N\ . ‘ S *‘-»}r — -

AD S0 9670

CONTRACT REPORT ARBRL-CR-00394

AN IMPROVED NONLINEAR DYNAMIC ANALYSIS
OF FLAT LAMINATED PLATES

Prepared by

University of Illinois
Aeronautical and Astronautical
Engineering Department
Urbans, !llinois

March 1979

US ARMY ARMAMENT RESEARCH AND DEVELOPMENT COMMAND

BALLISTIC RESEARCH LABORATORY
ABERDEEN PROVING GROUND, MARYLAND

Approved for public release; distribution unlimited.



.t

Destroy this report when it is no longer needed.
Do not return it to the originator.

Secondary distribution of this report by originating
or sponsoring activity is prohibited.

Additional copies of this report may be obtained
from the National Technical Information Service,
U.S. Department of Commerce, Springfield, Virginia
22161.

The findings in this report are not to be construed as
an official Department of the Army position, unless
so designated by other authorized documents.

The uge of trade names or manufacturers' names in thiv report
doey not conmstitute indorsement of any commercial product.




¥

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE ("hen Data Entered)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS

BEFORE COMPLETING FORM
1. REPCRT NUMBER 2. GOVY ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER _
CONTRACT REPORT ARBRL-CR-00394
4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED
An Improved Nonlinear Dynamic Analysis of Flat FINAL 1 Jan 77 - 31 Dec 77

Laminated Plates 6. PERFORMING ORG. REFORT NUMBER

7. AUTHOR(w) 8. CONTRACT OR GRANT NUMBER(a}
Adam R. Zak
Daniel W. Pillasch DAADO5-77-C-0722
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT.PRD—JECT, TASK
Aeronautical and Astronautical Engineering Dep. AREA & WORK UNIT HUMBERS
University Of 1111n01s . 1LL61102 AH43
Urbans, Illinois
11. CONTROLLING OFFICE NAME AND ADDRESS 12, REPORT DATE
USA Ballistic Research Laboratory, USA ARRADCOM MARCH 1979
Aberdeen Proving Ground, MD 21005 (DRDAR-BL) 1. ;;"BE“°FP“°ES
14, MONITOEING AGENCY NAME & ADDRESS(If ditfetent from Controlling Olfice) 15. SECURITY CLASS. (of this report)
Unclassified
152, DECL ASSIFICATION/DOWNGRADING
SCHEOULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abatract entered In Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reveras side If necessary and identily py block number)

Dynamic Analysis Anisotropic elastic-plastic
Plate analysis

Finite element

Elastic-visco-plastic

26. ABSTRACT {Contious e reverss sis ff y aod tdentify by block number) An i1mproved finite
element structural model has been developed for the dynamic analysis of flat
laminated plates, This model is an extension of a model which has been dev-
eloped and reported previously. The original jmodel uses constant thickness
quadrilateral elements to represent the shaped of the plate with the elements
stacked in thickness direction to account for the material properties of each
layer. The new model allows for orthotropic elastic-visco-plastic material
response and it uses finite difference equations for the time integration
technique. Simplifying approximation allows for the use of large time (continued)

FORM y s '
bD , e T3 1473 Eoimion OF ¥ NOV 6515 OBSOLETE UNCLASSIFIED

SECURITY CLASSIFICATION OF THS PAGE (When Data Entored)




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

increments in the finite difference equations for time integration.

SECURITY CLASSIFICATION OF THIS PAGE(When Drata Enterad)




II.

I11.

Iv.

TABLE OF CONTENTS

INTRODUCTION .
MODIFICATION FOR LARGE TIME INCREMENTS .
Analysis,

Numerical Results § Conclusions .

ORTHOTROPIC ELASTIC-PERFECTLY PLASTIC YIELD.

Analysis.
VISCO-PLASTIC MODEL.
Analysis.
Numerical Example .
CONCLUSIONS.
FIGURES.
TABLE.

DISTRIBUTION LIST.

Page

. -12
13
13
16
16
21

21

. 22-25

26

27.






I. INTRODUCTION

The purpose of this investigation has been to improve a finite
element program which performs three dimensional analysis for impul-
sively loaded laminated plates (acronym TIP)l. This TIP program has a
finite element model that uses the quadrilateral to define the shape
of the element in the plane of the plate and then arranges a number of
these elements through the thickness to describe the necessary number
of material layers. Fach layer then has its own material properties,
The model is nonlinear since it allows for large plate deflections and
for material yield effects. The original program only allowed for iso-
tropic elastic-perfectly plastic solids. The dynamic equations are
obtained by lumping the mass of the plate into the nodal points of the
finite element model and then solving kinematic equations of motions by
use of a finite difference technique. The improvements to the TIP pro-
gram were to decrease the time that the program ran by use of large
time increments in the finite-difference equations and to develop an
orthotropic elastic-perfectly plastic analysis which was then further
improved to include orthotropic elastic-visco-plastic analysis.

The limitations on the size of the integration time step are a
direct result of the finite-element model which treats the plate as a
lumped mass system where the individual masses are placed at the nodes,
Consequently, as the numerical integration proceeds the masses move re-
lative to each other, and if the integration time step is too large,
an artificial oscillation was observed by examining the internal forces
acting on each mass for successive time steps. When a relatively large
time step is used these forces will change sign for each successive
time step., The worst condition occurs in the thickness direction,
since the masses will, in general, be separated by a much smaller dis-
tance in this direction. 1In addition to this, it has been observed
from previous numerical results that the two inplane displacements vary
relatively smoothly through the thickness and therefore, they are modi-
fied to vary linearly without restricting any shear deformation,

The orthotropic yield analysis uses the same technique that was
used in the original TIP program with only the yield criterion chang-
ing. For the orthotropic elastic-perfectly plastic analysis, Hill's
Yield Criterion? is used instead of von Mises Yield Criterion. Addi-
tional orthotropic yield stresses are also needed as additional input.
For the elastic-visco-plastic analysis a strain rate dependence is

1Zak, Adam R,, "Nonlinear Dynamic Analysis of Flat Laminated
Plates by the Finite Element Method," Final Report, Contract No.
DAADO5-73-C~0197, University of Illinois, February, 1977.

2Hill, R., "The Mathematical Theory of Plasticity,' Clarendon
© Press, Oxford, 1950.



introduced by use of an extension of the isotropic Bingham mate_rial3
to the orthotropic case.

II. MODIFICATION FOR LARGE TIME INCREMENTS

Analzsis

In this analysis the in-plane (u and v) displacements are handled
separately from the displacements through the thickness (w), but, both
utilize the finite difference equation:

{A}n+1 B 2{Mn - {A}n-l

+ gh? [M]7? [{FI}nﬂ + (% - 2) {F 1+ {FI}n_l]

+ont g [{FE}n-l-l * (%' 2) (Fgly + {FE}n-—l]

(1)

where {A} is the displacement matrix, B is the acceleration parameter,
h is the time interval, {Fj} is the internal force matrix, {Fg} is the
external force matrix, [M] is the mass matrix, and the subscripts n,
n-1, n+l denotes time intervals.

In analyzing the u and v displacements, it is assumed that they
are linearly dependent through the thickness, This forces plane sec-
tions to remain plane,

This first assumption results in the following equations:

e
§l

q, *+ zd, (2)
Vv = qs + zq4

where qy, k=1, 4, are unknown coefficients called the transformed dis-
placements and z is the distance in the z-direction of the node from
the center of gravity, The importance of having z be the distance from
the center of gravity will be discussed when the transformed mass ma-
trix 1s discussed. In matrix notation equation (2) becomes:

3Cristescu, No., '"Dynamic Plasticity,' North Holland Publishing
Company, 1967.



(A} = [TF] {q} ®

where {q} is the matrix of transformed displacements and [TF] is the
transformation matrix described below. Letting £ be the number of
layers of material and i=1, A+l be the nodal location in the thickness
direction, the transformation matrix can be written as:

[TF, ]
[TF,] | 4)
[TF] = )
[TE, ]
TF
where
[TFi] = 1 Zi 0 0 7 (5)
0 0 1 Z

and 2j is the distance of node i from the center of gravity. i=1 is
the node at the bottom of the plate and i=f+1 is the node at the top.

Since the displacements are written in terms of transformed dis-
placements, then the forces should be written in terms transformed
forces., Letting {fgl be the matrix of external forces corresponding to

{q}, and {f;} be internal forces also corresponding to {q}, the theory
of virtual work states:

oy (E ) = alqd e} C®
Transposing equation (3) yields:

@y = (@) " (7)
Substituting equation (7} into (6) yieldsf

T T T
dlq}" [TF]" {F;} = dlq}" {£} (8)



Therefore:

T
{£} = (1R (F) - (9)

Similarly:

T
{g) = [1F17 () (10)

i

Finding a transformed mass matrix [m] starts with:

- M {8} = (F)

inertia (1)
By virtual work:
T N T
- d{a}"[M]{A} = d{aA} {F} nertia : (12)
T " T
- dlq} [m]{q} = a{a} {F}, .. 135)
T - T -
d{A}" [M]{a} = d{q} [m]{q} (14}
Substituting equations (3) and {7) into (14) yields:
d{q}T[TF]T[M][TF]{q} = d{q}T[m]{q} (15)
Dividing out the unnecessary terms gives:
[n] = [TFI"[MI[TF] (16)

Now the reason for Zj being the distance from the center of gravity will
become apparent. The calculations are much simplified by the mass ma-
trix being a diagonal matrix as is the case for the original mass ma-
trix. The original mass matrix was:

(M) = {M;3 (17

where j varies over the total degrees of freedom.
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Performing the matrix multiplication in equation (16) using equations
(17), (4), and (5) produces

2+1 £+1
M, M. Z, 0 0 (18)
1 11
i=1 i=1
+1 2+1 L+1
IM.Z. IM. 73 IM.Z. 0
11 11 11
, [m] = i=]1 i=1 i=]
2+1 2+1 2+1
0 IM. Z. M. IM.Z.
1l1 1 11
i=1 i=1 i=1
L+1 £2+1
0 0 IM.Z, M. z2
1 1 11
i=1 i=1 J
But
"R+l
IM;Z, = 0 (19)
i=1

by definition of the center of gravity, thus causing [m] to be a diag-
onal matrix,

Referring to equation (1) the only element that still must be
transformed is the deflections at past time intervals. From equation

(3):

{q)_ = [TF]‘l{A}n : (20)

Rather than finding the inverse of the entire transformation matrix, it
is only necessary to get the inverse of two of the submatrices in
equation (4) since it is only necessary to solve for four unknowns.
This is easily done by hand and results in:



1 - A 0 ! 0
7T, 7,7, (21)
1 0 1 0
2472, 2172,
TFI}-l yA A
T2 0 — 0 L
7 -7 77
1742 17%
0 1 0 !
77T, 7L,
- -

Substituting the transformed quantities into equation (1) yields:

{q} = 2 {q}n - {q}n_ (22)

n+l 1

-1 [ 1
+ n’ [m] 1 _{fI}n ¥ (ﬁ ) ) {fl}n-l * {fl}n-Z:]

+ B* [m] ' [L€L] ) o+ (%'- ) gty + {fE}n'i]

It should be noted that the internal transformed forces are displaced
by one time increment, Because these forces are small, even at large
time increments, this yields accurate results. Equation (22} is thus
solved and equation (3) transforms the results to global displacements.

Although this time lag is acceptable for the in-plane displace-
ments, it is not acceptable for the w displacements, The reason for
this is the external force is being applied in the w direction, thus
making these internal forces more reactive to larger time intervals,
In order to account for the change in the internal force a model was
sought to couple the deflections through the thickness,

In finding a model to represent what happens through the thickness,

it is necessary to see what the unknowns are. From equation (1) the
unknowns are {A}n+1 and {FI}n+1' All the other terms are known. In

10



order to predict.what {Fr} ,1 is, it is necessary to couple the de-
flections through the thicﬂness and to assume all strains small when
compared to the strain in the w-direction. This can be done by let-
ting:

(Frhpey = (B} + (8F 13 : (23)

where {AF1l,4+] is the change of the internal force between time inter-
vals. The deflection in the w direction is then coupled by the model
shown in Figure 1. This model assumes the stiffness between the nodal
points in the thickness direction is much greater than the stiffness
between in-plane nodal points. As long as the external force is in
the w direction this is a good assumption.

From Figure 1:

AFIi,n+1 i ki Eai;l,n+l B Ai,n+l)'_:(Ai+1,n - Ai,n)] (24)

- ki [(Ai,n+l “hine) T Gyt Ai-l,n)]

where 1 refers to the nodal location through the thickness and n refers
to the time increment. The predicted stiffness (kj) is gotten from the
orthotropic properties (Cij’ i=1,6, j=1,6). In matrix notation:

S I Cyy C\s 0 0 0 ] ’ex* (25)
7, ¢ oy C,sg 0 0 . o0 e,
%L _ |=n 7 Cs3 0 0 0 ) € L
Ty 0 0 0 Chy O 0 €y
o, 0 0 0 0 Ccc O €.,
‘cy% K 0 0 0 0 Ces) €,

N

Using the assumption that all strains are small when compared to the
strain in the w-direction yields

o =C,, € _ 1 (26)

11



This gives the stiffness for a unit cube equal to C

Therefore: 33

C
K. = 3.’5.11‘!\1'1351.1

i
Y

(27)

where tj is the thickness of layer i, Area i is the area used to com-

pute the mass of the nodal point, and Czz; is the orthotropic property
of the quadrilateral that the node lies in,

Letting:
1
ihel - 2% 0 Y 80
X A L 2) F.  +F (28)
+F'I_ I. g I. I.
i L "1,n i,n i,n-1
. -FE * -é" 2) Fg, * Fg
M. i,n+1 i,n i,n-1
i L s

and substituting equations (23) and (28) into (1) produces:

' 2
A Bh”

Binel T8 et M, (29)

[ki ( Bie1,ne1 " 8 ne1

1
o
f
]

- k.[A, - A, ]
i} i+l,n i,n

Ai,n+1 - Ai-1, n+l1

1

ks ( &on " Ai-l,nn

where the only unknowns are the deflections at time n+l, This pro-
duces i=2+1 (% is the number of layers) number of simultaneous equa-
tions which can be solved for.

+

Numerical Results and Conclusions

The modified computer program was applied to the dynamic plate
problem for which BRL experimental data is available, and which was
analyzed by the original computer program,
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In the original analysis, before the modifications described here
were incorporated, the maximum time step which could be used without
numerical instability was 0.25 microseconds (us). In the modified pro-
gram time step as large as 10 us was used. Figures 2 to 4 contain some
typical results. Figure 2 shows the results for a time step of 2.5 us
and Figure 3 has similar results for 5 us., Figure 4 contains the re-
sults for a variable time step calculation where 1 us integration inter-
val was used for time from 0 to 10 us, followed by a time step of 5 us
from 10 us to 60 us, and finally 10 us time step for time of 60 us. to
100 us. The results show the plate center deflection as a function of
time for the bottom and the top of the plate. These results are com-
pared with the results from the HEMP solution and the experimental data
which are only given for the bottom of the plate. The different time
steps were used in order to compare the effect of these on the accuracy.
It can be observed that the results for the time step of 2.5 us, Figure
2, compare more closely with the experimental data than the results for
5 us, Figure 3. The results for a variable time step, Figure 4, seenm
to give even more accurate results and compare quite well with the HEMP
calculations and the experimental data., It may be mentioned that the
results for large time steps introduce artificial errors due to large
distortion of the pressure load and, therefore, the errors may not all
be due to numerical integration. However, the main conclusion is that
the method has been made quite stable and large integration steps can
be used.

III. ORTHOTROPIC ELASTIC-PERFECTLY PLASTIC YIELD

Analxsis

The orthotropic analysis follows the same idea as in the isotropic
analysis, but it uses Hill's yield criterion and needs more input as
far as yield stresses are concerned.” These yield stresses are in the
six orthotropic directions and are referred to as Yi' (i=1, 3 and j =
1, 3). Before seeing the yield criterion, the follo%ing constants are
defined as:

_ 1 1 1
Yoo = g2 = vz = g2
1 Y11 Y22 Y33

(30)

- 1 1 1
Y = 2 = w2 = oy
22 Yo, Y Y3z
_ 1 1 1
Yoz Sy2 " y2 " y2

33 11 22

4

Then the yield criterion can be written as:

13



2 2 0.2 2 0.2

2
g a [e) g
f(cij) - 11 + 22 + 33 + 12 . 13 + 23
. 2 2 2 2 2 2
Y11 Yoo Yzzo Yy Yz Yo

* ¥11922%33 * ¥22911%3 ¢

Y23901% = 1

The total stress at t is:
n+1

GT. =d,. + dcz.
1Jn+1 1Jn Jn+1

The strain increment is divided into elastic (ee) and plastic (e
strain,

de.. = de?. + de?.
1] 1] 1]

The flow rule is written in the following manner:

Y. o Y. o
aP, - |, Z22%s3 " TssTa) dAT
11 v2 5 11
Vi1l £ i
WP - an |22 . Y1193 * Y3511 ) _ T
22 12 , 22
22
Y..o Y
ael = a {033 , 11722 " Yzzoll\ = dAT
CEg3 = ¢4 \Yz 5 |~
33

14

(31)

(32)
Py

(33)

(34)




a

P _ g 12 . ‘
delz dA 22 dAle
12
o]
P _ogy A3 .
del3 dA 22 dAT13
13
g
P o_ogn 23 .
dez3 dA 7 leZS-
13

where T.lj is defined by Equation (34). This could be written as:

ael. = dxr T.. (35)
ij ij

The orthotropic elastic relation used to evaluate the trail stress is:

T _ A
do; 5 = Cj5p1 964 (36)

This is substituted into Equation (32) and that result is substituted
into Equation (31)., Similar to the previous analysis if f(c ) <1,

then o, T . C.. s, but if f(d ) > 1 plastic flow has occurred
ijn+l )41

Insertlng Equatlon (33) into (36) and that result into (32) gives:

- T '
o35 = %5 = Cijxr Ta (37)

Letting T

ij = cijkl Tkl’ Equation (%7) becomes

G.. =0..0 - T.. d\ (38)
ij — ij ij

Substituting Equation (38) into (31) gives:

dA = (39)

15



4 oyl T2 e me m2
T T T T T T
A 11 . fz , 33,12 his Tas YT, T, o)
Y 2 2 2 2
11 Y22 Yzz Yip Yiz Yis
Y Yoo Tas * Y31 Ty
g T = T = T = T = T = T
T..o T..o T g T. o T..Q T. . C .
po—Al11 . "22%2 5% Tig%is Tip%n Ths%s
YZ 2 2 2 2 2
11 22 Y23 13 Y12 Tys
- T = T - T = T
. T Ty2%35 *+ T339,, - 11193 * T30
11 ( * Yo
2 2
= T = T
. T T11%:2 + 15501 )
33 ;

T
C = £(05,) -1

This dA is substituted into Equation (38) to give the total stress.

In all cases this breaks down to the isotropic case when using appro-
priate yield stress., After programming, the same results were produced
for an isotropic example as were produced in the isotropic elastice
plastic analysis.

IV, VISCO-PLASTIC MCODEL

Analxsis

In thig analysis it is assumed that the strain is divided into
elastic (de”) and visco-plastic (deVP) strain.

de = de® + de'F (41)

16




Using Hill's Flow Rules, Equation (35) is modified to be:
VP _ -
deij dA Tij | (42)

It should be noted that the visco-plastic strain changes satisfy incom-
pressibility condition

3
I de'P =0 (43)
i

The quantities Tjj represent six independent quantities and they can be
arranged in a matrix form and then can be related to a stress matrix as
follows:

{7} = Ir1 {a} ' ’ A
[ | L¥] i [Nl
where:
[ 1 Y33 Yo,
w2
Yll 2 2 0 0 0
Y33 1 Y11
2 .
2 Y22 2 0 0 0
Y22 Y11 1
_ 2
[B]= 2 2 Y2 0 0 0 (45)
0 0 0 1 0 0
2
Y12
0 0 0] 0 1 0
2
Y13
0 0 0 0 0 1
2
Y23

17




By comparing the flow rule in equation (42) to an isotropic case it can
be noted that the quantities Tj; have the same role as the deviatoric
stresses and s{P strains as the deviatoric strains., In fact, it may be
noted that equa%ion {42) reduces in the limit to the isotropic case.
Consequently, following the procedure developed for isotropic Bingham
material, the strain rate dependence is introduced by defining {T'}

(TF} = {1} + n {&P} (46)

where 1 represents viscous coefficient, and {T} is the quantity which
satisfies the yield criterion,

By using Equation (44) we define:
o1 = 317! (1%} (47)

If no plastic yield has occurred the viscoplastic strain increment is
zero. So we begin this analysis with a trial incremental stress where:

T
{do”} = [C] {del} = (48)
and [C] is the orthotropic relationship between stress and strain.
Equation (48) is inserted into Equation (32) and this is inserted into
the yield criterion in Equation (31). If vield does not occur, the
trial stress is equal to oF, However, if yield does occur then Equa-
tions (46) and (47) must be used to calculate of as follows: From
Equation (41) and (48):
F
{do"} = [c] {de} - [c] {ae'"} (49)
Then as in Equation (32):

{oF} -{o'} - [c] {de'?) (50)

Multiplying Equation (46) by [B] ' and using Equation (47) in (46) one
gets:

6"} = (o} +n (B! &V} (51)

From Equation (50) and (51), when solving for {o} one finds:

{0} = {o¥} - [C] {de'P} - n 8]} (VP (52)
R}r neing Eonation (42Y 44+ 1e ancily ehnwm +hat
o] Usally OYqUalliCll (44) 40 1o Qudola SIIUWIL Liidu
VP
*vpy _ dg _ 1 vpy _ dA
e} = {53 = 5y We™) = 22 (1) (53)




Substituting (42) and. (53) into (52) produces:

{0} = {o"} - arpeyirt - p22 (317t (1} | (54)
Defining another variable {T}:
= {c] {1} (55)

We use the inverse of Equation (44) and Equation (55) in (54) which
produces

Y

S T . B | /r‘l n\T\
gy =10t - d k

'-TT+A—t'-{c}) {56)

The question in a dynamic problem always arises as to what value of
stress is used for the flow rule. In this formulation the stress used
in the flow rule is approximated by the trail stress. A closer appro-
ximation can be formed by doing an iterative loop on this equation,
but little difference is found in the solution when this is done,

The {0} stress formed here in Equation (56) is substituted into
the yield condition and dA is solved for.

This gives the relation:

AdA? - 2BdA + C =0 (57)

where letting:

=T n T
* = —
Tij T.lj + At g (58)
T*2 T*2 T*2 T*2 15 T2
A = 11 s 22, 53 + 12 =2 25 (59)
Yy Y3, o Yz Y5, o Yip o Yog
* * 2 * *
Yo, Thi Ths + Yy T3, T+ Yas T3 T3,

19



T* © 1T T* o, T T* o, T T¥ o T T¥ o T Tt o,.T

po 111" 722 %2 f33 %3t T12 Y12t T1s %15t 23 %23
2 2 2 2 2 - 2
B! Y22 Y33 12 Y13 Y23
T T T T
* * * *
s (Tzz 33 * T35 %22 ) . T (Tll %33 * T35 °11
1 ; 22 ;
T T
* *
.7 (Tzz 911 * T11 %22 ) (60)
33 :
2
C=f@) -1 ‘ (61)
ij

where £ = 1 is the yield function.
Therefore, from Equation (57)

2B +  V(2B)2 - 4AC

2A

di =

(62)

Since dA = 0 as C + 0 the minus sign must be used. Multiplying top

and bottom by B + JBz - AC produces:

di = (63)

This value of dA is then substituted into Equation (56). By using
Equations (51), (42), and (44)

{F} = (1 + %%i) {o} (64)

Equation (64) is used in the modified computer program to calculate
the actual stress state in finite-elements,

20




Numerical Example

The example used to chﬁck out the changes in the program was a
three layer laminated plate . The top and bottom layer was 1020 steel,
1.27 cm and 1.27 cm thick, respectively. The middle layer was 2040
aluminum .635 cm thick, Values for the viscosity for each material
were estimated to be:

298.86 pascal-sec
18,73 pascal-sec

The results for this example are given in Table 1. Table 1 com-
pares with the vertical displacement at the center of the plate of
both for the original elastic-plastic and the new elastic-visco-
plastic models., It can be seen that for short periods of time the
viscous effects are small, but for later times the effect is more pro-
nounced. As expected, the effect of viscosity is to stiffen the
plate.

The effect of the viscous material properties do not appreciably
alter the dynamic response of steel and aluminum materials, However,
this conclusion may not be true for other materials, such as for ex-
ample, composites, which may exhibit larger viscosity.

V. CONCLUSIONS

By certain modifications to the TIP computer program it has been
possible to increase the incremental time step used in the finite
difference time integration. However, even with these modifications,
the stresses still oscillate in the thickness direction, It is quite
feasible that if the oscillations of the stress can be reduced, fur-
ther increase in time interval will be possible with an appropriate
increase in numerical stability.

The inclusion in the analysis and the computer program of the
orthotropic yield criterion and the visco-plastic material response
has been successfully accomplished. The viscous effects, however,
have been found to be small in the case of one numerical example
which uses aluminum and steel materials,

4M'ajerus, J.N., and Knapp, R.R., "Dynamic Behavior of Multi-
Layered Plate Due to an Intense Impulsive Load,' Proceedings of the
Second International Conference on Mechanical Behavior of Materials,
Boston, Mass., August, 1976.
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TABLE 1
Comparison of Results from the Elastic-Plastic
and Elastic-Visco-Plastic Models Using Variable

Time Steps (see Figure 4)

Vertical Plate Displacement Vertical Plate Displacement
(cm) for Elastic-Plastic (cm) for Elastic-Visco-

Time - Model Plastic Model
10 -.285747 -.3158007
20 -.666216 -.6348882
30 - .9870059 -.898324
40 -1,277305 -1.1402441
50 -1.5436494 -1.3339216
65 ~1.9010985 -1.5438323
75 -2.1077580 -1.6701541
85 -2.2934676 -1,8299201
95 -2,4730964 -1.9608596

105 -2.,6440384 -1.9884898
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