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SECTION 1. INTRODUCTION

3A subject of considerable interest to the C community is the
kpossible effect on long-range ELF communication of widespread

ionospheric disturbances of nuclear origin. Predictive

calculations at the present time are based on the so-called

"great circle WKB approximation," in which the properties

of the entire earth-ionosphere waveguide are taken to be those

that exist along the great circle between transmitter and

receiver, and the properties vary slowly in the horizontal

direction, so that the WKB approximation is applicable.

The shortcomings of the assumption that the waveguide is

laterally homogeneous have been recognized for a long time.

Because of the mathematical difficulties involved in allow-

ing for lateral variations, thz. . have been very few theoret-

ical treatments of the problem. The attempts which have been

made have dealt with ionospheric disturbances of limited

spatial extent [1,2] which are amenable to scattering and dif-

fraction theory.

IL
Here we are concerned instead with situations involving

transition regions where conditions rary so rapidly that a

WKB approximation of the propagation may not be valid. Such

situations occur naturally at the day-night terminator and in

the polar regions during large solar proton even;s. In this

report, we investigate the effects of such transition regions

or "edges" on ELF propagation along and through them.

JI
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SECTION 2. PHYSICAL MODEL FOR NONUNIFORM WAVEGUIDE

It is well known that waves in the ELF band propagate in the

earth-ionosphere waveguide, penetrating to ionospheric

D-region altitudes and higher, depending on ionospheric

conditions. At ELF, only the lowest (TEM) waveguide mode

is nonevanescent. The mode is characterized by three
parameters, which are determined primarily by the ionization

height profile of the ionosphere. These parameters are a
relative phase velocity c/v, where v is the phase velocity and

c is the speed of light, a loss rate a in dB per thousand kilo-
meters of propagation, and an excitation factor A There are0
a number of full-wave numerical methods for calculating these

parameters when the ionosphere is assumed to be vertically

inhomogeneous but laterally uniform. There is no full-wave

numerical method for determining equivalent parameters in

the presence of lateral inhomogeneities. It is generally

assumed that, in a laterally nonuniform waveguide, the

propagation may be characterized by local parameters with

values appropriate to a laterally uniform ionosphere with the

local vertical profile. This assumption forms the basis for

a number of approximate solutions for propagation in a non-

uniform waveguide [3]. Most of these approximate treatments

require that the lateral variations are slow enough that a
WKB approximation may be used to calculate the lateral
variation of the ELF fields. Here, we will be interested in

propagation in the vicinity of regions where this criterion

is not satisfied.

The problem of calculating ELF propagation in an earth-

ionosphere waveguide in which the ionization height profile

varies along the propagation path is very difficult mathe-

matically. Even in the case of horizontal uniformity, the

4
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diffuseness of the ionospheric "boundary" necessitates a full

wave numerical treatment of the problem. However, once such

H a numerical solution has been obtained, it is possible to

replace the stratified waveguide by a mathematically equivalent

sharply bounded waveguide which yields the same values of the

quantities c/v, a, and Ao. This is effected by a proper choice
0

of the height of the waveguide and the surface impedance of

its upper wall.
?I

In principle, it should also be possible to replace a laterally

varying earth-ionosphere waveguide with a mathematically

equivalent sharply bounded waveguide. The height and the

surface impedance of the upper wall would obviously both be

functions of position. In order to keep the problem mathe-

matically simple, we will consider two limiting cases within

the framework of such a model. In the first case, we will

assume that the surface impedance of the waveguide is constant,

but that the height of the guide varies in the lateral direc-

tion. in the second case, we will assume that the height is

constant and that the surface impedance varies. The combina-

tion of the two cases should give some insight into the

"influence of lateral gradients on ELF propagation in the

earth-ionosphere waveguide.

5



SECTION 3. VARIABLE HEIGHT WAVEGUIDE MODEL

We wish to model a nuclear-disturbed or SPE-disturbed earth-

ionosphere waveguide in which the waveguide has been disturbed
over a very large area, but in which the transition between

the disturbed and undisturbed portions takes place in a dis-

tance small compared to a wavelength. As discussed in

Section 2, we will attempt to model such a situation with a

sharply bounded waveguide of variable height, as shown in

Figure 3-1. For mathematical simplicity, the waveguide is
assumed uniform in the y-direction, and consists of three

separate sections. The outer two sections are semi-infinite

uniform waveguides of different heights. These are connected

by a central section with a sloped upper wall. The waveguide

of greater height represents the undisturbed portion of the

earth-ionosphere waveguide, that of smaller height represents
the disturbed portion, and the central section represents the

transition region. The lower wall is assumed to have infinite

electrical conductivity and the uppcr wall, in accordance with
the discussion of the previous section, to have constant sur-

face impedance.

A cross section of the waveguide is shown in Figure 3-1,

together with the coordinate system. The undisturbed, tran-

sition, and disturbed regions are designated by I, I, and III,

respectively. The origin x = 0 of the transverse coordinate
is taken to be where the extrapolation of the sloped upper

wall intersects the lower wall in Region III. The source is

assumed located in Region I at x = xs, and the coordinates of

the boundaries of the transition region are x and x1 .

It is now necessary to solve the wave equation in each of the

three regions and then to apply the appropriate boundary

6
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Figure 3-1. Cross section of variable heighL ,-aveguide showing geometry and
coordinates. (The z-direction is perpendicular to the plane of
the figure.)
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conditions at x x and x = xI. We assume the source is an

electric dipole antenna, oriented either vertically or

norizontally. The first configuration would correspond to
a natural source of ELF radiation, such as a lightning

discharge, and the other to an articifial source, such as

the Wisconsin Test Facility. We assume that the source is

sufficiently far from the transition region that only the
nonevanescent TEM mode is incident on the transition region.

We also assume that no other modes are generated in the tran-

sition region or at its boundaries.

In the two uniform regions, the TEM fields can be derived

from an electric Hertz vector which has only a vertical

component RIy. The electromagnetic field is obtained from the
y

Hertz vector through the equations

2
kI HX (3-la)a•y y y

k2S:x y £(-lb)
1W yy

where k = w/c is the free space wave number and Py is a unit

vector in the y-direction. In Region I, the primary excitations

for the different dipoles are given by

1y VD 0 cos (kCoY) HO ( (x-x) (3-2a)
y o 0 0 0

1HX a VD (3-2b)
y ax y

HZ D VDTIZ _ (3-2c)y 3z y

[ .8
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where VU, HX and HZ refer to a vertical dipole, a horizontal

dipole oriented along the x-direction, and a horizontal dipole

oriented along the z-direction, respectively. In these

expressions, A is a factor depending on the source strength,
0

h is the height of the guide in Region I, and SO and C0 are

the complex sine and cosine for the TEM mode in a uniform

waveguide with the properties of Region I.

£I
Since the properties of the waveguide are independent of z,
it is useful to carry out a Fourier transformation in this

variable. Thus, we write

fy -ikS z
ly (x,y,Sz) = (XyZ) e dz (3-3)

with similar expressions for the components of E and B. The

transforms of the primary excitations given by Equation (3-2)

can be written in the form

2s21/2
ik(S -S) (X-Xs)

fly (xyS F (So,S)cos (kCoY) ey z hOa z
S~(3-4)

where the function FDIP corresponding to the different dipoles

is

VD 2 2 -1/2
F =(S -S) (3-5a)

0 z

IIXF =1 (3-5b)

-1/2
FZ =S (S 2 - S) (3-5c)

z o z

M W
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In Region I, the total field consists of the primary excitation
radiated by the source plus the wave reflected from the transition

region. Thus, the total Hertz vector in Region I can be -

written as

2 21/2
A DIP ik(s-S ) (x-

li =-F cos (kC0 Y) e ~ 5II

-ik(S2S 12) (x-x) ik(S2-S 2) (x-xI]e o- R + e o !

(3-6)

where R is a reflection coefficient to be determined. In

Region III, on the other hand, there is only an outgoing wave,

so that the Hertz vector can be written as

I1/2 1/2J

A ik(S 2 (2) 2 2 1/111 1 DIP 0 z xx 1  ikis (xxIIIcos (kClY) e eY ho

(3-7)

where S1 and C1 are the complex sine and cosine appropriate to

Region III and A1 is a constant to be determined.

A relationship exists between S1 and So as a consequence of the
assumption that the upper wall has a uniform surface impedance.
From Equation (3-1a) and (3-1b), the tangential field components

are

A

t

10 :
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E = - k Co tan (kCoy) -)

1 2

E ik CoS tan (kCoZ) 11

•?z y
,! I k2  ~

t B - -- sI x c z y

i • k2

BI = 2  
11I (3-8)(z 7- Ux y

with similar expressions for the fields in Region III. The

surface impedance at the upper wall (y = h) is defined as

i _ Ez Exy=h - c(3-9)Sq y=h Ezy=h

Making use of Equation (3-8) and the fact that JkChj << 1,

we obtain from Equation (3-9)

!:' I 2 i
o (3-10)

" The same procedure in Region III leads to

2 i
C1 =-khl (3-11)

Thus, the relation between the eigenvalues in Regions I and III

i 
tis

C ho Clh (3-12)

1.. ... . . .. . . . . . . . . . . - . . . .. . . .. . - . . . . . . .. . . ,. . . . . -
Km



It now remains to construct thez solutions in the transition

region. For reasons which will become apparent, we will

express the solutions in Region II in terms of cylindrical

coordinates about the z-axis (Figure 3-1). In addition, we

will write the electric field in the form

Sk x (u) + i S x Ix (wiz) (3-13)z y z

where u and w are scalar functions satisfying

In terms of these functions, the cylindrical components of the

electric field are

= (1 -u S2 2wE w (3-15a)

E, _ 2( Lu +2 1 Dw

Ez =i Sz (1 S S2) k 2w (3-15c)
z z

where

= kp (3-15d)

and p and 4 are the coordinates shown in Figure 3-1. From the

induction equation, the components of the magnetic field are

B S +() (3-16a)

Bz - i (1- S ) •-u (3-16b)

The third component of B will not be needed.
12
12
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It can be expected, for the kinds of disturbances with which

'C' we are concerned, that the change in height across the
transition region is perhaps a few tens of kilometers while

the lateral distance over which it takes place is of the order

hundreds of kilometers. Thus, from Figure 3-1,

h «< 1 (3-17)
L

and the angle • is restricted to the range 0 < << .
Furthermore, we know that at the ground (• = 0) the tangential
components E and E of the electric field must vanish. Thus,

y
the power series expansions for u and w must have the forms

2j
u = G() - g() y + . . . (3-18a)

34
w = F(•)4- f(O) + . . . (3-18b)

When these solutions are substituted into Equation (3-14), we

obtain the differential equations

G +-G + S ) G L- g 0 (3-19a)

2g0
F +SF (2 f =0 (3-19b)F- f

z 21

In order to obtain a simple differential equation for one of

the four functions appearing in these two equations, it is
necessary to obtain two additional relations among them. These

are provided from the known surface impedance of the upper wall.
The components of the electric and magnetic fields in Region II,

as obtained from Equations (3-15), (3-16), and (3-18), are

13



= - kj7 g + Sz F (3-20a)

II k 2 G' 2 1 F') (3-20b)E¢ = +I S

EkII k2 S (I -S2) F (3-20c)
zz z

B - S G + F (3-21a)
P z

Bt  k32k3
Bz -i - (1 - S ) G (3-21b)

The surface impedance at the upper wall (4 = 4o) is
0

II II
1 Ez E P- 11 (3-22)

cB cBIIP

This leads to the two relations

2(1-S z)F _ 2l
(G'S )F/ o Co1 (3-23a)

(G'+FA)0

2'i ~~(g/ý+SzF)
= on-Co• (3-23b)

ri 0
2 0'

where the last equality in each equation follows from Equation

(3-10) and the geometry of Figure 3-1.

14
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A combination of the last two equations leads to the relation

C2 S2 2 [ 1c o (3-24

~~ ~=C 0  z zlS~- 37 ~ 2 2(-4

I

Substituting this into Equation (3-19a), we obtain

I2

S~We are interested primarily in situations where the WIXB approx-

S~imation is not applicable, i.e., when kP «< 1. In this case,
,i the second term in Equation (3-5) can be neglected in lowest

iapproximation. The solution of Equation (3-25) thus becomes ) i

+ G = G ( (3-26)
0 0i (•o-8) •(-c•1 4

L where
a = 2 2 (3-27a)

S= 2z (3-27b)
1- (1-s

zz

I The next integration yields (

appoxma= Gion. + soluto (of Eqain + (3 - ) t bn -°coes

G G 0(3-26)

,. ,, ~ - -

~~~~ 0 .-.-.



In order to apply the boundary conditions, we must evaluate

Equations (3-26) and (3-28) at • = The results are

G G (C l S°)z (3-29a)222G (•l) = S (•o) ho•S 2 2 (3-9a
0 S0  -1-S

G ' 2 h o h oS 2
G( = G(gO) 1 +G(0,) E (SS-2 hn Sz in

(3-29b)

The solution is completed by making the fields continuous at

x = x and x = xI. Since the slope of the upper wall in

Region II is very small, the p-component of the fields is nearly

horizontal. Thus, we require that

"BI (P) B11 ' (x)Sp 0_ x 0 (3-30a)
II IIIB (p) B (x)
z o z 0

_BII (_l) BI(xl)
B(p I (3-30b)SBI~ (Pl) BzI(xl

The first of these equations leads to the relation

G (•)1/2* G(•o) - i (S 2  S 2 (3-31)

G(ý) z4 0

where the left-hand side of Equation (3-30a) has been calculated

from Equations (3-21a) and (3-21b), making use of Equation (3-23),

and the right-hand side has been calculated from Equation (3-8)

16
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with 11R1 given by Equation (3-7). Carrying out the same

procedure for Equation (3-23b), we obtainI: 'I
G 1/2

(l) s2  $2) ( +R) (3-32)
G( = z R)

The last equation allows us to calculate the reflection

coefficient

' 1/22 21/2
G /G + i(S 0 -S)z

S , "2 S2" 1/2
G (l)/G(I) - i(So -Sz)

which, making use of Equations (3-28), (3-29), and (3-31),

becomes

1/2
2 2_2 2 221/2

Sh(s-S) -Sh(S S(1-y)
0 Z 0R0 1 z (3-34a)

2 2 21/2 2 2 21/2

where

_____ (h\ (h S~
0( 1- z 0) S/2 2n ___ (3-34b)

2 1 L2 n Sz2 1  )
(S' -S2h1 h1S1

Finally, we need a relation between A1 and A0 , the amplitudes

of Hertz vectors in the disturbed and undisturbed regions,
respectively. This is obtained by making B continuous at

x = xo and x = x1. These two conditions may be expressed as

• III (X) II
B (x B (P)

z 0 _ Z 0-I--iI (3-35)
SBI (xl B) (Pl)Sz Bz 1

17



Carrying out this operation and making use of the various
relations above, we obtain

"S2 $21/2 7
A1  (S -S z (1-R)

o 2 2 (3-36)0- (S2_ (1-iy)LI'I
[r All quantities necessary for the calculation of the electromag-

netic field in Region I and II have now been obtained. In
practice, the fields are detected either by whip antennas,

which measure the vertical electric field, or by loop antennas, j
which measure the horizontal magnetic field. To obtain numerical

values for these quantities, it is necessary to invert the
appropriate Fourier transforms. These results will be presented

in a subsequent section.

18
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SECTION 4. VARIABLE IMPEDANCE WAVEGUIDE MODEL

As in Section 3, we again assume a waveguide which consists

of three separate sections which are uniform in the y-direction.

However, we now assume that the height of the waveguide is

constant, but that the surface impedance is not. The outer

two sections are again semi-infinite uniform waveguides,

with different surface impedances. They are connected by a

central section of length L whose surface impedance varies
continuously between the two outer values.

The Hertz vectors in Region I and Region III are again given
by Equation (3-6) and (3-7), respectively. However, there is
no longer a functional relationship, such as Equation (3-12),

between the eigenvalues in the two regions. The quantities

S and S are independent and considered specified. The Hertz

vector in the transition region satisfies the wave equation

i.2 211 v 2]111= (4-1)
2 + k 2  S2 y(x) -I (

i(XO ! < 1)
(x 0  x -

with
S(x) = S1

S(xI) = So (4-1a)

In analogy with the sloped waveguide of the preceding section,

we assume the impedance of the transition region varies

linearly in the transverse direction, i.e.,

19



22 2 ,2
S (x) =S + (S 0 - S.) ) (4-2)

With S 2(x) given by Equation (4-2), the solution of Equation

(4-1) is

= B u J 1 3 (u) + 1 J 1 / 3 (u) (4-3)

where

u (1K) 3  (4-4a)

K k [S2(x)- $2 ]I/2 (4-4b)

3 2 L
-- 2 2 (4-4c)k2 (SoS 1)

"and B and • are two constants to be determined.

The boundary conditions are again that the tangential electric

and magnetic fields must be continuous at the boundaries of
J, a

the transition region. This requires Hy and to be contin-

uous at x = x and x = xi. From the continuity of the ratio
of these quantities at x = x., we obtain

(uJ W + j2/ (u)
1/3

J 2 / 3 (uo) - i Ji 3 (uo)

J and from the continuity of the same quantity at x = x

[J1 (u p-i J- .2/ 3 (u1  + (3 [. 1/ 3 (u )+i 1J2/13(U1

R= [J (u )+i J ~(up] [J...,(Iu -i J21 (U1) 46

ii 20



iiI
Finally, from the continuity of RI at x x 0 and x xI,

1/30

A B u J 1 3 (Uo) + 8 0_ 1 3 (uO) (4-7a)

A(l+R) JB u/ 3(U) + J-1/3(u) (4-7b)
0 1 / 3 1

[ ?from which

A i U + _ J(U]1 o1R J 1 /3(u -1/3o0
A 0u /3(lU+R) ( (4-8)

U1  J1/3 u1) +/ 1

With the above expressions, the Fourier transforms of the fields
may now be inverted in a straightforward manner. However, in

V. view of the idealization of the model, it seems more reasonable

to look at a limiting case where considerable simplification

occurs in the complexity of these expressions and, therefore,

also in the necessary computational labor. This is the limit
in which the lateral extent of the transition region becomes j
small, i.e., L • 0. In this case, the Bessel functions in the
above expressions may be approximated by their small argument

expansions, and Equations (4-6) and (4-8) become

( 2 s2 1/2 -S2 S2 1/2

R 0- z) - (- z) (4-9a)
2 21/2 2 21/2

(S-S) +(S-S
o z 1 z

2 1/2
2 12

A1  2(S -S)
A 1/2 1/2 (4-9b)0 2_ 22 2

(S2 S2) + (S_-S)0o-z 1

Numerical results based on these simpler expressions are
*presented in the next section.

121
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SECTION 5. NUMERICAL RESULTS AND CONCLUSIONS

The results of the preceding two sections have been used to

obtain numerical values for the magnetic field along various

great circle paths through the transmitter, for the ionospheric

parameters listed in Table 1. These results are compared in
Figures 5-1 to 5-6 with those calculated from the great circle

WKB approximation for the same paths. The great circle WKB
results are obtained from the following expressions:

Region I

VD 1 S/2 1
VWKB o (5-la)

HX $3/2 IB F cos 0 (5-lb)WKB o

HZ _3/2 1
BwKBHZ S, F sin a (5-1c)

where

FI 7( •1/2 ikSor
F 2kr e (5-2)

and r is the distance measured along the propagation path.

Region III

VD 3/4 s-l/4 pIIIWB o (5-3a)
o 1 F

HX 7/ 4 S1l/4 III

BWKB = 0o F cos 0 (5-3b)

BHZ 7/4 sl/4 III

ZB S F sin 0 (5-3c)
WKB o 2
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where

_/ 1/2 h\1/2 ik [S (x-_X +S(x,-x)+A]/cos 0

(5-4) ie 0

h 2 (1+S1) h
A L 01h jSo si (1-S )log

(hh) o h~ )h 1/2'

(5-5)
I

In these expressions, 0 is the angle of the great circle path

with respect to the x-axis. Thus, 0 = 0 is the path perpen-

dicular to the transition region and 0 = 90* is the path -

(entirely in Region I) parallel to the transition region.

In the figures, we have plotted the quantity

BDIP20 logl 0  DIP
BWKB

as a function of distance from the transmitter, for a trans-

mitter frequency of 50 Hz. Figures 5-1 to 5-3 show the results

for the variable height waveguide, the parameters for which are
given in Table 1. Figures 5-4 to 5-6 present the results for

j the variable impedance waveguide, the parameters for which are
also given in Table 1. The models have been constructed so

that the phase speeds and attenuation rates are the same for

each in Regions I and III. The modal parameters and height of

the undisturbed region are representative of an ambient day-

time ionosphere. The parameters for the disturbed region are

representative of a nuclear disturbance with an ionization

intensity factor F = 10-. This factor is defined as

(FY) (56)

R t

--------------------
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where FY is the total fission yield in megatons, t is the

time in seconds after the burst, and R is the radius in

kilometers over which the debris is assumed to be uniformly

spread. In this report, our primary concern is not with

the modelling of a particular disturbance, but with the

accuracy of various methods of carrying out propagation cal-

culations in the presence of a sharp lateral inhomogeneity.

It can be seen from the figures that the results for the two

models are not very different from each other, and that both
are in agreement with the WKB results to within one or two

dB at distances of several thousand kilometers. Since the

total attenuation in this distance is several dB, we

conclude that the great circle WKB approximation is quite

adequate in the calculation of ELF propagation through wide-

spread disturbances, even in the presence of "sharp"

boundaries.
•A

Of cou.. it must be realized that the ionospheric models
employec n the calculations have been rather artificial,

since a real ionospheric disturbance would change both the
height and .mpedance of the upper boundary. It is possible

that calculations based on a more realistic model would
reveal lair discrepancies. This remains a matter for

further investigation.
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