
MOD ItTECHNICAL REPOR T-79-1

.OY ROCOMPASSINGJRRORJMNALYSIS FOR
11'- f INrNERTIAL MESRMN U I

U.S. ARMY ,*f C _
MISSILE
RESEARCH N.V~ t .

A nD Technlogy Labraor

DEVE LOPM Efl
0 ~U7D

Approed forpublic rulm;dlstrbuon unhlmihd.

Noel A Mw~. m 3M

79 04
*-,4 .1 ~



THIS DOCUMENT IS BEST

QUALITY AVAILABLE. THE COPY

FURNISHED TO DTIC CONTAINED

A SIGNIFICANT NUMBER OF

PAGES WHICH DO NOT

REPRODUCE LEGIBLY.



*DSWOS1ION MeS hUCTUM "0

DESTOY TIS REPORT ""ENoI ll NO "I 1011011R N 00ED DONO
RETN IT TO THE ORINATOR.

DISCLAWER

THE P01N01N1M W THIN REPORT ANN NOT TO SE COWSTRUED AS MN
OFFICIAL DEPARTMENT OF THE ARMY POSITION UNLESS SO DMQt-
MATED BY OTHER AUJTHORIZED DOCUMNTS

USE OP TRADE NMES OR IMNUPTURRS U T9NS REPORT DOE
NOT CONSlTIE AN OFFICIAL nDO'SEMEN OR APPROVAL OP
116 USE OF IWNH 00aMEER0CIAL HARDWARE OR OFUIARE.



UNCLASSIFIED
SECURITY CLASSIFICATION Of TWS PAGE Mhnb. ha.. MItft.4

REPORT DCMENTATIOM PAGE
I.REOR UNERj. GOVT ACCESSION NO. RECIP9IENS CATALOG MINUMIISf

TIP""" "U"87/1____________

4. TITI.E fanE Sebhffi) S. TYP9 OF REPORT A IO ocCOVCRCO

GVKi1C6CWASSING ERROR ANALYSIS FORTehia.U er
PERSHING 11 INERTMA MEASUREMENT UNIT

H. V. White and J. C. Hung

9. P611FOR1111NG ORGANIZATION NAME AND ADDRESS AMEM TPOET.TASK
Comnder
US Army BUassile Research and Development Command DA Il/A
Attn: DRDMI-TG A2S631.902
Redstone Arsenal, Alabama 35809 AOS631.901

I I. C LNOOFFICE N AMC AND ADDRESS It. mg11"Im VATS

US Army Missile Research and Development Command Noeme 1978
Attn: DRDMI-TI I&. MUNM OF PAGIS

kedstone Arsenal, Alabama 35809 39
M4 OWITORING AGENCY N AMC 0 ADORESS4YIN.,int 53&i Beiget 00) Is. SEUIYCASS. &WoeAN&

IS&. famw sAvION/uINGwoeeanme

NOs. m5?muuTOe STATINMEMTIW@ ft. .. i

Approved for public release; distribution unlimited.

I?. WUTION STATEaMaNT (aof melOe e.E ow inno ale If .tw ow Rum

IS. UUVPftNTARY NOTES

I*. KIEY gwn (cembie do vam ,e,.m j "0686 maamA mEwif IV~lO SS" MAl *O

* Sensor anomalies
Ground vibration

* measurement noise

-9fis report documents the result of several *rror analyses for IUSUinG I
in three ways. rhey.,offered an op~t y ler a better SOMiertamdlag of the
underlying mechanism governing the dIS'....... of gyrOCas1si error on se
sources.- The analytic results provide Imeans for estimatIft gyreopaseiag
error from known error sources, and pave the way for the 6evlopment of a

79 04.16 OZ2



ABSTRACT~ (CONCLUDED)

u ~~echnique for identifying source errors from a properly devised test. Three

ategorles of error sources are discussed. Detailed t ysoe we e for two

ategories. Analysis for the third category was pwo-Miy done uthors
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I. INTRODUCTION ,, -. ,

Recently, the deve]4pment of a new automatic gyrocompassing tech-
nique for Pershting II (PH1), an improved version of the Pershing missile
has been reported [1-1J. The goal is to have a faster and more
accurate azimuth self-!alignment with minimum effort from human operators.
Among the reported subjects are a new gyrocompassing concept, the
theoretical foundation, implmentation scheme, methods of on-line data
reduction, computation algorithm, programing considerations for soft-
ware, laboratory test iethod and result evaluation, and techniques for
field test and data reduction.

This report documents the result of several error Analyses for
PH inertial measurement unit (DINU) gyrocompassing performed during the
course of gyrocompassing development. The analyses have been beneficial
for the development as follows:

a) The process of analysis revealed more insight for understanding
the underlying principles dictating the dependence of gyrocompassing
error on various source errors.

b) The analysis yielded a formula for estimating gyrocompassing
error from known source errors.

c) The analytic result obtained provides a background for devel-
oping techniques for identification of source errors using certain test
data.

Gyrocompassing is performed on a gaballed DII before missile
launching. The operation sounts to establishing the initial alignment

of the flU platform coordinates with respect to a geodetic coordinate
system. There are many error sources which effect gyrocompassing
accuracy. Among them are sensor anomalies, ground vibrations, and
measurement noise. Their effects wil all be analysed here. To sake
this report reasonably self contained, the gyrocompasIfg scheme used
will first be reviewed.

The geodetic reference adopted is a tried (N,3*A) as sbow. in
Figure 1 where three reference axes are pointed nortw rd, esm d.
ad' vertically downward. Ideally, the x, y, and a ats. 61 tdo IW
platform are in the downrange, right-hand crossrmge, a d uu
directions, with x and y axes in the horizontal plaw. Oyroouiessiag
is pdrformed to determine the axinuth of the z axis Vsimtei with
respect to the geodetic north.

II. THE GYROCMPAMUNO SCHM

The gyrocompassing scheme [i,5,71 adopted is refetrnd to "two-
position offset zero-torquing gyrocompassing." In the scheum, platform

. . 3
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Figure 1. A geodetic reference frame.

fine alignment is done analytically for two platform positions which are
900 apart in the horizontal plane. Alignment in the first position is
primarily for determining the drift of an equivalent north gyro which
Is a fictitious gyro representing the combined effects of x and y gyros
in the north direction. This equivalent north gyro becomes an equiv-
alent east gyro in the second position. Alignment data obtained in the
second position together with the east gyro drift allow the determination
of azimuth heading of the platform's x-axis.* The word "offset" refers
to the feature which permits gyrocompassing with the platform z-azis
off set from north at any azimuth heading. Zero torquing refers to the
concept of opening the leveling loops of the platform during data taking,
thus reducing the effect of gyro torquer scale factor uncertainties. A
sumary of the gyrocoupassing procedure Is given In the following
paragraphs.

Step 1: In the first position, the platform is approximately level,
with its z-axis at any offset angle a with respect to north. A crude
estimate of a is made using any beat available true heading (DATE)
technique.

4

* c.

............,-----*w--



Step 2: Both of the platform leveling loops are opened at outputs
of two accelerometers, which removes the torquing of two level axes of
the platform. Torquing of the vertical axis of the platform t main-
tained at a rate equal to the vertical component of earth rate. Outputs
of x and y accelerometers, which are In the form of incremental veloci-
ties AV and AV, are measured.

Step 3: A rotational transformation on AV and AV is applied to
x y

give AV and AVE, the equivalent incremental velocities In the north and
N E

east directions, respectively. The transformation is represented by

AVN - AV cos a - AVy sin a(

AV - AV sin a + AV cos a
E x y (2)

Step 4: By Integrating accelerometer outputs, apparent north
velocity VN and east velocity V1 , caused by the tilt of platform, are

obtained. They are related to platform parameters as follows:

V - 0ot + 1/2 ot 1/6 D' Qt 3

O %At (3)

V_ 3-
Vy W -0 t - 1/2 'Ot2 - 1/6 D'O

NO %0 0 OA (4)

where the unit for velocity is in g-seconds and g is the gravitational.
acceleration.

In Equations (3) and (4), NO and 8o are the initial misalignmsnts

of the platform about the north and east directions, respectively;

and D' are initial platform drifts about north and east directions;
SO

A Is the vertical component of earth rate 0, and t is the time variable.

VN and VE are obtained at 1250 instants during a 240-sec period,

resulting in 2500 data pieces from which platform parameters are deter-
mined using one of two available least-square regression algorithm.

Step 5: A first azimuth misalignment * is computed using

no m- - tan La con L no (5)

and the north gyro drift D N uifng

In Equation (5), L is the latitude of launch site

5
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Step 6: Both leveling loops are closed and the IMi platform is
sieved approximately 90* about its vertical axis so that the original
platform-north becomes the new platform-east and the original platform-
east becomes the new platform-south.

Step 7: Both leveling loops are opened again at outputs of x and y
accelerometers. A new offset angle a is estimated by BATH for this
second positic. Repeat Steps 2, 3, and 4 for a new set of platform
parameters.

Step 8: The ref i..ed initial azimuth misalignment angle eAO is

computed using

(Di0)2 - (DN)l
eAS = cos L -(8NO) 2 tan L (7)

where ( )1 and ( )2 indicate results obtained at the first and second

positions, respectively.

Step 9: The azimuth misalignment eAO is the finely determined

angular correction for the crudely estimated offset angle a. Therefore,
the initial azimuth heading, H0 , of the platform's x-axis can be com-
puted from

H0 a + eAO (8)

The final result of gyrocompassing consists of accurately deter-

mined initial azimuth heading H0 , initial platform misalignment angles

O and 020, and initial drift coefficients D' and DZ. These

parameters will all be used for the initialization of the missile's
navigation and guidance system.

Ill. ERROR SOURCES

Various error sources may be grouped into three different cate-
gories. The first category consists of all error sources which result
in heading-sensitive gyrocompassIng errors. These error sources are as
follows:

a) Accelerometer scale factor uncertainties Kx, K , and Ks .

b) The fixed part of accelerometer bias uncertainties 3x, By,

2 and the variable part AB , AB AB representing the differences of

accelerometer biases at the first and second gyrocenpassis positions.

6



c) Gyro heading-sensitive drift uncertainties s ex *sy Hez-

d) Y-accelerometer non-orthogonality 6 which is in the xy-xy

plane.

a) Gyro input-axis g-sensitive drift uncertainties D and D

f) Gyro spin-axis sensitive drift uncertainties D6x and D6y .

s) ftvity moertianty C9

h) Latitude uncertainty cL"

The subscripts x, y, and z denote the respective platform axes to which
sensors are associated. Error sources in this category are assumed
stationary during a short time period, for example, one hour. It should
be noted that all known anomalies are not considered errors because
their effect can be compensated by software during data processing.

The second category consists of all sources which cause base motion.
These sources include ground vibrations and wind gusts which are, in
general, time-varying.

The third category of error sources includes measurement noise
which may be considered as independent white noise. Gyrocompassing
error due to measurement noise has been analyzed and recently reported
by the authors [1,3,7]. Therefore, this case will not be discussed
further in this report.

IV. HEADING SENSITIVE ERRORS

A* Accelerometer Outputs

Three rectangular coordinate frames will be used as follows:

1) The geodetic frame with axes N, E, and A as shown in
Fipare 1.

2) The ideal platform frame with axes X, 1, and Z which are
pointed in the downrange, right-hand crossrange, and vertically down-
ward directions.

3) The actual platform frame x, y, and z which Is misaligned
from X, Y, and Z respectively.

The misalignment of the platform is represented by three Rule? angles
O0, *0, aad 83 rotated abobt the x, y, and a axes, respectively, In

that .@-ra.

7
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The transformation between (NE,A) and (XYZ) for an offset angle
a, as shown in Figure 2, is given by

Nx

x

A 0/E
z

a

YK

EU-Z 1~ [A
where

T sn Cs[S a sin : ] (10)

Tranfor an from the ideal platform frame (X,Y,Z) to the actual plat-
form frame (zyz) represents the effect of misalignment =$Il** ox 0y

0 and the fon-orthoganality angle 6 XYas shown in Figure 2. They are

orY



I Y T (11)Z 3T2 [Z
Iwhere

Ce5 o o8 0 e o -s1 0 0

T 2 -se 0 7 z 0 0 1 0N L0  Co e

0l0o se 0 ce 1i -Seo Cer cece se so% ce + ce so -ce so ce + so so
y z x y z )' 21 y z- -Cey Se -sex SOy sea + cex c ez  COx sey sea + sex c z

so~e -se Co. ce Cey x  y x y
(12)

and

T 3  -S C6y (13)
0x  01

The notations Ce - cos e and Se - sin 0 are used to save space.

)uring prelaunch gyrocompassing, the missile is stationary, and in
the absence of base vibratory inputs, all acceleration components are
due to the earth's gravitational acceleration S. The measured accelera-
tions along (x,y,z) frame are given by

J T3 T2 T [ (14)

whereanl '-"
The unit for acceleration is the number of g's.

Li



By modifying Equations (14> and (15), effects of accelerometer
scale factor uncertainties, accelerometer bias uncertainties, and
gravity uncertainty can be taken into account. Let K be a scale factor
matrix; that is"OO

K[ 0Lu . (16)

0 0 K
Z

Considering the previously mentioned uncertainties, Equations (14) and
(15) give

a x0 B

a [ - [I + K] T 0 + B Y (17)

a z  -1-C Bz

where

TT T T (18)

The bias uncertainties have the same unit as acceleration, which is the
number of g's.

Equation (17), with its exact details, is rather complex and hard
to analyze. Fortunately, in practice, angular misalignments are suffi-
ciently small so that small angle approximations are valid, namely,
cos e-1 and sin eme. Applying the approximation to angles e0, 0y, e5 ,

and 6 in Equation (18) and neglecting second and higher order termsmy

result In
1 00 1 ez -e cc SO 0

T'= -6 XY 1 0 -ez 1 ex -Sa Ca 0

0 0 1 ey 8x  1 0 0 1

c -ez Sa Sa + ez Cc -0y

-sa - eCac - 6 Cc Cc - e So - 6 Sa 0 (19)

0 Cc + e. Sa 8 Sa - x Ca 1x y 

10
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Substituting Equation (19) into Equatan (17) ang upresftng the
-reeult in expanded form yield

l + 1K y ( + )
ax x y X

a (1 + K) e (- - + a,, (20)

+ g

The twird order variations K exC and K e c in Equation (20) are

neglected

aY -- (l + Ky + c) ex + By (21)

a -(l + K + ) + B

By examining Equation (21), it is seen that 6 XY the y-axis non-

orthogonality, is absent. The reason is that the effect of 6 onKy

accelerometer outputs Is second order in nature. Physically, if the
pldtforn has no misalignmmnt, 6 has no effect on accelerometer out-Ky
puts during gyrocompassing.

It is desirable to retain 6 in the model for accelerometer out-XY
puts .so that its effect on gyrocompassing can be monitored. Instead of

dropping all second and higher order terms in obtaining Equation (19),
those second order terms containing 6xy will be retained. Therefore,

Equation (18) gives

T -S -aCa+6 -( C + SO) % 2 +  . (22)

ay cc+ O0 so a Be - 0 Ca  I

The desired expression for acceleromter outputs is obtathed by subti-
tuting Equatiom (22) into Equation (L7),

A X (1 + ) +

+ I +£7 a8) +z

a + C +

, , , ..'" . i, *.: . ..
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The effect of 6 appears only in the y-acceleration. This effectxy
vanishes when the platform is level. The outputs of accelerometers are
time-varying because misalignments are changing due to platform drift.
The dynamic property of the platform will be analyzed next.

B. Drift Dynamics of the Platform

The platform of a gimballed IMU is tightly slaved to its
gyros; therefore, g, -o drifts completely appear as part of the plat-
form drift. Let DI, .' and D' denote drifts of the platform about its

x z

x, y, and z axes, respectively. When leveling loops of the platform
are open, the drift of the platform consists of not only gyro drifts,
but also earth rotation and the effect of platform misalignment;
therefore,

D o . 'D " N 'D' D - (24)

where .- 0 cos L and l A -fS sin L. The first right-hand term of

this equation represents gyro drifts; the second term represents the
combined effect of earth rotation and platform misalignment. The trans-
formation T2 in Equation (24) is given by

S-0 1(25)

which is obtained by applying small angle approximations to
Equation (12).

It is noted that

tox m + f DO(t) dt

ey 8 + f- D' (t) dt (26)

e s  0o + Jo D' (t) dt
0 a

-A 12



( where-the subscript "o" Impies initial val.ue. Using Cquation (26) in
Kqatin (25) and substituting the result Into Equation'(24) give

t
70' D' +fNza DKt~~bd (2-7)

iihere

D' -D C4 yo A(26a)

0' + Sa a-.1 + y %.+"3 Cu " , A (26b)

e~o a £ OA -yoAN C xo* N (26c)

are initial values for D,. D;, and D..
xz

Taking the Laplace transform of Equation (27) and expressing the
result in matrix form, result in

8 ;(8)1 E D' ()(29)

[D' Z (s) s

where

so -Q C

Thb. characteristic polynominal of Nquation (29) Is

,Isxg~ma+t + 2) s a(2+ 2) (1

pILI
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The solution for Equation (29) is

()-(sl," D' y (32)(D; (I D'I

In the expanded form.

D' (s) - F.o 9 C LC )

+ D2 L.a S C 2 L C a S
yo 2 +2 s_ _

+ D' [CL SL Ca CL SL Ca s + % S
zo " 2 + Q 2 (33)

C2L Co So a -A C2L Co So

Dx (s 8 D2 +Q2 s

o 2 + -C2 + 2

[CL SL S, + Ca ]

+ D 2 2 2

0 2 +2 E J (34)

(CL SLCo CL SL Ca + n So
z o2 2 2

eL +SSoa "NCc CL SL S

+ 2 1- S2 LL

'o a_ + 2. =(35)

14



By taking the inverse Laplace transform of 3qatioms (33), (36), and
(35). time response of drifts is obtained as follows:

D'(t) = (C2L C 20 + U - C2L C2a) C(Ot)] D

+ C2L Cc So C(Qt) + SL s(9) - cL a sO

+ (CL SL Cm -L SL Cc C() -CL So S(0)J D ()
so

D(t) - (C 2L Cc So C (at) - SL C(Qt) - C2L Cm 5.1 D'7 DIo

+ [C2L S2a + (1 - C2L S2a) C(t)) D'

+ [CL SL So C(flt) + CL Cc S(Qt) - CL SL Sal D
so (37)

D'(t) - [CL SL Ca - CL SL Ca C(Qt) - CL So S(QZt)] D'
z zo

+ [CL SL So C(Qt) - CL Ca S(Qt) - CL SL Sa] D'yo

+ s L+(1 - S2L) C(1t)] Do (38)

The data taking period for gyrocompassing is sufficiently short so that
C(Qt) 1 1 and S(Qt) 2 Ot. Therefore, Equations (36), (37), and (38) can
be adequately approximated by

D'(t ) - D yo + D;O At + Dzo So %t

D'(t) - D' - D'o t +  -D'o c Qt (39)
y yo "oA z~~~

D'(t) - D' - D' So %t - Do c %t

By integrating Equation (39) the tims response of platform misalignment
is obtained:

t2

SW 0 + Dt+L (D' R + DOS
X No o 2 yo A s

2
0(t) 0  + D'ot T (D'o c Q, - D ~o (40)
7 70 70 2 "du.~~A

*(t) 0, o +D; o t t (' Se -+D ; Csao)

15
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C. Errors in Velocity

Substituting Equation (40) into Equation (23) gives accelerom-
eter outputs which contain Kx, Ky, K z, B, B, C and 6XY as

follows:

( + D+Dt + 1 Ca D' fA]+Bx (41)
ax  (+x 9s y yo 2(z X0 Sx (

ay -(I + K +c) [(exo + y 6xy) + (D' + Do 6y
)t

y' 9 L0 10 O10 oXY
+ t 2 (D' 9 Sa + D' Ca £ - D, nA 6y)

- yo fA +zo zo y x A

B y (42)

az -- I+ K + e ) + B z  •(

The velocity is obtained by integrating Equations (41), (42), and (43)
as follows:

V Bx (1+K +cg) e t+ 1+Kx +c) _-

+[u+1 +eg+ z) D.o Ca-D'o9A)] 4-

V " [By - (1 + K y + eg) (e X + e y° 6 xy)]t

[(I+ Ky + cg) (D;o + y' axy

-[(l + K + ) (D0 CIA +D'0 St% +D' 0 Ca%6, )
t3

NOOA 1J 6  (45)

V z K 2+ el)] t(46)

rquationa (44), (45), and (") give velocites along thre plat-
form axs. Thik velocities derived from a set of equivalent platform
north and east aceelo tots can be obtained faon Squations (").end

(43) via a coordinate transformation. They are

16

,JO-
• e ~ *. * , (.v* . ... .



V11 v ca-V Sol
Cc1%+ (I + +, y At+[( + + C W1b. Ca t( 3 +1Kx+

+ + % + , +o.'g X* 0 ;* 6

2
- (l +K + c.) (D, + D' 6x) t

(1 + X C) o 0,4 +  D;o S o + D ;o Ca 8 X Y

D' g a0 30l 30 
3

6

VIS v x SV + Vy Ca

-s [ + (1 +K +-) K] t + [(l + Kz + 6g) D]o t

+ +o %' + , +-8 <,o Nx*>J0 ]6

+-Cc B -(1 + K+ cg) (e 0+ e Y.6 )l t

,.[+ K + cg ) (D. + D' 6X t
(D yo

(1Ky+ ) 9 Y A XY

The erto-free north aid et velocity can be obtained from
Equatiits (47) and (48) by nul1ing I , i, .3, Il, e, E id 8 in

addition, Do is set to zero, since this is one of the asmtlom uner

hich gyrocompassing Uq"tion (7) is derived. Demoting error-f re
velocities by superscript "0", ',the followlag is obtained:

4.7
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V Cci 1 y t D'
xo T2- D' QA t

yo o xo

o et + D' A (49)

yo yot+D 2 , i

+ cct - xo 2 y~ -DoA J,
- -016.t D.1O 2 DO aA ') (50)

vhere

0 9 u0 c

O0 = o C~ yo (51)

eEO -G Sa+y Ca (52)

o o - D;o 11,k

D'et D' -D -c (53
NO xo 2yo "

-D' O~ -D Sa D' 2 t

Equations (49) and (50) are in fact Eiuations (3) and (4), respectively.)

Expressions for velocity error AY and fV are obtained by

O 0 o(1

subtracting V from VN and V 0 fror Vn using Equations (47) throush (50) 

as follows:

A%- Co - K. ] )SoC + ON Sy 2 e t 2

AV X a]3 CaX]

11 Xyo %CC91'IN 
(55

+!_ [K. 0. S20 + Ky ON C2a + C, fn -. So Cca t 2 56

y (" 2 (

18
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The last bracketed term of Equatton (55) comes from D 0 using the rela-

tionship of Equation (28c) but with known quantity 0 delete4, Coupring

quations (55) and (56) to Equatiops (3) and (4), it ap b seen tb.t
errors In the determinatino On N O and D'of.re given by

D. Effect of Heading-Sensitdve Gyro Drift

and HThe heading-sensitive drifts for x and y gyros are designated

H~yandHe, respectively. Drifts f or a set of equivalent north mnd

eat gyros are

H Sc -H S% (1)

HSK 6 xSal sCa (62)

Inthe first platform position of gyrocompossing, the determined"
drift (D.) of the equivalent north gyro also contains the heading-

sensitive drift sRSN~l and the tx cannot be separated. This

becomes (DE) 2 at the second platform position. Because of the heading-

sensitivity, (H5E) 2 is not equal to (H )1 although both are referred to

the same physical axis of the platform. The difference of (H ) 2 and
(HsX)I is contained in the determined (D-) 2 at the second position and

is not readily separable from the latter. Fortunately, separation of
('SN) from (I)l and of (H -)2 from (0)) 2 is not necessary. it is the

relative value rather than the absolute value of the heading-sensitive
drift which will be used in the gyrocoqpassitu error analysis. Therefore,
Equation (61) can be Ignored hut 2quatioe (62) should be Included ln
3qatlop (60) to give the error in the determlsed east-amie drift of
thie PlfWPr as

9% t le G

XF .%
t1R 4+ s* k 4 oc



E. Effect of Gyro Input-Axis S-Sensitive Drifts

The PII IMU employs a tuned-rotor type, two-degree-of-freedom
gyro, for sensing attitude rate about the platform's x and y axes. From
the physical consideration of the device, it is recognized that the
coefficients of two input-axis g-sensitive drifts, DIx and Diy, are

equal. Hence, both of them will be denoted by Dy. During gyrocom-

passing, the equivalent north axis of the platform has little tilting
notion, while the equivalent east axis is tilting appreciably due to the
north component of eaith rotation. The tilt of the east axis causes
appreciable g-sensitive drift for an apparent east gyro, represented by
the coefficient

DIE +D S+D Cc D (Sa + Cc) (64)
IE I y Ixy

The unit for all DI coefficients is degrees per hour per meter per

second-squared [ (deg/hr) / (m/sec2 )].

The tilt angle for the platform's east axis has a nominal value of
%t when leveling loops are open. The average drift over a time interval

T, the data taking period, is

1 fT Dt dt 1

IE' T 0  2 IE2 IE (65)

This drift should also be included as part of the error of the determined
east axis drift of the platform at the second platform position. This
is done by including Equation (65) in Equation (63) giving

ADj 0 - 8x % S2 a + - So

+H Sas+Hy 2" IDxy (66)

where Equation (64) has been used to express DIE in terms of D *

is Ixy

F. Effect of Gyro Spin-Axis g-Sensitive DriLts

The effect of spin-axis g-sensitive drifts about the platform's
z and y 4xes can be analyzed similarly. For the PlI [MU, the spin-axis
of level gyro is oriented vertically and experiences an acceleration of
1 g. The effect of the slight tilt of the vertical axis say be ignored
because of the insensitivity of the cosine function near null. The
characteristics of the spin-axis g-sensitive drifts about the x and y
axes are represented by coefficients D.x and Dsy The equivalent

coefficients for the platform's north and east axes are given by
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Do M Dox Ca - D Sc (67)

D = D Sa + D Ca . (68)
SE Ox By

The unit for all Dc coefficients is degrees per hour per meter per

second-squared. The drifts themselves are given by

Aso W g DSg.  - (Dx Ca - D Sa) (69)

aSE = g DSE m g(Dsz Sa + Day Ca) (70)

for the north and east axes.

The effect of A and A can be accounted for by including them in

Equations (59) and (66), respectively, which are errors of the determined
north and east axis drifts. Therefore the following is obtained:

AD'2 2AD 6 A aCa, -Kx % S a, -K 2 C

ga (71), - €S  ' n 
+ g(Dox Ca, - Dy So.) (

AD'i - 6yONS a + (K x- X y SoCa +H OxSe +HByC

+ 1/2 Dixy (SU + Ca) g OTT + g(Dsx Sa + DBy Cc) . (72)

In Equation (72), the last two terms depend on the heading in the sam

way. The two cannot be separated by a multiple heading test. This
conclusion will be discussed later.

G. Effect of Latitude Uncertainty

U The effect of latitude uncertainty on gyrocompassing can be

revealed by recalling Equation (7), the gyrocompassing equation,

-(DI (DR-

AO " cos L - (0NO)2 tan L

The perturbation of this equation with respect to the latitude variation
£ L gives
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" .((AJioQ) 2 - U CL + -(+o) 2 ",3 V d aL 2L

48 t SN au L .- sac4 rj2. :, (73)

VGU* IetU: o (6), (53), (28a), md (28b), the ve .tI9, 4() CA
be obtaalo# as fojlows;

(A%,1) 09;0)).o-F AD~w Ca - AD' 0 Sa

C {-(O So - Ca) USL + LWO C

- So {-(eo Ca + Sa) SL - 0 oCL) (

-(USL O QCL) e (74)

Sinilarly, Equations (54), (2k), and (28b) ive

AD'o AnD' Sm +A cc

-So s{o( - Ca) USL + CL) C (75)
yo L (5

+ Co {-( o c + SI) L X0 aCL}eL

in eo ao ) CL (76)

It Is noted thet

A60 - 0 (77)

with respect to L s cm bsm seen from Equation (51). Substituting

Iqua o". (75), (76)s ad (77) Lnto lqustion (73). and neglectiz. all
second-order terim give the error of asluth beading In a neat equation

Ato - n eL . (78)

3L The Usotaat ftrocomassing Error
The offecto of &U heaJJdlF-omatir emr la. ,Sp'- l~~~l

N • '"46460.d. bier A to , fth ~mt puattorm postiaa be 01 - go d 44Is tbohe W eOS A L

goo ( - W)a o ( m

-, . .. .~~~~ . Pr. .+ + , . j + .4 ' . . .+ . .. .
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Figure 3. Two platform positions.

(AD N)l (/iDO)1 - a* s* - (AeEO~l nA = A;~ - (AE~ aA

- Sct Ca - Kx RN C a - K a S

cg % + g(DsxSa + D Ca) -(B S + B Ca) nA (79

and Equation (72) gives

o2x yR N x my

+ 1/2 D 1  (So + C)gQNT + g(D ex S + D syCa) .(80)

In Section III, it was pointed out that accelerometer bias uncertainties
might be different between the first and second gyrocompasuing positions.
Therefore, if Equation (57) gives Ae NO for the first position, then for

the second position

(Ae 3 0 2 -(B + AB S + (B + 43)Cc (1NO2 x x y y
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~the resultant tyrodo4Xeding ertor iq the awn ol the *iror due to

C aia irfro-rs duei to all ter liouride. Pioe gtlfts (1) a-r;& (78).

tis is ivei by

le (Aae2 !.,)) j iii-(,~~ t. ~ 0 . (2)

Using ("k~) 2 'rom 14,tion (81) and A(flj) 1 d Ab f'rom
Equations (79) and (80) 'and noting tt tan L - IA~~Y1,6l4

x y x

*ABI Cai tan L+HR-. Scg + 11. CMz/fl + 6*y (S 2 a+ SaCal)

* 12D1  (Sc+ C) T + c + e tin L .(83)

This Equation does not contain B1  D D, and D. terms, iddie~ting
x y sx my

that in a first-order analysis, the azimuth heading obtained by two-

position gyrocobpassilg is independent of fixed acceleromtetr bias uncer-

talities aid stdn-Axis g-sefisitive'drifts.

Equation (83) is the finkl k~sult sofight. Altigh thte 6bject was

to analyze all headiing-sensitive errors, the result shoveu thit erroirs

dueto 9and e L mire not heading-sensitive as indicated in ?4uation (83).

The set of units for various quantities in EquAtion (83) can be traced
out throughi the derivation. The units are as foll6*s:

fleA In radians

K and K In gs

AN and AS In g'sg
x 3?

a eamnd )I in degrees per hour

&- Inridians

D In (496gre per hour) per (meters per iecoria)

~a ~uMtof g

inradians

in "Ott '9%i'r

74 di7- 7



T in hours
2

g in meters per second

A set of convenient units which is more often used in practice is
given as follows:

AeAO in arc minutes (arc min)

K and K in micro--,'s per g (|ig/g) or parts per million (ppm)x y

AB and AB in micro-g's (ug)x y

H and H By in degrees per hour (deg/hr)

6xy in arc seconds (arc sec)

D in degrees per hour per nominal g
Ixy

E in micro-g's (Ug)

L in arc seconds (arc sec)

in degrees per hour (deg/hr)

T in seconds..

The g factor in the D xy term is replaced by k with a unit in
IX)g 2

number of nominal g's where the nominal g is 9.8 u/sec

Using the new set of units, Equation (83) becomes

2 20A k1 k[K (So Ca + Ca2) + K (Sa -Sa CC)]

+k 1  AB So + AB Cal tan L + k2 [H S + H Cal /am

+ k3 6XY [So Ca + S 2 ] + k4 DIxy [So + Ca] k T +k

+ k3 CL tan L . (84)

Values of ki, i - 1 to 4, are obtained as follows:

k 57.3 (dexlrad) x 60 (are min/deul - 3.438 x 10 - 3

106 (parts)

k2 - 57.3 (dea/rad) x 60 (arc min/des) - 3438
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57.3 -6~am)x 6_(orc slaira,.
Ic WL J , 3./6.03 57.3 (%eIsra) x XW ecI7e) 2 a.
k w1/2 x 57.3 (Mlrad) x 60 (arc !L*n/de) x 9.6 (fsec 2 )  007792

4 60 (au/de) x 3600 (sec/hr)

k is 9.8 a/sec2 ,S

I. A SwpLe Calculation

To illustrate the nature of the heading sensitivity of indi-
vldual error composents and their contribution to the rementant heading
error, a sample case in computed using the following set of parameter
valoe

K x K - 100 ppm
x y

AB - AS - 100 ig

H - B - 0.001 deg/hr

6 - 10 aresec

Dlxy - 00015 deg/hr/g

ES - -10 us

C L = -. 0 arc sec

kg a 0.999665

9 - 15 des/hr

L - 34.6425'

T - 240 see

Figure 4 shows the variation of IndivLdual beadUng enrors as a function
of nminal heading angle a. Figure 5 shows the variation of the
resultant heading error. All lndividual errors have sinasoidal varia-
ticm exZC thoe due to z sad CL" Irrore due to e and CL haw

ae~stet vaLues Indicating thefr insensitLvity to heeding. Errors due
to %. K,- , an have ,.m-ao sma, All* thse due to A%, B, ,,.e

a, OF 7WI szWb~ W ms
, aim- * r h sme a .
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By examining Figure 5 it is seen that gyrocompassing error is
smaller for certain headings than for others. This phenomenon suggests
that, for each IMU, a nominal heading position a can be identified which
gives the best gyrocompassing accuracy.

V. ERROR DUE TO BASE MOTION

Base motion is a random process which is low frequency in nature
as compared to the instr:,ment noise; therefore, it is colored. Its
effect on the accuracy of gyrocompassing depends on the details of the
data processing algorithm used. Experiments with two different
algorithms are presently under way. The first one involves the use of
a conventional least-square polynomial fit formula to fit two second-
order polynomials [121. The second algorithm employs a parameter-
correlated least-square regression to fit a set of two third-order poly-
nomials (2,3,5,6,71. Here the error analysis is performed based on the
first algorithm.

Equations (3) and (4) are seen to be third-order polynomials in t.
The first algorithm uses the following approximation at the outset

V - a + bt + ct 2  .(85)

The determination of heading is dominated by the first term of gyro-
compassing Equation (7). Therefore, the accuracy of gyrocompassing
primarily relies on the determination of drift which is proportional to
the coefficient c of the t -term in Equation (85). The present analysis

twill be concentrated on the c coefficient.

The conventional least-square regression for a second-order poly-
nomial is to minimize

I - t IV (t)- (a+bt + ct2)] 2 dt (86)

al al 8 nLettinig T- - 3- 3_ 0 and performing several integrations of the

polynonfal give

T2 3 '
I1 T 1_ T a

12 T2 T3 T4  (87)

2 3 4
T3 T T (87

29
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Solving Equation J84) for the coeffici nt C gies

C T3 I .T489)

Squaring Squation (89) gives

cZ 30) 2  2+ lSO) 2  2+ 182 32

10800 + 001 648001_ 1o~o I z2+ New,4-- I --- 2 ,I,
T7 1 2 T8 1 2 T9 213 (0T T (90)

which will be used later for obtaining the standard devlaton of C. The
base notion error will be analysed by first using a velocity model and
then au acceleration model.

A. Analysis via Velocity Model

It is assumed that the velocity of base notion has the
following model:

v- 1  . (out + #n) (91)

This mnounts to representing the velocity by its Fourier compomets.
Using Equation (91) in Equation (88) yields

O S - c-o (oat + (92a)

1oft (U + 4.) &is ~

.

-A-.



13 - -nl( -) f2 cos * - 2 cos (w t + )

+ 2 wnt sin (wnt + ) -nn cos (wnt + fn)  (92c)

Squaring Equation (92a) and dropping cross-frequency product terms yield

I) [CAn 32 jn ( ) [ cos , CO -(ntt

N A 2(

+ 2 Cos c t os cW t n)n (93)

The cross-frequency product terms are dropped because their average
values are zero. Again, all terms In Equation (93) which have a zero

time-average are discarded:n -1 \n/ t9a

--

n A 2

2 cs 1o (w+ Cs)jN (943)

N 1 c

To be conservative, let

N 2A

Similar considerations produce 9b

2 T 2 N I -1t (940)
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1 z2 2 in-I In/ (940)

13 x 2 1
2

x2 3 2 n [ It (949)

I3 I1 2 t k-l n (

When Equation (94) is substituted into Equation (91), mew ral terms

cancel each other. The result is the time-averqge of C2 :

C2W3 /30\ (;_I
k In-i Vn/ (95)

Assuming ergodicity, time-average equals ensemble average and

Equation (95) gies aC2 . the variance of C. Siace the north and east

channels of the platform are simllar, the following i obtained:

2 2 3(0

Coefficients C. and C. are related to drifts by

-- 2 (97a)

and

D~2C (97b)

which can be obtained by comparing Equation (85) to Nquatioms (3) and
(4). The standard deviation of the heading error can be obtained from
quatios (7) and (97) as

* 2

C#A (96)
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where the second term of Equation (7) has been neglected. Using
Equation (96) in Equation (98)

Na / 3 ) n A2 2 ed

,- ;n/ o (99)

or

0 A - cos L ()/ (57.3 x 60) arc mi (100)

Equation (100) shows that the error due to base motion decreases
with frequency wn and time T over which least-squares regression is done.

Also, the base motion error is larger at higher latitude.

B. Analysis via Acceleration Model

The acceleration model for the base motion is assumed to be

N
G (wt + In)

n-l Un (101)

Following a similar derivation as that for the velocity model yields

2
n= w n(102a)

2 2

Z2 " n-l~tn  (102b)

'32 nl(on2) (102c)

T M G 2

no 12, (102d)
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2 32 ~)
(102e)

13 ' T 1 (-1 2

Substituting Equation (98) 2into Equation (87) and simplifying the result

live the time-average of C2

C2  m~ n) (103)

Using the same reasoning as used in getting Equation (100)' the heading
error standard deviation is given as

2I 0 N7 G n 2
8 0ioLni (57.3 x60) arc min

C. A Sample Computation

Consider

0 0nO (105)

wehere o wirrad/sec andn -lItol100. Let

-n 2 x 10 g for all n

T -240 sec

L -34.6425*

- 7.29211 x 10-5 rad/mee

Squation (100) Slwes, the heedin error staaiatd levistiom

a -5,45 are ee

3'



V1. CONCLUSION

There are three categories of gyrocompassing errors. Analysis
for the first two categories has been treated in this report; the third
category has been reported elsewhere by the authors. The analysis has
been beneficial in three ways. It offered an opportunity for a better
understanding of the underlying principle governing each error source.
The analytic expressions obtained enable an estimation of gyrocompassing
error with known error sources. It also provided a model which can be
used to develop identification techniques for error sources based on
test data.

Errors of the first category include all those which are short-term
stationary. A deterministic type of analytic expression, Equat'on8 (83)
or (84), for heading error was obtained for this category. Using this
expression, identification of error sources can be devised. By coupen-
sating for the Identified error sources, gyrocompassing accuracy can be
improved. A scheme for accomplishing this will appear in a later paper.

Errors of the second category result from base otions which are
:andom and time-varying disturbances. Their effect on gyrocompassing
accuracy has been analyzed statistically. Analytic expressions in
Equations (100) and (104) give the standard deviation of heading error
in terms of spectral properties of the base motion. Error sources of
this type cannot be compensated by adjusting hardware parameters. How-
ever, their effect can be minimized by using a proper data processing
algorithm. The low-frequency nature of these types of disturbances
implies that they are not white; therefore, they are more difficult to
filter than white noise.

The third category of error sources includes all instrument noise
which usually can be approximated as white noise. A statistical analysis
for this category has been reported elsewhere recently and is not
detailed in this report. The effect of this type of noise on gyrocom-
passing accuracy can be reduced by proper filtering.

Finally, it should be pointed out that a fourth category of error
sources has not been mentioned in this report. This category includes
all software errors such as round-off error, truncation error, and
errors induced by approximations made during algorithm development.
This last category of errors will be treated In the future.
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