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I. INTRODUCTION

In 1977, Lloyd and Brown! investigated the feasibility of
controlling a 105mm spinning projectile by means of horizontal and
vertical forces. Their numerical cglculations yielded the surprising

. result that an applied constant-amplitude yaw moment could cause
dynamic instability. This result was then explained theoretically by
the influence of a nonlinear term in éFP’ the fixed-plane coordinate
system spin rate.

The Lloyd and Brown work was limited to large stability factors,
neglected spin and density variations and incompletely considered
gravity. Reference 2 removed these limitations and thereby gave some-
what more general results as well as a more slegant derivation. Un-
fortunately, tne relations of Reference 2 were applied there to the
case of a nonspinning statically stable missile. Although these rela-
tions are valid for statically stable missiles with spin rates that are
large in comparison with the resonance spin, they are definitely in-
valid for zero and "near-zero'" spin. It is the purpose of this memo-
randum report to give a more rigorous derivation of the relations of
Reference 2 and to obtain the correct equations for a statically
stable missile with zero spin.

II1. GENERAL THEGRY

Equation (3.8) of Reference 2 can b¢ written in the form:

€+ M- iPE - (M+3iPDE -E)

——— —
4 th = g i £,

= - 21 EB[R" + (U -i M (2.1)

7. K.H. Lloyd and D.P. Brown, "Influence of Gravity and Applied Side
Forces on the Stability of a Spinning Projectile," Weapons Regearch
Establishment TR 1905(W), South Austrailia, November 1877,
' AD A053648. (See alsc "Inatability of Spinning Projectiles During
Terminal Guidance," Journal of Guidance and Control 2, January-
February 1979, pp. €65-70.)

i 2. C.il, Murphy, "Effect of Horizontal and Vertical Side Forces ana
Moments on Stability of a Symmetrie Misgile in Ascending or De-
geending Fiizht, " USA ARRADCOM R~llietic Research Laboratory
Memorandun Report No. 02915, April 1879, AD A072808.
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where

m
]

(a/Z)Ee tanee

U2a
"

SC/M+iPT)
a= [y +a tansg ]!
e e e

and the other symbols are defined in the List of Symbols.

. The right-hand side of Equation (2.1) is the forcing function due
to ¢pps linearized with respect to the equilibrium angle ;e produced by

the control moment. Since

A ~ - ~ A = = 2.2
B By= (WDE-E, *+& - £ (2.2)

g can be_eliminated from Equation (2.1). The result has a quite simple
form if € is assumed to be constant:

B+ H-1PE - (1-1B)M+iPI(E - €

= - i B[E 4+ (0 -iP)E] (2.3)
where

E=E/(1 + iE)

v

Equation (Z.3) is a second-order complex equation with constant
coefficients, but it involves £ as well as £ . Equations of this kind
were solved in Reference 3 by assuming a solution of the form:

£ = ée + ke 17, ke® + ke o, ke (2.4)

Vs v s ¥ g ‘l’zs

wiere kj and Wj are complex constants:

k. =k, e J0
j 3o

¥, = A, + i ¢
J J d>J

3. C.H. Murphy, "Angular Motion of Spinmning Almost-Symmetric Missiles,"

Journal of Guidance and Control &, Ncvember-December 1979, pp.
504-510. (See also USA ARRADCOM Ballistic Research Laboratory
Technical Repori No. 02121, November 1978, AD A0€3538.)
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1f Equation (2.4) is substituted in Equation (2.3) and the co-
efficients of the four exponentials are set equal to zero, there results

k. F. +i M

J*3=l e
R Py M ]
i{ﬁnj+-2irw% + 7] +ﬂe} (2.5)

F, -1 M +23iP(¥, +T)
J € J

where Fj wg + (H -1 P)wj ~-M-iPT.

EM+iPT)

=
1}

For E =0, k, =k
4 5

equation for the epicycliec frequencies and damping rates. We wish to
find the effect of small nonzero E. Equation (2.5) can be written in
the following form, where ¥, + T has been approximated by i¢3

0 and the equation Fj = 0 is the usual quadratic

A

1

/ v 2o
E(Fj;_ 2P ¢j) + Me ] (E Pj + Me)

F. +1 Me = [ {2.6)

J -
F.-2P,. -iM
j j e

A first approximation for Fj can be obtained by setting the small right
side of Equation (2.6) equal to zero.

Fo=-iM (2.7)

A better approximation for F, now follows from Equation (2.6) by re-
placing Fj on the right sidedby - i M, and neglecting =2 terms compared

to E terms.
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E[2P ¢4 - M+ i PT]

j Me -i+ ) (2.8)
/ s v
2P @J + i (Me 1 Me) ‘

-y
il

For this approximation,
i E (2P $5 =M - i PT)

k.
B A T

= IR —
k; 2P ¢ -4 M, + ¥,) (2.9)

IIT. SQULUTIOM FOR SMALL SPIN

For small spin, the PT term in Equations (2.8 - 9) can be omitted
and these equations reduce to

3 E (1 -R))
F. =EM|-i+ —_ (3.1)
J 1 +1 (E+ E) R
K. -i E (1 - Rj)
B . — (3.2)
k. 1-4i(E+E)R,
J j

where Rj = M/ (2P ¢3).

The iterative process that produced Equatien (3.1) is valid only
if the absolute value of the second term in that equation is smaller
than the absolute vaiue of the first term. For small |E[, this is the
case if |Rj| is less than, say, unity (a conservative upper bound):

IRyl < x (3.3)

This condition is always satisfied for the rapidly spinning shell of
Reference 1, but its applicability to a slowly spinning finner must
be analyzed by use of the concept of resonance spin.

Resonance spin, o/ , is defined by the relations

reson

/
¢’?ll'eSOI’l

= (bll = - q\"z = y/:ﬂ— (3'4)
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Relation (3.3) assumes a very simple form in terms of resonant spin.

1
. -
¢ /¢reson i 2Ix (3.5)

Moment of inertia ratios can be as high as 10:1. Thus, relation (3.5)
would be satisfied for s»pins in excess of five times resonance.

When condition (3.5) is satisfied, the magnitudes of k“ and k5 are
given in terms of kl and k2 by Equation (3.2) and are small for small
IE[. For a trim of 12° and a maximum climb or descent angle of 450,
[E] would be about 0.2. For these conditions, k, and k could be
neglected and the motion approximated by a tricycle. This is what was
done in Reference 2 and Equation (2.7) yields the frequencies and
damping rates of that report,

For spin rates lower than five times resonant spin, Equation (2.7)
loses validity and should be used with caution. This wa. not done in
Reference 2 and erroneous results were given for zero spin.

Iv. SOLUTION FOR ZERO SPIN

For P = 0, Equation (2.5) requires that

(Fj -b M)Fj =0 (4.1)

where

~

i o . s r Y Loa 4o~ Al i .
s . stinct ts:
If a, 1s mot zero, Equation { 1) has two distinct roots

E N

F. =0, b M (4.2)

The four roots of these two quadratic equations are the ¥y, Q&, Wz,'gz
of Equation (2.4). If we identify Wl and W} as the roots of the first
of these quadratic equations and ¥, and ¥, as roots of the second, then

(4.3)
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For these roots, Equation (2.5) reduces to

kK = -k (4.4)
and

ko = - (6 /E K, (4.5)

Hence the solution to Equation (2.3) for P = 0 and &e #0 1s

.. i¢ -i¢ i¢ . s —i¢]
= 1 1 2 2
£=¢, *K (e -e ) + K, [e - (E,e/t:e)e | (4.6)

where, from Equation (4.3)

Kj = Kjo exp (-Hs/2)

and (ignoring a small H? term)

1
¢ = [-M]7
1
o, = - [-(1+ byM]
For the special case a =0 (which occurs when the fixed-plane
transverse control moment h¥s wo horizontal component), Equation (4.1)
has repeated roots: F1 = F, = 0. Equation (2.4) is inadequate to

handle this situation. Instead, we must assume a solution of the form

- . ¥ s ¥ S
£ = Be + (kl + k“s)e 14 (k2 + kb s)e 1 (4.7)

10
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Direct substitution in Equation (2.3) yields the relations:

/M Be tgn ee _

k, = - k5 = - p - (k] + k2) 4.8)
Ye ¢
Hence, for P = 0 and &e = (0, we have
N ~ 1¢1 i¢2 iM ée tan Be
£ =8_+ K,e + K. e - (X,sin¢.-K_sing.,)s
2 vq oy
(4.9)
where
7 15
01 = - ¢35 = [-M]

We see that in both zero-spin solutions, (4.6) and (4.3), ée has
no effect on the damping rates and ée has no effect on the frequenciss,
A nonzero &e will effect just one of the frequencies; zero &e will

cause secular terms to appear in the solution.

V. SUMMARY

1. The relations given in Reference 2 are valid for gyroscopically
stable missiles for 1<sg << « and foyr statically stable missiles for

which ¢'/¢;eson > 5,

] T
& 'l

J-uo-q'nn'll\- ﬂ+nt\1r\ ERC - P -.-‘tk T vtarnes mendes maa oA t7.~
tactivalirly Qualrac. mJ.DJ.LJ.bE willi +UWCSY :yLll iaLcod, 1o
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motion is quite complex and should be studied by mumerical simulation.
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USER EVALUATION OF REPORT

Please take a few minutes to answer the questions below; tear out
this sheet and return it to Director, US Army Ballistic Research

Laboratory, ARRADCOM, ATTN: DRDAR-TSB, Aberdeen Proving Ground,

Maryland 21005. Your comments will provide us with information

for improv. ng future reports.

1. BRL Report Number

2. Does this report satisfy a need? (Comment on purpose, relateu
project, or other area of interest for which report will be used.)

5. How, specifically, is the report being used? (Information
source, design data or procedure, management procedure, source of
ideas, etc.)

4. Has the information in this report led to any quantitative
savings as far as man-hours/contract dollars saved, operating costs
avoided, efficiencies achieved, etc.? If so, please elaborate.

5. General Comments (Indicate what you think should be changed to
make this report and future reports of this type more responsive
to your needs, more usable, improve readability, etc.)

6. If you would like to be contacted by the personnel who prepared
this report to raise specific questions or discuss the topic,
please fill in the following information.

Name:

Telephone Number:

Organization Address:




