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NOMEBNTUM AND ENERGY RELAXATION OF AN ELECTRON IN A CRYSTAL

I. General Relations tor Test Electron.

P. A. Kazlauskas, I. B. lLeviuson.

(Submitted 6 Nar. 196bH)

The values characterizing relaxation and fluctuation of energy
and somentum of a test electron in a crystal are exaamined during
collisions with phonons and static impurities. These values are

studied both for elastic and tor inelastic scattering at various

lattice teaperatures.
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Intraoduction

The speed of transaission ot energy and momentum from electrons
to the lattice determines the Jeytee of deviation of distribution of
the electric field fros egyualavrium vith the absence of a field.
Strictly speaking, by emetyy we saould mean its excess above thermal
energy, and by momentus we shouid amean directed momentum, for
example, projection to the airecticn of the field. It is obvious that
losses of energy and momentua by tae electron can be described with

the aid of some times ct rLelaxation.

the most commom methoa ot aautroduction of relaxation time is
based on examination of the test particle, as is usuvally done in the

theory of plassa [1].

At this work a systematic exauination is conducted of the
values, describing the ainteractaun of the test elactron with the
lattice (phonons or static detects) for an isaotropic model of
seniconductor. In detail is studied the degree of alasticity of
scattering on acoustic and optical phonons depending on the energy of

electron and the teamperature ot tae lattice.
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1. Lavs of dispersion.

The lawv of dispersion of electrons im isctropic model is
determined by the connection between energy € amd the absolute
value of momentum p in the form ==:z(p) OF p=p(). Hence is
determined speed

v(;)-: 3‘

> (r.n

and the density of states
g(e)=4np? (/v (e). (1.2)
Por parabolic zoae with effective mass s

{
Hph= 0 P ple)=(2me)’,
i 3 )
v()=(2m*, gle)=4n(2m)° = . (1.3)
The lav of dispersion of pnonons is assigned by the dependence
of frequency w on the absoiute value of momentum q in the fora

e=zu {q) . For acoustic phonoas tnere is taken

Mo (g)=3q, (1.4)

vhere s - the speed of scuad. Por optical phomons

Ao (g) = heg (1 — ag?), (1.5)

vhere uwg - limiting fregquency amd e - coefficienst, responsible for
1

dispersion of optical phonons of order (mM) 7
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vhere 8 - mass of nucleus.

The comparison of laws ot dispersion of elactrons and phonons

determines the characteristic eneiyy ¢, at which the electrcn and

phonon have identical Fuises to tacm, It is determined as the
solution of eguation

s=ho(@)le pm 1O
For optical phonons vwitnout dispersion ¢ ~Ms, PFor acoustic «

depends on the lav of dispersion ot electrons and is found fronm

equation
s =sp(s). (.7
Por acoustic phoncns there exists another characteristic energy

&% &t which the electrcn and paoncn have identical speeds. It is

found from equation
v(g)m=s. (1.8
Por parabolic zone
o=2mst, = me (1.9)
Subsequently it vill be assumed that «(p) increases faster

than p. Then, as is easy to see rrom Pig. 1, g<z¢,

Pig. 1. Lav of dispersion ot electrons and characteristic energies of

acoustic scattering.

o N 9 PP N
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«p)

7

I3

Fig. (.

Purthermore, with this assumption
"rw'\ F»“OWA'
H3 eP ¢, cne'zlxye'r sp(s) L¢,

n (1.10)
H3 © €5, CREAYET sp(e)Pe.

Por optical phonons it will be convenient to consider that

Q=0

2. Probability or scattering in isctropic model.

The probability of scatteranyg of electrcn from a state with

e Ty A TP R SIRHR e P o s

L e 7 b G 5. A W

S s T BT P W v NGRS A W, 0T

e 71 (s Y ey RO TS T i v i ST TN 3 LT




poc = 0370 PAvi °

BOBGAtUR D tOo a state with avavatuam p*', connected with radiation
(upper sign) or absorptaion (pottos sign) of phonon with mocmentum q,

is taken usually in the toliowiny torm [2]:

|
Wi m= T (Nt ) LA M (e e o) 2D

Ia this case during cosputatiou it is necessary to consider

= +ip-p) Bqualibrium nuaver ot paonons enters the last expression

N(q)-[exp Aot |]" 22

and also the syuare of the electron satrix elemeat M(pp. ).

connacting the beginniny and eud electron states.

In the isotropic mogel it 13 accepted to consider that M depends
only on the value of mcmeatum ot tue radiated or absorbed phonon and
does not depend on the direction ot this momentum. The lavs of
dispersion of electrons dud paonons also are consilered isotrcpic.
All this, in essence, inuicates sose averaging with respect to
angles, vhich can be done Jditterwntly (either in the entire
probability of transition, ot in separate factors); therefore the
values, figuring in the isotropic model, are determined actually with
accuracy to a factor on the oruer vf one, depending on the method of
averaging. Bxceptions ate cases, vaen some value, for exaample «(p).

in actually is isotropic. since, gjuenerally speaking, divisiom iato

longitudinal and transverse phounons takes place only alonyg certain

o mwmm AR IART A T g WY TR ’

s WO A7 G e

eyT! M A, PRI e s
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directions, then in actuality tue sentioned averayging is performed

aot only by directions oL tau mcseutum of phonovn, but also by the

polarizations of phonon.

After such averagiung the provability ot scattaring in the
isotropic model is convenivut toe wiite out in the folloving manner,

dividingy the emmision ana sdsvLjtion terass:

Wi, o', =W (c. ¢ D+ W (s ¢ ) 23)
vhere ~ L
LEETUR PR T [an 34 ‘_\]a(c et Mg (2.4)
Here x = angle of scatteriay, ana £ and ¢' - initial and final

energy of electron. In this cese it is necessary to consider
=P +PE) - pe)cosy (2 5)
The disensioas of the utilized values are the following: W

-(s) = X (momentum}=3, i - (@haCyy}? X (momentunw) -3,

Factor (momentum)? 1s cuahuwcted with the density of states in the

space of momenta, factor (s)=' - with the frequency c¢f transitions,

and (energy)? - with the value o1 square of the matrix elemant of

electron-phonon interactiou.

Subsequeatly ve will use tae moments of probility of tramsition

W, (s, )= :‘ ["“'(t. e, P& tcos xh do - dasin gdy, 12.6)

eeer—

e

g e e e T
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vith the aid of which is5 written out expansion

Wi s, )= Z W e, ¢) (24 1) Pcos ) (27

t o

The most generally used dic ¥, (4verage with respect to angles), ¥,,

V2., and also transport acsents
W,ic. e)ha W, s, ¢')- B e, ©) = ‘l_ , doW e, £ il cong). (2 8s)

, .
W, (s, t')!; (H, (e, ¢} Ms, z'))~" 'I_‘ | doMie, © ,iun?y (2.86)

All these moments can be rupiuwsented as the sums of cmissicn and
absorption parts. Let us wilte out their exgressions through B(q).
With the aid of (2.5) taete 1s tepiaced variable of intagratiom «
by q, and we obtain

T4 RN AU

. oo O X . , | | )
Wie )= A 2 pe) | Jqu(q)P,w)[N(qH 2t 2}\
2i8) ple}
N (s' tghtuw)). 2M
where
b ) - Poosy)
vith
cos £ Pty 210

ppic)

In the case of scattering ou static defects (ispurities,
dislocations) in Born apjproximatican the probabkility ol scattering
depends only on the trausaittued sovaentum g. Therefore in isotropic

model for scattaring on static dewiucts
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Wi, ¢, Y= 2;» B(g)8(c—7). (2.11)

3. Characteristics oi scattering of test particle.

The behavior of the test particle is described by different
times of fluctuation or relaxatioa, which in view of the isotropicity

of the model depend only oun eneryy E.

Life time

=] @ we . 3.1

Relaxation time of momentum of its longitudinal component
2O~ [ wW)ywe. ) 0-P). 32

t(c)

Transverse component of momeatum does not relax in view of

isctropicity.

The time of fluctuation of transverse component of mosentum, or

the time of deflection c¢f momentum

e

T s TN TV TP XTI T B 20 & s i

AR T T 8 AR WG - 1
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Tl wrwe e oy (3N

Time of fluctuaticu ot loayitudinal component of pulse

(] ' . , , N ‘
PO [ W p) - 30

Sigas ' amd ' pertain to the darection of {nitial momeantua p. Ny
carrying odt fategretion witn i1espect to anyles in (3. 1) -(.4), it in
possible t0 express the chatactelistic timer through sphevical
moments MW, In thi=s case 1t 135 convenient to introduce time 1,

according to

:’l‘("', - |: de’ g 18V P (&) W te, €). G o
0
Then ve have | |
o e (1.6)
:’ .:, '|.. ' %)
*‘i "; f:. ) { vl.. : (38)
e Tt (.9)

Por syammetric scatteriny, wahwn the probability of =catteriny
4008 not depemd oh 1. L.0., W w0 with /20, ve have l/tn=U with
140, In this case froa the four tises . r.t and :, oaly tvo are
fadependent, bhecause they all aitv expresszed through v, and v, For
slastic scattering times .=t do not depend on 8. Among tives

Te. T, 0t akd +, only three ake iadependent, bwcause they all arve

e v

B R VT e

T~y o

PR T g————

P MMl ¢ bt e B PR e, 20
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expressed through vy, v, and r,.

Bnergy relaxation 1s deteirnmined by lost power
o= [ @) e®-cNWp. p). (3.10)

In isotropic model Q does mnot depend on the direction p and after
integration with respect to anyies takes the fora

Q@)= [ deg(e)(e~¢) Wole., ¢) 3.1
0

Prom physical comsiderations 1t is clear that (Q() should change
sign with some ¢ of crder KkT; with s<¢* the electron acquires
energy from the scatteriny system and Q<0, and with ¢>¢* the
electron gives out eneryy to this system and Q>0. Therefore it is
possible to write

c—g®

@)=z (3.12)

vhere i 1is the relaxation time of energy for the test particle.

Another characteristic or the energetic interaction between test

particle and the scatteriny sysctea is

D=y [ @ e@-cpN W, ). 3.13)

In contrast to Q, this value 1aeutically considers both the loss and
the acquisition of enerygy ot taest particle. Therefore D describes not

the relaxation of energy, vut its tluctuation, i.e., exchange of

s i 5 o = = o e v
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energy between the test particie aud the scattering system. In the

isotropic smodel
D)=y [ &'g@) =) Wele. ©). @.14)
[\]

By analogy with the relaxatioa timse it is possible to introduce the
time of fluctuation of euecrgy -

1 D@ (3.15)

o

4, Qualitative exaamination of scattering.

Let us investigate gualitdatively the character of scattering of
electron with energy € usany laws of conservation, which will be
conveniently written in tue tollowing form:

- .
g=1P(6)+p* ()= 2p(s) p (&) cos x)* “.1
¢ —c= thu(g) 4.2)
These relationships are depicted yraphically in Fiyg. 2 for acocustic

scattering and in Pig. 3 tor optical scattering.

Pig. 2. Region of integration ducring acoustic scattering.




Pig. 3. Region of integratioa during optical scattering.

$

F + -

x

PE)

2p(e) o V‘/

=0

0 C-hy, € &4 hay [ 34

The curves, marked by values i correspond to the right side of

equation (R8.1); pairs of lines, marked (+) and (-), correspond to
equation (4.2), emission and apsorption respectively. Por acoustic

scattering there are three pairs, marked 1, 2, 3; they illustrate the
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different types of sclutions of systea (4.1)-(4.2) depending on the

initial energy &, respectively, in cases:

1) - with ¢<¢, eamission and absorption occur with scattering

16 N e I PERONA M T 33 % 4 47

to all angles;

2) - with o <t<t, @aisgion is hampered and is possible only

with scattering forward y<w#/2;

3) ~ with t<s enmission generally is ismpossible.

Por optical scattering there are oanly tvo cases, which are obtained

vith ¢ =¢,

Let us investigate now the deyree of elasticity of acoustic
scattering depending on §£. 1n oruder to use Fig. 2, instead of
change of £ it is more convenient to consider the change of s. If
> {(or 8=»0), then ¢x~2() aud change of energy Asx2p(e)<s,
i.8., the scattering is elastic. With decrease of the emergy up to
valees ¢~¢, the scattering is asade inelastic, and Ac~s~r¢,. If
sds, {(or s—»=), then, as is easy to see, for deteraimatioam of the

final energy we have <¢mRop(¢), vhence ¢ =g Thus, Ac¢xe'd»e, i.e@.,

vith e<e, scatteriang is highly iaelastic.
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It is obvious that these conclustions abcut the degree of
elasticity of scatteriny depending on the comrarison of € and ¢

are valid also for optical scattering.

Let us discuss now the duestions connected with temperature. Let
us examine the elastic scatteriag. PFirst of all, it will be
universally elastic only with kT>»s, Secondly, the character of
distribution of phonons, on which scattering cccurs, is of interest.
It is deterwined by the comparison of Aw=Ac and kT, where, as seen
from the above-presented discussion, Ac=hw, for optical phonons,

1
and Ac=gp (¢)=(2ms*e)’

for acoustic phonons. For aiyn temperatures RT»Ae¢ the scattering
occurs on classically equalliy aistributed phomons, the number of
which N~kT/Ac)» 1. Por icw temperatures iT<Ac the nuaber of
significant phomons N~exp(-Ac/kI)<«! and scattering occurs mainly due
to the spontaneous emission of phonons. Let us emphasize again that
for acoustic scattering the caaracter of the temperature, high or

low, depends on the energy of electron e

ror inelastic scatteriny, as was shown, cutside the dependence
on the energy of electron aiways Ac~¢, Therefore the character of
distribution of phomons depends on the comparison of KT and s At

high temperatures kiT>»e¢ the siynificant phonons are distributed

ki i

R T e e
.

el WA T S W
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classically and thedir nuasel 15 yireat: N-kTig»|. In this case for
electron of energy c¢>¢ the probabilities of absorption and aemission
have identical order of value. At lov temperatures iT<s, the nuaber
of significant phoaons a8 small: N-exp(-c/AT)I¢]. In this case for
electron with energy «¢>¢, tae probability of spontaneous emission

is such greater than the probabilaity of absorgtion.

Let us exaaine nowv the peculiarities of scattering of electrons
with energy ce<y at luw teapgoiratures, The eaission of phonon for
such an electroa is impcssible; the probability of absorption is
small., After ahsorption ovccurs, tbe eneryy of electron is made of
order ¢  Now for the <lecticn the probability of spontaneous
enission is much greater than the probability of absorption and much
qreater than the probabilaty oL the first absorption. Therefore
actually one should conasider taat the primary absorption is
accoapanied by instantanwvus reumission, and one should coasider the

process of scattering as coabined 3, 4].

The resulting two-astaye scattering on optical phonons is elastic
thanks to their small daspersion, since the reemitted quantum with

respact to energy alwmost coinciues vith the initial absorbed. For

tvo-stage scattering on acvustic phonons there is no such slasticity.

e Ry P ARIARTRS 0N NS AOTPETNIINAY S P i -
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5. General forauias tor computation of the characteristics

of scattering.

] Let us compute now the values, characterizing the test particle,
f having expressed them ia tae rora of inteqgrals by q, containing
function B(q) . All these values wiil be represented in the form of
the sum of two teras, correspoundiny to the radiation (top sign) and

absorption (bottom signj.

Life time
| | |
‘.“)-- '?7') +“‘:_"(“"' ’ 5.1y
where
Vo 2 1, 1] 2(sFAe (@)
e T e ""‘"l”""’i*!];(IruJ(S’)' ¢
Relaxation time of soaentuns
i 1 1 .
W " vete o 53
vhere
I LR 1, 1) 2(Fruie)
wa=k pa ] W@ [Moryag) Cos0
x [ p () —pt (c F b (q)) + q'] . (5.4)
The deviation time of mumentum
S IR R (5.59)

O e e
vhere
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’ (chhu(q)) N
s(sFhe @)

Sa=r va | wr@ (K@)

"[q‘ (p‘(¢)+p’ (c nu(q)))— ; (p’ (c)-p'(cn«»(q))) -—;— q‘]- (5.6a)

Time of longitudinal fluctuation of momentum

1 \ !
S WP S (5.56)
where e i@ @

- s p(cFhe@) 1
TN , ,(,) quq B(q)[N(q)+ 12]0(‘"0«» e (5.66)

Pover of energy relaxatioa
Q(e)=0*(®)-Q" (o). ' 5.7

where Q* - power, givem off during radiation of phomons, and Q- -

pover, obtained during absorption of phonons:

0 = 7o [ dr@rew[v@+321] —E—;::::; (5.8
The characteristic of enmeryy fluctuation
D (c)=D*(e)+ D~ (), (5.9
h
vhere o . » (%o 0)
D* ()= 3 575 f doeB ()b 1 [V )+ & 2 1) Sineq) OO0

The integration liamits, bottom gi() and top g¢i(9), are

determined by laws of ccnservation.

Their values, or eguations, ifroam vhich they should be found, are
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indicated in Tabdle 1.

Table 1. Inteyration lieits tor acoustic and optical scatterings with

arbitrary lav of electrun Jdidpersian.

| () Semcenn : U‘) Abcopfuun
e e e - —a ,T_...N~_. g .
| [ , [ [ ] [ ]
v \E . ‘ ‘“ - .i V=Pis by -pas)
5 s ) P j e
5 fes - ) - P
. PRt - ()
5 , ¢
e ‘ e=p() tpis -y '
“ -

i
!v-rmm—m);

: e=p(e+fen) +piv)
c-rN—r«—M‘o-rMﬂ«—Ml

i

N

Key: (a) Ewmission. (b) Absorptiun. (c) Optical. (4) Acoustic.

Dashes indicate that emission ot puonons is forbidden by the laws of

conservation.

The above-provided roraulas aie obtained if jia the determination
of the appropriate value we place the needed momeat W, 4n the forsm
(2.9 . The obtained doucie i1ategygral vith respect to q and ¢ s
prevalent in the region, limited by curves Y=0, = 4im Figs. 2 or 3,

Using 8~function, it can be reducea to the iategral with respect to

s

PO RPN P

e YRS 2
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curve ¢ =cihu'(g) with parameter 4.

Let us note that formulas (5.1)-(5.10) can be highly siamplified
for parabolic zone with any law or dispersion of phonons and for
f optical phonons without dispersion with any law of dispersion of

electrons.

Institute of Physics and Mathematics of the Academy of Sciences of

Lithuanian SSR. Vilnius State Pedagogical Institute.
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Appendix

Ratrix elements By} tor different mechanisms of

scattering.

The majority of semiconductors have two atoms each in the
elepentary cell. Therefcre in tae i1sotropic mcdel, wvhere there is
actually conducted neutralizaticu with respect to polarizations of
phonons, it is necessary to exaaine two types of phonons: acoustic
and optical., They will be aistinguished Ly designations A and 0. The
phonons of each type scatter electrons, generally speaking, by two
seans. Spread of oscillations in toe lattice, first of all, creates
distortion of electric micrufield in the elementary cell, which leads
to change of the law of dispersion of electron, and, secondly, in the
elementary cell creates aipole avaent, vhich leads to the appearance
of electric macrofield. Scatteriny due to the first effect is
accepted to call deforsation, ana uyue to the second effect -
polarization. These two types oL scattering will be distinguished by

designations D and P. Thus, four mechanisms of scattering exist: DA

(on deformation potential of acoustic phonons), PA (piezo-acoustic),

A T

I R i

b

7 ov.
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DO (on deformation potential of optical phonons), PO (polarization).

The mechanisss of PA ana PU are possible only in crystals with

different atoms in elesmentary celie.

Scatterings D and P ou paonous of one type do not interfere,
since the corresponding matrix elecusents are phase shifted »/2.
Therefore it is possible to cuansider D and P as independent

scattering mechanisas,

Below are provided expressions B(q) for all four scattering

mechanisas.

Mechanism DA [5]:

! H

1
B(ll)’&q. n.=§- W.__
Aere p - density of crystal, <« =~ constant of deformation pctential

(dimensionality of eneryy). Tae speed of sound s is usually

considered some average€ lomyitudinal velocity.

Sometimes other constants aite used:

Clsl-(_..'
Cn,m=; ¢
Rechaniss PA [9]):

1
Bo=Be . By T N

Here we introduced characteristic field B,, determining the

I
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plezoconnection of electrons wita dacoustic oscillations. There is

also used dimensionless coetticient of electromechanical connection

K2 {10]). All these values i1u essence are some averaged with respect

to angles

]

N

T AT RN e R WA T e

where e - pilezomodulus, ¢ - static dielectric constant and c -

elastic constant., The speed of sound s entering B, is also a certain

e

average, in which enters tne speed of both longitudinal and

transverse waves,

Mechanisma PO (3, 4]:

FITLY YA
'.

wey g (- a)

Here . and o - higyh-freyuuency and low-frequency dielectric

constants, As the paraseturs, dessribing the interaction of electrons

ST PRSI ok I e 4

vith polarized oscillaticans, there are also used:

- P

-

disensionless constant of coaunection

e | !
.-h o - ..)'
characteristic electric tield [11] ¢f-swn @nd effective charge, ’ E

giving moment of cell [12])
(.-)-.( ! .

! Vo M
g Y
'0)“. n c
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In the lart expressions is desighated: . and , - speed and
momentum of eloctron with cheryy Aw V. - voluwe of cell and N -

reduced mary of foun,

Let uB note that (o (oiwuia (0.1 [ 11] there is no factor J {n

the denominator,

Nechaniam DO [ 7 )2
| ™
e -A A~ \‘}Q\‘ ‘f\hm.p
Hete D - conrtant of detoitmativu putential for optical phonons,
deterained as ghift of pouttowm vt «une with afngyle relative
displacement of mublattices (14 ], p* - density of reduced masz of

fons; §f both fons in the cell ate tdeuntical, then p*=-t,/4 o,

Somet imen anothet coustatit As used

\
Ky N=-2

vhete D on the left - coustant diaennion of enerygy and K -~ vector of

revernes lattice,
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Summary

Energy and momentum relaxation deternvines energy and drift velocity distribution
of hot clectrons.

Following quantitics, describing test electron interaction  with  lattice vibrations
and ar static imperfections, are consaidered. life time wo(e) (311, longitudimal momentinn
relaxation tume ve) (A, transversal and  longitudinal  smomentum  deflection (1
Tl AN and Loel (L, energy loss power el (311 and energy fluctnation
power” Dee) (3131, Scattenmg probabilify is assunmied onty energy and seattevng angle
depemtent (24) (27) Flectron and phonan dispertion e(p) and w(@) s assumed ot
pre but arbitraey. The charactenistie energy gy for electron phonon swatfermg v deternn
ned voe(ed and wg) compartson from equahon (1 6

The seattermg elastity and effective phonon distebution  equipartition or /e
pomnt ubrations) for vanous clection cnergy ¢ and lathce femperature 7y s analysed
These seattering properfies are detenmmed by the comparison of e, &7 and ¢,

General formulae for vo, w50 1,0 Q and D caleatation are goen by (3 1) (b iy,
where the hmits of ifegration are histed in table |
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