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SECTION I

INTRODUCTION

This work is intended to supplement and in some cases supersede the

report entitled "Rotor-Bearing Dynamics Design Technology, Part III:

Design Handbook for Fluid Film Type Bearings," Technical Report

AFAPL-TR-65-45, Part III, May 1965. This report discussed static and dynamic

properties of plain cylindrical bearings, four axial groove bearings,

elliptical bearings, partial arc bearings, and tilting pad bearings. This

report was followed by another entitled "Rotor-Bearing Dynamics Design

Technology, Part VII: The Three-Lobe Bearing and Floating Ring Bearings,"

Technical Report AFAPL-TR-65-45, Part VII, February 1968. As indicated by

the title, this report extended the 1965 report by including three-lobe

journal bearings and floating ring bearings.

The subject of the present study is to augment the bearing data given

in the two previous reports by including a significant amount of additional

multilobe bearing data, including several preload values. Preload values

of 0.0 (a three-axial groove bearing) and 0.25 are considered in addition

to the previously considered values of 0.5. The present report also

supersedes the bearing data in the previous report AFAPL-TR-65-45, Part III

for the tilting pad data. Apparently some inaccuracies were present in the

pad assembly computer program utilized to calculate the data for the original

curves. This report presents a wide variety of tilting pad static and dynamic

properties for calculational use.

Comparisons of the data in this volume and a number of published works gives

good correlation for cases where identical bearings have been considered by

different authors. Generally, the errors are on the order of magnitude of

10% or less. There will always be minor differences from one set of

numerical calculation to another due to the numerical-technique used (finite

1



elements versus finite differences, the iteration procedure used to find

equilibrium position, etc.) such that errors of the 5 to 10% order of magnitude

are reasonable. It has also been found by many authors that the correlation

of theoretical with experimental results is usually much worse than the 5 to

10% range. Thus, errors of the 5 to 10% range are not critical.

The data given in this report includes the equilibrium position, bearing

coefficients, horsepower loss, and oil flow of the following bearing types:

* plain journal

multilobe

tilting pad

A finite element solution of the Reynolds equation is used to obtain the pres-

sure over the finite bearing surface. Pressures that are lower than the

cavitation pressure are set equal to the cavitation pressure. The effects

of fluid streamers forming in the cavitation region are included. The

lubricant is assumed to be isoviscous and laminar. The pressure is then

integrated over the bearing to obtain the load capacity. For a given load

the equilibrium eccentricity, and attitude angle are determined by the New-

ton Raphson iterative procedure. Linear stiffness and damping coefficients

are obtained from small perturbations of displacement and velocity about the

equilibrium position. The effects of misalignment of the shaft in the bear-

ing are not considered.

2
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SECTION II

LUBRICATION THEORY

The coordinate system (fixed in space) adopted in this report is shown in

Fig. 1. Face the bearing each time so that the shaft rotates counterclockwise.

The angular coordinate, e, is measured positive in the counterclockwise direc-

tion starting always from the positive y-axis. x and y are the vertical

and horizontal coordinates of the geometrical center of the shaft (centerline).

The form of the Reynolds equation solved is

I a h 3  P h P 6 h 2

+ap at(1R2 3e aeJ z D at

All of the standard Reynolds equation assumptions hold.

1. The average clearance is small compared to the length in either

the x or z directions.

2. Only laminar flow occurs in the bearing. The Reynolds number

is less than 2,000.

3. No-slip boundary conditions apply at fluid-solid interfaces.

4. All body or other external forces are neglected in the fluid

film.

5. The fluid is Newtonian, incompressible, and isoviscous.

The boundary condition used is the half Sommerfeld condition. Pressures be-

low the cavitation pressure, (zero psi) are set equal to the cavitation pres-

sure and it is assumed that fluid streamers form in the cavitated region

(See Fig. 2). The determination of which areas of the bearing are cavitated

is determined element by element.

3
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Figure 1 Bearing Coordinate System
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Streamers in Cavitated Region (Top View).

Figure 2 Boundary Conditions for Plain Journal Bearing
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Symmetry in the z-direction is assumed and the bearing split in half along

its length (along z = 0) as shown in Fig. 3. Then, the hydrodynamic pres-

sures are solved for only half of the bearing, saving computer time.

For a plain journal bearing, the bearing is split at the point of maximum

film thickness. The hydrodynamic pressure is assumed zero at h max . Accord-

ing to Pinkus and Sternlicht, a full journal bearing is not very sensitive

as to where the hydrodynamic pressure is assumed zero as long as it is

near h . They state that even shifts of the order of 200 introduce littlemax

error. They observe that the performance of a 1800 bearing is seen to differ

little from a full 3600 bearing. A full discussion of the boundary conditions

is given in Section 5.

For pad bearings, the hydrodynamic pressure is again assumed zero at

z = ± L/2. Symmetry in the z-direction is also assumed and the hydro-

dynamic pressure is assumed zero at both ends of the arc.

'I I I I I I I . .. . . . . ... . ". ..' . .. .. .. . '. . . . .



h or leading edge h or trailing edge
maxma
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PP _____ 0

Figure 3 Boundary Conditions
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SECTION III

BEARING TYPES

Fluid films are found in many rotating machines either as bearings, seals,

or squeeze film dampers. Certain standard geometries such as those dis-

cussed here have evolved to satisfy various requirements. Because bearings

or seals are much more easily changed than other rotor parts, clearances,

preload factors, or bearing types are often varied as vibration problems

occur. It is desirable to be able to analyze the effects of those param-

eters of all of these bearing types.

3.1 Plain Journal Bearing

As shown in Fig. 4, the plain journal bearing is composed of a cylindrical

shaft of radius R, called a journal, rotating with angular velocity, w,

counterclockwise about its axis in a cylindrical bushing of radius R + C

and length L. The center of the journal is labeled O, and the center of the

bushing is labeled 0b as shown in Fig. 4. If the bearing is operating

under steady state conditions, the journal center remains at a constant ec-

centricity e and attitude angle p for a given load W acting on the shaft.

The case of the plain journal bearing is an important one because this

geometry is the same as that in a plain seal and also in a squeeze film

damper (where w = 0). For this reason the analysis remains important al-

though the use of plain journal bearings is declining due to stability

problems.

3.2 Multilobe Bearing

The multilobe bearing is different from the plain journal bearing in that

the pad of radius, R + C, has the center of curvature, 0p, located a

small distance r from the bushing center. The preload factor m equals

8
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0 y

wj

Figure 4 Plain Journal Bearing



r p/C. Extending the line 0p0b to the pad surface at point P gives the

location of minimum film thickness Cb. This corresponds to the maximum

shaft radius R + Cb which will fit in the bearing. The point P also

determines the end of the converging portion of the pad and the offset

factor a = a/X. Both the preload factor and the offset factor have

values between zero and one. The offset factor is often chosen as one-half

to permit running in both directions. Fig. 5 shows the geometry.

Multilobe bearings offer the user an increase in stability in some situa-

tions by the increased pad convergence loading up the bearing. Because of

the many possible combinations of number of pads, rotation of bearing,

clearance, preload factor, and offset factor, a large range of load carry-

ing capacity and bearing coefficients is possible.

A special case occurs when the preload is zero. This is often called an

axial groove bearing as it may be constructed by cutting axial grooves in

a plain journal bearing. It is often used as an inexpensive replacement

for plain journal bearings in an attempt to reduce instability problems in

a machine.

3.3 Tilting Pad Bearing

The tilting ?ad bearing shown in Fig. 6, differs from the multilobe bear-

ing in that each pad is pivoted behind point P. Three or more pads are

usually used. Each pad may have as many as four degrees of freedom corres-

ponding to movement of the pivot point in or out due to a spring loading and

three rotations. Of the three rotations, only pitch in the x,y plane is con-

sidered here while roll and yaw are neglected. This corresponds to as-

suming that the shoe follows the shaft as it precesses. In oil film bear-

ings this approximation is usually a good one due to the high damping proper-

ties. The approximation is not valid for gas bearings as pad inertia is

important.

10
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Figure 5 Multilobe Bearing Geometry
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R RADIUS TO PIVOT

R p= PAD RADIUS OF CURVATURE

R =RpWHEN Mb =0.0

PIVOT

h I'

y

xe

R 0b

xx

C=R -R

FIGURE 6 TILT PAD BEARING SCHEMATIC
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Tilting pad bearings are often used because they are more stable than other

types of bearings. Because the pads are able to follow the shaft motion,

there is little cross-couplad stiffness and damping which is what drives

fixed pad bearings unstable above certain speeds. The hydrodynamic load

vector developed by each pad under steady state operating conditions must

pass through the line between the pivot point and the journal center 0b '

For liquid lubricated bearings, the pad inertia may be neglected [Lund,

1964]. With symmetry about the x-axis, the stiffness and damping coefficients

for the full tilt pad bearing in dimensionless form are [Lund, 1964]

n

R Kycos24) i  (2)

n

Kxx = f  (K )sin20) (3
i=l

n

C (B cos24) (4)
yy 

1=l

n
-%2

B = sin (5)
XX i=l 1

K =K =B =B =0 (6)
xy yx xy yx

where n = number of padsP

= angle from positive y-axis measured counterclockwise to the

pivot point of the ith pad (Fig. 6)

and

K' K -(p En + qB ) K n& - (q En - pE ) B n (7)
" n n n (8)

B B ~(pK n+ qB, ) B TE+(qK n- pB t ) Ki 8

13



with

pq (9)

K2 + i2

q n (10)
R ~2  +- 2

Tin Ti T

,The first subscript in the K and B terms refers to the force direction while

the second refers to the direction of displacement or velocity perturbation.

The quantities on the right-hand side of Eqs. (7) through (10)

(- K K. . . Bn are the dimensionless fixed pad(K , Kn, Kn, Knn' BE, BEn, Bn n

coefficients. These coefficients are calculated by loading up a single

fixed pad, obtaining an equilibrium position and perturbating about the

equilibrium position to determine the fixed pad coefficients (see Fig. 7).

Then the pads dynamic coefficients, K' a-id B' , are calculated using Eqs. (7)

through (10). The other 6 dynamic coefficients are zero because pad inertia is

neglected. These 2 dynamic coefficients along with the fixed pad Sommerfeld

number S are stored as a function of the pads dimensionless pivot film thick-

ness, h where
P

h = h iC
p p

and

Cp = pad radial clearance

hp = pivot film thickness

Each B coefficient appearing within parentheses on the right-hand sides of

Eqs. (7) and (8) and in Eqs. (9) and (10) should be multiplied by the fre-

quency ratio v/w for nonsynchronous vibrations.

14
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To determine the bearing characteristics of the full tilt pad bearing,

a bearing eccentricity ratio, eb is chosen where

e (11)
b G b

and

Cb = tilt pad bearing assembled radial clearance in line with

a pivot

eb = tilt pad bearing eccentricity (Fig. 6)

The bearing clearance Cb, can be defined by the largest shaft (shaft

radius = R + Cb) which can be placed in the bearing aft:i it is assembled.

For a bearing with zero preload, the shaft with radius R + Cb would be in

contact with the pad at all points. For a bearing with nonzero preload,

shaft-pad contact will occur only along the pivot line.

Secondly, the dimensionless pivot film thickness is calculated for the
th -i pad, hp . Next K i' B and Si are determined for the corresponding1.

h value using a 4 point Lagrangian interpolation. This is repeated for

each pad. Eqs. (2) through (5) are then used to determine the dimen-

sionless stiffness and damping coefficients for the full tilt pad bear-

ing. Now, the dimensionless load must be calculated for each pad

yi =S Icosi (12)

Wxi -S isin % (13)

where

th
S, Sommerfeld number for i pad

16



For the full bearing

n

W W (14)
y y.i=l Yi

n

X X. (15)
i=l 1

The Sommerfeld number for the assembled tilt pad bearing is

S W (16)

and

=0
y

The top pads of a zero preloaded tilt pad bearing have dimensionless pivot

film thicknesses, h , greater than 1.0 for the case of a horizontal shaftP-
with a downward load. However, these pads still contribute to the bearing

damping. That is, even if h >1.0, B is nonzero and positive and contributes

to B and B in Eqs. (4) an (5). On the other hand, K' approaches
yy xx - i

zero as h approaches 1.0. Thus, it is set to zero for h > 1.0.

The assumption of symmetry about the x-axis holds for all load on pad (load

on pivot) and load between pad (load between pivot) bearings. Also, the

transformation from fixed pad data to dynamic pad data, Eqs. (7) through

(LO), may be viewed as an adjustment in the fixed pad data to allow the

pad to pitch so that the load, W will pass through the pivot point.

17



SECTION IV

BEARING DATA

Bearing data has been calculated for plain journal, multilobe, and tilting

pad bearings. The data includes the following:

a) Eccentricity, E

e (plain journal)

b (multilobe and tilt pad)

b

b) Attitude angle,

c) Sommerfeld number, S

d) Torque, T

T H 4(12)(550)c
2Tr N 2 LD3

e) Oil flow, Qreq' Qlost

N LDCs

(Qreq = Inlet flow to bearing

Qlost = Axial flow lost to side of bearing)

f) Stiffness, Kx, Kxy, Kyx, Kyy

IJS

18



g) Damping, -?, , B B

B = B CUS

4.1 Plain Journal Bearings

A plain journal bearing with L/D = 0.5 is considered in this section.

The dimensionless characteristics are given in Table 1.

The value L/D = 0.5 is very common for journal bearings. Usually the

range is from L/D = 0.4 to L/D 0.75 with not much variation within this

range. Thus L/D = 0.5 represents most of the bearings in common use.

4.2 Multilobe Bearings

Multilobe bearings with L/D = 0.5 are presented in Tables 2 through 7.

Both two-lobe and three-lobe bearings with preloads of 0.0, 0.25, 0.50 are

evaluated. For the two-lobe bearing, the pad arc length is 1600 and the

load vector is through the center of the bottom pad. In the three-lobe

case, the pad arc length is 1000 and the bearing is rotated so that the load

vector is directed between pads. Thus large loads are taken by two pads

rather than just one. In all cases with non-zero preload, the offset factor

(location of minimum film thickness, if the shaft is centered, expressed as

a fraction of pad arc length) is 0.50.

4.3 Tilting Pad Bearings

Two tilting pad bearing cases are evaluated: four-pad with the load

between the pads and five-pad with the load on the bottom pad. In each

case, the L/D ratios are 0.25, 0.50, 1.00 and the preloads are 0.0,

0.2, 0.3, 0.5. In all cases the pads are centrally pivoted. Page 27 con-

tains an index for various data tables of tilting pad bearings.

19
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INDEX FOR TILTING PAD BEARING DATA TABLES

Tilting Pad (1) Single Pad Preload Assembled(2)

Configuration L/D Data m Bearing Data" "

4 0.25 Tables 8, 9 0.0 Tables 10

80 Deg. Pads 0.2 11

0.3 12

0.5 13

0.50 Tables 14, 15 0.0 Tables 16

0.2 17

0.3 18

0.5 19

1.00 rables 20, 21 0.0 Tables 22

0.2 23

0.3 24

0.5 25

5 0.25 Tables 26, 27 0.0 Tables 28

55 Deg. Pads 0.2 29

0.3 30

0.5 31

0.50 :ables 32, 33 0.0 Tables 34

0.2 35

* 0.3 36

0.5 37

1.00 Tables 38, 39 0.0 Tables 40

0.2 41

0.3 42

0.5 43

(1) Centrally pivoted pads.

(2) Synchronous frequency only.
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SECTION V

BOUNDARY CONDITIONS

This section discusses the effects of the cavitation condition on bearing

static and dynamic properties. An important point concerns the location

of the boundary conditions during the calculation of dynamic bearing prop-

erties. Specifically -- are they fixed at the same position obtained in

steady state operation or are the positions recalculated for each new co-

efficient. The plain journal bearing is used as an illustration of the

various results. It will be seen from the results that half Sommerfeld

conditions with recalculated (floating) boundary locations during dynamic

analysis gives good agreement with the Reynolds condition using fixed bound-

ary locations in dynamic analysis.

5.1 Types of Conditions

A number of different boundary or cavitation conditions are currently

used in bearing analysis. These may be generally grouped under the

following headings:

Full Sommerfeld

Half Sommerfeld Boundary or Cavitation Conditions

Reynolds

The full Sommerfeld condition involves neglecting the effects of cavitation

within the bearing. The half Sommerfeld condition consists of solving

Reynolds equation (described in Section 2) and then setting the resulting

negative pressures to ambient (zero) pressure. Finally Reynolds condition

requires that both the pressure and the slope of the pressure normal to the

boundary is zero at the trailing edge boundary.

The effects of cavitation are very important in bearings so that full

Sommerfeld condition is not considered in this report. Only under very

high ambient pressure such as in a nuclear water pump does this condition
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apply. In a plain journal bearing the full Sommerfeld condition gives an

unstable bearing.

In evaluating the half Sommerfeld condition, the steady state running condi-

tions are determined by assuming a vertically downward load and then iterating

until the equilibrium angle is obtained. The location of the leading edge

boundary is at the maximum film thickness in a plain journal bearing or

diverging-converging pad while it is at the leading edge of a converging-

diverging pad. The trailing edge boundary is at the minimum film thicness in

a plain journal bearing or converging-diverging pad but at the trailing edge of

a diverging-converging pad. During the dynamic analysis, the diaplacement

and velocity perturbati ,s to determine the dynamic coefficients produce small

changes in film thickness. The following analysis of a plain journal bearing

shows that these small changes in film thickness do not produce small (neglectable)

effects in the half Sommerfeld condition dynamic bearing coefficients. If the

conditions are kept at the steady state position - both leading and trailing

edges - the conditions are called fixed-fixed in this report. If they are

recalculated for each dynamic coefficient - both leading and trailing edges -

the conditions are called floating-floating in this report.

Reynolds condition is used to obtain the equilibrium position in a manner

similar to that in the half Sommerfeld condition except that the trailing

edge location is iterated over the pad surface until both the pressure and its

derivative are zero. In the case of a purely converging pad, this procedure

is ignored. Usually the effect of the boundary curvature is small so the

angle at which Reynolds condition is applied may be considered constant.

The boundary conditions may be either considered as fixed-fixed during

dynamic calculations or as floating-floating.

At the leading edge e6 and the trailing edge 0t of the positive pressure

region, the boundary conditions for the half Sommerfeld condition are
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P =0 , k 8s

P 0 , e ts

while for the Reynolds condition

P o a etraP= 0 , e ~
P O, e=eO

tr

These conditions refer to plain journal bearings but similar results can be

applied to other bearings. The last equation indicates that the derivative

of P normal to the trailing edge curve is zero. It may also be written as

-n 6  +- n= 0

where ne and nz are the direction cosines of the normal trailing edge

curve. This is zero only if

ae tr

_- e traz

An additional subscript has been added to the leading and trailing edge

angles to denote half Sommerfeld (s) and Reynolds (r) conditions. The

half Sommerfeld condition always leads to a positive pressure region of

n radians and a negative pressure region of n radians so that eis may be
taken either as

ets = £s + 2w, and P > 0
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or

ts t s + IT

The Reynolds boundary condition calculates a value for 6tr such that

IT < etr - e r < 2u and neglects the pressure in the remainder of the

bearing.

An alternative method of calculating the dynamic coefficients to the

numerical perturbations employed in this report is the direct perturba-

tion of the differential equation [Lund, 1966]. The film thickness is

analytically perturbed and a separate differential equation is solved

(numerically) for the dynamic coefficients. In applying the Reynolds con-

dition, it can be shown that the derivative of the perturbed pressure is
zero at the same location as the steady state pressure (to first order).

Thus the fixed-fixed conditions are normally used with Reynolds condition.

The direct perturbation method assumes that the amplitudes of the first

order perturbation pressures can be written as

P = P + P Ax + P Ay + P.Ak + P.bA (17)
0 x y

where

P0 = Pressure Under Static Equilibrium Conditions

P = Pressure Perturbation Due to Ax Displacementx

P = Pressure Perturbation Due to Ay DisplacementY

P. - Pressure Perturbation Due to Ak Velocityx

P. = Pressure Perturbation Due to A& Velocity
y
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Applying the perturbation technique to Reynolds equation yields five equations

which must each be solved for the pressure [Lund, 1966], (Lund, 1978]. The

boundary conditions at the trailing edge (the other boundaries are discussed

in the references and are the same for half Sommerfeld and Reynolds condi-

tions) are subject to a first order expansion also

P(e,z) = P(e0 ,z 0) + 20 AOL Az 0 (18)

Rewriting Eq. (17) as

P a P0 + AP

Eq. (18)

P(e,z) - PO(6 0 , zo) + AP(0, zo)

+ \-'polo Ae + (-f2- o ) z = o (19)

,* It is apparent from this equation that for Peynolds condition the pres-

sure gradients vanish

*- 0 °  iO-i ° - o
36 az 10

and the perturbation pressure must vanish at the same trailing edge as

used in the static equilibrium state. However, for the half Sommerfeld

condition, the derivative of P with respect to a is always large even

if aP 0/z is small so Eq. (19) becomes

AP(eo, z0) + - 1 Ae + Az - 0 (20)
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(since P0 = 0). The three terms of Eq. (20) are first order effects of the

perturbation and therefore must all be retained. Therefore, for the half

Sommerfeld solution, the boundary conditions for the perturbed pressure may

not be zero at the trailing edge. An equivalent numerical result is achieved

if the trailing edge boundary be allowed to float during calculation

of the dynamic coefficients.

5.2 Half Sommerfeld Condition

The half Sommerfeld condition was used to determine stiffness and damping

coefficients for a plain journal bearing. Both fixed-fixed and floating-

floating conditions were evaluated and compared to Reynolds fixed-fixed

condition [Lund, 19661 . All of the stiffness and damping coefficients in

this section were calculated using a series solution to Reynolds equation

[Li, Allaire, Barrett, 1977] with a large number of series terms included

so that no numerical errors are involved there. The effect of numerical

displacement and velocity perturbations was eliminated by varying the

perturbation size until no changes in the coefficients occur for large

changes in perturbation size. Thus the half Sommerfeld condition, with

both bloating-floating and fixed-fixed cases, can be examined. Principal

stiffnesses are plotted vs. Sommerfeld number in Fig. 8 and cross-coupled

stiffnesses in Fig. 9 where eccentricities are indicated at the top of

the graph. The half Sommerfeld floating-floating results agree well with

the Reynolds fixed-fixed case. Figs. 10 and 11 give the damping co-

efficients. The principal damping coefficients half Sommerfeld floating-

floating curves again are very close to the Lund data points. For the

cross-coupled damping, the Reynolds condition yields equal values of Bxy

and B while the half Sommerfeld floating-floating curves are slightlyyx

above and below. Fig. 12 shows the stability threshold for the plain

Journal bearing.
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Journal Bearing
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In each case the half Sommerfeld floating-floating curves are very good

agreement with the Reynolds fixed-fixed results. Only the cross-coupled

damping coefficients are somewhat different but generally by less than

10%. These damping coefficients are of minimal importance in unbalance

response of rotor-bearing systems and the effect on bearing stability, shown

in Fig. 12, is also very small. The half Sommerfeld fixed-fixed values are

not in good agreement with Lund's results. Thus, the half Sommerfeld floating-

floating condition is used to obtain the dynamic coefficients in this report.

The half Sommerfeld condition avoids the iteration on the boundary loca-

tion and saves a great deal of computer time.

5.3 Reynolds Condition

Reynolds condition with both fixed-fixed and floating-floating boundary

locations were calculated with the series solution [Li, Allaire, Barrett,

1977]. The only difference was the Reynolds boundary condition. Figs.

13 through 17 gives the results for stiffnesses, damping, and stability.

For comparison, the Lund perturbation results [Lund, 19691 are given

as well.

It is seen from the curves that the difference between fixed-fixed and

floating-floating boundary locations is not nearly as large for Reynolds

condition as it is for the half Sommerfeld condition. Some large differences

occur in K at high Sommerfeld number where the value actually becomesYY

negative for the floating-floating case. The cross-coupled damping Byx

is also somewhat different at large S. The stability threshold actually

has the largest difference.
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5.4 Conclusions

This section has presented numerous comparisons for both half Sommerfeld

and Reynolds boundary conditions. The results indicate that the half

Sommerfeld boundary condition differs from the Reynolds boundary condition

by only a few percent in most cases (when the half Sommerfeld condition

is properly applied to the dynamic coefficients). Thus the half Sommerfeld

boundary condition has been used in this study. Although only the plain

journal bearing has been examined in this section, it is believed that these

results apply to pad bearings as well. On most pan. in a given bearing, the

pad will have all positive pressures (due to a fully converging film thick-

ness) or be all cavitated. Usually only one pad would even have a converging-

diverging film thickness where Reynolds condition would be applied. It is thus

believed that the half Sommerfeld condition is adequate and much faster

(in terms cf computer time) than the Reynolds condition.
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