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SECTION 1
INTRODUCTION

Involute construction] is an approach used in contemporary rocket
nozzle technology for the fabrication of exit cones. The latter are
bedies of revolution having the general appearance of a frustum of a
cone; nowever, wall thickness and half-cone arale are usually variable
quantities. The end planes are normai to the axis of revolution, and
a short cylindrical region at the small end is used to attach the exit
cone Lo the nozzle. Bodies formed using involute construction are made
by laminating identical composite plies of uniform thickness (woven cloth
reinforcement) in such a way that the trace of each interface in a plane

normal to the axis of revolution terminates on the inner and outer
surfaces of the body. This laminating procedure for a conical body,
shown 11 Figure 1, causes each interface to extend to the extremities of
the body in both the radial and axial directions.

In this report, we shall refrain from using the literal definition

e o trm WA TR Sn " . ¢

of the word "cone" given above except in the specific case when we refer
to exit cones. We use the term "cross-section” to refer to a plane
normal to the axis of revolution and “"profile" to indicate the geometry :’;?
in a meridional plane (v = constant). Finally, the three-dimensional A
surface defined by the distorted ply within the structure, such as ABCD

in Figure 1, will be called the "involute surface."

X T I
M

It has been thown {Reference 1) that, for a cylindricai involute, in
which the body generated is a holicw circular cylinder, the involute
surface is defined by

r sir w = constant (1)
wiere r is the usual radial coordinate in a cylindrical coordirate system

and « represents the angle between the tangents to the circle and trace

of the involute surface in the cross-section (a spiral) at a given point

]lnvo1ute construction formerly was known as rosette construction,




AFMI-TR-79-4191

Figure 1,

Involute Exit Cone Ply Material Distribution
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and is cailed tne arc angle (Figure 2). To satisfy the recquirement that
R consecutive plies form a continuous interface (no gaps or overlaps), the

number of layers, N, is given by (Reference 1)

; 2 2nrsin«
| N t; (2)
| where t, is the ply thickness. The spiral ecuation is conveniently

expressed in cylindrical coordinates by use of the relation

\ --00 = o+ cot w - t\o - CoL \'xo (?)
in junction with Equation 1, where (ro,no) are the coordinates of a
given point on the curve and Y is the associated arc angle. Finally,
the spiral length S between (ro,no) and (r,u) is given by

2
ro- YO
. 4
P S % TR w (4)
Tre sign conventions associated with Equations 1 - 4 will be clarified
S dbhio mAandt A~k SR
[N] L€ NCAC SCCUWon.

tEquations 1 - 4 provide an exact description of the geometry of
involute cylinders. Flexible thin sheets stacked in accordance with these
relations suffer no extensional or shearing strains. In the case of
cones or more complex bodims, the surface of each composite sheet is

doubly curved, hence exact development of the involute surface is not

possible {(Reference 2). In recognition of this fact, an approximate _
development procedure has been derived (Reference 3) to establish the -
flat sheet layout (called the ply pattern) corresponding to a given ”‘
involute surface. This approach includes a method to predict the

magnitude of thb» error involved in the approximation scheme. Although

this approach yields an accurate ply pattern for practical involute

bodies, it lacks convenience in characterizing the influence of differences
in details of fabrication on the required geometric description of

involute surfaces. Therefore, in the current work, we shall d.rive a

new model that is sufficiently versatile to examine such effects.

- Coe - e e Ch g e e e —— ———
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Figure 2. Involute Arc Angle




e £ ™ -3 T T T VR e D AT ORI R A A Y Cann T Gab - B

R N R rrarae, 1. o ven comma o sorcmrstoeean e e s o e !

AFML-TR-79-419]

There is little work in the literature to describe the mechanical
response of involute bodies. Only the stress field within an involute
cylinder under various elementary loading conditions has been treated
{Reference 1). It has been shown that an involute cylinder built from

orthotropic sheets possesses, in general, 21 heterogenaous elastic
constants in the cylindrical coordinate system. Despite this fact,
axisymmetric response prevails under axisymmetric boundary conditions.
The term axisymmetric as used here, however, only implies no theta
dependence, as all stress and displacement components may differ from
zero. In this work, we shall couple the involute geometric model with
an existing variable property finite element program (PATCHES-III) to
treat the mechanical response of generai involute bodies under general
axisymmetric boundary conditions with one element in the hoop direction.
First, the guality of the present mode! will be examined by comparison
with test data on an involute ring unuer post-cure conditions. Then,
we shall apply this model to examine the nature of the stress and
displacement fti1elds deveioped during fabrication of an invoiuile exit
cone, their dependence on the material and geometric parameters of the
structure, and their potential impact on process survival. Specific
examples, involving the carbon-carbon billets used for the IUS2 exit
cones, will be solved and discussed relative to observed delamination
failures following the post-cure phase of processing.

zlnertial upper stage. These bodizs wili be part of the space shuttie
sustem.
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SECTION 11
SURFACE GEOMETRY

Consider an infinitesimal element of the involute surface in its
cylindrical coordinate system as shown in Figure 3. Two sets of unit
vectors are displayed in the figure: ~first, the right-hand system of
basis vectors, ?, 3, E, which are aligned in the positive 6, r, and 2
directions, respectively; secondly, the nonorthogonal system %, ;, ;,
where ; is tangent to the meridian 6 = constant, ; is tangent to the
trace of the involute surface in the cross-section z = constant, and ;
is the (outward) normal vector pointing away from the interior of the
involute body. Alsc shown on Figure 3 are the arc angle a, the tilt

angle y, and the surface angle y, where

- - ->

t=jsiny + kcosy (5)

- e T,

s = 1 cos a -~ J Sin oy (6)
€os ¥ = ° s (7

Substitution of Equations 5 and 6 into 7 reveals the interrelationship
among the three angles

Cos Y = -sin a sin y (8)

We can remove ambiquity in signs by restricting the ranges of the angles
according to
0<a<m/2, 0<ycaf2, nf2 << 9)

-
Also, the unit vector n can be found from the relation

-+ -

nsiny =1 Xs {10)

A1l urit vectors and angles are shown in their positive directions in
Figures 3 and 4.
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Figure 3. Unit Vectors for Cylindrical and Involute Coardinates
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Figura 4. Unit Vectors for Ply Material Coordinates
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The 'ocal elastic moduli depend upon the orientation of the two fiber
directions within the cloth-reinforced composite. These are called the
warp and fill directions, and are designated by unit vectors ; and ?,
respectively, as shown in Figure 4, where the helical angie ¢ between
T and w is also displayed. At this point, we assume that the original
right angle between the warp and fill directions is unchanged in the
transformation frcm the ply pattern to the involute surface. Experimental
measurements exist for two involute exit cones (References 4 and 5)
which demonstrate the quality uf this approximation. In both cases, only
small distortions in the warp-fill angle occur except in transition
regions where the cylindrical end intersects the main body of the exit
cone. The present geometric and mechanical models lose accuracy in such

regions proportional to any anguiar distortion present,

2.7 EULER ANGLES AND TRANSFORMATION LAWS

As discussed later, the use of conventional Euler angles represents
a very convenient way to describe the influence of variablie materiai
orientation on anisotrupic elastic moduli in conjunction with a variable
property finite element analysis. Hence, at this point, we consider the
definition of the Euler angles which transform unit vectors in the
cylindrical coordinate system, ;, 3, ;, into the respective unit vectors
in the planes of material symmetry, ;, ?, n. Tre first transformation
is a rotation about k through a Euler angle -o. This carries i into g,
the unit vector along the horizontal spiral. MNext, a rotation through

an angle A' apout S takes place, where
cos »' =n - k ()

Substituting Equation 10 into Equation 11 and making use of Equations 5,
6, and 8 leads to

Al = - cos'] (cot « cot w) = ~ A (12)

>

where the negative sign is chosen to align the new orientstion of k with
n. At this point, the vectors w, f and the new position of i and } will

(Xo]
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all be in the same plane. A final rotation of ¢y - ¢ about ; brings the
two coordinate systems into coincidence. For notational convenience,

we now let the coordinates corresponding to (?, 3, E) be represented by
(x], Xps x3), respectively, and the analogous relation between (;, ;, ;)
and (xi, X5 xé), respectively. Letting iy = cos (x%, xj) these
direction cosines are given by

ay; * cos a cos (p-¢) - sin a cos A sin (yp-4)
a, = C0s a sin (v-¢) + sin o cos A cos (y-¢)

a31 =s51Nn o SIN A

3y, = - sin a cos {(w-9) - cos a cos x sin (y-¢)

3y, = - sin « sin (y-¢) + cos o cos A cos {y-¢)

a3, ¥ COS a sin A

a3 = sin A sin (@-9)

ayy = - sin x cos (y-0)

34 = COS ) (13)
fFinally, letting C. and C! denote the effective stiffness coeffi-

ijke ijke
cients in X and x% coordinates, respectively, they transform according to

Cijkl " i anj apk aqﬂ Cmnpq (14)
The material is assumed to possess Tocal orthotropic symmetry, hence only
nine independent stiffness coefficients exist in the primed coordinate
system.

The equations developed in this section are quite general in nature.
With the exception of Equaticns 1 - 4, the expressions are vaii. for
arbitrary surfaces of an elastic body in which the axes of material
symmetry remain orthogonal. 1n the next section, the specific case of an
‘nvolute body shall he treated, and a model to identify the appropriate
geometric parameters for this special class of problems will be given.

10
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2.2 INVOLUTE SURFACE MODEL i

Aside from the case of involute cylinders, the fundamnental equations
that describe the geometry of involute bodies are not exact. As
mentioned earlier, an involute body is formed (at least in thecry) by
laminating identical plies of uniform thickness in such a way that each
¢ly extends to the extremities of the body in both the r and z directions
with perfect continuity. A rigovously vaiid solution for a surface
satisfying these requirements has not been established. In fact, the
3 An
approximate solution for a conical body has recently been presented by

very existence of such & solution has not been demonstrated.

Pagano and Hsu (Reference 3), where the impossibility of developing the
involute surface frum a flat sheet was also shown. Fortunately, in
practice, arc angles are generally quite small, usually Jess than seven
degrees, so that the effects of geometric errors in ply pattern analysis
do not appear to be critical except in the aforementioned juncture regions.
In this section, we shall present an approximate representation of the
involute surface leading to a new model for the ply pattern geometry
which is more versatile and compatible with existing finite element
computer codes than that given in Reference 3. The capability of this
medel to use the ply nattern and approprizte geometric data to define the
associated involute surface will be shown and demonstrated for an IUS
exit cone.

As in Reference 3, we begin by assuming the trace of the involute
surface in a plare 2z = constant is given by

v sin o = C{z) (1%)

wiere C 1s a function of z atone. This is a logical extension of
Equation i, which satisfies the involute requirements in a plane,
Furthermore, we shall restrict our attention to the limiting case of

wiall o {o<<l) from the outset. In this case, Equation 15 becomes

ra = Ciz) (16)

JAna'-_vses which attempt to eithir confirm or deny the existence of such a
solution are presently being conducted by the author. An updated
version of this work will be reported shortly.
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We again follow Reference 3 by approximating the relationship between
t', the actual layer thickness, and ty, the Yayer thickness measured in
the cross-section by

t' = t, cos @ an

where 8 is chosen as the local half-angle defined by the centerline of
the profile. In general, g depends upon z. Thus the parameter C(z)
is given by

c(z) = — (18)

which follows from Equations 17 and 2. The geometry of the involute
surface is thus defined by a spiral trajectory in each cross-section
of the form given by Equation 3. Hence, if we consider two points
lying on a trace of the involute surface in a cross-section, e.q.,
(r], Oys z) and (r2, 0,s z), the small o approximation yields

N - ] ] A NR
Oy = 7 5 —— = —— V1)
2 1 a, o
In conjunction with Equation 15, this establishes the direct relation
in cylindrical coordinates
ro-r = C(02 - 6]) (20)
Letting arc length be dencted by S, Equations 4 and 15 give
1 2 2
S, -8yt ey - ) (21)

In practical applications, the body profile is expressed in digital
form, rather than in a continuous manner. Hence, functional variations
aleng the meridians are expressed in piecewise coutinuous fashion. For
impruved accuracy, a finite difference representation using small
elements is employed. Considering two points on a meridian, (r], a, z])
and (r,, 6, 2,5}, 2, > zy, we use the approximation

Rty SN
.

tan = tany (r,, 2,) = Ez—:—:l (22)
n Y AT 5 7, - 2y
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while Equations 8 and 22 give

oS Yy = g = (23)

e e = e

approximately, where

> Tavey wE————r

i a2 = (r2 - r])

XS]

4 (Z2 - Z]) (24)

If given the number of layers N, the layer thickness t', and the body
E | profile, Cquations 18 and 20 are sufficient to define the entire involute
surface. Equations 19 and 21 - 23 give other geometric relations

required in the subsequeﬁt apprcximate development ¢f the surface, as

well as those needed to define the first two Euler angles. The definition
of the third Euler angle {oliows from the ply pattern analysis treated
in the next section.

o
I i e T D e e

2.3 PLY PATTERN ANALYSIS

oty Bamee

o

In our approximate developmert procedure, each point in the developed
figure (ply pettern) is mapped into its image on the iuvslute surface.
In this scheme, we assume that the local arc length AS and local angle v

R A

< aw

between the meridian and spiral tangent are preserved in the mapping

JoRT

process. It will also be necessary to prescribe the transformed position

A

of a given line in the ply pattern. The recursion scheme employed is o
shown in Figure 5, where Asgl) and Yi” are defined by their counterparts

on the involute surface. The procedure involves marching along two Tines

R S

of constant z, which represent their respective spiral trajectories in

3 the involute surface. For convenience, a constant step size of

] 88 = 0, - 8, is utilized. The upper line (subscript 1) is defined by the ;
1 true arc distances (as represented by short chords) along this line. 3
: The lower Tine (subscript 2) is only tentatively established. This is
; 7 due to the fact that we have represented the functions ﬁz and ¢2 by
backward differences. By comparison of the trajectories in the ply
pattern at & given value of 2z, first at the lower level and then at the

upper level in the next cycle, we can control errors created by this source.

Laian i

13 ¥,
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PLY PATTERN

79001027
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Figure 5. Ply Pattern Analysis for an Involute Line
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The shallgw gradients of 5 and w in the z direction in practical exi:
cones also tend to minimize these errors. Letting X and Y be orthogonal
coordinates in the plane of the ply pattern, the recursion formulas are
given by

(i41) L) () (1) (i)
Xj = Xj + Asj cos v + Q) , j=1,2
() () (D)) () )
Yj = Yj th sin ( wj + ), i=1,2 (25)
where
(i) _ (i)
(i) Y, Y,
tan & ='(°]-)—~(—.0' (26)
IR

Tt is understood that the functions corresponding to subscript j = 2 in
Equations 25 and 26 are only approximate (beyond the other approximatic s
we have empioyed). They dare, huwever, used to représent the eguation of
the lowest edge of the ply pattern. If the correspondence between a
Tine in the ply pattern and its image on the involute surface is
established, e.g., the transformed position of the left-hand edge of

the plv pattern, only N and t' are needed to complete the approximate
development procedure. Since this correspondence is not generally
known, iterative techniques become necessary. Before we proceed to
discuss a practical application of this work, we should observe that

the helical angle ¢ can be expressed as

¢ =, -G (27)

as shown in Figure 6, where ¢ is the angle between the warp direction
in the ply pattern and the X-axis, while @, the angle indicating the
orientation of the meridian in the ply pattern at the point of interest,

is given by Equation 26.
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Ply Pattern Helix Angle

Figure 6.
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[

\ 2.4 INVERSE PROBLEM SOLUTION

]

*

: The specific problem u:der consideration involves the inverse of that
: which we have just descyibed. In this case, the ply pattern is given,

. and the involute surface is sought. Although the basic equations are

the same, anatysis details differ in this case. 1In order to clarify “he
nature of this problem, we shall present a brief outline of the fabri-
cation approach used in the manufacture of the IUS exit cones.

In i%s initial form, the preimpregnated cloth material used in the
construction is uncured and very thick (approximately twice the final
cured thickness). It is in this form that the material is cut into the
ply pattern. Unce the plies are cut, they are laminated, with the inner
surface being controlled by a conical male mandrel. In this initial
state, the left-hand edge of the ply pattern lies along the generator of
the mandrel. Because of the large thickness in this form, the involute
surface differs considerahly from that in the final state. The material
is then placed in a female mold die and debulked and cured under
temperaturc and pressure. The ply thickness is greatly reduced in this
phase. Fiially, the cured billet is removed from the mold die and
post-cured. Thus, the tinal outer surface of the body is controlled
while the location of the initial straight edge of the plies is not
known in the final configuration. The situation is aggravated by the
machining which takes place on the inner surface following the cure
process. Although the amount of material removed in machining is not
great, it is sufficient to preclude direct comparison of the model
prediction against the dimensions of the actual structure.

OMIT e e

The following approach was devised to define the involute surface
and its associated orientation vectors corresponding to the given ply
pattern. First, an assumption is invoked to establish the transformed
position of the left-hard edge ot the ply pattern. The assumption made
is that this Tine lies on a meridian in the structure. Note that this

does not imply that the straight edge cf the ply pattern follows a

generator of a cone. Ffurthermore, the edge will not, in general, remain

straight within the structure. We then start at the inner (machined)

17
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radius and march along the mapped spiral trajectory until this curve
intersects the righi-hand boundary of the ply pattern. This leads to a
computed radius, say F], which differs from that prescribed at this level,
say ry- The inner radius is then corrected by use of the relation

L ), )

r r ry - r
oo
N I 7 (28)
or
IR ’
SR A (29) {

(1) (1)

where r is the assumed (machined) inner radius and F] the corrected
inner radius. This approach employs the arc length on the ply pattern
and outer radius as control parameters, which is consistent with the
manner 1n which the i1nvolute body has been formed. To define the
required intersection, the right-hand boundary of the ply pattern has
been modeled as a series of parametric cubic Tines for the local X, Y
coordinates.

The above analysis may be viewed as the first cycle of an iteration
scheme to define the involute geometric parameters. Subsequent iterations
can be accomplished in the same fashion after acccunting for the
corrected ¢ variation on the inner surface. Only one iterative cycle
has been used in the present work, since this was sufficient to guarantee
negligible change in the Euler angle distribution as computed from the
assumed and corrected radii. Also a reasonable correspondence between
calculated and measured (machined) inner radii has been achieved. This

correspondence is shown in Table 1 for typical IUS ply patterns.
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TABLE 1

SRM-2 EXIT CONE INNER RADIT COMPARISONS

i Axial R Re R
Station Machined Computed* Computed*

4.00 4.05 3.80 ——-

6.00 5.00 4.99 .-

’ 8.00 5.93 5.67 -
& 10.00 6.80 6.60 -
3 10.95 7.21 7.08 -
14.00 8.43 8.39 8.44
16.00 .25 9.24 9.28
j 18.00 10.04 10.05 10.07
20.00 10.78 10.76 10.76
f 22.00 11.48 11.45 1.43
24.30 12.15 12.10 12.08
26.00 12.80 12.74 12.71
28.00 13.45 13.39 13.34
30.00 14.04 13.98 13.96

2.00 14.60 14.55 —--

34.00 15.15 15.11 -

35.25 15.50 15.45 -—--

*Computed from ply patterns C and A.
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SECTION II1
3D INVOLUTE FINITE ELEMENT MODEL

Axisymmetric bodies of involute composite construction also present
difficult finite element modeling prohlems because of their unusual
property distributions. The constantly changing orientation of the warp
anrd fill directions in a billet (Figure 4) cause all 21 elastic constants
and all six coefficients of thermal expansion to vary as functions of
radius and axial station (Equation 14). To model this unusual material
the variable property 3D finite element (Reference 6) in PAICHES-III
(Reference 7) was used with generalized axisymmetric constraints.
(Computationally more efficient 20 finite elements for axisymmetric
problems with torsion have subsequently been added to PATCHES-III.) The
material representation problem is solved with these finite elements by
allowing all material properties to be independen®t functions of pcsition
in the element A key ingredient to the practical as well as mathematical
success of this approach is the use of Euler ang'les4 to implicitly define )
the properiy distribution funciions. This recuces the input material ‘
data requirements from 27 nonlinear functions to three quasilinear
functions, plus the ply orthotropic ply material constants. A brief
mathematical description of the property model and the finite element
model are presented next.

3.1 PRQOPERTY DISTRIBUTION MODELING

The stress-strain transformation at a material point in orthogonail
coordinates may be expressed using contracted notation as

o = C]j[ej - ajAT] for 1 < i, j <6 {30)
where, for an involute body in c¢ylindrical coordinates,

Cij = Cij(r' z)
ai(r, z) {31)

Q.
1

PR Y

4Three body-fixed rotations (A, B, C) define the Euler angles used in g
PATCHES-TII. :

20
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indicates the spatial material variability. Note that in both cylindrical
and Cartesian coordinates, all components in Equation 31 are nanzero
functions of r and z for an involute cone. These functions can be
defined using Euler angles and the ply material properties as follows

Cij(r’ z) Cil Dki(r, z) D

-1
Jm

giirs 2)

"

uj(r, z) aé D (32)

where Equations 13, 14, 25, 26, and 27 induce
( = D* V? {
D;(rs 2) = 0% (A, 2), Blr, 2), C(r, 2)] (33)
and typical finite element input data are

Alr, 2)

1]

A(r(£,),2(8,))
A*(g,) (34)

[}

>

The C . are the in situ stiffness coefficients of a ply in W, f, n
coordinates. These proparties are constant over the entire dimension of
every ply in an ideal involute body. The notation Dzi indicates the
function induced by reparameterization of the function Dki and this same
notation is applied for any function induced by reparameterization. The
functions A*(Ek), B*(&k), and C*(gk) can be up to tricubic Hermitian,
but trilirear functions are adequate for involute bodies.

The Dki matrix is, of course, the strain transformation in contracted
notation and corsists of the product of direction cosines. Equations 13
define the direction cosine matrix in terms of the Zuler angies computed

from the ply pattern analysis and these angles are directly input to
PATCHES-TI1
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Note that these rotations take the ? axis onto a warp fiber, and the i
axis becomes a normal vector to the tangent plane of the ply at each
material point. Note also that for Cartesian finite element models, the
first rotation must be increased by the local cylindrical coordinate,

A = -a -0. The exact relation between the Dki and the & depends on
the specific contracted notation convention used by the finite element
program. The cenvention used in PATCHES-III and in Reference 1 are
different.

The spatial distribution functions for an involute composite <an now
be defined for the finite element model in very simple terms. Values of
the three Euler angles at the corners of an element compietely define
the spatial orientation of all ply material within any element. 1In
PATCHES-1II the variable Euler angle data are defined for each finite
eiement using the same interpolation functions that define the shape of
the element (Reference 6). The data furctions are constructed by the
program, usually from corner grid puint values. Since the piy material
properties are constant, the orientation functions completely define tne
involute property distribution functions for a finite element. This is
i1lustrated in Figure 7, which shows the three Euler angles as a function
of radius for a cone geometrically similar to the IUS exit cone. Note
the large variation in the last rotation angle. This is a measure of
the change in the angle between the hoop direction and the local warp
directicn through the thickness of the cone. These angles are computed
in the local tangent plane of a ply using the ply pattern analysis
developed earlier. What this large change indicates physically is that
the high modulus fibers vary from a meridional direction on the inside
to predominately a hoop direction on the outside. This behavior is
typical of thick-walled involuie cones.

3.2 FINITE ELEMENT MATRIX MODEL

A definition of the 3D finite element model is provided tc indi-
cate the major steps in the generation of a stiffness matrix for

22
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an involute composite. Given the shape of an element in parametric
coordinates zi(gk), the stiffness matrix can be written

1 1 1
=4 L L T o e 0II0e) det 0 agas,dr, (3

where
[c'] = Clkg Ply Stiffness Coefficients
[p] = D;i(A*, B*, C*(gm)) Involute Strain Transformation
(B] = Bim(zi(aj)) Strain-Displacement Equations
(p] = Pmn(gj) Tricubic Hermite Dispiacement Functions
J=1z,, ‘. Jacobian of the Shape Function

R
The integrations result in a 64 node 3D finite element that must be
constrained to 16 independent nodes for axisymmetric problems. If
cylindrical rather than Cartesian strain-displacement equations were
used to form [B], one integral is simply A6 and the generation becomes
much simpler.

The general axisymmetric problem has a torsional displacement
component and this twisting response is very important to the interlaminar
stress response of an involute composite. To use a 3D Cartesian finite
element for this class of problems the analysis coordinate frame at each
node must be converted to cylindrical and then equality constraints
applied in the hoop direction.

T T .
[Kpgyd = (1,011 TIKITTET, ] (37)

where

~—
-—f
—
1]

RY Cylindrical Coordinate Transformation

—
—
><
—
1]

Modal Equality Constraints

|
|
|
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and the nodal equality constraints are of the form

=48, 8. T, U

o -
Uiik = Siz Sym Tia for 1<, j, k<4 £38)

ml
The 64 nodes of the 3D element result from four nodes in each parametric
direction., The 16-node axisymnetric a2lement results from equality
constraints in the third parametsic direction

T]k = (1, 1, 1) (29)

where the shape function for the finite element 2, (gk) is constructed
to have £, coincide with the hoop direction. The computational details
ke

of how to efficiently perform the generation and constraint operations
will not te presented in this report.

3.3 MODEL VERIFICATION

The first analysis of an involute pody Lo include all material coupling
terms wus that of Reference 1 for a cylinder. The finite difference
model used in that analysis has subsequently been experimentally verified
in the linear elastic range (Reference 8). The present finite element
model was first checked against that finite difference solution by using
a single 30 element. All stress and strain resulcs compared within five
percent for the pressure load problem analyzed in Reference 1. To verify
the model in a thermal load case, experimental data from an Aersjet Solid
Prcpulsion Company involute test cylinder were used. The test daca
consists of diametral expansion measurements during post-cure heating
of the cylirder. Note that both thermomechanical and thermochemical
phenomena contribute to the dimensional chanaes at the highar temperatures,
A1l these effects were lumped together and represented using temperature-
depandent thermal expansion oroperties for the ply material. At the

lower temperatures, excellent agreement was obtained, as Figure § shows,

and good agreement was obtained over the entire post-cure range. These e
results indicate that the present finite element, with variable property ~ O
modeling, can be used to represenrt both the thermal and mechanical

response of bodies of involute construction.
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SECTION 1v

IUS EXIT CONE BILLET MODELING

The involute constructicn described earlier produces a billet of
graphite-phenolic material tnat after post cure is subsequently carbonized

and graphitized to form a carbon-carbon billet. Post cure is the critical

processing step for most billets; and, delamination is the failure mode
typical of thick-walled biliets. In this section we will examine a

specific billet from the IUS project for the SRM-2 motor. This particular

billat delaminated sometime during post cure and an autonsy was performed
that allows several aspects of the present involute modeling to be
evaluated. Comparisons are made with the as-buiit geometry and Euler
angle distributions that show remarkably jood agreement over most of the
billet. They also show a region in the neck area where rapid changes

in curvature cause ply distortion and other local differences in the

The ply pattern used to form the SRM-2 billet is shown in Figure 9,
with the 2z cross-section involute traces also shown as they were computed
by using the present analysis (Equations 25 and 26). The warp and fill
directions are aligned with the X, Y axes as the ply is cut from the
graphite cloth. 1In a later section, other orientations of the pattern
on the cloth will be examined for process stress sensitivity. The ply
involute surface is shown in Figure 10 constructed from involute arcs
blended together to form a surface5 with continuous tangent vectors as
the ply would appear in the billet after the cure cycle; and, there are

176 identical plies in one biliet. Note the unusual surface grain

(Figure 11) associated with the cuter edge of each ply. The actual billet
shows this same surface grain with noticeable differences only in the

neck region. The weight of the ply analysis model and the actual billet
are compared in Table 2. Note that the in situ ply surface area was

used to compute the model weight by assuming a uniform thickness

bThe involute surface figures were not computed as part of the ply
pattern analysis.
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TABLE 2
BILLET AND MODEL DATA COMPARISONS

Data Ply Model Finite tlement Model Billet
Volume 1962 in.3(32155 cmd) 2909 in.%(342¢9 cn?) e
Weight  101* lbs (449N) 107* Ibs (476N) 108 1bs (480N)

*At sea level for 1.42 g/cc weight density.

(0.0123 inch) and density, and sea-level gravity. The weight of the
finite element model i5 also included in Table 2 pased on the same weight

density, but a completely different geometry model.

The orientation of the warp and fill fibers were measured as a
function of radius at several axial stations by Buch and Pfeifer in their
autopsy on the IUS billet at the Aerospace Corporation. A typical
variation is shown in Figure 12 for a specimen taken frowm the smail
diameter end of the billet and fingerprinted. Their data correspond to
the angle ¢ in third Euler angle, v - ¢, where the angle y changes very
lTittle with r for small arc angles (Lquation 8). A comparison of their
data and the ply pattern analysis results for &(r) at the maximum
tivickness station shows excellent agreement (Figure 13). Note also the
near perfect linearity of the data over a very large change in warp

orientation.

Consider next a profile section of the biilet subdivided into
eighteen 3D finite elements (Figure 14). The maximum thickness station,
10.95, is well away from the cone-cylinder transition where nly distortions
occur during fabrication. A comparison of the net warp rotation at
various axial positions (Figure 15) shows the present model over-predicts
this change in the neck area, but is otherwise in good agreement with the
autopsy data. The neck area is a region of rapid change in half-cone
angle that requires the ply to be distortea (i.e., strained) even before
it is debulked. Measurements of this distortion (Ref:rence 5) on plies

31
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ELEMENT SIX

SRM-2 BILLET
PATCHES-I1l MODEL

79001016

Figure 14, PATCHES-III Finite Element Model of Billet
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of similar size and material show up to a 10° loss in orthogonality
between warp and fill. Other distortions occur during debulking that
cause ¢{r) to be locally nonlinear, a condition that acts to reduce

the net warp rotation in the neck.

After the warp-fill orientation functions are known, the stiffness
properties of the exit cone billet are computed by using Equation 32
in the finite element program. Several components of the cij matrix
are plotted as a function of radius at the maximum thickness section
(Figure 186).
strain is comparable in magnitude to the maximum shear stiffness.

Note that the coupling term between rz shear and axial
Note
also the large increase in hoop stiffness between the inside and the
outside of the billet.
property distributions set up a predominantly tensile cross-ply normal
stress field in the billet that reaches a maximum at about the mid-
thickness of the billet.
processing stresses, significantly increases the risk of processing

Under uniform temperature cooling, such unusual

This condition, in corijunction with other
failure. The graphite phenolic ply properties as a function of
Note that above 400° a chemical
change is reflected in the thermal expansion coefficients.

temperature are shown in Table 3.

4.1 CURING STRESS SENSITIVITY STUDY

Processing stresses during post-cure cool down were selected as the
most likely thermomechanical condition contributing to delamination

failure in the IUS billet.
to confirm this selection.

Subsequent data from the billet autopsy tend
First, we establish the nature of the triaxial
billet stress field during this processing step. Then, the sensitivity
of these stresses to changes in the ply pattern orientation will be
examined. Ply pattern orientation is a design parameter easily changed
within the dimensional limits of the WCA graphite cloth, which is the
raw material for the billet. Also, previous experience with laminates
had indicated the potential for a sensitivity to ply orientation

(Reference 9). Other important desig parameters, such as the basic

shape of the pattern end mold die, are less easily changed and were not
considered in this study.
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TABLE 3

GRAPHITE PHENOLIC NOMINAL POST-CURE PROPERTIES

: T EN E22 £33
: 70° 1.90 msi (13.1 GP) 1.27 msi (8.8 GPa) 0.45 msi (3.1 GPa)
2006° 1.60 msi (11.0 GP) 1.07 msi (7.4 GPa) 0.38 msi (2.6 GPa)
300° 1.33msi { 9.2 GP) 0.89 msi (6.1 GPa) 0.32 msi (2.2 GPa)
400° 1.10 msi ( 7.6 GP) 0.74 msi (5.1 GPa) 0.26 msi (1.8 GPa)
500° 6.87 msi ( 6.0 GP) 0.58 msi (4.0 GPa) 0.21 msi (1.4 GPa)
G12 G13 G23
70° 0.80 msi { 5.5 GP) 0.30 msi (2.1 GPa) 0.45 msi (3.1 GPa)
200° 0.67 msi ( 4.6 GP) 0.25 msi (1.7 GPa) 0.38 msi (2.6 GPa)
; 300° 0.56 msi ( 3.9 GP) 0.21 msi (1.4 GPa) 0.32 msi (2.2 GPa)
E 400° 0.46 msi ( 3.2 GP) 0.17 msi (1.2 GPa) 0.26 msi (1.8 GPa)
b
: 500° 0.37 msi ( 2.6 GP) 0.14 msi (1.0 GPa) 0.21 msi (1.4 GPa)
« 11 x 10° @ 22 x 10° a 33 x 10°
70° 5.0/°F (2.7/°K) 7.0/°F {3.9/°K) 15.0/°F (8.3/°K)
200° 4,4/°F (2.4/°K) 8.1/°F (4.5/°K) 14.27°F (7.9/°K)
300° 3.2/°F (1.8/°K} 6.9/°F (3.8/°K) 11.2/°F (6.2/°K)
400° 2.2/°F {1.2/°K) 4.6/°F (2.6/°K) 4. 9/°F (2.7/°K)
500° 1.5/°F ( .83/°K) 2.8/°F (1.6/°K) -0.4/°F (-.22/°K)

The finite element analysis cases and the basic assumptions of this
study are defined in fable 4. Another billet for the SRM-1 motor was
analyzed at the same time, but these results, which are similar, are
not included in this already lengthy report. Piy pattern C {Figure 17)
was a minor chance in pattern A made prior to the sensitivity study.
The same mold die was used with both patterns, producing billets of the

same dimension and very nearly identical stresses.
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TABLE 4
SRM-2 PROCESS STRESS SENSITIVITY STUDY

Cases Assumptions
1. Pattern A 1. Ideal Material
Orientation by = 0° (No defects)
2. Pattern C 2. Linear Elastic
Orierntation % = 0° {Temperature-Dependent)
Post-Cure Properties
3. Pattern C 3. Uniform Temperature
Orientation ¢0 = -90° Distributicn in Billet
4. Pattern C 4. Billet Unconstrained
Orientation 9 ° -21° (Free Boundary Conditions)

5. Unit Temperature Change, i
-100°F (-56°K)

79051032

Figure 17. Ply Pattern C Analysis Resulis !
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The structural response of the billet to uniform cooling is merid-
ional bending that produces axial tension on the outside and axial
compression on the inside over nearly the entire length of the billet
(Figure 18). The associated hoop stresses are tension on the inside and
compression on the outside, with the local maximums occurring at the
inner and outer radii. These stress fields correlate well with the
microcracking observed at 20X magnification during the autopsy. However,
these stresses are not a serious threat to the billet, in that the
material strength in these directions is many times the applied stress.
Their significance lies in the interlaminar stress fields they induce,
and it is these stresses which can lead to delamination at very low
stress levels. These occur because of the very unusual stiffness
properties described earlier (Figure 16) that cause the billet to bend
and twist during cool down.

The interlaminar stress response will now be described using a series
of contour stress plots for a single representative clement. This allows
their variation through the thickness to be shown in detail. Finite
element number six was selected for examination (Figure 14) and it lies
in a region that experienced massive delamination. Cracks extended
from midthicknes .0 the outer surface of the billet and foliowed closely
the involute surface of a single ply. No initiation sites were found
in the autopsy to indicate a local defect, and these delaminations extend
over several inches in length. This is also a region in which the
billet ply orientation data and the ply pattern anaiysis are in close
agreement. The warp and the fill stress contours over element number
six are shown in Figure 19 and, as stated carlier, they are small

~

compared to the strength @ graphite phenolic ply. The cross-ply
normal stress = .n.uurs _.. the warp-fill shear stress contcurs are
shown in Figure 20, and these require comment. First, note that the
cross-ply normal stress is tension with its maximum value, 10 psi per
100°F, occurring at midthicknass. Alsc, note the relatively Targe
warp-fill shear stress, 17 psi per 100°F, even compared with the warp
and fill normal stresses. In flat lominates, cross-tension reduces

transverse shear strength, not warp-fill (Reference 10); also, the

!
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; MAX = 20 PSI MIN =-280 PS| MAX = 210 PSI MIN = 20 PSI
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79301017

Figure 19. Interlaminar Warp and Fill Stress Contours
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7200131

Figure 20, Interlaminar Normal and Warp-Fill Shear Stress Contours
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sensitivity to defects or other anomalies increases sharply when cross-
ply tension exists over a large volume of material. The cross-ply

normal stress field shown for element rumber six is, ir fact, typical of
the first eight elements, with the maximum value, 34 psi per 100°F,
occurring in eiement number three. Finally, the warp-normal and the fill-
normal shear stresses are shown in Figure 21. They remain smail every-
where in the billet. These results characterize the interlaminar stress
fields in the billet during cool down for both ply patterns A and C.

The ability to focus, in depth, on interlaminar stress fields in critical
areas is important to their understanding and to their control by the
composite material designer.

Consider now what changes in the orientation of the pattern on the
WCA graphite cloth can do to the criticai interlaminar stresses. Thig
was investigated for a 21° change and a 90° change in cases three and
four, Table 4. To be comprehensive, a 180° range of orientations must
be considered, but these two cases will show sensitivity. The 21° case
represents the plysical limit on orientation change caused by the width
of the cloth. A comparison of cross-ply or normal stress (Figure 22)
shows a dramatic change for the better, with the 90° case virtually
eliminating this stress component. In fact, the magniiude is so low,
that the model wouid have to be refined to obtain a precise thickness
distribution. The change in warp-fili shear stress (Figurc 23) is very
nearly a mirror image in going from 9y * 0° to ¢o = -90°. It appears
that individual interlaminar stress components may have different periods
with respect to ¢o. They must all be periodic, of course, since a 180°
rotation cannot be detected in the material stiffness distribution. It
is also interesting to note that the ¢0 = ~21° case has higher warp-fill
shear stress than the other two cases. This orientation gives nearly
uniform axial stiffness, but alsc produces a larger gradient in hoop
stiffness. These stiffness changes produce changes in the structural

response as well, and they are comparable to the interlaminar stress
changes. The sense of the meridional bending moment, for example, is
reversed for the ¢0 = -90° case. WYhat these results indicate is that
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the processing stresses have a marked sensitivity to ply pattern
orientation. Qther design parameters, such as the number of plies,
shape of the mold die, and c¢loth properties, are also likely to affect
processing stresses.
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SECTION V

CONCLUSIONS !

An analysis procedure for determining the distribution of ply
material in an involute body from the ply pattern has been developed
and used in a study of processing stresses. The involute ply pattern
analysis mocel produces Euler angle data that completely define the
unusual stiffness properties of an involute body. They reduce the
required material property data from 21 nonlinear functions of r and z
to three quasi-linear functions, plus the piy material constants.
Comparisons of the model with autopsy data show good agreement for warp
orientation through the thickness of a billet and over most of the ;
billet Tength. Only in the transition region where the cylindrical end
intersects the main body of the exit cone, and ply distortions occur,
are there significant differences.

A 3D finite element model with variable properties is defincd for
this class of materials based on the tuler angles output by the ply
pattern analysis. This finite element is then applied to a processing
stress study of an IUS exit cone billet that delaminated sometime during
post cure. The bending and twisting response of the billet are shown
to produce large areas of c¢ross-ply tension during conling. Stress
fields predicted by the model were found to correlate well with the
microcracking observed in the billet autopsy. A marked sensitivity of
the interlaminar stress ccomponents to ply pattern crientation was then
determined by analyzing orientations of 0°, 21°, and 90°, These results
show the 90° orientation produces much lower processing normal stresses.

in summary, the present model should prove an effective tool for

determining the complex stiffness distribution and the induced process

stress fields within involute exit cones. it is clear that these stresses
are sensitive to ply orientation and it is likely that they are sensitive
to other design parameters not considered in the present study.
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