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1. Introduction

Anyone who is familiar with recent developments in continuum
mechanics is aware of the many special features of the equations
of hyperelasticity and thermoelasticity. From the viewpoint of
analysis, the most aggravating and, at the same time, most
challenging characteristic is that internal energy cannot be a
globally convex function of deformation gradient without violating the
principle of material frame indifference [1].

A consequence of this lack of convexity is that the classical
direct methods of the calculus of variations are ineffective for
establishing existence, uniqﬁeness and stability of equilibrium
solutions. Among the various restrictions on material response
that have been laid down for study in the theory of elasticity [1],
Strong Ellipticity appears interesting and promising. The work
of Ball [2] has produced a breakthrough by establishing the
existence of equilibrium solutions in isotropic hyperelasticity
under the assumption that the stored-energy function is polyconvex,
a condition somewhat stronger than Strong Ellipticity but
definitely weaker than convexity and, in particular, not in-
compatible with frame indifference.

(”ﬁjln dynamics, the goal is to relate the Second Law of thermo
dynamics with ?stability®. The work of Ericksen L&T'reveals that
the Second Law induces stability of an equilibrium state of a
thermoelastic material in the range of convexity of internal

energy (e.g. at points where energy attains a minimum,) Similarly,

it has been shown‘Jﬁ1 that smooth adiabatic processes in\\
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thermoelasticity, residing in the range of convexity of internal

energy, depend continuously upon the initial state, even within the
class of processes that develop shock waves. Actually, in certain
circumstances, the same result can be established under a mere
Strong Ellipticity assumption_LkT.c”/(/

Here we investigate the impliéat;ons of the Second Law upon
a different manifestation of stability, namely the stability of
weak shock waves expressed by the E-condition of Lax [5]. If
energy were convex, the results of Lax [6] on general hyperbolic
systems of conservation laws endowed with a convex '"entropy"
would imply that the Second Law is equivalent to the E-condition.
A property of this nature was established by Malek-Madani [7] in
the context of hyperelasticity under the weaker assumption of
Strong Ellipticity. In [7] an "energy criterion" plays the role
of the Second Law. The work of Ericksen [8] suggests that certain
phase transitions may be interpreted through failure of Strong
Ellipticity so it would be advisable to avoid adopting this con-
dition at the outset. Consequently, our project here is to work
in the broader framework of adiabatic thermoelasticity, in which
the Second Law is expressed in a definitive form by the Clausius-
Duhem inequality, and to dispense with the need of imposing Strong
Ellipticity in advance. We show that, due to the special structure
of the equations of elasticity, the Second Law implies that every
weak shock satisfies Lax's E-condition, without regard to convexity
or Strong Ellipticity.

It would be interesting to examine the implications of lack

of convexity upon other shock admissibility criteria. This program
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is carried out, to a certain extent, in [7], within the context

of hyperelasticity, and in [9], in the context of one dimensional

elasticity.

2. Adiabatic Processes in Thermoelasticity

We consider a body with reference configuration 49 c R",

n =2 or 3, and reference density #p(X). A thermodynamic process

e R T e T T TR e T AT AT L R R T SR

of @ is determined by a motion x(X,t) and a (specific) entropy
field n(X,t). A motion generates a velocity field v = X and a
deformation gradient field F = Vyx, det F > 0. An adiabatic

process with zero body force is governed by the conservation laws

of momentum and energy, viz.,

Fia = Vi’a = 0
PV; - Tiqq = 0 (2.1)
PE - (TyqV;) o = O

1 and the Clausius-Duhem inequality

oh > 0, (2.2)

where T is the Piola-Kirchhoff stress and E is the (specific)

energy, sum of kinetic energy and internal energy €,

E = % vV, * €. (2.3)

et aa s

Ly




4
In thermoelasticity theory €,T and temperature 9 are
determined by F and n via constitutive relations
€ = €(F,n;X), (2.4)
Tio = T (E,mX) = p 52— (2.5)
ia ia -w? ' ia 14 .
e=§(Fn-x)=3€>0 (2.6)
=~ ﬁ . .
For every proper orthogonal matrix R, the function € should
satisfy on its domain the condition
€(RE,n;X) = €(E,m;X), (2.7)

which is dictated by the principle of material frame indifference,
and possibly additional restrictions expressing material symmetry.
One of the implications of (2.7) is [1,§52] that € cannot
be a globally convex function of F, for fixed n and X. Weaker
than convexity and not necessarily incompatible with (2.7) is
rank-one convexity (Hadamard's condition). Uniform rank-one

convexity or Strong Ellipticity requires that at every point in

the domain of € and for any unit vector N in R® the matrix

P(N),




is positive definite. This condition implies that the system
(2.1) is hyperbolic. The characteristic speeds, in the direction
N, are 0, with multiplicity n(n-1) + 1, and t/fz, i=1,...,n,

where Al""’xn are the eigenvalues of P(N).

3. Lax's E-condition and the Second Law of Thermodynamics

In view of (2.5) and (2.6) every smooth process that satisfies
the conservation laws (2.1) satisfies automatically the Clausius-
Duhem inequality (2.2), as an equality. However, smooth solutions
of (2.1) generally break down and shock waves develop. It is in
the class of discontinuous solutions that the role of (2.2)

becomes important.

Functions of bounded variation in the sense of Tonelli-Cesari
[10] constitute the natural class in which solutions of (2.1)
should be sought. Functions in this class are endowed with
geometric structure that closely resembles that of piecewise smooth
functions. In particular, within the class of solutions of
bounded variation one may distinguish shock waves across which
the classical Rankine-Hugoniot jump conditions are satisfied,

namely,
S[Fia] + [Vi]Na = 0
ps[vi] + [Tia]Nq = 0 (3.1)

PS[E] + [T qv INg = 0

i —— .
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where N is a unit vector pointing in the direction of propagation -
and s is the speed of propagation of the shock. In (3.1) and

throughout, a bracket [ ] denotes the jump (left minus right) of

y T e

the enclosed quantity across the shock. The jump condition

associated with (2.2) reads
ps[n] < 0. (3.2)

A shock that satisfies (3.2) will be called admissible. ;
It can be shown [11] that strict rank-one convexity is
equivalent to nonexistence of isentropic shocks of speed 0 (if
one allows ([n] # 0, this is no longer true). On the contrary,
as the following two propositions indicate, positive eigenvalues

of P(N) and weak shocks of nonzero speed go hand in hand.

Proposition 3.1. Assume that every neighborhood of a state

(F,v ,n ) contains some point (§+,!*,n+) which can be

connected to (F ,v ,n) with a (not necessarily admissible)

shock propagating with speed s, |s| > Sp > 0. Then there is a i
unit vector N in R" such that the matrix P(N), defined by

(2.8), at (F ,y ,n") has at least one eigenvalue A > sg.

Proof. We fix a point (§+,y+,n’) which can be connected to
(F,v ,n") with a weak shock propagating in the direction, say,
A R 2 -

N with speed s. From (3.1)1. s [Fia][Fia] [vi][vi] so that
|{F}| and |[([y]| are of the same order of magnitude. We now
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show that, in contrast, [n] is of higher order than |[v]].

Using (3.1)3, (2.3), (2.5) and (2.6),

0 = pS[E] + [Tyov;IR, = 7 pslv;vi] + ps[€] + [Tyov; 1R,
1 4 - 1 2%¢
=5 Ps(v+v ) [vy] + STia[Fia] + 3 Ps ____EF—— [Flu][F ]
+ psB[n] + [Tiuvi]ﬁa (3.3)
where

A + - 82’\

=0, 5r aF - r—sr— E,n)
ia""jB

with T between n ,n" and F on the straight line segment in

nl

R which joins E' with §+. Hence, on account of (3.1) and

(2.8),

-pSSTn] = 7 es(vi+v)Iv,] + T [v;IN, + [Tiqv; IRy
+ 3£ P M vl
- % ps(v;+v;)[vi] + v;[Tia]ﬁa + % J(N)[v 1[vs]
= 7 psOivvDIv;] - esvilvyl + 3 £ P v )ivy)

=3 esivlIv;] ¢ 3 8 By (D v 11y 0, (3.4)

T
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which shows that [n] is at most of order I[y]lz.
On the strength of the above results, combining (3.1)1 with

(3.1)2 we obtain
P, (M v,] - s?[v.1 = o(l [v]1D) (3.5)
ij =ttty i x
with E(&) evaluated at (F ,n"). Dividing through by |[v]]

in (3.5) and passing to the limit as |[v]]| + 0, using the

compactness of the unit sphere in R" we arrive at the assertion.

The proof is complete.

Proposition 3.2. Assume that P(N), at a state (Eo,no) and a

vector N, has a simple positive eigenvalue AO. Set ;

= /A. or

Ho 0 = -/, and fix any v® in R". Then there are

%o 0
2
two smooth maps from an interval (-6,8) to R and R" *n+l which carry

T € (-6,8) into s(t) and (F,v,n)(T), respectively, with the

property s(0) = uo,(E,g,n)(O) = (Eo,yo,no) and such that

(F,v,n) (1) can be connected to (Eo,yo,no) by a shock

propagating in the direction N with speed s(T7), i.e.,

I
(=]

(o] (o]

J
o

o] (o)
Ps (vi-v]) + (T4 -T5,)N, = (3.6)

ps(E-E%) + (T,

iaVi-ToaViINg = 0. |

1671

Furthermore, (F,v,n)(7), T € (-6,8), are the only states in some |

neighborhood of (Eo,go,no) that can be connected to (Eo,yo,no)
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by a shock of speed close to Mo

Proof. First we observe that, since P > 0 and 3(pE)/3n=pP0 > 0, the Jacobian
matrix a(g,pg,pﬁ)/a(E,g,n) is nonsingular. Thus, we may visualize (3.6) as an
equation sZ - G(Z) = 0 where Z = (f-fo,py-pyo,pE-pEo). We observe that G(0) = 0.
Furthermore, since A'O is a simple eigenvalue of P(N), Ho is a simple character-
istic speed of (2.1) so that Ho is a simple eigenvalue of the matrix GZ(O). The
assertion of the proposition then follows from a standard theorem in bifurcation

theory [12].

We now assume that the conditions of Proposition 3.2 hold and
we discuss the admissibility of the shocks associated with the shock
curve (F,v,n)(1).

For T near 0, P(N), evaluated at (E,m (1), will have a

simple eigenvalue A(T) near AO and, therefore, (2.1) will have

a characteristic speed u(T) near u,. The shock which connects

(F,v,n)(T) with (F°,v° n°) will satisfy Lax's E-condition [S] if
~ ? ~ ~ ’

H(T) < s(T) < u,. (3.7)

This condition may be motivated in a variety of ways. For example,
it can be interpreted as a stability statement for the systems
derived by linearizing (2.1) on both sides of the shock. t

If (2.1) were genuinely nonlinear [5] and € were a uniformly

AR e

convex function of (F,n) (in which case -n would be a uniformly

convex function of (F,pv,pE) [13 1), (3.2) and (3.7) would be ;

equivalent by a theorem of Lax [6]. We wish to investigate the )




relationship between (3.7) and the Second Law of thermodynamics

without imposing any convexity restrictions upon €.
In order to avoid the degenerate case where s'(t)* changes
sign infinitely many times in every neighborhood of 0, we make the

assumption
(2)
[ (0) # 0, for some & > 1, (3.8)

which is generically satisfied. For & = 1, (3.8) expresses the
genuine nonlinearity of the Ho characteristic field at

(£°,v°,n°) and it will be satisfied if and only if

2% (£°,n%)

BFiaaFjB

aFkY NGNBNYrirjrk 0, (3.9)

where 1 1is the eigenvector of P(N) associated with the eigenvalue
AO.
We are now prepared to state the main result:

Proposition 3.3. Under assumption (3.8) and for T sufficiently

close to 0, Lax's E-condition (3.7) is equivalent to the strict

Clausius-Duhem inequality

s(1)(n(t) - n%) < o. (3.10)

( ]Here and throughout a prime (') denotes derivative with
respect to T,
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: Proof. Differentiating (3.6) with respect to T,
!
_ _rO
SFia + ViNa = 'S'(Fia Pia) (3.11)
. o o
i psvi + TiaNa = -ps (vi Vi) (3.12)
PSE' + TI, viN, + T, VIN, = -ps'(E-E®). (3.13)
i Using (2.3), (2.5) and (2.6), (3.13) yields
_ )
psvivi + STiaFia + psOn' + TiaViNa * TiqViNy = -Ps'(E-E7)
whence, by virtue of (3.11) and (3.12),
v oo L ROy _p© ) .0
psbn s'{P(E-E") Tia(Fia Fia) pvi(vi vi)}. (3.14)

On account of (3.6), (3.14) gives

ps2on’ -s'{- (T,

70 0 _.0 ) .0
iaVi TiaViINg * Tia(Vi Vi)Na psv, (v Vi)}

1

- _,0 ) : .0
= -s'{ Vi(Tia Tia)Na sti(vi vi)}

o et 0, _.Oy _ .0
s'{psv; (v;-vy) pPsv; (vi-vi))

- ' _,,0 _.0
Pss (vi Vi)(vi Vi)'
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sn' = s'(vi-vg)(vi-vg). (3.15)
In view of (3.8), for T near 0, s' does not change sign
between 0 and T. It then follows from (3.15) that n' also
does not change sign between 0 and T and that sn' and s'
have the same sign on this interval. Thus, (3.10) is equivalent
to s(T) < s(0) = Hg» TE (0,T). By reversing the roles of left and right
state one shows that (3.10) is also equivalent to s(T) > u(T). The proof

is complete.

\ by
D‘c'“iﬁ"f‘}gL"/
PREASE ;, F“ixﬁ;fﬂcgdes
gr e T

| e prsid gud/or

\Dif’t speciet
-

[ (A

B — .




" A —y G o b e T O ot oo i
ORI s
13
REFERENCES

[1] TRUESDELL, C.A., and W. NOLL, The Non-linear Field Theories of
Mechanics. Handbuch der Physik III/3. Berlin: Springer, 1965.

[2] BALL, J.M., Convexity conditions and existence theorems in non-
linear elasticity. Arch. Rational Mech. Analysis 63,

337-403 (1977).

[3] ERICKSEN, J.L., A thermo-kinetic view of elastic stability
theory. Int. J. Solids Structures 2, 573-580 (1966).

[4] DAFERMOS, C.M., The second law of thermodynamics and stability.
Arch. Rational Mech. Analysis (to appear).

[S] LAX, P.D., Hyperbolic systems of conservation laws, II. Comm.
Pure Appl. Math. 10, 5§537-566 (1957).

[6] LAX, P.D., Shock waves and entropy. Contributions to Nonlinear
Functional Analysis, ed. E.A. Zarantonello, pp. 603-634.

New York: Academic Press, 1971.

[7] MALEK-MADANI, R., Admissibility criteria for hyperbolic conserva-
tion laws with applications to nonlinear elasticity. Ph.D.
thesis, Brown University, 1979.

[8] ERICKSEN, J.L., Special topics in elastostatics. Advances in_
Applied Mechanics, Vol. 17, pp. 189-244. New York: Academic
Press, 1977.

[9] JAMES, R.D., Co-existent phases in elastic bar theory. Part II.
Dynamic theory. Arch. Rational Mech. Analysis (to appear).

[10] VOLPERT, A.I., The spaces BV and quasilinear equations. Mat.
Sbornik 73(115), 255-302 (1967). English transl. Math.
USSR-Sbornik 2, 225-267 (1967).

[11] BALL, J.M., Strict convexity, strong ellipticity, and the
regularity of weak solutions to nonlinear variational
problems (to appear).

[12] CRANDALL, M.G., and P,H. RABINOWITZ, Bifurcation from simple
eigenvalues. J. Functional Anal. 8, 321-340 (1971).

[13] FRIEDRICHS, K.O0., and P.D. LAX, Systems of conservation

equations with a convex extension. Proc. Nat. Acad. Sci.

USA 68, 1686-1688 (1971).




