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RESEARCH ON THE MULTIPLE-CHOICE TEST ITEM IN JAPAN:

TOWARD THE VALIDATION OF MATHEMATICAL MODELS

ABSTRACT

This monograph reports research, related to the multiple-~choice test
item, which is conducted by psychometricians and educational technologists
in Japan. Sato's number of hypothetical equivalent alternatives is
introduced. The author proposes a new index, k*, which can be used, among
other things, for invalidating three-parameter models for the multiple-
choice item. Shiba's research on the measurement of vocabulary, which is
based upon latent trait theory, includes an eventual tailored test on
vocabulary, utilizing information obtained from distractors as well as
correct answers. With this research in mind, the author has developed
basic ideas about a new family of models for the multiple-choice item.
These are based upon both the information given by distractors, and the

correct answer and the noise resulting from random guessing.
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PREFACE

In the summer of 1979, I spent a few weeks in Tokyo under the
sponsorship of the Office of Naval Research (ONR). This monograph is
based on conferences with researchers in Japan, in the areas of psycho-
metrics, educational measurement, and educational technologies, and on
research materials and technical literature collected during this trip.
I thank Dr. Rudolph J. Marcus, Scientific Director, Miss Eunice Mohri,
and other ONR/Tokyo staff members for providing me with office space
and services, taking me to JICST, and helping me in many other ways.

I was invited to one of the bimonthly meetings of the Educational
Technology Group of the Institute of Electronics and Communication
Engineers in Japan, which was held at the Central Research Laboratories
of Nippon Electric Co., Ltd., on 23 July, 1979, and had an opportunity
to talk with the researchers who came to the meeting from many different
districts of Japan. The author is thankful to Dr. Takahiro Sato, the
representative of the Group, and other members for their kind cooperation
in collecting research materials and literature.

It was also a pleasure to have several conferences with Dr.
Sukeyori Shiba, Professor of Education at the University of Tokyo and an
old friend of mine, during my stay in Tokyo, and to get to know a large
scale research project on the measurement of vocabulary conducted by him
and his students. The author is thankful to him and his students for

making coples of their research materials and sending them to Knoxville,

Tennessee, after I returned.




PREFACE (Continued)

Because of the shortage of time, the author could not see all
the people she had wanted to; among them are Professor Takeuchi of the
University of Tokyo and Dr. Akaike of the Institute of Mathematical
Statistics, who happened to be out of town during her stay in Tokyo.

The stimulation of these conversations, and of the research
materials and literature obtained in Tokyo, started new trains of
thought 1in the author's mind. Some of these concern the multiple-
choice item, which is the subject of this monograph. Others require
yet more work and further communication with Japanese colleagues. In
particular, the author feels it is worth trying to reanalyze the vocab-
ulary test déta collected by Shiba and others, using theory and methods
which the author has developed and is going to develop.

The author is thankful to the Office of Naval Research for this
opportunity of visiting Tokyo, and hopes that the present report will
contribute to the development of mental test theory and science in

general.

Fumiko Samejima f
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I Introduction

There will not be any doubt in the mind of psychometricians
that good mental test items are informative items, which make a
great deal of contribution to the estimation of the examinee's
ability, and, therefore, uncover the individual differences among
the examinees accurately. In the history of mental test theory,
the multiple-choice item arrived later than the free-response
item, out of the necessity of administering group tests and of
scoring their results speedily and objectively, in the sense that
there is no need for our subjective judgment and evaluation in
scoring. Today, an enormous number of multiple-choice tests
are administered to youngsters, and their results have been used
in many important decision-making situations, such as guidance,
selection, classification, and so on. To construct good multiple-
choice test items and to develop good mental test theory which
deals with the multiple-~choice item are, therefore, most important.
Siﬁce the multiple-choice item was introduced as a substitute
for the free-response item, it has been treated by mental test
theorists as something which is useful from the practical point of
view, but not quite as good as the free-response item. The three-
parameter logistic, or normal ogive, model, which 1s widely used
by psychologists and educational psychologists for the multiple-
choice item today, is nothing but a "blurred”" image of the logistic,

or normal ogive, model for the free-response item. In other words,

there is nothing meaningful which is added to the original logistic,

or normal ogive, model, but there are additional noises caused
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by random guessing in the three-parameter logistic, or normal
ogive model.

We must stop and think, however, i1f the three-parameter
logistic, or normal ogive, model really fits psychological reality,
and if the multiple-choice test item cannot be more than a 'blurred”

image of the free-response item. The author's answer to the first

question is negative, to the second positive. It is clear in the
author's mind that we need a better model than the three-parameter
logistic, or normal ogive, model for the multiple-choice item, 2nd
that the multiple-choice item can provide us with a larger amount
of information which results in a more accurate ability estimation,
if we make use of the information given by its distractors, which
the free-response item does not have,

It was interesting to discover that, while very few researchers
in the United States have ever questioned the appropriateness of the
three-parameter logistic, or normal ogive, model for the multiple-
choice item, and have tried to validade it for their research data,
the author's perception is shared by some Japanese reseaichers.

Some of these are members of a nation-wide research group called -

the Educational Technology Group of the Institute of Electronics
and Communication Engineers in Japan. Most of the members of the ) ﬁ
group are engineers in computer science, and some of them are i
educational psychologists. Tatsuoka has reported their names 7

and research activities (Tatsuoka, 1979), which are represented

by such topics as the S-~P table (Student-Problem table),




the number of hypothetical, equivalent alternatives*, interpretive

structural modeling based on graph theory, and so forth. Some of

their papers, which the author has had the opporZfunity of reading,

are listed in Appendix III. Their standpoint concerning the multiple-

choice item is based on information theory (e.g., Goldman, 1953),

considering that an item is a good one if its expected uncertainty

in the selection of an alternative is high. As the measure of

the quality of an item, the number of hypothetical, equivalent

alternatives (Sato, 1977) is used, which will be introduced in

Chapter 2. One impressive feature of the activities of this group

of researchers is that they do not use computers mechanically,

as many other researchers do, but they give teachers the feedback

information about the test items constantly, and then they obtain

the teachers' feedback based on the content analysis of the items

in question, and so on. Another group is Shiba and his students of

the School of Education, University of Tokyo. They have spent the

past several years for developing vocabulary tests, which are

aimed at measuring vocabulary of subjects of a wide range of age,

collecting data, constructing an integrated vocabulary scale

(Shiba, 1978), and then constructing a tailored test out of these

vocabulary test items, using the information given by the distractors,

as well as the correct answers, for branching examinees (Shiba,

Noguchi and Haebara, 1978). The theory and method used for analyzing

their data are basically the same as those adopted in the research

in which the author was involved (Indow and Samejima, 1962, 1966) -

*Tatusoka translated the original word as the effective (or equivalent)
number of options, but the author uses this translation.
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The outline of the work accomplished by Shiba and others will be
given in Chapter 6.

With the research conducted by these people as incentives,
the author has integrated her own ideas about mathematical models
and the multiple-choice item. It resulted in proposing a method of

validating, or invalidating, the three-parameter logistic, or normal

ogive, model and the knowledge or random guessing principle, and

eventually proposing a new family of models for the multiple-choice

item, in which the information given by the distractors is fully

utilized.




II Sato's Number of Hypothetical, Equivalent Alternatives

Let g (=1,2,...,n) be a multiple-choice test itenm. In the
present paper, however, this symbol g is omitted, whenever it is
clear that we deal with only one item. Let i (=1,2,...,m) be
an alternative, or an option, of the multiple-choice item g , and

pi be the probability with which the examinee selects the alternative

*

i. The entropy H 1is defined as the expectation of -logzpi
such that

m
(2.1) H = -151 py log,p, ,

for the set of m alternatives of item g . It is obvious from
(2.1) that the entropy H is non-negative, and, if one of the m
alternatives is the sure event with unity as its probability, then
H=0. Sato's number of hypothetical, equivalent alternatives

k , is defined by

(2.2) k=21

and is used as an index of the effectiveness of the set of m
alternatives for item g in the context of information theory.
Since the entropy H indicates the expected uncertainty of the
set of m events, or alternatives, the set of alternatives is more
informative for a greater value of k .

When the probability Py is replaced by the frequency ratio,

Pi , we can write for the estimate of the entropy such that

- m
(2.3 H=-1I P, log,P, ,
- 1 %271




and for the estimate of k we have

(2.4) £ = 28,

We notice that we can obtain the number of hypothetical,

equivalent alternatives k without using the entropy, for we have
m

-Zp, log,p
i=1 i 251 - m

(2.5) k=2022

I

=
o

]
—

=
o

[

—

The quantity in the brackets of the last expression of (2.5) is

a kind of weighted geometric mean of P - Equation (2.5) alsco
implies that we can use any base for 1log P, » instead of 2 .
For convenience, hereafter we shall use e as the base of log Py »
and use H* instead of H such that

m
(2.6) H* = -151 py log Py >0 ,

which equals zero when one of the alternatives is the sure event, and

*
@.n k=3

and simply write log Py instead of 1ogep1 .
To find out the value of Py which maximizes H* , and hence

k , we define Q such that

m m
(2.8) Q=-ZIp, logp, +A[Z p,-1],
j=1 * i fe1 &

where A 1is Lagrange's multiplier. Thus the partial derivative of

Q with respect to Py is given by

3
(2.9) %;I = -[log p, + (1/p)p,] + A = ~log p, + (A = 1)




Setting this derivative equal to zero, we obtain

(2.10) logp, =A-1,

which is a constant regardless of the value of 1i . Since we have

m

(2.11) Lp, =1,
iml

we obtain

(2.12) Si =1/m .

Thus it is clear that H* , and hence k , is maximal when all the

m alternatives are equally probable, and we can write
(2.13) max (H*) = log m

and

(2.14) max (k) = m .

Since in the present situation the m events are alternatives,
the values of H* and k are affected by the difficulty level of
item g . Let R be the correct answer to item g , which is given
as one of its alternatives, and Px be the probability with which
the examinee selects the correct answer R . Figure 2-1 presents
the relationship between the probability Pa and the number of
hypothetical, equivalent alternatives k . In this figure, the
area marked by slanted lines indicates the set of k's which are
less than max (k[pR) and greater than max[l/pR, min (klpR)], and

are considered to be reasonable values of k by Sato and others.
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In practice, Figure 2-1 is used by replacing the probability
Pp by the proportion correct, PR , and the number of hypothetical,
equivalent alternatives, k , by its estimate k. It is well-known
that the frequency ratio is both the least squares solution and the
maximum likelihood estimator of the corresponding probability.
It is interesting to note that, in addition, it is the estimator

which minimizes the chi-square statistic. Let us define Q such

that

o m
(2.15) Q= I [(NP - Np Y/ (Np )] +A[Zp -1].

i=]1 i=1
where N 1is the number of examinees and A is Lagrange's multiplier.

Then we have

(2.16) -9 . N[GpZ - B/p2] + A =0,

api
and
@17 B =1+ o2 P, .
Since

-1+ Y2

m m
(218) 1= Ip =[1+ om Y2 g P,

i=1 i=1
we obtain

(2.19) A=0,

and from this and (2.17) we can write

(2.20) 61 =P .

PSR
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The translation, "the number of hypothetical, equivalent
alternatives," indicates the number of alternatives in the
hypothetical situation where the entropy H 1s provided by the
alternatives which are equivalent in the uncertainty of occurence.
Although it is not the direct translation of the original word,

it is used for k 1in the present paper, for it seems to the author

to be the best describing word of the original.

T




III Information Given by Distractors in the Multiple-Choice Item

and Random Guessing

Sato's number of hypothetical, equivalent alternatives has
been used mainly by the members of the Technical Group of Educational
Technologists in Japan (cf. Tatsuoka, 1979) for the purpose of
analyzing the effectiveness of alternmatives in relation with
a relatively small group of examinees. The basic idea behind
this index is that the expected uncertainty of the m events, or
alternatives, be large, and, therefore, the number of hypothetical,

equivalent alternatives be close to m . We notice that:

(1) this concept is strongly population-oriented, unlike those

concepts in latent trait theory,

(2) it is assumed that each examinee tries to answer the item

seriously, without depending upon random guessing,
and,

(3) relative to the population of examinees, the existence of
too attractive a distractor is not desirable, since it

tends to reduce the value of k .

Thus as long as this index is used for the analysis of test items
which are given with careful guidance and supervision to samples
of examinees from a well-defined population, and the findings of
the analysis are not generalized across populations, it will serve
its purpose.

If we generalize this concept and the resultant findings

beyond these restrictions, however, we may be led to completely
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false conclusions. To give an extreme example, suppose that none

; of our examinees took the test seriously, and selected one of the .Q
alternatives at random, for each item of the test. In such a case,
regardless of the difficulty level of the item, the number of -
hypothetical, equivalent alternatives, k , will be very close to
m for every item! In spite of this superficial success, we have
obtained no information about the individual examinees' ability
levels as the result of testing.

It is also noted that, if the examinee's behavior follows
the knowledge or random guessing principle, i.e., he will answer
correctly if he knows the answer, or guess randomly otherwise, the
value of k tends to be large. In this case, too, our success
of obtaining a large k 1s only superficial and meaningless.
[ In addition to the above facts, it is obvious that the value

4 of the number of hypothetical, equivalent alternatives varies for

different populations, i.e., the same item may have a value of

k which is very close to m for one population of examinees,

and may have a very low value for another populationm. This may
be due to the difference in the mean ability levels of the two
populations, or to the different forms of two ability distributions,
or both. Thus while the index may be useful for a fixed population

of examinees and if we discuss "how good an item is'" in relation to
that specific population, it cannot be considered as a parameter
of the item per se. This limitation of the usefulness of k

is of the same kind that is applicable for the reliability coefficient

of the test, i.e., in spite of most psychologists' belief that
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the reliability coefficient is one of the most important and solid
properties of the test itself, it heavily depends upon the specific
population of examinees for which the test is administered, and,
therefore, is a dead concept since the population-free test information
function is sufficient to servé the purpose (Samejima, 1977a).

As a whole, there is no single answer to the question: "Are
items which have high values of the number of hypothetical, equivalent
alternatives good items?" even if we control the testing situation
with respect to the purpose of testing, such as guidance, selection,
etc. This is true even if we restrict the populations of examinees,
and it 1s mainly because of the noise induced by random guessing.

That is to say, in a general situation of testing, it is hard for

us to determine whether we have accomplished the work by obtaining

a high value of k . In fact, the largest possible value of k

may imply no accomplishment at all, as we have seen in one of the
_ preceding paragraphs of the present chapter!

In spite of the above limitations, however, the introduction
of the number of hypothetical, equivalent alternatives and its use
by Sato and other researchers of the Technical Group of Educational
Technologists should be well credited, for their vision is

oriented toward the full use of the information given by all the

alternatives of the multiple-choice item. It seems that they
are quite successful in using the index in the small group situation,
such as school classes where instructions are well conveyed and

random guessing is extremely discouraged. This orientation is in

quite a contrast to the attitude of many researchers who are accustomed




to the blind use of the three~parameter logistic model for the

multiple~-choice item, without ever stopping to think if the model =

can be validated for their data.
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IV Three-Parameter Models in Latent Trait Theory and the Role
of Item Distractors

Let 6 be ability, or latent trait, that we intend to measure
with our.test. The three-~parameter logistic model, or normal ogive
model, is based upon the knowledge or random guessing principle, i.e.,
the examinee either knows the answer or guesses randomly. Let wg(e)
be the item characteristic function of item g , which is the
conditional probability with which the examinee answers item g
correctly, given 8, in the free-response situation. This is given
by
TRV ROR (2m 112 Iag(e—bg) U2 4y

——00

in the normal ogive model, and

-1
4.2 ¥ (8) = [1 + exp{-Da_(6-b )}
(4.2) g( ) = exp ag( g) ]

in the logistic model, where ag is the item discrimination parameter
and bg is the item difficulty parameter (Lord and Novick, 1968,
Chapter 16), and D in (4.2) is the scaling factor which assumes
1.7 (Birnbaum, 1968) when the logistic model is used as a substitute
for the normal ogive model.

The item characteristic functiom, pg(e) s for the multiple~
choice item in the three-parameter normal ogive, or logistic, model

is defined by
= - = - e .
(4.3 P (8) = ¥ (8) + (1-¥ (O ]c, = cp + [1-c I¥ (O)

where Wg(ﬁ) is given by (4.1) or (4.2) and C8 is a constant which




is called the guessing parameter, and equals 1/mg , Or l/m\;

It should be noted that, following these models, there is
no information given by the alternatives other than the correct
answer, for all the responses to the wrong answers are the result
of random guessing. Should one of these models be valid for the
iten in question, the multiple-choice item would be nothing but
a poor image of the binary, free-response item, which is contaminated
by the noise caused by random guessing.

Let j be an individual examinee, and uj be the binary
item score for the multiple-choice item g . The conditional
expectation and variance of the binary item score u , given 6 ,

can be written as

(4.4) E(ul6) = P_(8) = ¢ + (1-0)¥, () = (1/m)[1 + (@-1)Y (®)],
where ¢ 1s the simplification of cg , and

(4.5) Var.(u[g) = [(m—l)/mzlll-wg<e)][1+<m-1)wg(e)] .

Let “1j be the binary alternative score for the alternative i
obtained by the individual 3j , for the multiple-choice item g .

Thus we can write

(4.6) Upy = uy -

The conditional expectation and variance of the binary alternative

score u, (i¥R) , given 0 , are given by

i

.7 E(ui|6) - c[l-Wg(O)] = (1/m)[1—Wg(6)]




and
(4.8) Var. (u,[8) = (1/m2)[l-‘Pg(e)][(m-l)+“Pg(e)] .

Let A be either u or u or any other discrete random variable,
and p(}) and p(k|6) denote the marginal and conditional probability
functions of X , respectively. Then the relationships among the

conditional and unconditional expectations and variances are given

by

(4.9) EQA) = I Ap(d) = IA f_: p(A|B)E(8)d8 = f;’ L X p(A]|8)£(8)d8

= f_: E(A|6)£(6)d6 = E[E()]6)]

and

(4.10)  Var.(}) = T[A-E(A)]%p(A) = Z[A-E(A)]? f_: p(A[6)£(8)d8

= f_: ZI-E(A[8)1%p(A[B)£(8)dE
+ f_: [E(A|8)-E(A) 12Zp(7[6)£(B)d6

= E{Var.(A|8)] + E[E(A|8)-E(N)]2.
In particular, we can write

(4.11)  E(u) = E[E(u]8)] = [_: P ()£(8)d0 = py

and
Var.(u) = E[Var.(u]6)] + E[E(u|8)~E(u)]?

- f_w P (8) [1-2_(6) 1£(8)a0 + | B RORNEIOP

= -— 2 = -
Pp = Pg” = Pgll-pp)

for the binary item score u , and, for the alternative score ug
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(4.13)  E(u) = E[E(y;|®)] = (M/m) [_: [1-¥ (8)]£(8)d8

= [1/(@~1)] f_: [1-P_(8))£(8)40 = [1/(@~1)}(1-py)

Py

and

(4.14) var.(u,) = E[Var.(u;[0)] + E(E(y, [8)~E(u)]?

(1/m?) f_: [1-¥,(8) [ (m-1)+¥,(8) 1£(8)d8
+ (mt) [ 7 {1-¥ (8)}-mp, 12£(0)do

(1/m) f_: [1-¥,(8)]£(0)d0

- 2p, (1/m) (_: [1-¥_(8)J£(0)de + p}

Pi(l-pi)

We notice that E(u) given in (4.11) is the item difficulty parameter

in classical test theory, which depends upon the specific population
of examinees as well as the test item.

It should be noted that both the expectation and the variance
of ug for 1#R , which are given by (4.13) and (4.14), respectively,
are equal for all the wrong answers, and are determined, solely, by

Pr and the number of the altermatives, m . This is the logical
consequence of the fact that the responses to those wrong answers
are completely the result of random guessing, and provide us with
no information about the examinees' ability levels.

We must remember, however, that most of the conscientious

test constructors try to avoid the contamination of the quality of

items, by finding incorrect, but plausible, answers and including

them as distractors in the set of alternatives. This indicates
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that the responses to these alternatives are not the result of random

guessing, and may contain useful information about the examinee's

ability level. The adoption of one of the three~parameter models

for such multiple-choice items is not justifiable, since in so doing

R o VT

the researchers distort psychological reality and will produce
nothing but meaningless artifacts as the result of their research.

It is strange to the author that many researchers have ignored
the contradiction which was described in the preceding paragraphs,

and have applied the three-parameter models to their data for years,

el ML WE L L 2

which, obviously, are based on the tests containing many distractors.
As far as they continue repeating this mistake, their conscientiousness

as researchers has to be questioned. 4

bk
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V Index k* for Invalidating Three-Parameter Models

It has been pointed out in Chapter 3 that Sato's number of
hypothetical, equivalent alternatives takes on a high value, if
every examinee in the group has selected one of the m alternatives
at random. This fact implies that, although the index was introduced
for quite an opposite purpose, it may also be useful in detecting
the examinee's random guessing behavior in the multiple-choice
item.

To materialize the above, we need the following considerationm.
When the examinee follows the knowledge or random guessing principle
and the item characteristic function assumes the three-parameter
logistic, or normal ogive, model, the index k 1is solely affected
by the probability with which the examinee knows the answer, as is
obvious from Figure 2-1 and (4.3) and (4.11). This fact provides
some inconvenience, however, for the probability of knowing the
answer heavily depends upon the specific population of examinees, in
addition to the item characteristic function of the item in the
free-response situation. It will be more convenient, therefore,
if we can modify Sato's index k in such a way that it is unaffected
by the ability distribution of a specific population of examirees,
and can be considered as a pure property of the item. With this
aim in mind, we shall introduce a new index in this chapter.

Let A be the event that the examinee does not know the
answer to item g , and consider the probability space which
consists of such a subpopulation of examinees. The conditional

probability, p(i[Z) » with which the examinee selects the alternative
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1 of item g in this conditional probability space is given by

=p(Zp + pﬁ]-l ‘1¥R
(5.1) p(1|R) R

. -1
=pX[ L p, + p*] ~, i=R
Riyp 1 R

where pﬁ denotes the probability with which the examinee guesses
correctly for item g . The new index, k* , is defined in terms '
of these conditional probabilities, in such a way that
m m -
- - = p(ijA),-1
(5.2)  k* = expl- I p(tlD+log p(1IB] = [ T peaHPUIDYT
i=1 i=1

It is obvious that p(ilA) for i#R is proportional to Py s for
every examinee in the population who has selected one of the wrong
answers does not know the answer, and, consequently, he is also

in the subpopulation A. On the other hand, examinees who have
selected the correct answer R are not necessarily in the

subpopulation A y SO We can write
. * & .

Note that, if the examinee's behavior follows the knowledge or random
guessing principle and the item characteristic function of the
multiple-choice item g 1is of one of the three-parameter models,
pﬁ equals Py for 1#R , and, as the result, all the m p(i|A)'s
are equal and k* = m .
In practice, we need to use some estimates for p(ilK)'s .
to obtain the estimate of k* . Since we have the frequency ratio,

P for the estimate of Py for 1i#R , all we need to do is to

1 1
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Let P* denote such

find out an appropriate estimate of pa . H
an estimate of pﬁ , and PI be such that
= P1 idR
(5.4) P;
= P% i=R .
Then we can write for the estimate of p(ilﬂ) such that

m
-1
E P;] .

(5.5 p(i|&) = ¥l
i=1

We are to take the strategy of finding PE which makes k* maximal.

Define H* such that

m
fi® = log k* = - L p(i|A)+log p(1]A)

(5.6)
i=1
m -1 m m m
= -[ L P;] [ P¥elog Py~ (1L P;)-log {z P;}] .
s=1 i=]1 i=] s=1

Then the partial derivative of H* with respect to PR can be

written as

(5.7 offx [T a2 T Phelog P¥ - ( T P*)+log PA]
. =5 " *log P¥ - *log ,
apg - L2l LT FY t- (L% H

and, setting this equal to zero, we obtain

(5.8) log P} = [ I ps]‘l L P, log P,
s¥R i#R
and then
P L ps]‘l
(5.9) pt= mp arR
1#R

Thus we can use (5.9) in (5.4), and, therefore, obtain 8(1];)
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through (5.5). The estimate of the new index, k* , is given by

2 L gl 324 s W N o i - S W, M AN W <t

m
(5.10) k* = exp[- T
i=1

5(1|E)1og 1|1 = [ 1 pt|RPAIR L.
i=1
A necessary, though not sufficient, condition for one of the three-
1 parameter models to be valid is that k* should be equal to m
within sampling fluctuations, regardless of the population of
examinees from which our sample happened to be selected. If this is

not the case, we must say that the three-parameter model does not

fit our item, i.e., the invalidation of the model.

Although the invalidation of the three-parameter logistic,
or normal ogive, model is easy, its validation is more difficult.
We recall that Sato's number of hypothetical, equivalent alternatives
is used as a measure of the desirability of the item for a specific
population of examinees. If all the distractors are equally probable
for a specific population, then the index k* will also equal m ,
in spite of the fact that the two cases are completely different
in nature. This problem can be solved by administering the same
test to a different group of examinees, which has a different
ability distribution from that of the first group. If the large
value of k* is due to the knowledge or random guessing principle,
then it will also be large for the second group of examinees because
of its population-free nature. On the other hand, if the large

value of k* is resulted from the optimal quality of the item for ]

the first group of examinees, then it will not be as large as that
for the second group, unless the operating characteristics of all

the distractors are identical.
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It should be emphasized that k* takes on a large value even
if the knowledge or random guessing principle does not work behind
the examinee's behavior, but the item is "suitable" for the group
of examinees to which the test has been administered, in the same
sense that a high value of Sato's number of hypothetical, equivalent
alternatives is meant to indicate. This fact means that, when we
need to use only one set of data for validating, or invalidating,
the knowledge or random guessing principle and the three-parameter
logistic, or normal ogive, model, we must use, at least, one more
necessary condition for the principle to be valid. One such
necessary condition is that the sample means of ability 6 , or
of its estimate, of the subgroups of examinees who have selected
the wrong answers should be equal, within the range of sampling
fluctuations. Thus, if either the value of k* is substantially
less than m , or the sample means of ability 6 of such subgroups
of examinees are not close to each other, then we shall be able
to say that the knowledge or random guessing principle and the
three-parameter model are invalidated. On the other hand, if both
of the necessary conditions are satisfied with our data, we can say

there 1s no reason to reject the principle and the model.

For the purpose of illustration, a set of simulated data was
calibrated, using the Monte Carlo method. In this set of data,
five hypothetical multiple-choice test items were assumed, each
having five alternatives, A, B, C, D and E, with A always as the
correct answer. Each item is assumed to follow the three-parameter
normal ogive model, which is given by (4.1) and (4.3), with the

parameter values shown in Table 5-1. A group of five hundred




TABLE 5-1

Item Discrimination Parameter a_  and
Item Difficulty Parameter b8 of Each

of the Five Hypothetical, Binary Items
Following the Three-Parameter Normal
Ogive Model, with c8 = 0.2 .




hypothetical examinees was assumed, whose ability levels are placed

at one hundred equally spaced points on the ability continuum,
which start with -2.475 and end with 2.475, in such a way that
subjects 1 through 5 are placed at 8 = -2.475 , subjects 6 through
10 are at © = -2.425 , and so on. For each of the five hypothetical
multiple-choice items, the response of each of the five hundred
hypothetical examinees was calibrated according to the specified
item characteristic function and the knowledge or random guessing
principle. These calibrated responses are presented as Table A-1
in Appendix I.

Table 5-2 presents the frequency ratio, Pi ,» of each of
the five alternatives, for each of the five hypothetical multiple-
choice items. We can see that sampling fluctuations are fairly
large for item 4, and to a less degree for item 2, since the
corresponding probability, Py » is 0.6 for the alternative A and
0.1 for each of the alternatives B, C, D and E. In the same table,
also presented are the values of P§ » which were obtained through
(5.9). Using these values in (5.6), (5.9) and (5.10), the estimates
of the entropy H* and the index k* were obtained, and are
presented in Table 5-3. Since the maximal possible value of fi*
is approximately 1.60944 (=log m) and that of &k* is 5 (=m), we
can say that these results are sufficiently close to their respective
maximal values, i.e., an exemplification of the satisfaction of ome
of the necessary conditions for validating the three-parameter
normal ogive model and the knowledge or random guessing principle

by our simulated data. The fact that these results are less
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TABLE 5-2

Frequency Ratio of the Subject, Pi » Who Selected

Each of the Five Alternatives, and the Modified
Frequency Ratio Pﬁ for the Correct Answer A,

for Each of the Five Hypothetical Items.

Alternative !
— B c D E
p, | -608 | .08 |.106 |.100 | .100
1 py | -098
| R .618 | .102 | .080 | .106 | .094
p% | .096
p, | -600 |.094 |.106 | .108 [ .092
> | ex | .100
P, |.606 |.106 | .078 | .130 | .082
“1ex | am
P, |.598 |.092 | .200 |.104 | .106
> px [ a0

|
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TABLE 5-3

Entropy, fi*, and the Number of Hypothetical,

Equivalent Alternatives, k*x , for Each of

the Five Hypothetical Items Following the
Three-Parameter Normal Ogive Model.

Ttem fix for
1 1.60714 4.98853
2 1.60501 4.97789 {
3 1.60744 4.,99000 ‘
4 1.59224 4.91475 ]
5 1.60829 4.99424




29 TKR V-10

satisfactory for item 4 and the same is true, to a lesser degree,
for item 2 must be due to the sampling fluctuations, which were
observed in Table 5-2.

As another necessary condition for validating the three-
parameter normal ogive model and the knowledge or random guessing
principle, the mean of © for each of the five subgroups of

examinees, who selected different alternatives, was computed, for

each of the five multiple-choice items. Table 5-4 presents the
result of these means of 0 . In the same table, also presented
is the expectation of 8 for each of the five subgroups, using
the uniform ability distribution for the interval, [-2.5, 2.5],

for each item, following the three-parameter normal ogive model

and the knowledge or random guessing principle. Since all the
responses to one of the four wrong answers of each item are nothing
but the result of random guessing, these alternatives are equivalent,
and have the same mean value of 0 . We can see that, for each
item, the mean of 6 for the correct answer and that of each
incorrect answer are substantially different, and they are close
enough to the respective theoretical means.

In practice, there is no way to observe the examinee's 0
itself. We can use its maximum likelihood estimate, & , however,
and use it as the substitute in the above process, for example.

We must obtain a similar result as above, to validate the three-

parameter models and the knowledge or random guessing principle.

We notice that a similar result as the one in our example

37y -
H
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TABLE 5-4

Sample Mean of 6 for the Subgroup of Hypothetical Examinees Who
Selected Each of the Five Alternatives, and Its Corresponding
Theoretical Mean, for Each of the Five Multiple-Choice Items.

Alternative A B C D E
(Correct) (Incorrect)
Item E(8) 5 5 E(6)
1 0.703 | 0.619 | -0.912 -1.017 -0.994 -0.905|-1.054
2 0.774 [ 0.752 | -1.341 -1.084 -1.249 -1.161]-1.161
3 0.800 | 0.811 | ~1.165 -1.233 -1.224 -1.237{-1.200
4 0.812}{0.809 j -1.230 -1.119 -1.253 -1.369}-1.218
5 0.822 | 0.809 | -1.061 -1.193 -1.260 -1.282(-1.234




can be obtained, if, incidentally, all the distractors require

"on the average' approximately the same level of ability for the
examinee to be attracted to them, for our group of examinees.

This fact indicates that it is desirable to add more necessary
conditions to examine, such as the approximate equality of the
second moment of 6 , or ] , that of the third moment, etc.,

for the subgroups of examinees who have selected the wrong answers.
Since these subgroups of examinees are "equivalent" in ability
distribution if the knowledge or random guessing principle and

the three~parameter model are valid, these higher moments should
be equal within sampling fluctuations, which it is highly unlikely
that all the subgroups of examinees who have been attracted to
separate distractors are equivalent in ability distribution. We
must avoid, however, using moments of too high degrees, for their

sampling fluctuations tend to be enormously great.




e k=

32— TKR VI-1

VI Shiba's Research on the Measurement of Vocabulary

In this chapter, we shall introduce a research on the
measurement of vocabulary, which was conducted by Shiba and others.

The author found it interesting, especially in the following aspects.

(1) The vocabulary tests they used are very well constructed,

choosing each alternative carefully.
(2) Subjects were selected from many different age groups.

(3) Unlike many researchers in the United States, they have

tried to make a full use of the distractors.

The battery of tests used for the construction of the
vocabulary scale consists of eleven tests, Al, A2, A3, A4, A5, A6,
J1, J2, S1, S2 and U . Each test contains thirty to fifty-eight
multiple-choice items, each having a set of five alternatives.
These tests differ in difficulty, and each of them is designed for a
different group of ages, ranging from six years of age to the ages of
college students. There are subsets of items included in two tests,
which are adjacent to each other in difficulty. For example,
items 37 through 56 of Test Jl are also items 1 through 20 of Test
J2. The number of examinees used for the vocabulary scale
construction varies between 412 sixth graders of elementary schools
for Test A5 and 924 secord graders of senior high schools for Test
sl. (cf. Shiba, 1978.)

The model adopted for the item characteristic function of

each vocabulary item is the logistic model, such that

-1
(6.1) Pg(e) = [1+ exp{—Dag(B-bg)}] ,

i
i

AN AL

L eoand P
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vhere ag and bg are the item discrimination and difficulty
parameters, respectively, and D = 1.7 . Note that Shiba did not

use the three-parameter logistic model, which is characterized by

(4.2) and (4.3). This 1is based on his belief that three-parameter
models are not applicable for well-developed multiple-choice items,
which he has formed through his many experiences in test construction
and research.

Each of the eleven tests was administered to a group of subjects
who belong to a single school year, except for college students.
Hereafter, for convenience, we shall use EL for elementary schools,
JH for junior high schools, SH for senior high schools, and CS for
colleges, and add the school year after each symbol. For instance,
by SH2 we mean a group of subjects who are in the second year of
senior high schools. The correspondence of the subject groups and
the tests administered is summarized as follows:

Al for EL1 (650), A2 for EL2 (650), A3 for EL3 (546),

A4 for EL4 (617), A5 for EL5 (599), A6 for EL6 (412),

J1 for JH1 (614), J2 for JHZ (758), S1 for SH1 (924),

S2 for SH2 (759) and U for CS (740) ,
where the numbers in parentheses indicate respective numbers of
examinees. Note that JH3 and SH3 are not included in the data
which are the basis of the vocabulary scale construction.

The main steps for analyzing these data are the following.

(A] For each of the eleven groups of examinees, the ability

distribution is assumed to be the standard normal distribution.

[B] Assuming the normal ogive model, such that
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]
- a (e—b ) 2 ‘
; (6.2) PS(S) = (2m) 1/2[ g g -u /2 du ,
3 -0
where ag and bg are the item discrimination and difficulty g

parameters, respectively, and the local independence of the
item variables (Lord and Novick, 1968, Chapter 16), and also
that the regression of each item variable on ability 6 is
linear, the tetrachoric correlation coefficient is computed

for each and every pair of items.

{C] The principal factor solution of factor analysis is applied
for the correlation matrix thus obtained, using the largest
absolute value of the correlation coefficient in each row,
or column, as the communality. This step is also the process
of validating the uni-~dimensionality of ability © . Figure
6-1 illustrates the resulting set of eigenvalues for Test Jl
which was administered to 614 first year junior high school
students. It turned out that the first eigenvalue is much
larger than all the other eigenvalues, and thus the uni-
dimensionality was confirmed. Hereafter, this first principal

factor is treated as 6 .

[D] From the result of factor analysis, the item parameters are
obtained. Let pg be the factor loading (e.g., Lawley and
Maxwell, 1971) of the first principal factor, or 68 , for item

g . The item discrimination parameter, ag , is obtained by

. o \-1/2
(6.3) a8 pg(l og) .
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FIGURE 6-1

Eigenvalues of the Correlation Matrix of the Fifty-Five Items
of Test J1, Ordered with Respect to Their Magnitudes.
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Let ®(u) denote the standard normal distribution function,

such that

u
o(u) = (zn)‘l/zf 2 g0

-0

The item difficulty parameter, bg , is given by

-1 -1
b = ¢ -
g Q pgr) Pq

where pgR is the probability with which the examinee answers
item g carrectly. In practice, this is replaced by the
frequency ratio, PgR , to provide us with the estimate of

bg .
The eleven ability scales thus constructed are considered to
be on the same continuum, and they are integrated into a single
scale. This equating is made through the ten subsets of items,
each of which is shared by two adjacent tests. Let ag and
bs be the item parameters estimated from the result of the
first test, and a; and b; be those from the result of the

second test. Denoting the two ability scales by 6 and 6% ,

respectively, we can write
a (8-b ) = ak(g*-b*
g( g) 8( g) 8

since the item characteristic functions, which follow the
normal ogive model, of the same item g on the two ability

gcales must assume the same value for the corresponding values

of 8 and 0% ., Thus the functional relationship between

———




g;
;
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6 and 6* is given by

6.7) g% = (ag/a;)e + [b;—(ag/ag)bg] ’

which is linear, and the two coefficients are obtained from

these four parameters. In practice, we obtain as many sets

of coefficients as the number of common items, and we need to

use some type of "average" of these coefficlents for the scale ;
transformation. Figure 6-2 presents the ability distributions

of the eleven subject groups after such transformations were

made and the mean and the standard deviation of the distribution

of J1 are taken as tne origin and the unit for the new,

integrated ability dimension.

[F] The item characteristic function of each item on the new,
integrated scale 6 1is approximated by the logistic function, {

) which is given by (6.1).

of each examinee's

3 :
ability is obtained through the equation '

[G] The maximum likelihood estimate, )

n R n
(6.8) ZaP(8,)= La u
g=1 3 g=1 & 81

(cf. Birnbaum, 1968), where u is the binary item score of

g}
individual j for item g .

[H] The test information function of each test is obtained by

n
(6.9) I(8) = Z1_(8), d
g=1 g 3

-1 where 18(6) is the item information function of item g such
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that
' 2 _ -1
(6.10) Ig(e) [Pg(e)] [Pg(e){l Pg(ﬁ)}] .

Figure 6-3 presents the test information functions thus

obtained for the eleven tests.

[I] The theoretical frequency distribution of test score T for

each test and examinee group can be written as
l-u

u
(6.11) N L £ P (8) 8[1-p (8)] &,
VeT u eV g

where V 1is a response pattern or a vector of n item scores,

and T 1is the test score given by

n
(6.12) T= £
g=

u_ .

1 8
This is used for the validation of the model and assumptions
adopted in the process of analysis. Figure 6-4 illustrates
the gocdness of fit of this theoretical frequency distribution
of test score to the actual frequency distribution, for Test
Ji.

[J] The sample mean of the maximum likelihood estimate £ of the

subgroup of examinees, who selected each of the five alternatives
is calculated, for each item of each test.
[K] A tailored test of the vocabulary is constructed by selecting an

appropriate subset of items from these eleven tests, in such

a way that an individual is directed to a next item which is

chosen on the basis of the sample mean of § of the alternative
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he has selected for the present item.

We have seen in the preceding paragraphs a brief sketch of
Shiba and others' work. It is unfortunate that the author cannot
convey the fine quality of the tests themselves to the reader, for
they are vocabulary tests and their translation from Japanese into
English would certainly destroy the nature of the tests. We can
see that the research has been conducted very conscientiously,
however, including several processes of validation, and has eventually
produced a widely applicable vocabulary scale and a tailored test.
In the latter result, although there is some room for improvement,
the use of distractors for 'branching" subjects should be taken
as a stimulation to the researchers who are engaged in this area,
for it has seldom been seriously investigated by other researchers.

The research conducted by Shiba and others includes more
interesting data than were used in the vocabulary scale comstruction.
Table 6-1 presents a part of them, in which the frequency
distribution of the alternative selection and the mean of the
maximum likelihood estimate of ability for each alternative are
shown for nineteen items included in both Tests J1 and J2, and
administered to four different subject groups, JH1, JH2(a), JH2(b)
and JH3. In the same table, also presented is the discrepancy
between the mean of 8 for the correct answer and the lowest
mean B for one of the four wrong answers, under the heading,
"largest discrepancy.”" The correct answers are always identified
as the ones which have the highest means of 8, except for the one

for item 3 administered to JH2(b), which is the second highest

L S




; ’ ; Y "
e e ) . .
B T a A A

43~ TKR VI-12

TABLE 6-1

Nesn of the Maximum Likelihood Estimaces of Ability, 9 , for Each of the
Pive Subgroups of Subjects Selecting Different Alternatives, for Bach of
the 19 Vocabulary Test Items, Together with the Actual Frequency Distri-
butions (FMRQ). The Difference between the Mean & of the Correct Sub-

sroups and the lowest Mean 8 15 Also Presented As Larzest Discrepancy
for Each Item. Tast J1, Junior High School Grade 1

Alternative Largest
Item] lndices Total 3
1 2 3 4 5 Discrepancy
Mesn & 0.401 -0.476 -0.482 -0.750 -0.148 72 1.151

37

287 50 59 39 117

2




TABLE 6~1 (Continued):

Test J1, Junior High School Grade 2

Item| Indices Alternative Total Di:::z::;cy
1 2 3 4 5

17 Me;:q 8 o.g:g -o.z;g -o.zgg -o.3§§ o.ogi 455 1198
18 He;:q 8

19 He;:q ] o.sgg o.1gg o.ogg -o.ogg 1.222 450 1.083
40 Me;;Q 8 o.sgi -0.132 0.12: o.ggg -o.ziz 458 1.088
a1 m;:qe -0.52; -O.A?g -o.lig -0.023 o.ggg 461 1218
42 Me::q 8 o.g;g -o.aiz 0.323 -0.023 -o.zgi 457 1.236
43 Me?:Q § -0.123 o.;g; -o.s;g o.122 -o.3§§ 458 1369
" Me§§Q ] o.zzg -o.x;z -o.zig o.gg? o.zgz 456 0.892
45 Me;;q 8 -o.1§g o.1ig ~o.zgg o.ggg -o.agg 459 1.292
46 Me;;q 8 o.ggg -0.72; -o.zgg -o.zgg -o.o7§ 459 1.600
47 “e;gq 8 -0-136 0.766 0.9 -0.19 -0.001 | o958
48 He;;q 8 o.a:g o.zgg -o.sgg -o.oig o.g;i 455 1.760
49 He;;o § o.o;g -o.3ié 0.153 -o.a;g o.;gg 460 1175
50 m;;qé o.;zg o.1i:9; -o.sgg 0.122 -o.ozg 455 1432
51 He;:Q é o.1§2 -o.zzg o.3§§ 0.123 o.ggg 448 169
52 He;§Q ] 0.123 o.;;g o.o;i o.zgi 0.1;; 449 0.743
53 ue;:Q 8 0.3;2 0.132 -o.o;g o.z;g o.g;g 459 0.931
4 He;:q 8 o.i;; o.z;g °'2§§ o.igg o.os; 4s1 0. 766
s ”eSQQ 8 -0.043 -0.042 -0.052 -0.455 1.187 458 1.612
s¢ | Mean 6 0.256 0.236 =0.289 1,354 0.247 455 L 643

70

100

80

128

77




TABLE

6~1 (Continued):

~45—

Test J2, Junior High School Grade 2

Alternativ. Largest
Item| Indices Total
1 3 3 4 5 Discrepancy
Mean 8 -0.247 -0.901 -1.148 =-1.354 =~0.744
1 FRQ 145 11 19 1 s | 22 1.107
2 Mean 8
FRQ
Mean 6 | -0.667 -0.660 =-0.639 -0.834 -0.224
31 Fre 28 45 42 16 g7 | 8 0.610
Mean & -0.403 -0.963 <~1.036 -0.289 -0.948

221
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TABLE 6-1 (Continued): Test J2, Junior High School Grade 3
Alternative Largest
Item | Indices L X 3 “ s Total Discrapancy
Mean 6 0.161 -0.8338 -0.787 -1.099 -0.374
1| e 436 0 25 19 63 573 1.260
3 | Mean [}
FRQ
Mean § -0,312 -0.287 -0.373 -0.486 0.351
31 Trrq 54 93 97 63 260 567 0.837
4 |Mesm 8 | -0.025 -0.848 -0.252 0.181 -0.709 572 1.029
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VII1 Use of Index k* When Distractors Are in Full Work

é It is obvious in Table 6-1 of the preceding chapter that for

these vocabulary items the knowledge or random guessing principle does

not work behind the examinee's behavior, for the mean values of ) .
for the wrong answers are substantially different from one another
for most of the items. In cases like this, index k* , which was
introduced in Chapter 5 as a modification of Sato's number of
hypothetical, equivalent alternatives and used as an index for
invalidating three-parameter models, can be used as a measurc of
desirability of the item for the group of examinees in question,
just as Sato's index is meant to be used for. An additiornal merit
of index k* when it is used for this purpose will be that it can
be used directly, without depending upon the relationship with the
probability for the correct answer, Pg > which is illustrated
by Figure 2-1.

Table 7-1 presents the estimated entropy fi*x obtained
by (5.6), for each of the nineteen items and each of the four
groups of examinees, JH1, JH2(a), JH2(b) and JH3. The values
of index k* , which correspond to these fi*'s in Table 7-1,

were obtained by (5.10) and are shown in Table 7-2.

We can see in these tables that thirteen out of the total
of nineteen items have higher values of fix , and hence of k* .
for JH2(a) than for JH2(b). Since the subjects in these two
groups are of the same school year, i.e., the second year of junior
high school, this tendency may be related with the fact that for JH2(a)

T these nineteen items were given at the end of the test and for
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i TABLE 7-1
3 Entropy of Each of the Nineteen Vocabulary Items Based on
i Each of the Four Subgroups, i.e., Junior High School,
; Grades 1, 2, 2 and 3. For the First Two Subgroups
of Subjects Test J1 Was Used and for the Other Two
Subgroups Test J2 Was Used.
Subgroup
v'-~~,~~\~~ JH1 JB2(a) JH2 (b) JH3
E: Item
!
3 37 (1) ) 1.55907 1.57572 1.51218 1.52080
39 (3)|1.57359 1.57997 1.55547 1.53566
40 (4) ] 1.41987 1.48141 1.39913 1.46917
41 (5) 1 1.47880 1.52098 1.46885 1.48496
42 (6) 11.50740 1.51576 1.50880 1.42679
43 (7) { 1.54070 1.51224 1.39256 1.49871
44 (8) | 1.43049 1.51333 1.41791 1.47934
45 (9) } 1.42195 1.49895 1.54177 1.52485
46(10) | 1.37234 1.36152 1.36544 1.39912
47(11) | 1.52673 1.58391 1.54137 1.57599
48(12) | 1.59254 1.57072 1.57317 1.43130
49(13) | 1.51299 1.40124 1.40700 1.32933
50(14) ] 1.54630 1.46214 1.50665 1.43095
51(15) } 1.59962 1.59600 1.58320 1.55950
52(16) | 1.54651 1.54903 1.51294 1.51407
53(17) | 1.45244 1.46629 1.41821 1.48312
54(18) { 1.51192 1.45933 1.51052 1.46054
55(19) | 1.23002 1.27989 1.25075 1.30371
56(20) 1 1.60838 1.60223 1.58595 1.60504




Number of Hypothetical, Equivalent Alternatives of Each
of the Nineteen Vocabulary Items Based on Each of the

~50~

TABLE 7-2

Four Subgroups, i.e., Junior High School, Grades 1,

2,2 and 3.

For the First Two Subgroups of Subjects
Test J1 Was Used and for the Other Two Subgroups
Test J2 Was Used.

~§EE§fff: JHL JH2(a) TH2(b) JH3
Item
37 (1) | 4.75640  4.83420  4.53660  4.57590
39 (3) | 4.82391  4.85480  4.73730  4.88252
40 (&) | 4.13659  4.39917  4.05166  4.34565.
41 (5) | 6.38768  4.57672  4.34425  4.41479
42 (6) | 4.51496  4.55290  4.52130  4.16531
43 (1) | 4.66786  4.53688  4.02513  4.47592
44 (8) | 4.18076  4.54183  4.12850  4.39004
45 (9) | 6.14519  4.47701  4.67284  4.59447
46(10) | 3.94459  3.90212  3.91744  4.05162
47(11) | 4.60310  4.87397  4.67098  4.83551
48(12) | 4.91623  4.81011  4.82191  4.18412
49(13) | 4.54029  4.06023  4.08370  3.77850
50(14) | 4.69408  4.31519  4.51161  4.18267
s1(15) | 4.95113  4.93326  4.87053  4.75646
52(16) | 4.69506  4.70690  4.54008  4.54521
53(17) | 4.27352  4.33314  4.12972  4.40669
s4(18) | 4.53542  4.30307  4.52908  4.30829
55(19) | 3.42128  3.59625  3.49295  3.68295
56(20) | 4.99472  4.96410  4.88392  4.97805
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JH2(b) they were given at the beginning of the test. We can also
observe that, for some items, there exists a mild tendency that
the value of k* becomes greater as the school year increases, and,
for some others, this tendency is reversed. Items 39(3), 40(4),
44(8), 45(9), 47(11), 53(17) and 55(19) belong to the first category,
and items 37(1), 48(12), 49(13), 50(14), 51(15), 52(16) and 54(18)
are members of the second category. In spite of these mild
tendencies, however, the values of index k* are large, ranging,
approximately, from 3.42 to 4.99 , for all the examinee groups,
the result which indicates a high desirability of this subset of
test items for these groups of examinees.

We can observe a tendency that, regardless of the groups of
examinees, some items have higher values of k* than others, and
some other items have lower values of &k* than others. Items

56(20), 51(15) and 39(3) exemplify the first category, and items

'55(19) and 46(10) are members of the second category.

The mean and the standard deviation of the nineteen values
of E* for each of the four examinee groups were computed, and are
presented in Table 7-3. We can see that all the mean values are
between 4.39 and 4.51, and all the standard deviations are between
0.34 and 0.40, i.e., very close to one another, respectively.

As an additional information, the product-moment correlation
coefficient of K*'s , which are shown in Table 7-2, was computed
for each pair of examinee groups, and the result is presented in

Table 7-4. We can see that these values are fairly large and

positive, as we can expect from Table 7-2.
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TABLE 7-3

Mean and Standard Deviation (s.d.) of the
Index k* for the Nineteen Vocabulary
Items, for Each of the Four Examinee

Groups.
Eé:ﬂigfé Mean s.d.
JH1 4,4832 0.3944
JH2 (a) 4.5038 0.3659
JH2 (b) 4.3931 0.3759
JH3 4.3976 0.3465

TKR VII-5
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TABLE 7-4

Product-Moment Correlation Coefficient of the Index
k* for Each Pair of the Four Examinee Groups.

JH1 JH2 (a) JH2 (b) JH3

JH1 1.00000 | 0.82705 | 0.82711 | 0.60447

JH2(a) || 0.82705 | 1.00000 | 0.85120 | 0.85770

JH2 (b) 0.82711 | 0.85120 | 1.00000 | 0.71444

JH3 0.60447 | 0.85770 | 0.71444 1.00000

cnnid e 0
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The result of the principal factor analysis of the correlation

w' matrix, Table 7-4, with the largest correlation coefficient of each

row or column as the first estimate of the communality and using

three iterative reestimations of the communalities, provides us with
the eigenvalues, 3.237, 0.266, 0.044 and -0.011 . Since the !
correlation matrix, with communalities as the principal diagonal
elements, is positive semi-definite, the negative eigenvalue is

due to the error, resulting, mainly, from the inaccuracy of the
estimation of the communalities. The final communality estimates
are approximately 0.863, 0.999, 0.862 and 0.833, respectively.

We can say from this result that a strong, dominating general
factor exists behind the four sets of k*'s , since the first
elgenvalue, 3.237, is by far the largest, and the other eigenvalues
are close to zero. The first factor loadings for the four examinee
groups, which are the correlation coefficients between this general

factor and the separate sets of f*'s , respectively, turned out

to be 0.868, 0.983, 0.905 and 0.836 . ]
These facts indicate that the four examinee groups are fairly
’ similar to one another with respect to the configuration of the

values of K* as‘far as these nineteen vocabulary test items are

concerned. i
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VIITI Proposal of a New Family of Models for the Multiple-Choice
Item

Throughout the history of mental measurement, the multiple-
choice item has been treated as a "poor image of the free-response

' and very little accomplishment has been made in pursuing

itenm,’
its theoretical advantage, rather than its handicap. Most
researchers in these days mechanically adopt the three-parameter
logistic model for their research which is based on the multiple-
choice item, without even trying to validate the model. As long as
they continue doing this, we shall never be able to expect any
progress in this area of science, in spite of the fact that more
and more research materials and published papers are accutiulated
year by year.

It has been one of the author's purposes of pursuing the
method of estimating the operating characteristics without assuming
any mathematical model a priori (Samejima, 1977b, 1977¢, 1978a,
1978b, 1978c, 1978d, 1978e, 1978f) to approach the operating
characteristics of distractors, which are completely neglected
by the users of three-parameter models. While this approach is
undoubtedly more scientific than any others, it will be desirable
to consider new types of models, which reflect psychological
reality behind the examinee's behavior in the multiple-choice
situation far better than t*ree-parameter models and the knowledge
or random guessing principle.

The research on the vocabulary measurement made by Shiba

and others should be credited for the fact that they did not
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accept the fashionabie three-parameter logistic model blindly as
many other researchers do, and, moreover, they try to make full
use of the information given by the distractors to the extent that
they used it for branching examinees in tailored testing. As far
as we treat the multiple-choice item as a binary item, it will be
a poor substitute for the free-response item, which is contaminated
by noise or guessing. If we make use of the information given
by the distractors, however, the multiple-choice item can be more
informative than the free-response item, and will no longer be a
poor image of the free-response item.

The family of models that will be proposed in this chapter
is related with the graded response model (Samejima, 1969, 1972),
in which an item is scored into more than two response categories.
Let xg be the graded item score, which assumes integers, O
through m8 , and Px (8) be 1ts operating characteristic. The
graded response level can be classified into the homogeneous and
the heterogeneous cases (Samejima, 1972), and we can name the
normal ogive model (Samejima, 1972, 1973) and the logistic model
(Samejima, 1972) as models in the homogeneous case, and Bock's
multi-nomial response model (Bock, 1972, Samejima, 1972) as an
example in the heterogeneous case. In these models, the operating
characteristic of the item response category is defined, respectively,

as follows.

(8.1) P_(8) = (2n)-l/2f -u?/2

a (9-b_ )
8 xg e du .

)

g ag(e—bx

+1
8
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]
‘ 8. B - - -1 - - - Y -1
| (8.2) P (8) = [l+exp{ Dag(e b 1] [1+expl{ Dag(e b4 T

g g
i Te 14-1
‘ (8.3) Px (8) = exp{ax 8+Bx H T exp{ase+ssJ] .

2 g2 g s=o i

In both the normal ogive and the logistic models, i.e., in (8.1) and
(8.2), the item parameter ag is a positive number, and the item

response parameter bx satisfies the relationship such that
g

. = < < ,.. < < =
(8.4) —° = by <b <b, b_ bmg+l w

In the latter, D 1s a positive number which assumes 1.7 when the
logistic model is used as a substitute for the normal ogive model.

In Bock's multi-nomial model, one of the item response parameters,

ax satisfies the inequality,

Suppose that the multiple~choice item g 1is constructed in
such a way that all the main, plausible answers are covered by the
alternatives, in addition to the correct answer. Suppose, further,
that no guessing is involved in the examinee's behavior in answering
item g . Then the examinee will either be attracted to one of
the alternatives, or will have no idea at all as to its answer.
Arrange all the distractors in the order of their plausibility,
and give the numbers 1 through (mg—l) in the ascending order.

The number assigned to the correct answer is mg , or m for

simplicity, and the one assigned to the "no idea at all" category
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is 0 . In such a situation, the operating characteristic of the

graded response category can be used as the operating characteristic

of the alternative, treating ''mo answer' as the additional alternative,
to which the item score is 0 .

In practice, however, because of the pressure of testing,

- W e . PP & sl

it is rather unlikely that the examinee will leave the item unanswered
even when he has "no idea at all."  For this reason, now we shall
assume that the examinee guesses randomly when he is not attracted

by the plausibility of any alternative. Thus we shall deal with

e R s,

the m alternatives as the graded response categories, 1 through
m , and we can write for the operating characteristic of the
alternative
8
(8.6) ng(e) = Wxg(e) + (llmg)[l;ilws(e)] s xg=l,2...,mg s
where Wx (6) 1is the operating characteristic of the altermative
which is sumbered xg , when no guessing is involved. Thus we
can use one of the Px (8)'s defined by (8.1), (8.2) and (8.3),
or a similar operatinggcharacteristic of the graded response
category with a sound rationale behind it, depending upon the
nature of the item and the set of alternatives.
For the purpose of illustration, we shall use the normal ogive

model for ?x (8) , with ag = 1.5 and bx 's are -2.0, -1.0,

g g
0.0, 1.0 and 2.0 for xg =1,2,3,4,5 , respectively. Figure 8-1

presents the operating characteristics of the (mg+1) alternatives,

"

obtained by (8.1), when no guessing is involved and "no answer"

is treated as the additional alternative, or category O .
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In this example, the operating characteristics of the four distractors
are unimodal, with -1.5, -0.5, 0.5 and 1.5 as the modal points,
respectively. Figure 8-2 presents the operating characteristics
of the five alternatives when guessing is involved, which are

given by (8.6) with Wx (9) replaced by Px (6) given in (8.1).
We can see that, unlikegthe operating charac%eristics when no guessing
is involved, these curves have the common asymptote, 1/5 , when

8 approaches negative infinity. To compare the two operating
characteristics of each alternative more clearly, Figure 8-3 presents
the two curves for each alternative in one graph, with the dotted

line for the one without guessing, and the solid line for the one
with guessing.

The family of models presented by (8.6) seems reasonable,
in the sense that it considers both the information given by the
distractors and the noise caused by random guessing. Its behavior
will be investigated further, and will be discussed in a separate
paper.

It is interesting to note that the use of the normal ogive
model and its logistic approximation in the research on vocabulary
measurement conducted by Shiba and others can be justified by
the new family of models. As we can see in the fifth graph of
Figure 8-3, when the parameter bl is as distant from bm as
in this example, the operating characteristic of the correft answer

is practically the same as the item characteristic function of

the normal ogive model on the dichotomous response level, except

for the additional "tail" on the lower levels of ability. 1f
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this is the case with all the items in the test and the ability
distribution of our examinees does not include lower levels of )

8 where these tails lie, we can approximate the operating

bk

characteristic of the correct answer by the normal ogive model
on the dichotomous response level, and use the tetrachoric correlation
coefficient and the logistic approximation and so on, just as Shiba

3
and others did. f

-
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IX Discussion and Conclusions

We have introduced Sato's number of hypothetical, equivalent

alternatives, and defined its modification, index k* , as a measure k

of invalidating the three-parameter logistic, or normal ogive, model.

We have also introduced Shiba's research on the measurement of

vocabulary and the construction of a tailored test, using the

information given by distractors. Various observations and

discussion have been made concerning the three-parameter models

and icem distractors, the validation of mathematical models, and i

so forth. Finally, a new family of models for the multiple-

choice item, which formulate both the operating characteristics of

distractors and the effect of random guessing, has been proposed.
There is a tendency that researchers restrict their ideas

within the tradition of their own culture. Thus they tend to

accept whatever is familiar to them, what is fashionable among

other researchers in their culture, and so on, without feeling the

necessity of validating the ideas and mathematical models in

relation with their specific data and psychological reality.

e att =y 4

The virtue of doubt can be obtained if they shift their attention

to what is going on outside of their own culture and climate,
and try to think what {s really right.

Three-parameter models for the multiple-choice item have
been too readily accepted among psychometricians and applied
psychologists, and they have been using the models without trying
to validate them. Unless we correct this wrong orientation,

psychology will never make any progress, regardless of the fact
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that more data are accumulated and more papers are published year

by year. In the author's opinion, psychology has not yet established

itself as a science, and we need to do that by putting ourselves in

a right track of research. In so doing, the validation of

mathematical models is certainly one of the most important things.
The departure from the tradition should also be made in the

treatment of the multiple-choice item. Instead of trying to handle

the multiple-choice item as a "blurred” substitute for the free-

response item, we must make full wuse of its advantage, which the

free-response item does not have. The operating characteristics

of the distractors of the multiple~choice item will add more

information about the examinee's ability level. We must set

a criterion for the quality of multiple-choice items from this

aspect also.
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TABLE A-2

Frequency Ratio, Pj » of Each of the Five Alternatives and the
‘ Estimated Probability, P , for the Correct Answer with Which
the Examinee Selects the Correct Answer by Random Guessing at
the Maximum, for Each of the Nineteen Vocabulary Items.
Junior High School, Grade 1, for Test J1.

B~k N o5

Alternative
[ten l:! and ?E 1 2 3 % 5
37 (1y | RELATIVE FREWUENCY 0.50175 0.08741 0,10315 0.10315 0.20455%
MUOIFIED REL.FREQe | _0.13271 _ R —_— -
R RELATIVE FREJUENCY 0416152 0.20463 0020956 0409075 0433274
3 3 O MUULF 1ED KebsFRED, 0417450
9
2 RELATIVE FREQUENCY 0010471 0a24607 0e15707 Ja47644 0401571 :
; 40 (4)| MuOIFIED RelFREWS 0-16692 :
& RELATIVE FREGUENCY | 0.09250 0403450 0404014 0.ls83% 0, 08412 !
| 41 )| MUDIFIeD RuloFreQ, 0.09324 !
} RELATIVE FREJUENCY 0e 43333 0.03684 0.21228 0.14737 0.17018 ;
2 42 (8) | wUDSFIED KELsFRuwe | 0416122 :
4 43 () | RELATIVE FREWUENCY 0.04545 0.53846 0.17133 0.11713 0.12762
MUDIFIED RELeFREQ. 0.12583 :
§ §
% (8 "RELATIVE FREUENCY 0420514 0.,11775 '0.02460 0.5452¢ 0.06327 i
: 3| MODIFIED AcLeFREUC 0013040 i
] 45 (9y | RELATIVE FEJUERCY 0.08979 0.04401 021655 U.60915 0.04049 |
-S 5 (9| MOULFIED REL.FREQe - . ®el2427 __ 1
!
H RELATIVE FAEQUENCY | 70452113 0.08099 0.07746 0.28873 0403149 a
46(10) | MQUIFIED RELeFREGe 0416263 . ’
RECATIVE FREQUENCY |7 0WT2127 0.39767 0427768 u.09315 0O.11424 J
S7C11) | gD 1FIED Rels FREQs 0.16628 B ,
o - — ;
- R s i e e — = - |
SELATIVE FREQUENLY 0314362 0.17720  0.10284 0. X1B79 0.45745 ;
48(12) | YUDIFIED REL.FREQ. 0413854 '
RELATIVE FREQUENCY ™ |7 0520070 0405410 0407330  Ue12216 0454974
49013 [ MUDLIFIED KeloFREW. B . 0.2718
KELATIVE FREQUENCY | T 0453940 " 0408056 ~0.06130" 0. 15061 0416813 ;
S0C14) b UL IF IED ReloFREW. 0.12468 :
FECATIVE FYRQUENCY ' |7 04158927 0416642 0413393 0020179 0.35393 1
SLAS) | 4UuIF Ity mewoFiLae . 0.16225 ;
RELAVIVE FREQUENLY 7| 0420531 0441593 06141597 0406015 0417899 ;
. 52016) | MOUIFIED AcL.FREUWS 0.156807
RECATIVE FrEwUcNLY 04286497 0.08%16 0.CS5944 0,25000 “0.3i6e¢3
S3IAD | MGUIF lew RoloFREQ. 0422911
KEUATIVE FREJUENCY 0.32442 0,15786 0.1782% 0.25312770.045635
54018 { wGOIF1ED REL.FREGS 0.19109
RECATIVE FreQuunlyY 0,04729 0,126C9° 0.555L7 0.05079 0,22067
55(19) | wOUIFIED KELeFKEue T 0.32187 ;
]
RELATIVE FAEGUENCY T | 70418182 0417657 0420105 0024850  Ta19406° ,
560200 ) wyuy 1F1EL ReloFniw. 0418862 ;
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TABLE A-2 (Continued): Junior High School, Grade 2,
for Test Jl.

e~ wrok i . e o

Alternative
Item Pj and Pi 1 2 3 4 5
: ]7(1{ HELATIVE FREJUENCY 0.59121 0.08571 0,08571 ~0,08132 o.xseo&i
H AUDIF 1ED REL.FREQ. 0.10662 R
@ I _
¥ RELATIVE FREQUENCY | 012222 0.21556  0.18222° 0.11113_ o.seaa9
] 39 ()| wOD1FIED KeloFrEde T0.16372°
L] B
i RELATIVE FAEJUENCY 0413319 0.20742 008825 0.53057 0.03051‘
40 (4) | MODIFIED REL.FREQ. 0.13810 J
/ ‘REUATIVE FREQUENCY |~ 0.05857 0402620 0404121 0410195 0477007
1 41 (S} ] MOGLFIED HcloFRENS 0.06429 ‘
# : T 1
RELATIVE FREQUENCY 0456236 0003063 0.14880 0.14661 0411160 |
} 42 (6) | MODIFIED Ril.FREQ. 0.12318 N
.
7 3
* o3 (7y| RELATIVE FrEQUENCY 0.02183 0.68122 0.11572 QG.10044 0.08079
: MUUIF IED REL«FREG. 0.09013 - :
i RECATIVE FRETUENCY 0. 14254 0. 11842 003289 0.65316 0.06798
K 4 (8)| MODLF1ED RcLeFrEQe . 0.102156 4 |
s RELATIVE FREJUENCY | o.oss;g_ 0.05011 _0.17211 5. 65142 006100 1
3 45 )| wUoiFIED REL.FREQ. )7 T _odees |
i
q RECATIVE FREQUENCY 0767102 0.054%7 0.06318 0.19608 0.01525 |
; 46(10) | WUGIFIED K:l.FREws 0.11336 !
; RECAVIVE FREQUERCY | 0.09368  0s 65795 0117865 0.06536 0406536 1
y S7TA1) | NULIFIED RoloFREu. _ 0.08829
1oy | RECATIVE FREQUENCY [ 0.T2308 018661 0208352 0.09890 0450769
48(12)] MODIF1EG RLL.FREQ. - 0.12921 . |
"RECATIVE FAREGUERCY |~ 0020870 0.C3478 7 0.04130 0.07609 'o.azsii“ 1
490130 | MUJIFIED Rul.FREW. o o o 0e11792 "
“RECATIVE FRETUCNCY | 0a5%120 0.04176 0204396 0. 16462 0413846
. 50(14}] WMOUIFIED ReboFRoge 0.12331
“RECATTVE FREQUENTY | Co189647 70510491 0312277 0 ISI79  0.45089
5119 wuolF €U RewsFREQ. o 7 0413961
KECATIVE FREQUENCY | T 0413363 0.52229 CJ15813 7 0:06677 0412518
52(16)) muulFIED RecL.FREQ. 0.12617
“RECATIVE FKE<UENCY [ 00204797 70.07407 0. 05664  0.39218 0.472¢35 ,
53U MOOIFIED REL.FREQe [ ) 0.18236°
“REUATTVE FREQUENCY | 0.3924%  0.16630 ~0.18182 6.239%7 0. 01336 |
54(18)] MOOIFIED RELaFREQs 0418393
FECAYIVE FAEWUeNCY | 0404367 70009625 0237951 ~ 003930 053866
53U MuLTFIEU KeLoFREwe o . 0.21613
"RECATTIVE FREQUERCY | 0JT538S 0. £1978° "0.17582 02 2BT3Z 0.16923
56200} MGLIFIED Kel.FKiws 0.18130




TABLE A-2 (Continued):
for Test J2.

Junior High School, Grade 2,

MODLFLIED RELeFREGe

. Alternative

Iten PJ and PR 1 2 3 4 5

1(37) | RELATIVE FREQUENCY 0.65611 0404977 0.08597 0.04977 0.15837
MODIF1ED RELeFRENS 0,05724

3(39) | RELATIVE FrequeNCY 0.12864 0,20642 0.19266 0.07339 0.39908
MuJIFIED ReL.FREQ. 0416079

4¢s0y | RELATIVE FREQUENCY 0.23077 0.13575 0.10407 0.52336 0.00905
MODIFIED REL.FREQ. - 0415717

s(s1) | RELATIVE FREQUENLY' 0406335 0400905 0.04525 0.08145 '0.80u%90
MUDIFIED AEL.FREUS 0,05953

642y | RELATIVE FRoQUENCY 0456818 0.02727 014545 0.14545 0.11364
MODIFLED RELeFREs Ca12263 i

7(43) | RELATIVE FREJUENCY 0.00452 0.69221 0.10860 0.13575 0,05882
MODIFIZD RELLFRED, 0.10171

8(es) [ FELATIVE FREQUENCY | 0.16742 0.054307 0502715 0. 70585 0504575
MOUIFIED REL.FREQ. 0,09401

9(4,)‘EEtiTTVE‘F?E:ﬁEﬁEY"""Utﬁz5%5"btbiobl‘“o;o6323“6775157"7??033§Zj
MUUIFIED ReloFREU. . . 0.05940 _

10¢46) | RELATIVE FREQUERLY T [ 02634800 7 0.04377 008145 0.21267 0501510
MUDIFIEU Rel.FREQ. 0412408

1267 | RECATTVE FrEQUcncy T 0.100907 0785000 0.11816 0:05i82 ~0,10000
MOUIFLED ReloFRc- 0.09534 . e

12(48)| RE VE FREQUENCY " T0,10407 ~ 04104077 0. 04525 0. 08145 0.66515
MUDIFIED REL.FREQ. 0.08761

13¢69) | RECATIVE FreLuchly 71 70,22624 0.02715 0.09502 7 0.05883 02359576
MUUIFIED ReLeFAEQ. 0.12206

14¢s0){ RECATIVE FREJJENCY ™ T770.60909 ~ 0.05509 0.04091 05 {5455 0212536
MUGLFLED RelaFAEWS 0411132

15¢s1) [ RECATIVE FFELUENCY ™ T 0415385 0008145 0ull705 9.10260 0o484TE
MUULFLED RLleFAEQ. 0.123327

16¢52) | REVATIVE FREQUENCY 717 0.16590 0.40092 0.24885 35405059 0.13364
MUULFIED ReloFRade 9.16923

17(s) | RECATIVE FREQUENTY ™ [ "0023525° 0e09502 0402262 . 38407 026244
MUUIFIEY KEL.FREGS . e Q.19663

18(56) | REUATIVE FREQUENLY 7T 0445772 0.15068 G.14155 0.17808 0.035196~
MUUIFLED RiL.FREéde 0.14233

19¢55){ RELATIVE FREJUENCY 17 0.022627 0417195 0.3981% ~0.03167 7 0.379577
MUDIFIED REL.FREQ. 025048

20(56)| RELATIVE FRiuUcnCY " 17 0,20814 0.17195 0.20814 0.3031770,10360°

0 17941
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TABLE A-2 (Continued): Junior High School, Grade 3,

for Test J2.

v Alternative
Item PJ and Pi 1 2 3 A s
1(37y| RELATIVE FREQUENCY 0.76091 0.05236 0.04363 0.03316 0.10995
MUJIFIED RLL.FREW. | 0.0668¢
3(39y| RELATIVE FREQUENCY B 009524 0416402 017108 0011111 0.45855
MODIFIED RtleFrEde 0.13946
o(40)| RELATIVE FREQUENCY 0414510 0.13462 0.06643 0463287 0.02098
MODIFIED REL «FREWS 0.10973
ss1)| RELATIVE FREQUENCY ~ | 0.05226 0.01220 0,03310 0,07491 0.82753
MUDIF IED REL.FKEQ. 0.05051
6042) RELATIVE FREQUENCY '| 0.65317 0.01232 0.16901 0.08627 0.07923
MUUIFIED ReL.FREde | 010957
7a3)| RELATIVE Fntuucher 0.01754 0.17368 0.07895 0.08772 0.04211
MUVIFLED ReleFREQ. 0.06511
8(44y| RELATIVE FREQUENCY ™ | T 0.09632 0,05429  ©.02452 0.60035 0.02452
(48)] MULIFIEO Kel.FREQe | 0.05889
948 RELATIVE FREQUENCY | —@.05614 0.08246 C.11754 ©.71404 _0,02982_
(43 mgutFiew ReLofREQ. )T T T 0.07956
46 RELATIVE FREWUENCY 0.82837 0.02627 0,0490% 0.08932 0.00701
10(46)| mGoIF IEL REL.FREW. 0.05624
7 WEcATIVE FREQUENCY | T 0296254 0.68007 0.12063 0.06119 0.07517
1T Mmoo 1FIe0 Rel.FeEQ. ‘  0.08341 o o
48 KECATIVE FREGQUENCY |~ 0.05769 0.15210  0.01743 0.06119 0.71154
12(48)) MUOIF1ED RELeFREQe 0409059
RECATIVE FReQUENCY |~ 0418674 ~0,02792 "0.05061 ~ 0,024%3 0.71030
L3GD] muulr1€D RéLlFRE. ) o ‘ 0420427
‘ RELATIVE FRESUENCY ~ | 067776 ~8,03853 0,02102 C. 14711 0. 11355
160500} MO IF 1ew Rel.FREQ. 0.10125
RECATIVE FATTUENCY ™ |7 00119437 70404813 " €4 140627 0412299 0.56363
1551 MO0 1r IED RebLoFREQ. 0.11483
ocs2y ] RECATIVE FREQUENCY | 7701019377 0.63572 0.131817 0.02480  0.40193
160D MOL1F1eD kel FREQ. 0.10162
7053y | "ECATIVE FREGUENTY |7 0019056 007343 “0.05%e5 0.45280 023077
76N wgotrlew el.Frida Oelo0s3”
a(s4y| FECATIVE FREQUERCY |~ 0.520757 0.11504 0.1415% 0. 20354 0.0TS3T
18(50)) NGO IFIED RELFREQ. 0414498
WECATIVE FREuucinCY | ~0402622 T0.15210 0.23776 0.01573 0.56613
O wou1FIED KELeFREWS | o i . 0.16098
20056) YELCATIVE FREQUenNLY 0.13589  0.128927 0416202 0440941 0.,1531¢6

MUUIFLED neloetFreue

Q. 14848
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