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I. INTRCOUCTION

This final report covers the three year contract period 1 January
1977 through December 31, 1979. During this time research work has been
carried out by Professor A.E. Siegman in the areas of mercury lasers,
pilcosecond spectroscopy, and optical beam and resonator calcﬁlations;
and by Professor R.L. Byer in the areas of optically pumped lasers;
two-photon laser systems, optical parametric amplifier oscillator studies,
and stimulated rotational Raman scattering. During the past three year
contract period important results have been obtained; including:

A. Optically Pumped Atomic Mercury Laser

B. Picosecond Spectroscopy Experiments

C. Fast Transform Calculation Methods for Optical Beam

and Resonator Calculations
D. Calculation Methods for Nonlinear Wave Interactions

E. Basic Laser Resonator Theory

M. Current Research.

F. Diffraction-Biased Ring Unstable Resonators /‘QQQZZZ:‘\\\\
///\/l\V‘J =Ly
G. Phase Conjugate Mirror Resonators /
/0 /U;
o Lt
H. ng Optical Pumping Studies // Sn
I. Two Photon Laser Studies ~
J. TFrequency Conversion via Four Wave Mixing
K. Optical Parametric Oscillator and Optical Parametric T~ 1
Amplifier Studies g
L. Efficient Frequency Conversion via Stimulated Raman Scattering. ’?
t




Details of these results are given below together with the
resulting publications and the five Ph.D. theses which have been com-

pleted during this period.

II. REVIEW OF ACCOMPLISHMENTS

A. Optically Pumped Atomic Mercury Laser

During the early part of this program we were engaged in developing
under AFOSR support a new optically pumped mercury laser oscillating at
5461 X in the green. This laser oscillates in a laser tube containing
a mixture of nitrogen and mercury, when pumped by a special high-bright-
ness mercury discharge lamp. Because this laser involves no noisy plasma
discharge in the laser tube itself, and because it oscillates at a con-
venient green wavelength, it is of particular interest as a possible
laser gyro gain medium; as a visible wavelength standard; and possibly as
a general purpose low-power green laser. .

During the first year of the program reported here, the work on
this project was brought to a successful conclusion and then terminated.

A special diffusion-bypass low-pressure mercury arc lamp to meet the
pumping needs of this laser with minimum mercury £fill requirements, suit-
able for single-isotope operation, was invented, constructed, and operated
very successfully for many hundreds of hours. Parametric studies of the
laser itself, including measurements of gain and power output as functions
of pressure, bore diameter and pumping intensity, were carried out.

Because this laser is of particular interest as a visible wavelength

standard, measurements of saturated absorption in iodine using this laser

formed one of the major goals of this program. These measurements were

el
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carried out, and a strong, isolated saturated-absorption feature in
127

I2 was observed. The ﬁressure shift of the laser transition against
this iodine resonance was measured, and it was found possible to center
the Hg laser transition exactly on the iodine resonance by varying the
nitrogen pressure in the laser tube. These results laid a firm founda-
tion for possible later absolute waQelength stabilization of this laser
against a low-pressure iodine cell.

Work on this topic under AFOSR support was reported in detail in
the following publications:

- Max Artusy and A. E. Siegman, "Saturable Absorber Overlap of
Iodine 127 with the Optically Pumped 546 nm Mercury Laser,"
Appl. Phys. Letters 31, 333-334 (1 September 1977).

- Max Artusy, "Optically Pumped Mercury Laser for Absolute
Frequency Stabilization," Ph.D. Dissertation, Department of

Electrical Engineering, Stanford University, Stanford,

California, 1977.

B. Picosecond Spectroscopy Experiments

Some very interesting measurements of ultrafast relaxation times
in solids were completed during this program, using the novel transient
laser-induced grating technique for picosecond spectroscopy developed
in our group. The measurements demonstrated in particular a novel photo-
acoustic pressure-induced amplitude grating effect in molecular crystals,
of a type which does not appear to have ever been observed previously.
This work was reported at the 1978 OSA Meeting and in a journal article,

of which a reprint is attached as Appendix I of this report, as well as

in a Ph.D. dissertation:

St Snl e




-~ J. R, Salcedo and A. E.Siegman, "Laser Induced Photoacoustic
Grating Effects in Molecular Crystals," IEEE J. Quant. Electr.
QE-15, 250-256 (April 1979).
- J. R. Salcedo, "The Picosecond Transient Grating Technique:
Studies on Energy Transport and Photo-acoustic Effects,"
Ph.D. Dissertation, Stanford Univérsity, Stanford, California
(February 1979).
- J. R. Salcedo and A. E. Siegman, "Amplitude Grating Effects
Produced by Picosecond Laser Produced Acoustic Waves," (Paper '
THC10, abstract only), J. Opt. Soc. Am. 68, 1412 (October 1978).
Paper presented at the 1978 Annual Meeting of OSA.
Work on this type-of picosecond measurement using the transient grating
approach is continuing in Professor Siegman's laboratory, and has been

adopted by other groups elsewhere.

C. Fast Transform Calculation Methods for Optical Beam and

Resonator Calculations

One of our primary research areas has been the development and
verification of efficient and accurate numerical methods for handling
optical beam and resonator calculations that are amendable to purely
aﬁalytic treatment. This includes many situations of importance in

high power and high energy lasers. One of our most important contri- ‘

butions has been a quasi Fast Hankel Transform technique for handling ,
beam calculations in cylindrical coordinates (in contrast to Fast Fourier
Transform techniques, which apply in rectangular coordinates).

In addition to the first publication of this transform algorithm,

during the contract period substantial steps were accomplished in

-4 -




completing and testing the novel Fast Hankel transform algorithm that

Nt -

we first invented, and in applying it to optical calculations, particu-~
larly to beam and resonator calculations. This new FHT algorithm, ' %
first published under AFOSR support in mid-1977, has since aroused

wide interest and been used in several other AFOSR-supported industrial
high-power laser programs.

Improvements to the original FHT algorithm under this program
during the past year have included a simple "lower end correction"
technique to compensate for the finite truncation of the transform integral
at the lower end of the integration range; more accurate ways of handling
the discrete Fast Fourier transform steps involved in the calculation;
and better understanding of the choice of sampling intervals in the
calculation. These improvements brought the accuracy of the transform
close to the limits of single precisioh arithmetic on our machine (frac-
tional error -~ 10—6) . In addition, a two-stage FHT algorithm requiring
roughly twice the storage and computation time was developed which reduces
the error of the algorithm itself, within its range of validity, to below
~ 1071% yhich is probably better than will ever be needed.

Publications that have appeared, or are in the final stages of
preparation, covering the FHT algorithm include:
- A. E. Siegman, "Quasi Fast Hankel &ransform," Optics Letters 1,

13-15 (July 1977).

- Shinan-Chur Sheng, "Studies of Laser Resonators and Beam Propa-

gation Using Fast Transform Methods," Ph.D, Dissertation, Depart- i

ment of Applied Physics, Stanford University, Stanford, California

(1980).




~ A. E. Siegman and Shinan-Chur Sheng, "The Fast Hankel

Transform Algorithm," manuscript in preparation (1980).

D. Calculation Methods for Nonlinear Wave Interactions

Another result of our program has been the development of- an
efficient procedure for analyzing important nonlinear interactions, such
as harmonic generation and parametric or R;man amplification, including
realistic considerations such as arbitrary beam profiles, diffraction
and depletion effects, phase mismatch and walk-off, though not (for the
minute) time-varying effects. An efficient procedure for analyzing
such phenomena is important because these interactions provide an
important way in which the energy of an efficient laser beam at one wave-
length can be converted into useful and powerful radiation at other wave-
lengths, either longer or shorter, where an efficient laser system may
not be available. One immediately important example is harmonic genera-
tion and parametric amplification with strong depletion, using an unstable
reasonator beam as the primary source, since this has already become an
important practical technique for generating new coherent wavelengths.

We have therefore déveloped and made preliminary use of an efficient
numerical method that accomplishes these objectives. To carry out the
nonlinear interaction calculations we Fourier or Hankel transform the
relevant nonlinear wave equation in its transverse coordinates, and obtain
coupled differential equations of the form dEi/dz = Fi[Ej] , where
Ei = Ei(s,z) is a spatially transformed wave at the i-th frequency Wy

and s 1s the transverse transform corrdinate(s). Optical diffraction

effects can be entirely transformed away in this transformation, so that
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the function Fi[Ei] contains only the nonlinear interaction of the wave
Ei with all other Ej components. Fast Fourier or Hankel transform
methods are used to evaluate the derivative functions Fi[Ei] s énd
standard predictor-corrector ordinary differential equation (ODE) methods
are used to step foreward along =z .
A preliminary account of this work was presented in 1977, and a full
published report is now in press:
- A. E. Siegman and Shinan-Chur Sheng, ""Optical Beam Calculations
Using the Fast Hankel Transform," (Paper FD10, Abstract only),
J. Opt. Soc. Am. 68, 1436 (October 1978). Paper presented at
the 1978 Annual Meeting of the OSA.
-~ Shinan~Chur Sheng and A. E. Siegman, '"Nonlinear-Optical Calcu-
lations Using Fast-Transform Methods: Second-Harmonic Generation
with Depletion and Diffraction," to be published in Phys. Rev. A

(1980).

E. Basic Laser Resonator Theory

Despite the now rather advanced state of laser theory, several very
fundamental aspects of laser resonators have until recently remained
unclear or uncertain. For example, because the fundamental propagation
kernel in optical resonator theory is not a hermitian operator, the
eigenmodes of optical resonators are not normal (i.e., orthogonal) modes,
and the orthogonality properties of optical resonator modes have remained
uncertain. All laser analyses to date have nonetheless obtained laser
cavity equations of motion by assuming a hypothetical set of lossless

and orthogonal cavity modes, despite the fact that real optical resonator

modes have significant diffraction losscs and are not orthogonal.

A Nk




. All of these fundamental questions have been essentially resolved
under this program during the past year. The orthogonality properties

of optical resonators have been found to be, in essence, that each eigen-~

TN R IR B PET B o o

mode going in one direction in an optical cavity is orthogahal tb all the

vy

other elgenmodes of an adjoint (biorthogonal) set of modes going in the
opposite direction in the same cavity. In-addition, a rigorous form of
laser analysis has been developed which gives laser cavity equationé,of -
motion in terms of the real, lossy, nonorthogonal modes of the real laser
cavity., This new analysis reduces to previous results in the appropriate
limits, but is much better adapted to handle such topics as high-gain
lasers with rapidly changing mode properties; lasers with external signal

injection; and lasers with large spontaneous emission noise.

All of these results are reported in detail in the publications:

o

- A. E, Siegman, "Orthogonality Properties of Optical Resonator
Eigenmodes," Optics Commun. 31, 369 (1979).

- A. E. Siegman, "Exact Cavity Equations for Lasers with Large
Output Coupling," to be published in Appl. Phys. Letters 36
(1980).

- A. E. Siegman, "Cavity Equations for Laser Cavities with Large
Output Coupling, Injected Signals, and Spontaneous Emission

Noise," manuscript in preparation (1980).

F. Diffraction-Biased Ring Unstable Resonators

A novel type of diffraction-biased ring unstable resonator, with

potential application to ring laser gyros, was invented and analyzed

under this program., This result was published in:




- Shinan-Chur Sheng, "Diffraction-Biased Unstable Ring Resonators
with Possible Applications in Laser Gyroscopes," IEEE J. Quant. £

Electr. QE-15, 922-926 (September 1979).

G. Phase Conjugate Mirror Resonators

One of the most interesting developments in optics in recént years
has been the emergence of the phase conjugate mirror, using four-wave
mixing, as a new fundamental optical component. During the past year,
we have carried out a basic analysis of the resonator mode properties
of optical cavities having a phase conjugate mirror at one end. These .

results are reported in detail in:

~ Pierre A, Belanger, Amos Hardy,and A. E. Siegman, 'Resonant Modes
of Optical Cavities with Phase-Conjugate Mirrors," to be published
in Appl. Optics 19 (1980).

-~ Pierre A. Belanger, Amos Hardy, and A. E. Siegman, '"Resonant
Modes of Optical Cavities with Phase Conjugate Mirrors: Higher-

Order Modes," to be published in Appl. Optics 19 (1980).

H. Hg, Optical Pumping Studies
&

Research in optically pumped lasers occupied most of our effort in
the first year of this program. The work bullt on our earlier success
with the demonstration of the first electronic transition optically
pumped laser in molecular 12 .1 We followed the I2 work by demonstrat- 1
ing an optically pumped Na2 molecular laser.% Those early experiments
did much to open the field of optically pumped lasers such that operation i
of a wide variety of lasers of this type has now been accomplished. ;

Under this program we extended our studies to ng because of

its potential as an energy storage laser with tunable output. Our

-9 -




theoretical studies led us to the concepts of energy storage in
metastable states that are long lived because of radiation trapping.

We also proposed to use an anti-Stokes process to extract the stored
energy and suggested a specific process in atomic mercury.3 The energy
storage method and the anti-Stoke extraction process were subjects of a
patent application. However, the application is now dormant due to
lack of Stanford interest.

Our experimental work in ng led almost immediately to the demon-
stration of a photodissociation laser in Hg which results from the
dissociation of optically excited ng.4 This laser also represents a
new class of devices and is an early form of recent photodissociation
lasers based on alkali salts. Of particular interest, we observed laser
action in atomic mercury on the strong 5461 2 resonant transition.

Our main effort in these studies was to investigate molecular ng
as a potential laser medium.5 Our measurements led to two principal
results that affect the design of all high power gas laser sources. The
first is that upper level absorption in molecular systems like ng leads
to net loss for low cross-section laser transitions. The second is that
three-body collision rates quench the storage levels so rapidly that
energy storage in gases is not a useful approach for high energy density
storage laser devices.

We specifically demonstrated these results for ng where we measured
gain, loss, and collisional deactivation of the storage level. We also
stated as a conclusiqn of our work, that low cross-sections for energy
storage was not appropriate in gaseous systems. This point has now been
conceded after three years of further research into the group six laser
systems.

- 10 -
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Our present understanding of high power or energy storage laser
systems is further modified by optical damage problems. High energy
storage laser systems must be designed not to exceed the damage limit
of the resonator or external optical surfaces. For most laser systems
this puts an effective limit on energy storage density and thus on the
minimum useful cross-section required for efficient energy éxtraction.
Interestingly, Nd:Glass is remarkably close to the optimum energy

storage laser system based on these considerations alone.

I. Two Photon Laser Studies

To date, population inversion and subsequent stimulated emission
via the two photon process has not been achieved. The interest in such
a system is the potential for large energy storage and the potential for
very large tunable output powers.

We investigated, in detail, a number of two photon laser systems
which included atomic, molecular and solid state schemes. Our interests
focused on atomic systems where the energy storage could be accomplished
by optical pumping and the two photon laser action triggered by a high
peak power infrared laser source. Atomic mercﬁry, copper, calcium,
strontium and bariam were theoretically investigated. We also looked at
two photon gain in nitrogen, oxygen and thallium. The result of the
study showed that the required energy storage density was near 1018 atoms/cc
for at least 1 psec duration. Our studies further showed that the two
photon energy storage level must not be radiatively coupled to lower
levels. The large energy storage density requirements led to a high pump
laser energy level of greater than 100 mJ. At the time of the study the
energy was greater than that available from our existing tunable laser
sources.

- 11 -
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As a second part of the program we investigated the triggering
rquitements to initiate two photon laser action, assuming that the
inversion was available. This calculation, which is a major part of
H. Komine's Ph.D. thesis,6 showed that efficient energy extraction from
a two photon laser required a much greater initiation pulse energy than
was previously thought. At the time of the program our existing tunable
laser did not possess adequate energy for £riggering a two photon laser
system.

We have recently reconsidered the two photon laser source. The
re-evaluation was brought about by our Raman studies and by the high

pulse energy Nd:Glass tunable laser source now under construction. The

laser technology and the understanding of the energy storage and laser
trigger requirements make pursuit of a two photon laser a much more
probable success now than four years ago. The benefits of high peak
power tunable output are still present. An additional benefit is the
possibility of stimulated anti-Stokes Raman up-conversion for both fre-

quency shifting and energy gain toward the ultraviolet.

J. Frequency Conversion via Four Wave Mixing

We have recently completed theoretical and experimental studies of
four wave mixing as a frequency conversion process. The initial concept
was proposed in 1972 by Harris and Byer, but was not demonstrated until
1977.7 The early experiment showed that the 1.4 um - 4.0 um OPO tunable
source could be frequency extended to cover the 4 um - 18 um spectral

range by four wave mixing in H_ gas.

2

- 12 -
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However, the early experiment was not in quantitative agreement
with theory in that the observed mixing efficiency was a factor of 30
less than predicted.

In 1978 -~ 1979 we carefully studied the four wave mixing process
in HZ gas. During these measurements great care was taken to define
the spatial and temporal aspects of the laser beams. The results were
the major part of S. J. Brosnan's Ph.D. thesis which was completed in
April 1979.8

Our concept of four wave mixing and a method to implement it led
to a patent for the approach. Further, four wave mixing was shown to be
an integral part of stimulated Raman scattering. Our increased under-
standing of the interaction of four wave mixing and stimulated Raman
scattering led to the successful demonstration of 16 um generation by
four wave mixing, assisted stimulated rotational Raman scattering in

para-H, gas using a CO, laser source.

2 2

K. Optical Parametric Oscillator and Optical Parametric Amplifier

Studies
The need for higher power tunable infrared and visible sources led

us to investigate improvements in the growth of LiNbO, by increasing the

3
available crystal size., Our initial growth studies showed that large

high quality LiNbO, crystals could be grown along the 01.4 direction.9

3
This growth direction 1s a few degrees off of the optimum phasematching

angle for 1.06 ym pumped parametric oscillation.

We quickly demonstrated that 01.4 grown LiNbO3 could be used

for parametric oscillation over an extended 1.4 - 4,0 um tuning range.lo




Lt

Our work then proceeded toward the development of a computer controlled

widely tunable, high energy source.

During the past three years we have achieved significant progress
toward our goal of a fully automatic high resolution, reliable, tunable
source.

We improved the LiNbO3 crystal growth by continued research which

led to a 01.3 growth axis and to crystals 20 mm in diameter by 6 cm in

length. These crystals allow up to 0.1 J of tunable energy to be
generated at 10 pps when pumped by a Nd:YAG source. We transferred the
growth technology to a commercial firm which now supplies more than 50
crystals per year to customers around the world.

We developed a reliable Q-switched Nd:YAG pump source for the
OPO measurements. A critical step in that work was the development of
the unstable resonator Nd:YAG source11 which is now the basis for the
standard commercial Nd:YAG laser source.

We developed the first computer controlled tunable laser source
with the capability to continuously scan over the widest wavelength
range yet achieved in a single device. Recentl& our computer software
and control capability has been transferred to commercial products.

We demonstrated continuous tuning, data recording and data processing at

- 10 pps at 0.6 cm‘-1 linewidth over the 1.4 - 4,0 um range. We used our

tunable source capability in remote air pollution measurementsl2 and in
spectroscopic studies.IBRecently, we have successfully demonstrated
continuous high resolution tuning at 0.08 cm-1 linewidth over a 20 cm-1

range and have taken long path absorption spectra of the atmosphere with

the source. The OPO tuner has successfully operated for longer than one

- 14 -




year without crystal or component damage. Finally, we have demonstrated
single axial mode operation of the OPO and have fully characterized
crystal damage limitations, optimum OPO design and optimum pumping con-
ditions.l4
Our work on OPO tuners led to the consideration of optical parametric
amplifiers as efficient power boosting devices with a wide tuning range.
We successfully completed a detailed study of both a KD*P OPA and a
LiNbO3 OPA and for the first time verified the OPA theory by careful

quantitative measurements.15 There is no doubt that OPA's will be used as

wide bandwidth efficient power amplifiers in tunable laser systems.

Our work in this area was recently published in two papers in the

13,15

Journal of Quantum Electronics. The work formed part of the Ph.D.

thesis research of Dr. S. J. Brosnan and Dr. R. Baumgartner.

L. Efficient Frequency Conversion via Stimulated Raman Scattering

Our work in four wave mixing and our development of the high peak
power Nd:YAG source led to the use of Stimulated Raman Scattering (SRS)

to efficiently convert laser radiation to new frequencies.

During our Nd:YAG pumped ng and OPO studies we used SRS as a con-
venient means of efficiently generating new coherent wavelengths at both
the Stokes and anti-Stokes shifted wavelengths. Our work led to a better
understanding of the Raman process16 and to its general acceptance as a
useful wavelength shifting method.17 SRS has now reached commercializa-

(]
tion and is having significant impact because of the extended 1600 A

to 10 um tuning range made available by SRS from a tunable dye laser

F
|

source pumped via the unstable resonator Nd:YAG source.

- 15 -




Our early work in SRS led to the consideration of applying the
technique in the infrared. A calculation showed that SRS could pro-~
vide a useful method to efficiently convert 10 um to 16 um. The first
paper proposing this concept was published by Byer in 1976.18 The
proposal was met by general skepticism. However, we pursued the idea
experimentally.

Our work in this area was partially funded by the Air Force and
led to the concept of a multiple pass cell for enhancing the Raman gain.
The paper describing the cell is to be published soon,19 and a patent
is pending under the Air Force support.

Our persistent research effort led to the first successful stimu-

lated rotational Raman scattering from para-H, at 10.6 um.zo We demon-

2

strated 50 mJ of 16 um output but more importantly a very high 40% photon

conversion efficiency.21 Our results led to a careful theoretical

evaluation of the optimum pump laser source and to a proposal for research

in this area to AFOSR.22 Stimulated Rotational Raman Scattering is a

conceptional breakthrough in infrared tunable sources in that it is not

limited in peak or average power by the nonlinear element but only by

the laser source. It is readily possible to design and demonstrate tunable

IR output in the important 8 um to 20 um range at the Joules per pulse

level at over 1 kHz repetition rate! A step in this direction was

recently taken at Exxon23 where 1.6 J at 16 um was generated at 1 pps

using an approach ﬁased on our research and our multiple pass cell concept.
The research in Stimulated Rotational Raman Scattering was the

major part of W.R. Trutna's Ph.D. thesis, Dr. Trutna was a joint student

under Professor A.E. Siegman and Professor R.,L. Byer.
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Our work in stimulated Raman scattering is continuing with the

further development of theory and the application of SRS as a means of

extending the tuning range of a Nd:Glass laser source. We are also
planning experiments to demonstrate a Raman transfer laser and efficient

picosecond pulse conversion via the stimulated Raman process.

M. Current Research

Our research in laser physics and laser techniques is currently
generating new results in two areas. We have recently demonstrated
Fourier transform limited single axial mode operation of an unstable
Nd:YAG laser oscillator via injection locking. This work is part of the
Ph.D. thesis of Y.K. Park and represents a technical achievement of some
importance for both spectroscopic and military applications of the Nd:YAG
source.

We are also pursuing the use of laser induced ionization as a new
and very selective and sensitive detection and measurement tool. Research
in this area will be the focus of our future research under this program.

We plan to continue to improve laser sources and tunable laser
capability in support of our research effort. ﬁe also plan to continue
to work toward obtaining patents whenever appropriate and to transfer
our laser capability-to'the commercial community. Finally we recognize
our responsibility to inform the AFOSR of any potential benefit to the

Air Force resulting from our research.
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APPENDIX I
Saturable absorber overlap of iodine 127 with the optically

rumped 546-nm mercury laser?
Max Artusy and A. E. Siegman

Edward L. Ginzton Laboratory. Department of Electrical Engineering, Stanford University, Stanford,

California 94305
(Received 23 May 1977; accepted for publication 23 June 1977)

A single isolated saturated-absorption feature in '’ using the optically pumped 546.1-nm Hg laser has
been observed with low (~6 MHz) resolution. The °S,~—°P, Hg laser transition can be centered exactly on
this feature by varying the N, buffer gas pressure using the measured pressure tuning rate of 9.4
MHz/Torr. This may provide an attractive laser system for absolute wavelength stabilization.

PACS numbers: 42.65.Gv, 32.70.Jz, 42.55.Hq

The optically pumped 546. 1-nm mercury laser’? is
potentially very attractive for frequency stabilization,
The absence of any active discharge in the all-fused-
quartz single-isotope gain cell should imply a nearly
ideal long-lived laser medium especially suitable for
high-stability applications, with minimum disturbance
from gas cleanup, discharge instabilities, and catapho-
resis. Laser oscillation is obtained by pumping the
continuously flowing or sealed-off’ Hg-N, laser tube
with specially constructed low-pressure Hg lamps in a
conventional double-ellipse pump cavity. A simplified
energy-level diagram of the laser system is shown in
Fig. 1. The 253. 7-nm Hg resonance line populates the
3P, 1evel of mercury, which is quenched to *P, with the
aid of ~30 Torr of N,. The less-intense mercury 404.7-
nm line then pumps from °P, to the Hg °S, level, from
which laser actions occur down to the P, level on the
mercury green line at 546, 1 nm. The nitrogen also
quenches the 3P, lower laser level, without totally
quenching the other excited mercury levels involved in
the laser action,

Intense non-self-reversed pump lamps capable of
operating with very small quantities of single isotope
mercury have been developed for pumping this laser,

SIMPLIFIED Mg - LEVEL SCHEME

NITROGEN
QUENCHING

FIG. 1. Energy-level scheme of the optically pumped Hg-N,
laser.

3 Research was supported by the Air Force Office of Scientific
Research, Thanks are due to Neil llolmes who has carried
out other aspects of the 1lg lager development and on whose
apparatus some of these data were taken,

a3 Applied Physics Letters, Vol. 31, No. 5, 1 September 1977

As with other metal -vapor-—rare-gas discharges,
cataphoresis is a problem of primary importance.® To
overcome this difficulty, we use the diffusion-bypass
lamp design shown in Fig. 2. A 2-A dc discharge in the
temperature-controlled capillary bore of this lamp
cataphoretically pumps mercury from a cold reservoir
near the anode to the cathode at a rapid rate. The
parallel large-bore discharge-free tube then provides a
diffusion return path through which the mercury can
continuously diffuse back to the anode. Nickel baffles
suppress the discharge in the return path while allow-
ing free diffusion of the mercury. The vapor pressure
within the lamp is varied by heating the recirculating
deionized water and thus contrelling the capillary bore
temperature. All other parts of the lamp are kept
warmer than the ~50 °C water temperature to prevent
mercury condensation elsewhere in the lamp. It has

" been found experimentally that the ion-laser-type

tungsten dispenser cathodes do not absorb or getter
the mercury.* Typical lamp fill is 15 mg of ?*’Hg and
500 u of research-grade argon. Operating lifetime of a
carefully prepared lamp appears to be at least several
hundred hours without signs of deterioration.

Preliminary inverse Lamp-dip experiments using
the mercury laser with an '2"I, saturable absorption
cell have been performed. A iodine cell was placed
within the 1.25-m-long cavity of a piezotuned flowing -
gas mercury laser, The Hg-N, laser itself has a pres-
sure-broadening coefficient of ~20 MHz/Torr,* and
thus presumably operates in the transition region be-
tween fully homogeneously and inhomogeneously

CULD Hg

1 -
RESERVOIR (\\‘\)\\\ ’

!:&'\\\

FIG. 2. Diffusion-bypass low-pressure Ar-lg lamp developed
for pumping the Hg-N, laser.
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FIG. 3. Saturated absorption feature due to 127l in 2 2®Hg-N, £
. laser at ~24 Torr of N,. e
-100}- N
broadened limits. In agreement with this, no laser FIG, 4. Frequency shift of the Hg 546.1-mm laser transition :
Lamp dip has been observed, although multiple axial relative to the '?’[, saturated-absorption peak as a function of
modes will oscillate simultaneously. Single axial mode N, pressure in the HG-N, laser tube,

operation was obtained by the pragmatic approach of
reducing the pumping level to only slightly above thresh-  is not too far from the optimum value for laser opera-

old, giving a 120-MHz free-tuning range for the laser tion), the laser gain profile can be centered exactly

at fixed gas pressure. Within the available pressure and below the inverted Lamb dip. This can minimize the
piezoelectric tuning range of this laser, only one in- necessity for third-derivative locking schemes to sup-
verted Lamp dip was observed, with a typical appear- press slope offset problems encountered with the He-Ne
ance as shown in Fig. 3. This single feature has a and other lasers.®

FWHM of ~6 MHz, approximately comparable to I, plus

He-Ne systems previously investigated. ® Note added in proof. The iodine transition responsible

for the saturated absorption feature has tentatively
One of the attractive features of this system is the been identified as the R(122) line of the v"=2 to v’= 34
readily observed pressure shift of the laser gain profile band.
produced by the N, buffer gas. The Hg laser can be
operated over a N, pressure range from at least 11 to
40 Torr. The pressure shift of the laser transition over

the central portion of this range has been determined IN, Djeu and D, Burnham, Appl. Phys. Lett, 25, 350 {1974),
by observing the relative position of the I, inverted IMax Artusy, Neil Holmes, and A.E, Siegman, Appl. Phys.
Lamb dip within the center of the laser’s piezotuning ~ Lett. 28, 133 (1976), (
range for various fixed gas pressures. The results of K-G. Hernqvist, Appl. Phys. Lett, 16, 1 970),
these measurements, as summarized in Fig. 4, show a Neil C, Holmes (private communication).
Sy g 4, Sl 5W.G. Schweitzer, Jr., E.G. Kessler, Jr., R.D. Deslattes,
pronounced red shift of —9.4 MHz/Torr. By adjusting H.P, Layer, and J.R. Whetstone, Appl. Opt. 12, 2927
the nitrogen pressure to approximately 25 Torr (which (1973),
|
i
i
{
!
g
' .
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Laser Induced Photoacoustic Grating Effects in
Molecular Crystals

JOSE R. SALCEDO aND ANTHONY E. SIEGMAN, FELLOW, 1EEE

Abstract~A transient grating of singlet electronic excited states is
produced in a pentacene-doped p-terphenyl molecular crystal by
optical absorption from two crossed time-coincident picosecond ex-
citation pulses at 532 nm. The diffraction properties of this volume
grating are probed by a weak, variably delayed, Bragg-matched pico-
second probe pulse. At high excitation intensities, a strong oscillatory
bekavior in the time-dependent scattering efficiency is observed super-
imposed on the exponential decay pattern of the excited-state grating.
We attribute the oscillatory behavior to a thermal grating which induces
cohetent microwave acoustic phonons. These in turn modulate, at the
sound frequency, the optical absorption properties of the pentacene
molecules in the excited state. An acoustically induced amplitude
grating effect is thus obtained, in contrast to conventional acousto-
optic phase grating effects.

I. InTRODUCTION

E report the observation of strong photoacoustic ef-

fects in molecular crystals, and particularly the observa-
tion of an acoustooptic amplitude grating effect, obtained
while applying the picosecond transient grating method to the
study of energy migration processes in molecular crystals.

The details of our transient-grating method and of the en-
ergy migration studies have been given elsewhere [1], [2], but
it may be appropriate to briefly review the transient grating
concept. Two coherent, time-coincident picosecond excita-
tion pulses are transmitted through an experimental sample
which is absorbing at the excitation wavelength, as in Fig. 1.
In the experiment described herc the absorbers consist of or-
ganic molecules ( pentacene) imbedded in a transparent crystal-
line host (p-terphenyl). Optical absorption in the interference
pattern between the two excitation beams produces a volume
grating pattern of electronic singlet excited states of the
pentacene molecules. This excited-state grating then acts as
an optical absorption grating or “transient hologram.” The
time-dependent decay of the excited-state grating is probed
by Bragg diffraction of a weak, variably delayed picosecond
probe pulse. The intensity of the diffracted probe pulse is
monitored as a function of prote pulse delay. In the case at
hand, the grating pattern decays through a combination of
excited-state decay and excited-state transport (which washes
out the grating fringes). For purely diffusive excited-state
energy transport, the decay is exponential, and the decay rate
gives the transport parameters directly. A diffusion coef-
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Fig. 1. Transient grating concept and geometry. Probe pulse is orthog-
onally polarized relative to excitation pulses, and signal is extracted
with cube polarizer.

ficient for the singlet excited electronic states of pentacene
in p-terphenyl has thus been obtained [2].

When we performed the same experiments at optical excita-
tion intensities above ~500 MW/cm?, a strong well defined
oscillatory behavior in the scattering efficiency versus decay
was observed. In this paper we interpret this oscillatory be-
havior as due to strong photoacoustic effects. At high excita-
tion intensities, a significant thermal grating is superimposed
on the excited-state grating. This thermal grating produces a
transient disturbance which can be described as a “frozen™
stress pattern plus two counterpropagating coherent micro-
wave acoustic waves [3]. The density modulation associated
with this disturbance modulates, at the microwave sound fre-
quency, predominantly the optical absorption cross section of
the pentacene excited electronic singlet states, most likely by
pressure tuning the absorption line. This in turn modulates
the effective depth of the excited-state grating and thus its
scattering efficiency, producing an amplitude grating cffect.
To our knowledge, such photoacoustic amplitude grating ef-
fects have not been previously observed. They provide inter-
esting information on phonon processes and on pressure tun-
ing in the crystals, in addition to preserving the excited-state
transport information.

II. EXPERIMENTAL OBSERVATIONS
A. Apparatus

The experimental apparsatus for these studies is outlined in
Fig. 2. A continuously pumped, high repetition rate, Q-
switched and actively mode-locked Nd:YAG laser [4] pro-
duces bussts of mode-locked pulses, from which single pulses
are selected by a LINbO, Pockels cell in a Blumlein configura-
tion. These pulses are efficiently doubled to 532 nm by a

0018.9197/79/0400-0250800.75 © 1979 IEEE
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Fig. 2. Transient grating experimental setup.
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temperature-tuned 90°-phase-matched CD*A crystal, and split
into two strong excitation pulses (=300 kW peak power each)
and a weak variably delayed probe pulse (=20 kW). All
pulses are linearly polarized in the plane of the figure, and
are Gaussian in time and in space with a duration [full width
at half maximum (FWHM)] of 50-75 ps. Due to the par-
ticular optical absorption properties of pentacene at 532 nm,
excitation and probe pulses are chosen to be at the same wave-
length. To meet the Bragg ¢ondition, the probe pulse is
brought from the back of the crystal along the reverse path of
one of the excitation pulses, but with its polarization rotated
by 90°. The first-order Bragg-diffracted pulse preserves this
polarization and is scattered along the reverse path of the
other excitation pulse. A polarization beam splitter then de-
flects the signal into a photodetector connected to a lock-in
amplifier. The lock-in output drives the y axis of an X-Y re-
corder, while the x axis is driven by the motorized probe pulse
delay line. For slow delay scan rate and high laser repetition
rate (100 Hz), data gathering is essentially continuous in a stro-
boscopic sense. Each experimental plot contains typically
50 000-100 000 laser shots and takes 10 min to complete. Ob-
served scattering efficiencies are typically several percent, yield-
ing high signal to noise ratio in the measuremznts (S/NV = 100is
easily achieved). To further enhance the signal discrimination,
every other pair of excitation pulses is chopped and phase
sensitive detection is used. A microscope objective can also
be used to image the interaction volume onto a vidicon tube
with large magnification, allowing the display of the grating
fringes on a television monitor. This provides a very accurate
tool to align all three beams in the crystal.

B. Results

Results showing diffusive encrgy transport at fow excitation
intensity have been previously reported and studied [2]. Here
we concentrate on the high excitation intensity results, which
show the oscillatory character of the time-dependent scatter-
ing efficiency. Fig. 3 shows this oscillatory dependence as ob-
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Fig. 3. High excitation intensity transient grating results showing the
dependence of the oscillation period T on the grating fringe spacing
A, for four experimental results.

served in four experiments from a series performed under iden-
tical conditions except for different fringe spacings A, which
are adjusted by changing the angle between the two excitation
beams. In all these results the grating & vector is parallel to
the crystal b axis. The time period T of the oscillatory modu-
lation changes with fringe spacing A with the linear depen-
dence shown in Fig. 4. A straight-line fit yields a slope of
2.63 X 10° cm/s, which we take to be the velocity of sound.
The velocity of sound in the same crystal along the same di-
rection was independently measured to be vy =2.65%0.05
cmy/s, confirming the acoustic origin of the oscillations.

Further examination of the shape of the oscillatory decays
in Fig. 3 leads us to conclude that the observed effects must
result from thermal excitation of an acoustooptic amplitude
grating. This grating must be produced, we believe, by acoustic
pressurc tuning of the excited molecular state absorption in
the sample. The theoretical analysis supporting these con-
clusions is outlined in the following section.

HI. TueorETICAL FORMULATION
A. Time Dependence of the Scattering Efficiency

The geometrical and parametric dependence of the scattering
efficiency of volume holograms is well known [5). [6]. llere
we are mainly interested in the exponentially decaving and
oscillating time dependence of the observed scattenng from
the volume grating patteins produced by thermal plus excited-
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Fig. 4. Linear dependence of A versus T.

state gratings in our experiments. In these experiments
scattered probe signals were observed primarily at the first-
order Bragg-matching angle. However, the volume grating
pattern also contains higher spatial harmonics, particularly
at the second-order Bragg angle, which should also be observ-
able. In general the diffracted probe signal intensity 1,(r) at
the nth order Bragg matching angle is given by

- IL(n= f Ip(t" - DU * xn N dt’ (1)

where the * denotes convolution, and /,(t" - £) and [(¢") are
the probe and excitation pulse intensities, with the probe
pulse being delayed in time by an amount z. Out of the total
complex susceptibility x(x, #) in the sarnple the relevant part
is the spatial Fourier component of order #n, i.e., the compo-
nent x,(?)exp (jnkx), which corresponds to spatial vector
nk =n2afA, where A is the grating spacing. As written here,
x(x,t) is the Green’s function or the unit impulse response
produced by an excitation pulse that is a unit impulse in time.
In this paper we will, in fact, treat the excitation pulse ()
as a unit impulse, since the ~70 ps excitation (and probe)
pulses are short compared to the ~1 ns oscillation and decay
times in these experiments. The scattering susceptibility x,(f)
is in general complex, i.e., X, = X +/Xy, with the real part
being responsible for phase grating or index of refraction
grating effects, and the imaginary part being responsible for
amplitude or absorption grating effects.

The physical process that produces the coherent acoustic
waves of interest here is a thermally induced acoustic grating
which is superimposed on the excited-state grating [2]. The
thermal grating and the associated acoustic waves can be
analyzed starting from the lincarized hydrodvnamic equations

(71-191

a*8p vl _, n 9 UsBpo
—_— 3 Ap - ——V2A i Ll od' A AT =
a Ty Viap T Viap V?AT=0
9AT X, Y-1084p nca -
e~ —— AT - —r = (EI)_ 2
o poc, v Bpo ot 4mpec, )

Here AT and Ap are the local temperature and density changes,
Po is the cquilibrium density, nis the viscosity, 8 is the expan-
sion coefficient, X is the thermal conductivity, a is the optical
absorption coeflicient, and 7, is the local optical electric ficld
in the interaction volume, Electrostriction can be neglected,
and the transient solution for the density variation Ap can
then be readily obtained [8) for an excitation pulse very shost

compared to the acoustic times of interest:
Ap(x, )= AP max [e™79¢ cos wi - €7™M) cos(2nx/A).

(€))

Here 7,. is the acoustic wave attenuation time or sound absorp-
tion time, 7, is the thermal conduction time, and w = 2n/7,
is the acoustic frequency where 7, = Afv,, with . being the
acoustic wave velocity. For the acoustic frequencies generated
in these experiments (w(2m ~300-800 MHz), the acoustic
decay time is 74, ~ 50-100 ns, and the thermal conduction
decay time can be ignored.

A more complete analysis would take into account the
Gaussian transverse sraual dependence of the excitation
beams, as well as the Aﬁm‘tc duration of the excitation pulsc
1.(2). In particular there will be an additional effective decay
of the acoustic signals as the finite trains of left- and right-
going acoustic cycles move across each other and cventually
cease to overlap spatially with each other. Since our gratings
typically had at least 20 fringes across the half width of the
beam spot size, however, this had little effect during the S or
6 acoustic cycles typically followed in our experiments.

Although we will speak loosely of pressure tuning effects,
we attribute the observed effects in our experiments to in-
duced changes in the local optical properties of the medium
caused primarily by local density changes rather than either
local temperature, local stress, or pressure effects. Fig. 5 is
a plot of the excited state grating pattern N, (x, = 0), the
ground state molecular density Ng(x, 7 =0), and the instanta-
neous local density change Ap(x,t), with the latter quantity
being plotted at successive instants of time through one com-
plete acoustic cycle, neglecting damping or decay effects. The
acoustic density grating pattern is in phase spatially with the
excited-state grating pattern, as well as with the sinusoidal part
of the ground state molecular density. Because of the instan-
taneous nature of the thenmal excitation in bulk, both the den-
sity and the pressurc must be described as having a static or
“frozen” grating component as well as two counterpropagating
traveling-wave components. (The “frozen™ components will of
course decay away with a much longer thermal relaxation time )
Note also that the density variations with time at any one point
in space are *“one-sided,” i.e., the local density swings up and
back, or down and back, but not both up and down at any one
location. The molecular densities No(x) and N,(x) decay
slowly duc to excited-state relaxation and diffusion.

B. Phase Versus Amplitude Grating Lffects

Conventional acoustooplic interactions in solids neatly al-
ways occur through a phase grating mechanism, caused by a
change in local index of refraction associated with the acoustic
disturbance. Examination of the theoretical expressions and
of Fig. 5 shows, however, that this cannot be the primary cx-
planation for our observations, and that we are clearly observ-
ing an acoustooptic amplitude grating cffect.

In our results the instantancous scattering efficiency is seen
to be reduced nearly to zero at each odd half acoustic cycle
after the excitation pulse. This is also the instant when the
density grating reaches its maximum amplitude in spatial
phasc with the excited-state grating. The implication is that
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the density-induced scattering at those instants must add in
opposite phase (not in quadrature) to the excited-state in-
duced grating. We believe the excited-state grating must
surely be an amplitude grating, and hence the density-induced
grating must be an amplitude rather than a phase grating also.
Equation (3) shows that the density grating consists of two
traveling-wave components of relative amplitude +% each, and
a fixed or constant component of relative amplitude -1. The
two traveling-wave components decay with the acoustic decay
time 7,., which lasts 25-50 acoustic cycles, while the fixed
component decays with the thermal decay time 7,,, which is
much longer. Each of these components will induce a scat-
tered signal field component at the Bragg angle, with cor-
responding amplitudes and phases. Note that the three den-
sity grating components, and also the three vectorial scattered
wave components, sum to exactly 0 at ¢ =0 since the density
modulation starts from an initial value that is identically zero.
Fig. 6 shows vectorially in the complex plane the scattered
vector field amplitudes contributed by each of these three den-
sity wave components, plus the larger component contributed
by the excited-state grating, at three instants of time corre-
sponding to O, % and 1 acoustic cycle. The sketches are
“drawn with vertical arrows representing the excited state grat-
ing, assumed to be a pure amplitude grating. The heavy arrow
in each case is the vector sum, or the instantancous vector
amplitude of the total Bragg-scattered signal ficld. The length
of this vector squared would give the total Bragg-scattered in-
tensity at that instant,
The upper sketeh assumes that the density waves induce a
phase grating effect, ic., the three acoustically induced com-

AMPLITUDE PLUS PHASE GRATING
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= \] Tl
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W 11] A
)

4

Fig. 6. Graphical (phasor) description of acoustically induced phase or
amplitude grating added to excited state amplitude grating. Resultant
time dependences are radically different. Only acoustically induced
amplitude grating effects can explain observed time dependence.

ponents are 90° out of phase with the excited-state grating
component; while the lower sketch assumes the density wave
components are in phase with the excited-state component.
The two smaller density wave components rotate in opposite
directions in the complex plane at the acoustic frequency,
since they represent oscillating or traveling-wave terms. Note
that the observed amplitude variation of the total scattered
signal with time can only be explained by the lower sketch.
An acoustic phase grating would, in fact, cause the total
scattered intensity to have an amiplitude variation of opposite

sign.

C. Detdiled Analysis of the Scattering Efficiency

Leaving aside inessential constants and geometrical factors,
the scattering susceptibility x,(¢) can be written as

xalt) =] {}i:fv,.p(x, £ 01,0, r)} @)

where N; , and 0; , are the density-modulated molecular state
populations and cross sections, respectively, and where the
subscript n indicates that only the exp(jn2nx/A) spatial com-
ponent is to be considered. The sum in the present case ex-
tends over two levels, the ground state i = 0 and the first ex-
cited singlet level i = 1. The population and cross sections may
be written as

Nl,p(xs f) = Nl(xs’)[l + Ap(xv f)/Po]
01 5(x, 1) = 0; + (30,/3p) Ap(x, ) )

where N(x, 1) and o; without arguments give the unperturbed
values. The values both of g; and of their derivatives may in
genceral be complex, with the real part corresponding to ab-
sorption and the imaginary part corresponding to phase shift
or index of refraction effects.

The gencral expression for Ap(x,t) has been given in (3).
The populations of the ground and excited levels produced
by the excitation beam delta functions are [2]
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Ni(x,0)=§ N™ etl"[1- e~% Dt ¢os (2nx/A))
No(x,8)=No - Ny(x,1) (6)

where N, without arguments is the total density of absorbing
moleccules in the crystal, V™* is the initia} optically induced
excited-state density at the grating peaks, 7 is the excited
state fluorescent lifetime, and (1/7 + k2D) = K/2 is the decay
rate for the excited-state fringe pattern due to excited-state
relaxation plus excited-state diffusion with diffusion coef-
ficient D,
We now define the normalized maximum density variation

n= Apmax/po <<1 @)
and the oscillatory modulation component
M(t) = exp(-t/1g.) cos wit - 1. (8)

We also define the cross section sensitivity parameters, or
normalized density derivatives

So =(300/0p) po/og

Sy =(20,/8p) po/oy 9

which could be complex or even imaginary if the density
modulation produces an index.of refraction grating. We
then obtain the n =1 Bragg angle component of the scatter-
ing susceptibility from (4), (8), and (9) as

'iXI(t)= (Nlmaxlz) (Ol - ao) e—(1/1+k11))r
+ 10, (S, + 1) (V2% [2) e7/7 M(1)
+100(So + 1) (Vo - (V™ /2) ™Y M(r).  (10)

This expression contains three terms. The first is the basic
excited-state transient-grating signal [2] unperturbed by
acoustic effects. It gives the pure exponential decay observed
at low intensities, as determined by the excited-state lifetime
7 and the diffusion coefficient . The second and third terms
describe how the first excited state and ground-state diffrac-
tion effects are modulated by the thermally induced density
variations or cohcrent acoustic waves. In the (S; + 1) factors
in the second and third terms, the factor of 1 represents simple
density modulation of the local molecular density, while the
S; factors represent density modulation of the molecular cross
sections o;, as in (5). It will turn out that the magnitudes of
the §; seem to be substantially larger than unity to fit the ob-
served results.
The resulting diffracted signal intensity is then given by

l,(t)=f 10 - 1) |c'("/2)"

+A,e7 M)
+ AgQNGINM™ - e UITYM(r') 12 at’ an

where we have normalized the initial scattering efficiency to
unity. The osciflatory terms have magnitudes

=10 * 1) %o

Ao
g O

A' = y(s'_j_‘_)gl. . (12)
(45 Uo

Note that squaring this expression not only squares cach of the
above terms, but most importantly leads to beating effects
between the basic excited-state grating and the two acoustic
terms. Because the probe pulsewidth of ~70 ps is short com-
pared to the time constants involved in x; (¢), we can simplify
(1) as

1,(0)= | KIDT 4 g 7117 M(r)
+ AN N - e.'h)M(’)I2
e XKty A M(t) et e KIDY

+ AGQRN NP - &7ty M(r) e (K122, (13)
Here we have also ignored products of order #? in the second
line, since n* << 1.

Fig. 7 shows (13) plotted for typical values of the relevant
time constants as we slowly “turn on” the excited-state
density-modulation term A4; and the ground-state density
modulation term 44 independently. The experimental param-
eters employed are

N[N, =0.3

T=9.5ns
Tge = 100 ns
A=5um
vy =2.65 X 10° cm/s
D =05 cm?/s. (14)

It clearly seems that the shape of our experimental results can
be matched only by assuming that density modulation of the
excited state is the dominant mechanism causing the acoustic
effects. This is supported by the data shown in Fig. 8, ob-
tained from the third plot from the top in Fig. 3. The plot
shows both the exponential decay of the peak amplitudes,
which gives the diffusion coefficient D, and also the decay of
the depth-of-modulation amplitudes i.e., the difference be-
tween the fitting exponential and the observed amplitude at
the minima. The decay rates are essentially the same, which
says that the oscillatory term decays at the same rate as the
grating component of N,(x), not No(x). Only if density
modulation of the excited state is the dominant mechanism
can this depth of modulation decay be explained. For ground
statc modulation the decay would have to be significantly
slower.

D. Comparison to Experimental Results

Fig. 9 repeats the experimental result of Fig. 3, second
curve from the top (A = 5.33 um), along with a semilog plot
of the peak amplitudes in this curve, showing their almost
exact exponential decay. At the peak times, the instantaneous
density change Ap(x, ) is zero, and hence the obseived expo-
nential decay rate for the peaks should be (2/7 + 2k?1). The
obscrved results are in fact in agreement with Jow-intensity,
nonoscillating measurements which give 7=9.5 nsand D = 0.5
cem?/s for this particular sample.  Also shown in Fig. 9 is a
theoretical fit using (13) for these experimental conditions,
with A, = -0.02 and A, =+0.37. Lvidently it is density mod-
ulation of the excited rather than the ground level that is
dominant,
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Fig. 7. Excited state {upper) modulation and ground state (lower)
modulation, for several modulation “depths” 4, and 4y. Although
behavior may look similar, the oscillation decay is radically different,
being much slower for ground state modulation.

From all our other measurements, we can estimate that
04/0s =~ §, and from the heat deposition and thermoacoustic
properties of the material, we can estimate that in the high in-
tensity experiments, the normalized maximum density change
corresponds to 7~ 107>, From (12) we then obtain the
rough values

(So +1)~-100
(Sl + 1) ~+500

8% 4005

Oq
—~-05 (15)

at the peak of the acoustic wave (where Ap/py, <0). There is
independent support for the assumption that 304/3p <0, if
we consider the ground state absorption spectrum of penta-
cene in the vicinity of 532 nm, and a static pressure tuning
study of pentacene lines [10). No data on the pressure tuning
of the first singlet excited state of pentacene seem to be avail-
able, but our results imply that the net effect at 532 nm must
be of opposite sign, and several times larger.- The agreement
shown in Fig. 9 is good, especially if we look at the simplicity
of the theoretical madel, in which we did not include highly
nonlincar effects potentially present in the interaction volume,
such as the following.

1) In the high compressibility .cpime produced by the laser
induced acoustic waves (excess pressure < 50 atm). the sound
velocity can no longer be considered constant [, and the
acoustic waves can no longer be sigorously treated by a lincar-
1zed model.

2ss

* AMPLITUDE OF PEAKS
X DEPTH OF MODULATION

LOG SCALE

Fig. 8. e—Peak amplitudes for third plot in Fig. 3 (A = 4.7 um), show-
ing excellent exponential decay. Decay time constant pives D = 0.5
em?/s for this particular sample, for diffusion along the b axis.
X-~Depth of modulation points obtained from minima of same
plot. Observed decay can only bc explained if an acoustic modula-
tion of excited state optical properties is assumed. Ground state
modulation would produce a much slower decay.
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Fig. 9. Theoretical fit to second experimental plot in Fig. 3 (A =5.3
pum), for 4g = -0.02 and 4, = +0.37.

2) A linear dependence of cross section on density has been
assumed, when in more rigor we should use the exact nonlin-
ear absorption lineshape around 532 am.

However, we believe including these nonlinear effects would
only change the fit in Fig. 9 by a negligible amount, and in the
right direction for an even more exact fit.

IV. CoNcLUSION

The present paper reports the observation of amplitude grat-
ing effects produced by coherent acoustic waves induced by
optical absorption of picosccond pulses. These pulses form
overlupping transient excited-state and thermal gratings in the
bulk of a molecular ctystal. A simple model introduced to
treat the coherent acoustooptic interaction fits the experi-
mental results with quite good agreement.  The results yield
information about a variety of processes, including:

1) The nature and rate of encrgy mipration for the molec-
ular excited states, obtained by studying the decay of the
oscillatory signal peaks.

2) Information regarding high-frequency acoustic phonon
processes in the crystal, including acoustic velogily and atten-
vation. By changing the grating orientation in the crystal,
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anisotropic and nonlincar acoustic effects might also be
directly studied.

3) Information regarding the pressure or density modulation
of the ground-state and excited-state absorption in the crystal.

The amount of information simultancously obtained from
measurements such as these, concerning both molecular and
crystalline properties, is sizable. We hope this process can be
naturally extended to other materials as well, providing a

. unified understanding of their properties.
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Diffraction-Biased Unstable Ring Resonators with
Possible Applications in Laser Gyroscopes

SHINAN-CHUR SHENG

Abstract—The performance of laser gyroscopes is seriously limited at
present by the lock-in phenomenon that occurs between the counter-
propagating waves at low rotation rates or low values of the beat fre-
quency between the two waves. To minimize or eliminate this lock-in
phenomenon, different techniques such as mechanical dither and
Faraday cell nonreciprocal-pliase elements have been proposed and
studied. Here a new idea is presented, which shows how nonreciprocal
propagation and 2 zero-rotation-rate frequency offset can be obtained
by a “diffraction-bias” technique employing differential spatial filtering
in a negative-branch unstable ring resonator. :

1. INTRODUCTION

E PROPOSE here a basic new technique for obtaining a
zero-rotation-rate frequency offset between the counter-
propagating waves in a ring laser by using a “‘diffraction-bias”
technique in a negative-branch unstable resonator. Whether
this will represent a useful technique remains to be seen.
However, it does appcar to provide a fundamentally new
attack on the important problem of providing a frequency
offset, and climinating the lock-in problem for ring laser
gyroscopes [ 1] at very low rotation rates.
The general structure of a negative branch unstable ring
resonator with a separate focus for the mode propagating in
cach direction is shown in Fig. 1. To exphin the basic princi-

Manuseript received Mgreh §, 1979; revised March 15, 1979 This
work was supported by the Air Foree Orhce of Scientific Rescarch.

The author is with Fdward L. Ginzton Laboratory, Stantord Univer-
sity, Stanford, CA 94305,

0018-9197/79/0900-0922800.75 © 1979 ILLE
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Fig. 1. A typical ncgative-branch unstable ring resonator.

ple of nonreciprocal-diffraction filtering, a: unstable resona-
tor with cylindrical symmetry along the optical path is as-
sumed. Discussion of the problem of astigmatism is deferred
to later in this paper.

In Fig. 1 the clockwise (CW) propagation wave has a focus
at Few, while the counter-clockwise (CCW) wave has one at
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Fig. 2. Schematic rcpresentation of transverse dimensions of CW and
CCW waves at the CW focal plane Foy.

Fecew- In general Feyw and Foew do not have the same loca-
tion in a negative-branch ring unstable cavity. If proper de-
sign is used (e.g., equivalent Fresnel number N, ~05, 1.5,
2.5 ---, where the higher order transverse modes are well
separated, plus appropriate intracavity apertures, etc.), the CW
and CCW waves will both oscillate in the lowest transverse
mode, with azimuthal symmetry parameter I = Q.

At the focal plane containing the focus Fey, the transverse
dimensions of the CW and CCW waves are differcnt, as shown
in Fig. 2. At the other focal plane containing Fccw, the situa-
tion is just reversed, with the CCW wave small at the center
and the CW wave larger.

Suppose we insert two fine pins at the focal plane Few as
shown in Fig. 3 in such a manner that they are not decp
enough to disturb the CW wave propagation, but they do
penctrate into the region that the CCW wave occupies. This
“differential-spatial filiering™ will cause the CCW wave to suf-
fer very high diffraction loss in the / = 0 mode, and hence the
allowed oscillations in that direction can only be the modes
with!/=1,2,3,---,

Usually, higher ! azimuthal modes have larger transverse di-
mensions. So, an aperture at the focal plane F¢-w can restrain
the CCW wave from oscillating in ! = 2 azimuthal modes. Sim-
ilarly a proper aperture at the focal plane F¢¢w can stop any
121 oscillation of the CW wave.

If instead of two pins we put in 4,6, 8 -+ - pins at cqual an-
gles! we may be able to force the lowest azimuthal mode of
the CCW wave toruninl=2,3,4 - - -, respectively.

Similarly, a pin diffraction filter can be placed at focal plane
Fecew o obtain forced higher azimuthal mode oscillation of
the CW wave. If CW and CCW waves are operating in different
! modes, then the roundtrip phase shifts will be nonreciprocal
in the two directions, and a frequency oftset of “diffraction-

e Difrraction bias™ is not limited to azimuthal filtering only. In fact,
any schective filtering mechanism which differentially enhanees cor-
tain transverse modes (radial or azimuthal, x o1 v one dicction iy
applicable.
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Fig. 3. Illustration of differential-spatial filtering, forcing oscillation
in I =1 for the CCW wave, whilc allowing ! = 0 oscillations for the CW
wave.

biased” beat frequency will result even a zero rotation rate of
the laser cavity.

Let 6cw and 8¢ cw be the roundtrip phase shifts of the CW
and CCW waves, I, be the roundtrip optical path length, and
Acw and Accw be the optical wavelengths in the laser me-
dium. We can find that the frequency difference of the CW
and CCW waves when they are not in physical rotation, i.e.,
the dc bias beat frequency due to nonreciprocal-diffraction
filtering, will be given by

2l L
( : +f”cw) - (‘zn—”’ccw) =2nn 1)
Acw Acew
or

Av=(Vew - Yoew o rotation

- g'[n _Ocw - occw)]

L 2n @

where ¢’ is the speed of light inside the resonator, and » is the
integer difference between axial mode numbers of the two
waves. The lowest beating frequency between the two closest
waves is obtained by choosing the proper n which minimizes
[Av|.

We may call this scheme “diffraction bias™ as compared to
“Faraday cell bias™ or “mechanical bias.” This constant dif-
fraction bias may be able to get rid of the lock-in phenomenon,
in exactly the same way as a Faraday ccll does in some laser
gyroscopes.

This diffraction bias has the following properties.

1) An intracavity Faraday cell can cause problems like bias
shifting. ete., if there are magnetic field or temperature varia-
tions. Diffraction bias may be insensitive to changes in exter-
nal physical parameters, which means better and more stable
gyroscope performance can be achieved.

2) Compared to both mechanical dither and Faaday cell
bias, diffraction has may be simpler in constroction and per-
laps casier I maintenance,

Astigmatism is an eflect of some concern in ring laser design,
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Fig. 4. With designs such as the above, keeping all angles of incidence
8 < 15°, astigmatism generally will be small.

If astigmatism is serious, we may use either aspherical mirrors
or a small-angle design like Fig. 4 to minimize its effect. Even
with astigmatism our former discussion is still true, i.e., there
are still nonoverlapping focal points and hence differential-
spatial filtering is still applicable and bias can be obtained
through proper implementation of filtering pins.?

11. GEOMETRICAL ANALYSIS OF UNSTABLE RING
RESONATORS

We will first develop a geometrical analysis to predict the
locations of the focal points in an unstable ring resonator. Let
L,, L, be the separation lengths of two mirrors with radius of
curvature R, and R,, respectively, as shown in Fig. 5. For the
CW wave, we choose a reference plane G right before the out-
put coupler Ry. The roundtrip A BCD matrix elements for the
propagation sequence G >R, L, >R, > L, - G are then as
follows:

214)( 2L|) 2L,
Aew =[] - 222 (- 222} _ 222
cw (' RI\'" R )R

2L
Bcw = (1 - —R—f)L, +L,

21,
Dew=1-—.
cw R,
At plane G the diverging, perturbation-stable geometric eigen-
mode [2] is a spherical wave with radius of curvature Row
given by

3

L [ (4-D) (_A + D)".‘,
Rcw B 2 N '

)

Trhe astipmatism mentioned here s mainly due to tilted mirrors,
where the cylindrical symmetey adong the optical path is spotled. Asa
result we hase 2 two told symwtry with one symmcetry avis in the
planc of the ring and the other perpendiculas to it This indicates at

least two pins can be put along either axis to induce noareviprocal

- A1 -

eigenmodes.
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Fig. 5. General nomenclature for a simple negative branch unstable
resonator.

If Rcw > 0, the wave is divergent in the direction of travel.

The CW wave is focused down to the focal point £y after
reflection off the output mirror R,. The distance Zcw from
R, to Fcow along path L is given by

1 1 2
— —— = 2 ¢
Zcw Rew Ry )
or
RiRcw ©)

2oy & ————
¥ 2Rcw - R,

assuming that 0< Zcw <L, so that Foy is within the L,
segment. If Fcow falls outside this range, the additiona! focus-
ing effect of mirror R, must be taken into account. (It is also
possible to have 3, §, - - - foci in a more complicated multicle-
ment negative-branch unstable resonator, but here we are only
interested in the single-focus case.)

For the CCW wave the reference plane is set at G and all the
former calculations are valid with the exchange of L, and L,.
The CCW focus Focw is now located at Recw/2 behind the
output mirror.

A typical example, with confocal design in the CW direction
but not in the CCW direction, is the following:

R;=18cm
R,=24¢m
Ly=2lem
L3;=505c¢cm
Zew =9cem(onl, from Ry)
Zeew =069cm(onl,y fromR))
AstiASuor 3.39u)

20 = 2 mm (o 3.43 mm for 3.39 )
(output coupler diameter)
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Fig. 6. Example of a symmetric confocal design.

M=-3
Neg=15.

The locations of Fow, Focow are then as shown in Fig. 5. The
two foci are separated by a distance of 2.1 cm.

To obtain larger focal separation, a symmetric confocal de-
sign as shown in Fig. 6 may be used. At these focal points,
there is larger mode arca difference between the CW and CCW
waves (see following analysis), which allows easier and more
efficient nonreciprocal filtering to exist.

III. DIFFRACTION EIGENMODE ANALYSIS

We now develop a full diffraction analysis of the CW and
CCW eigenmodcs for a typical example. The full eigenmode
integral equation for the unstable resonator with roundtrip
A, B, C, D matrix element is®

jo-IkL
XY= T )\\/’B B, ff E(Xo, Yo)

exp [

- exp [-/ BEX (4,7 -2Y'Yo + Dyy")]
y

n ? ’ ! ’
lb-i(AxXo’ " 2X Xo+ Dy X 2)]
x

*dxg dy. @)

If we assume cylindrical symmetry £(X’, Y')= &,(') - ¢*/'®,
and change to Hankel transforms, we have

z - z -
3The propapation phasor is assumed 1o be e tRT qp ¥R T s piven,
all sipns associated with j should be changed.

CW WAVE
L0
OUTPUT PLANE

MIRROR EDGE
2 (o)
3 1 ] 1

>

[ 4

L.

@

-

E) CCW WAVE

< [}

OUTPUT PLANE

MIRROR E0GE

] t 2 3 4q & 6
NORMALIZED RADIUS

Fig. 7. (a) Intensity of the CW / = 0 eigenmode versus radius (in nor-
malized coordinates) at the reference plane just inside the output
coupler. (b) Intensity of the CCW /=1 eigcnmode along ¢=0
radius at the other reference plane just inside the output coupler.

1&;(r)=exp [-i (kL - %)] -exp [-jtaDr?] - (i) 2n

al1BIA
S s e inary)
0

- J,2nrro) ro drg (®)

where L = roundtrip optical length, a = output coupler radius

= s
= o T )

and1=0,1, 2,3, - is the azimuthal symmetry number. The
extra phase shift (#)' is particularly important in determining
the diffraction-bias beat frequency. A symmetric confocal
design (Fig. 6) was tested using a standard resonator program
with the following parameters:

PR
]
B=L,(l--ll§-:—) > 9)
=1
A J

Ly=1L;=41cm
Ry=35cm
R;=47 cm
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Fig. 8. (a) Intensity of the CW/ = 0 eigenmode versus radius at the CW
focal plane Fcw. (b) Intensity of the CCW /=1 eigenmode along
¢ = 0 radius at the same Fcw plane.

a =1 mm (or 1.72 mm for 3.39 u)
A=1.15u(or 3.39 )

Zew =Zccw=17.5¢cm
M=-4

Neq=-2.5.

It was assumed that as a result of spatial filtering the colli-
mated CW wave was operating in the /=0 mode, and the
collimated CCW wave was filtered and operating in the /=1
mode. An iterative computer program written with the fast
Hankel transform (FHT) algorithm (3] was used to find the
CW and CCW eigenmodes, which are shown in Fig. 7. (Each
mode required about 70 iterations to reach the convergence
level of |Ay] < 1072.) The mode patterns at the CW and CCW
foci are also illustrated in Figs. 8 and 9. These clearly show
that the sizes of these two waves are significantly different, as
expected. Spatial filtering by inserting two pins to constrain
the CCW wave but not the other should definitely be possible.
The associated complex eigenvalues in the two directions are
found to be

I"CW'([-o) =(0.888
o(’W(l-o) =1.5660
Frccwl =) = 0.846

n
Bcw(ren)=3.0013 + =5

The two oppositely directed modes do not have exactly the
same losses but the losses are close enough that simultancous
oscitlation in the two directions at Jeast seems coneeivable,
perhaps with further adjustinent of the resonator parametere

CW WAVE
L0
CCW FOCAL PLANE

2 {a)
£ N ! L
>
- 4
o
[- 4
=
g CCW WAVE
< ] L=l
CCW FOCAL PLANE
H
18
(b
L [ | |
o] { 2 3 L} S 6

NORMALIZED RADWS

Fig. 9. (a) Intensity of the CW [ =0 eigenmodc versus radius at the
CCW focal plane Foow. (b) Intensity of the CCW I =] eigenmode
along ¢ = 0 radius at the same Focow plane.

The extra n/2 of 6ccw is due to the phase factor (#) in
(8), which was not included in the resonator program. The
diffraction-biased beat frequency for this case is Av % 176 MHz.
Different cavity parameters (e.g., Ry, R3, Ly, L3, I) were also
tried, and beat frequencies ranging from a few megahertz to
several gigahertz were obtained. More systematic information
on the variations of transverse beat frequencies in unstable
resonators would be useful in this connection.

IV. CONCLUSION

The idea of using differential-spatial filtering or *‘diffrac-
tion bias’ in negative-branch unstable ring resonators to obtain
nonreciprocal oscillation frequencies appears to be a new idea.
The potential application of this technique in laser gyroscopes
is particularly interesting. More work is needed to sec what
further practical advantages, or disadvantages, are associated
with this technique.
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Quasi fast Hankel transform
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We outline here a new algorithm for evaluating Hankel (Fourier-Bessel) transforms numerically with enhanced
speed, accuracy, and efficiency. A nonlinear change of variables is used to convert the une-sided Hankel transform
integral into a two-sided cross-correlation integral. This correlation integral is then evaluated on a discrete sam-
pled basis using fast Fourier transforms. The new algorithm offers advantages in speed and substantial advan-
tages in storage requirements over conventional methods for evaluating Hankel transforms with large numbers of

points.

In many optical calculations one would like to evalu-
ate Hankel transforms numerically with computational
efficiency analogous to the fast Fourier transform. We

- describe here a new *‘fast Hankel transform™ (FH'T)

algorithm that can evaluate Hankel transforms while
providing many of the desired benefits.

The standard Hankel transform of order [ is given
by

g(p) = 2x j; " 1f(r)dy (27 pr) dr (1

with a symmetric reverse transform integral from g(p)
to f(r). Using the change of variables r = rye®*, p =
poe¥, where rg, pg, and « arc initially arbitrary, converts
the one-sided Hankel transform integral [Eq. (1)] into
the two-sided cross-correlation integral

201 = [ 10+, @

in which the input and transform functions are f(x) =
rf(r), 8(y) = pg(p), and the maodified Bessel kernel is Jix
+y) = 2narpJi(2nrp). This change of variables might
be called the “Gardner transform.” ! It has been ap-
plied elsewhere to exponential or Laplace transforms? 4
and can potentially be applied to any integral transform
whose kernel has a product argument.”

A correlation integral such as Eq. 2 can be evaluated
efficiently in a discrete sampled approximation by using
Fourier-transform methods. Sampling the functions
J(x) and 2(v) at discrete values given by x = n, y =m
withn,m =0,1,... ,N — 1isequivalcnt to sampling the
original functions f(r) and g(p) at discrete exponentially
increasing values given by

«

Fu =00, p = peet ()

These sampled values are confined to truncated ranges
ro £ r <band py £ p <Bwithupper limits b = ryen¥
and g = pae N, The product gb is a space bandwidth
praduct for the transform.  In terms of the sampled
values /q = i‘xn) = r,,/(r,, o B =2V = padp,), and
Jnam =)0+ ¥u) = 2xar, pd ((2rr,pn), the Hankel
transform integral [19q. (1) or Fq. (2)} is approximated
to some level of accuracy by the diserete sum

- 44 -

N=1 -
Em = z_:ofnjn+m- © (4)

If the input sequence f,, is padded with zeros and the
upper limit of the sum extended to 2N — 1, this sum
becomes a 2N -term discrete circular correlation. This
discrete correlation can be evaluated exactly using the
discrete 2N-term fast Fourier transforms of the input
sequences f, and j, by carrying out the steps

&m = FFT [FFT([,,) X FFT*(j,)]. (5)

The FFT and FFT* notations indicate the forward and
inverse (+j) Fourier transforms (or vice versa). The
two FI'I"s inside the brackets are multiplied together
term by term before performing the outer FFT.

To the extent that the values g, generated by Eq. (4)
or Eq. (5) represent a good approximation to the true
sampled transform values 8(3,,), this procedure com-
putes an N-point discrete approximation to a Hankel
transform by computing two 2N-term fast Fourier
transforms plus 2N additional multiplications. The
transforms are performed in place, requiring only the
additional storage of 2N previously computed values
of the Fourier transform of j,,4,,. The extra values of
gm fromm = N tom = 2N — 1 represent aliased results
from the circular correlation process and are discard-
ed.

Criteria for choosing the pararieters rq, po, and « can
be developed as follows.  If 3 is the largest value of g in
the transform domain, the highest frequency compo-
nent in the r domain is J)(278r) ~ cos (2x3r). We then
require that the lower-end truncation point in the r
domain not be larger than 1/K, cycles of the highest
spatial frequency 3, or rg = (K9~ Similarly we re-
quire that the sample point spacing Ar,, = r, 4 — ry, at
the upper truncation point r = b not he greater than
VEKasevelesof goor Ary ~ ab = (Ky8)" ! Combining
these arguments with exactly analogous arguments in
the p domain, namely py = (Kb and Apy = a3 =
(K,b) 1Y leads to the set of relations

N = Kb In(K 3b),
(Vl'"N = l\’|/l\"_g,

ropo = (,\.;3/'\’ |.")”.
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Fig. 1 (a) Exact analytica functions f(x), J(x), and 2(x)
corresponding to a uniform circular “top-hat” input function

- fir) and its Airy-disk Hankel transform, including the top-hat
input function f (top curve); the | = 0 Bessel-function kernel
] (middle curve); and the Airy-disk Hankel transform 2
(bottom curve). Parameter values for the change of variables
are a = 0.01612, ry = py = 0.06349, and B = b = 3.938, corre-
sponding to N = 256, K, = K, = 4. The “dimples” in the
function at larger arguments are spurious results of a plotting
routine with inadequate point spacing. (b) Discrete Hankel
transformation and then backtransformation of a sampled
top-hat input sequence f, (top curve) into the transformed
sequence g, (middle curve) and then back into a sequence f,
(bottom curve), using the FHT algorithm with N = 256, K,
= K> = 4. The portions of the transformed and backtrans-
formed sequences g, and f,, above n = 256 arise from aliasing
effects in the transform algorithm and are discarded. The
backtransformed sequence f, exhibits Gibbs phenomena
because of the finite truncation of the g, sequence before it
is backtransformed.

We hypothesize that the “points-per-cycle” parameters
K and K should both be =2 points per cycle. Equa-
tions (6) then determine «, ropo, and 3b appropriate to
a given number of points N; or alternatively the number
of points N and the « and rp, parameters required to
transform with adequate accuracy a function-transform
pair having a given space-bandwidth product gb.

This algorithm was programmed in FORTRAN using
single-precision arithmetic on an IBM 370/168 com-
puter. Figure 1(a) shows for purposes of comparison
analytical plots of a “top-hat’ input function f(r) = 1,
0 < r < b, transformed into f(x); the modified Bessel
kernel j(x); and the Airy-disk function 2(x) that is the
exact Hankel transform of a uniform input; all plotted
as continuous lunctions for parameter values corre-
sponding to{ = 0, N = 256, and K| = K = 4 points/
evele. The kernel function J(x) is seen to be slowly di-
vergent af Jarge x,

Figure 1(h) shows the discrete mnmerical results
generated by the FHT alporithm for this case. The
FHT algorithm samples the input funetion ftv) |or al
ternatively 20 at integer values from O to 255, pads
the input sequence with zeros from 256 to ST, performs
a diserete eircular convolution against 512 sampled
points from the kernel p0v), and vields an outpul se-
quence that approximates the exact Hankel transtorm

over the range 0-255 and contains aliased resuits over
the range 256-511.

In Fig. 1(h) the middle curve shows the output se-
quence g, generated by the FHT algorithm for the
“top-hat” input sequence of the top curve, using N =
256 and K| = K, = 4. The Airy disk transform g(p) =
2J,(27bp)}/p is accurately reproduced by the FH'T al-
gorithm for 0 £ m < N, with irrelevant aliased values
form = N. The sequence g,,, when truncated and fed
back through the FH'T" algorithm, provides a fair re-
production of the original top hat, as shown in the bot-
tom curve; but with obvious Gibbs-phenomena ripples
resulting from the finite truncation of the Airy-disk
transform.

The Laguerre-Gaussian functions upy(r) = (2xr)?
Lp!(27r?) exp(=mr?) are self-transforming under
Hankel transformation. Figure 2 shows in r.p coordi-
nates the FHT algorithm applied twice in succession to
a Laguerre-Gaussian function with ! = 0 and p = 8,
using N = 128 with K; = K, = 2. The mean-square
error on successive transforms in this case is < 0.4%.
Laguerre-Gaussians have been accurately transtormed
outtop ~ 100 for N = 1024, K, = 8,and K, = 2.

Figure 3 shows a top hat and also an annular function
transformed and then backtranstormed using the FHT
algorithm. The observed Gibbs-phenomena ripples are
expected for finite truncation in the transtorm domain
whatever Hankel transform algorithm mayv be em-
ployed. They can presumably be reduced by using
proper windowing (apodizing). The “droop™ in the
function values at low r is understood and can be elim-
inated also.

A small number of experiments indicate that the
FHT algorithm works equally well for higher-azi-
muthal-order Hankel transforms. Bevond the pre-
liminary tests summarized here, the capabilities of this

N =128 (2,2)

0.5} LAGUERRE - GAUSSIAN
A p=8, £:0
0 A + 1
1 2 3
r,p—
-o.8}-

Fig. 2 The input function and two suecessive FHTs of a
Laguerre Gaussian input function with p = 8,7 = 0 using the
FHE algorithur with N = 128 K = Koo =20 The liest FHT
lies exsentially on top of the input function at low arguments
and then drops shghthy lower. The second FHT < mitially
slightiv lower, then tollows closely the first FHT. The curves
are plotted as stranight lines between the diserete sample
points; the diserete pomt spacing is evident at larger argn
menls,

- 45 -~
T T —— ‘ — s

——




4 N =512 (4,4)

os}-

A~
vvvvw 5 5 n :

r-"—~

(=]

[

Fig. 3 Results of Hankel-transforming and then back-
transforming a top-hat input function f(r) = 1,0 < r < b, and
a uniform annular function f(r) = 1,b/4 < r < 3b/4, using the
FHT algorithm with N =512, K, = K, = 4 (« = 0.0091648,
= 0.0478665, b = 5.223). The slump in the top-hat response
and, to a lesser extent, in the annular response at low r is re-
lated to the truncation at p, of the narrow Airy-disk Hankel
transform in the p domain; rescaling of the r and p coordinates
to give comparable widths in the two domains gives much
better results.

algorithm remain to be fully determined (and opti-
mized). One can compare the computational efficiency
of the FHT algorithm with straightforward numerical
evaluation of Hankel transtorms using trapezoidal in-
tegration at uniformly spaced sample points with K
points per cycle in both r and p domains. Assuming
that the Bessel function values will be stored in a look-
up table, this calculation will require N = K3b sample
points in each domain and %N? = h(Kgb)? complex
multiplications per transform. The FHT algorithm,
including the aliased values, requires a larger number
2N = 2K.3b In(IK13b) of sample points because of the
unavoidable oversampling with exponentially spaced
sample points. However, only ~2N logs 4N complex
multiplications are required to compute the FF'T's plus
additional steps in the FHT algorithm. The FHT al-
gorithm requires significantly fewer operations for
space-bandwidth products above gb = 140 for K = K,
= K, = 2or above 3b = T0for K = K, = K» = 4 points
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per cycle. One might also hope to obtain improved
accuracy against round-off errors because of the supe-
rior properties of the FI'T algorithm, although this point
has yet to be tested.

Of greatest practical importance, however, is the re-
duction in computer storage requirements using the
FHT algorithm. Straightforward Hankel-transform
evaluation using stored Bessel-function values requires
storing "%L(Kgb)? real values of the Bessel kernel
Ji(2xrp) for equally spaced values of both r and p (or
else the use of interpolation techniques that require
additional multiplications). The FHT algorithm, in
contrast, is carried out in place, requiring storing only
8K s3b In(K 3b) total real numbers in the function and
kernel arrays. For gb = 1000 and K, = K, = 2, this
would require ~500 Kbytes of storage, assuming 4 hytes
per real number, as against ~8000 Kbytes in the stan-
dard case.

These advantages in speed, storage requirements, and
potential accuracy should make the FH'T algorithm
valuable in optical-beam and resonator calculations as
well as in other optical and nonoptical applications.
Further tests and improvements on the basic algorithm
will be reported in future publications,

This work was carried out with support from ERDA
through the Los Alamos Scientific Laboratory; from
United Technology, Pratt & Whitney Aircraft; and from
the Air Force Office of Scientific Research.
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APPENDIX V

ORTHOGONALITY PROPERTIES OF OPTICAL RESONATOR EIGENMODES
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ABSTRACT

The transverse eigenmodes of optical resonators are not in general

orthogonal to each other, but rather are biorthogonal to an adjoint set
of functions which turn out to be the transverse eigenmodes for propa-
gation in the reverse direction around the same resonator. We present
a fairly general derivation of this property which is valid for ring

or standing-wave and for stable or unstable resonators with arbitrary
output mirror profiles. We also point out certain unusual consequences

of these properties for high-magnification unstable resonators.




ORTHOGONALITY PROPERTIES OF OPTICAL RESONATOR EIGENMODES

by

A. E. Sfegman

Edward L. Ginzton Laboratory
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I. INTRODUCTION

The orthogonality properties of optical resonator transverse modes ap-
pear to be, if not inadequately understood, at least not very widely under-
stood and very little discussed in the literature [1-3]. The basic operators
that determine optical resonator transverse eigepmodes are in general not
hermitian, and therefore these eigenmodes are not in general orthogonal in
the (u*,u) sense, where u” means complex conjugate. Consider first a
simple two-mirror standing-wave resonator with arbitrarily shaped but uni-
formly reflecting mirror surfaces. The Huygens kernel for the standard
“Pox~and-Li" approach to finding the resonator eilgenmodes is then symmetric
between points on the mirror surfaces. The resonator eigenmodes in this case
are therefore orthogonal in the (u,u) sense over the mirror surfaces [3].

The fundamental adjoint properties of the wave equation and its associated

Green's function [4] strongly indicate that this orthogonality property

probably applies much more generally to a broader class of resonators.




Arnaud [5] discusses the biorthogonal eigenmodes of general complex-
paraxial resonators, stable or unstable, having general hermite-gaussian
modes. He points out that there is a set of adjoint eigenmodes uf which

are biorthogonal to the usual set of resonator eigenmodes u in this case,

and that the adjoint modes are physically the transverse eigenmodes for

propagation in the reverse direction around the same resonator. Again it

seems likely that this result applies more generally to nearly all optical
resonators.

The purpose of this note is to present a simple derivation which demon-
strates the biorthogonality properties of the eigenmodes of an optical reso-
nator under still more general conditions, including an arbitrary output
mirror profile in both phase and amplitude. The conclusions obtained then
apply to stable and unstable resonators, to ring and standing-wave resonators,
and especially to resonators with non-paraxial and non-uniform elements
located at least one plane within the cavity. We also note that these
biorthogonality properties imply certain unusual consequences for high-

magnification unstable resonators.




APPENDIX VI

RESONANT MODES OF OPTICAL CAVITIES

WITH PHASE-CONJUGATE MIRRORS
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Department of Electrical Engineering
Stanford UniversitK .
Stanford, California 94305

(Revised 25 October 1979)

We derive the lowest-order self-consistent gaussian transverse modes and
also the resonant frequencies of an optical resonator formed by conventional
paraxial optical components plus a-phase-conjugate mirror (pcM) on one end.
The conventional optical elements are described by an overall ABCD matrix.
Cavities with purely real elements (no aperturing) have a continuous set of
self-reproducing gaussian modes, described by a semicircular locus in the
l/q plané for one round trip; all gaussian beams are self-reproducing
after two round trips. Complex ABCD matrices, such as are produced
by gaussian aperturing in the cavity, lead to unique self-consistent

perturbation-stable gaussian modes. The resonant frequency spectrum

*
Cn leave from Laval University, Quebec, Canada.

*%
On leave from the Weizmann Instjtute of Science,
Isreal.,




of a PCM cavity consists of a central resonance at the driving frequency
ag of the PCM element, independent of the cavity length L , plus '"half-
axial" sidebands spaced by Awax = 2n(c/hL) » with phase and amplitude

constraints on each pair of upper and lower sidebands.
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I. INTRODUCTION

The emerging subject of phase conjugate optics is receiving ﬁuch attention
at pr:t-:aem:.]"a’3 The basic building block for phase conjugate optics is the
phase conjugate mirror (PeM), an optical element that has the unusual property
of converting an incident optical wave into a reflected wave whose complex
phasor amplitude is the complex conjugate of the incident wave. In practice
phase-conjugate reflection is most often accomplished by means of four-wave
mixing in a nonlinear optical medium, such as an optical Kerr cell, when
this medium is actively pumped by two coherently related, counter-propagating
pump beams. Phase-conjugate reflection can also be accomplished using three-
wave mixing (degenerate parametric mixing) but with severe practical limi-
tations set by phase-matching requirements.

Since the phase conjugate mirror is an interesting and unusual new com-
ponent, our objective in this paper is to explore the transverse and longi-
tudinal resonant mode properties of optical cavities having phase conjugate
mirrors as one of their end reflectors. To our knowledge on1§ one laser has
yet been operated using such a pure PCM end mirror.h Several other analyses

4,5,6

of this topic have appeared while this paper was in preparation. Qur
results here partially overlap and partially complement and extend these
contributions.

In this paper we first carry out in Section II a general derivation of

the lowest-order gaussian transverse mode properties of a PCM laser cavity.
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We include the possibility of fadially varying transmission or gain, which
leads to complex-valued paraxial elements. Section III then explores a

few specific examples of the transverse modes in simple PCM cavities con-
taining either gaussian apertures (1.e., thin elements with gaussian radial
apodization) or gaussian ducts (i.e., thick elements with gaussianiy varying
transmission). Finally in Section IV we discuss the somewhat unusual resonant-
frequency or axial-mode characteristics, particularly the existence of "half-

axial" modes, that are characteristic of PCM laser cavities.
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II. GAUSSIAN TRANSVERSE MODE ANALYSIS

A. Round-Trip Gaussian Beam Propagation

We consider as our basic model an ideal PCM reflector placed at one end
of a general multi-element optical resonator, as in Fig. 1. A PCM reflector
has the basic property that if the optical wave incident on the reflector

along the positive =z axis has the form at any reference plane =z

~ j(wot-kz)
einc(x’y’z’t) = Re E(X:YJt) e (1)
\
where x,y are transverse coordinates across a reference plane, then the
reflected wave at the same plane has the form
3 (ot +kz)
~ % 0
erefl(x’y’z’t) = Re KE (x,y,t) e (2)

vhere K is a PCM reflection coefficient which may be complex (i.e., have
a phase angle). The frequency wy is the reference optical frequency given
by the frequency of the pump lasers necessary to drive the nonlinear medium
used in the PCM.

As a éonscquence of the phase conjugation, a gaussian optical beam bounc-
ing off a PM will have its radius of curvature R reversed in sign, but its

spot size w unchanged (except for a potential gencralization to be discussed
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later). If we define the complex q parameter for a gaussian beam in the

usual way, i.e.

1 1 A (3)
- = e § e—— 3
q R ﬂw2

then the reflective property of the PCM in Fig. 1 can be expressed mathematically

by
@ = - q (&)

The other optical elements in the resonator outside of the PCM can be de-
scribed by a general paraxial, possibly complex-valued ABCD matrix which sums
up a complete round-trip from the reference plane out through the resonator
and back to the PCM. Since this is an "out-and-back" journey, the ABCD
matrix has the general property that A =D . We assume negligible dif-
fraction effects at any apertures or stops inside the resonator.

A gaussian beam with a general complex gaussian beam parameter 4 when
it leavesithe PCM will then return with a gaussian parameter qi given by

Aq, + B

qf = —E— (5)
Cqy + D .

Therefore a complete round trip around the entire PCM cavity may be expressed

by the net transformation

B PR YN © |
’ X
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where we have used the fact that the paraxial ray matrix will obey the re-
latioaship AD - BC =1 .
The self-consistent or self-reproducing solutions to Eq. (6), defined

by the condition that qi =q; =q , are then given by the solutions to

32 11\

—5 -AMB|-+ <]+4°-1 =0 (7)
qq q q '

This defines either a circular locus or a unique singular point in the 1/q
plane, depending only on whether the ABCD coefficients are purely real

or complex.

B. Real Paraxial Systems \

For purely real ABCD elements Eq. (7) is a purely real equation, which

may be recast into the useful form

m\Z [ 2
—3 +1- - A = 1 _ (8)
™ R
This defines a displaced unit circle {n the complex B/q plane, that {s,
in a plane with rectangular coordinate axes = B/R and y = Bl/ﬂwa )
as shown in Fig. 2(a). This displaced unit circle has radius unity and
center at B/R = A, Bl/ﬁwe =0 . There is evidently no unique self-
consistent transverse mode for the PCM cavity with purely rcal clements.

Any gaussian beam corresponding to a point on the semicircular locus

represents an equally valid self-consistent confined mode.
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Physical insight into thi; situation can be obtained by examining the
variation of an arbitrary gaussian beam on two successive round trips, start-
ing from any arbitrary q value determined by an initial R and w ,
located for example inside the self-consistent locus. The complex vector
(B/q - A) from the center of the circle (A,0) to the initial point B/q

in the complex plane, and the corresponding vector (B/q’-A) after one

round trip are then related by

(B/q - A)(B/q' - A)* = 1 (9)

This describes geometrically an invefsion with reséect to the displacea
unit circle in the complex B/q plane, as illustrated in Fig. 2(b). This
necessarily implies that a second round trip will reinvert the q’ parameter
back to its original ¢q starting place. Hence, with real ABCD elements all
gaussian beams are self-reproducing after two round trips. The parameter q
(or B/q) bounces back and forth between conjugate points inside and outside
the self-consistent locus, as illustrated in Fig. 2(b).

This behavior occurs becauée the PCM acts in essence as an automatically
adjusting lens which exactly refocuses a wave so as to simply change the
sign of R . Figure 3 shows an unfolded model for a PCM cavity, illus-
trating the automatic self-consistency after two round tripé.

We may also conclude that the confined sclf-consistent solution at any
point on the displaced semicircle is marginally stable — which means it is

cffectively stable — against perturbations in the sense introduced by

1

Casperson.’' This occurs becausc any input beam that is displaced very
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slightly from any point on the self-consistent locus will bounce back

and forth across the locus, without any growth of the displacement. 5
The type of self-consistent mode analysis we have carried out here |

using a reference plane in front of the PCM can, alternatively, be carried

out using a refeérence plane located on the opposite end mirror surface of |

the cavity, e.g. on the left-hand mirror surface in a cavity like Fig. 1.

The result of such an analysis shows that, for real ABCD elements, the

phase front of the gaussian beam exactly matches the mirror surface (the

wave radius R .coincides with the mirror radius of curvatute); while the

spot size w on the mirror surface is arbitrary. This property of PCM

resonator modes was pointed out earlier by AuYeung.h The locus of ¢

values, referenced to the end mirror surface, is thus a vertical line

in the l/q plane of Fig. 2. The one-way propagation from this mirror

through the optical elements to the PCM end of the cavity is a biorthogonal

transformation in the l/q plane which converts this vertical line into the

circular locus of Fig. 2 as the spot size on the end mirror surface varies.
The allowed values of the gaussian-beam q parameter are thus dis-

tributed along a continuous locus for real ABCD values, rather than

being limited to a single point. However, it seems very likely both from

conclusions we will derive in the following section and from the analysis

of Bel'dyugin, Galushkin, and Zanskov,6 that if any kind of weak aperture

is added inside the PCM cavity, diffraction effects will remove this de-

generacy. The cavity will then converge to a unique quasi-gaussian mode

near that point on the semicircular locus which minimizes the diffraction ;

losses at the aperture.

- 59 -




C. Complex Paraxial Systems

In the most general paraxial case an optical cavity may include among
its elements a "gaussian aperture", by which we mean a thin apodized element
with a radial amplitude transmission varying as exp (- Qxa) ? and/or a
"gaussian duct", by which we mean a thick element with the same property.
Such elements can be described as complex paraxial eleménts — that is, all
of the rules of paraxial optics with ABCD matrices remain valid, but at
least some and potentially all of the ABCD matrix elements become complex-
valued quantities. |

It becomes convenient in this case to write the ABCD matrix elements in

the general form

A=AoéA (10)

where Ao and By are the absolute magnitudes of the complex elements A
and B .. The angles GA and GB in general have finite values determined
by the gaussian variable amplitude transmission elements insidé the optical
system. These angles go either to O or to 7 as the strength of the

gaussian aperturing goes to zero (the value 7 meaning that the matrix

element becomes real but negative).




We note here that a gaussian transverse variation of the amplitude trans-
mission may be produced by the PCM mirror itself. That is, the l-wave mixing
cell used to produce the PCM may be pumped by pump beams which have gaussian
transverse amplitude variations; and this in turn will produce a gaussian
transverse variation in the magnitude of the PCM reflection coefficient
; . The net effect will be the same as if a gaussian aperture were added
to the optical system just in front of the PCM.8

The self-consistency equation (7) now becomes complex, with finite real and
imaginary parts. These yield, after a little algebra, the unique self-consistent

solutions

Bo sin 298
= A, cos (eB-eA) -

R, 2A sin(eB -8,)

A

2 2 2 2
) - sin 6514 sin (GB-QA)-I-cos 05]
S . 2
A, sin (eB OA)

2 2
[A; sin (eB-eA

(12)

sin 2GB )2

24, sin (GB-GA)

2 2
cos 20 + Ag sin (GB - GA) - (




These results say that if the condition is satisfied that

2
sin GB

sin (eB - eA) 2 —5— .. (13)

Ay

then a complex-valued paraxial system will have a uniqge, confined (w2 > 0),
self-consistent, lowest-order gaussian mode, corresponding to a“point, not a
curve, in the B/q plane. As eA and 9B approach zero, this point ap-
proaches in the limit a location somewhere on the semicircular locus for real
ABCD systems. However, just where this limiting point falls on the displaced
unit circle locus depends on A0 and on the relative values of the angles

6A and QB 5 as we will illustrate in the following section.

Suppose in particular that GA and «93 are both small, approaching zero

in the limit. Then the self-consistent solution is

Y
AO(GB -oA)

2
> ~ - ————— .
'"wsc Ao(eB = GA)

To this level of approximation the complex self-consistent point lies on the

B
—_— AO -
R

sc

(1)

displaced unit circle, at an angle ¢ from the x axis given by

- 0g
cos @ = (15)

AO(OB - oA)

as illustrated in Fig. M.

- 62 -

7 ! xRN




We must also check whether the complex self-consistent solution given by
(11) and (12) is perturbation-stable in the sense described by Casperson.7
I1f a gaussian beam starts around the PCM cavity with an initial gaussian
beam parameter given by 9. + Nq  , where 9 . is the self-consistent value
given by (11) and (12), and Aq is a small complex perturbation, then after
one round trip the beam will be described by g + Aq’ where Aq’ 1s a
slightly different perturbation. Perturbation stabili;y requires that

|aq’/nq] £ 1 . For the PCM resonator it can be shown that after one

round trip

2 2

[Re(A/B - l/qsc)]2 + [Im(A/B - 1/qsc)]

(Re(a/B - 1/q, )12 + [1m(a/B + 1/q )17

-

P

-

2 2.2
[Ag cos (6,-6,) - Bo/R, 1 + [Ag sin (6, -6,) ~ Bor/mw_ ]

[AO cos (GB-GA)-BO/§SCJ2 + [AO sin (GB-GA) + Box/ﬂw:L]2 (16)

This is less than or equal to unity if

Im (A/B) 's 0 | (17)

or

sin (6, - 6,) = 0 | _ (18)

Figure 4 illustrates how a stable system, starting from an arbitrary initial
q value, will converge in to the self-consistent value 9., upon repeated

bounces .




III. EXAMPLES OF COMPLEX PCM RESONATORS

A. Plane-Mirror Cavity With Gaussian Aperture

As a particular example of a complex PCM resonator let us consider a
cavity consisting of a plane mirror and a PCM separated by distance L , plus
a gaussian aperture with amplitude transmission T(x) = exp (- r2/a2) located
at a distance La from the plane mirror, as in Fig. S(a). We may define an

aperture strength parameter F and a normalized aperture location X by

ﬂa2 - La
F = — ’ X = — (19)
L) L

The complex paraxial matrix elements are then given by

A = 1-2x(1-3%)/F° -3 2/

. (20)
B = 2L [1 - x(1 - x)2/F2 - (1~X2)/F]
In the limit of weak aperﬁuring (F ) this gives
Ao = 1 . Bo ~ 2L
(21)

6 =~ -2/F, 0, ~ - (1-x2)/F

T




The self-consistent solutions at a reference plane just inside the PCM are

(22)

These solutions move along a contour in the i/q plane as in Fig. 5(b).
As the gaussian aperture moves close to the plane mirrér (x - 0) the self-
consistent mode approaches a spherical wave centered on the plane mirror,
with zero spot size at the aperture and infinite spot size at the PCM, as
in Fig. 5(c). In the opposite limit as the gaussian aperture moves close
to the PCM (X - 1) the mode becomes essentially a half-confocal resonator

1/2

mode, with a minimum spot size w = (2Lx/ﬂ) at the PCM end as in -

Fig. 5(d).

B. Plane-Mirror Cavity With Gaussian Aperture and Gaussian Duct

Consider next a plane-mirror cavity of length L having a gaussian aperture
located immediately in front of (or possibly inside) the PM, but with the re-
mainder of the cavity also filled with a gaussian duct, or a transversely vary-
ing gain medium, as in Fig. 6(a). The propagation constant k in this medium

is assumed to have a complex radial variation given by

2

kz(r) = ko [1- jqre] (23)
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The case n > 0 corresponds to a radially increasing loss in the medium, or
alternatively to a gain mediumlwith a maximum gain on axis and radially de-
creasing gain off axis. Alternatively 1 < O corresponds to an "anti-duct"
with a gain minimum (or loss maximum) on axis.

If we use ;he same definition F = ﬂag/Lk as above for the gaussian ap-
erture, then the matrix elements are

1 - 2§ (1/F + D)

o
1

(2k)
oL (1 - 25n12/3)

w
it

In the limit of a weak gaussian aperture (IFI ) and weak gaussian ducting

(|n] »0) the self-consistent solutions are

2L Y
— = 1%
R 5+

(25)

where Y 1is the parameter
Y = m? | ‘ (26)

As |F| 5o and || -0 , the parameter Y can take on any value in the

range - o < Y € » depending on the relative magnitudes of F and n .
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That {s to say, Y 1s a measure of the relative strengths of the gaussian
. aperture and the gaussian duct even when both become very weak.
A confined self-consistent gaussian mode only exists for values of Y

within the ranges

<
]

Fql® 2 - 1 (27)
or

FqLa <=3 (28)

=<
i}

These ranges define a complete semicirecle in the I/q plane, as illustrated

in Fig. 6. However the perturbation stability criterion of Eq. (18) is

satisfied only for

1 2nL2
(- + - ) = 0 (29)
F 3

For F >0 , which means a positive or converging gaussian aperture, the
overall system can still be stable even if the gaussian duct becomes an "anti-
duct' with radially increasing transmiséion, but this holds only over the
limited range Y = FnL2 2 - 2/3 . Alternatively for F < 0 , which would

| | mean a negative or diverging gaussian aperture, the gaussian duct must have

a transmission maximum on axis of relative strength sufficient to make

Y = FnL2 2 + 2/3 . Figure 6(b) uses dashed lines to indicate the portions

of the self-consistent locus that represent confined but not perturbation-

j

stable solutions for the case F >0 . This example rather clearly




i1lustrates how a mixture of positive and negative gaussian aperturing can

lead to such confined but perturbation-unstable modes.

C. General Cavity With Gaussian Aperture

As a final ‘example we consider a PCM resonator with a gaussian aperture
immediately in front of the PCM and an arbitrary real ABCD system outside

this. The complex ABCD values then become

AB
AaA-j—-g
ma

B = B (30)

vhere Ar and Br are the purely real values. The self-consistent solution

then becomes

B

-

R

sSC

(31)

B_\ 2 B 2

2 = 1+l —3
'ﬂ'wsc Ta

For an arbitrarily weak gaussian aperture ()\/na2 —0) the self-consistent
value approaches in the limit the point at the top of the semicircle in the
B/q plane. No matter how weak the aperture, the mode still attempts to

minimize the spot size Ve 8t the plane of the aperture.
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A particular case of interest is a cavity of this type consisting only of
a mirror of radius R, at distance L from the PCM and the gaussian aperture.

The real matrix elements are then

) A = 1- 2R, :
.'g B : (32)
: B, = oL(1 - L/Ro)

Figure 7 illustrates the locus of self-consistent solutions for different values
of the mirror radius RO in the limit of weak aperturing, plotted here in the
complex L/q plane, not the complex B/q plane. All of these solutions are

stable.
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IV. RESONANT FREQUENCIES OF PCM CAVITIES

Our final objective is to explore the resonant frequency behavior and the

axial modes of a laser cavity having a PCM reflector at one end.

A. Frequency Dependence of PCM Reflectivity

The resonance properties of an optical cavity with a PCM reflector at one
end will depend in the most general case on the phase versus frequency charac-
teristics of the PCM reflector, as well as the remainder of the optical cavity.
A signal wave at a detuned frequency o + L sent into a PCM consisting of
a four-wave mixing cell pumped at frequency @y will be reflected as a con-
jugate idler wave at the oppositely detuned freqﬁency wy - Lo » In addition,
the amplitude of the reflection coefficient will decrease for off-resonance
signals because of unavoidable phase mismatch bétween the signal, pump and

9

idler frequencies over the finite cell length.” The bandwidth of a PCM
reflector by itself, in the weak-coupling limit, can be derived as follows.

Consider a four-wave mixing cell having total interaction length Lc 3
with the reference plane taken to be at the front (i.e. input) plane of the
cell. Let the signal input be an off-resonance unit iﬁpulse, that is, an
optical pulse with carrier frequency Wy + A and duration much shorter
than the transit time Lc/c through the cell. As this pulse travels

through the four-wave mixing cell in the +z direction and interacts

with the assumed cw pump waves, it will shed a continuous "tail" of
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constant-amplitude idler waves at frequency ag - Ao traveling back in the
-z direction through the cell. This idler radiation will in fact continue
to emerge back out through the front face of the cell for one full transit
time after the signal impulse leaves the cell at the opposite end.

The impulse response of the four-wave cell is thus gssentially a square
pulse of constant amplitude and time duration 2Lc/c ) extendiné from t =0
to t = 2Lc/c for a reference plane at the front face of the cell. Shifting
the reference plane to the center of the cell makes the impulse response
symmetric from - Lc/c to Lc/c . The frequency response of the cell is
then the Fourier transform of this time impulse response; and the power re-

flectivity is the magnitude of this frequency response squared, or

sin Ach/c 2

R(w) = Rlsp) (33)

Au)Lc/c

9

This agrees with the results derived by others” in the weak-coupling limit.
The power reflectivity has a maximum value R(wb) on resonance and falls
off with the familiar |[(sin x)/x|2 dependence on frequency detuning on

either side.

B. PCM Cavity Resonance Condition

The PCM reflector thus has a frequency-dependent reflectivity by itself. r
However, if the PCM cell length Lc is small compared to the length L of
the rcmainder of the optiqal cavity, then the central lobe of the PCM fre- _4
quency response will be broad compared to the optical cavity's axial mode ;

spacing. In addition, if the PCM rcference plane is taken at the center of
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1 the four-wave mixing cell, the reflectivity at least for the weak-coupling

case will have constant absolute phase versus frequency across the main fre- %

quency lobe. We will therefore evaluate the resonance properties of a PCM
cavity assuming a flat and constant-phase reflectivity for the PCM reflector.
These conditions may or may not be achieved in different experimenfal situations.
However, if the cell length Lc is not short ‘compared to the cavity length L,
then the off-resonance axial modes will be so far down on the reflectivity curve
of the PCM that they may have little chance of oscillating in competition with
the central mode in any case. This latter situation has been analyzed in more
detail by AuYeung et al.

The round-trip phase shift of the remainder of the optical cavity will also
depend slightly, in second order, on the transverse mode character of the cavity
because of the well-known Guoy phase shifts. These effects cause slight trans-
verse-mode shifts for higher order transverse modes, which we are not con-
sidering; but otherwise produce in effect only a minuscule change in the
effect length of the cavity. We will the?efore ignore these ;nd use an
essentially transmission-line or plane-wave approach for the main part of
the optical cavity.

We therefore adopt a model as shown in Fig. 8, consisting of a four-wave
mixing cell located at z = 0O and a normal mirror located at z = - L along
the z axis. The four-wave mixing cell is pumped by two contradirected waves
of complex phasor amplitude El and E2 at the driving frequency wy o
There is also incident on the cell from inside the cavity a signal wave of '

the general form

- jubt %
e{t) = Re E(t) e (M) )
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We now ignore transverse variations (for simplicity) but assume that both the
phase and amplitude of the complex phasor E(t) may be time varying in general.
We also assume that the absolute phases of all waves are measured at a ref-
erence plane located at z =0 , in the center of the four-wave-mixing cell.
For small incident fields, this will produce a four-wave-reflectedbor PCM wave
given by

oy
e’(t) = Re kE (t) e *o (35)

The four-wave-mixing coefficient K (which may in general be complex, with a
fixed phase angle) depends on the cell geometry and on the magnitude and phase
of the nonlinear susceptibility. It is also directly proportional to the
pumping wave phasor amplitudes El and EQ .

If the round-trip transit time around the cavity from the PCM to the normal

mirror and back is T = 2L/c , the waves €(t) and €’(t) will also be

related by
e(t +T) = 61/2 e’(t) (36)

where G 1is the net round-trip power gain due to any laser material (or
losses) inside the cavity. For simplicity we assume G has no dispersion.
Since we are intecrested primarily in the resonant frequencies of the cavity
we will assume that this round-trip gain and the PCM reflectivity combine to

. 1/9 ~
give unity net gain, f.e. ]G /2 K[ =1 . If we denote the net phase angle
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of the quantity X by ¥ , then from (35) and (36) the round-trip self-

consistency condition for the cavity becomes

JanT v LA '
Beem) e O = e B) = e B e) (37)

Consider first the case when E(t) is constant. If we write the phasor amp-

litude as
then the self-consistency condition becomes

3(6g +ayT) 3(v - 6g)

Eqy Eg e (39)

The cavity has a resonance at a9 independent of cavity length L , but the
signal at this frequency must have a definite phase 90 (measured at z = 0)

given by

20 = ¥ - agl (mod 27) (k0)

The waves are in essence not only frequency-synchronized but also phase-
synchronized to the frequency wy of the pump waves as modified by the
phase angle of K .

More gencrally, suppose that C(t) contains an upshifted signal component
at some frequency wb-rwh vhere o is some as yet unspecified modulation

frequency. The phase of E(t) then varies as

Ao Bpe

- Jo t
E(t)xe ™ (M)
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This will produce a reflected wave

~ ~¥ -jm t
E'(t) xE(t) ce ® . (42)

An upshifted component of e(t) at Wy d-a%l thus produces a downshifted
component of €'(t) at 4y =W which will eventuaily travel around to
become £(t) . We must therefore write E(t) as the combination

~ jeo w Jot  -joct

E(t) = e c, e T +c_ e T (43)

vhere the c¢'s are complex phasor amplitudes. Putting this into the fre-

quency self-consistency relation (3 ) and separating like-frequency terms

gives

~ L. ~jth %
e, = - )
~ _ jmmT ~¥
c_ = e c+

Combining the first of these relations with the complex conjugate of the second

then produces the condition

jan T jn2r
e ™ = ¢ : (45)

where n is any integer. The modulation frequency or sideband frequency w

can have any of the values given by

s c
m, = n-— = n. o | — (h0)
T Iy,
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These are spaced by half of the usual axial mode spacing for a cavity of
length L . .
The field €(t) 1in the cavity may thus be expanded in resonant modes

in the form

ele) = F(e) & 050
i i 'E'n ejn(1r/'l.‘)t ;j(u)ot-reo) o)
=
with the conditior that
¢, = ("¢ (48)

This is equivalent to writing

E(t) = Eg+ E E_ sin (nmt/T + o)

n=1,3, ...

+ En cos (nnt/T + Gn)

n=2, 4, .. - (49)

The PCM cavity has a central resonance frequency determined by the pumping
’

frequency W, (not the cavity length L). This central frequency is sur-

rounded by a set of paired '"half-axial-mode" resonances spaced by c/hL nz ,

or half the usual spacing for a cavity of length L
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This behavior may be understood physically by the following example.
Assume that at an initial instant the cavity is entirely filled with
radiation at an unshifted frequency ay + M, as in Fig. 9(8) which shows
the waves traveling in both directions inside the cavity. The radiation
moving toward the PCM will be reflected at the downshifted frequency
wy - oo , and therefore after a short time the signal inside the cavity
will appear as in Fig. 9(b), with lower-frequency radiation now moving
away from the PCM. The PCM will continue to take im the higher frequency
wy + &N and emit the lower frequency wy = Aw until after one complete
round-trip timé T the cavity will be entirely filled with lower frequency
radiation. But, the process will then reverse and the incident signal at
Wy - Aw will be converted back to the original value wy + &Ny .+ This
cycle will be complete after a time 2T , or two round trips. It is the
doubling of the time interval before the signal returns to its original
state that leads to the halving of the effective axial mode spacing.

Although the apparent or instantaneous frequency of the cavity signal
can oscillate back and forth about the central value wy with period 2T ,
amplitude variations will still self-reproduce after period T . Mode
locking of this cavity, for example, wili produce pulses at intervals of
T , not 2T . However, the apparent frequency of every alternate pulse

could oscillate back and forth about wy with period 2T .

T .




V. CONCLUSIONS

We have carried out the gaussian transverse mode anglysis of a resonator
formed by conventional paraxial optical components plus a phase conjugate
mirror (PCM). For a resonator with only real paraxial elements (no transverse
amplitude filtering) any gaussian beam reproduces itself after two round trips;
and there is a continuous set of self-consistent q values that reproduce
themselves after one round trip. These q wvalues correspond to all possible
gaussian beams which match the mirror curvature but have arbitrary spot size,
at the opposite end of the cavity from the PCM.

If complex paraxial elements such as gaussiap apertures are added to the
resonator, there is only one stable self-reproducing or self-consistent
gaussian mode of the resonator. Gaussian beams starting from any other point
in the l/q plane converge to this self-consistent value upon repeated round
trips.

The resonant frequency structure of the PCM caQity contains a central
resonance exactly at the PCM pumping frequency wy s independent of the
cavity length L . This frequency is surrounded by a set of '"half-axial"
resonant modes spaced by c/hL » or half the usual c/2L axial mode spacing
for a cavity of length L . However, there are phase and amplitude con-
straints on the phasor amplitudes of each pair of sidebands above and below
the central frequency.

This work was supported by the U.S. Alr Force Office of Scientific

Research.
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1.

2.

CAPTIONS FOR FIGURES

(a) A tyéical PCM resonator, and (b) the basic énalytical model for
discussion of the lowest-order gaussian transverse mode of an optical
cavity with a phase-conjugate mirror. The gaussian q parameters are
measured at a reference plane immediately in front of the PCM.

(a) Locus of self-consistent gaussian beam modes in the IB]/q

plane for real ABCD elements. (b) A single round-trip inside the
PCM cavity transforms an arbitrary inital point B/q to the geometri-
cally inverted point B/q' with respect to the displaced unit circle.
A second round trip returns B/q’ to B/q .

Unfolded model for two successive round trips in a simple PCM cavity.
The PCM acts like a converging lens for a diverging wave (solid lines)
but like a diverging lens for a converging wave (dashed lines).

A PCM cavity with weak gaussian aperturing has a unique lowest-order
self-consistent gaussian mode with a gaussian parameter q,. » cor-
responding to a single point located on or close to the displaced

unit circle. A beam starting from any other initial value of ¢
converges toward the value 9 OM repeated bounces.

Example of a complex PCM optical cavity containing a plane mirror

(PM), gaussian aperture (GA), and phase~conjugate mirror (PCM).
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(a) cavity model. (b) Self-consistenf points in the 1/q plane

for X = La/L ranging from O to 1 . (c) Self-consistent mode for

X 50 ; the spot size approaches zero at one end and infinity at the
other. (d) Self-consistent mode for X — 1 ; the mode is essentially
a half-confocal resonator mode.

(a) optical cavity containing a plane mirror (PM), gaussian duct (GD),
gaussian aperture (GA), and phase-conjugate mirror (PCM). (b) Locus
of self-consistent solutions in the ]./q plane for various values
of the relative-strength parameter Y = FnLe . Solutions on the solid
line are perturbation-stable while those along the dashed regions are
confined but perturbation-unstable (for the case F > O).

Locus of stable self-consistent solutions for a cavity length L
containing a curved mirror of radius Ry , a weak gaussian aperture,
and a phase conjugate mirror, with different values of the parameter
Ro/L .

Model for analysing the resonant frequencies of a PCM cavity of length
L . The PCM cell is pumped at frequency wy and has a reference
plane at z =0 .

(a) A PCM cavity is initially filled with radiation at wy + Lo .

(b) Reflection from the PCM converts the incident radiation at

wg + & to wy - Aw, as shown here after ~ 1/4 of a cavity

round trip. (c¢) After ~ 1 complete round trip, the cavity is

now nearly filled with radiation at wy = Aw ;and the reverse

process begins.
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