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DRAG' THEORY,
= =

' The Air Force General Perturbation theory (AFGP4) based

on the analytic satellite theory of Lane (1965) and Lane
and Cranford (1969) which models the gravitational zonal
harmonics through Je and models the atmosphere with a
spherically symmetric power density function is given here
in its complete form. All equations needed for satellite
prediction are given and the reader is referred to the
original publications for the theoretical background. Two
simplified equation subsets (IGP4 and SGP4) of AFGP4 are
also given and the procedure by which they were obtained is
outlined. The IGP4 and SGP4 theories were originally

developed by Kenneth H. Cranford.

....... 4:.?-:' Earp
= 4
| ; A

L sl Lj

J : ]
(M~ —
ZIT e
}I_ lovdl
_ to-iianiiity Codes

Availand.

speclal




CONTENTS

TITLE

ABSTRACT: + s « s o + o «

CONTENTS. « « « + ¢« + « .« =«

1.
2.

3
4.

INTRODUCTION,

AFGP4 ,

Drag Simplification .

IGP4. . . . . . . .
Geopotential Simplification
SGP4.

References. . ., . .

Appendix.

ii

PAGE

ii

25
34
39
47
52
53

“_MWMMM.hdﬂﬂmmummmﬁwwmwmww i

il L




. e ——

1. INTRODUCTION

The analytic drag theories developed by the O0ffice

of Astrodynamic Applications are all descendants of a

parent theory AFGP4. The lineage can be traced from AFGP4
to IGP4 and finzlly to SGP4. In general, the theories
decrease in complexity and accuracy in the order AFGP4,
IGP4, SGP4. This eport gives a comprehensive description
of the equations as they are implementeda and describes the

process by which the simplified theories were obtained.

2. AFGP4

AFGP4 is a general perturbations theory based on the
work of Lane (1965) and Lane and Cranford (1969). The
gravitational model includes the effects of the first
five zonal harmonics of the Earth., 1The atmospheric model
assumes a static, non-rotating, spherically symmetrical

atmosphere whose density p can be descriked by the power

{ q)

P =90 \"r-s

where the quantities on the right side are defined in

function

the 1ist of symbolsin the Appendix. A discussion of the
development of the equations is thoroughly covered in the
rublications cited above and will not be repeated here.

The numerous symbols used in the following equations are

defined in the Appendix.
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Given the values at an upoch ty of the mean orbital

elements (denoted by subscript o) predictions with AFGP4
are made according to the following scheme:

a, Calculate the constants
k= Bu(1n?) /2 g1« 2 et v 202w sePn? + den + en®)

3k
+ (7531 (- % + % Bz)g(l-nz)-1 (e + 24n% + 3n4)

- Sen(4 + 3091

A, = L71g8

>
I

9. -1

>
1]

5 = (473) L azass) gty

A

4 = (2/3) (221a+315)g 9y
where all quantities on the right side are understood to

be double-primed epoch quantities.

b. Calculate the time-dependent quantities

_ .1 2 2 .43 3
Qp =-(3) [K° (A,+2A]) (t-t )7 + 0.25k” (3A5 + 12A1A,

+ 10A3) (t-t)* + 0.20k* (34, + 12A1A3+6A§ . 30A§A2

+ ISAg) (t-to)s]
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P
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o
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+ (30-968-9082)62 + (105+144B+2582)e4] + i

+ 35 94)} n (t-t.)

2
k : k
"o oo gl - 2 2 - 24 . 3 2 - 2
8% 8 T U7 gy (10397) T gy g 35 v 248 + 256
2, 42 2,4, .5 X 2
+ (90-1928-1268)6° + (385+3608+458°)6"] + T —— [21-98
. a g

+ (-270+1268%)6° + (385-1898%)6%]} n (t-t )

2
h' = h" + {_3 kz 0 + é kz [(-5+128+982\6 + (“35'368"562)93]
S R I ’

+ 3 ;%E§ 6(3-762) (5-382)1 n (t-t,)

‘where all quantities on the right side are understood to

be double-primed epoch quantities.

c. From 2{, uce the definitions of the angles to

calculate E" and M.
i 1
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Then calculate

t A
i
- 1-1 -2 .3 2.2 T-3
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3Ink,(1-567)°

Q| b
—
—
(o]
~
+
BlO
~
(]
i
+
(]
[
b
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2 8
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4 2

- (- - 3
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e
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where all quantities on the right side (except 2;, Ag
and gg) are understood to be double-primed cpoch quan-
tities.

d. Then, calculate the next approximation for 2",

g", and h" from
2k, 2 t
" = LA -
LY LY n[l+ a233 (-1 + 3067)] A ALi dt

o)

9 K (-1+56%) * A, at
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a“g t o]
o
kz 2 t
+ 15n R 5] / AHi dt
a‘p t,
' kze t
hy,; = hy + 9n 5 /// AL, dt
a g to
kze t kze t
+ 15n >3 AGi dt 3n 3 AHi dt
a g t aeg t
0 0

where all quantities on the right side are double-
primed epoch quantities unless otherwise ncted. Repeat
step c, using £;+1, g;+l, hg+1 in place of zg, gg, hg,
respectively, The number of iterations required is

determined by the value of X ='r1j%Li dt,

according to the following table:

) X Iterations
S < X 4
05 < X < ,5 2
X < .05 1

e. Let l;, g h; denote the final iterated values,
and let Ag and Eg denote the values of A" and E" corre-

sponding to £ . Then calculate
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and the drag periodics
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where all quantities on the right side (except gg,
E; and Ag) are understood to be double-primed epoch

quancities and where

p
R: - .
/Yle?d - Z PR (D g cosk hasing

k=0 £=0
J
i-1 n
_5 (2-k+3) )
+ k=2 cosk+£_23+1XsinA + Ri},
— j :
j=2
T (a-x+2)
k=1
k*;*l if k% is odd
with i =
k+§+2 if k+% is even
(i if k+4=0
0 if k+g=1
1ook-3
and R; =0 NM(575))% if k*& is even and k+%>2
k=2 |
“(*E") sin} if k+% is odd and k+%£>3
\kz

doli i
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Then the inclination due to the drag, IB, can be

calculated from

? ] H" = L" V l-eB2 cos Ip ,,fﬁ

f. The drag periodic effects on the angle variables S

ORI PRI SO T
I
T b

vty

bl ol
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and eccentricity are now included by first calculating

In . 6ID I![; v =
= . 3 el 1 = " —_— —
f | sin 5 cos h Ccos hS [ > cos o= sin &
E
E q t 3 t
E ] - sin hg sin (Iﬁ/Z) 5hD
E
? =
E g 3 " 3 " 3 1 61’ Ii)' 2 I]')'
E £ sin 5 sin h" = sin h { 37— €05 z— *+ sin — 1
:

I
+ Cos hS sin (7—) GhD

ell coOS R,"

(eg + GeD) COS 25 - eg GRD sin 2;

T

" 3 LI Y 1" 3 1" " ,"
e'" sin % (eg + Sep) sin & + ey GRD cos A

2||+g||+h||=£;+gg+hg

Then, the complete set of double-primed elements at time t

is

el' =V (CH Sin R.")Z + (ell cos 2'!)2
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" = tan 1 [e" sin 2" / e" cos "]

b < tan”! [(sin 1"/2 sin h") / (sin 1'/2 cos h")]

g o= (" o+ g" + h'") - gn - pv o B ,A,,A;ﬂ
1" = 2 sin™! Vsin 1"/2 sin h')% + (sin 172 cou hvy? 3
and L" has already been given in Step e.. 'fl%
g. The periodics due to the geopotential model are %
now included by first calculating %
X 2.2
2 e 2, ,a’B :
L g+ h= (" +g" + h") + L (13 {2(-1+30°) ¢ 3
4algl ‘T+B 2
2,2 :
a . 2 a“g a E
+ 'f + 1) sin £ + 3(1‘9 J [(‘ —I—"z— - ?- + , 7
. aZSZ a 1
* 1) sin (2g + £) + ( 7t F Y 3) osin (2g + 3£)])
T

v 2 A (1-3450%) (£ - 8+ e sin £)
a“B
k, z
* o~ (3+20-56%) [3 sin (2g + 21)
4a“B

* 3e sin (2g + f) + e sin (2g + 7]

k
1 2 3 2 3, 2.2.a2
* 76 --3264 {(2B”-2-e°) - 11 (28°-2-3e )6
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6,6 = (% — (2158 sin 1) - 4 — (278 sin 11} cos 2g
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ks
(sin 1"/2)8h = - (——7—3) {sin I/2) [6(f - & + e sin f)
2a°B

3 sin (2g + 2f) - 3e sin (2g + 1)

1 kze2
- e sin (2g + 3f)] + sin I/2 -{g -7 611
aB
+ 8062 (1-50%2)71 + 2000 (1-56%)7%
5 ky 2 2 2. -1
* 77 (—g) e” 8[3 + 1667 (1-567)
k,a"B
2
v 1064 (1-562)72]) sin 2g + (L 30 (_e8
6 ( ) sin 2g T o agl 2cosl/2
zaB
L5 s (=283 (4 + 3¢?) [1-96°
64 k 3386 Zcos1/2
2

4

240% (1-50%) 71

]
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A
+ %2 "__%93 e 6sin 1/2 sin I (4 + 3e2) (3
“ k,a B
2
+ 1602 (1-562)"1 + 408® (1-50%)7 %]} cos g
A
_ 35 50 e’e _cpl
* 0 TIs7 U306 ( 3—cosiyz) [1-58
227 B
- 166 (1-569) 71
35 fso 3 2
- 22 2 e” @sin I sin I/2 [5 + 328° (1
576 3,0
22 B
562y "1+ 80e® (1-50%)7%)) cos 3g

H = H"

where all quantities on the right side are understood to
be double-primed elements at time t.
h. The osculating orbital elements can now be

determined by first calculating

sin 1/2 cos h = cos h' [(81I/2) cos 1'"/2 + sin I"/2]

- sin h" sin (1"/2) 6h
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cos 1/2 sin h sin h" [81/2 «c¢os I'"/2 + sin I"/2]

-4
3

Lall

+ cos h" sin (I"/2) ©&h

‘u.mhqu

e cos % (e" + be) cos " - e" 8L sin L"

Al

e sin £ (e" + 8e) sin " + e'" 6L cos &"

i

HM il

9.+g+h=2"+g"+h"

‘\
Il

Then, the complete set of osculating elcments at time t is

it Mo

1/>(e sin 1)2 + (e cos L)Z

e:
2 = tan ! fe sin &/ e cos 2] 3
h = tan ! [(sin I/2 sin h) / (sin I/2 cos h)]
g=(L+g+h) -2-h
'!
I=2sin! V (sin 1/2 sin h)2 + (sin 1/2 cos h)2
| a = L%/u
|
E
% i
!
[
|
Tt 24
3




o PN

3. Drag Simplification

The drag portion of AFGP4 is simplified by using only
the secular terms from the equations along with certain drag
periodics of important magnitude. The value of t is fixed
Cat 4 throughout the simplified equations, and all quantities
are understood to be mean epoch elements unless otherwise noted.
a. The L' equation from AFGP4 (section 2e.) is

approximated by

A'l
S
1 1" 3 2 2 2
L' = L {1 - Bua/ (v,° + 2eyy,” + 3/2 e’y %y,)d)
A

"
0

- Bk, (-1/2 ¢ 3/26%) (8 - 1) 126 I, o)

+ Lo Q.
Upon evaluating the integrals, we have the secular part
L= L {1-Bp " efa (1 ¢ 3/2n% + den + en® + 3746

4

+ 3e8nd) (A} = AN - 3/2 BkyE' (-1/2

24 by @y -

+ 3/26%) (g7 (8 + 24n "

* Lo QZ

If we assume that

25
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A ',\o= 2,5-9,0=n0(t-t0)

mumummmmwuww

and drop certain smaller terms, we have

Lll: L;)' [1 = Cl (t = to)] + L; QZ
where

3 2

1 2

+ %ez) (8 + 24n2 + 3n4)]

C, = B£4n ¢—7 la (1 + = + den + enS) + % kZE v

Dropping the same small terms, the constant k (section

2a) is approximately by

k = nalzclg_4

It then follows that Q2 (section 2b.) can be written

- _ 2 _ '3 ) . 4
Q, = - D, (t-t) Dy (t - t) D, (t - t)

where

D, = 4aé Cl2

2
D3 = %352 (17a + s) Cl3

D, = 2 a%&% (221a + 315) ¢°
Then
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L = Lg (r - C1 (t - to) - D, (t - to) - D

4
D4 (t - tO) ]
b. From section 2c., we make the approximation

t
_ i 4 .1 3,2, 1 '
//( ALi dt =-Baa 11 Bkzg ( 5 * 39 ) v (ni
t

o

wy
St 12, o v Y

Using the same approximation as in section 3a., we take

- t
B 1 2
//// ALi dt = - 5 C1 (t - to) + Ql

t
(o}
where
1 2 L3,
Q = - % [(D2 +2Cy ) (t to) + (31)3 + 12 C4 D,
+ 10 c13) (t - to)4 . % (3D, *+ 12 C, Dy + 6D22
+ 30 ¢, 2y + 15 ¢ (- )7

It is further assumed that
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An iteration is not performed on the equatiions in sec-

tion 2d. so that with the above approximations, we have g
'5
" = 1 é - 2 2 - 3 ;
% Av =Y v [3C) (-t )"+ (D, +2C%) (t-t) 1
1 3 4,1 ' i
iy (3D3 + 12 ¢ D, + 10 ¢, (v - to) t T (3D, E
3

2 2 4 5
E + 12 C1 D3 + 6D2 + 30 C1 D2 + 15 Cl ) (¢ - to) ] ;
1) - i é
gS - gi : ;
r nk.,o _ %
3 "o "o ;1_-_ 2 - 2 =
hg =i - 3 24 (t - t,) :

TP
I i

where the effects of AG; and AH. on lg and gg have been

ig.ored.

i c. The drag periodic e, 84 from section Z2e. is

approximated by

2.4_5 .
Ba“"£ B A sin I - "
- 3,0 (4ag10,5) (sin 8¢

(1-56%)

e'" 62, = Baa yI. -

| o D 3 6k
| ’
!

|

- sin gg)

P 28
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The integral I, is approximated by

_ .21 . w3 . "y J
I; = - 35 [(1+n cos 2f) (1-n cos )]
so that
" __2 v 4,'61 n3_ - u$
ey SZD- 3 Bat Fl(l+n cos zi) (1-n cos £,)7]
Az 0 2

+ Baﬁnisw-g —E;— sin I (1+3n” + %n4) cos g (t - to)

where the approximation

sin g7 - sin gl = (t - t)) & (sin g))

3 kyn 2y .
= -3 g (1-507) sing (¢ - t)

a“p

hes been made. Finally with further approximations,

el ot Sl i b

we take
1" 1t 3
GQD = - % Bg4 g% [(1+n cos ij)s - (1+n cos 20) ]
*® N -
+ B LS cos g (t to)
where
C; = (q - s)4 55 an %éég sin I E
2 3
3
29 3
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The drag period ng is taken to be

Gg]) = -SR,D

d. The eB equation from AFGP4 (section 2e.) is

approximated by

A
el = e - BuaB? (2v7,% + 2ey,y2
D "o N Y173 ey;Y v,)dA
(o]
- 2 S _1_ _é 2 1 - 1
BBTETR, (- 5 *+ 567) (Es - EV) [24 11’5
6 I + ] + 15 1
e (g5 * 12,50 * 2z 11 4]
2
+ 2 Bp6a2gS (1-93 _3115_21
(1-56%) 31, 3 73,5
2 1 1 1
e 3l s 3 503,80t zar Uy
7 A 3 " - 3 "
t oz 13,4)] (sin ng sin Zgo)

The integral term, when evaluated, is

2 B¢'7£4 aB? (2n + 13,1, 2en2) (A" -

2 2
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g 3
E E
i
| . 2 3
] - 2 By 7E4aB [(1 + l'1‘112 + 141 ~—en + en ) (sin A”
? sin A ¢ (G v gnd e fe s len®) (sin 22"
- sin ZA") + (lnz + Le ) (sin 3A" - sin 3aY)]
12 Al 5 o 3
F which is approximated by
-2 B¢'7g4aszn (2Zn + %-ns + %e + Zenz) (t - to) 7,
3
4 -7,.8_,2 11 2 11, 3
3 2 By ‘g%ag® (1 + ia—n + Sten + en ) (sin " 1
3 i 75
- s " E%
sin R,o) i
‘ where ' = Q,'S' + 8%y, The second term gives 7
% 3 2
# s 8825 %k,m (1-367) ( FPn o+ P 3503 0 %o 4 Jenhfeen®) (t -t
; where the approximation
! :
| E
' 3
1";

AN 31
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has been made.

re

"woo_ ([ 1" _
ES EO n0 (t tO)

The third term given

ZBszgsw'gkzn (1-6%) (10n + 94§n - % e - 13en

+ %%en4) cos 2g

where the approximation

g

sin Zgg - sin Zgg = (t - to) é% (sin ng") %
kzn 7 §

= - 3 a264 (1-56%) cos 2g (t - to) %

has been made. Thus, the final equation for eB becomes

! = "o * _ _ * ] 11
eﬁ ey B C4 (t to) B C5 [sin (ZS + 52D)

- sin 2]
o

wheret E

2

Cy = 2 (q, - 5)46 Y7 agn 1nd 4 1

{[2'1 + -2'r| + 79 + 2en2]

t It should be noted that the k, terms of Cy in the opera-

tional version do not agree with this equation. The pres-

ent equation has been verified as correct with the author
and theoperational version will be modified to agree.
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! K, ¢ .
28 42 2, 15,453 .9 .9 2 E
-2 VUIA-30%) (e g+ oge v geq =
e
3 .4 2 65_3 7 2 =
—1—6en)+(l-9)(5n+Tn -E-e-li’ien
+ %1—eH4) cos 2g]} .
4 4.,-7 a2 112 11 3 é
C5=2(q0~s) E'Y "aB (1+Tn +—4—en+en) ) %%
e. The double-prime updated elements are ﬁ
e'" = e'D'
3 " = v %
o :
R A T 2
g' = g5+ S8p
r b = hH"
: s
% and L" has heen given in section 3a.
o
|
P
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4. IGP4
IGP4 is obtained from AFGP4 by using the drag

simplification discussed in section 3 while retaining

the full Brouwer geopotential (1959) with the Lyddaﬁe

modification (1963). R
Given the values at an epoch t, of the mean orbital

elements (denoted by subscript o) predictioms with IGP4

are made according to the following scheme:

a. Calculate the constants

2)-9/2 2

¢, = (a, - %% - [a (1 -n%) 1+ 3n

3 1 3.2 2 4
den + en®) + S kg (- 5+ 30°) (8 + 24n° + 3n")]

= B*
c B C2

(qo - s)4g5A3 oht a sin I
C. =

2
3 kze

C4 = 2n (q, - 5)454a82 (1 - nz)-7/2([2n (1 + en)

2k, E
2
+%e+%n3] '%“ [(1-367) (12—5n+%—5n3
a (1 -n1°%)
9 2 3 4 2 65 3 7
fge tgen’ - ggen’) + (1-07) (5n + Spn” - ge




- %renz + %%en4) cos Zg])

yA

Co = 2 (a - s)%e%ag? (1 - 0%

+ en3]

_ 2
D, = 4a ECl

4 2 3
D3 =3 £° (17a + s) Cl ;
2 2.3 4 F
D4 =3 a £~ (221a + 31s) C1

o . s

where all quantities on the right side are understood

to be double-primed epoch quantities. :

b. Calcuiate the time dependent quantities i

3 K 2 s k) :
L o= " o+ {1 + 2 2 (-1+30°) = ~——= [~ 15 + 168 E
i 0 2 ,Zg3 37 347 ;

2582 + (30 - 968 - 908%)8% + (105 + 1448

+
2.4, 15 X4 2 2 4
i + 258°)6 ] + 18 _467 e (3-308% + 3567)}) n(t - to)
|
. Kk K’ é
! Yoo _ 3 2 } 2 3 2 - 3
| . : gi = go + | VA 'a—z'? (1 56%) + 37 aj;-g [ 35 + 248 7

|
!
|
|
|
|




+ 258% + (90 - 1928 - 1268%)6% + (385 + 3603
2. .4 R 2 2. 2
a g

+ (385 - 1898%)0%1) n(r - ¢ )

2
v e k2 3 % 2
hi=h0+{“3—2—4-9"'§ﬂ[('5+126+98)9
a g a B
2.3, .5 X4 2
+ (- 35 - 368 - 58°)0°) + 2 —2_ 6 (3-76°) (5
4 3488

- 385 0t - t)

where all quantities on the right side are understood to
be double-primed epoch quantities.
c. Let lg, gg, h; denote the secular values of &',

g", h", respectively. Then

% gy = 8f
: k.6
o o= e 21 Y . 2
hy = hy - 5 755 ¢ {t - t)
a" g

=
=
%
1

=
=
=2




Lol R Y

i

1

2

1y = 114 3 - 2 3
L Ly *+n [7 C1 (t to) + (D2 + 2C1 ) (¢t - to)

1 3 . 4 1
+ 7 (3D + 12C;D, + 10C;7) (t t)) o 3 (3D4

+

2 4 5
12C,D4 + 6D, + 30C;“D, + 15¢;%) (t - t)°]

Also

"oz 1N - - - - 2_ - 3
L L0 [1 Cl (t to) D2 (t to) D3 (t to)

RCERERE

el = eg - B*C4 (t - to) - B*C5 [sin (2; + GED)
- sin zg]

Iy = 11

D

where all quantities on the right side are understood
to be double-primed epoch quantities,

d. Calculatc the drag periodics

s, = - 2 (a, - s)'BHe [(1+n cos zg)3

(#3118

- (1 + n cos 13)3] + B*C, (cos gg) (t - t,)

Landindih L mumuwm‘mmwmmuwwmmwwwﬁuwwm‘ A




T

T

Cat L

S GgD = --SQ'D

where all quantities on the right side (except lg)
~—  are understood to be doublc-primed epoch quantities.

e. The complete set of double-primed elements at

e

time t is
e'' = 85
" = 15
ALINER TP 5 )
S

' = gy *+ 68

h'' = h"
S

and L" has been given in section 4c.

f. The geopotential transformation {or 1GP4

osculating orbital elements is then given by the cqua- :

tions of section 2g and Zh.
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- -5. Geopotential Simplification

The geopotential portion of AFGP4 is simplified

by assuming eccentricity is small and then retaining

only the main terms.

The small eccentricity problem

is handled by using an alternate set of variables.

The small inclination problem is not treated since

few sateilites which experience drag forces have e

small inclinations.

a.

The secular geopotential equations (section 2b.)

are simplified by taking g=1 except for those g appear-

ing in the denominators. The result is

2' |'|

g l'l =

h'
1

= hY

+

3k, (1- + 3687
[1+ T3
2a”g
3k22 (13 - 7802 + 137e4i ( )
n(t - t
16aig7 °
3k, (1 - 562)  3k,2 (7 - 1148% + 3958
[_ 2 + 2
23284 16a488
5k, (3 - 360° + 4994)] ( ) 3
n{t - t 2
4a 488 o]
3k, 3k22 (4 - 198°)
[ﬂ+
a“"p 23438
39




5k,68 (3 - 76°)

+

I n(t -t )
2a488 n 0

where all quantities on the right side are understood
to be double-primed epoch quantities,

b. The long-period terms of the geopotential
(section 2g.) are approximated by retaining only the

main A3 0 term. The result is

A
o+ g ey s B i 2 con s
kZaB

GLL = 0
GIL =0
dhL = (
A
GeL = % 3’02 sin I sin g
kzaB
1 23,0 1
88, =7 ;—L—f e sin I cos g
228

where all quantities on the right side are understood

to be double-primed elements at time t, and where the

subscript L denotes long-period geopotential periodics.

40

L M

b g

sl it

vt ol Ml

T |




.

N on

. _ ‘
Nee e e ———

R —

I1f we consider the two new variablese' sin g' and e' cos

g', then

" sin gn + 6(6" sin g")L

]
o

— - ——e' sin g'

= e" sin g" + GeL sin g'" + e" Gchos g"

[}
1)

e' cos g' "cos g" + 6(e" cos g")y

= e" cos g" + fe; cos g" - e" &g sin g"

Upon substituting, we find

1 %350
§(e" sin g") = T —= sin I 3
. k., aB 3
2 3
5(e" cos g") = 0 3
Then the long-period geopotential transformation is
t = t 1 1" 11 1t 1" ii
2t + g' +h " o+ g+ W+ (A" + g" + h )L 2
e' sin g' = e" sin g" + §(e" sin g”)L E




e' cos g’ f e" cos g"

L' = L" o
. oo g

h' = h"

and it follows that

e' =1r7(e' sin g')2 + (e' cos g'jfﬁ

c. Before adding the short-period terms, a change
of variables is made according to the following scheme.
Let E' denote the eccentric anomaly corresponding to &'.
Solve Kepler's equation for E' + g' (by iteration to the

desired accuracy) where

(E' + 8')i+1 = (E' + 8')i + A(E" + 8')i
with

AE' + g'); =

2'+g' - (e' sin g') cos (E'+g')i+(e' cos g') sin (E'+g')i - (E'+g')i

- (e' sin g') sin (E' + g'); - (e' cos g') cos (E'+g');*1
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and

(E' + g')l = g' + g’

~—Then, compute the following )

(e' cos g') cos (E' * g')

e' cos E'

+ (e' sin g') sin (E' *+ g")

e' sin E' = (e' cos g') sin (E' ¥ g")

- (e' sin g') cos (E* + g')

3
=
3

i, Dl

sttt

and

4
i}
[
~~
et
]
o]
O
)
w0
m
toN

L o b,

-
L]
g
[¢’]
wn
[
oo
T

ol 80

[
i
I ' ' :
' ‘ sponding to &'. :
I where f' denotes the true anomaly corresp g j
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Let u' = f' + g'., Then
|
cos u' = %T [cos (E' + g') - e' cos g

Cem e — e — —m e (e' sin g') (e' sin E') ] e
2

1 +¥y1 - ¢

1
sin u' = %T [sin (E' + g') - e' sin g'

(e' cos 9') {(e' sin E') ]

1 + l-e'z

At this point we have the following set of single-primed

variables,

d. For the above set of single-primed variables, we

can write the following formulas.

(5r)S = %; sin f (62)5 + § (Ga)s - acos f (6e)S
() = - 722 sin £ (sa), + B2 (B) (1+e cos £) sin £ (Se),

+ nae cos f (%)2 (62)S

.4
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ng (%) (sa) + %? (%) (cos £ - e

+ e c052 f) (Ge)S - nae sin f (%)2 (62,)s

(su), = if (2+ e cos £) sin £ (se), * ig (1

+ e cos f)2 (62)5 * (68) ¢

where all quantities on the right side are single-primed
quantities and when the subscript¢ s dJdenotes short -period
geopotential periodics. We then substitute from the

Brouwer formulas, simplify, and make the approximations

k : k
1 2 2
(61), = 3 —E5 (1-0%) cos 2u - 3 —F= (36%-1)r
a’g a“g
(6r)S =0
G(rf)s =0
3 K
6I=7-ﬁ 8 sin I cos 2u
a’g
k
6h=%—-:527 Bsin 2u

ag




ks

a284

du

(762-1) sin 2u

-:Si\—l

where all quantities on the right side are single-primed

quantities.

e. Osculating variables are given by

r=1'+ (ér)S )
r=ror'
rf = r'f’

u=u' + (du)q

and provide a very convenient set of variables for calcu-

lating position and velocity in Cartesian coordinates.
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" elements (denoted by subscript o) predictions with SGP4

1
f

6. SGF4

SGP4 is obtained from IGP4 by using the geopotential

simplification discussed in section 5.

Given the values at an epoch t, of the mean orbital

are made occording to the following scheme:
~a. The drag and secular portions of the equations

are given by foilowing the equations of section 4a through -
4e with the single exception that the secular geopotential
effect of section 4b should be replaced by the shortened
secular geopotential effect given in section 5a.

b. The long-period geopotential periodics are then
added to the double-primed elements at time t in the
following manner.

Compute the long-period gravitational periodics

A sin I
s(e" + g" + hm) = 22 (e cos g) (——"i 3 ‘39-)
8k2aB
A sin 1
(S(e" sin g”) = __3_L.(L____2
4kzas

where all quantities on the right side are understood
to be double-primed elements at time t.

Then

R,' + gO + h' = Ell + gll + hH + 6(2" + g" + h'l)




e' sin g' = e" sin g" + §(e" sin g")

e' cos g' = e" cos g"

-1t £follows that o i ST T T

e' =_lr(e' sin g')z + (e' cos g')2

Let E' denote the eccentric anomaly corresponding to 2'.
Solve Kepler's equation for E' + g' (by iteration to

the desired accuracy) where

(E' + g, = (B' +g'); +a(E +g')

with
A(E' + g')i =

g'+g' - (e' sin g') cos (E'+g'). + (e' cos g') sin (E'+g'). - (E'+g').
i i i

- (¢! sin g') sin (B'+g'); - (e' cos g') cos (E'+g'), +1

and

(E' + gi)l - 2]! + g|

Then, compute the following

e' cos E' = (e' cos g') cos (E' + g') + (e' sin g') sin (E'

+g')




e' sin E' - (e' cos g') sin (F' + g')
- (e' sin g8') cos (E' + g")
)

p' = a' (1 - ¢!

where a' =

[
-

and

¢ '
T' = %T e' sin E'
. 2”
1 -
T'f' = _]f_.__.__l..._e.__

where f£' denotes the true anomaly corresponding to £'.

Let u' = f'+g'. Then

L]
cos u' = %T [cos (E "+g') - e' cos g'

(e' sin g') (e' sin E')

+
1 J 1 - e'2
!
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L
sin u' = %T [sin (E' + g') - e' sin g°

(e' cos g' (e' sin E') ]

1 +4/1 - e

; ! riAt this point we have the following set of single-primed
variables

r', r', r'£', I', h', u'

é c. <Compute the short-peried gravitational periodics ';f
i . fi
; ! k k 3
i 2 2 3 2 2 3
: 8r = 5= (1-8°) cos 2u - Vi r (367-1)r =

' 2
; ‘ 2p a 83 g
E 5 2 ?
: fu = - (76°-1) sin 2u 3
{ 4p %
[ =
% 3k, 0 ’ 3
* §h = sin 2u E|
E 2p° . i
P 3

3k.,0

i 81 = > sin 1 cos 2u y E
] 2p 3
where all quantities on the right side are understood to i
be single-primed variables at time t. b
» 3
50 :




I =1" + &1

* L]
r =71'
rf = r' £

where all quantities on the right side are understood to

be single-primed variables.
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Appendix )
a = semimajor axis
e = eccentricity
1 = inclination
W = product of Newton's gravitational constant and the
mass of the Earth .
L =Y ua {
G =1 1-e
H =06 cos 1
£ = mean anomaly 3
g = argument of perigee
h = longitude of ascending node
a'" = "mean" semimajor axis
e'" = "mean" eccentricivy
I'" = "mean" inclination
L' =Y ua*
G'" = L" 1 - e"
H" = G" cos I"
" = "mean" mean anomaly
g" = "mean'" argument of perigee
h' = "mean" longitudc of ascending node
2; = secular value of g"
gg = secular value of g"
h_ = secular value of h" 3
q, = geocentric reference altitude ;
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= atmospheric density at a,
s = fitting parameter in density representation
~__1 = fitting parameter in density representation
i (restricted to integral values)
E" = "mean" eccentric anomaly and has the same func-
tional relation to e'" and &' as the eccentric anomaly
E has to e and ¢
|
! f'"" = "mean" true anomaly and has the same functional
[ relation to e" and %" as the true anomaly f has
i to e and ¢
}; : " _ a‘l CH
; i N7 am-s
i
I, " _ COS Ell _ nl!
; €os A 1-n'" cos E"
E i sin A" =il-n” sin E”
; ]_nli cosSs Eﬂf
% ' Yy, = 0" * cos A"
¥
§ Yo = 1 ¢4 n'' cos A"
B“ = 1 - ellz
1
1 : 1
3 "o
1 . ! 2 a'-s
|
| l! o = (1 - gnBl/2TT gt
|
{ Cp = aerodynamic drag cocfficient
~ n
l.".
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|

A = effective cross-sectional area of satellite

i b e

JMummeWWMMMMMMMW

m = mass of satellite

8" = cos I"

vV u (a")':"/2 = "mean" mean motion

k2 = % J2 R2 where R is the Earth's average equatorial

z—
1]
m

ol it et

radius and J2 is the second :zonal coefficient in

the geopotential

Ay g = - Jg R where Js is the third zonal coefficient L
’ .

in the geopotential 3

k4 = - % J4 R4 where J4 is the forth zonal coefficient

in the geopotential

s0 = J5 RS where J5 is the fifth zonal coefficient

in the geopotential

—
1

2m
. cos jx dx
P /f; (1-n" cos x)k i

() ar)d
(k - 1)!

where v = 1 - 9"

55

Tl e s mm mm———

i
;
i
i




£.= (% -y T3 e 35yt e 370

£,= (5% -45) + (657 -90p7% + 155370 + 15y

P 1057+ 9397+ a05® - ssh)y7C

£ =

2 7

+ (4552 - 00)p”7 + 1055978 « 105477

5 205% + 645)y7% + (155% - 1055% + 225)¢77

] K i i
iy, mm\u‘;wwh:i\-uﬂumhwﬂwmmwMLWLWM [ il

f6= (j

: + (10555 - 73550978 + (4205% - 1050)y7"

+ 9455710 4 945,711

6 4 2 5 3

£,= (3% - 355% + 25057 - 2250977 + (215°- 525j

st g 1ttt 1, .,

4 2

+ 20795)p 8 + (2105% - 3360§% + 4725)y" 7

+ (12605° - 30,710§)y 10 « (47255% - 14,175)p M

13

| + 10,395jy 1% + 10,3954"
|
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-
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£y = (6] - 563 + 7845% - 23003)97% + (285° - 110057

v 10,6122 - 11,025)y" 2 + (3785% - 11,3053 T T

4 2

4 53,4873)9° 10 + (31505% - 59,8505% + 99,225)y "1}

2

(17,32555 - 173,250509 1% + (62,3705 - 218,295)p -

+

135,13559 14 + 135,1359 710

+

4 2

- 129165% + 11025)y 2

h
]

o = (% - 845° + 19743
s (3657 - 239455 + 3956433 - 1364315)y 10

2

+ (63038 - 31500j% + 3285455% - 396400)y 1!

+ (6430j° - 2425503 + 13270955 2% + (519755°
- 114345052 + 21829500913 + (2702703 - 31081055)9 1

+ (94594552 - 3783780)y 15 + 2027025597 1°
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