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NOMENCLATURE

S)Lmbol Units

b Semi-width of contact ellipse at X in.

B Corner break in.

BijDamping component, change of force in i lb-sec
direction due to velocity in j direction; in
i " x, y, z; j x, y, z.

BN Damping matrix Ib-sec

lN)lineal in

0 0

0 0
S 0 N)angular

(BN)lneal Damping matrix due to lateral velocities lb-sec
N in a in

xx xyS B~
lB BI
LYx Y I lineal

)angular Damping matrix due to angular velocities in-lb-sec

radianxx X

B B

_YX Y angular

c i fori =1
C A constant, C I for i - 2

d Roller diameter in.

E Pitch diameter in.

2

E E Modulus of elasticity for roller body ib3/in

E R Modulus of elasticity for race body lbs/in 2  .

vii
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F Roller centrifugal force lbs.

Fi External applied force, i - x, y, z lbs.

Fi Reaction force, positive in direction lbs.opposite to displacements, i = X, y, z

F

F Force Matrix - [F] lbs.
SL~FJ

G Distance along roller element from in.
extreme end of effective length to point
where crown drop is measured

H Roller crown radius minus the rise of the in.

arc at midpoint of effective length

K Roller-race stiftness lbs/in

Kij Stiffness-component, change of force in i lbs/in
direction due to displacement in j direction;

T i , x) yP z; J = , X y9 z

KN Stiffness matrix lbs/in

I-N lineal 0 0

0 0

o 0
%) angular

o 0

(E)lineal Stiffness matrix due to lateral displacements lbs/inK
Kxx xy

lineal

(Kangular Stiffness matrix due to angular rotations in-lb
K tad

_Yx YY] angular

viii
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e Effective length of roller load carrying in.

e surface

£1 Length of flat p.rtion of roller measured in.

F along roller element

Total length of roller measured parallel to in.
roller axis

m Mass of roller lbs.

Mi External applied moment, i - x, y, z lbs-in

M• Reaction moerent, i - x, y, z lbs-in

iOuter raceroller contact moment Ibs-in

M Inner race/roller contact moment lbs-in

2

n Number of rollers

NI Outer ring rotational speed rpm

N Inner ring rotational speed rpm
9 2

P Contact unit loading lbs/in

p'Curr~tit estimate of contact unit loading lbs/inx

PD Diametral clearance in.

PI Outer contact load on qth roller lbs.
q

P2 Inner contact load on qth roller lbs.
q

q Roller position index

R Roller crown radius in.
C

F6
i.x

ix

Wm Column n ,



x, yS z Bearing coordinate system in.

X, Y Roller coordinate system in.

x Static component of displacement in.0

x' Dynamic component of displacement in.

XA Extremity of contact pattern measured in.
parallel to roller axis to the left of
the midpoint of the effective length

SExtremity of contact pattern measured in.
i parallel to roller axis to the right of

the midpoint of the effective length

XA Maximum permissible distance of contact iul.pattern extremity from midpoint of

effective length measured along race
to the left

XB Maximum permissible distance of contact in.
pattern extremity from midpoint of
effective length measured along race
to the right

ZN Impedance matrix - KN + i vB

Other notations as defined in text.
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GREEK SYMBOLS

S~d/E

6Displacement in.

6 Linear displacement in x direction in.
x

6 Linear displacement in y direction in.
y

6  Linear displacement in z direction in.z

Approach of inner race to outer race at in.
azimuth *

A Approach of roller to race at X in.x

Alq Approach of roller to outer race (cup) in.
at qth roller

Approach of roller to inner race (cup) in.
A2q at qth roller

Ci Residues of simultaneous equations

2

4(1 - 22

E Rollec elastic constant = EE ib

24 (1 2 ) in 2

Race elastic constant - ER in-2

o

O Misalignment of inner race with respect radians,
to outer race

0 Angular rotation about x axis radians, 0

x

0y Angulnr rotation about y axis radiansO

y

o Angular rotation about z axis radians,0
z

V Frequency of rotation re d/sec

y E Poisson's ratio for roller

vR Poisson's ratio for race

xi
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P Material density lbs/in3

SCircumferential roller position radians, 0

QE Orbital velocity of roller rad/sec

QI Angular velocity of outer ring rad/sec

S2 Angular velocity of inner ring rad/sec

V Crown drop in.

7' Crown drop at distance G from roller in.
extremity
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SUBSCRIPTS

Symbol Description

b Refers to bearing

E Refers to roller

F Refers to flat

Index, i - 1, 2, 3 or i • y, z

i,J Refers to index of stiffness matrix; i.e.,
force in i direction due to displacement
in j direction

p Refers to pedestal

q Refers to roller circumferential position

R Refers to race

T Refers to total

x Refers to x direction

y Refers to y direction

z Refers to z direction

I Refers to outer race

2 Refers to inner race

I.
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SECTION I

INTRODUCTION

The original Rotor-Bearing Dynamics Design Technology Series AFAPL-TR-65-45

(Parts I through X) included a volume, Part IV(1), which presented design

data for typical deep-groove and angular contact ball bearings. The data

was presented in graphical form and consisted of direct radial stiffness,

load carrying capacity, and load levels. In addition design guidelines and

limitations were discussed. The major deficiencies of this original

volume were that centrifugal effects due to high speed were ignored, and

axial and angular stiffness information were omitted.

Subsequent to the publication of Part IV, several extensive treatments of

rolling element bearings including elastohydrodynamic, thermal, and cage

effects have been published. The computer program of Mauriello, LaGasse,

and Jones (2) considers both elastohydrodynamic and cage effects for ball

bearings. The more recent computer based design guide prepared by Crecelius

and Pirvics (3) treats elastohydrodynamic, thermal, and cage effects for a

system of ball and roller bearings.

(1) Lewis, P. and Malanoski, S.B., "Rotor Bearing Dynamics Design
Technology. Part IV: Ball Bearing Design Data Technical Report,"
AFAPL-TR-65-45, Part IV. Air Force Aero Propulsion Laboratory,
Wright Patterson AFB, Ohio.

(2) Mauriello, J.A., LaGasse, and Jones, A.B., "Rolling Element Bearing
Retainer Analysis," DAAJ02-69-C-0080, TRlO5.7.10, USAAMRDL-TR-72-45.

(3) Crecelius, W.T. and Pirvics, J., "Computer Program Operation Manual
on "SHABERTH" a Computer Program for the Analysis of the Steady State
and Transient Thermal Performance of Shaft Bearing Systems," AFAPL-
TR-76-90, Air Force Aero Propulsion Laboratory, Wright Patterson AFB,
Ohio, October 1976.

q-1-
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Thus, very sophisticated analytical tools are available for the design and

application of rolling element bearings. Neither of these tools, however,

provide the user with the stiffness matrix required for solution of rotor

dynamics problems. In addition, both computer programs are very large and

require an extensive computer facility for use.

Part 11(4) of the revised series provided an update of the original Part IV

(1). Those aspects of the original Part IV(l) which treated general design

aspects of ball bearings, load capacity, speed limitations, etc. were deleted

since their coverage is superficial compared to the more sophisticated com-

puter tools now available (2,3). Only those parts directly connected with

preparation of input for the rotordynamic response programs (Part 1(5) of

the revised series) were retained. The stiffness data included in the

original Part IV were also updated. A later volume (Part 111(6) of the

revised series), enlarged the treatment to include the tapered roller bearing.

The present volume (Part IV of the revised series) extends the treatment of

rolling element bearings to the cylindrical roller bearing. The complete

stiffness matrix is calculated including centrifugal effects. Considerations

(4) Jones, A.B., and McGrew, J.Ž1., "Rotor Bearing Dynamics Technology Design
Guide--Part II: Ball Bearings, "AFAPL-T'r--7S-6, Part II, F'1r,,ry 1Q7•
Air Force Aero Propulsion Laboratory, Wright Patterson Air Force Base,
Ohio.

(5) Pan, C.H.T., Wu, E.R., and Krauter, A.I., "Rotor Bearing Dynamics
Technology Design Guide: Part 1, Flexible Rotor Dynamics," AFAPL-TR-
78-6, Part I, June 1978, Air Force Aero Propulsion Laboratory, Wright
Patterson Air Force Base, Ohio.

((6) Jones, A.B., and McGrew, J.M., "Rotor Bearing Dynamics Technology Design
Guide - Part III: Tapered Roller Bearings," AFAPL-TR-78-6, Part III,
February 1979, Air Force Aero Propulsion Laboratory, Wright Patterson
Air Force Base, Ohio.

-2-
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, such as elastohydrodynamic and cage effects are not included since they have

little influence on the calculation of cylindrical roller bearing stiffness.

The resulting program (Appendix) is reasonably small and easy to use.
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SECTION II

ANALYSIS

2.1 General Bearing Model and Coordinate System

Accurate calculation of the lateral dynamic response of a high-speed rotor

depeads on realistic characterization of the support bearings. In the most

general case, both linear and angular motions are restrained by the support

bearings at the attachment location. In the analytical model, the reaction

force and the reaction moment of each bearing are felt by the rotor through

a single station of the rotor axis. As schewkatically illustrated in Figure

la, a coil spring restraining the lateral displacement and a torsion spring

which tends to oppose an inclination are attached to the same point of the

rotor axis. A complete description of the characteristics of the support

bearings, however, involves much more than the specification of the two

spring constants. This is because:I The lateral motion of the rotor axis is concerned with two

displacement components and two inclination components.

The restraining characteristics may include cross coupling

among various displacement/inclination coordinates.

* The restraining force/moment may not be temporally in phase

with the displacement/inclination.

* The restraining characteristics of the bearing may be dependent

on either the rotor speed or the frequency of vibration, or both.

Bearing pedestal compliance may not be negligible.

To accommodate the above considerations, the support bearing characteristics

are described in Reference 5 by a four-degrees-of-freedom impedance matrix

as defined in Equation (1):

• N - • N (1)

-4-

Sb

J l I •m._



IE

I

Figure Io Beoring Stiffness Model

y

ROTOR SPIN

STATIC LOAD

Figure lb Beoring Locotion Coordinote

S ystem

-5-

I.

- --S



I_~

where W is a column vector containing elements which are the two lateral-:N
displacements (6 x, 6 y) and the two lateral inclinations (Ox, y ) of the

rotor axis at the bearing station N.

Employing a right-handed Cartesian representation in a lateral plane as

depicted in Figure lb, the z-axis is coincident with the spin vector of the

rotor. The x-axis is oriented in the direction of the external static load,

and the y-axis is perpendicular to both z and x axes forming the right-handed

triad (x, y, z). (6x, 6 ) are respectively lateral lineal displacement

components of the rotor axis along the(x, y) directions. (0x, 0y) are

lateral inclination components respectively in the (z-x, z-y) planes. Note

that 0 is a rotation about the y-axis, while 0 is a rotation about thev x
negative x-axis.

z is a complex (4 x 4 matrix), and in accordance with the common notation

for stiffness and damping coefficients, may be expressed as

N N ivBN (2)

where %N is the stiffness matrix and B. is the damping matrix. v is the
frequency of vibration. Most conmonly, lateral lineal and angular displace-

ments do not interact with each other so that the non-vanishing portions of

and B are separate 2 x 2 matrices. That is

%K) 0 0
lineal

0 0

S0 0 (3)

L0 0 % angular

-1-6-

lb



S~~(B•)_

lineal 0 0

B 0 (4)
N 0 0

angular

Accordingly, a total characterization of a support bearing would include

sixteen coefficients which make up the 4 (2 x 2) matrices:

K K1

(K)plineal " (5)

K K

Kyx YY liealB B
(K)XX xy

-K angular(7

( 1angular xx xy (7)- ngla [yx YY langular

B B

In the event that the pedestal compliance is significant, then the effective

support impedance can be calculated from

-ZN = + + ) (9)-p

where subscripts "p" and "b" refer to the pedestal and bearing respectively.

Note that both pedestal inertia and damping may be included in Z .

-p

N



2.2 General Bearing Support Characteristics

The function of a bearing is to restrict the rotor axis to a nominal axis

under realistic static and dynamic load environments. Deviation of any

particular point of the rotor axis from the nominal line can be character-

ized by three lineal and two angular displacements. These may be designated
as (6x 6y, 6z, Ox 0 y ) in accordance with a right-handed Cartesiaa reference

system. The z-coordinate is coincident with the reference axis and is

directed toward the spin vector. (0x0 ) are rotor axis inclinations
x0y

respectively in the z-x and z-y planes. The x-coordinate is directed toward

the predominant static load; e.g., earth gravity. Ideally, the bearing would

resist the occurrence of any displacement so that the reaction force system

imparted by the bearing to the rotor is generally expressed in matrix notation

as

F - Z . _x (10)

F is a column vector comprising the five reaction components (Fx, Fy, Fz,

Mx, M y), while x is the displacement vector (6 x 67' 6z, Ox, 0y). Z is

a (5 x 5) matrix containing the elements Zij with both indices (i, J)

ranging from 1 to 5. The values of Zij characterize how rotor displacements

are being resisted by the bearing.

From the standpoint of dynamic perturbation, distinction is made between

a static equilibrium component and a dynamic perturbation component for

both the displacements and the reactions. Thus,

xx + x'; F - F + F' (1)- -O- -o-- O --

(x', F') are respectively presumed to be infinitesimal in comparison with

( (,_Fo). Accordingly, Zij are regarded as dependent on x but not on x'.

To illustrate the idea of perturbation linearization, one may examine the

one-dimensional load-displacement curve shown in Figure 2.

b. 

J
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Figure 2 Linearization of Cylindrical Roller Bearing Stiffness
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As illustrated, the load-displacement relationship is a 10/9 power law in

accordance with the Hertzian point contact formula. It is not possible

to describe the entire range by a linear approximation. However, if a

small dynamic perturbation is taken around a static equilibrium point,

6' < 6 , the small segment of the load-displacement curve can be approxi-
x X0

mated by a local tangent line. The corresponding force increment is

aF
F' - 6' (12)

where 6' is the incremental displacemeat. DF x/6x will depend on the

amplitude of 6X
0

The question of history dependence is resolved by regarding x' as periodic

motions at any frequency v of interest, and Zij accordingly would have

both real and imaginary parts and may also be dependent on both the rotor

speed w and the vibration frequency v.

To avoid notational clumsiness, the primes will be dropped from (F', x')

which are understood to be dynamic perturbation quantitites unless the sub-

script "o" is used to designate the static equilibrium condition.

2.3 Cylindrical Roller Bearing Characterization

In many ways the cylindrical roller bearing is much simpler to model from a

rotor dynamic point of view than a fluid film bearing. In general, the

following two simplifications can be made:

The restraining characteristics do not include cross coupling

among the various displacemenc/inclination coordinates.

ft .The restraining force/moment is normally temporally in phase

with the displacement/inclination.

I1
'" -10-
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Figure 3 illustrates a typical radial roller bearing having cylindrical

rollers. In the bearing illustrated the rollers are guiked by closely

fitting flanges on the outer ring. Other constructions are commnon and

all carry load in the manner to be described.

The bearing is referred to an orthogonal xyz coordinate system with the

bearing -xis directed along z. The bearing reacts to the linear displace-

ments 6 and 6y and to the rotations or misalignmerts 0x and 0 y. All are

shown in their positive senses in Figure 4.

Figure 5 illustrates the roller index q.

2.3.1 Stiffness

The total characterization of a cylindrical roller bearing's stiffness

can be expressed by the matrix.

3F 3F 3F 3F BF
x xx x

ax Dy az ao,- ao
1. y

ax 3F DF af 3F_ y __X _a __y
a x 3 y 3 Z D O x e

3F aF aF aF aFz z z z z (13)

[K) ax ay 3Z ao DO
x y

am am am am a
x x x X x

ax ay 3z ao ao
x y

aM aM aM aM aM

ax ay az a ao0

i -11-
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Figure 3. Cylindrical Roller Bearing
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The lineal and angular stiffness matrices (Equations 5 and 7) can

be derived from Equation (13). For example:

ax ax

( ) (14)
lineal aF DF

3x ay

"3M 3M"
x X

DO 30x y
(•) - (15)

angular 3M aM

x y

Note that the axial components of stiffness are zero for a cylindrical

roller bearing. However, these terms have been retained on the general

cylindrical roller bearing stiffness matrix for consistency with the

ball and tapered roller bearing analyses included in earlier volumes of

this series (4,6).

2.3.2 Damping

An extensive search of the literature revealed no experimental damping

data for cylindrical roller bearings. As the current state-of-the-art

does not permit accurate calculation of cylindrical roller bearing

damping, no damping data is included in this report.

2.4 Cytlndrical Roller Bearing Under Radial Loading

Solution for the stiffness matrix of a cylindrical roller bearing under

radif.l loading is a tedious problem and requires the use of a digital com-

puter. In this section, the derivation of the solution is described. A

computer program for obtaining the solution is included in the Appendix.

ei -15-
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2.4.1 Bearing Applied Forces and Moments

In the present problem an external force is applied to the inner ring

along x, only, and the inner ring is constrained to movement along x.

There may, however, be initial displacement& in other modes which are

fixed and which result in reactions in other modes as will be showu.

As the result of the four displacements described previously in

Figures 3 and 4, there are the reactions F', F', M', and H' F' and
x y x y x

F' are forces. M' and M' are moments. All are shown in their posi-
y x y

tive sense in Figure 4. External force F is applied at the innerx
ring center. The senses of the signs are the same aa for the reaction

F'.x

2.4.2 Roller Geometry

Figure 6 shows the boundary dimensions of a typical cylindrical roller.

Roller mass, moment of inertia, and location of the center of gravity

are calculated assuming the roller is a flat-ended, cylinder bounded by

d and ZT"

Se is the effective length of the roller and represents the maximume
working length of the roller. The contact pattern between roller and

race must lie within the effective length.

ET is the total length of the roller.

EF is the length of the flat portion of the roller profile and may be

zero for a fully-crowned roller.

R c is the roller crown radius and is struck from the central plane of

the roller. V is the drop of the crown measured at the extremities of

the effective length. Thus we can write:

V - H-- R2 1(2) (16)

-16-
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where

H R2("1F) (17)

The crown drop, V. is used !.n checking the roller profile. If the

crown radius is known, the drop at a distance G from the extremity

of the effective length is

- c -H- G (18)

If the drop V' at G is known the crown radius is

Re 2 LF _ _2 2- 2

272V'

B is the corner break which is the same at both ends of the roll. The

exact form of the corner break is unimportant as long as the corner

blends smoothly into the roller crown. The effects of the corner

breaks are neglected in calculating roller mass. The effect of the

crown is also neglected.

The mass of the roller is

(M U +2B) d2P
491.98(20)

where p is the material density of the roller in lb/in3

The centrifugal force acting on the roller is
2

F = (21)I. 2

E is the pitch diameter of the bearing in inches. QE is the orbital

velocity of the roller and is

1 2 (22)

E 2
' ', -18-
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where
dY - (23)

Q and n 2 are the angular velocities of outer and inner rings, respectively,

in radians/sec.

The subscripts 1 and 2 used in Equatiou 7 and subsequently, refer to outer

and inner contacts respectively.

Figure 7 shows the forces and moments acting on a roller which is in

contact with both outer and inner races.

P1 and P2 are the contact loads. M1 and M2 are the contact moments

resulting from non-uniform loading along the roller's length. F is thec

centrifugal force acting at the mass center of the roller.

In the present problem the radial roller bearing is loaded by a single

force applied along x and working displacements are limited to a single

deflection along x.

Assume, for the moment, that working displacements are possible along x

and y and about x and y. Then the approach of inner and outer race for

a roller at azimuth 0 is
P [

- (6 +6") coso + (6 +6") sinO - D (24)
x x y y 2

where PD is the diametral clearance.

The relative misalignment of the inner race with respect to the outer isI.

, - (E +E") siný + (0 +0") cos (25)
x x y y

I. -19-



P,

FC

. I

P2
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The double primed items in Equations 24 and 25 are initial displacements.

If initial displacements exist for a particular mode, working displace-

ments in that mode are prevented.

For the present problem the linear displacement 6 and the rotations e
y x

and e are non-existent and the approach and misalignment of the racesy
are, for this case,

A (6+V) cosý + 6" siný -D (26)x y 2

and

0 = 0" sine + 0" cosO (27)
x y

When 0 is positive the left erad of the roller, viewed with the axis

horizontal, tends to be pinched.

If A I is the approach of the roller to the outer race the approach of the

roller to the inner race, at the midpoint of the roller is

A2 - 1 (28)

and the misalignment at the inner contact is

02 - 0-01 (29)

Figure 8 illustrates the geometric intersection of a roller and raceway.

The profiles of race and roller bodies are referred to an XY coordinate

systen. Note that the X axis is positive to the left of the origin.

I.

The equation of the race surface is

Y 0 (30)

-21-
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The equation of the flat portion of the roller is

Y - A i + XtanGi (31)

The equation of the crowned portion of the roller is

2 2 R2 (32)
(X-HsinGi) +(y + cosi - - c

In the above the subscript i is 1 for an outer contact and 2 for an

inner contact.

The intersections of the race and the crowned surface of the roller occur

at XA and XBi

a 2
A - (cosO A + HsinOi (33)

XB " - ( Acos~i-ti)2 + HsinO (34)

XAiand Bi must be within the projected extremities of the roller

Ir OW I
crown.

That is

XAi XAi

I.

SX(36)

-23-
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where

*e

X "- coso + VsinO (37)
A 2 1

L e

XB T cosO2 + VsinO1 (38)

If the quantity under the radical in Equations 33 and 34 is zero or

negative there is no contact between roll and race.4I
If cos , X there is also no contact.

2 i A

If XA > X , X is set equal to XA

If XBi <X, XB is set equal to X"i"

k F k F
If T cosO > > - T cosOi and

x > -F coso the value of 0 X is
A 1 2 1

Li39

Xei tanO3

From Figure 7 the conditions for roller equilibrium are

- I + P2 + Fc - 0 (40)

M - M 2 = 0 (41)

Equations 40 and 41 are a set of non-linear simultaneous equations in
which the variables are A1 and 01 at the outer contact of the particular

roller under consideration.

-24-



From Figure 8, the intrusion of the roller into the raceway is

Ax a + Xtano Ixl f cose (42)

A -= R - (X-HsinG)2 - HcosOi + A, IXI > cosO, (43)x c i2

The derivatives of Ax with respect to 0 will be required later.

They are

dA F
dA X IXI < E- cosO (44)
dOi Cos22

dA (X-HsilnO) Hcoso i o(
-- = + HsinOi IXI > 'FcosOl (45)

dO R2 - (X-HsinO )2

c i

Lundberg (7) gives the approach A of two cylindrical bodies pressed

together with the uniform loading px as

An nE) [ _XAB (46Ax 27r P L. 8 8 6 4 + ni A 2b(46)

nR and nE are elastic constants for race and roller, or respectively, having

the form
(1-VR2 (1-'E2

nR orE E (47)

where v is Poisson's ratio and ER,E is the modulus of elasticity.

bx is the semi-width of the pressure area in the rolling direction

7. G. Lundberg: Elastische Beruhrung ziveler Halbraume, VDI Forschung,
Sept./Oct., 1939.
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" 1 1

bx " 27r px d (l + CiY 1) (48)

Ci is 1 for an outer contact and -1 for an inner contact. Y is given

by Equation 23.

The value of px corresponding to a is required. It cannot be obtained
x x

from Equation 46 in closed form. It can be obtained numerically as

follows.

Let p' be an estimate of px. A good starting value is

5xlO7 A10/9
P x /9 (49)

(xA- X1)

An improved value of px is
x

(A'-A )

x dA' (50)x

dp,

A' is the approach of race and roller bodies calculated for the current
x

estimate p , using Equation 46.

dA'
x!

I is obtained from Equations 46 and 48 using the current estimate pxdp'x

anA is

dA [1.)6 + n lX

dpx 21 3864 + in 2bx (51)

Iteration of Equation 50 yields px to any desired accuracy.
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The contact force P and the moment M are

(XA
Pi M i pxdX (52)

Si:

(XA

Mi " i PxdX (53)

iX

Equations 40 and 41 may now be solved numerically for A and 01.

If estimates are made of the variables A and 01 Equations 40 and 41

may not be satisfied and there will be the residues cI and c2 for

Equations 40 and 41 respectively. Differentiating Equations 40 and

41 gives:

de 1 dPI dP2 dA2
S. . + (54)

dA1 dAI dA2 dA1

de1 dP1 dP2 dO2

S. . . d+ (55)
dO1 dOI dO2 dO1

dc2 dMI dM2 dA22 2 (56)
dA1 dA1 dA2 dA1

de2 dM1 dM2 dO2

dO1  0 dO1 d dO (57)

where

-- - 1 
(58)

dA 1

-27



d02
V- -1 (59)dO1

If 6' and 0' are current estimates of the variables, improved values

are A1 and 01

del

[1 dO1

de2
-2 dO-

1 1 de dc (60)

dA dO

de2 dc21 1

de1

II
dA- €l

de2
£2

01 = oj- dcOde (61)

de de2 1
dA dO

The right members of Equations 60 and 61 are evaluated at current

estimates.

Iteration of Equations 60 and 61 yields A1 and C1 to any desired accuracy.

"* -28-
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The derivatives of P and M with respect to A and e are

£ ii±

XA
dP p dAx

-i d dxdX (62)

dA di XB i da x dA i

dAi ~ dtA

d~i i

dP 
ddp 

dA

dO X idA xdO dX(3

The value of -d- is obtained from Equation 51 and the value of d--A

x

is unity.

If Equations 27, 28, 40 and 41 are differentiated with respect to A,

there results four simultaneous equations which are linear in

dA M dAA d2 d2

dA' A •-'and d6 and from which the latter can be obtained.

dAd dd(

• -29-
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dP "d 1 d a 1 dP 2 d A 2 dP 1 d e 1 dP2 d elS... ++ - 0 (66)dA 1 dA• dA 2 dt• de 1 da dO 2 de,

Sdil dA1 dM2 dA2 dMl de1 dM2 d@2
Sd 1 d d2 d2 +d 1 d d2 2/ 0 (67)

dA & d A d dA dO (68
2 [1A 1 d+ do2

dAI dA2

1 + d 0 0 (69)
ddA dA dAd Odi

["Equations 66 through 69 are easily solved for -j 1 and

d ddd.dOdddO d

1 2

f: n

F1 - T P1 sioq (70)
dA l qdq

! "n
M' 1 M sin q (1

Sdq

"n

M' - M CO (74)
Sq- q q

. -30-
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The conditions for equilibrium under the single radial load F is

F1 + Fx M 0 (75)
: X

The only working response of the bearing is the linear displacement 6x.

If 6' is an estimate of 6 an improved value of 6 is
x x x

(F' + F )

x Y.)a•

x

x

The right member of Equation 76 is calculated at current values of 6X.

Iteration of Equation 76 yields 6x to any desired accuracy.

dF'
Although only d6 xis required in the foregoing, all the derivatives

are required to complete the matrix needed for stiffness calculations.

The elements of the complete matrix are

dF' n dP1Z cos q (77)
( x '6 K q-l X y x y

dF' n dP 1
Y sinq ,-.q -- (78)

T6x y x, 0y) 0E q d(6 y T Oxo)
xyXy qwl x y y)

dF'
z -0 (79)d d(6 x,6yO x,0y)

-31-
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dM' dM1x -•• sinýq , (80)
d(6xSy,0 oey) d(6 xyex75)

y x y q=1 Y

dN' n dM1
SCO _d(qxyxy (81)

x 6y1 ~' q1 qd( x 'S y 0 'oYqwl

d(F',F' F' M' ,'
x ' z' x' y - 0 (82)

d6
z

where

w dP1  r dP1  da1  dPl do 1 dA

-i __. -s + ._..9 d .d(6 ,6y,0 ,0y) - "& d1 dA d(6x,6y,O ,Gy)L q q q q
d(6x 6 y'oX'y) A q dh d 1q dq d6x 6y ox oy

dPI dA1 dP1 do dO

+L -dA d1  + dOq do j d(6,6,xy)+ q q 1q q 6 0Vy

(83)

dM1  r dMl dAl dM1 do1 dA

a I q _._ + _.g& q
d(6xa y,@xe e ) dA1  dA dO1  dA d(6x,6 y, ox )

L q q q q

r dM1q dA iq dl d+OM dO
+ ' " + _Id

dA 1  dO dO1  d(6x, 6y O,o)
q q q qx x

(84)

I. The derivatives of A and 0 with respect to th' inner-ring displacementsq q
are, from Equations 24 and 25.

-32-
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F

d6x q

d"
s••6q l~ (86)"

d6
y

dA-: SM 0 (87)

d (0 0e
X y

. 0 (88)

d(6 ,6y)
xy

do (89)

-I- sinO
do qX

de
do = cOq (90)

y

Some rollers may be out-of-contact with the inner race and are loaded

against the outer race by centrifugal force. Such rollers contribute

to the bearing's reactions but have no effect on the derivatives of

P1  and M1

q q

The complete matrix for stiffness calculations is then:

SdF' dF' dF' dF'
Xx x xSX Xd '--- -- 0 d-O d"O

dx dy x y

dF' dF' dF' dF'
y y 0 -. -- Y

d6 d6 do do
x y x y

0 0 0 0 0 (91)

dM' dM' dM' dM'

d6 d6 0 do do
x y x y

I dM' dM' dM' dM'

' d6 d6 do dO -33-
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As discussed earlier, the axial components of stiffness are zero for

a cylindrical roller bearing.

I-
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SECTION III

APPLICATION OF COMPUTER PROGRAM

The analysis of Section II has been programmed in Fortran IV for a

digital computer and Is suitable for use on the CDC 6600. A program

listing is presented in the Appendix.

3.1 Sample Test Case

To illustrate a typical case consider the cylindrical roller bearing In

Figure 9. This is a cylindrical bearing typical of a design employed

in high speed applications. The geometry of this sample bearing is

summarized below.

Number of rollers, n 32

Roller diameter, d .6299 in.

Pitch diameter, E 7.75 in.

Total length of roller, tT .6299 in.

Length of flat portion of roller f .2 in.

Roller crown radius 17 in.

Roller corner break .05 in

Crown drop gage point 0

The operating conditions for the sample case are:

Diametrical clearance, PD & .0058 in.

Rotational speed, N2 n 13,230 rpm

Radial load, F - 1,465 lbs.
X

3.2 Input Format

Figure 10 presents the input data format and Figure 11 shows the actual

input data for the sample case operating conditions.
I.

3.3 Output Format

Figure 12 presents the output data for the sample case. The input data
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are summarized in Figure 12, followed by the output data including the

internal load distribution as well as various other stress and displace-

4 ment parameters. The stiffness matrix is given on the last page of

Figure 12.
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