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DEVELOPMENT OF PERTURBATION PROCEDURES FOR
NONLINEAR INVISCID AND VISCOUS FLOWS

o ——— e ————— .

by David Nixon

ABSTRACT

N

W) The perturbation theory for transonic flow is further devel-

oped for two and three dimensional problems. The physical per-
turbation theory, in which the perturbation parameter is a
physical quantity, is applied to solutions of the Navier-Stokes

; equations in two dimensions. The mathematical perturbation
theory, in which the perturbation parameter is a measure of the
difference between approximate and exact solutions, is applied
both to the three-dimensional potential flow problems and to the
two-dimensional Navier-Stokes equations. The strained coordinate
! technique is used to treat changes in location of any shock waves

or large gradients.

\ 1. INTRODUCTION

A series of papers recently published (refs. 1, 2, and 3)
concern the development of a perturbation method for transonic
flow problems. A basic problem in transonic flow perturbations
is the treatment of possible movement of discontinuities (shock

waves) which can make the perturbation invalid. A means of

; solving this problem, using a strained coordinate method, has

~ been derived (ref. 1). The location of the discontinuities in
this strained coordinate system remain the same throughout the
perturbation, leading to a final linear perturbation equation

- for the perturbed unknowns. The final solution is not linear

because of the transformation from the strained coordinate system

to the physical coordinate system. However, since the perturba-

tion equation is linear, the principle of superposition can be

-1




- used, and the effect of several different types of perturbations
: can be easily, and inexpensively, estimated.

concerned with extrapolating transonic flow solutions. For
example, given two transonic flow solutions for the same airfoil
and Mach number, but at two different angles of attack, then the
pressure distribution for any other angle of attack can be found
o by simple proportion and the use of the strained coordinate
1 transformation. Applications of this technique to two-dimen-

f‘ ! sional, multi-parameter flow solutions and to three-dimensional,
b, multi-shock problems are reported in references 1 and 2. These

i v examples are concerned with the physical perturbation quantities,

such as angle of attack, profile geometry changes, etc.

E i The most common application (ref. 2) of the method has been
|
|

L ik

More recently the concept of "mathematical perturbations" has
been discussed (ref. 3) in which the perturbation quantities
; characterize the difference between solutions of a subset of the
full potential equation, namely the transonic small-disturbance
(or TSD equation), and the potential equation itself. The results
of this type of perturbation solution indicate that such a general

type of correction for various subsets of equations is feasible.

For the present work the perturbation theory is concerned
with solutions of the Navier~Stokes equations. In particular,
three specific problems are investigated. In two dimensions the
application of the physical perturbation theory to the Navier-
Stokes equations is investigated. Also the application of the
mathematical theory to solutions of the transonic small-distur-
bance theory and the Navier-Stokes equations are considered. The
extension of the mathematical perturbation theory to three-dimen-

sional flow is also considered. 1In all cases the strained
1

coordinate technique™ is employed to treat shock waves or rapid '

gradients in the solutions.

[P,

First consider the physical perturbations of the Navier-
Stokes equations. The first step in deriving a perturbation b
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equation is to write the governing equations and their associated
boundary conditions in such a form that only the basic equations
or the boundary conditions contain the perturbation parametér,
otherwise the correct parameter to use may not be obvious. 1In
the previous work for the TSD equation (ref. 2) the perturbation
parameter is contained only in the boundary conditions. For the
Navier-Stokes equations the perturbation parameter appears only
in the set of equations, if these are written in a general body
conforming curvilinear coordinate system and the variables non-
dimensionalized with respect to free-st "eam quantities. Both
attached flows and flows with shock induced separation are con-~

sidered.

The basic physical principle behind the "physical" perturba-
tion theory is that, relative to certain physical features of the
problems, for example the geometric confines of the airfoil and
the shock location, the physical processes throughout the pertur-
bation are in some sense similar. For instance, if two solutions
are known (the base and calibration solutions) and have shock
induced separation then an interpolated solution will also have
shock induced separation. Examples with attached flow and with
separated flow are calculated with satisfactory results. However,
in contrast to the earlier potential equation workl'z, it is
found in the present case that the base and calibration solutions
should not be too close, otherwise numerical inaccuracies in the

Navier-Stokes solution can dominate the perturbation quantities.

The second type of perturbation problem considered here is
the mathematical perturbation correction technique. 1In the pres-
ent case the basic aim is to correct transonic small-~disturbance
theory to give results typical of solutions of the Navier-Stokes
equations. As described fully in reference 3, the idea is to
determine a correction between the two types of equations by
considering the numerical results for both equations for some
case. This correction is then applied to the TSD solution of
other near-by cases. A nearby case is assumed to mean an example
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with a similar pressure distribution to the correction example.
The basic assumptions behind this idea are, firstly, that a flow
is characterized by its surface pressure distribution and,
secondly, that those physical features modeled by the Navier-
Stokes equations and not by the TSD equations (e.g., viscous

effects) for the correction example are also present in the

near-by cases. To a large extent the validity of the assumption

is to be determined by numerical experiment.

A basic feature of all perturbation methods is that the

perturbation variables and their derivatives are of the same

order of magnitude. In the course of investigation of the cor-

rection technique it was found that the shock movement due to a
change in some parameter, e.g., angle of attack, was much greater

for the TSD equation than for either Navier-Stokes equations or

the Euler equation. This is due to the larger shock strength

associated with the TSD equation. Consequently an additional
perturbation, within the confines of small-disturbance theory,
is added such that the difference in shock strength between,

say, the Euler and TSD equations is the same as for the correction
case.

The third part of the present work is the extension of the
mathematical perturbation correction technique (ref. 3) for

inviscid three-dimensional flow. To a large extent this is a

straightforward development of the work reported in reference 3.
Both corrections for grid size, the use of the transonic small-

disturbance equation, and a combination of both are investigated.
2, BASIC PRINCIPLES OF THE PERTURBATION THEORY

2.1 General Concepts

It is usually assumed in perturbation theory that the form
of the perturbation parameter characterizing the disturbance is

known or can be easily found. For example, in the earlier work
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(refs. 1 and 2) on the perturbation theory, the transonic small-
disturbance equation was written in an invariant form and the
"natural" perturbation parameters were easily discernible from

a study of the boundary conditions. An example of such a
"natural" parameter is that, for changes in Mach number, M.,

the parameter is

2
MOO

372
(1 - M2)

where "A" denotes an increment. One problem that arose in pre-
vious work (ref. 4) was to determine the precise nature of a Mach
number perturbation for the full potential equation, since this
equation cannot be written in a Mach number invariant form. In
practice, the small-disturbance perturbation parameter, given
above, was used for Mach number variations.

In the present work, the strained coordinate perturbation
theory is to be extended to treat the Navier-Stokes eguations.
It is unlikely that these equations can be written in a form
independent of the freestream conditions and consequently, as
in the case of the earlier full potential equation problems,
the choice of the "natural" perturbation parameter for a pertur-
bation in freestream guantities may not be obvious. Accordingly,
it is proposed to write the Navier~Stokes equations in a form
where the boundary conditions are invariant, and then examine the
transformed equations to determine the correct choice of pertur-
bation parameters. A further simplification is to use the thin-
layer (ref. 5) approximation to the Navier-Stokes egquations.
This letter assumption is consistent, since these are the equi-

valent equations solved in most computer codes, whether explicitly

coded or not.

The steady thin-layer Navier-Stokes equations for two dimen-
sions can be written (ref. 6) in a general curvilinear coordinate

system as

o

e e e RARTE N WA
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where R, is the Reynolds number, (£,n) are the computational

coordinates which are functions of Cartesian coordinates (x,v)
with a transformation Jacobian J, given by

[

= - = - 2
- J €xny Eynx 1/(x£yn xnyg) (2)
g" The transformation metrics are given by
I
E. tx = I Ny = 7Y
L (3)
! = - = 3
; gy an ny *e
g The vectors E, F, S are defined as follows:
-~ - pU \ - oV I
!
- pul + £ p pav + n_p
= E=g1 X F = X (4)
U + v +
v Eyp pv nyp j
+ ‘
L (pe + P)U.) \'(pe p)Vv )
and
4 0 )
2 2 U
uin, + y)un + 3 nx(nxun+ nyvn)
_ -—1 2 2 u
s =4 uing + y)vn + 30 (nxun+nyvn) (5)
cpt (=17 Zen2) Had et (n2en2) wlav?)
r n
u
g + 3 (nxu+nYV) (nxun+nyvn)

/

where U,V are contravariant velocities related to the Cartesian
velocities u,v by

U

t.u+ g v
X y (6)

\Y nxu + nyv
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p, P, € are the density, pressure and internal energy, respec-

tively. P is the Prandtl number, k¥ is the conductivity, and a

is the speed of sound of the gas. The pressure is related to

e, p, u, v by

p = (Y-1) pe - 3p(u® + v¥) (7)

where Y is the ratio of specific heats.

The computational coordinates §,n are chosen such that the
surface n(x,y) = 0 represents the body surface. The boundary
conditions are the tangency and no-slip conditions and there-
fore,

V=20

(8)
Uu=20 onn=20

The far-field boundary conditions are that free-stream conditions,

denoted by the subscript «, prevail.

If the reference guantities are taken to be free-stream
conditions, then the basic equations, eg. (1), can be nondimen-

sionalized to give

3E , oF _ _-1 3S
, gg + T Re an (9)
where . N
( 50
pul + £ p —
-1 X yM
E=2J 0 (10a)
oVl + £ p ~1s
¥ yms
[pe + E(v—mﬁJ

B Sdlae e s —aa
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F o= ™, (10b)
—— - 1
vV + —_—
p nyP 2
[pe + p(Y-1)1V
\ J
s 0 N
2 2, - ) - =
u(nx-Fny)un + 3 nx(nxun-knyvn)
= -1 2. 2. - H - -
S =4 u(nx-fny)vn + 3 ny(nxun+-nyvn) (10c)
-1 2 2, %a? 2,2 2, -2, =2
KPr Y(nx-fny) 5 +-§ Y(Y l)Mm(nx-rny)(u + v )n
+ Ay (=M (L G+ V) (T +1V)
L 3 o VX y xXn ¥yn J

where u = u/u_, v = v/u,, vV = v/0_, U = u/u_, o = P/Pyyr p = P/P:
e = e/e_, a = a/ai, and use has been made of the perfect gas

equation

p/p = RT

and the sonic velocity relation

a2 = YRT

The pressure relation, eq. (7), can be written in the form

_ 52 q a2+ M :
P = (Y—l) ﬁ - 7 Y (ll) 1

The boundary conditions for the set of equations, egs. (9),
(10), (11), are the tangency and no-slip conditions, eq. (8),
together with the far-field conditions

B:E):é:ﬁ:(]:l (12)




It can be seen then that, with the exception of changes in

M_, the basic equation set and its boundary conditions are inde-

- i —

vendent of the free-stream conditions. Changes in geometry are
transmitted through the chandes in the metrics Ex'gy’nx’ny and

the Jacobian J.

o4

The system of equations, eqs. (9)-(1l1), can be written in

the form

| L(3,p,8,3,%,M2,m) = 0 (13)

where m denotes the metric terms. Now consider a perturbation

about some state or geometry denoted by a subscript o, and that
the perturbation quantities, denoted by the subscript 1, are
characterized by the parameter . First consider changes in -

P geometry. An expansion of eq. (13) for m then gives

- = = = = 2
Lip_,p_,e_,u_,v /MM ] - . e e - :
©C"0 o O 0 o 4 SL[pllpl:ellullvllMilml] =0 (14) ‘e:

Am m

T
£

e
il nd -

depends on the zeroth order quantities. It can be seen from
eq. (14) that the natural choice of perturbation parameter is
Am, i.e., the change in the geometry characteristics. 1If the

!

i

{

L

E‘ where L[ ] is a linear operator, related to L[ ] and which
¥

[

3

N B

e W

general curvilinear coordinate system is related by a set of
linear differential equations to the Cartesian variables, then
Am is simply a change in angle of attack, say, or a change in
thickness ratio. Hence, if two solutions are known for two

L

cases that differ by a one parameter variation then the solution

for any other value of this parameter can be found by simple

& RN N PR O

N proportion.
A similar analysis to the above but for Mach number varia-

tions indicates that the correct parameter to use for Mach
number changes is AMi. This is in contrast to the earlier

PSR TR

small-disturbance result in Section 2, above.




Transonic small-disturbance theory can be regarded as a
subset of the Navier-Stokes equations and a question arises
regarding the relationship of these two different Mach number
perturbation parameters, since for certain flows the small
: disturbance theory should be a close approximation to the
Navier-Stokes equations. In the type of interpolation used
in previous work, and also in the present work, the perturba-
o tion parameter € appears in a combination, e/eo, where € is
some known value of €. 1In Table 1 the effect of changing the
| parameter for different Mach number is shown. Two different
' base and calibration Mach numbers (which gives eo) are used
in the computations, namely 0.8 and 0.83, and 0.8 and 0.85.
It can be seen that, while the values of ¢ for both theories
differ greatly, the ratio e/eo for both forms of € is in good

agreement. This indicates that the small-disturbance pertur-

[ —

bation is not inconsistent with the present work.

2.2 The Strained Coordinate Method j

The interpolation procedure outlined above is only valid
for smooth functions. A device for treating discontinuous func-
~ " tions using a strained coordinate system has been derived in

previous papers (refs. 1 and 3) and a brief outline is given
' below. Because of the applicability to section 4 of this
report, a more complete version of the idea is given here than

is warranted by the simple interpolation used in this example.

The perturbation method outlined in the previous section
requires that the changes due to the correction are small. In
cases containing discontinuities which can alter location during
the perturbation, the changes are not small in the region
traversed by the discontinuity. A means of treating the prob-
lem of perturbations in discontinuous transonic flow has been

described by Nixon fref. 1l); an outline is given below.
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Briefly, the idea is that the problem is reformulated in a
strained coordinate system in which the discontinuity remains at
the same location throughout the perturbation and hence the dif-
ficulties associated with moving discontinuities do not arise
explicitly. The required straining is then found as part of the
solution. The basic equations in this strained coordinate system
are then perturbed about some known solution to give a linear
equation for the perturbation quantities similar to those dis-
cussed in the previous section. Once the solution of the linear
perturbed equation is known, the total perturbed solution in the
physical coordinates is then obtained. The major restriction is
that the discontinuities must not be lost or generated during
the perturbation.

The technique described above was originally developed to
treat the discontinuities which can invalidate a perturbation
analysis. However, the technique can also be applied to increase
the range of application of a valid perturbation analysis. An
example from transonic airfoil theory concerns the pressure dis-
tribution around an airfoil when shock waves are present; such a
pressure distribution is sketched in figure 1. The solid and
dashed lines denote two nearby solutions for the pressure dis-
tribution. The solution shock waves are captured, that is, the
expected discontinuity is smeared over a few mesh spacings and
denoted by CD and C'D'. The method of strained coordinates, as
given in reference 1, would strain the x-coordinate such that
the midpoints of the shock capture regions CD and C'D' coincide.
The actual details of the shock capture region are not considered
since they are in any event artificial phenomena.

It can be seen from figure 1 that in the leading edge region
the rapid change in the pressure distribution can cause large
pressure changes for a small perturbation if the location of the
pressure rise shifts slightly in the x-direction. This large
effect seriously limits the range of validity of the perturbation
analysis since all pressure changes are assumed small. A method
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of avoiding this difficulty is to strain the coordinates such that
representative point on the AB and A'B' curves coincide. This
then increases the range of validity in a similar way as the

treatment of the shock waves in reference 1.

A further point concerns the treatment of the shock capture
regions CD and C'D'. 1In the earlier applications (refs. 1 and 2)
of the theory the same mesh and differential equations were used
for computing the pressure distribution in all examples and hence
the shock capture characteristics were essentially the same for
all cases. For other problems, for example, those discussed
later in Section 4, the shock capture characteristics may differ
substantially and it is desirable to correct this behavior.
Accordingly, the coordinates can be strained such that both the
points C,C' and D,D' (the extremities of the shock capture)
coincide. As before, the actual flow details in the region CD
are considered irrelevant because of the artificial nature of

the shock capture.
A more general statement of the above technique is as follows.

1. If a true discontinuity is present, the coordinate
straining is such that the location of the discontinuities
coincide.

2. 1If there is a shock capturing type of phenomena, then
the straining is such that the extremities of the capture region
coincide.

3. If large gradients are present in the solution, then
the coordinate straining is chosen so that a representative

point in the region of the large gradient coincides.

These conditions constitute perhaps a large number of
requirements for the choice of straining. However, a piecewise
straining is perfectly feasible provided the end points of the
straining (which do not move) lie in regions of the solution
for which a small perturbation analysis is valid, for example,
in the region BC of figure 1.
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3. APPLICATION OF THE STRAINED COORDINATE SYSTEM
TO THE NAVIER-STOKES EQUATIONS

3.1 Theory for the Navier-Stokes Equations
Consider the set of equations, egq. (9).

3E(E,n) , 3F(L,n) _ -1 35(£,n) (15)
)3 an e an

Let both the independent variables (§,n) be strained such that
the location of one or more discontinuities or rapid gradients are

held invariant. The new coordinates are denoted by (£',n'}) where

E= 8" + e8Eg (5 ,m") + ...
(16)

=
il

n' + eénnl(e',n') + ...

where ¢ is the perturbation parameter, 8%,6n are measures of the
movement of the straining points and 51(5',n'), nl(E',n') are
(fairly arbitrary) straining functions.

Now let the dependent variables be expanded in a series in

€. Thus

B(E,n) = B (E',n") + cE (E',n') + ...
F(g,n) = F (E',n') + eF(E',n") + ... (17)
S(E,n) = B (E',n") + €5 (5% ,n') + ...

Using eqs. (16) and (17) the perturbation equation for eq. (15)

(the coefficient of €) is

OE °E oF oF oF oE
[o] (e]
arr = SE|arr £y v wg &y |+ - 8nl=%n; 4 =
oL [85 lg' an 1n. an on 1n. X3 lﬂ'
9S. 98 39S
_ -1 _ O - O (18
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Now since € is not contained in eq. (18) it follows that a solution
to this equation can be applied to any value of €. As in the pre-
vious work (ref. 2) the perturbation equation is not solved,
instead the solution of the perturbation equation is assumed to

be the difference between two complete solutions, differing only

by a perturbation characterized by the parameter €,- Hence, for

example, if

T =8+ e 88 £(8 ")

(19)

n=n' o+ e dn ny (')

and, if for the velocity component, u(f,n), the two solutions are
denoted by uo(g,n) (base solution) and ul(g,n) (calibration solu-

tion, ¢ = eo). Then, folliowing the previous w0rk4,
u(g,m) = u (g',n") + E:E(; [uy (/) - u (8',n")] (20)
and
E=E8" +e 8L E(En) =& + = (F-&")
© (21)
n=n'+esdnmnE,n') =0+ =@ -nq")
o

The coordinates ,n are found from eq. (19) by making the strain-
ing points, e.g., C,C' in figure 1, coincide. A similar relation
to eq. (20) applies for all the dependent variables, the most
useful of which is the pressure coefficient Cp(E,n). Thus
c_(g,n) =C_ (£',n") + = [c_ (E, M) - C_ (£",n")] (22)
P Py € By Py

In the present work only values on the airfoil surface (n=0) are
considered and only the & coordinate is strained. The coordinate
straining function El(E',O) is given by the following equation or
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by a piecewise application of the following equution, depending

on the number of straining points required.

o) = op | EmEDEen ) e e ey
s /0) = : T ] T 1 + 88 T —F (]
1 A | ELE (=T B | EITI-E (E1=EL)

0 < x' <1

51(6:0) =0 1l < x'" <0

This straining relation keeps invariant the leading and trailing
edges and two straining points, A,B.

A further result can be obtained from eq. (22) for the 1lift

and pitching moment coefficients CL'Cm' Consider the lift coef-

ficient CL' where

1

CL = [ ACp(E,O)dE (23)
(o]

where Cp(g,O) denotes the pressure jump between upper and lower

surfaces. Using egs. (19), (21), and (22) the lift coefficient

is then given by

1l
= ~ 1,0 £ ""6‘ - AC v,o0"
c, J {Acpo(g 0') + e [Acpl(g ) A po(E _,)l}
[} ,_E_ T - ! ;
x {ég + e (at - ag 1} (24) g
g

Now the basis of the perturbation theory implies that

[Cpl(g,n) - Cpo(e Ml ~ 0 (e)

(@ - ag'l ~ 0 (e)




and also that df = d¢' + 0(e). Using these results in eqg. (24)
it can be shown that

1
C =J AC_ (£',0)dE' + = AcC (E,0)dT - = acC (&',O)di'} 25
b o) [ p0 Co pl Eo po (25)
or
c, =C, +-=1[c, -cC 1, (26)
L L, g5 In L,

where Cr,_, Cp, are the lift coefficients for the base and calibra-
tion solutions, respectively. A similar result applies for the
pitching moment Cm, namely

Cp=C, +=1c_ -c 1. (27)

3.2 Discussion of Results

The variation of 1ift coefficient for a Korn airfoil at
M_ = 0.755, for various angles of attack, is shown in figure 2.
Two separate cases are considered, namely flows with shock waves
and shock free flow. For shocked flow the base and calibration
solutions were taken at o = 1.2° and o = 2.66°, and for shock
free flow at & = -0.5° and o = 0.4°. In both cases the values
predicted by the formula eq. (26) agree satisfactorily with
directly computed results. In figure 3 the variation of CL with
M_ is shown, with base and calibration Mach numbers of 0.8 and
0.85, respectively. The airfoil is a NACA 64A410 section at =-3.0°
angle of attack. Again it can be secen that the simple formula
agrees satisfactorily with the direct calculation, except for
M, = 0.75. The reason for this is that for all the other Mach
numbers the flow separates after the shock wave, and this phenom-
ena is implicitly included in the formula via the CLl and CL,- At
M_= 0.75 the flow is attached and hence the flow does not change

o0
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smoothly from the base and calibration flows. A smooth change is

necessary for the application of the present theory.

‘ The pressure distribution around the upper surface of two dif-
) ferent airfoils calculated by the present method are shown in

_ figures 4-7. The first of these airfoils is the NACA64A410 sec~
L tion at -3.0° angle of attack and the theory is applied for

y”V different free-~stream Mach numbers. The base and calibration

o Mach numbers are 0.8 and 0.88, respectively. It can be seen from
g ) figures 4 and 5 that the present method agrees fairly well with
Lo direct calculations. At the higher Mach number, M, = 0.9 the
agreement at the shock is not guite satisfactory; this may be

due to the direct solutions changing character, either physically
or numerically, from the flow at the base and calibration Mach
numbers. These flows presented in these figures have shock

induced separation.

In figures 6 and 7 the pressure distributions around the
upper surface of the Korn airfoil at M = 0.755 at different
angles of attack are shown. The base and calibration angles of
attack are a = 1.2° and o = 2.66°, respectively. The agreement
between the present results and the results of direct calculations

is again satisfactory.

' It should be pointed out that in the present investigation it
is necessary to take the base and calibration solutions further
apart than is the case for potential flows. This is because the
Navier-Stokes solutions are either not converged to the same
level of accuracy, or that there is some physical unsteadiness

N in the solution. Both these phenomena lead to "fluctuations”
which can dominate the theoretically steady perturbation.

4. THE CORRECTION THEORY FOR NUMERICAL CALCULATIONS

The next two sections deal with the idea of correcting
approximate solutions to give solutions typical of a more accurate
theory. It is assumed that the more approximate solution can be
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generated much more rapidly, and less expensively than an accurate
solution. Also, it is assumed that the addition of a correction
to the approximate theory does not significantly increase the
computing time. In the next section the idea of correcting
transonic small-disturbance solutions to give results typical of
Navier-Stokes solutions is investigated. In section 6 the exten-
sion of the work of reference 3, that is the correction of coarse
grid solutions to fine grids and of small-disturbance theory to
full potential theory are examined. The basic idea behind the
correction theory has appeared elsewhere3 but is repeated here
for convenience.

Approximate equations are frequently in some sense a logical
approximation (rather than an empirical approximation) of an exact
equation. This means that the approximate equation can be formally
obtained from the exact equation by an expansion in some perturba-
tion parameter; powers of this parameter greater than some specified
power are negligible. Approximate equations can be derived by such
an expansion are referred to below as consistent approximations.

The difference between solutions of this approximate equation and
solutions of the exact equation is the error. One example of such
a consistent approximation is given by the central finite difference
to ¢xx' Thus

®i41 ~ 203 * 05

: 2
xx 2Ax2 !

where R is the remainder of the truncated Taylor series leading

to the difference formula. Finite-difference representations of

a differential equation can be represented by an equivalent dif-
ferential equation which smoothly approaches the exact differential
equation as the mesh size is reduced to zero. For a finite mesh
size the difference between the equivalent and exact differential
equations can be represented by a perturbation equation with a

perturbation parameter characterizing the truncation error.
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In general, if an approximate equation is a consistent approxi-
mation of an exact equation then the difference between the equa-
tions can be represented to a specified accuracy by a linear
perturbation equation with a perturbation parameter, €, which is
a measure of the error. If this perturbation equation is known,
it can be solved using standard methods to give a correction to
the solution of the approximate equation. The main difficulty is
in actually determining the correct form of the perturbation

equation.

It is obvious that if the exact equation can be solved then
it is not necessary to know the form of the perturbation equation
to obtain the correction since the difference between the exact
solution and the approximate solution gives the perturbation solu-
tion with the addition of (formally) negligible terms. If the
exact solution is known, of course, then there is little point in
solving for the perturbation correction. However, the perturbation
equation gives a formal measure of error & between approximate and
exact equations and is assumed to be small. If a second perturba-
tion eguation that differs from the proper perturbation equation
by an error A then the formal error in using the second equation
to compute the correction is 0 (eA). A problem which has an error
described by this second perturbation equation is referred to as a
"nearby” problem. Its essential characteristics differ from the
real problem by a small amount characterized by the error A.

If
L{¢) = 0 is the exact equation
LO(¢O) = 0 is the approximate eguation
Ll(¢l) = 0 is the perturbation equation

then
6 = 6, + o) + 0(e?).

If a superscript A denotes the nearby problem then, if

b ——— A1 e 1
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1A% = o
A, A
L2(60) = 0
A, A,
Ll(¢1) 0
Then, as before,
0% = o2 + fd 4 0(e?) (30)

Subtraction of eqs. (31) and (30) then gives, to first order in ¢,

=0, + (e0; - ePo]) + (o8 - ¢D). (31)

le]

If the nearby, approximate, solution ¢§ is such that

leoy - eBell << leoyl, (32a)

Then a good approximation to the exact solution is given by

A

- A _
¢ = 9o+ (8% - o).

Since a basic premise of perturbation theory assumes that derivatives

of a guantity are the same order of magnitude as the quantity, an

alternative to eq. (32a) is

A
leo, - €20 | << leo, | (32b)
lX lX lx

The "nearby” solution is defined by a solution that satisfies egs.
(30,32). 1In particular applications it is assumed that the adequacy
of a nearby solution can be determined by examination of its
approximate solution in a part of the solution domain, for example,
an airfoil surface rather than the entire flow fieid. This assumes
that the characteristics of the complete solution can be determined

by examining only a dominant part. A discussion on the existence

of the nearby solution is given in Appendix B.
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The theory just outlined does not formally take account of
shock waves or adequately treat solutions with rapid gradients.
If either shock waves or rapid gradients are present in the solu-
tion then the strained coordinate method outlined in section 2
should be used. 1In this case, each of the sclutions discussed
above should be written in the appropriate strained coordinates

which constrain rapid gradients to the same location.

5. CORRECTION PROCEDURES OF THE TRANSONIC
SMALL-DISTURBANCE THEORY

5.1 Theory

The transonic small-disturbance equation (TSD) can be written

in terms of a perturbation velocity potential ¢ (x,y) as

é (33)

- M§)¢xx oo, = (v + LMIp o

Yy X

where the perturbation velocity components in the x and y direc-

tions are u,v, respectively and are given by

u(x,y) = %% (x,y): vix,y) = %% (x,y) (34)
The parameter "gq" is a transonic parameter and within the confines
of small~disturbance theory is arbitrary. If the slope of the
airfoil is given by y;(x,to) where "+" denotes the upper surface
and "-" sign denotes the lower surface then the thin airfoil
boundary conditions are

v(x,0) = yé(x,tO) (35)

Before proceeding with the correction analysis it is perhaps
pertinent to mention a few properties of TSD theory. The TSD
equation can be regarded as an approximation to the conservation
of mass equation; it does not really represent any of the other
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conservation laws such as energy, or momentum. The parameter g can
be derived in a number of ways. If the actual full potential equa-
tion (ref. 7) is truncated using the limiting idea of TSD theory
then g = 2. If the actual continuity eguation is truncated (ref. 8)
then the term (Y+1)M2 is replaced by (3-&7:§M3)Mi. A commonly-used
value for q is 1.75, which is Krupp scaling, and is chosen to make
TSD solutions agree with full potential theory solutions. All of
these factors reduce to the same value, (Y+1l), in the transonic
limit of M_ +~ 1. The main point of the brief discussion of tran-
sonic small-disturbance theory is that the theory is flexible and
can be altered within a certain range without altering the formal

accuracy.

It is interesting to briefly examine the behavior of TSD solu-
tions compared with Navier-Stokes or Euler equation solutions and
with solutions of the full potential theory. The pressure distribu-
tions over the upper surface of a Korn airfoil at M, = 0.755 and at
an angle of attack of 1.2° is shown in figure 8. It can be seen
that both the TSD and full potential equation results give a shock
location much further aft than the Euler and Navier-Stokes equation

results.

The difference in shock location between the full potential
equation result and the Euler equation result is about 80% of the
difference between the potential location and the Navier-Stokes
location. Hence, it can be argued that the cause of disagreement
in the shock location is not primarily a viscous phenomenon, but
is due to the assumption of irrotationality used in the potential
formulation. The reason for the error in shock location for the
TSD theory may be readily obtained from an examination of the shock
strengths for the TSD equation and the Euler equation for a given
pre~-shock pressure. The normal shock strength variation is plotted
in figure 9 and it can be seen that, as the magnitude of the pre-
shock pressure coefficient increases, the TSD strength increasingly
becomes much larger than the corresponding Euler strength. This
greater shock strength then requires the shock on an airfoil to
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move further aft in order to accommodate it, in comparison to the
weaker Euler equation shock. The Navier-Stokes shock strength is
similar to the Euler strength. If a base criterion, that is, some
Mach number and angle of attack are defined, and if these criteria
are changed slightly, it is possible that the change in shock
location for the TSD solution will be considerably larger than

the change in an Euler equation solution. This implies that,
while at the reference station the difference in shock location
between Euler and TSD solutions may be small, the difference in
the rate of change of shock location for both solutions is not
small. This type of behavior can raise problems in a perturbation
analysis, such as the present work, since perturbation theory
usually regquires that not only are certain quantities small, but

that their rates of change are of comparable magnitude. Accordingly,

this problem has been addressed in the present work.

The basic idea of the correction theory has been outlined
earlier in section 4. 1In the present case the solution to be
corrected is a TSD solution and correction is obtained from a
Navier~Stokes sclution. From the above discussion it is apparent
that if the TSD solution to be corrected differs significantly in
shock strength from the "near-by" solution used to compute the
correction, then the new shock location will be considerably in
error, even when the correction for viscous effects is used. As
noted earlier, the TSD equation has a built-in flexibility in
which the transonic parameter can be varied. It is possible to
choose this parameter to alter the shock strength or any other
flow variable to agree with some datum value. It is assumed here
that the error in shock location between a TSD solution and a
Navier-Stokes solution is solely due to the different shock
strengths. Accordingly, the TSD parameter is chosen such that,
for a given pre~-shock pressure, the difference between the TSD
shock strength and the Euler equation shock strength is the same
as in the near-by case used to compute the correction. The means

of accomplishing this device is as follows.
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For the near-by problem let the subscript o denote a TSD solu-
tion for some value of the transonic parameter g, and the subscript
1 denote another TSD solution for a second value of the transonic
parameter. The subscript 2 denote a Navier-Stokes solution of the
near-by problem. Finally, a subscript 3 denotes the TSD solution
to be corrected. 1If o denotes the shock strength this application
of the usual form of the correction theory will give a new shock
strength ¢ . where

N
oy = 93 * Aoy = o) (36)
where
2
Mo l - M3
A= ] |l (37)
M3jl1 - M2
o)

This may not give the correct shock strength, and hence loca-
tion, and so a modified equation for the shock strength, within

the realm of small-disturbance theory, is used, namely

o =05 % A(o2 - oo) + sA(ol - 00) (38)

The parameter € is found by ensuring that

C ~ 0y - sA(ol - Go) =0, = 0, (32)

Since o, = 95 is small and since the "near-by" solution is by
definition close to the solution to be corrected this device is
equivalent to tuning the small-disturbance theory to get approxi-
mately the correct shock jump. In eq. (39) the shock strength o
is determined at C;3, the TSD pre-shock pressure coefficient, by
the relation

c=-§}l-{—?—2+c;] M2 -1 (40)

YMS 3

where MB is the free-stream Mach number and Mt is the pre-shock

Mach number given by
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2+ (Y-1)M%

Y-1 Y+1
Y+1 .2 Y=-1
(—-’i"‘ ch + l]

(m+) 2

#

-~ 2 (41)
+
Pj

A similar relation holds for o,. The TSD strength is given by

1
o = -2(ct -c¢c') (42)
© po Ps
where
(1 M2)
C* _ =2 e
po Y+1 M2
o)
A similar relation holds for Oy 03.

Having obtained g, the final value for the pressure coeffi-
cient on the airfoil surface is given by

Cp(x) = Cp (x3)4-A[Cp (xz)--Cp {(x')1

3 2 o
: + eXlcC X - C x' 43
; I pl( l) po( 3] {43)
where
x=x3+x2-x‘+e(xl-x‘) (44)
and
- [} ]
Xy =X + stlxl(x )
- \ ] [}
x, = x' + éxsle(x ) (45)
— ] 1 ]
Xy = x' + 6x83x1(x )

where §Xg,, 8xg,, 8xg, are the amounts by which the shock wave
moves for each of the solutions, relative to the base solution
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2 + (Y-1)M
()2 = -2 (41)

Y-1 Y+1
[lil wct 4 1] Y-1

A similar relation holds for 0. The TSD strength is given by

o = -=2(ct -¢c*) (42)
° Py Pg
where
2
c* = -2 (1 M)
po Y+1 M2
(o)

A similar relation holds for Oy 03.

Having obtained e, the final value for the pressure coeffi-

cient on the airfoil surface is given by

Cp(x) = Cp (x3)-+X[Cp (xz)--Cp {x'})1

3 2 o
+ ex|[C X - C x' 43
pl( l) po( )] (43)
where
x=x3+x2—x'+e(xl—x') (44)
and
— L} T
Xy = x' + stlxl(x )
— L] L}
X, = X + stle(x ) (45)
4 — [] ]
- x3 = x' + st3xl(x )
)

where §Xgq, 6x52, éxs3 are the amounts by which the shock wave

moves for each of the solutions, relative to the base solution
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Cpo(x'). (Note: The above idea of a "self tuning” transonic theory
is of use in its own right. A short paper on this subject is
attached as Appendix C.)

5.2 Discussion of Results

Several examples of the correction technique have been com-
puted using both Euler egquations and the transonic small distur-
bance equation as a base. With the exception of the result shown
in figure 10, when the Navier-Stokes solver of Steger (ref. 6) is
used, the Navier-Stokes and Euler equation solver used is that of
Deiwert (refs. 9 and 10). An earlier example for a NACA64A410
airfoil at @ = 0 and M_ = 0.8 is shown again in figure 10. The
basic calculation is an Euler equation solution and is corrected
for viscous effects from a near-by solution at the same angle of
attack and M = 0.82. A similar correction for a Korn airfoil at
M_ = 0.755 and a = 2.66° is shown in figure 11, where the near-by
solution is at the same Mach number and a = 1.2°, Both these
examples have attached flow in the near-by solution but the second
example has mildly separated flow in the test case. It can be
inferred from these examples that the correcticn technique does
work when Euler equation solutions are corrected. It is also
apparent that the error between the Euler eguation solution and
the Navier-Stokes equation solution is not great and that these
examples are perhaps not a good test of the method. Furthermore, !
the computation time of the Euler solver is about half that of the
Navier~Stokes solver and the prospective overall savings in compu- l
tation cost is not as dramatic as would be the case of correcting
TSD equation solutions. Accordingly, most of the effort was put ,
into investigating the correction procedure for the TSD eguations.

In figure 12 the pressure distribution around a Korn airfoil
at M_ = 0.755 and o = 1.2° is shown. The base result is a TSD
calculation using Spreiter scaling and the correction is computed
for the same airfoil, at the same Mach number, with o = 1.7°. 1In
figure 13 the pressure distribution around the Korn airfoil at




M, = 0.755 at o = 2.66° is shown. The near-by solution is the same
as in the previous example. It may be seen that for both these
examples that the corrected result is fairly satisfactory although
the shock location is not quite right. However, the results are

a considerable improvement on the uncorrected TSD solution using
Spreiter scaling and a greater improvement over those computed with
Krupp scaling. It should be noted here that the present method
effectively chooses its own transonic scaling through the use of
eg. (35). It is interesting to investigate what effect the use

of eqg. (35) has on the solution. Hence, the preceding case was

computed without the use of the shock strength scaling correction
and the result shown in figure 14. It can be seen that the shock

strength correction is indeed an essential part of the theory.

The previous example is one primarily of attached flow. An
attempt is made here to try to compute a separated flow example.
Although separation is really an unsteady process, the results used
here are computed using a steady version of Deiwert's Navier-Stokes
solver. The flow around an 18% thick biconvex airfoil at o = 0°
and M = 0.775 is shown in figure 15. The near-by solution is the
same airfoil at the same angle of attack but at M_ = 0.79. The
agreement between the corrected result and the direct result is
fairly good although the pressure in the separation region is too
high. However, the corrected result is again a considerably
improvement over the TSD solution. It is worthwhile noting that
the turbulence model had to be the same both for the near-by case

and for the direct comparison computation; different turbulence

e e e e ek L L

models can produce considerably different results.

It is one of the implications of the present method that the
near-by solution need not be for the same airfoil on the test case
only that its basic characteristics, i.e., rapid gradients should
be similar. Accordingly, an example for a NACA00l2 airfoil at

.
e e i math e as

a = 0° and M = 0.8 was computed using the correction obtained for

the upper surface of the Korn airfoil at M_ = 0.755 and o = 1.2°.

1
3
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The resulting pressure distribution, shown in figure 16 agrees
surprisingly well with the direct result. The NACA0012 result

is mildly unsteady and the range of unsteadiness is indicated by
the symbols on the figure. An attempt was made to use the
correction obtained for a NACA64A410 airfoil at M, = 0.8 and

o = -3.0° for the biconvex airfoil discussed above. This result
is shown in figure 17 and it can be seen that although the use

of the correction procedure upgrades the TSD solution, the overall
improvement is not really satisfactory. The main reason for the
error in the pressure in the separation region seems to be that
the inviscid TSD solution for the NACA64A410 airfoil does not have
as large a pressure gradient at the trailing edge region as the
biconvex airfoil solution. Incidently, it should be noted that
the examples shown in figures 12 and 13 are formally beyond the
bounds of small disturbance theory.

In general then it appears that the correction theory works
for correcting Euler equation solutions and for TSD equation solu-
tions for attached flow. The shock locations can be in error and
this may be due to the extreme nature of some of the examples. It
also appears that the use of a different airfoil for the correction
computation can work although in extreme cases like that shown in
figure 17 the improvement may be minimal. Also, from the one
example computed, it seems as if massively separated flows can
be computed although more work is required to determine the range
of applicable "near-by" solutions.

Most of the examples discussed above are fairly extreme in
their degree of flow complexity. One of the difficulties, in
abortive attempts to compute the flow over the NACA64A410 airfoil
at o = -3.0° and the Mach numbers used in figures 4 and 5, is that
the TSD solution gives a shock location at the trailing edge even
for quite high values of the transonic parameter, thus destroying
any chance of using the shock location correction of eg. (35).

The overall conclusion reached from the small range of examples
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i computed is that the correction theory does appear to work, but
that a much greater range of examples both less extreme than the

1 present ones and with massive separation need to be investigated. ;

A major difficulty in implementing the suggestion economically is

to predict in advance what kind of flow a Navier-Stokes solution

will exhibit. A further point that should be investigated is

some means (probably semi-empirical) of identifying when a

separated or attached flow correction should be used.

6. THE CORRECTION THEORY IN THREE-DIMENSIONS

6.1 General Comments

The extension of the mathematical perturbation theory to three
dimensions is a straightforward development of the theory described

in section 4. The correction for a given problem is obtained by
computing one exact and one approximate solution and taking the

difference. The strained coordinate method is used to treat shock

waves and any rapid gradients in the flow. The only fundamental
difference between two and three dimensional applications of the %

theory is that in three dimensions provision has to be made for a

spanwise straining to treat possible shock intersection points. q

The examples considered in the present investigation all con-

| cerned the ONERA M6 wing. It is obviously desirable to treat the 3
theory over a wide range of wings, but the relative unavailability
of wing input data and shortage of time inhibited the use of wings
other than the M6 wing as test cases. However, the pressure dis-
tribution around this wing at typical transonic speeds is fairly
complex and usually contains two shock waves intersecting inboard
of the wing tip, together with a large pressure gradient in the
vicinity of the leading edge. In the test cases various combina-
tions of angle of attack and wing twist were used to try to produce

a relatively wide range of perturbations.
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An important decision in the use of the theory is to determine
the number and location of the straining points. A typical section
pressure distribution for the M6 wing is shown in figqure 18. It
can be seen that the leading edge shock wave is weak and is con-
siderably smeared by the finite-difference schemes; this can cause
difficulties in identification. Consequently it was decided to
simply treat the leading edge region as a region of high gradients
and to pick some identifier (not necessarily the shock) to hold
invariant. The ultimate choice is the location of the bottom of
the first compression gradient (point A in figure 18). The other
points held invariant in the straining functions are the beginning
and end of the capture region of the strong aft shock, points B, C,
respectively in figure 18. The leading and trailing edges are also
held invariant. 1In addition to this section data a shock inter-
section point on the span is also held invariant. It should be
noted that the solution accuracy is unchanged if a previously
specified rapid gradient does not exist at some straining point,
since the straining does not degrade a normally valid or accurate
perturbation. One problem that arises in a diverse straining,
such as the one necessary in the present problem, is that the usual
cubic straining function used in section 3 can give strained coordi-
nates that tie off the wing. 1In order to remove this tendency a
piecewise version of the linear straining given in reference 2 is
used. Fou: a chord length of unity, the three straining points A,

B, C, the straining function is

£1(E,0) = £' + E'SEH(EI-E") + [SE,(E'-E]) - SEAE'-ER) 1/ (EL-E})
X H(E'=EH(EL-C') + [SEL(E'-EL) - SEL(E'-EL) 1/ (EL-E})

X H(E'=ERIH(EL-E") + SEL(L-E)/(L-EL)H(E'-EL) (46)
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where H({) is the step function, and 6£A, dgé, and égé are the
perturbations in the points !, ié, &é,
This straining function is used in the computation of all the

test cases.

6.2 Discussion of Results ;

The correction for all the examples is taken from various
computations of the ONERA M6 wing at M_ = 0.84 and o = 3.06°
and zero twist angle. Both full potential calculations, using
Jameson's finite volume method (ref. 11), and modified small-
disturbance calculations, using a variant of the Bailey-Ballhaus

(ref. 12) code are performed. Calculations are carried out
relatively coarse and fine grids. The type and magnitudes of
errors involved in the various approximations are indicated in
figure 19. The span stations n are such that n = 0 denotes the
wing root and n = 1 denotes the wing tip. As pointed out in
section 4, the main criteria for both correction results and the
approximate or coarse grid results is that they must contain all
of the essential features of the flow. For example, in problems
of the type sketched in figure 18, a coarse grid solution must
capture the leading edge compression in an adequate fashion other-
wise the location of the forward straining point cannot be found.

Another interesting variation of the criteria for validity is that
the convergence level for all solutions on the same grid must bhe
the same. If the convergence level (and hence the truncation error)
is different for different cases, then the equivalent perturbation
equation for the correction is not the same, and the present
correction technique is invalid. It is possible however to
envisage a correction which would treat different convergence

levels.

The first two examples, shown in figures 20 and 21, indicate
the application of the correction technique for grid size. The

[P SRR
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approximate solutions are obtained using the finite-volume methogd
(ref. 11) and are on a grid of dimensions 80x8x16; the fine grid

has dimensions of 160x16x32. The results for M = 0.84 and o = 3.06
are shown in figure 20 for various span stations n and it can be
seen that the agreement of the present method with direct calcula-
tions is fairly good. 1In figure 21 the pressure distribution

around the upper surface of the M6 wing at M_ = 0.84, a = 3.06

and with 3.0° of wing twist. Again it can be seen that the agree-
ment between the corrected solutions and the directly calculated

solutions is adequate.

In figure 22 and figure 23 the corrections for the use of the
TSD equation is shown. The TSD solution uses the grid embedding
technique of Boppe- 1In figure 22 the pressure distribution for
M, = 0.84 and o = 3.06 is shown, and in figure 23 the pressure

distribution for M, = 0.84, a = 4.0° and 1.5° of twist is shown.

In both cases the agreement with direct calculations is adequate.

Finally, in figure 24 and figure 25, the correciion for grid
size and the use of the TSD equation is investigated. The TSD
solutions are computed on a grid with 31 streamwise points and the
full potential equation on the grid of 160 16 32 as before. 1In
figure 24 the pressure distribution for M_ = 0.84, o = 3.06 is
shown and it can be seen that the agreement with the direct calcu-
lation is not really adequate away from the wing root. This is
almost certainly due to the inability of the coarse grid TSD
solution to adequately represent a main feature of the final
solution, in this case the "bulge" in the pressure distribution
in the region of the leading edge recompression. It should be
noted, however, that the present technique still upgrades the
solution, especially the shock location. In figure 25 the pressure
distribution for o = 4.0° and 1.5° of twist is shown. It can be
seen that these corrected results compare fairly well with the

results of direct calculations.

In summary then, the correction technique derived for two-

dimensional flows in earlier reports does appear to work in
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three~dimensions although care must be exercised in the choice of
the grid size. A major criterion of the work is that only one
wing, the ONERA M6 wing, is used in the tests. The reason is
given elsewhere, but the method should be more comprehensively
tested for other wings. A second point is that the computer code
used in the present research is not entirely automatic. A future
code should have an automatic identification method for the

straining points.

7. CONCLUDING REMARKS

The main object of the present work is to extend some recent
development in perturbation theories of transonic flow. One topic
is the extension of the physical perturbation theory to treat
solutions of the Navier-~Stokes equation. A second topic is the
investigation into the possibility of correcting lower grade
inviscid solutions for viscous effects using the mathematical
perturbation theory. Thirdly, the extension of the mathematical
perturbation theory for potential flows to three dimensions is
considered. The extension of the physical perturbation theory to
solutions of the Navier-Stokes equations is straightforward, the
only additional fact to appear is that the necessary base and
calibration solutions should not be too close together, otherwise
the perturbation quantities can be seriously degraded by the

numerical error in the solution.

Application of the correction technique to upgrade potential
equation solutions to include viscous effects introduced some
interesting problems. The main difficulty proved to be due to
the fact that, for relatively strong shock waves, the potential
theories give shock locations that are much further aft than those
predicted by the Euler or Navier-Stokes equations. This raised
problems in the application of the concept of near-by solutions,

since the sensitivity of some of the examples to small geometry
changes could allow a flow change from one with a relatively weak
shock to one with a strong shock. This led to the necessity for

[FORTRP
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a correction for the purely inviscid errors due to the use of the

——— e e A o=

potential equation rather than the Euler equations. Examples
computed with the subsequent correction theory compare adequately

with direct calculations. ,

The extension of the mathematical correction theory to three-
dimensions is a straightforward development of the two-dimensional
3‘; theory. Within certain limits the perturbation method appears

satisfactory. However, in all of the topics discussed above, it
. is desirable that a more comprehensive testing procedure be per-
%i formed over a wider range of airfoils and wings in order to assess

the range of applicability of the theories.
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TABLE 1.~ VARIATION OF ¢ AND gi WITH MACH NUMBER

‘ O
. £ £
M (€) (e) o €
' o TSD NAVIER-STOKES TSD ©” NAVIER-STOKES
i 0.82 | 0.622 -0.0753 0.618 0.678
0.85 1.9787 -0.178 1.965 1.609
- 0.87 3.3502 -0.242 3.327 2.176
@) (e)qgp = *1-007: (€,)ypy1ER-STOKES = ~0-111
Mo = 0.8, M1 = 0.83
[L] £
M (e) (g) €o €o
. o TSD NAVIER~STOKES TSD NAVIER-STOKES
0.82 0.622 -0.0753 0.314 0.422
0.84 1.454 -0.145 0.735 0.814
0.87 3.3502 -0.242 1.693 1.352
(b) (e dmgp = 1-979; (e.) \avipr-sTokes ~ ~0-178

M = 0.8, M, = 0.85

«
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Figure 1l.- Sketch of pressure distribution
in transonic flow.
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Figure 5.~ Pressure distribution around the upper
surface of NACA64A410 airfoily M_=0.9, a=-3,0°,
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Figure 8.- Pressure distribution over the upper sur face
of a Korn airfoilj M, =0.75, o = 1.,
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Figure 12.- Pressure distribution around the upper sur face
of a Korn airfoil; M_ = 0.755, a = 1.
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Figure 13,- Pressure distribution around the upper surface
of a Korn airfoil; M_ = 0.755, a = 2.66°.
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Navier-Stokes solution

— = —Uncorrected small
disturbance

Corrected small
disturbance

< Figure 15.- Pressure distribution-around a l8-percent
Biconvex airfoil; M, =0.775, a = 0°.
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Figure 16.- Pressure distribution arounda NACA0012
airfoil; M_ = 0.8, « = 0°,
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Figure 17.- Pressure distribution around a 18-percent
biconvex airfoilj; M _ = 0.775, o = 0°,
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1.0

Figure 18,- Sketch of typical pressure distribution over
the upper surface of the ONERA M6 wing.
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« Figure 20.- Pressure distribution over the upper surface
of the ONERA M6 wing; M = 0.84, o = 3,06
(grid correction, full potential equation).
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Figure 20.- Continued.
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Figure 20.- Concluded.
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Figure 21.- Continued,
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Figure 22.-~ Pressure distribution around the upper surface

of ONERA M6 wing; M_ = 0.84, a = 3.06°
(Tsp/full potential equation correction).
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Figure 23.- Pressure distribution over the upper surface
of the ONERA M6 wing; o = 4°, Y¢yige = 1.5°

(TSD/full potential equation correction)
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Figure 23.- Concluded.

v faate i Al




-69-

Full potential result
(O TSD coarse grid (corrected)

C
o A X TSD coarse grid i
-0. 8}
X
0.4 X ’
) ©)
X
0 J | — i‘*
0.5 1.0 x
c A
0.4 E
4
(a)

Figure 24,- Pressure distribution over the upper surface
of the ONERA M6 wing; M_ = 0.84, a = 3.06
(TSD coarse grid/full potential
equation correction).
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Figure 24.- Concluded.
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APPENDIX A
OBSERVATIONS ON THE STRRINED CCORDINATE
METHOD FOR TRANSONIC FLOWS

*
By David Nixon

Nielsen Engineering & Research, Inc.

Mountain View, California

Introduction

Recently papersl'2 concerning a strained coordinate method for
discontinuous transonic flow problems have appeared in the
literature. 1In particular, the application of this technique for a
linear interpolation cr extrapolation betwesn two known>resu1ts
has raised some questions regarding the relationship of the strained
coordinate technigue to normal interpclation procedures. Some
confusion also seems to have occurred regarding the treatment of
the:Oswatitsch—Zierep3 "shock foot singularity.” It is the purpose
of this note to examine these questions and (hopefully) finally

resolve them.

Analysis

In figure 1 a typical velocity distribution, for transonic
flow, u(x), is sketched. This is the curve ABCD. A shock
wave is present, denoted by the line BC, with the shock foot singu-
larity at the point C. At C the derivative %% is logarithmically
singular. A second transonic flow related by some small parameter

change to the first, is represented by the curve ABCD.  The

purpose of a linear interpolation procedure is to obtain a third

index Categories: Transonic Flow; Analytical and Numerical Methods.
Research Scientist, Associate Fellow AIAA




solution, A B"™ C" D from the first two (known) solutions.

Let the difference betwoon the ARCD and AB'C'D solution be
characterized by the small parameter €5 and the difference between
AB"C"D and ABCD characterized by €. The shock locations C, C', C"
are denoted by x;, Es' X In both the strained coordinate meathod

and linear interpolation the new shock location is

+ = (k-x') (1)

Consider now the velocity distribution u(x) in the region AB where

no discontinuities or singularities appear. The strained coordinzte

method gives2

u(x) = u_(x') + gz [u (K) = u (x")] (2)

where uo(x') refers to ABCD, ul(§) refers to AB'C'D. The physical

coordinate is x' and

-,
X = x' + stxl(x') (3)
= £
X = x' + z dxsxl(x') (4)
o
where '
(1 - x")
x,(x') =X e (5)
1 xé(l Xé)
and §x =2 - x
s s s

A normal linear interpolation procedure gives

ulx) = u (x) + = lu;(x) - u (x)] (6)
o

[ eammamand P — e



Now from equations (3) and (4)

and thus, by a Taylor series expansion,

— € au
uo(X) = uo(X') + %‘;‘ GXle(X') 'é‘;{—.‘- &
(7)
v Ju
(%) = u, (B) + (== - 1) &x_x, (x") + ...
' ! Fo s74 3%

Substitution of equation (7) into equation (6) and retaining only

linear terms in dxs and € gives

au
= 1 £ & . du _©
ux) = uo(x ) + = (s 1) stxl(x) — ey
o) o)
€ —
t = [ul(x) - uo(X')l (8)
(o}
If, as will be the case in region AB,
2u u
1 o)
';;—‘:'- -5';7- _g (E) (9)

then the second term on the right of equation (8) can be neglected
and it may be seen that the strainec coordinate method and linear

interpolation are equivalent. A similar equivalence occurs in the




region C'D provided the point in guestion is not too close to the
Ju Ju

singularity at C'. This would make -—— large compared with 7§$
3% °

and would invalidate the assumption of equation (9).
Consider now interpolation or extrapolation in the region
BB'. An extrapolation for uo(X’) can be made using a Taylor series

expansion about some point xé close to B. Thus

u
uo(x) = uo(xé) + (x - xé)[§§$] + ... (10)
*p

A similar analysis to that previously given leads to the result
— ' ,,E_ >Y - [
u{x) = u_(x') + ul(x) uo(xp{]

Ju
+ _g__{f__e__ -1 stxl(x') ——_—_l— - Ax £
9x p

(o)

Ju Ju
le) . 4 s « o
If —= and [%;é] are sufficiently close and if AAP Q_[stxl(x )]
ox X
P
then the third term in equation (11l) is negligible and again the

linear interpolation/extrapolation is equivalent to the strained

coordinate method. A similar analysis can be applied to the region
' u

C"C' in which case if x' is close to C! —1%- is very large and
P P
interpolation/extrapolation_is not equivalené’to the streined
Ju
wsrilinate method since| —— would not be sufficiently close to the
¥ Jx
auo
mnre regular TRV in C"C’. 1Indeed, it is difficult to see how

r C"C' can be obtained by linear interpolation/extrapolation

wnuld involve an expansion through the singularity at C'.
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It is probably possible however to obtain a solution in CC' if the

shock jump relations are used at B" to get values at C" and a higher
order interpolation used in C'C".
Consider now the behavior of the strained coordinate method

a2t the shock foot. The behavior of the velocity at C, C' is given

by the form

ui(;?) = ul(;:S~) + oo (X - is)zn(i - ;cs)e

(12)

UO(X') = UO(Xé) + ao(x'— xé)ﬂn(x‘- xé)

where ul(}_cs Vo uo(xé ) are values at B' and B respectively and

oy, & are constants depending on the shock strength and the air-

foil curvature. Using the strained coordinate method, equation (2},
gives for values just downstream of C"

u(x) = uo(x; ) + ao(X'— Xé)ﬁn(x - x;)

s — - — — o
—_ - u (%! - - -
+ ul(xs ) (AS ) + al(x zs)ln(x ®_)

- ao(x'— xé)ln(x'- xé;}

From equations (3) and (5) it can be seen that

(x - xs) = x'- x. + st(xl(x') - 1)
If (x' ~ xé) = § then, using equation (5),
(x = %) = 8[1 + a(x")]

where




Substitution of equation (14) into egquation (13) gives

u(x) = uo(xs ) + aodﬂné + gi {}l(QS ) - uo(x; ) j
— O — —— -
+ alé[l + a(x')1€nés(l + a(x')] -~ aoﬁﬂn{} (16)

Since éxs is assumed small

£né{l + a(x')] ~ £né

1
Then L
S = £ % -
- u(x) = {Fo(xé) + e [ul(xsy) uo(xs_)i} [
t
. ]
- . + [ao + E; {alll + a(x')] - ao}GZné} (17) L
E The form of the singular part of u(x) at C" can be found by the j
- above analysis to be J
; t
| £ £ L (x!
a26[1 + a(x')]zna[l + £ alx ﬂ
3 o o
1
3 where o, is some constant.
o~ Since a(x') is small this can be reduced to

a2[5£n5 + (6&n8) & a(x-ﬂ

£

Thus

,.,,‘v_.,.,,_-ﬁ-v‘ﬁ

e pr————
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|

|
‘ Substitution in equation (13) gives

-7

u(x) = {“o‘xé) + g; [ul(xs ) = ug(x! )]}

+ {ao = ey - oag) F oo {1 - -gg—]a(x')(al - ao)]

€O €O (o]
x 6[1 + -EEO- a(x')]Zn{S[l + EE; a(x')}} (18)

Since we are dealing in small perturbations it is obvious that

(11 - o ) is small and hence the tern £ (1 - jl)a(x')(u -0 ) can
o €6 €6 1 o

ke neglected in equation(18). It can then be seen that the strained

coordinate system not only transfers the shock to its correct loca-

tion, from equation (1), but also introduces the correct shock foot

singularity with a strength [ao + éi (al - ao)], obtained by linear

o
interpolation of the strengths at C, C'. Thus in the strained

coordinate method the treatment of the shock foot singularity is

consistent with the treatment of the smoother parts of the solution. ﬂ

Conclusions

The strained coordinate interpolation method used for transonic
flows has been compared with normal interpolation/extrapolation
procedures. It is found that both methods are essentially equiva-~
lent in smooth regions of the solution. However, normal linear

extrapolation does not appear to be applicable in the region just ﬁ

behind a shock wave where the acceleration is-infinite. The

strained coordinate method does move the shock, and its associated
shock foot singularity to the correct location and scales the

strength of the singularity according to linear interpolation.
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Figure 1.~ Sketch of transonic velocity
distribution on an airfoil.
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APPENDIX B

COMMENTS ON THE EXISTENCE OF A "NEAR-BY" SOLUTION

In the preceding work the term "near-by solution" is used.
The definition is very loose, being simply "a solution that has
all the essential features of the basic solution."” 1In this
appendix an attempt is made to define a near-by solution on a

guantitative basis.

Consider a differential operator, L( ) where
L(¢) =0 (1)

Let an approximate representation of the system described by

equation (1) be given by
L($) + eLy($) = 0 (2)

where € is a measure of the difference between approximate and

exact solutions. ¢ is the solution to the approximate eguation
Ly($) =0 (3)
and Ll( ) is a differential operator. If
o =¢ + c¢’ (4)
where € is a small parameter, then

L(o) = L(3) + €L(6') + ... =0 (5)

where L( ) is a linear differential operator whose coefficients
may be functions of ¢, and ¢' is the correction to ¢.
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If equation (5) is subtracted from equation (2), then an
expression for the correction ' is

~

L(¢') = L, (6) (6)

e n e s

Now let there be two solutions, a base solution, denoted by the

subscript 1, and a near-by solution, denoted by the subscript 2.
Thus, from equation (6)

= £, (6]) = L (§,)

2 . . (7)
i ? L2(¢2) = Ll(¢2)

r. Subtraction of these equations give

~ ~

Ly (1) = L,(85) = Ly (8y) - L, (§,) (8)

Now generally in transonic flow problems L( ) is a mixture of ?;

! first and second derivatives (no cross derivatives). Let L)
be given by

2 _ a2 ) 2 N .
. - AR 3 3 d d

n
Q
S
J
+
™
S
J
+
<
S
l
+
o
s
|

(9)

The boundary condition for the perturbation equation, equation
(6), is given by

¢§ =B on some boundary C (10)

The precise location of the boundary C may not be too critical;

i.e., a mean surface boundary condition could be used.

v




Equations (8) and (9} can be combined to give

aq (9] = ¢3) + By (97 = ¢5)

XX * Yl(¢i'-¢é)x * 61(¢i-¢é)y

Yy
= (ay,-oay)é) ot (82"81)¢§yy S ORI CR AP

+ (6,766 *+ Ly(6)) - Ly (6y) (11)

with boundary conditions

(0] - ¢3), = By - By (12)
on some mean of Cl,C2
If
Ial - a2| << Iall
IBl - le << IBll
Iy, = ¥yl << Ivql
(13)
|8, = 8,1 << [8,]
IBl - B,| << |B1|
1Ly (01 = Ty Ge ] << [lny (6 ]]
where || || is some suitable norm for Ll(5), then equations
(11) and (12) reduce to
1 1) 1) ] ~
al¢xx + Bl¢xy + Yl¢x + 61¢y = 0 (14)
o' = 0 (15)
Y

where
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The solution to equations (14) and (15) is

or

Formally this implies

log = 631 << o7l

which in turn implies that the correction ¢i can be used for

the problem denoted by subscript 2 provided
is satisfied.

Example:

in equation (13)

Consider the problem of truncation error in solutions of

the TSD equation

B Oux * ¢yy = ¢x¢xx
In this case
~ r2 _

a =B ¢x
B =1
Y = 6y
§ =0

L. (3) = Ax2(B% - §.) 225, 42

1 by e y

Hence, the correction procedure is valid if

(16)
(17)
2%
4
3y

Pom—

r—y o

e vy S

W BT Lot 3 Tnnrrey %




2 - 2 - 2 -

IBY = ¢35 = By * 9,1 << IB] - 65,1

]¢1X - ¢2XI << l¢lX'

(8% - § )3451 (B2 - 3 )8%2 (B2 -5..)
BY - ¢ - (B ¢ << BT ~- ¢
1 1x 8x4 2 2% 3x4 1 1x
4~ 4~ 4~

%5, 2%, 2%,

ay? oy ayd

(18)

The above formula are dependent on large gradients either

vanishing or being constrained to the same location.

The

strained coordinate method takes account of the latter problem.

In practical applications it is assumed that the error

bounds, equation (13), can be deduced from values on the air-

foil surface.

e o i,
et il s o .. .

This does not seem unreasonable.

rhe i el ) ek A




APPENDIX C

TRANSONIC SMALL DISTURBANCE THEORY WITH
STRONG SHOCK WAVES

; David Nixon*
Nielsen Engineering & Research, Inc.

Introduction

The most common methods of predicting aerodynamic character-
] istics at transonic speeds are either the Transonic Small i
3 | Disturbance (TSD) theory1 or the Full Potential Eguation theory2
(FPE). The more accurate Euler equation solutions3 are expensive
to obtain although for flows with strong shock waves such solu-
tions are essential. The FPE theory requires that the flow is
irrotational and treats the wing boundary conditions exactly
(numerically). The TSD theory is an approximation to the FPE
theory. One advantage of the TSD theory is the flexibility in
' deriving the approximate equation. This flexibility is generally
utilized by a choice of a transonic scale parameter. The basic
‘ assumption of irrotationality in both these theories is only
valid when the flow is shock free or contains only weak shccks.
Both TSD and FPE solutions are in satisfactory agreement with
realistic Euler equation solutions provided that the basic

restriction to weak shock waves is not violated. The thin

wing boundary conditions can also introduce errors into the TSD

Index Categories: Transonic Flow; Analytical and Numerical Methods.
*
Research Scientist, Associate Fellow AIAA.
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solutions. If the flow has strong shock waves, however, then
there is considerable disagreement among all three theorics.
Generally the predicted shock locations for the potential theories
are much further aft than for the Euler equations. The problem
addressed in this paper is to examine the error in the shock
location in the TSD theory in two-dimensional flow and to

derive a correction procedure within the confines of small
disturbance theory. The basic hypothesis of the present theory
is that the error in shock location is primarily due to the
stronger shock strength predicted by TSD theory compared to that
of the Euler eguations. The technique uses two TSL solu-

tions with different scaling parameters and an interpolation
scheme derived for discountinuous transonic flows to give a

corrected shock strength.

analysis

The TSD equation for the perturbation velocity potential,

¢ (x,y), at a free-stream Mach number M_,is

(1 - m2ro ., + o, = (v + Lndy

Yy ¢

(1)

XXX

where y is the ratio of specific heats and q is the transonic
scaling parameter. The two most commonly used4 values of q are
2 (Spreiter scaling) and 1.75 (Krupp scaling). The pressure

coefficient cp(x,y) is

e, (x,y) = =2 ¢, (x,y) (2)




Associated with Eq. (1) are the usual tangency and far field
boundary conditions. The weak shock jump conditions for Eg. (1)

are

2

o«

- - aq. |.
H[l M (y + l)Mw¢x]QXD + tan ¢_ I ¢y I {(3)

where (I [] denotes a jump through a shock wave and ¢g is the angle
between the shock normal and the x-axis. For a shock normal to

the free stream the shock strength, © is defined as

TI

= - = - +--*
o C C 2(Cp Cp) (4)

where C;, C_ are the pressure coefficients just ahead of and

Py

behind the shock and

—2(1 - M%)
(v + 1)M3

e

: Consider now the Euler equation normal shock Jjump, Opr in

1 terms of M_ and C; which is given5 by

g op = =y 2 - 1)[~’:~ + c*} (6)




A081 531  NIELSEN ENGINEERING AND RESEARCH INC MOUNTAIN VIEW CALIF F/6 20/4
DEVELOPMENT OF PERTURBATION PROCEDURES FOR NONLINEAR INVISCID A=-ETC(U)
JAN 80 D NIXON FD%ZO-T’-C-DOS‘
UNCLASSIFIED NEAR-TR-21&% AFOSR~TR-80-0129

END
. 3”““80




|I||| ¥

ez mg

EEER
EEE

rrrrprlg rEE

Ha

MICROCOPY RESOLUTION TEST CHART




where the upstream shock Mach number Mg is given by

v

2 _ 1 N N P L T _
D = o {[2+(y l)Mwl/[———- chp+1] 2}

N

(7)

Egs. (4) and (6) are shown for M_ = 0.755 in figure 1 and
it can be seen that as ]cgl increases the discrepancy between
S and Op increases. Note that different transonic scalings
not only give a different value of C; but generally a different
value of C;. Thus, for different scalings the shock strength
may vary considerably.

The error in the shock location in the TSD solutions seems
to be primarily due to the error in the shock strength as
exhibited in figure 1. If the TSD equation is altered, still
within it's formal accuracy bounds, such that the shock jump
approximates the Euler eguation shock jump then the resulting
equation is a better compromise in representing the actual
flow. The reason for this statement is that by matching the
shock jhmp the new equation implicitly introduces an additional
mechanism, formally negligible, that cancels the rotationality
errors in a potential formulation.

If the correct shock stréngth is known and if two TSD
solutions with different scalings are also known then a TSD

solution with correct shock strength may be estimated using a

f—m e




linear combination of the known solutions. Thus, if o and

T
1
Op_ are the shock strengths of the TSD solutions, then a param-
2
eter e can be found such that
g, =0 + e(a - 0., ) (8)
E Tl T2 Tl

where o, is the estimated Euler eguation shock strength. If ¢

E
is known then the pressure distribution can be found using the

strained coordinate methodG. Thus,

C = C
p(x,y) p

| l(X',y) + e[sz(Q.y) - Cp (x',y) (9)

1

(x,y) are the pressure coefficients from the

where C C
, pl(x,y), P,

TSD solutions and

X =x' + stoxl(x')
(10)
. Xx = X" + (X - x')

where st is the change in shock location between first and

(o)
second TSD solutions. The function xl(x‘) is usually taken6

to be

_x'"(1 - x")
¥ )= TR

d : -] S

where X is the shock location for the first TSD solution.

- m---d“
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The main problem now is to estimate the shock strength Op-

This is given by Eq. (6) if C; is known. In TSD solutions

Spreiter scaling gives good agreement4

for moderately strong
shocks and Krupp scaling gives good agreement for weak shocks.
Hence it seems reasonable to take C; to be the average of the
Spreiter and Krupp values of the préshock pressure coefficients.
However, the justification for this choice really lies in the

accuracy of the final results. Hence, given o, from Egs. (6)

E
and (7) the surface pressures can ke found from Egs. (8),‘(9),

and (10).

Results

The present method was first tested for a weak shock
example, namely the flow over the NACA 64A006 airfoil at zero
angle of attack and M_ = 0.875, to see if the present method
would give the accurate Krupp scaling. This result is compared

to an Euler equation result7

in figure 2 and it can be seen that,
apart from the shock capture characteristics, the present

method does agree satisfactorily with both the Euler solution
and the Krupp solutions. An example for a flow with a strong
shock is shown in figure 3. 1In figure 3 the flow around a

Korn airfoil at M_ = 0.755 and 1.7° angle of attack is compared

to an Euler equation8

solution and it can be seen that the
agreement of the shock location predicted by the present method

is satisfactory, although there is an error in the leading edge,

which is almost certainly due to the use of thin airfoil boundary

3
Ll
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conditions in the TSD theory. Incidently, if Spreiter scaling
is used, the TSD result is almost coincidental with the present

result.

Concluding Remarks

A method to effectively choose a transonic scaling to
place shock waves computed by small disturbance theory at the
location predicted by Euler equation solutions has baen
developed. The technique does effectively correct the shock
location although discrepancies in the leading edge region
still persist. This is probably due to the use of thin wing

boundary conditions.
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Variations of normal shock strength with pre-shock

pressure.

Pressure distribution around a NACA 64A006 airfoil;

¢ =0° M_ = 0.875.

o

Pressure distribution around the upper surface of a
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