-IV 0.05 MA 75 30
0.05 DA 160 50
0.5 MA 48 20
0.5 DA 100 32

Ti-6A1-4V 0.06 MA 150 110
0.06 DA 150 110
0.06 STA 95 65
0.06 B-STA 95 65
0.5 MA 60 35
0.5 DA 70 52
0.5 STA 47 25
0.5 B-STA 70 45

Ti-6AI-6V-2Sn 0.50 MA 60 20
0.50 STA 45 30
0.50 O-STA 70 45

Ti-6AI-2Sn-4Zr-6Mo 0.50 MA 55 20
0.50 DA 80 45

+*aAlloys

Ti-13V-1lCr-3A1 0.50 B-STA 70 30
Ti-11.5Mo-6Zr-4.5Sn 0.50 B-STA 65 25
Ti-8Mo-8V-3AI-2Fe 0.50 B-STA 50 31
Ti-3AI-8V-6Cr-4Mo-4Zr 0.50 B-STA so 37
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Figure 1I Smooth-specimen stress coroosion test results for 7075-T6
extruded sections in 3.5% Sodium Chloride solution (Refa)
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Figure 2 - Schematic representation of initial stress intenIty-time to failure plot
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Figure 6 - Effect of humidity of air on stress-independent stress-corrosion crack
velocity of 7075 - T651 (Ref 8)
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SUMMARY

A prerequisite for any fracture mechanics analysis of a
cracked structure, is a knowledge of the stress intensity factor
at the tip of the crack. Many methods are available for evalu-
ating stress intensity factors, but if the structural configu-
ration is complex, they are usually costly in time and money.
This chapter describes some simpler approximate methods which

are both quick and cheap. Their use is illustrated by examples
typical of aerospace applications, eg cracks at holes and cracks
in stiffened sheets. The errors introduced into calculations
of residual static strength and fatigue lifetimes by the use
of such approximations are acceptable for many practical cases:

they are uiually no greater and often smaller than those due to

uncertainties in other parameters such as service loads, material
toughness, etc.
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LIST OF SYMBOLS

a,a',an ,a' crack lengths

A* cross-sectional area of stiffener

bbn bt distance between boundaries

a notch depth

d width of pressure band

g Young's modulus of sheet

Es Young's modulus of stiffener

P load relief factor

g(x) oreen's function

G shear modulus

h weight function

"" KKIK IIIK III stress intensity factors (elf)

K sif in the absence of boundaries

nK• Kesif in the presence of nth boundary
S'Ke sif due to boundary interaction

Kp slf in periodically stiffened sheet

Kr resultant stress intensity factor

• ,f efi for multiple cracks in a finite body

"K" ,f sif for a single crack in a finite body

Km,. sif for multiple cracks in an infinite body

K8,- slf for a single crack in an infinite body

St stress oonentra¢tion factor

I crack length from edge

L total crack length (a 2a)

Hm constants - equation (48)

M f free surface correction

p pressure or stress

4 p(x),p 0  internal pressure in crack

P localized force

Q constant - equation (48)

qeQn,4•,Qr ncrmalized stress intensity factors
R;Ri,R 0  radius; inner and outer radius

s stiffness parameter, E.Aa/(Ebt)
t sheet thickn,'es

v displacement of crack surfaces

xy cartesian coordinates

K, • 3-Ay or (3 - v)(l + v)
Poisson's ratio

p notch root-radius

,GO 0 applied stress

.'mesn' 0m mean stress over crack-site

0-.... maximum stress on crack-site

0 tip stress at tip of crack-site

Ox, 0 y'xy cartesian components of stress

Tmax maximum shear stress
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10.1 INTRODUCTION

Highly stressed aircraft structures may contain crack-like flaws, or they may
develop cracks during their service life. The existence of such cracks and their sub-
sequent growth can cause a loss of strength r nd a reduction in the service life of a
structure. Fracture mechanics provides a means of quantitatively assessing the behaviour
of cracks. A knowledge of this behaviour means that the safety of a structure during its
service life can be assured and that the most economic inspection and maintenance ached-
tules can be adopted. The application of the principles of fracture mechanics to a
practical problem requires a knowledge of the crack size, the service stresses, the stress
intensity factor and the appropriate properties of the material. This chapter illustrates
"some of the methods available for evaluating stress intensity factors, with particular
emphasis on simple methods which do not require a large investment in either computing or
experimental equipment.

Stress intensity factor solutions are now available for a wide range of geometrical' configurations, both two and three dimensional; many solutions have been collected
together (1-3]. Many other solutions are available, for instance, in the series of

* Special Technical Publications published by the American Society for Testing Materials
(ASTM), in the series entitled 'Fracture' edited by H. Liebowitz [4J and in the series
entitled 'Mechanics of Fracture' edited by G.C. Sih [5]. The methods, both theoretical
and exierimental, of obtaining these solutions have been reviewed by Cartwright and
"Rooke L6], Liebowitz (Vol II of Ref[ 4 ]) Sih (Vol I of Ref(5])and Kobayashi (7]. Numerical
"methods have also been reported recently (8).

In practical problems, structural geometries and loadings are often so complex that
the available stress intensity factor solutions are inadequate. Evaluation of the stress
intensity factor for the actual problem using standard methods may be prohibitively
expensive in both time and money. Thus there is a need to develop simpler methods which
will be cheap and easy-to-use even if less accurate than most standard methods. Many
simple methods have been suggested and their relative merits are discussed in section 10.2.

Some of the simple methods are more generally applicable than others, and these are
dealt with in detail in sections 10.3 and 10.4. In section 10.3, methods are described by
which the stress intensity factor is derived from the stress concentration factor. These
methods are important since cracks frequently occur at the site of stress concentrations
and the appropriate stress concentration factors are often already known (9]. Also in

/ "section 10.3 there is a method of evaluating the stress intensity factor from a knowledge
of the stress distribution in the uncracked configuration; such a stress distribution may
"already be known or, if not, will be easier to obtain than the solution to the crack
Sroblem. The compounding technique [10], with the special case of 'load relief factors'
l], is widely applicable and is described in section 10.4. This technique makes use of

the solutions for simple configurations which are already available (1-3].

The accuracy of these simple methods of evaluating the stress intensity factor and
the consequent accuracy of fracture mechanics calculations is discussed in section 10.5.
A comparison is made of the likely errors due to inaccurate stress intensity factors with
the likely errors due to other uncertainties in the parameters used in a fracture
mechanics calculation. This information is required so that a sound decision can be made
between a cheap and simple method or a costly and probably lengthy method for a given
fracture mechanics application. Some guidelines on the use of these methods in practical
applications is given in the final section.

10.2 REVIEW OF METHODS

The usefulness of stress intensity factors (K-solutions) is now well established.
They are used to calculate the static strength of a cracked structural component (the
'residual' strength), the lengths of critical cracks and the rates of crack growth in
fatigue (see for example Ref 2]). The basis of the stress intensity factor approach lies-
in the assumption that the growth of a sharp crack is determined by the stress field at
the crack tip. This greatly reduces the necessary stress analysis, particularly when the
cracked configuration is complex, since it is necessary to determine only the stress near
the crack tip rather than the whole stress field.

Over the last thirty years many methods of obtaining K-solutions have been developed.
Several hundred solutions, mostly for two-dimensional configurations, are now available.
"*The common methods are set out in Fig 1; the methods are divided into three groups depend-
ing on the time required to obtain a solution. The choice of a method to determine an
unknown stress intensity factor will depend on the following:

(i) the time available;

(ii) the required accuracy;

(iii) the cost;

(iv) the use (once or many times);

(v) how simply the real structure can be modelled.

For simple geometrical situations, or where a complex structure can be simply
modelled, it may be possible to use one of the reference books (1-3]. This should

""" I *1'
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Fig 1 fethods of determining stress intensity factors

always be attempted first, since if the stress intensity factor can be found, it will
usually involve no more than a few man-minutes (see Fig 1). Where a solution cannot be
obtaiaied directly from a reference book then one of the relatively simple methods in
stage 2 may often be adequate[(3]and will seldom require more than a few man-hours.

In applications where a particular stress intensity factor is required repeatedly -

that for a standard test-piece, say, - it would probably be worth obtaining a more
accurate solution by using a numerical technique from stage 3. Such methods will also be
needed wnen the structure cannot be modelled simply, and in these cases the methods based
on finite element techniques are often appropriate. The type of application will have an
influence on the choice of method; for instance, estimates of the rate of growth of
fatigue cracks are more sensitive to errors in the stress intensity factor than estimates
of the residual strength. Methods of sclving crack problems in three dimensions are
limited if no adequate two-dimensional analogue is available. Methods which use finite
elements or boundary integral equations or distributions of point forces are usually
required. In addition to these there are experimental methods based on photoelasticity
and on the growth rates of fatigue cracks. They have the advantage that components
closely resembling the actual structure can bo tested.

The numerical methods in stage 3 usually have an accuracy of about 2%. However
alternating methods and those based on finite elements often have errors as large as 6%.
In general the experimental methods are less accurate; but errors can be kept within 2-5%
using the compliance method provided that sufficient care is exercised. Photoelastic
methods may result in errors of about 10%.

Unless computer programs or suitable experimental facilities are readily available
then these stage 3 methods can involve substantial effort (tens of man-days). It is for
this reason that many of the simple methods have been proposed and developed. Several of
the methods are concerned with the calculation of stress intensity factors for the
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important problem of a crack at or near stress concentrations. The usual approach is to
construct an approximate solution which fits known constraints and then test it against a

N solution of known accuracy. Any application to general problems must be carried out with
care in order to ensure that restrictions inherent in the original approximation are not
violated. Methods of more general application, such as the compounding method and its
special cases, are described in section 10.4 together with illustrations of their use in
aerospace applications.

Qther methods have been developed to solve three-dimensional problems approximately
"Cl4-16Jby making use of the known solutions for two-dimensional configurations. At pres-
ent, these methods are not sufficiently well developed to be simple to apply but they can
be extremely useful in solving problems involving corner cracks and surface cracks which
occur frequently in aerospace structures[17].

Some of the more common methods and their uses are outlined below.

10.2.1 Superposition

Superposition is probably the most common and simplest technique in use for obtain-
ing stress intensity factors. Complex configurations are considered to be a combination
of a number of separate simpler configurations with separate boundary conditions and which
have known stress intensity factors. The stress intensity factors for the simple con-
figurations are then added together to obtain the required solution. Errors from using
superposition can arise when the complex configuration being analysed cannot be precisely
built up from configurations with known stress intensity factors.

An illustration of the use of this technique is shown in Fig 2. The stress
intensity factor for the configuration shown in Fig 2a is the sum of the stress intensity
factors for the two simpler configurations shown in Fig 2b&c. Another important applica-
tion of superposition, the analysis of pin-loaded lugs in aerospace applications, is shown
Fig 3. By using the procedure shown, opening mode stress intensity factors for non-
"symmetrical loadings can be found by adding the more easily obtainable results for simpler
symmetrical loadings. Application of the principle of superposition leads to an important
result about the equivalence of stress intensity factors resulting from external loading
on a body and those resulting from internal tractions on the crack •urface. The stress
intensity factor for a crack in a loaded body may be determined by considering the crack
to be in an unloaded body with applied tractions on the crack surface only (see Fig 4).
These surface tractions are equal in magnitude but opposite in sign to those evaluated
along the line of the crack site in the uncracked configuration. This method of deter-
mining stress intensity factors is important in the use of the Green's function and the
weight function methods discussed in sections 10.2.4 and 10.2.5.

The superposition of stress intensity factors is subject to the same restrictions as
the more usual superposition of stresses and displacements. In addition, the crack sur-
faces in the final configuration must always be separated along their entire length
although there may be some overlap of the crack surfaces, or K1 (the opening mode stress
intensity factor) may be negative in some of the ancillary configurations. If overlap
does occur in an ancillary configuration it must be ignored in evaluating the ancillary
stress intensity factors, otherwise the results of the superposition will be invalid.
Superposition of the stress intensity factors with particular reference to the limitations
in solving crack problems, has been considered by Aamodt and Bergan[183.

Certain solutions for partially loaded cracks may he superimposed to obtain approxi-
mate solutions for cracks in arbitrary stress fields. Consider the determ4 nation of the
stress intensity factor for an edge-cracked strip subjected to in-plane bending stresses,
as shown in Fig 5a, with a crack length of one half of the strip width b. As previously
stated the problem can be reduced to determining the stress intensity factor for the crack
"subjected to a linear distribution of pressure over the crack surfaces as shown in Fig 5,
that is

(KI)5(a) 2 (KI)5(b). (1)

An approximate solution to the linear distribution of pressure can be obtained by
superimposing results given by Emery[19,2(J, for a band of pressure of veriable width act-
ing over part of the crack surface. The solution is shown, for a/b = 0.5 , in Fig 6 a.
The linear distribution of pressure is represented by a finite number of incremental steps
(in this case three) as shown in Fig 6b w.ich in turn can be represented as the summation
of bands of pressure over the crack surface as shown in Fig 6c.

The stress intensity factor of the crack subjected to the stepped pressure distribu-
tion, for a/b = 0.5 , is given by the superposition of three termc which are a consequence
of the three stress bands shown in Fig 6c; thus

(KI)total KuId/a=l.0 +Kld/a=2/3 + KIId/a=l/ 3  (2)

p~a/6 p~a/3 p=c/3

which using Fig 6a becomes

(Ki)totaI /ra{. 2.74 + a 1. 86 + 0.94 (3)

*'e ll
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that is, (K l.39a/' , (4)(I total .9o •

which is 7S less than the accurate result for this linear distribution of stress. It is
possible to improve the accuracy by increasing the number of steps used in approximating
the actual distribution. This method can be used for any arbitrary distribution of stress
(see for example Ref 20), providing that the stress intensity factor for the band of
pressure in the configuration is known. The method is a special form of the Green's
function technique outlined in section 10.2.4. Lachenbruch[21]has obtained a step
function loading on the crack surface for a/b = 0.0 which has been expressed in*
algebraic form by Emery[22]and applied to the solution of crack problems in thermally
stressed cylinders. Similar results can be obtained by the approach described in section
10.2.4 using the Green's function of Hartrauft and Sih[23].

10.2.2 Stress concentrations

Irwin[24]proposed that Neuber's[25]stress concentration results for notches of very
small flank angle and very small root radius may be used to obtain theoretical expressions
for stress intensity factors.

Consider a notch which, in the limit of zero root radius (a), tends to a crack along
the y 0 axis: if amax is the maximum value of ay at the tip we have

Xlim a €) 5)
K1  z4. oim (max~~

if Tmax is the maximum value of 'xy near the tip along the line y = 0 (the position

of the maximum tends to the tip as p * 0 ) we have

/ lim fr,5ax/}; (6)

and similarly if Tmax is the maximum value of t zy at the tip we have

KIII F,/W lim, OJmx .) 7
Sp 4 0•ma

Although the relationship between K and amax (or Tmax) is exact, the actual expression
for the maximum stresses may be known only approximately. xarris[26]haa made considerable
use of equations (5) to (7) and Nouber's work on stress eoaostri2thon factors md t (ratio

of maximum stress to applied stress) in deriving expressions for I, K f and c IIi in

circumferentially cracked round bars subj ected to bendinL transverse shear, torsion and
longitudinal tension. Peek and Dixon(27Jhave analysed a finite rectangular sheet with an
edge crack loaded such that there is combined tension and bending at the crack tip.

Hasebe and Katanda[28]have suggested a systematic method of determining stress
intensity factors which involves expressing the stress oomoemtrathof factor in series form.
The unknown coefficients in the seriess re determined by fitting the expression to avsil-
able unknow coe stress onoesntration factor at various values of the rox t radius to
In this way it is possible to make better use of stress aomoonrattoo factors determined
for values of o too large for equttions (5) to (7) to be applied directly. The stress
ooontraluoe factor used can be determined analytically, numerically or experimentally.
More detailed consideration of the method together with some examples is given in

section 10.3.

10.2.3 Stress distributions

Some simple methods have been proposed for determining stress intensity factors from
stress distributions. The methods are all based on uping the stress intensity factor foran edss crack, subjected to a uniform internal pressure p , in a semi-intenite planc .

Thic is given, for a crack of length I , by

K1 I 1.12p/ 1 ;, (8)

the factor 1.12 Is often called the 'free surface correction'.

Equation (8) can be used to provide approximate stress intensity factors for cracks
at a hole providin( that the crack length t it snpll aompared to the radius of the hole
R . In the application to short cracks at holes or notches the pressure p is replaced
by a stress characteristic of that over the crack nite in the uncracked solid e(x) . In
the maximum stress method

p a %max GO0) (9)

in the mean stress method

P man (x)dx (10)
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and in the tip stress method

p tip (n)

Results using the maximum stress method equation (9) are shown in Fig 7 for a crack at
both a circular and an elliptical cut-out in a uniform stress field. It can be seen that
for short crack lengths equation (9) gives a reasonable approximation to the accurate
(dotted line) solutionL29]. The crack length over which equation (9) remains a reasonable
estimate of KI depends on the tip radius of the notch, the blunter the notch the better

the approximation. At long crack lengths, i* I ) R , the stress intensity factor for two
equal length cracks approaches that for an isolated crack of length 2(R + L) in a
uniform stress field as given by

/7 'CR+t '5. (12)

For a single crack of length I it approaches the stress intensity factor for an isolated
crack of length 2R + I given by

K I = ao(2R + A)/2 (13)

Hence an approximation can be obtained over the whole range of crack lengths and is shown
by the solid line in Fig 7.

The short crack approximation in Fig 7 can be replaced by equations (10) or (11).
This will involve more calculations since the distribution of stress over the whole crack
site in the uncracked solid must be known rather than just the maximum stress (ie X, for

the notch or hole). The maximum stress method has been compared to other simple approxi-
mations[30]for an edge crack in a thermally stressed plate. Williams and Isherwood [31]
have proposed a method based on the mean stress and have suggested an empirical way of
making corrections for finite width effects. This method has been used for determining
stress intensity factors for a central radial crack in a rotating disc [32]and an edge
crack in a cir"ular bar subjected to pure oending[33]. Smith134fhas stated that for an
edge with a length I in a monotonically decreasing stress field the stress irtensity
factor KI will lie between the bounds given by

[0.29a(1)4O.83amean]- < KI < 112mean- • (14)

This result applies strictly to an edge crack in a half-plane, but should be applic-
able to short cracks (1 4 R) at holes providing that a(x) is monctonically decreasing.
This will be so for many stress distributions near holes unless there are significant
residual compressive stresses such as occur near holes which have been subjected to cold-
working. The mean stress method and the tip stress method are considered in section 10.3
where some particular applications are described in detail.

10.2.4 Green's functions

The Green's function method of determining stress intensity factors is applicable to
a wide variety of aerospace problems, for example cracks at pin-loaded holes and at
fastener holes, and cracks in the residual stress fields at the edge of cold-worked holes.
In order to apply the method it is necessary to kr.ow

(i) the appropriate Green's furnction, and

(ii) the distribution of stress along the crack site in the uncracked solid.

Once these are known, obtaining a stress intensity factor is reduced to a simple summation
procedure which can be done numerically or graphically or analytically depending on the
form of thie Green's function. The technique will give exact results providing that the
exact Green's function is used. Often this may not be available and it is then necessary
to make approximations. For cracks in residual stress fields care must be taken to ensure
that the crack surfaces are separated alor,,- their entire length. If they are not, crack
surface contact conditions must he included in the Green's function.

The opening mode stress intensity factor KI for a crack which lies along the x

axis between x = +a and x z -a , can be written in terms of the Green's function g(x)
and a y(x) , the stress along the crack site in the uncracked body, as

a
AI f ay(X)gwx)dx . (15)

-a

The stress Cy(x) may be measured experimentally in the uncracked solid or determined

theoretically and then used in equation (15) to give the stress intensity factor. Equiv-
alent formi can be written for KII and KIII , the sliding and tearing mode stress
intensity factors.
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Green's functions which give the stress intensity factor for an isolated force on
the crack surface have been determined for embedded cracks[35-1 7and for edge cracks
[23,38J. Other sources of Green's functions are given in Refs~l-3].

Shah[39,40]has used the Green's function g1 (x) for a crack of length 2a subjected

to a pair of symmetrical point forces in an infinite sheet under plane stress conditions.
This is given by

gl(x) [ + x (16)

The substitution of equation (16) into equation (15) gives
f x ra÷x|

KI -,.i f Yx)[x--J dx , (17)
-a

where a y(x) is the stress over the crack site in the uncracked solid. Shah has modified

equation (17) to determine approximate stress intensity factors for cracks at holes sub-
jected to a variety of loadings. The approximation involves interpreting equation (17) as
giving the stress intensity factor for two equal length (t), diametrically opposed cracks
at a hole of radius R where x is measured from the hole boundary along the crack line.
Shah modifies equation (17) to give the stress intensity factor for both tips as

M +1 1
K Mf ÷J yx)r + x dx (18)

-t

where Mf is a free surface correction given by

Mf 1.0 + 0 .1 2 (00-03-I/R), for 0 < 1 0.3 (19)

and Mf = 1.0 , for - > 0.3 • (20)

The stress intensity factor for one crack is given by Shah as

(K) one crack •TT2f (KI)two cracks (21)

which has the correct limiting values, that is

forI XR CX ) I1-CK)I one crack = ( I two cracks , (22)

and fIr t ) one crack (KI)two cracks (23)

Equations (18) to (23) are based on the solution for an arbitrarily loaded through thick-
ness crack remote from other boundaries. The effect of the hole is only allowed for by
using a Cy(x) appropriate to the distribution at the hole. The approximate Green's

functions used by Shah will be least accurate at short crack lengths. In order to improve
the accuracy at short crack lengths (t/R < 0.3), he introduces a free surface correction
Mf to account for'the stress free edge of the hole. This approach of interpolating

between known solutions for short and long cracks is discussed in more detail in section
10.3. The approximate stress intensity factor obtained by using Shah's method will be
more inaccurate for cracks at holes near other boundaries as these cause changes in both

SCy(x) and the Green's function. In.Shah's method the Green's function always remains

the same and other finite boundaries are only allowed for in so far as a Cy(x) is

affected. The method has been eytended(41]to consider part-circular cracks at holes.
Shah[39]has sh~wn that using equations (18) to (23), stress intensity factors can be
determined to an accuracy of a few per cent for several configurations.

Hsu and Ruddl42]have constructed a Green's function for two equal length
diametrically-opposed radial cracks at a circular hole in a strip of finite width. Each
crack is subjected to a symmetrical pair of concentrated forces and the Green's function
is determined by finite element methods. The Green's function is not given explicitly,
but is used to solve several problems with different ratios of hole diameter to strip
width. Problems involving residual stress fields or the stress field wpich result from
the use of interferpnn--fit fastoners ar- -1io analye-d. Rr~cent workTL43J ir-dicates that
resolts using the Green's functior.srý9,42]are in agreement for cracked holes remote from
other boundaries. Tada and Paris 44Jhave used the Green's function technique to provide
upper and lower bounds on the stress intensity factor for an edge crack in a residual
stress field. Chell[45-48]has produced a series of results for cracks in arbitrary stress
fields; they are directly applicable to edge and centre cracks under arbitrary loadings.
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10.2.5 Weight functions j

The method of determining stress intensity factors using weight functions was
proposed by Bueckner[ 4 9 and considered further by Rice[50]. More recently these results
have been given a rather more direct derivation by Paris, McMeeking and Tada[51]. Two-
dimensional plane stress or plane strain problems of a crack of length L in an
infinite body subjected to an arbitrary symmetrical loading can he solved provided that
certain results are xnown for one symmetrical loading. The results required are

v ý) (L,x), the displacement of the crack faces, and K•I) the stress intensity factor.1 (2)
The stress intensity factor for any other symmetrical loading K I ,at the crack tip
x = L , is given by

Ki2) o(x)h(L,x)dx , (24)

where h(L,x) is the weight function and is independent of o(x) , the stress over the
crack site in the uncracked solid. The weight function is defined as

Bo I IvUl)
h(L,x) a T18- .-7L-a"-v (25)

where = 3 - 4v for plane strain,

3-1
K - v for plane stress

and 0 is the shear moaulus.

The weight function method is exact providing that the correct weight function is
used. However it Is often possible to construct apDroximate weight functions so avoiding
tre need to use more time-consuming and costly stage 3 methods (see Pig 1).

As an example of the method, consider the problem of determining the stress
intensity factor for a crack subjected to a d1stributi~n of internal pressure p(x) . The

crack face displacement v(1)(L,x) is taken to be that for a crack subjected to a uniform
pressure PO $ is

v(1) (L,x) 40( (26)

where the crack tips are at x z 0 and x z L . The stress intens~ty factor K(1) is
given by

(1l) Po0/W-L
K S (27)

The weight function given in equation (25) becomes

h(L,x) - 2/7 a x(L - x) (28)

(29)

•- With o(x) = p(x) , equation (24) becomes

-I 2)ý ( Ir p(x) [rLx I dx (30)

By moving the origin of coordinates to the centre of the crack and by putting

L = 2a and X -x a (31)

where a is the semi-crack length, equation (30) becomes

a
Sp(x dx . (32)

-a

This result is identical to the known expression[35]given in equation (17,.
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Equations (24) and (25) have been used extensively, see for example[52,54], to
determine stress intensity factors for cracks at regions of stress concentration in two-
dimenLional solids. Grandt[52]has decermined the weight function for two symmetrical
radial cracks at a hole in a sheet subjected to a uniform tensile stress. He used finite

element results for v(1)kL,x) and Bowie's results[53]for K1 I) . Using this weight

function Grandt determined stress intensity factors for a variety of loadings. These
included the important cases of cracks in a residual stress field either due to cola work
at the hole boundary or due to interference fit fasteners. Impellizzeri and Rich[54]have
analysed similar ýrobJems in pin-loaded lugs. They used an approximate weight function
which Bueckner[55jobtained for a strip with an edge crack. They corrected for the effects
of having either single or double cracks at the hole and for the finite dimsensions of the
lug. These corrections give an advantage over the weigi.t function used by a'andt,
particularly since holes in lugs are usually close to boundaries whereas fastener holes
are not. Impellizzeri and Rich have used their weight function to predict crack growth
rates for cracks i*J lugs which have residual compressive stresses around the hole. A
comparative study43]indicates that results of Grar.dt[52]and Impellizzeri and Rich[54]are
in agreement for several configurations. They aiso agree with those of Shah[39]and Hsu
and Rudd'42]which were based on Green's function techniques (see section 10.2.v.)

A ispful contribution has been made by Petroski and Achenbach[56]who have proposed
a versatile method for determining approximate weight functions. The method involves

choosing a configuration for which K•I) is knoom and specifying the crack surface( dis-
placement v(1)(L,x) in an approximate form which satisfies certain conditions. The

particular form of v(!)(L,x) includes a single arbitrary constant which is determined

from equations (24) and (25) with K(2) = K)" . Hence the now known displacement
v (L,x) can be usod to evaluate the weight function h(L,x) from equation (25). This

method makes it unnecessary to determine the actual displacements v( 1 )(L,x) of the crack
surfaces; thus only the stress intensity factor KI)" is required. Since the displace-I
ments of the crack surface are often not available or are difficult to obtain, this method
prcvides a simple means of obtaining approximate stress intensity factors.

Other configurations that have been analysed using weight fuiction techniques
include cracks with narrow plastic zones at the tip; these were ý.iadied by Bowie and
Tracy (57].

10.3 METHODS FOR SIMPLE CONFIGURATIONS

In section 10.2 many simple methods of obtaining strz.ss intensity factors were
reviewed. In this section two of the simplest methods based on stress concentration
factors (section 10.2.2 ) and stress distributions (section 10.2.3) are applied to simple
configurations (few boundaries interacting with the crack). The approximations, inherent
in these two methods, are chown to be acceptable for engineering purposes by comparison
with known accurate solutions.

10.3.1 Stress ooncentration factors

The expressions given in equations (9) to (7) provide powerful, but simple, tools
to obtain stress intensity factors from scress concentrction factors, many of which are
readily available. Peterson[9], Neuber[25], Heywood[58]and others provide experimental
Xt data and theoretical expressions for many configurations. As an example of this

approach consider a semi-elliptical edge notch of depth c in a semi-infinite sheet sub-
jected to a remote uniaxial tensile stress 00 (see Fig 8). Equation (5) can be written
in terms of Xt , the stress concentration factor, as follows:

- - lim t , (33)

where I is the crack length (c = i at o 0). The stress concentration factor has been
been obtained for this configurat.ion as a function of p/c by Bowie[59]and is given in
Table 1, together with the values of the expression in parenthesis in equation (33). By
plotting the final column in Taole 1 as a function of p/c , as shown in Fig 8, we can
determine the limit for P 4 0 and c * I , as

K1

- 1.13 . (34)

The mos. accurate value for this function, obtained by Koiter[60], is 1.1215; thus the
error is less than +1%. If the stress concentration factor is known for extremely sharp
notches, the methods of Ref 28]uan be used and extrapolation eliminated; this procedure
would reduce the errors to much less than 1%.

Experimental data can be used in a similar way. Consider the data of Frocht[611
shown in Fig 9 for two symmetrical U-notches in an infinite strip subjected to a uniform
uniaxial tensile stress a0O remote from the notches. The depth of each notch L is j
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Table 1

Stress concentration factor as a function of notch radius

£c t JW~

1.0 3.065 1.53
0.50 3.96 1.40
0.333 4.63 1.34
0.250 5.20 1.30
0.167 6.16 1.26
0.111 7.41 1.23
0.063 9.62 1.20
0.031 13.32 1.18
0.012 20.77 1.16
0.0028 43.2 1.14

b/2 where 2b is the width of the strip. The data are presented in Fig 9 as a plot of
4 71L X/2 vs p/L on a semi-log scale. The data point at p/L = 0.03 may not be

reliable since the notch radius is small, and this can result in large experimental errors
in the stress concentration factor obtained using photoelastic methods. Therefore, this
data point was ignored. By extrapolating the curve drawn through the remaining data and
by usixig equation (33) we obtain

K1  1.19 , (35)

where L * I as p * 0 . A more accurate value obtained by Bowie[621is 1.15, so the
error is approximately +3.5%. If all the data in Fig 9 had been used to determine K
by extrapolation then a larger error would have resulted; thus it is seen that care
must be taken to eliminate unreliable data if a reasonable approximation to K1  is to be
obtained.

Finally, as an illustration of how equaticn (33) can be a pplied to a closed-form
expression, consider the formula derived by Baratta and Nealr63for the configuration
shown in Fig 9, nazely

Xt =[.780 2.243 •][.993 + 0.180(4) - 1.060(t)2 + 1.710(j] (36)

for 1.0 < LUp < 361 and 0 < L/b < 0.723 . Substitution of equation (36) into equation
(33) gives

a0 i/ est 712[0.99 0.F8() - (60(1 l70(1]

A comparison of the results given by equation (37) with the more accurate data given in
Ref(62]is shown in Table 2; it is seen that the differences are less than 1%.

Table 2

Stress intensity factors for a strip with two collinear edge cracks

Ref[62] Equation (37) % Difference
b.i]? 1.12 1.12 0

0.1.67 1.12 1.12 0
o.1667 1.12 1.12 0
0.2222 1.13 1.12 - 1
0.3333 1.13 1.12 -1
0.3889 1.14 1.13 -1

O.01 1.15 1.16 + 10.7230 1.37 1.36 -1

It is concluded that the method of obtaining 3tress intensity factors from stress
concentration data is simple to use, but the accuracy depends upon the accurate deter-
mination of the stress concentration factor as a function of the notch radius (see also
section 2.2, Refs[26]and[28]).

m • • • m



I03.2 Stress distributions

The methods of obtainin.g stress intensity factors from stress distributions which
were described in section 2 are demonstrated in this section by solving several problems
and comparing these results to more exact analysis.

The approach of Williams and Isherwood[31]is illustrated by considering two radial
cracks of length A at the boundary of a circular hole in an infinite plate subjected
to a uniaxial tensile stress a0 remote from the hole (see Fig lOa). The mean stress

for this configuration is given by equation (10) with a(x) given(64]by

0( ) ao l * +* (38)

Rewriting equations (8) and (10) it follows that for an edge crack

1  1 . 12 -a (39)

a0 /0 a0

where am replaces omean' After performing the integration in equation (10) with

v(x) given by equation (38) and substituting into equation (39) we have

I - 1.12 1l + i(t-Ry)[1 +(r~.)] (40)
00 R/1- i (k K -L) l ( N" L"4 ' 1 ]

Williams and Isherwood[31 also examined the biaxially-stressed infinite plate witb
two cracks located at the hole boundary (see Fig lOb). In this case a(x) is given [64J
by [ (ol)l=_ 2

OW(x) + (41)

and as before, using equation (10) and (39), we have

X, 1.121z -t•R (42)

i0 +•

In order to determine the errors in the approximate stress intensity factors for
short cracks (A/R IC 1) calculated from equations (40) and (421 the results are compared,
in Table 3, with the accurate calculations of Tweed and Rooke 65].

Table 3

Stress intensity factors for two cracks at the edge of a hole (t/RC 1)

Uniaxial stress Biaxial stress

AIR Ref(65] Equation (40) % Difference Ref (65] Equation (42) % Difference

0.00 3.36 3.36 0 2.24 2.24 0
0.01 3.29 3.32 +1 2.21 2.23 + 1
0.05 3.04 3.18 +5 2.11 2.19 + 4
0.10 2.79 3.02 +8 2.00 2.14 + 7
0.15 2.58 2.88 + 12 1.91 2.09 + 9
0.20 2.41 2.77 +15 1.84 2.05 + 11
0.30 2.16 2.56 +18 1.72 1.98 + 15
0.50 1.83 2.28 +24 1.56 1.87 + 20
1.00 1.47 1.89 +27 1.37 1.68 +23

It can be seen from Table 3 that the mean stress method gives a reasonable approximation
for very short cracks; for uniaxial stresses the errors are less than 8% for a/R 4 0.1
and less than 15% for I/R 4 0.2 ; the errors for biaxial stresses are slightly smaller.
However for longer cracks the errors exceed 20%. This method will always over-estimate
the stress i;.tensity factor when the stress field decreases monotonically away from the
stress concentration, and hence will lead to conservative estimates of residual a :ength
and fatigue lifetime.

There is a very simple approximation availa6le[13]for long cracks which assumes
that the effect of the hole on the stress field is negligible and that the crack behaves
as if it were of length 2(1 + R) , is the tip-to-tip distance in a uniform stress field
of a0o. The stress intensity factor would therefore be a0 /(R + t , thu3
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This approximation is suitable for both uniaxial and biaxial applied stresses because the
stress intensity factor tends to the same limit for long cracks. Results using the
approximation given in equation (43) are compared with the accurate results in Table 4.

Table 4

Stress intensity factors for two cracks at the edge of a hole (LIR > 0.15)

Uniaxial stress Biaxial stress

a/R Ref[65] Equation (43) % Difference Ref(61J Equation (43) % Difference

0.15 2.58 2.77 +7 1.91 2.77 + 45
0.2 2.41 2.45 +2 1.84 2.45 + 33
0.3 2.16 2.08 - 4 1.72 2.08 +21
0.5 1.83 1.73 -5 1.56 1.73 + 11
1.0 1.47 1.41 -4 1.37 1.41 +3
2.0 1.24 1.22 - 2 1.22 1.22 0
4.0 1.12 1.12 0 1.12 1.12 0
9.0 1.05 1.05 0 1.05 1.05 0

From Tables 3 and 4 it can be seen that the errors can be minimised by a suitable
combination of the 'me'tn stress' and the 'uniform stress' approximation. For example,
under uniaxial stresses the maximum error is of the order of 10% if the changeover from
the 'mean stress' to the 'uniform stress' approximation occurs between L/R = 0.10 and
0.15 and under biaxial st-esses the maximum error is of the order of 15% if the change-
over occurs between I/R = 0.3 and 0.5 . These approximations will thus be adequate for
many engineering applications. The combination of the 'maximum stress' and 'uniform
stress' approximations has been studied(13), and is briefly dis',ussed in section 11.2.

The 'tip stress' approach suggested by Cartwright[66)for short cracks at holes and
notches (see equation (11) of section 11.2.3) has been extended to long cracks by
Baratta[67]by using an interpolation procedure for linking the two known limits
(z 0 and -) for the stress intensity factor. In order to demonstrate the procedure and
to evaluate the accuracy of the approximation, it will be applied to a crack configuration
for which an accurate solution exists. The configuration consists of a single radial
crack at the edge of a circular hole in an infinite plate subjected to a uniform uniaxial
tensile stress o remote from the hole (see Fig 11). When the crack length is small
(1/R 4 1) the stress intvisity factor is given by equa;iLns (8) and (11) therefore

KI 1.12 (t)- (44)
a /_
0 0

For very long cracks (aiR * 1) we have

KI - 1 (45)
ao o,-,

since as OIR . - the crack-tip stress field will approach that of a crauk of total
length t in a uniformly stressed sheet. Since a(L) 4 0o as t * - we can combine
equations (44) and (45) to give

KI - f(IR) for all aIR , (46)

where f(L/R) is an unknown function with the limiting values '(0) = 1.12 and
f(-) = 0.707 . The approximation consists of choosing a suitable well-behaved function,
which lies between those limits. The function arbitrarily chosen[67]for this problem,
as well as for others, is

f(L/R) =Q - M [ tan- (R] 4

where Q, M and m are constants to be determineu. By combning equations (46) and (47)
with the expression for o(i) , given in equation (.8) with I replacing x , we obtain

a/I _ tan itii ( ___1 r l,-~in()]] i H 2 3 __ . (48
_O_ Q - M +()]-][ + (48)

m ~ m , - " . . . . . . . . .



The constants Q, M and m were obtained (67]by fitting the expression at the two limiting
values and at an intermediate value chosen to minimise the errors; they are Q = 1.12,
M z 0.119 and m = 2.748 . Results obtained from equation (48) are compared with the
accurate results of Tweed and Rooke(68Jin Table 5, where it can be seen that for the above
two-dimensional configuration the errors are small.

Table 5

Stress intensity factors for a single crack at the edge of a hole

I/R Re.[68] Equation (48) % Difference

0.0 3.36 3.36 0
0.1 2.77 2.73 -1
0.2 2.37 2.32 -2
0.5 1.73 1.69 -2
1.0 1.31 1.29 -2
1.5 1.13 1.13 0
2.0 1.03 1.03 0
3.0 0.93 0.94 +1
5.0 0.88 0.86 -2

10.0 0.78 0.78 0

This method has been applied to two three-dimensional problemn (see Ref[67]) where
it was assumed that the errors would still be within acceptable engineering accuracies.
The problems studied were (i) a spherical void with a cir~umferential crack in a uniformly
stressed body and (it) a hemi3pherical pit with a circumferential crack at the surface of
a semi-infinite body subjected to uniaxial tensile str sses. In both caies only the two
limiting values of the function f(/I/) are known and it was therefore assumed that
m s 2.748 , as in thf two-dimensional problen, and Q and M were calculated to ratisfy
the limits. A knowledge of th'se constants enables the stress intensity factor to be
calculated from equations (46) and (4'). Since there are no alternative solu.tions
available for these three-dimenlioa'a problems the accuracy of the approximation cannot be
ascertained; however the author 67J claimed that the errors would be w'hin no ial
engineering lL.its.

10.4 STRESS INTENSITY FACTORS FOR COMPLEX CONFý0UkTIONS

Stress intensity factors for many simple cor'igurations are available[l-5]but they
are net directly applicable to the more complex c- ifiguratlons of typical ong.neering
components. The compounding method described here is a versatile and quick way of extend-
ing these solutionn to other, more iomplex, configurations for which the stress 4ntenslty
factors are not "nown. Empirical methods which were used by Figge ano NewmanLG9J,
Smith[70], Liu(71]and naratta[ll]can be shown to be special cases of compounding.

In this chapter only twv-dimensional configuraticrr Rro co01sidered but solutions for
three-dimensional configurations may also be obtained, rhe compounding method is
described and shown, by comparison with some known results, to give approximate strrss
intensity factors which contain errors of only A f-w per rent. The mrthod iR Appl-ed to
two common aircraft problems - crecks in atiffene(t a.eits and a cracked hole in a row of
holes.

10.4.1 Compounding technique

A cracked structural component has several Loundaries, #9 holes, other crackz or
sheet cdges; all these will Influence the stress Intensity fictor at the tip of tie crack.
The main principle of the compounding method is to obtain a solution by separatit.r the
complex configuration ir.to a number of ainpler ancillary configurations which hzve known
solutions. Each ancillary configuration will, usually, contain only one boundary which
interacts with the crack. The contrlbutiors froe each arcillary configuration are 'om-
pounded 0lo]according to the following formula:

* ~Kr (Kn K).,(19
all n

where Kr is the resultant stress intensity factor with all tlie boundaries present, Kn

is the stress intensity factor with only the nth bound-irv present, I is the stress
intensity factor in the absence of all boundaries and A. is the cortribution which may
be present due to boundary-boundary ii;teraction. It Is convenient t.) express *he comprund-
ing formula in terms of normalized stress intensity factors ý(: X/1) sirce mas y of the
known ancillary solutions (in particuiar Ref[l)) are given in this form. Equatin (49)
becomes

Qr "I (Qn " 1) + Qe '(50)

all n



Where Qr a K/X1 , Qn x Xn/I and a a K*e/ . The compounding procedure is applicable to

all three modes of cracking (KIP K11 and X II).

The :esultant stress intensity factor calculated from some of the empirical methods
[11, 69-71J which have been used in the past, can be compared with that obtained by com-
pounding. In the case of two boundaries, the empirical methods give

r Ql'2 - (51)

while the compounding method reduoes to

r * 1 eQ *2 ". Q0 .
(52)

If Q1 X 1 + a anJ Q2 a 1 + 0 , then equations (51) and (52) become

and (53)
Qr a 1 + a Qe "

If a,$ 4 1 the two expressions for Qr are the same except for the very small correction

terms a$ or Q . However it a and I are not small compared tj unity then boundary-

boundary interactions must be considered. q,,-h effects are not included in the empirical
methods, but are the source of the term e in the compounding method. Thus tae empirical

suthods are a special case of compounding when bouniary-boundary interaction effects are
negligible.

The e, alustion of a e will otte;i be difficult; it can be formally expressed[10]in

terns of the residi'aJ stress fi 'e at the boundaries by uAing the Schwarz alternating
technique. The residual stresses were originally ignored in the derivation or equation
(49) which is based on the principle of superposition. Por ma,.y plane-sheet problems Qe
ii cmall (a ftw per cent) and car, be ignored; for problems u. 're it is important
approximate methods have been developed[72]&Oor evaiuating it.

The mafr itude of the boundary-boundary interactions have been estimated by calcula-

ting stress in ensity factors from equation (50) without Q, 0 for crack problems for

which alternative solutions wore availableflO]. Tha mignitude of Q was found to depend

on the number and type of boundary; it increased v't the number of boundaries i:.creased and
as the crack approached a boundary. Straight bout4aries had more effect than curved
boundaries such as holes, and othir cracks had a mmaller effect than holes. The wagtnitude
of Qa was less than 101 for the range of crack lengths considerel.

The eimple compounding procedvre of adding together the effects of the individual
boundare., needs to be modified if the crack crcsses one of the bourdaries, eg a crack at
the edge of a hole. or a crack berieaLh a stiffener (which is treated ts a boundary).
Before the effect of the other boundarieri can be con sidered, the cracc plus the boundory
it crosses must be replaced by an equivalent crack[7,77J which then interacts with the
other boundaries. If the stress intensity factor is K0 when only the boundary the crack

crosses is present, then the equivalent crack length a' is pfvenL?2,73]b:.

2 2
a, (K0 /) a Ka (54)

The effects of the other bound:ries on the original crack plus boundary is now considered
to be the same as the effects on the equivalent crack. In order to calculate these
effects the distanc.-s of the cther boundaries from tne equivalent crack must be determined.
These distances are determin'd subject to the e-nditlon that each boundary must be the
same distance from the nearer tip of the eqqivalent crack in each ancillary covllaArstion
as it was in the original configuration. The compounding formula (49) is then moolied to

Kr ' Ko0  N ,( KO) * xe 1)

where K' is the stress intensity factor for the equivalent crack in the presence of then
nth boundary only. Equatinn (05) can be written in terms of the normalized stress
inten&ity factors, and becomes

where Q V ' /K0 . With these modified ftrmuldp the stress intensity factor has bern
n n0

calculated for e crack in a sheet sith a periodic array of stiffeners and compare(d wth
the wnrk of Poe [74,75]; the compounded results were within 5% of the numerical calcuLa-
tions of Poe in acati;,g that bour.;ary-boundary interactions were small.
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In some.configurations boundary-boundary interactions cannot be neglected, for
instance a crack at the edge of a hole that is near another boundary. A measure of the
interaction may be obtained from the difference in the stress coe•mtration factor Xt
at the edge of the hole in the uncracked configuration, with and without other
boundaries. If the change in Xt is significart then the boundary-boundary interactlon

Qe in the cracked configuration will also be significant particularly for short cracks
when the limiting value of the stress intensity factor is proportional to X (see
section 10.2 and Ref 72]).

In the original derivat.on[1O]of the compounding method Qe was shown to arise

because the stresses induced on any one boundary site by the presence of the other
boundaries, were not ailowcd for. An approximate technique for allowing for these
stresses has been duveloped(72]and used in the evaluatiun of the stress intensity factor
for a hole with two equal-length cracks located symmetrically in a finite-width strip.
The distribution of stresses around the hole boundary is replaced by two equal and
opposite localized forces P actng, on the hole perimeter, perpendicular to the crack
line. The magnitude of P is chosen so that the maximum tensile stress (a max) at the
ePge of the uncracked hole due both to the remote loading and to the forces P , in the
asence of other boundaries, is equal to thF.t in the real configuration. For example,
for a circular hole of radius R .n a fini;e-width strip with a uniform stress a , the
force P would be obtained from

2P
amax • 3xt , (57)

where '? is the maximum V'ress at the edge of a circular hole in-a uniformly stressed
sheet, •?/(wR) is the stress, at the same position, due to the forces P acting on a
hole in an infinite sheet[64]and Xt is the stress concentration factor for a hole in a
strip. - ess concentrction factors for this configuration, and many others, have been
collected by Peterson1 ]. Qe is thus obtainel from the solution of Tweed and Rooke[65]
for cracks at the edge of a .z- subjected to localized loads and added to the other
terms in equation (50). The resultant stress Intensity factor will thus be a good
approxnmation since, for a crack of length t , the limiting value will be

lim IKrl 2 1 .1 2 omax - z 1.12Xt a / . (58)
I/R . 0

"he compounded results for d central hole with two equal-length cracks in a uni-
formly stressed strip have been compared [72]with the stress intensity factors calculated
by Newra'i[76Jusing the boundary collocation technique. For a hole-radius equal to one
quarter of the strip-width the maximum difference was 4%, for a hole-radius of one half
of the ;trlp-width the maximum difference is 9%; in both cases the differences were less
than 1% for short cracks. The interaction term Qe contributed as much as 30% to Qr -

the maximum beinr for the largest hole with the shortest crack.

In the following the principles of compoundlrc are applied to calculate the stress
intensity ractrr in two configurations which typify structural components of an airframe.
The first configuration is a periodically spaced row of hoies in a loaded sheet with
either one or two cracks at the edge of one of the holes; this configuration plus the
required ancillary configurations are shown in Fig 12. The second configuration is a
periodically stiffened, loaded sheet with a series of collinear, equal-length cracks
centred on each of the stiffeners; this plus the ancillary configurations are shown in
Fig 13.

In the first configuration the crack(s) is along the line joining the hole centres,
a distance b apart, and is perpendicular to the applied tensile stress o . The
ancillary config,•rations required for this problem are (i) a cracked hole in an infinite
iheet (case I.,.3. in Ref(lJ) and (ii) a crack near a circular hole (case 1.3.5 in Ref(l]).
If tip A in Fig 12 Is the tip under consideration and holes to the right of A are
labelled with positive integers and holes to the left with negative integers, then
equation (56) becomes

Q Q (S - 1) ] • Q& n 0 . (59)

For the configurations considered (b/R > 3) contributions to Qr were negligible for

holes with Inl • 2 . To ensure that the distances from crack tip A to the various
boundaries remain the same as in the original configuration it follows that (see Pig 12)
for n > 0

bA - a' , bn - a nb - a, (bA, b:l + (n - 1)b] (60)
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for both one and two cracks; for n < O* it follows that

b' - a' = b - R = tnlb - R , for one crack
and n n61)

bn - a' = bn - a = InIb - a , for two cracks

The boundary-boundary interaction term Qe is small, less than 3% of Qr the biggest

values were obtained for very short cracks for b/R = 3 •

The results are plotted as Kr//(a 477-77)) vs a/R , for both one and two cracks,

in Fig 14. Values of Kr for b/R = 10 differ by less than 1% from ti,ose for b/R -

(an isolated cracked hole). For values of a/H greater than those shown, a good
approximation may be obtained by replacing the cracked hole by a crack of length 2a and
compounding the solution from that of a crack located centrally between two holes (case
1.3.7 in Ref[l]).

The second configuration considered contains an infinite series of cracks, of length
2a , ientred on and perpendicular to stiffeners that are a distance b apart. The sheet
is subiected to a uniform stress a remote from the crack; the stress in the stiffeners,
in order to maintain strain compatibility, is (Es /E)a where E and Es are the Young's

modulus of the sheet and stiffener respectively. The ancillary configurations required,
in general, are (i) a crack centred about a stiffener which may be broken or unbroken
(case 2.2.1 i:, Refil1), (ii) a crack near to an unbroken stiffener (caae 2.2.2 in Ref[l]),
and (iii) three collinear cracks in a uniforml,- stressed sheet (case 1.2.7 in Refill).
If tip A of the crack at stiffener SO , ir. Fig 13, is the tip under consideration and

stiffeners to the right of A are labelled with positive integers and stiffeners to the
left with negative integers, then equation (55) has been shown[77]to become

Kr = 0 0 (Ks,n - KO) (Kc,n - K0 ) . (62)

n*O n>O

The stress intensity factors 0 , Ko %n and K.', n are defined as follows: KO is for a

crack of length 2a in ancillary configuration (iW; Ks,n is for a crack of length

2a;(= 2Q~a) whose centre is a distance b', from the nth stiffener as in ancillary0 0n
configuration (ii); and K',± is for a crack of length 2a6 located symmetrically
between two cracks of ,engt 2a•(z 2Q~a) as in ancillary configuration (iii). The

equivalent cracks of length 2a' are obtained by replacing each crack/stiffener pair byn
a crack with the same stress intensity factor; the length a' is given in terms of an
by equation (54) with Q replacing Q and the distance between crack centres d
is given by n

do,n- a'-an * b- 2a . (63)

Qn is the normalized stress intensity factor for a crack of length 2an centred on

stiffener Sn in a sheet with no other stiffeners or cracks present (case 2.2.1 in
Ref[l]). In this periodic configuration an z a for all n . If all the stiffeners are

unbroken then Qn * QO for all n , but if S0  is broken then all the Q11 s are equal

for n 0 0 and QO > Qn'

Because of the periodicity of the stiffeners equation (62) can be simplified since

X0 + Z (XL,n - Ko) z Kp (64)
n•O

where K, , the stress intensity factor for a crack centred about one of the stiffeners
in a periodic set, has been calculated by Poc[74,75]. Results for a periodic set of
riveted stiffeners are shown in Fig 15; the particular configuration is defined by

h/b z A where h is the rivet pitch and a * 1 where s is the ratio of the stiffness

of the stiffener to that of a sheet of width b and thickness t , is a a Es As/(Ebt)
where As is the cross-sectional area of a itiffener. Results for the stress intensity

factor for "S both broken and unbroken are shown and compared with those for a single

crack in a periodic array of stiffeners (i. Kp).

" This is a modified form of equations (19) and (20) in Ref[72]which enables a consist-
ent extension of the method to be made for cracks near oroken stiffeners: results for
the present problem are virtually unaffected.
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10.4.2 Load relief factors

There arc a number of situations where multiple cracks occur, they include cracks
arising at fastener holes in stiffened structures or cracks caused by surface finishing
processes etc. Only a few solutions are available for stress intensity factors for
multiply-cracked finite bodies. Accurate mathematical analyses are complex and time-
consuming to aptly to such cases. However, if high accuracy is not required for a given
application, a simple approach based on the concept of 'load relief' may be adequate.

It is known that under certain loading conditions the stress concentration effect
of multiple parallel notches is less than that of a single notch. In fact, a design
procedure [78]in which additional notches are provided primarily to effect a redistribution
of the stresses is called 'load-relieving notches'. Neuber [5]investigated this effect
and suggested a concept that he referred to as the 'coefficient of load relief' for
notches. A similar concept to be called the 'load relief factor' may be appropriate to
opening mode stress intensity factors for multiple cracks in stressed bodiesc[11.

The load relief factor F can generally be defined as the stress intensity factor
of a multiply-cracked, infinite body (Ki)m," divided by the stress intensity factor of

a single cracked body (K i)$, of the same geometry and loading conditions. Hence for
the mode I stress intensity factors the load relief factor is given by

F = (Ki)m,./(Ki)s,. . (65)

When F is known for an infinite (or semi-infinite) body it is then aassmed that the same

value of F applies to a finite cracked body with similar geometry and lding conditions,

(KI)m,f = Fx(KI)sf (66)

where (Ki)s,f is the stress intensity factor for a single-cracked finite body of the same

loading conditions as that included in the determination of F , and (KI)mf is the

required solution for the same finite body with multiple cracks.

The first configuration to be considered is that of an infinite row of parallel
cracks of length 2a and separated by a distance 2h ; the cracks, which are internally
pressurized with a uniform pressure p , are located centrally in an infinitely long strip
of width 2b (see Fig 16). Watanabe and Atsumi[79]have obtained the stress int.nsity
factor for this configuration and the results from this method will be compared with their
more accurate ones. The load relief factor for this particular case can be obtained from
the stress intensity factor for an infinitel. wide strip of height 2h containing a
central crack of length 2a midway between and parallel to the edges (see case 1.1.6 in
Ref[l]). The crack is opened by uniform pressure p , and the particular boundary
conditions on the two edges of zero normal displacement and zero shear stress are identical
with those that occur midway between parallel cracks in an infinite periodic array. The
resulting load relief factor which is a function of a/h is given in Fig 8 of Ref l).
The second solution needed is that of a pressurized central crack in a finite-width strip.
The solution to this is identical to that of a central crack in a uniformly stressed
strip and is known (see case 1.1.1 in Rcf[l]).

The substitution of equation (65) into equation (66) gives

(K I)X (Ki~ ~ (67)
)m,f I s,-

This relationship is illustrated schematically in Fig 16 and demonstrates the way in which
Watanabe and Atsumi's results can be approximated from two other known solutions. The two
sets of results are given in Fig 17, where it can be seen that for values of a/b < 0.5
and h/a > 0.5 the differences 4 20%; the approximate results are always conservative
for this configuration.

Another oroblem that has been solved(ll)is the determination of the stress intensity
factors for multiple cracks, each of length t , in a thick-walled cylinder subjected to
internal pressure p (see Fig 18). The procedure is similar to that used before, namely
it is assumed that the load relief factor for ari infinitely thick cylinder, which can be
derived from the work of Tweed and Rooke[801is the same as that for a finite thickness
cylinder. The solution for two cracks of length I in a finite thickness cylinder, which
is also required, is available (see case 3.2.4 of Refrl]). Results are given in Table 6
for a cylindpr with a ratio of outer radius R° to inner radius R. of 1.5; the results

are given for different values of the ratio of the crack length L to the wall thickness
(R° - Ri) and for different numbers of cracks n . Also shown, for comparison are the

more accurate finite element results of Pu and Hussain[81]and the percentage differences
between the two.

It can be seen from Table 6 that for t/(Ro - Ri) . 0.2 the differences are
acceptable for many engineering applications; similar results were obtained for Ro/Ri 2 2.
The fact that the differences increase as 1/(RO - Ri) increases reflects the fact that



10-26

2&

(KI)m.0

2h p

P

2ai

p t It It
(Kl1)m'f p

(K)s, I-

2b iFg 16 SUhaatic showing method ofobtaining stress Intensity'A (KI) 5  a:niit rafactor for an infinite arrayp of internal ly-pressuri zed

L._ •central parallel cracks in
-an infinitely long strip of

finite width
P

| | I

Watanabi and Atsumi £79)
Approximation

h/a

1.0

2.0

0,I •1.0

O.S
Fig 17 Comparison of stress inten-

, _ _ I _ _ _ _ ,_ _ _I_., sity factors
0.0 0.1 0.2 0.3 0.4 0.5 a/b

N equally spaced
pressurised cracks Fig 18 Internally pressurised tube

with multiple radial cracks
length f



10-27

Table 6

Values of (Ki)m,f/(p /wL) for a multiply-cracked cylinder with Ro/Ri 1.5

0.1 0.2 0.3 0.4
R0 R .

Eq. Ref % Eq. Ref % Eq. Ref % Eq. Ref %
(67) [81] Diff. (67) [81] Diff. (67) (81] Diff. (67) [81] Diff.

3 3.99 3.99 0 4.36 4.33 +1 4.96 4.72 +5 5.73 5.33 +8
4 3.98 3.95 +1 4.36 4.23 +3 4.94 4.50 +10 5.68 4.96 +14
5 3.98 3.93 +1 4.32 4.12 +5 4.86 4.32 +12 5.65 4.64 +22
6 3.98 3.93 +1 4.28 4.02 +6 4.78 4.07 +17 5.38 4.33 +24
8 3.94 3.82 +3 4.16 3.78 +10 4.53 3.66 +24 4.98 3.79 +31

10 3.90 3.77 +3 4.00 3.63 +10 4.24 3.42 +24 4.57 3.47 +32
15 3.73 3.63 +3 3.56 3.27 +9 3.58 2.96 +21 3.78 2.91 +29
20 3.53 3.46 +2 3.15 2.93 +7 3.11 2.61 +19 3.31 2.57 +29
30 3.08 3.05 +1 2.57 2.42 +6 2.57 2.18 +18 2.74 2.17 +26
40 2.75 2.71 +1 2.30 2.13 +8 2.29 1.93 +19 2.44 1.94 +26

boundary-boundary interactions are becoming important. The assumption that the load
relief factor for a finite body is the same as for an infinite body explicitly excludes
such interactions. This problem of boundary-boundary interactions has been previously
discussed in section 10.4.1 where the more general method of compounding contains a
procedure for incorporating the effects of such interactions into the calculation of
stress intensity factors.

10.5 DISCUSSION AND CONCLUSIONS

The various simple methods of calculating stress intensity factors described in
this chapter all involve approximations and hence their use in a fracture mechanics
analysis will introd;ce errors. It has been shown that for many cases the magnitude of
the errors is within acceptable engineering limits. The errors due to the approximations
in determining K are not the only source of uncertainty. There will be uncertainties
in the crack length measurements, in the applied loads and in the material properties.
All of these need to be considered in forming a judgement on the use, or otherwise, of
approximations for the stress intensity factor. A comparison of these sources of
uncertainty and the consequences for the residual strength and fatigue crack growth-rate
have been examined in detail for one simple approximation[13]. The approximation was a
combination of the 'maximum stress' method for short cracks and the 'uniform stress'
method for long cracks (see sections 10.2 and 10.3 ). Since the maximum stress approxi-
mation overestimates the stress intensity factor, conservative values were obtained for
the residual strength and the lifetime of fatigue cracks; the errors were no more and
often less than those due to uncertainties in crack length, stress level and material
properties and would therefore be acceptable for many engineering applications.

The use of simple methods may often be dictated by economic considerations. The use
of alternative methods can be very costly in both time and money (see section 10.2, Fig 1)
if such methods are available at all.

Since safety is always of paramount importance in aerospace applications care must
be exercised in choosing a simple method which will result in conservative estimaLes of
strength and lifetime. As much of the lifetime of a fatigue crack is spent while the
crack is short, this usually means ensuring that the chosen method overestimates the
stress intensity factor for short cracks. It is however important to choose a method
which minimizes the overestimate at short crack lengths; over-conservative estimations can
result in designs which would have a severe weight penalty.

Methods suitable for simple configurations and methods suitable for complex
configurations with multiple boundaries have been described. In many applications it will
be necessary to combine these methods. For instance the ancillary configurations which
result from the use of the compounding technique may riot have known solutions; but some of
the simpler techniques may be used to obtain the ancillary solutions.

REFERENCES

[1] D.P. Rooke Compendium of Stress Intensity Factors.
D.J. Cartwright London, HMSO (1976)

[2] H. Tada The Stress Analysis of Cracks Handbook.
P. Paris Hellertown, Pa., Del Research Corp. (1973)
0. Irwin

[3] G.C. Sih Handbook of Stress Intensity Factors.
Bethlehem, Pa., Lehigh University (1973)



1 ý28

[4] H. Liebowitz (Ed) Fracture (in 7 volumes). New York, Academic Press,(1968-70)

[5] G.C. Sih (Ed) Mechanics of Fracture (6 volumes announced to date).
Leyden, Noordhoff, (1973- )

[6] D.J. Cartwright Evaluatlon of strezs intensity factors.
D.P. Rooke J. Strain Analysis, 10, 217-224 (1975)

[7] A.S. Kobayashi IzperimentaZ Teohniques in Fracture Mechanics.
Connecticut, SESA (1973)

[8] A.R. Luxmore Numerical Methods in Fracture Mechanics.
D.R.J. Owen (Eds) Swansea, University College (1978)

(9] R.E. Peterson Stress Concentration Factors. 2nd Edition,
New York, Wiley (1974)

(101 D.J. Cartwright Approximate stress intensity factors compounded from
D.P. Rooke known solutions. Engng Fracture Noah., 6, 563-571 (1974)

[11] P.I. Baratta Stress intensity factors for internal multiple cracks in
thick walled cylinders stressed by internal pressure
using load relief factors. AMMRC TN 77-3 (1977)

(12) H. Liebowitz (Ed) Fracture Mechanics of Aircraft Structures.
AGARDograph No.176, London (1974)

(13] D.P. Rooke Evaluation of asymptotic stress analysis for fracture
mechanics applications. RAE Technical Report 78074
(1978)

(14] J.R. Dixon A photoelastic investigation of the stress distribution
in uniaxially loaded thick plates containing slits.
N.E.L. Report No. 288 (1967)

(15] J.R. Rice The part-through surface crack in an elastic plate.
N. Levy J. AppZ. Noeh., 39, 185-194 (1972)

(161 D.O. Harris Slicing procedure for approximate three-dimensional
Green's functions for cracks in plates of finite
thickness. ,nt. J. Fracture, 9, 21-32 (1973)

[17] W.T. Pujimoto Determination of crack growth and fracture toughness
parameters for surface flaws emanating from fastener
holes. Proc. AIAA/ASME/SEA 17th SDM Meeting, Valley
Forge, Pa., May (1976)

(18] B. Aamodt On the principle of superposition for stress intensity
P.G. Bergan factors, Engng. Fracture Mech., 8, 437-440 (1976)

(19] A.F. Emery Stress intensity factors for edge cracks in rectangular
G.E. Walker plates with arbitrary loadings. Sandia Corporation,

Livermore, Ca., Report SCL-DC-67-105 (1968)

(20] A.F. Emery A Green's function for the stress intensity factors of
G.E. Walker edge cracks and its application to thermal stresses.
J.A. Williams J. Bas. Engng., 91, 618-624 (1970)

(21] A.H. Lachenbruch Depth and spacing of tension cracks.
J. Geophysical Research, 66, 4273-4291 (1961)

(22] A.?. Emery Stress intensity factors for thermal stresses in thick
hollow cylinders. J. Bas. Engqg., 88, 45-52 (1966)

(23] R.J. Hartranft Alternating method applied to edge and surface crack
G.C. Sih problems. In Mothods of analysis and solutions of crack

problems, edited by G.C. Sih, Chap. 4, pp 179-238.
Leyden. Noordhoff International Publishing (1973)

[24] G.R. Irwin Fracture. In Handbuch der Physik VI, pp 551-590,
Springer-Verlag, Berlin (1958)

(25] H. Neuber Theory of Notch Stresses. Springer, Berlin (1958).
Translation series AEC-tr-4547, US Atomic Energy
Commission

(26] D.O. Harris Stress intensity factors for hollow circumferentially
notched round bars. J. Bae. Engng., 89, 49-54 (1967)

(27] L.P. Pock Fracture Toughness of High Strength Materials: Theory and

J.R. Dixon Practice, ISI Publication 120, pp 45-50 (1970)



(28] N. Hasebe Calculation of stress intensity factor from stress
Y. Kutanda concentration factor. Engng. Fracture Mech., 10,

215-221 (1978)

(29) J.C. Newman An improved method of collocation for the stresb analysis
of cracked plates with various shaped boundaries.
NASA TND-6376 (1971)

DO] J.M. Bloom Determination of stress intensity factors for gradient
W.A. Van Der Sluys stress fields. J. Pressure Vessel Technology, 99,

477-484 '1977)

(1] J.G. Williams Calculation of the strain energy release rates of cracked
D.P. Isherwood plates by an approximate method.

J. Strain Anal., 3, 17-22 (1968)

(32] S.K. Chan On the finite element method in linear fracture mechanics.
I.S. Tuba Westinghouse Research Laboratories Report 68-1D7-FMPWR-Pl
W.K. Wilson Pittsburgh, Pa. (1968)

[33) D.F. Cannon Application of fracture mechanics to railway failures.
R.J. Allen Railway Engng. Journal, 3, 6-17 (1974)

(34] E. Smith Simple approximate methods for determining the stress

intensification at the tip of a crack.
Int. J. Fracture, 13, 515-518 (1977)

(35] F. Erdogan On the stress distribution in plates with collinear cuts
under arbitrary loads. Proc. 4th US National Congress of
Applied Mechanics, 1, 547-553 (1962)

(36] G.R. Irwin Analysis of stresses and strains near the end of a crack
traversing a plate. J. AppZ. Mech., 24, 361-364 (1957)

(37] G.I. Barenblatt Mathematical theory of equilibrium cracks in brittle
fracture. In Advances in Appliqd Mechanics, Vol 7,
pp 55-111, Academic Press (1962)

[38] D.P. Rooke Stress intensity factors in fretting fatigue.
D.A. Jones RAE Technical Report 77181 (1977)

39) R.C. Shah Stress intensity factors for through and part-through
cracks originating at fastener holes.
In Mechanics of Crack Growth, STP 590, pp 429-459,
ASTM (1976)

(4O] R.C. Shah On through cracks at interference fit fasteners.
J. Pressure Vessel Technology, 99, 75-82 (1977)

(41] R.C. Shah Quarter or semi-circular cracks originating at inter-
ference fit fasteners. Proc. 17th AIAA/ASME/SAE
Structures, Structural Dynamics and Materials Conference,
King of Prussia, Pa. (1976)

(42] T.M. Hsu Green's function for thru-crack emanating from fastener
J.L. Rudd holes. In Fracture 1977, Vol 3, ICF4, edited by D.M.R.

Taplin, pp 139-148, Ontario, University of Waterloo
Press (1977)

(43] R.S. Whitehead BAe Warton (private communication)

(44] H. Tada Stress intensity factor bounds for certain residual
P.C. Paris stresses with long surface cracks. Consulting Report to

the Nuclear Regulatory Commission, Washington University,
Materials Research Laboratory (1977)

[45] G.G. Chell The stress intensity factors for cracks in stress
gradients. Int. J. Fracture Mech., 9, 338-341 (1973)

(46) G.G. Chell The stress intensity factors for contre and edge cracked
sheets subjected to an arbitrary loading.
Engng. Fracture Mech., 7, 137-152 (1975)

(47] G.G. Chell The stress intensity factors for part through thickness
embedded and surface flaws subject to a stress gradient.
Enqng. Fracture Mech., 8, 331-340 (1976)

(48] G.G. Chell The stress intensity factors and crack profiles for
centre and edge cracks in plates subject to arbitrary
stresses. Int. J. Fracture Mech., 12, 33-46 (1976)

[49] H.F. Bueckner A novel principle for the computation of stress intensity
factors. Z. Angew. Math. Mech., 50, 529-546 (1970)



(50] J.R. Rice Some remarks on elastic crack-tip stress fields.
rnt. j. SoZids structure*, 8, 751-758 (1972)

[5 1 P.C. Paris The weight function method for determining stress
R.M. McMeeking intensity factors. In Cracks and Fracture STP 601,
H. Tada pp 471-489, ASTM (1976)

(52J A.P. Grandt Stress intensity factors for some through-cracked
fastener holes. Int. J. Fracture, 11, 283-294 (1975)

(53] O.L. Bowie Analysis of an infinite plate containing radial cracks
originating at the boundary of an internal circular hole.
J. Math. Phys., 35, 60-71 (1956)

(54] L.F. Impellizzeri Spectrum fatigue crack growth in lugs. In Fatigue crack
D.L. Rich growth under spectri'i loads, STP 595, PP 320-336, ASTM

(1976)

(55) H.F. Bueckner Weight functions for the notched bar.
Z. Angew Math. Mech., 51, 97-109 (1971)

(56] H.J. Petroski Comoutation of the weight function from a stress intensity
J.D. Achenbach factor. Engng. Fracture Mech., 10, 257-266 (1978)

[57] O.L. Bowie On the solution of the Dugdale model.
P. Tracy Engng. Fracture Mech., 10, 249-256 (1978)

[58] R.B. Heywood Designing by Photoelastioity, London, Chapman and Hall
(1952)

(59] 0.L. Bowie Analysis of edge notches in a seni-infinite region.
J. Math. and Phys., 45, 356-366 (1966)

[60] W.T. Koiter Discussion on rectan ular tensile sheet with symmetric
edge cracks (see Ref162]).
J. Appl. Moch., 32, 237 (1965)

(61] M.M. Procht A photoelastic investigation of stress concentrations due
to small fillets and grooves in tension. Nat. Advis.
Comm. Aeronaut., Report No.2;,42, Washington (1951)

(62] O.L. Bowie Rectangular tensile sheet with symmetric edge cracks.
J. Appl. MHch., 31, 208-212 (1964)

(63] P.I. Baratta Stress concentration factors in U-shaped and semi-
elliptical edge notches.
J. Strain Analyesi, 5, 121-127 (1970)

(64] S. Timoshenko Theory of Elasticity, 2nd Ed., New York, McGraw-Hill
J.N. Goodier (1951)

(65] J. Tweed The elrstic problem for an infinite solid containing a
D.P. Rooke circular hole with a pair of radial edge cracks of

different lengths. Int. J. Engng. Sci., 14, 925-933
(1976)

[66) D.J. Cartwright Stress intensity factors and residual static strength in

certain structural elements. Ph.D. Thesis, Mech. Engng.
Dept., University of Southampton (1971)

(67] F.I. Baratta Stress intensity factor estimates of a peripherally-
cracked spherical void and a hemispherical surface pit.
4. Amer. Ceramic Soc., (to be published)

[68] J. Tweed The distribution of stress near the tip of a radial crack
D.P. Rooke at the edge of a circular hole.

rnt. J. Engng. Sci., 11, 1185-1195 (1973)

[69] I.E. Figge Fatigue crack propagation in structures with simulated
J.C. Newman Jr rivet forces. Fatigue Crack Propagation, edited by J.C.

Grosskreutz, pp 71-93, STF 415, ASTM (1967)

[70] F.W. Smith Stress intensity factors for a semi-elliptical surface
flow. Boeing Co., Structural Development Research Memo
17 (1966)

(71] A.P. Liu Stress intensity factors for a corner flaw.
Engng. Fracture Mech., 4, 175-179 (1972)

(72] D.P. Rooke Stress intensity factors for cracked holes in the
presence of other boundaries. Fracture Mechanice in
Engineering Practice, edited by P. Stanley, pp 149-163,
London, Applied Science (1977)S• 1

S: • . , v .1



(73] D.P. Rooke The compounding method applied to cracks in stiffened
D.J. Cartwright sheets. Engng. Fracture Mauh., 8, 567-573 (1976)

(74] C.C. Poe Jr Stress-intensity factor for a cracked sheet with riveted
and uniformly shaped stringers. NASA TR R-358 (1971)

(75] C.C. Poe Jr The effect of broken stringers on the stress intensity
factor for a uniformly stiffened sheet containing a
crack. NASA TM X-71947 (1973)

(76] J.C. Newman Jr An improved method of collocation for the stress analysis
of cracked plates with various shaped boundaries.
NASA TN D-6376 (1971)

(77) D.P. Rooke Stress intensity factors for collinear cracks in a
D.J. Cartwright stiffened sheet. RAE Technical Report TR78066 (1978)

(78] A. Thum Increase of the endurance strength in round bars with
H. Oschatz transverse bores. Forechg. Ing. -Wes., 3, 87 (1932)

(79] K. Watanabe Infinite row of parallel cracks in a strip.
A. Atsumi Int. J. Engng. Sci., 10, 78-84 (1972)

[80] J. Tweed The stress intensity factcr for a crack in a symmetric
D.P. Rooke array originating at a circular hole in an infinite

elastic solid. Int. J. Engng. Sci., 13, 653-660 (1975)

(81] S.L. Pu Stress intensity factors for a circular ring with uniform
M.A. Hussain array of radial cracks using cubic isoparametric singular

elements. llth Nat. Symp. on Fracture Mechanics, V.P.I.,
Blacksburg, Va., June (1978)

A-I



--... . . .... .. .. . . .... . . . .... . - -l l-I

SUBJECT INDEX

A

Accuracy of the crack propagation calculation, 7-7
Actual failing load, 6-7
Aircraft gas turbine engine component analysis, 2-2
Aircraft structural forgings, 6-3
Airfoil life prediction problems, 2-5
Aluminium alloy AZ74, 6-10
Aluminium alloys, 9-4, 9-5
Aluminium forgings, 6-8, 6-14
Analytical fracture curve, 3-27
Analytical, numerical and experimental procedures available for determining the stress intensity, 7-10
Anisotropy, 4-13
Applied stress, 4-9
Applied stress intensity, 9-4
Arithmeti,; mean, 8-34
Arrest capability, 4-18
Arrest power of small holes, 4-18
Assembly stresses, 9-3
Assessment of currently-used calculation procedures, 7-22
Associated scatter, 6-8
ASTM E-39", 6-5, 6-8
ASTM thickness, 6-7
Asymmetric crack. 3-7

B

Backfree surface correction, 4-13
Baseline crack-growth, 4-49
Baseline propagation data, 3-77
Bearing stress, 4-35
Bi-axiality, 5-7
Biaxial applied stress, 10-18
Bi-axial efforts, 5-6
Bi-axial loading, 3-25, 5-5
Biaxial stress, 3-25 5-
Bi-axial stresses, 5-7
Bi-axial stress field, 3-86, 5-6, 5-7
Bi-axial stressing, 5-I
Biaxial tension loading, 3-24
Bonded stiffeners, 3-7
Boundary-boundary interactions, 10-20, 10-21, 10-23, 10-27
Bowie analysis, 4-13
Bowie factor, 4-20
Bowie function, 4-5, 4-24, 4-42
Bowie solution, 4-5, 4-9, 4-13
Built-up structures, 3-3, 3-1 1
Buried defect characterization, 2-3

C

C-shaped specimens, 6-9
Calculated crack propagation rates, 5-5
Calculations of residual static strength, 10-1
Central stiffener failure, 3-18
Centrifugal stresses, 2-6
Circumferential crack, 3-24, 5-6
Circumferential cracks, 5-6
COD, 6-8

Coefficient of load relief, 10-25
Coefficient of variation, 8-5, 8-6, 8-35
Cold working, 4-17
Colinear cracks, 4-17
Collirnest calculation formula, 7-6
Comnpact tension specimens, 4-36



.-- '~-q-.-.;---.-

11-2

Comparison between test and calculation for 300M steel, 7-26
Comparison of predicted and experimental crack growth, 7-29
Comparison of stress intensity factors, 10-27
Compliance, 6-5
Component mission simulation analysis, 2-6
Compounding method, 3-7
Compounding technique, 10-19
Compessive stress, 4-9,449
Computer cost of a retardation procedure, 7-30
Constant amplitude, 4-30
Constat amplitude crack propagation tests, 6-9
Constant amplitude cycle loading, 3-27, 3-33
Constant-amplitude loading, 3-29, 4-29, 8-17
Constant amplitude tests, 3-88
Constant load amplitude, 6-8
Constants for the Forman Equation, 4-45
Constant stress intensity, 5-6
Comer cfacks, 4-9, 4-13, 4-23, 4-24, 4-35, 4-36, 6-6
Corner flaw, 4-5
Corner flaw type defects, 4-26
Corrosion pits, 9-3
Cost effertive fracture mechanics analytical model, 2-5
Crack approaching holes, 4-17
Crack arrest, 3-18, 3-44, 3-58
Crack arrest properties, 3 22
Crack arresting stiffener. 3-38
Crack blunting effect, 9-9
Crick closure concept, 7-19
Crack closure energy, 4-52
Crack configuration and applied stress, 7-20
Crack control techniques, 3-97
Crack depth criteria. 6-7
Crack front, 4-15
Crack growth, 2-5, 3-1 I, 3-22, 3-82, 3-85, 4-15, 4-23,4-36, 4-37, 4-52, 5-3, 5-7, 9-8
Crack-growth analysis, 3-26, 3-67,4-13,4-46. 4-49, 4-52
Crack-Srowth analysis with retardation, 4-49
Crack-growth behavior, 4-17, 4-43
Crack-prowth calculation, 4-11
Crack-growth curves,. 4-15, 8-15
Crack-growth data. 4-29
Crack-growth integration technique, 4-11
Crack-growth life, 3-62, 4-13 4-15, 4-29, 8-16, 8-19
Crack-growth modeling, 2-4, 2.6
Crack-growth prediction, 2-3
Crack growth properties, 4.15
Crack-growth rate, 2-3, 2-6,4-17, 5-5, 6-7, 8-16
Crack-growth resistance, 3.43
Crack-•rowth simulation, 2-4
Crack increments, 4-25, 4-36
Crack instability, 3-44
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Crack opening stress, 7-19
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Crack propagation curves for different load sequences, 7-14

Crack propagation law, 3-88
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Crack starter notches, 4-44, 6-8
Crack size, 4-5
Crack stopper, 3-33, 3-70
Crack tip olement, 4-1I
Crack tip plasticity, 3-18
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Crack tip stress intensity factor, 3-39
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Cracking. 9-3
Cracking behavior, 4-9
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Critical crack length, 3-68, 4-45, 6.4, 6-8, 6-15
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Criticsl size, 4-15
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Curvature, 5-6
Curvature correction factors, 5-6, 5-7
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Vamage configuration. 3-42
Damage development assumptions, 3-67
Damage tolerance, 4-3. 4-I I
Damage tolerance analysis, 3-62, 3-71,4.3, 4-9, 4-11, 4-13, 9.7, 9-,
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Damage tolerance requirements, 5-3. 5-5, 7-3
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Damage tolerance tests. 3.47
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Deflection measurement, 6-5
Design analysis of crack trowth, 2-2
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Disk fracture mechanics model 2-3
Disk low cyc!e fatigue life prediction problem, 2-2
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Displacement compatibility method, 3-38
Doubly riveted stiffener, 3-7
Duldae plastic zone behaviour, 3.43
Dynamic crack arrest, 4-18
Dynamic stress intensity, 4-17
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Edge crack problem, 2-S
Effect of multiple stringers, 3-5
Effects of rivet type and material, 3-99
Effective crack length, 3-S1
Eldinoff and Bel method, 7-21
Elastic analysis, 3-SI, 3-58, 3-77
Elastic energy, 3-20
Elastic energy release rates, 3-20, 4-18
Elastic finite element analysis, 3-38
Elastic finite element methods. 3-34, 3-38
Elastic finite element techniques, 3-28
Elastic fracture, 4-23
Elastic fracture mechanics, 3-3
Elastic fracture mechanics analysis, 2-3
Elastic fracture mechanics models, 2-4
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Elastic-plastic analysis, 3-24, 3-25, 3-43
Elastic-plastic computer program, 3-38
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Elliptical crack solutions, 4-5
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Elliptical flaws, 4-15
Elliptical integral, 4-5
Elliptical interna flaw, 6-6
Energy balance concept, 3-20
Energy release rate, 3-22
Engine disk structure, 2-2
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Failed stiffener, 5-4
Failing loads, 6-15
Fail-safe approach, 4-28
Fail-safe design, 5-5
Fail-safe strength, 4-1S
Fail-safe stress, 3-18
Fail-safe structure, 6-12
Failure load, 6-12
Failure stress. 4-20, 4-23, 4-26
"Falstaff' load sequence, 6-11
Falstaff methods, 7.29
Fast fracture, 3-1I, 3-27, 3-28, 3-33
Fastener. 4-9
Fastener conneLtion flexibility, 3-97
Fastener holes, 4-9
Fastener loads, 3-17
Fastener plasticity, 3-62
Fastening system, 3-18
Fatigue calculations. 3-85
Fo'igue crack, 3-11, 5-3
Fatigue crack growth analysis, 9.7
Fatigue-crack growth, 3-62, 4-15, 4-29
Fatigue crack growth-rate, I0-?,7
Fatigue-crack-growth retardation, 4.46
Fatigue-crack propagation. 3-62, 3-97, 3-100, 4-13, 4-15. 4-23, 68
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Fatigue life improvement. 9-8
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Fatigue life prediction, 2-2, 2-3
Fatigue resistance, 4-9
Fatigue spectrum, 5-5
Fatigue test results, 8-35
Fatigue test specimens, 2.2
Fatigue stress, 4-45
Finite difference thermal analysis computer program, 2-6
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Finite-element modeling, 3-43
Finite-element models, 3-9, 3-39, 3-70, 4-52
Finite-element-stress analysis, 4-49
Finite element submodeling, 4-49
Finite element techniques, 10-4
Finite stiffness, 3-70
Finite width correction. 3-77, 4-24
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Flaw shape parameter, 4-13
Flight-by-flight crack propagation tests, 4-45
Forecasts of crack propagation life, 7-3
Forgints, 6-3
Forman calculation, 7-7
Forman's calculation formula, 7-5
Forman equation, 7-3
Fractographic analysis, 6-12
Fracture behaviour, 6-15
Fracture instability, 3-17
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Fracture-metIanics analysis, 3-86, 4-3, 9-9
Fracture mechanics analysis of a crack structure, 10-I
Fracture mechanics application. 2-2
Fracture mechanics auesiment, 6-7
Fracture mechanics calculations, 8-3, 10-3
Fracture mechanics criteria, 6-14, 6-16
Fracture mechanics methodology, 2-2
Fracture mechanics modeling, 2-2, 2-5, 2-6
Fracture mechanics principles, 4-9
Fracture mechanics procedures, 6-3
Fracture mechanics tests. 9-4
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Fracture surfuce, 4-29, 6-4,6-10. 6-12
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Fracture toughness behaviour, 6-4
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Fracture toughness properties, 6-8
Fracture toughness tests, 6-14
Fracture toughness values, 6-7
Free surface correction. 4-5, 10-8
Free-surface correction factors, 4-9
Fretting as crack initiator, 6-7
Friction forces. 3-97
Fohring and Seeger method, 7-21
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Geome:ric (or log) mean. 1-14
Grain flow, 6-14
Grain flow patterns, 6-4.6-12
Green's function, 10-5, 10-11, 10-9, 10-11
Green's function t~chnique. 10-8
Griffith's criterion, 3-20
Growth rate of stres-corrosion cracks, 9-4
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Helicopter rotor heads, 6-3
Histogram, 8-35
Hydrotesting, 9-8

Identical forgings, 6-15
Improvement of calculations of crack propagation life in aircraft components, 7-30
Influence of additional factors on the prediction of crack propagation life, 7-7
Influence on crack propagation behaviour, 7-10
Influence of environment on fatigue crack growth, 9-9
Influence of initial crack length on retardation, 7-13
Initial flaw sizes defined in MIL-A-83444, 9.24
Initial flaw shapes, 4-15
Inspection crack size, 4-20
Interference, 4-17
Interference fastener, 4.9
Interference fit, 4-9
Integral stiffener, 3-70
Integral structures, 5-1
Integrally stiffened panels, 3-70, 5-4, 5-5, 5-7
Integrally stiffened structures, 5-3
Internal cracks, 2-2

J

J-integral values, 3-24

K

Kinetic energy, 4-18
K-solution, 4-13

L

Landingg par spectrum, 6-9, 6-10
Lateral stiffening, 3-33
Life prediction calculation, 2-5
Life endurance tests, 4-44
Limit load stress, 9-8
Linear analysis, 4-46
Linear elastic fracture mechanics (L.E.F.M.), 2-3, 5-1, 5-5
Linear integration, 4-46, 4-52
Load bearing splices, 4-1I
Load carrying elements, 3-3
Load concentration factors, 3-58
Load interaction, 4-15. 4-29
Load interaction (retardation), 4-42
Load path, 6-3
Load-relieving notches', 10-25
Load relief factors, 10-3
Loading spectrum, 3-82
Load spectrum, 4-20, 4-36
Load sequence at different mean stress, 7-24
Load transfer, 3-3, 4-3, 4-11, 4-17, 4-52
Log normal distribution, A-4, 8-16
Longitudinal cracks, 3-24
Low cycle fatigue, 2-6
Low fracture toughness K., 6-7
Low oxygen content, 6-14

M

Magnesium alloys, 9-5
Mandrelizing, 4-9
Marging steel, 6-10, 9-3
Material sources of variability, 6- 15
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Maximum size of flaw, 9-8
Mean fracture toughness, 8-4, 8-5, 8-6
Measured variability, 8-15
Mechanics of linear elastic fracture, 7-4
Metallurgical dissipation processes, 2-2
Methods of calculating the crack propagation under variable load sequence, 7-14

Methods of determining stress intensity factors, 10-4
Method for predicting the potential crack size, 9-6
Microcrack initiation, 2-4
MIL-A-83444 Specification, 9-8
MIL-83444 of the U.S.A.F., 7-3
MIL-standard 1587 of the U.S.A.F., 6-3
Mill annealing, 6-14
Mission analysis, 2-5
Modelling of the rivet connection, 3-7
Monte Carlo simulation techniques, 2-3
Multiple colinear cracks, 4-17
Multiple cracks, 4-17, 4-52
Multiple parallel cracks, 4-I

N

Normal distribution, 8-3, 8-4. 8-5
NDI, 9-5, 9-7
NDI method, 2-3, 6-3, 7-3, 7-31,9.9
NDI techniques, 6-11
Newman method, 7-21
Newman's solution, 4-42,4-46
Nickel-base alloy, 9-6
Nondestructive inspection, 4-42
Nonlinear crack growth equation, 2-3
Nonlinear shear displacement, 3-83
Notch strength analysis, 3-47
Numerical analysis techniques, 3-11
Naturai metallurgical crack initiation, 2-4

0

Opening mode stress intensity factor, 10-5, 10-9
Order number, 8-34

P

Paris's calculation formula, 7-5
Parametric analysis, 4-37, 4-43, 4-49
7arametric studies, 3-7, 3-9
Peak stress intensity, 4-9
Plane strain, 6-3, 10-12
Plane strain :onditions, 6-4, 6-5
Plane stress, 4-11, 4-45, 10-12

Plane stress condit.3ns, 3-18, 6-4
Plane stress fracture toughness, 3-17, 3-26
Plastic deformation, 3-9
Plastic zotie correction fa.tors, 3-5 t
Plateau crack gro.vth rates, 9-8
Plateau crack growth ra:e.t for high-strength steels, 9-!6
Precision forgings, 6-3
Precracked !pecimen configurations .'or stress-corrosion testing, 9-20

Predicted failiig load, 6-7
Premature fatigue cracks, 6-7
Pressurized elliptical crack, 4-5
Probabilistic approech, 8-3
Probabilistic fracture mechanics, 8-6

Production procoss, 7-10
Programmed block ioadin 1 8- 17
Proof load cycle, 9-8
Proof stress ievel, 9-8
Proof testing, 9-8



Propagation curves, 4-36
Propagation and ftilure of the crack, 4-36
Propagation of macrocracks, 2-2
Propagation predictions, 3-82

Q
Quarter circular corner crack, 4-26

R

Radial stiffener, 3-85
Random loading, 4-29, 8-17
Random variable, 8-34
Rapid fatigue crack propagation, 6-7
Rate of crack propagation, 7-5
Rate of fatigue crack growth, 9-9
Rate of growth of fatigue crack, 10-4
R-curve approach, 3-48
R-curve determination, 3-22, 3-24
Recrystallisation annealing, 6-14
Relationship between applied stress anJ displacement, 7-19
Remote loading, 4-35
Residual/assembly stresses, 9-7
Residual compressive stresses, 4-17
Residual static strength, 6-3, 6-4, 6-7, 6-8. 6-9. 6-11
Residual static strengths, 6-7
Residual strength, 3-3, 3-9, 3-11, 3-25, 3-26, 3-33, 3-34,4-13,4-20,4-24, 4-52, 5-3, 5-5, 5-6, 6-13, 7-10, 10-27
Residual-strength analysis, 3-62, 4-1I, 4-13, 4-49
Residual-strength calculation, 3-58, 3-85,4-11
Residual strength characteristics, 3-26
Residual strength curve, 3-18
Residual strength diagram, 3-17, 3-39, 3-43
Residual strength predictions, 3-24, 3-45, 3-58, 3-82, 4-26
Residual strergth requirements, 3-82
Residual strength of a riveted structure, 3-38
Residual strength specimens, 4-26
Residual strength for stiffened panels, 3-28
Residual strength tests, 3-13, 3-51, 5-1, 5-5, 5-6
Residual stresses, 4-15, 4-17, 8-16, 9-6
Residual tension stress, 9-3
Resistance curve approach, 3-24, 3-45
Retardation, 3-62, 4-15, 4-36, 4-46, 4-49, 7-18
Retardation effect, 4-45, 5-6, 6-6, 7-13, 7-15
Retardation effects of different materials as a function of the relative load, 7-13
Retardation effects of various materials, 7-12
Retardation factors, 7-13
Retardation model, 4-29, 4-30
Retardation modeling, 4-11
Retardation relative to the crack propagation, 7-1 I
Retardation relative to the load cycle number, 7-11
Retarded in-. gration, 4-52
Richards ana Lindley's calculation formula, 7-5
Rivet flexibility, 5-4
Rivet forces, 3-7
Riveted stiffener, 5-3
Rotating disk structure, 2-2

S

Safe-life philosorhy, 4-29, 6-3, 6-6, 8-19
Safe life of rotating engine structures, 2-7
Safe life structures, 8-15
Safety coefficients, 6-11
Safety factor, 8-3
Scatter, 6-12, 9-4
Scatter band, 3-99
Scatter of the fatigue life to failure, 6-13



Scatter of fracture toughness, 6-10
SCC DATA, 9-5
Semielliptical surface notch, 6-7
Service-induced stresses, 9-3
Service life, 8-15
Service loading, 4-36
Service loads, 6-3
Shear coupling, 4-9
Shear loads, 4-11
Shear modulus, 10-12
Shear stresses, 4-5
Sheet-stiffened interaction, 3-5, 3-7, 3-17, 3-51
Skin fracture toughness, 3-33, 3-38
Skin material fracture toughness, 3-38
Skin-stringer combinations, 3-62
Simultaneous crack growth, 3-7
Slow crack growth, 6-3
Slow stable crack growth, 3-11, 3-20, 3-22
Smooth specimen tests, 9-4
Smooth threshold stress, 9-6
Spectrum of fatigue loading, 5-7
Spectrum loading, 5-6
Spectrum of plane stress, 7-17
Stable crack growth, 3-18, 3-52
Standard elliptical flaw solution, 4-5
Standard oxygen content, 6-14
Static loading, 3-27, 3-33
Static notch strength factor, 3-47
Static structures in engines, 2-7
Statistical hypothesis, 8-36
Steady stress, 9-7
Steel, 9-6
Stiffened panel load, 3-18
Stiffened panels, 3-28, 3-70, 4-11
Stiffened-sheet curve, 3-52, 3-58
Stiffener effectiveness, 3-07
Stiffener failure curve, 3-18, 3-58
Stiffener geometry effect, 3-99
Stiffener load concentration factor, 3-5, 3-17
Stiffener parameter, 5-5
Stiffener-skin combination, 3-77
Stiffener strength, 3-18
Stiffener strength curve, 3-27
Stiffener stresses, 3-26
Stiffening elements, 3-3, 3-11
Stiffening ratio, 3-68
Strain energy, 5-6
Strain gauge measuring, 3-98
Strength of materials, 8-3
Stress, 9-3
Stress analysis, 3-9, 4-1l
Stress concentration, 2-6, 4-3,4-17, 5-3
Stress concentration factor, 3-33, 10-3, 10-8, 10-21
Stress concentration as a function of notch radius, 10-15
Stress concentration magnification effect, 6-7
Stress condition, 3-3
Stress corrosion, 6-7,9-5,9-8
Stress corrosion crack growth, 9-7
Stress corrosion cracking, 9-3, 9-6
Stress cotrosion cracks, 6-8, 6-13
Stress corrosion resistance, 9-4
Stress displacement relation, 3-5
Stress distribution, 3-17, 3-82, 4-5, 4-9, 4-44, 5-5, 10-3, 10-13, 10-16
Stress excursion, 2-3
Stress field, 7-4
Stress history, 4-1i
Stress intensity, 3-5, 3-22, 3-62, 3-68, 3-77,4-5, 4-9,4-11, 4-13,4-15,4-17,4-24,4-28,4-45,4-52, 7-4, 7-10, 9-3, 9-4,9-9



Stress intensity approach, 3-48
Stress-intensity analysis, 3-62, 4-3
Stress intensity correction factor, 3-5, 3-17
Stress-intensity distribution, 4-45
Stress intensity factor, 2-2, 2-3, 3-3, 3-5, 3-6, 3-7, 3-9, 3-11, 3-17, 3-20, 3-22, 3-24, 3-25, 3-51,3-52, 3-62, 3-70, 3-85,
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Stress intensity factor approach, 3-58
Stress intensity factor solution, 6-5, 7-10 1
Stress intensity factors for complex configurations, 10-19
Stress intensity factors for a single crack at the edge of a hole, 10-19
Stress intensity factors for a strip with two collinear edge crack, 10-15
Stress intensity factors for two cracks at the edge of a hole, 10-16
Stress intensity solutions, 3-7, 3-77, 3-85, 4-3, 4-24, 4-26, 4-36,4-52, 10-3
Stress ratio, 2-2, 7-6
Stress risers, 9-3
Stress spectrum, 4-11, 4-45, 4-49, 6-6
Stringer critical stress, 3-43
Stringer failure, 3-9, 3-17
Stringer plasticity, 3-62
Structural life prediction, 2-5
Sub-modeling, 4-11, 4-49, 4-52
Superposition, 10-5
Superposition for an edge-cracked strip in bending, 10-5, 10-10
Superposition for a pin-load hole with radial cracks, 10-5
Superposition of stress intensity factors, 10-5
Surface crack growth, 2-4
Surface crack initiation, 2-4
Surface cracks, 2-2
Surface flaws, 4-15, 4-26
Surface residual stress and hardness, 2-4
Surface retardation, 2-2
Surface stress initiated cracks, 2-2
Sustained loading of fatigue precracked specimens, 9-4
Sustained stress, 9-6
Sustained stress profile, 9-6
Symmetrical grain flow pattern, 6-15

T

Temperature increases and crack propagation, 7-8
Tensile residual stresses, 9-8
Tension stress, 3-11,9-6
Thermal s'resses, 2-6
Threshold -tress, 9-4
Threshold stress intensity, 9-5
Threshold stresses for high-strength steel, 9-15
Threshold value, 7-6
Tihrough crack at a hole, 6-6
Through crack at a pin loaded hole, 6-6
Through-the-thickness crack, 4-26, 4-28
Titanium alloys, 9-4, 9-5, 9-6
Titanium crack stopper straps, 3-33, 3-34
Titanium forging, 6-8
Tornado meth ds, 7.29
Torsional eigenfrequency, 6-5
Total fracture, 3-11
Toughness tests, 4-28
Turbine airfoil, 2-2
Turbine airfoil durability, 2-4
Turbine disks, 6-3
Typical crack in a forging, 6-4.

U

Uniaxial, 5-6, 10-18
Uniaxial cyclic loading, 3-27
Uniaxial loading. 5-7
Uniaxial loads, 3-27, 3-33



Uniaxial stress, 3-5, 6-7
Uniaxial tensile, 5-3
Uniaxial tension, 3-11, 3-44
Unstable crack growth, 3-17, 3-18, 3-22, 3-58, 3-62
Unstable fracture, 9-9
Unstiffened pressure vessels, 3-24
USAF retardation model, 6-9
USAF specification MIL-A-83444,9-7

V

Variable stress field, 2-4
Variability, 8-15
Variate, 8-34
Vibration stresses, 2-2

W

Walker's calculation, 7-5
Walker's formula, 7-6
Wanhill and Lorts solution, 4-42
Weibull distribution, 8-4, 8-41, 8-52
Weight function method, 2-4
Weight functions, 10-12
Westergaard complex stress function, 3-38
Wheeler model, 7-3
Wheeler retard3tion model, 3-70
Willenborr model, 7-17
Willenborg retardation model, 4-49, 6-10

Y

Yield strength, 4-23
Young modulus, 10-23

Z

Zero length rivet pitch, 5-4
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