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I. INTRODUCTION

This report describes a method of numerically solving the equations
governing a one-dimensional, premixed, laminar, steady state flame that
propagates into an unbounded medium. To solve such a system, we adopted
a standard package for integrating one-dimensional partial differential
equations known as PDECOL. The program is modified to handle flame
equations efficiently by concentrating the spatial grid about the flame
front itself. How and why this is accomplished constitutes the bulk of
this report. As a test case, the program has been implemented for the
ozone flame in which there are three chemical species: 0, 02 and 03.

In passing it should be pointed out that two common simplifying
assumptions are not made. These are (1) that the species diffusion
velocity is proportional to the gradient of the logarithm of the species
mass fraction (Fick's law) and (2) that the Lewis number is a fixed,
predetermined value or function.

II. THE FLAME EQUATIONS

The derivation of the conservation equations for multicomo6nent
reacting ideal gas mixtures can be found in the literature1 '

2 ,3 . Here
we are interested in those equations that adequately describe a one-dim-
ensional, laminar, premixed flame. The effects of viscosity, thermal
diffusion and body forces are ignored. For such flames we recognize the
fact that the flame velocity is small compared with the local speed of
sound and so take the pressure to be constant3,4 .

The equations pertinent to our present case are:

Overall Continuity:

Sa (Pu =0 01)
Dt a

1J. 0. Hirachfeder, C. F. Curtiss and R. B. Byrd, Molecuar Theory
oL Gee and ,4a, John Wiley and Sons , New York, second printing
with wtea, Hay, h 1964.

2R. B. Bird1 W. E. Stewart and E. N. Lightfoot, Trana port Phenomena

John Wiley and Sons, New York, 1960.

3F. A. Williams, Combustion Theor 1  Add4ieon-Wesley, Reading Moaa.,
1966.

4R. M. Pri trom and A. A. Weetenberg, FZame Structuree McGrw-Hill,
New York, 1965, p. 319.
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Continuity of Species:

3i @k aYkR .- 2
a• k= pY k u RkM k  a (PYkVk) k: 1,2,...N (2)
at P ax k k Dx (Pkk) k

and

Conservation of Energy:

pc 3T puc aT a T N DTTN
~p + P T- = x E Y k - k 57 'c RkMkhk) (3)

\OX kXk=l k=l

where the variables are defined in the glossary. In equations (2) and
(3), Vk is determined from t1~e relation

ax N XX.i,.Bk N jkj (V. - (4)

ax D ~ V)j=l kj

For the thermal equation of state we have taken the ideal gas law,

N
p = PRT Z Yk/Mk,

k=l

and for the caloric equation of state we use

T
hk = h; +f Cpk dT. (6)

T
0

From the definition of mass fraction, mole fraction and diffusion velocity
we have the identities:

N
E Yk , 7)
k=l



N
X k = (Yk/Nk)/ ' (Y./Mj). (8)

ju j

and
N
t Yk Vk 0, (9)

k=l

. respectively. Notice that equation C9) can be used to eliminate one of
J the diffusion velocities in equation C4). (In out coding for the ozone

rflame we chose to eliminate the diffusion velocity of molecular oxygen.)

In order to avoid solving equation (1) explicity we introduce a~Lagrangian coordinate * such that

x

4(x,t) =f p(x',t)dx'. (10)

0

Then p±.= and (11)
ax

at it t) d., (pu)dx' pu + m (t), (12)att

where pulx=o = m0 (t). With this notation equations (2) and (3) become

aYK aYk - (13)

at o = RkMk/P - PYkVk)

and
aT 9 o T I D DT. N cpk T N
IT + -- -- r P---ZC Pkk3 PC ,C14)

a kal p - p RkMkhk(

respectively. For initial conditions symmetric about x=O only the inter-
val 0 < x < - need be considered and the boundary conditions are

aT a 0 at x a 0 and x for t > 0

and

aYk
S0, (k 1,2,...N) at x -0 and x for t > 0. CIS)

7
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In principle, specification of the initial conditions and integration
of equations (13) and (14) subject to the boundary conditions of equations
(15) would provide steady state profiles of the temperature, T, and the
mass fractions, Yk'

In practice there are a few steps that remain before actual coding
of these equations can begin. For numerical convenience we introduce
several non-dimensional quantities:

t* =t/t.,

and

T* = T/T.

where
-5

t0 = 5 x 10 seconds,

= 5 x 10- 6 gm-cm -2, and

T 300K.

These quantities pertain to the particular case of an ozone flame, though
they might possibly be convenient divisors for other flames, too. It is
also convenient to define m0  (t /Vp) m. The dimensionless forms of
equations (13) and (14) are

aYk aYk 5 x l0-5  R - 1 Y (16)mo* k
at* = Rp ~ 10 LF (PYkVk) (6

and

T* +m T* 2 x 106  a aT*

N c 7 N- N1 E p T 5 x10-7  N
10 E PYkVk * - x 1 Z RkMkhk, (17)k=l c p kkD* 3pc p k=l k

respectively.
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For the ozone flame

Y2 02

iY 2[Y3] 0 =3.J

and molecular oxygen concentration is eliminated by using equation (7).

Equations (16) and (17) are actually used to find the steady state
mass fraction and temperature profiles.

For the particular case of ozone these profiles have not yet been
measured. Only the flame speed as a function of initial mole fraction
of ozone has been recorded5 . The flame speed. uf, is the propagation
velocity of the flame relative to the fluid at rest; i.e., at infinity.
To compute uf first the steady state profiles are required. Then we
transform to a coordinate system in which the origin moves through the
fluid at the same speed as the propagation velocity of the flame relative
to the fluid at the origin. In this coordinate system all variables
are independent of time; specifically,

BYk

k-- =f 0
at

ap
- =

and from equation (1)

a(Pu) .0.
ax

We now compute the flame speed from the mass fraction profile(s).
Take any one of the equations (2) and integrate to obtain

f ayk

f pu _- dx of \Mkdx " v. (PYkVk)dx. (18)
0 ax0 A0 TX P

5A. G. St'eng and A. V. Grosee, "The Osone to Oxygen FZame", Sixth
Snpoaeiwn (JnternationaZ) on Combustion. August 1956 Reinho
Pub ishing Corporation, Ne i York; 1187, pp. 264-273.
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Performing the integration of equation (i8) we find

pu[Yk(-) - f RkMdx - PYkVkI (19)

0

To evaluate the upper limit of the last term of equation (19) we know
from equations (15) that

a Yk Yk 0.
0

Employing equation (8) we find that the boundary conditions can be
written as

X k  X k  0

ax 0 ax

Then equation (4) evaluated at the boundaries is

N XkXj(0 = jg D k,
j~ kj(V- k

which admits only the unique solution V, - 0 for all j. Thus the last
term of equation (19) vanishes and we otain

o RkMkdX -p-lIkd

UM P)[Yk()Yk(o) yk()-Yk(O)] (20)

In this coordinate system, uf = - ).

III. PDECOL - A GENERAL PDE SOLVER

The package PDECOL, developed by Madsen and Sincovec6 was used to
solve this problem. This is a general package for solving partial dif-
ferential equations (PDE's) using the method of lines. The spatial

6N. K. Madsen and R. F. Sincovec, "PDECOL: General Collocation Software

for Partial Differential Equations", Preprint UCRL-?8263 (Rev. 1),
Lawrence Livermore Laboratory, 1977.
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discretization is accomplished by finite element collocation methods
based on B-splines. The time integration is done using a predictor-
corrector method, based on the algorithm of Gear.

The basic assumption is that the solution can be written in the form

NCk Z Cki) (t*) Bi(**), k=l...N, and

i=1
NC Ci

T* NC i  (t*) Bick*),
i=l

where the functions B.(F*), i=l ...NC, span the solution space for any

fixed t* te within a small error tolerance. The time dependent coeffi-
cients 41 ) are determined uniquely by requiring that the expansion above
satisfy the given boundary conditions and that they satisfy equations
(16) and (17) at (NC-2) interior (collocation) points. If there is a null
boundary condition, an extra collocation point is added. The resulting
set of coupled nonlinear ordinary differential equations (ODE's) may be
numerically integrated by standard means.

The basis functions Bi used are B-splines. A program developed by
C. deBoor 7 has been incorporated into PDECOL to handle the generation
and evaluation of the B-splines. These basic functions are piecewise
polynomials. To define them, the user must supply a set of strictly
increasing breakpoints. The piecewise polynomials are joined at these
breakpoints (or knots). KORD, the order of the piecewise polynomials
and NCC, the number of continuity conditions at the breakpoints must also
be specified. Here, the expansion and its first (NCC-1) derivatives will
be continuous at the breakpoints. Then the program will generate a set of
NC = KORD(NB-l) - NCC(NB-2) basis functions and collocation points,
where NB is the number of breakpoints.

By definition, a B-spline will equal zero except over a small interval.
At any collocation point at most KORD of the B-splines will be non-zero.
Because of this the system of ODE's for the coefficients Cki) will not be
fully coupled.

This system of ODE's is integrated in time, using a variant of the
Gear integrator. The appropriate banded Jacobian is generated internally
by the program. Once the integrator has reached a desired output time
t*, the values of Yk and T* can be obtained for any 4* by substituting
into the expansion.

7C. de Boor, "Package for Calculating with B-aplines", Siam. J. Nwer.
Anal. 14, 441-472, 1977.
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The user must supply a main program and three subroutines. In the
main program the left and right spatial boundaries are specified. The
order of the piecewise polynomials is specified, and the continuity and
smoothness requirements where the piecewise polynomials are joined. The
error criterion for the time integration is chosen. The most important
factor is the definition of the breakpoints for the spatial discretization.
They must be chosen close enough so that the spatial errors will not be
too large. There is at present no way of determining an optimum set of
breakpoints for a given problem other than trial and error.

i The three subroutines BNDRY, UINIT and F are straightforward. In
BNDRY the boundry conditions are specified. UINIT gives original spatial
profiles for the unknowns, while F gives the formulas for determining
the partial derivative of the unknown variables with respect to time.

IV. PRIOR IMPLEMENTATION

Margolis8 has attached the ozone flame problem using PDECOL. However,
his approach has some serious disadvantages. Margolis solves the problem
only for an initial ozone mole fraction of .25, (balance molecular oxygen),
using a number of simplifications in the input data. These may affect
the validity of his results, but do not change the basic numerical prob-
lem. (The details of our input parameters for the ozone test case will
be reported elsewhere9).

To perform the integration, he makes the standard assumption that
the fluid is at rest initially, that is, mo = 0 in equations (16) and
(17). His boundary conditions correspond to zero flux of species and

L heat at the origin and at infinity. In practice, the boundary condition
for x = must be applied at a finite value of x. This must be chosen
large enough so that the flame front remains suffi,-ently remote from the
boundary so that it is not affected by the boundary's finite location.
Margolis chose the value p = 50.

His initial conditions8 are given by
5 7 * 7] .

0.0005 cos 5 7 (- , 0 < < 1.2 (21)

0 , *> 1.2
i5 n 7].2/3 + 1 - .0005) cos[ , 0 < < 1.2

("- Y2 = 0)2 .

2 2/3, p* > 1.2

8S. B. Margolis, "Time Dependent Solution of a Premixed Laminar Flame",

J. Comp. Phys. 2,, 410-427, 1978.9J
9j. M. Heimerl and T. P. Coffee, "The Detailed Modeling of P 2. nixed,
Laminar Steady-State Flame to Obtain Validated Reaction Networks I.
Ozone". (Manuscript in preparation).

12



Y3  1 - I Y2 9 and

= 1.0 + 3.166667 cossi 7 , 0 < < 1.2,

1.0 *> 1.2.

The conditions at V* > 1.2 are those of the unburned medium and the
conditions at *~=0 correspond roughly to a hot pocket of nearly burned
gas.

The order of the B-splines was chosen to be 6, and the B-splines
and their first four derivatives were chosen to be continuous at the
breakpoints. Margolis' maximum breakpoint spacing was 0.2 corresponding

VT to 250 breakpoints. His modified equations (13) and (14) were then inte-
Sgrated forward in time until the profiles stabilized. The flame front

moves from the origin toward x = - and the integration must be stopped
before the boundary at infinity (here at t* = 50) is reached.

The large number of breakpoints create a need for a large amount of
computer "memory". In fact, working on a CDC 7600 in single precision,
we could only use about 210 breakpoints because of local small core
memory restrictions (n 60,000 words). Also, in this coordinate system,
it is not obvious when a steady state flame has developed, since the

•1 flame, proceeding toward x = -, is moving relative to a stationary coord-
inate system.

Moreover, we wanted results for higher initial mole fractions of 03.
But the higher the concentration of 03, the faster the flame and the
narrower the flame-front. As a consequence the finite location of the

boundary at infinity would have to be larger to allow the flame sufficient
space to develop. Yet, the breakpoints must be closer to adequately model
the flame-front. And as a consequence the straightforward implementation
of Margolis' method becomes impractical.

V. A MODIFIED FLAME CODE*

We have made substantial improvements by taking advantage of the
peculiarities of a flame-front. In the unburned region, practically
no changes occur. Most of the changes occur within the relatively

.. narrow flame-front. In the burned regions reactions occur relatively
slowly.

*The nomenclature for sections V and VI is defined at the end of section

VI.

13



What we would like to have is a method of concentrating our break-
points in the steep flame-front, where greater accuracy is necessary. In
principal, a simple way to do this is to transform to a moving coordinate
system in which the flame-front is stationary.

First, let us consider the fixed dimensionless coordinate system de-
fined by the standard assumption that no mass flux flows through the ori-
gin, i.e., that

L'mo*(t*) = ({ /*Ouj x=o * 0

The origin of this fixed system is defined by OF in Figure 1. Let
be a point in the flame front in this system, and

SF* at*

be the speed of the flame in the fixed system. For steady state conditions

d F*/dt* 0

ior
-0 aF*/at* + (a F*/Dx) dx/dt* = O.

Identifying terms we have

S * + (p/) (tu) = 0,

or

SF = - (tF/*)pu,

where pu is the constant mass flux through the flame in the x coordinate
system.

Next, again referring to Figure 1, we define a moving coordinate
system with origin OM in such a way that a point on the flame profile
remains at a fixed distance, p4 from 0M . This transformation can be
simply implemented by letting mo*(t) = -SF* in equations (16) and (17).
In this case the mass flux through the moving origin, OM, equals the mass
flux through the flame.

14



L MOVING
FIXED S*

I I

Fig. 1 The curve represents a convenient steady state temperature (or
*" mass fraction) profile that defines a flame. A description of

this fflame in the fixed, Op, and in the moving, OH, coordinate
system serves to define the relationship between the two coordi-

nate systems.
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In practice, we do not know SF* at the beginning of the integration,
and the flame will not be at steady state. We will now describe an
algorithm to define mo*(t*) such that mo*(t*) approaches -SF* as the
flame approaches steady state. In the process, we shall require that the
flame-front remain about the same distance from the moving origin OM, in
order that the breakpoints can be concentrated in the narrow range of the
flame-front.

VI. ALGORITHM TO DEFINE m *(t*)

We chose the same conditions on the B-splines and boundary conditions
as before. (The sensitivity of the computed flame speed on the order of
B-spline is discussed in Appendix A). The boundary at infinity is placed
at t* = 25. For the case of .25 mole fraction we choose the initial con-
ditions:

0.9995 < 9.9575 (22)

Y =2/3 + - .000 cos [(*- 575) 7, 9.9575 < < 11.1575

12/3 , > 11.1575

10 7* < 9.9575

Y =*-9.95757
3 os [ ) ] , 9.9575 < * 11.1575

3 3 [2 1:2

I *> 11.1575

Y1 = 1 -Y 2  Y3

4.166667 , < 9.9575

cs 5f. *..*-9.9575.7

T* = 1.0 + 3.166667 cos 1[ : ( ] 9 5 7 11.1575

1.0 > 11.1575

16



These profiles correspond roughly to a flame-front where Y2 0.8 at
*F* - 11.0. Arbitrarily, we try to keep the flame centered at this point,

that is Y2(*i,t*) w 0.8 at *M" = 11. (We define *C*(t*) as the value of
* for which Y2 (*,t*) ' 0.8).

A total of 58 breakpoints are chosen. Across the flame-front,
10 <,* < 13, the breakpoint spacing is 0.15, gradually increasing to 0.5
atM* = 0 and 1.0 at 4* = 25.

For numerical reasons, we would like the function m(t*) to be con-
tinuous. For simplicity, we let it be a piecewise straight line,

We define a sequence of output times to*, tl*, t2* . . ...., tk* where

o* will be redefined. This must be done often enough to keep up with

changes in the propagation velocity as the flame approaches steady state.
The function m is then defined by the values at these ouput times, that
'is 4(t*)=- So*, 4(t!) - Sl* and so on. The problem lies in deter-
mining an appropriate sequence 51* such that Si* - SF*.

To begin the iteration, we make a guess as to the initial, unrelaxed
flame speed, Spo*. We let SFo* = So* = Sl*, so mo(t;) = - 50* in the in-

terval to* < t* < tl*, as depicted in Figure 2. By interpolation, we
can find IjFP'* (to*) = jiMC* (t*), the preselected centering point of the
flame front at to*. At this starting time, the fixed coordinate system
and the moving coordinate system have a common origin.

We then integrate to time tl* and find *mC* (tl*). The relationship
between fixed and moving coordinate system at time t* is shown in Figure
3 and is given by

*FC* (t) = *MC* (t*) + so* (t * -

The average speed of the flame between to and tl, denoted SFI*, is
defined by

S*l ( jC (t1*) ( t jc (to*))/(t1* " to (

We need to determine the next value, mo*(t2*) = $2*. One simple
algorithm is to choose S2* a SP1 . Then at t* a t1, the origin ON will
be moving at the average speed of the flame-front between t* and tl*.
As the flame approaches steady state, Spi* will approach SF* and the
origin will eventually match the flame speed.

The disadvantage of this procedure is the time lag in adjusting OM
(See Figure 4). During this lag the flame can drift away from its
initial position at *4" = 11. If we were to adopt this algorithm the
region of dense breakpoints would have to be much larger to allow for
drift.

17
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1$ I 0

OUTPUT TIME

Fig. 2. A Sketch of m*as a function of Noni-dimensionalized Output
Time. (S* 0= see text).
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Fig. 3. oxygen profile- Y2., is used to illustrate the relationshipbetween the fixed and Rkoving .oordinate system at time t1*
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I

.5!

OM 0

O* A 1 1

Fig. 4. The molecular oxygen mass fraction profile is used to charact-

erize the flame front (exaggerated for clarity) at t* = tl*.
The case sketched here, 11.0 > tc* (tl*) indicates the speed
of the coordinate systems, S2", should be increased to move
*MC closer to 11.0.

20



An alternative method to determine $2* is to try to recenter the
flame by the time t2*. To do this, we assume that SF2* SF1. As the
flame approaches steady state, this will become very nearly true. Con-
sider the average speed of the moving coordinate system between t* and
S2*; i.e., (SI* + S2*)/2. If we let this average speed equal

2 2

• 11 - MC* (t1 *)

SF1 + .
Fl 2 1

the average speed will be modified just enough so that IMC* (t2*) = II.
This centering constraint is sufficient to determine $2*. Specifically:I]

$ = 2 S* - SI* + 2 (11 - *M(tl*))/(t2*-tl). (24)

However, this algorithm for S2* is observed to have numerical dif-

- ficulties. In order to center the flame, the speed of the origin must
substantially over-shoot the flame speed and the resulting oscillations
are hard to follow numerically, as illustrated in Figure 2.

An effective empirical rule was found. We simply took the average
of the above two values for S2". That is

= 3/2 SF1 , - 1/2 S1* + (11 - 'Mi (tl*))/(t2*-tl*) (25)

This helps cut down oscillations in m * while keeping the flame reason-
ably centered. 0

The generalization is straightforward at time t.*

SFi* (*FC* (ti*) - WFC* (t*i-1))/(ti*-ti-l*) (26)

and

Fi( 1'1 C (ti*)/(t -t*. (27)S i+1* 3/2 S Fi 112 S i  + (11 MC ( * /i+l- ti* (27

21
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Once the flame reaches steady state, SFi* = SF*. The quantity

11 - MC* (ti*) quickly goes to zero, and equation (27) rapidly approaches
the desired steady state solution Si* = Si+l* = SFi* = SF*.

SA slight modification should be made in evaluating the flame speed.
Since the coordinate system is moving, the gradients of the profiles are
not necessarily zero at M* = 0. So in running the code, no boundary
conditions are imposed at *M* = 0 and Vk at 0 is not necessarily
zero.

This term can be evaluated, and equation (20) becomes

u N ofP I RkMkd4; (0) Yk (O)Vk()
p(w)[Yk( N)Y(O)_ P(-)[yk(w)Yk(O)". (28)

This additional term is found to be extremely small.

VII. SENSITIVITY OF THE COMPUTED FLAME SPEED UPON THE PARAMETERS
USED IN THE NUMERICAL METHOD

A question that might be brought up is whether the computed values
of the flame speed depend on the particulars of the numerical method.
That is, is the flame speed sensitive to the number of intervals (NINT)
chosen? (The number of breakpoints equals one plus the number of inter-
vals). Is it sensitive to the order of the B-spline (KORD) or the number
of continuity conditions imposed (NCC)? To answer these questions we
executed the code starting from the fixed standard profile for each initial
mole fraction of ozone to a fixed value for t*. (For an example of the
0.25 initial mole fraction standard profile see equation (22)). A value
for t* was chosen to be more than adequate to insure that the steady
state had been achieved i.e. t* (.25 ozone) = 40 and t* (1.00 ozone) =
10. [This procedure is contrasted to the more normal and less time con-
suming method of iterating from previously saved profiles]. The advantage
gained in starting from standard profiles is that the run time is then a
measure of the relative efficiency of the change.

Table I shows the effect of doubling the number of breakpoints (grid
points) on the computed flame speed. The standard we had selected for
the 0.25 initial mole fraction ozone case was 57 breakpoints and sixth
order spline with five continuity conditions. The flame speed was com-
puted for each species (see equation 20) and shows little difference when
the breakpoints are doubled. One also sees that the value of the flame
speed is independent of the species selected for use in equation (20).
As expected the run time, execution time less initialization time, increases

22
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with increasing number of breakpoints. The number of integration steps
is also indicated and are a measure of the relative effort to attain the
steady state condition. Rows 3 and 4 of this table show the same results
for the 1.00 initial mole fraction ozone case. Here we see that the flame
speed is essentially unchanged whether NINT in doubled or whether 0, 02,
or 03 is chosen to evaluate equation (20).

Tables II and III show the sensitivity of the computed flame speed
to changes in the order of the B-spline selected and the number of con-
tinuity conditions imposed for initial mole fraction of 03 of 0.25 and
1.00, respectively. The flame speed values are essentially all the same.
By comparing run time and number of steps it can be seen that some improve-
ment in run time could have been made over our standard case where KORD =

6 and NCC = S.

In every case the previous t* printed out [t* (0.25 ozone) = 35 and

t* (1.00 ozone) = 9] also showed steady state had been attained. There
were no differences to three significant figures for the 0.25 initial
ozone mole fraction. With the exception of the KORD = 3 and NCC = 2 case,
again no differences to three significant figures were observed for the
1.00 initial ozone mole fraction. The KORD = 3 and NCC = 2 case showed
differences of six parts in 500 for 0, two parts in 500 for 02 and three
parts in 500 for 03, still an adequately close approximation to steady
state.

In conclusion, we find that the observed insensitivity indicates that
our standard cases are sufficient to supply a numerically reliable solution.

VIII. SUMMARY

We have reported a method to efficiently solve the equations that
characterize a one-dimensional, premixed, laminar steady-state flame
propagating into an unbounded medium. The general package PDECOL that
solves partial differential equations using the method of lines has been
employed. Spacial discretization is accomplished by finite element col-
location methods based on B-splines, while the temporal integration is
accomplished by a Gear-type predictor-corrector method. We have imple-
mented PDECOL in conjuction with a method of concentrating the breakpoints
in the steep flame-front where great accuracy is required. A description
of this method comprises the bulk of this report. The method enables
one to solve efficiently the governing equations. Sensitivity tests con-
cerning the evaluation of the flame speed for different numbers of break-
points, different numbers of continuity conditions show that we in fact
have obtained a numerically reliable solution.
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Nomenclature for Sections V and VI.
(All Quantities are Non-dimensional)

0 The origin of the fixed coordinate system (that is, there is no
mass flow through 0F).

OM  The origin of the moving coordinate system that will track the
flame (at t* = 0, 0 =

S F* The speed of the steady state flame with respect to 0F (this is a
constant).

m * The non-dimensional mass flow through 0M .0 M

£F "Distance" in the fixed system.

M* "Distance" in the moving system.

pC The "distance" from OF to some specified point in the flame-front.

The "distance" from OM to some specified point in the flame-front.

S.* The speed of OM with respect to OF at t.* (equals the negative of
1 the non-dimensional mass flow through OM at ti*).

S*i The average speed of the flame with respect to 0 between t *1 andtl*.
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APPENDIX A.
Recent Code Changes

A number of changes have recently been made in the code. The pur-
pose is to make the code easier to modify, so that a minor change in a
problem does not involve major changes in the code. Also, the form was
chosen to be as easy as possible to extend to other flame simulations.

To begin the execution of the code, a number of input values are

required. We must specify the right and left hand boundaries, R* and
L respectively. The corresponding starting temperatures, TR* and IL*,
and mass fraction, YkR and YkL, must also be given. In addition, we
need to specify tf*, the final integration time. Finally, we specify
NINT, the numbers of intervals chosen, KORD, the degree of the piecewise
polynomial functions, and NCC, the number of continuity conditions.

The subroutine UINIT will now automatically generate the initial
guessed profile. Since the exact form of the profile is not important,
so we use the simple formula

TL ' <L * - 'L + 0.4

11 TL  +(TRTL) i* - - 0.4 ( R* -

L 0.2 (IR* -1L*)

T=

WL* + 0.4 ( R* - < 2 p* - 'L* + 0.6 ( R* -L *)

TR ' L* + 0.6 (R- R L*  ) <* R*

with corresponding formulas for the Yk"

The breakpoint sequence is also chosen automatically, with the break-

points concentrated in the center of the interval (0I, R

The program will produce the original guess So for the speed of the
origin. It does this by numerically integrating equation (20) for one of
the given Yk profiles. This can be converted to a corresponding mass
flow rate mo*.

The sequence of output times is also selected automatically. As
S * - S *iI decreases, t 4  - t." is increased.
Fi Fi-i ' 1+l 1 2
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When the end time tf* is reached, a data file is created. This
contains the collocation points with the corresponding temperature and
mass fractions. It also contains the last value for the speed of the
origin, S-*, and the left and right boundaries of the flame front. For
convenience, the left boundary is defined as the value of * for which

T* T L + 0.1 (T R* - T L*)

and the right boundary as the value of * for which

T* = TR* - 0.1 (TR* - T *

The integration can be restarted from this data file by setting
NSTART = 2 within the program. If desired, any of the parameters R*,
L*, NINT, KORD, or NCC may be changed.

The breakpoint sequence is again generated. For this case, the
breakpoints are adjusted so the greatest concentration is in the given
flame front.

The old collocation points and function values are read in the
subroutine UINIT. If WPL or WpR have been changed, these values are
adjusted to recenter the flame. If NINT, KORD, or NCC have been changed,
the set of collocation points generated by PDECOL will be different. In
this case, the required values at the new collocation points are found by
interpolation. The original guess for So* is the value for the old speed
of the origin.

The boundary conditions specified in BNDRY have also been modified.
We now use the conditions

Ti T* L

Y k Y kl L

aT*

D 0*= R

Then even if L is accidentally chosen too close to the flame front, we
will still have the proper values for T and Yk"

The subroutine F and RT give the information necessary to compute
the time derivatives of T and Yk. These are complicated subroutines that
depend on the specific kinetics and transport properties used.

30



We have developed a loader program that will write these subroutines,
given the appropriate data. So changes in kinetics and transport, or
changes to another flame, can be made easily.

I- 4.I
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APPENDIX B.

Comment on the Method of Spalding and Patankar.

We have recently become aware of another program for solving steady
state flame problems. Like the method documented here, it concentrates

4the spacial grid in the flame front.

This prncedure is based on a computer code developed by Spalding
and PatankarBI. It is applicable to systems of parabolic equations of
the form

+ (a = ) (c 0 + d, (B1)

x ~aw aw y

where a and b are functions of x, and c and d are arbitrary functions.

The code was originally used to predict boundary-layer phenomena. The
method was modified by Spalding, Stephenson, and TaylorB2 to solve the
equations of one-dimensional laminar flame propagation.

We can start with our set of equations (1), (2), and (3). The
standard transformation

p pu (B2)a)x o ---

is applied. Note that there is no mass flow through the left boundary.
Equation (2) becomes

Y = - V- (PYkVk) + RkMk/P (B3)

and the temperature equation is similar.

To put this in a form similar to equation (Bl), we need to apply
some form equivalent to Ficks law. The most common approximation is

Bi. D. B. Spaliding and S. V. Patankar, Heat and Mass Transer in Boundary
Layer Morgan-Grampian, London, 1967.

B2. D. B. Spalding, P. L. Stephenson, and R. G. Taylor, "A Calculation
Procedure for the Prediction of Laminar Flane Speeds", Combust.
Flame 17 5-64, 1971.
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V 2 'k(B4)
P~k~kYk0 k Vk = - 2 Dk " 'B4

where Dk is some diffusion coefficient. (More complicated relationships
between Vk and DYk/3* can be put into this form). Then equation (B3) be-
comes

at k-= 3 2 D k  + RkMk/p. (BS)

To concentrate the computational effort within the flame-front,
another transformation is made. We define w = ('-'u) / (*b-Ou), where
'Pu is a point near the unburned boundary of the flame-front and 'Pb is a
point near the burned boundary of the flame. Then 3'u/at = - mu and

a3fb/at -= -b, where m is the mass flow through the points. At steady
state, m u mb = pu is constant. Equation (B5) now is written

a-t- u + W(%- mu ) =Yk D 2 Dk 2 +kk .(

at - D+(B6)
bu bW 3u 3p

The critical part of the code is the selection of mu and m b so that
they approach the steady state mass flow without causing instability in
the code. In another paper, Spalding and StephensonB3 give suggestions
for such "entrainment laws", or formulas for determining mass flow rates.

The two codes have the same basic aim, to concentrate attention on
the flame-front. Both codes accomplish this by properly choosing mass
flow rates, either through one or two points.

The Spalding and Patankar code is restricted to equations of the
form (B1). Also, the code uses finite differences, instead of the
finite element method of PDECOL.

B3. D. B. SpaX idng-and P. L. Stephenson, "Laminar Flame Propagation
in Hydrogen and Bromine Mixturee", Proc. R. Soc. London A.324,.
315-337, 1971.
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APPENDIX C.
Program listing

A listing of the computer code follows. The subroutines MAIN,F,
UINIT, FLSP, RT, BNDRY, DECOMP, and SOLVE are written for laminar flame
problems. The code is set up to compute an ozone flame with an initial
ozone mole fraction of 0.25.

The rest of the subroutines are from PDECOL. The only change has
been made in the driver routine. The error criterion has been changed
so that any quantity smaller than a user supplied parameter SREC is con-
trolled by an absolute error criterion instead of a relative error criter-
ion. This prevents the program from overworking when concentrations be-
come negligible. Also, the collocation points are placed in the vector
XCPTS, to permit their use in MAIN.

We have also included a listing of the loader programs. The first
routine, LOADF, writes the part of the code concerned with computing the
transport coefficients. LOAD writes the part of code concerned with the
kinetics. LOAD can also write the appropriate subroutine for EPISODE, an
ordinary differential equation solver. Both codes write the subroutine
on a file called TAPE3. This can be cataloged and then attached to the
main program. The routines are also written on the output file (TAPE6)
along with additional information on the input values.
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GLOSSARY

c Specific heat capacity at constant pressure of the fluid mixture
P (cal/gm-K)

C Specific heat capacity at constant pressure of the k1th species
(cal/gm-K)

D.. Binar diffusion coefficient of species i in a bath of speciesD j (cm /sec)

hk Specific enthalpy of the k'th species (cal/gm)

Mk Molecular weight of k'th species (gm/mole)

N The number of species

P Pressure (atm)

R Universal gas constant
R = 1.9872 cal/mole-K
R = 82.05 cm3-atm/mole-K

Rk Rate of production of k'th species by chemical reactions

(moles/cm3-sec)

t Time coordinate (sec)

T Temperature of the fluid (K)

u Velocity of fluid mixture (cm/sec)

Vk Diffusion velocity of k1th species (cm/sec)

x Space coordinate (cm)
X Mole fraction of k'th species

Xk Mass fraction of k'th species

IX Thermal conductivity of the fluid mixture (cal/cm-sec-K)

p Density (gm/cm3)
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USER EVALUATION OF REPORT

Please take a few minutes to answer the questions below; tear out
this sheet and return it to Director, US Army Ballistic Research
Laboratory, ARRADCOM, ATTN: DRDAR-TSB, Aberdeen Proving Ground,
Maryland 21005. Your comments will provide us with information
for improving future reports.

1. BRL Report Number

2. Does this report satisfy a need? (Comment on purpose, related
project, or other area of interest for which report will be used.)

3. How, specifically, is the report being used? (Information
source, design data or procedure, management procedure, source of
ideas, etc.)

4. Has the information in this report led to any quantitative
savings as far as man-hours/contract dollars saved, operating costs
avoided, efficiencies achieved, etc.? If so, please elaborate.

5. General Comments (Indicate what you think should be changed to
make this report and future reports of this type more responsive
to your needs, more usable, improve readability, etc.)_ _

6. If you would like to be contacted by the personnel who prepared
this report to raise specific questions or discuss the topic,
please fill in the following information.

Name:

Telephone Number:

Organization Address:
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