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ABSTRACT
& Lossless beam forming networks ucing phase shifters and quadrature

couplers aie described. A technique for using the Butler network with

randomly spaced arrays is discussed. A synthesis procedure for networks

[ L S

with N-element arrays is described. A method of using these networks
with planar arrays is discussed., A least mean square algorithm for the
] ; ) determiggition of a beam forming newtork for an arbitrary array and
2 % arbitrary beam directions i3 developed. Computed pattern data for two
4 i
§ i thinned random planar arrays is included.
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I. INTRODUCTTON

Beam formirg networks are generally conaidered to be circuits which couple
two or more antennas to one or more input/output terminals. The terminals ars
considered input terminals if the entennas ave traaemitting sntennas and output
terminals if the antannas are receiving antennas. A power divider retwork
which couples the antenna elements of a linear array to & single terminal in
such a fashion as to result in a lineaxr phase tarer acrosc the face of the
array 1s one fcm of & beam forming network. With this network, the array
produces a bean in a direction determined by the array eiement spacing end the
slope of the phase taper. Similarly, the hybiid which is conunected to two

elements to form the moropulse sum anu difference patterns is a beam forming
netwvork.

Beam forming networks can be linear or nonlinear, reciprc:zal or nonreci-
procal, passive c¢r active, losey or lossless, matched or aot matched. They can
be used to couple many antenna elements to a single port or & few antenna
elements to many ports. This technical note is concarned witb a single type of
beam forming network. The natwork is liusar, reciprocal, paxsive, losesiass,
matched and connects N sntenna elements to N ports to form N antenna beams.

The network discussed utiiizes two circuit elements, the 3-dB quadrature
coupler and the fixed phase shift.

The discussion will confine 1¢tsalf to the use of the iudividuxl untenuas
as zlements of an array. Iﬁitially, some restrictions will be placed on the
antenna array ~onfiguration. These restrictions will ba removed as the dis-
cussion prograsses. First, the Butlcrl Matrix is briefly discussed. Next the
Nolan? Matrix ia described. Methods for simplifying the Nolan Matrix are
discussed, and the Butler Matrix ie shown tc be a speclil case of the Nolan
Matrix. Finally, an extension of the Nolan Matriz to completely arbirrary
array configurations is described. Computed radiation vattern data are pre-
sented for some arbitrary arrays.
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II. TWO SIMPLE BEAM FORMING NETWORKS

The simplest form of tha N terminal by N antenna beam forming network is
shown in Figure 1. This simgly connects each antenna element to each input/
ocutpui port, and each besx formed is the beam of a single slement. This type
of network may appear trivial but in many situations it can be the best solu-
tion to a design problem. The teams formed are completely independent, the
array configuration is arbitrary and not relevant to the beams, and failure of

a single antenna has an «ffect on cnly one beam.

Muny design prublems, however, require thuet the beams be narrow and that
the aperture size of the antenna array be small; two requirements that are in
conflict with one another. For this situation, it is desirable to form each
beam using ae much of the available aperture space as is possible. Each I/0

port should couple to mor2 than one of the antenna elements in the array.

Figure 2 illustrates a mathod for doing this with a two-element array.
The coupler convention utilized is indicated to the right of the figure. Note
that on input to port 1 results in antenna 2 lagging antennu 1 by 90° in phase
causing the beam formed to squint te the right in the fignre while an inpuvt to
port 2 causes the beam to squint to the left. The amcunt of beam squint and
tne width of the beaws formed is piimarily dependent on the distance between
the antepnas. 1he beam ferming network does not raequire any specifiz antenna
elament spacing; two bears will be formed rexacdless of the spacing. If the
spacing i3 large enough, the radiaticon patterns for each of the beams will
include grating lcbes. If the antenna requirement is such that it is desired
to point the two beams formed nt a narrow fisid of the view and the pattern
structure outside this field of viaw is of ne consequence, then the spacing can
be increased to the point where either the grating lcnes begin to 1lluminate
the field of view or the width of the twc formed beams rczches a desired
winimum, Such a raqui.ement wmight apply for a spsce satzllite antenna i{llu-
minating the disc of the earth, for example.
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Generally, for best performance of the network shown in Figure 2, the
antauna clamant radiation parterns should be substantislly the sams, and
the elements should be pointed in the same direction. Obviously, the two-
element array is linear. These restrictions are imposed on the arrays which

will be discussed in the next section.
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III. THE BUTLER BEAM FORMING NETWORK

Butier Beam Forming Networks havse been described extensively in the
liternturcl’3‘a. This discussion will summarize some of these descriptions
with the object of extending tha beam forming network concept to a class of

irregularly spaced linecr arrays.

Begin with the array restrictions indicated in the previous section and
further that the elements in the linear array are equally spaced and that their
number is equal to an integral power of two. Since there are an even number of
elements, hence beams, it is reasonable to have the beams equally distributed
about the array boresight; N/2 beams to the left of boresight and N/2 beams to
the right of boresight. (Boresight is defined as the direction perpendicular
to the line of the array.) Also, since the elements sre equally spaced, a
linear phase taper, which detearmines a beam direction, is formed by equal phase
increments between elements such that the phase of the kth element for the nth
beam can be specified as:

(2n-1) (k-1) " 1)

*ak a1t N

where ‘n 1 is determined by the network chosen. Table I shows a listing of the
14

second term of (1) in multiples of v for an eight-element array. The synthenis

of the network required to form these phase tapers is described eloewh.rel and

is not presented here. The resultant network is shown in Figure 3.

Figure 3 indicates a linear, equally spaced array of antenuna elements.
The element spacing, however, can be made irregular to some extonts. Figure 4
shows a plot of the phase taper vs. elemen:t position for a typical beam. The
plot shows the phase taper for the eight equally spaced elements of Figure 3a
in s0l11d line and the taper required for additional elements if the array were
to be extended without disturbing the element spacing or the beam direction in
dotted Yine. The dashed line taper would be required if the elements ~4
through 0 aad 9 through 13 were reversed 180° in phase. This can generally be
accompiishad by physically rotating the antenna elements 180°. It can be
seen from the curve that since the phase taper can be drawn as a periodic
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E RELATIVE PHASE TERMS - EIGHT ELEMENT LINEAR ARRAY . i
‘ “n,k _ (2n-1)(k-1) .
] n N ’é
;
; §
k> L 2 3 4 5 6 7 8 !
I3 n ]
+ i
1 0 1/8 1/4 3/8 1/2 5/8 3/4 778 !
: fi
0 3/8 3/4 1-1/8 1-1/2 1-7/8  2-1/4  2-5/8 1
3 0 s/8 1-1/4 1-7/8  2-1/2  3-1/8  3-3/4  4-3/8 ;
E 4 0 7/8  1-3/4 2-5/8  3-1/2  4-3/8  5-1/4%  6-1/8 ]
E o 1-1/8 2-1/4 3-3/8  &-1/2  5-5/8  6-3/4  1-1/8 .
L I
6 o0 1-3/8 2-3/4 4-1/3 5-1/2 6-7/8  8-1/4  9-5/8 L
? 7 o0 1-5/8 3-1/4 4-1/8 6-1/2  8-1/8  9-3/4 11-3/8
- . :
g 8 o 1-7/8 3-3/4 5-5/8 1-1/2  9-3/8 11-1/4 13-1/8 j
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function, elaments within the bounds of the original array can be moved to
positions outside thase bounds whera the required phase, includinrg the 180°
reversal, 18 no different from that at the original element position. This 1is

done with elements 3 and 7 in Figure 3b to produce an irregularly spaced array.

The Butler Beam Forming Network can then be used for both equally spaced
linear arrays and a class of randomly spaced linear arraye. It is, however,
restricted to arrays which have the number of elements equal to an integral

power of 2. Nolan2 removed this restriction.
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IV. THE NOLAN SYNTHESIS

The Butler Beam Forming Network ie restricted to arrays which have the
number of a2lements equal to an integral power of 2., The use of a Butler
network with arrays with different numbers of elements usually requires the
introduction of some loss into the network or the uge of couplers with more
than four ports. In tha latter case, if six-port couplers ware utilized
rather than four-port couplers, the arrays which have the numbar of elements
equal to an integral power of three could be utilized. For the former case, an
N element array could be used with an M element Butler network (M greater than

or equal to N) vwith the unused outputs of the network terminated. This results
in a reduction in gain by a factor (g)z.

It is possible, however, to determine a beam forming network for any
arbitrary number of array elements provided that the network transfer function,

A, has specific properties. In general, A can be written &8 an NxN matrix

'3 a ’ a ]
11 12 N ' ’ ’ 1N
821 822 . . L] . 82N
A_ - [ L]
| N2 ’ . . e |

where a x is the transfer coefficient betwean the nth beam port and the kth
1]
array element and

- jonk _
an,k bn,k e . where bn,k is a real number. (3)

If the beam forming network is to be lossless, linear, reciprocal, and matched,
the matrix A must have tha following properties:
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1. The sum of the squares of the magnitudes of the terms in any row or
column is unity.
2. The sum of the products ¢f the termes in any row or column with the

conjugate of the corresponding terms in any other row or column is
zero.

These properties are an expression of connervation of energy, i.e., in a
lossless matched syatem, the power in equals the power out. The first of these
simply states that the power radiated by each array elemeat for a given beam is
equal to the power input to the corresponding beam port. The second states
that 1f a received signal induces voltages in the array elements which are
equal to the conjugate of the transfer coefficients for a given beam, then all

of the received power will be coupled to that beam port, and no power will

couple to any other port. Because the network is reciprocal, it may be reversed,

the beam ports ard element ports'interchanged, without affecting its perfor~

mance; hence the statements apply to both rows and columns of the transfer
matrix.

These are the properties of a unitary matrix and can be stated mathema-
tically in matrix notation as
ATA -1 (4)
where I is the identity matrix defined by
1

i _{ n=k
n,k 0 m‘k
and ( )T represents the conjugate transpose of the matrix.

One of the propertiee of a unitary matrix is that it can be factored into

the product of elementary unitary matrices. A particular form of elementary

unitary matrix which is of interest beccuse it represents a simple r.f. circuit
is
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cos 6 ej(¢ + 2) 8in 6 e j2 0 0...0
n

£ uin @ 03(4’ +'f) cos O e+j%- 0 0...0 .
E, = 0 0 1 0...0 (5) ]
E 0 0 0 1...0
1 : : : '
E 0 0 6 0 1
| = o
§ The circuit which has El as a transfer function is shown in Figure 5.
;
] f
{ i
E
: ) 4 N B

oY)
=0 o
D

°

[}

.
-

o o o o
._ 2

Fig. 5. Circuit representation of N x N elementary unitary matrix.
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Where the element O is a directional coupler with the properties &s shown in
Figure .

4 - M
[18-6-19020 sinBe’ 2 cos Ge’ 2
cosfe’ 2 *—1 6 |e— singe 2 ¢ 8

Fig. 6. Dicectional coupler transfer properties.

This elementary circuit provides a means for determining a beam forming network

for the general N element array. The transfer function of the array 1s speci-

fied by (2) and (3) and can be drawn in circuit form as showmn in Figure 7.

N -«— ELEMENT PORTS

—0 2
BEAM PORTS

L...

N

Fig. 7. Beam forming networxz before reductionm.
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3 ! The circuit A can be also conf'gured, using the circuit in Figure 5, as
: shown in Figure 8:
.
] : [10-6-18701]
si 1 2 3 N <~ ELEMENT PORTS
!
3 T o o O »
% Y
b s ]
%
2' ‘ —<0 2 | seaM
y A ) PORTS
: °
¢ ]
—O N
E f Fig. 8. Beam forming network - first Nolan reductionm. i
b 3
: Comparing Figures 7 and 8, and making use of the relations in Figure 6, it can 'é
; be seen by inspection that ;%
3 R
S ¥
| e+ 16 +3 k
= gl - 6 i
an,l a'1 cos 6 e a2 gin 6 e (6) i
n " |
: - g' ein © _J§-+ a' cos O eii n é'
% an,2 a G,1 noe n,2 !
3
or, in matrix notation ;
; v -
i A'E; = A é
[ "
¢ The circuit A' can then ba reduced in the same manner as was the circuit A by {
onerating on terminals 1' and 3 with & eimilar coupler, guch that the circuit . .i
ir Figure 9 is obtained. D
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; 19-6-10702
1 2 3 4 N <e—ELEMENT PORTS
Eﬁ 8
b
t.
| "
. " BEAM

E- : 2 A —°3 [PorTs
)
; O N “
;
; Fig. 9. Beam forming network - second Nolan reduction.
? and
’ " - A' -
(A EZ)El A El A
; Since this second ccupler operates on ports 1' and 3, its transfer furcticn 1is
n
: expressed as: - ]
e+ B -5 |
: cosb,e ° *“ 0 sineo,e 0...0 ;
: 2 2 ~_‘
0 1 9...0
; . L T 5’
| FICPIR Y I3 :
! giu 8, e 0 coe ¢, e 0...0
2 2 2
| Ez = C 0 1...0 ‘
E ' L] - 3
& L L] - !

. 0 0 ¢C...1
3 o o
S
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? Continuing the same process for N-1 couplers results in the circuit in Figure 10.
3 1
s
f» . 1 2 3 4 LA N ELEMENT PORTS ;
';
‘ ﬂ [} ") ] ee e \ G- ! -
y .
;
;r 2' L) 4 N p—O 2 3
o @
; » . 3 BEAM 1
i A - PORTS i
. 1
~on
. j
: Fig. 10. beam forming network -~ N-lst Nolan reduction. !
' . %
where the transfer function nN is an an N-l1 matrix, a matrix of order less { ?
v :
than the original matrix A. The circuit AN can then .~ reduced in the é :
[
: same manner as was A, starting with the 2' and 3' ports and so on, until the P
E circuit 1s completely reduced to the form showa in Figure 11. ;
i |
i L N <—ELEMENT PORTS ;
1 3
i ‘
i
}
! BEAM
] PORTS :
i %
1
i

Fig. 11. Beam forming network - completely reduced.
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It remains now to determine the values of 6 and ¢ throughout the circuit,
to complete the synthesis. The two praceding circuits show that thera is no
coupling betwsen beam port 1 and the port 2' of A“' and similarly of A' beceause,
as shown in Figure 6, an input from the vight of any coupler is not coupled to
its bottom port. This means that the matrix elemont "1,2 is equal to zero.
This allows Equetions (6) and (7) tc be solved for 61 and ¢, end for “i,l‘
Similarlv, “"1,3 is equal to zero and 02 and ¢2 can be determined. Thias
Frocedure can be continued, and the circuit synthesis then is thus one requiring
successive solutions tc equations of the form of (6) and (7). Using matrix
notation, this method can ba succinctly expressed. Since A is unitary, it can
be expressed as the product of the factors

A= Eyn-1)/2 Bnn-1)/2 -1 *o° EaBaEy

vhere FN is an elementary matrix of the general form

F ——
16+ -13
cos 6 e 0 sin 6 e . . -
0 1 0 0
. 16 +D 15
E sin 6 e 2 0 cos b e 2 0
0 o o 1

Then successive post multiplications of A by ElT, EZT, etc., will eventually
reduce A to an identity matrix. The procedure is to choose the Bn, Qn para-
meters in El through EN-l 8o as to force successive terms in the upper row of
the product matrix to zero until all of the terms in the row are zZero except
the first term. Because the matrix is unitary, the first term ir the row will
be unity, and all other terms in the first columm will be zero. This reduces
the N x N transfer matrix tc an N-1 x N-1 traunsfer matrix. The second row is
reduced in a similar way by proper choica of the next N-2 valuvs of En. etc.,
until ali values of 6ﬂ and ¢n are dotermined.
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The circuit synthesized by this method uses fixed phase shifts and quad-
rature couplers which, in genaral, are not 3 dB couplers. These can be made
using 3 dB couplers using the cirzuit in Figure 12, however.

3
—-— l

1O=—=d 3dB p~ 3d8 P03 oy~ Joemen  § 2
. O, r
20 -0 4 1

Fig. 12. Directional coupler circuit using 3 d3 couplers.

The transfer function is then:

? 3 4
L m
h iy by
1 cos 0 e 2 8in 0 e 2
- _11'2. jl
2 sin 6 e cos O e

as ie required for the coupler characteristic chosen for the synthesis.

This synthesis procedure is applicable to an array of any number of
elements in any desired configuration. The only restricticn 18 that the desired
transfer matrix be unitary. Figure 13 shows the circuit for a 5 element array
synthesized by this procedure where the tetvms of the trancfer matrix take the
form

2n
J(n-1) (k=1)5
‘n,k '/E e
for the nth beam port and the kth array element. Thig network can be used for

a five element linear array with equally spaced elements and uniform amplitude
ap~rture distribution.
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V. A NETWORK STMPLIFICATION

The form of the beam port/element port trandfer coefficients for the
network of Figure 13 1s generally applicable to all lirear equally spaced
arrays and, as will be described in a later section, to aome planar arraye as

well. For uniform illumination, the desired netwerk transfer coefficients will
usually take the form

1(n-1) (k-1 5
&k /N © . (8)

This can be simplified somewhat by noting that tlie N-(k-2)st terms in each row
have the vaiues

3(n-1) (8- Ge-1) 1o
®n, [N-(k-2)] © 5 €

-3 0-1) -DE 312
e e

2] I~

j(n=1)2n
and since e =]

. , 31D
n, [n-(k=-2)] = = e
R
which ig the conjugate of the term a A gimilar argument for the
1 ]
N-(n-2)st terms in each column can also be made. This suggests a poseible
simplification of the natwork to be synthesized.

Consider a 3 dB~coupler circuit with inputs Y2 cos a &nd V2 sin a, As
indicated in Figure 14, the outputs will take the form .ja and ‘-ja
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Five-element array BFN.

Fig. 13.
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Fig. l4. 3 dB coupler circuit transfer properties. Lo
Using this property, the beam forming network can be represented as in Figure 15 a
where the transfer function of the network B takes the form (when N is odd): j
i
1 2 V2 c e 0 0 :
!
1 ZcosE VZTeos P ... VTetn ™ JTemE 1
N N N N :
4n 4n 8n 4n i
1 v’fcoaN v’fcoaN /fsinﬁ— fz‘smN |
B = ']'.' . . %
N : . : |
1 /2 cos(- i) /7 cos(- B9 . . V2 sta(- I /7 sin(- {N ’
/— 2n /_ 4n /" 4n '/— 2n
1 2 cos(- ™) V2 cos(- ¥ - v2sin(- ) Y2 sin(- R :
| .
; |
k ; I ';
£ i
| |
s
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Figure 15 shows that the matrix B can be treated as two separate matrices Bl

and 32 where B2 is comprised of the first %—1- columne of B, and Bz is comprised
of the remaining columms.

: since cos a = cos(~a). Examination of B, shows thu.. the N-(n-2)st row is the

2 ts
negative of the 11“l row since sin a = -gin(-a). This euggests that the number

B /Z Z %] ]
. 2n 4n N-1, 27
1 \/ft:osN /-Z-coeN v/i-coc(ZN i
. 1 V2 cos ?‘;1'_ V2 cos %“— e e V2 con(N-l)'é-“— 5
1 L]
B = - »
1 /N . ;
N
1 Y2 cos - %1 2 cos - %ﬂ— . e e s Y2 ccs - (N-l)-z-"-

N i

2 4n N-1, 2% "

“_1 ffcos-N v’fcos-N /fcoa-(z)N !

— —~

0 0 » . . . 0 ’
n 4 N-1, 2m
/fsinu /fainN e v e e v’:".-szl.n(z)N -
Y2 sin -gl Y2 sin gl v Y2 sin(N-l)%"— P
1 b
: B, = = . P
| LA : | -
4n 8n N-1.2n |
v’2_sitx—N /fsin-ﬁ— v’i's:ln—(----z--—)N f %
2n 4n /5 N~1, 21
L_:"Z_a:l::u-n /Esin-n s e e s fZSin—(z)NJ 1
i
t. Examination of Bl shows that the nth row i@ ide~ - to the N-(n-2)st row ;
i
i

of rows in each matrix might be reduced since the difference batween the for-

mation of the nth beam and the (N-(n-2)st beam is simply the sign of the terms

in the 32 matrix.
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A coupler with the properties shown in Figure 16 sezcves the purpose for this.

:

Sl

3d

: ,
@ Fig. 16. 3 dB coupler circuit transfer properties.
! .
e
§
1
@ and the network becomes that shown in Figure 17. The 90° phase shifter at
3
¢ the beam inputs indicated in Figure 16 is omitted in Figure 17 since this
é; affects only the relative phase of the beam. The transfer matrices of the
? networks C, and C, are _
‘ 1 V2 Ce e /2 ;
!
2n N-1,2n ‘i
L c, =2 :
E /N :
2
N-1, 2n N-1,"2n
G LN St
_:ﬁf 2 cosCHE « - 0 o 2 cos(3) Ej
B o |
: 2w N-1,2r !
?.BinN -...~'....28L(2)N i
1 .
C - - .
2 A& :
2
-1, 20 Nei, “2n
2 Bin("‘—__ Xt e e e w o« e o 2 Sin _) =
- 2 )N Ry
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In general, the Nolan synthesis of an N x N network will require §S§—=L

of the 6 tyve couplers described in the previous section or, as previously
indicated, twice as many 3 dB couplers, N(N-1). The five clement array In
Figure 13 uses 10 of tha ©® couplars, and if fabricated with 3 dB couplers would
require 20 of these. Examination of Figure 13 shows that this number can be
reduced to 18 since tha two 45° couplers are already 3 dB couplers. The pre-
ceding simplification for transfer coefficients of the form (8) where N 1is odd
require the synthesis of two networks, one Nl x !%l and the other E%L x E%l.
Together these matiices would require SE:llSﬁ:ll of the 8 type couplers and N-1

2 x 2

3 dB couplers or Ni:l 3 dB couplers. The total number of 3 dB couplers required

is reduced by a factor g%l. This reduces the number required for a five-
element array to twelve 3 dB couplers. The five-element array network has been

synthesized using the simplification, and the result is shown in Figure 18,

Thus far, the discussion of simplification of the network has bean con-~
cerned with networks for arrays which consist of an cdd number of antenna eie-
mer Because of this, the first column of the A transfer matrix was left
unu. Jrbed in the conversion to the B transfer matrix. If the number of
elen 8 and beams is even, a matrix with tranzfer coefficients of the form (8)
is gernerally unsuiltabl~, This matrix would include an elemeat-to-element phase
shift of i80°. This results in a beam, for a linear array, which points along
the axis of the array in both directions. A more suitable transfer matrix for
even n. .ered arrays is the form used for the Butler Matrix

L 3@n-1) (k-1

8 k =/§ e . ] 9

This form results from adding a phase shift of (k—l)%-to the ktb element port

of a matrix with transfer coafficients of the form (8).

Using a desired transfer matrix of the form (9) with N even, the rows
and columns of the matrix having a 0~180° or + 90° relationship may first be

combined with 3 dB couplers. This reduces the transfer matrix to two %-x'g

transfer matrices. If<g is odd, then each matrix may be simplified as descriuved

27
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3 ior arrays with odd numbers of elements. If %-ls even, then the matrix may be
' further reduced. The simplification of the eight element network is presented

as an example.

' Using (9), the A matrix is

: 1 2 3 A 5 6 7 8
[
E r— ——
i- 0 L T 3n T S 3n In
t 8 4 8 2 8 4 8
0 3n 3 -In -I - LA M
8 4 8 2 8 4 8
0 sm U _n " L n
8 4 8 2 8 8
’ 0 In . sn . I o T
14 8 8 2 8 4 8 ‘
E A=—¢
/8 0 I T _ 5 T .4 24 _1
8 4 8 2 8 4 8
; 0 L 3r n . Ir L .
8 4 8 2 8 8
0 L -3 In T T - -
: 8 4 2 8 4 8
; 0 . .n .2 _ . ] _
: | - 8 4 8 2 8 ) 8

Columns 1 & 5, 2 &8 6, 3 &§7, and 4 & 8 have a i_%-phase relationship on a term by

term basis. These are combined using 3 dB couplers to form the circuit in
Figure 19. .
28
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Fig. 19. Eight-element beam forming network - first reduction.
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The Bl and Bz transfer matrices become:
0 /4 " /8 Ty
0 -(3n/4) 5n/8 -(n/8
B, - 2
1 /B n n/h ~(/8) ~(5n /8)
o ~ovey -owi )
= (n/2) n/4 ~(r/8) 5 /8
/3 -(n/2) -(3n/4) /8 n/8
B, = ==
2 5 - /2) n/4 m/8  ~(3n/8
Cfﬁ/2) -(3n/4) -(5n/8) -(In/8

Note now that adding 7/4 to columms 2 and 4 of B, and to columns 1 and 3 of

5,

again producc a +(n/2) relationship as batore.

Therefore using a coupler

which results in a +(1/2) relatlonship and subtracting /4 produces _he

desired result.

Figure 20 shows the resultant circuit.
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The C matrices are:

0 n/8T
\‘1 - (2//5) eJ
0 -(7/8)
[0 5n/8 ]
C2 = (2//8) eJ
0 -(3n/8)
L -
—(n /) " /8

C, = (2//8) &3
-(n /&) ~(7n/8)

b

[ (3 /4) " /8
c, = Q@M el

-(3n/4) -(7%/8)

And note here thar the addizion of 3n/8 to column 2 of C, and column 1 of
C4 results in & quadrature relationship. Also thc addition of w/8 to
column 1 of C2 and colum 2 of 03 produces a quadrature relatiomship.
Subracting these, as hefore, from the coupler outputs produces the circuit,
ngglecting terms which only affoct the relative phase ¢f the beams, showm

in Figure 21. This circuit is identical to that shown ir Figure 3 for the
eight element But'!er beam~forming network.
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It should be noted that if, during the simplifying process, the required
transfer matrices had an odd number of rows and columns, as would be the

case for a 6 element network, the simplification procedure described for t
odd numbered arrays is applicable.

i i

The result in the preceding example indicates that the Butler matrix is }‘
a special case of a more generzl beam forming network synthesis procedure.

It 1s possible to apply the Nolgn synthasis p: ocedure directly without using .
the procedures desccibed in this section and obtair the same result, This !
p.ocedure, however, involves reordering the columns of the transfer matrix '
after each operation.

The methods presented here for simplification of the

networks involve less effort than does the direct application of the Nolan
procedure.
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VI. PLANAR ARRAYS

The phase taper for a linear array can be represented graphically as a

line as in Figure 4. The phase taper for a planar array tikes on an added

dimension and can be represented as a plane.

e e s at

If the phase argument for an
N element linear array is as in (5) (i.e., (n-l)(k—l)zﬁé, then the phase taper
E will begin a new cycle at the N+lst element.

BT

Application of this property to

1 planar arrays results in the synthesis of multibeam planar arrays described

by Shelton.[7] First, the geometric configuration of the desired planar array

is selected and a reference element (k=1) is arbitrarily chosen as in the seven
element hexagon in Figure 22,

JOPAR IR

b n sk < i e i A

ELEMENT

1
_f _ REFVREMNCE —®=Q (@] @]

Ll el s

O o

Fig. 22. Seven-element array.

s A K s A e n e

Kext, this array
Figure 23.

is inserted Into a lattice structure of "phantom" arrays as in

&
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Hexagonal lattice structure.

Fig. 23.
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It can then be seen that the phase of the reference element of arrays A&B
must differ from the reference element of the "real" array by 2n/n for the nth

beam. '5ince the phase taper is planar, one can write

mxX + myY = 21 (n-1) (10)

where m and m_ are tha slopes of the phase taper in the X and Y directions,

. respectively. If X and Y are measured in terms of the number of spaces between

elements, then Equation (10} can be written as

2 Lt S AT

2n 27
Kx(n-l) SXt Ky(n—l) Y (e Q1)

!
where Kx and Ky are intagers. The equation simplifies to

L el g s e

=™ &
xxx + KyY N (12)

and for the example of thz 7-clewent array with the "phantom" arrays A und B,
the two equations

T e o

4

e B B ki £ St

e ety b A e

e A A e

This determines the phase increments for tha 7-element array.

These are
; tabulated for k=1 through 7 in Figure 24.
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Fig. 24. Flement Phases as a multiple of 2; for a 7-element hexagonal
array.
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Note that if these phase increments are tabulated with element numbers assigned
as in Figure 25, the desired transfer matrix becomes:

- -
o 0 0 0 0 0 0 n=l
0 1 2 3 4 5 6 =2
0 2 4 6 1 3 5 =3
A= QD ST e 3 6 2 5 1 &4 a4
0 4 1 5 2 6 3 =5
i0 s 3 1 6 4 2 nm6!
[]
. L0 6 5 4 3 2 1 n=7]
3 [ 1
(o] (o]
10 a0 70
20 sO

Fig. 25. Seven-element hexagonal array.

This matrix has transt2r coefficients of the form

1(a-1) G-

a K - Qamnmn e

which 18 no different from the matrix previously described for a linear array.

The heam forming network for this type of array is identical to that used for
a linear array.
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Although this procedure allows the beam forming network to be applied

to planar arrays, it is somuwhat restricted. First, the array elements rust be

arranged such that they are on a regular lattice such as in the example;

second, not all arrays even if configured in this way will result in use of the

N beam-forming network. The 8-element array, for example, configured in a

rectangular lattice reduces to two four element arrays by this method.

Random element spacing, subject to the restriction that the array elements
iie on the lattice, is possible.

for the Butler array.

This is an extension of the principle described

The appropriate elements in the "real' array are replaced
by the elements in the "phantom" array.
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VII. THE GENERAL ARRAY CASE

In the beginning of the diacussion, the restrictions placed on the antenna
array used with the beam forming network were that it was required to be a
linear, equally spaced array of similar antenna elements of number equal to an
integral power of 2. Subsaquent discussion removed the equal spacing require-
ment and substituted the requirement that the element spacings must be integral
multiples of some arbitarily chosen basic spacing interval. Section IV extends
the array to allow any number of antenna elements by using the Nolan synthesis
procedure. The restriction that the array be a linear array was removed in
Section VI and the use of planar arrays configured on a regular lattice was

discussed.

There are, inevitably, some design situations where more general types of
arrays are required. For example, it may be necessary to configure the array
in three dimensions rather than one or two; or, the array element patterns may

be significantly different for one reason or another.
1% ~nlan syrrhesis is confined by only one restriction, that the speci-
fied vtwork tri _fer function be a unitary matrix. This is another way of
sayiu, . hat the beam-forming network is lossless. Throughout the discussion
thus far, only two unitary transfer matrices have been discussed, those of

Equations (8) and (9). These do not exhaust the possibilities, however.

In the general case, a transfer matrix which is not unitary may be desired
in order to achieve a particular set of array excitations. Such a network
will be lossy. It is 4+ -ult to determine a minimum loss network which will
have the desi;i : crans’. . sunction; and if the network can be determined, it is
very likely to be too lossy and to produce beams of unequal gain. Usually,
however, there 1s some tolerance on the dedired beam directions so that the
desired transfer function 32 considered to be approximate. Allowing some
deviation from the desire ransfer function, the problem then becomes one of

finding a unitary transfer function which best approximates in some sense the
desired transfer function.
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One method of appro: imation is to minimize the mean square difference
between the terms of the unitary matrix and the desired network transfer
matrix. Using this as a basis for approximation, the unitary matrix which best
approximates a yiven desired transfer function is given as

A = VTT

where A is the resultant unitary matrix and V and T are eigenvector matrices
asgsociated with the product matrices SST and STS,renpectivcly. S 1is the
desired transfer matrix and ( )T indicates the conjugate transpose of a matrix.
The derivation of this expression is described in Appendix I. The matrix A
will not necessarily represent a transfer function which will produce accep-
table antenna beams. Much depends on the original desired transfer function S.
If the desired beams are unifcrmly distributed in the region between grating
lobe positions of the array, t'en A will provide a good approximation to the
desired signal m.trix. I1f, however, the desired beam: are closely grouped with
a relatively large angular separation between this group and the grating lobe
positions, then the approximation will probably be a poor one. In more rigorous
terms, the more completely the desired beam vectors span tha N dimensional
vector space of the NxN desired transfer matrix, the closer the approximation
of A to S. This is simply a result of the fact that beam vectors of A will

always completely span the vector space.

The anterwa beams obtained with a beam—forming network A will usually be
somewhat different in gain with respect to one another, the differences depend-
ing on the closeness of the approximation to the transfer function S. (This
assumes that S specifies equal gain beams although this is not necessary. If S
specifies unequal gains then the statement applies in a relative semse,) This
results from the fact that the sidelobe structures of the individual beams will
differ and that the beamwidths and shapes of the beams will also not be iden-
tical,

The approximation described coupled with the Nolan synthesis provides some

significant advantages in most cases, however. Together, they reptcs;nt a
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straight forward procedure for the design of lossless beam-forming networks for
arbitrary arrays. Since the desired transfer matrix S is completely arbitrary
the array can take any conceivable configuration. The array element spacing
can be anything. The array can be linear, planar, or thLree dimensional; it can
consist of regularly spaced or randomly spaced elemants. The array can be a
filled array or a thinned array, and it can even be made up of elements with
differing partern gain characteristics. In addition, it is possible to ;pecify
aperture distributiona to produce low sidelobes or to shape the beam. The
degree to which the resultant design satisfies these requirements is, in
general, dependent only upon how completaly the specified signal vectors span

the N dimensional vector space of the matrix.

The results of this approximation have beeu applied to the synthesis of
bean-forming networks for randomly spaced thinned planar arrays of similar
elements. The characteristics of twe such arrays were computed, The first, a 7-
element array with a single centrai element and 6 elements randomly spaced on
the circumference of 10 foot radius circle. The desired beams were specified
to be of equal gain and to ba located on the vertices of a hexagon at an
angular separation of 7° from the array boresight. A sirgle beam was specified
to be on boregight. Figures 26 and 27 show the computed 1 dB and 3 dB contours

for the beams formed at 350 MHz using the transfer functiom A.

The second array computed was a 19-element array with 3 elements randomly
located on a 15 foot diameter circle, 6 elements on o 10 foot diameter circle,
and 10 elements on a 45 foot diameter circle. The de ‘red beam directions were
again chosen in a haiagonal pattern to form two concen! ¢ hexagons with a beam
on the ‘rray boresight. Figures 28 and 29 show the computed 1 dB contours at
350 MHz for this array with a beam~forming network with the unitary transfer

function A and the array configuration, respectively.

43

AL 2 WO AT Al S e B YO j

PECRPEPESEFR

ot Rhs s Tk s 1 e




— - e T eimm s v T e s e TR T YRS Ts wTTwRALT
S e T AR T YT IR R T e T T A e T A . .
e B T T T Ty T 2 T Y

|10-6’1"75|

X DESIRED BEAMS -

-0.998 FROM FULL UNIFORM
ILLUMINATION GAIN

FLEVATION (deg)
o

L e

=

AZIMUTH {dey)

Fig. 26. Randcm circular array 1 dB contours.

o U deamns bt ]

kel b o

4 ]




e e e e

A s e

ELELATIQY (dey

Fig. 27.

AZIMUTH (deg!

3 dB conteurs civcular array same as preceding.

45

PP

[




; BEAM GAIN
! (Array Foctor)
i —_— —_
' o1, -5 0 s 10 ' 12 608
10 T T T 10 2 123
| 3 123
% q 123
s 123
: S s 6 23
; - 16 14 123
¢ o
| g . Q o O s e
f z 9 "ns
g e ok 2 —o 10 12
? a 1" 14
! Z a
b ] 12 ns
. (™} \ 13 121
‘ -5j— —~-5 14 120
, o 15 e
16 128
vy 120

[ 4 1 1 -1 18 118
: -1 -5 J ] 10
' 19 12 1
' ATIMUTH (deg)

[e-c-narrr] UNIFORM ILLUMNATION = 12 8 d8

i Fig. 28. 19-beam array.

46




T X

u-§-un

t0

DIAMETER » 45 ft

19-element random array.

s.

Fig.

47




O NERETT T TTRETEETETTT AR TE v PATTR TR T Am AT momnmymAsAy e o vE manmmame A e - T TR
¥ SRR e TN TGS TORTE T Liglediin) bda - i A bt R el Ao mited i daitian IS e anh il s Wit it M et o

it i Sl

. i R it

VIII. SUMMARY

1 3
This discussion has attempted to describe possible methods of deriving

lossless beam-forming networks for various types of arrays beginning with the

VTR TR,

well-known Butler array and extending this array to unequally spaced linear
arrays, planar arrays and finally to the completely general type of array. For

this last, it i3 indicated that it is not always possible to synthesize a

lossless BFN but that there exists a least mean square optimization which leads

] to the synthesis of a lossless BFN which provides peric-mance which approxi-

E mates the desired performence. 3
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' ' Denoting the optimum unitary transfer function by A then as in Equation (4)

ATA = 1

and denotiag the desired transfer function by S and premultiplying by AT
results 1ix

ATs = B (a-1}

where B is approximately equal to I. If S is represented as the sum of the

matrix A and some matrix R such that

g T R

gt e

A+R = 8§ (A-2)

then

e

ATs = AT(a+r) = 1+ATR = B

) L

and

; ATR = B -1

1
g
1
k
;

which indicates that if A is a non trival (not all zeros) matrix, that it is

dcgirable to minimize R in order to make B approxiwate I as closely as pos-
; sible.

One way of minimizing R is to minimize the sum of the squares of the
magnitudes of each term in R. Or,
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= minimum

or, with more convenient notation

||8]|? = winimum (A-3)

In order to determine the optimum transfer matrix A which will minimize R,

it is necessary to assert two matrix transformatinns.[al First, the eigenvalue
transformation

UM U = A (A-4)

where M 1s any matrix with n rows and p columns and Ul is &n NxN unitary
matrix. The matrix A is diagonal with each term on the diagonal a real number
called an eigenvalue of the matrix product MMT. Tne columnse of Ul are called
the eigenvectors of the matrix MMT. If the matrix MMT is known, then the
eigenvalues Ai and the eigenvectors of U1 can then be determined by straight-

forward (but tedious) computational methode. Second, using the rotation of
(A-3)

oM (2 = [[nufl? = [[n]? (A-5)

where U2 and U3 arc any unitary NxN matrices and N is any NxN matrix. This can

be demonstrated by carrying out the summation on a term by term basis and using
the properties of the unitary matrix.

Referring back to Equation (A-3), it is desired to minimize l|R||2 and
hence from Equation (A-2)

[[S-Al!z » minimum (A-6)
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There is a matrix transformation which will diagonalize the N by N matrix S

such that

vIsT = 3

where V and T are unitary matrices and I is a diagonal matrix with positive

real terms on the diagonal.
postmultiplying by TT and

VVT STTT = VETT

and since

S = VITh

From (A-8), ST

T

LI
then
5sT = viTirzly
. vi2 T
and
vissTv = 12

o R
B L -

(A-7)

This is shown by premultiplying (A-7) by V and
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Since the matrix 22 is diagunal positive real, then frum Equaticn (A-4), V is

the eigenvector matrix of SST aud the terms of the matrix I, 0y, are the square

roots of the eigenvalues Ai' Similarly,
STS = TZ VT VI TT
- 13217

and

TR T R TSR T, G T e

rlsTer = g2

where it is seen that T is the eigenvector matrix of STS.

Using Eq. (A5) to re-write Equation (A-6) prcvides
§ ’ [{s-al|2 = |]vsT - vPar]{* =  micimm 3

]
or .

[le - vTAT!!2 = minimum .

TN T S e

' )
The problem then is to mintmize ||I-P ||“ where I 1s Aiagonal positive real and
P is the matrix VIAT. ‘

Writing as a term by term summation

/

N
[le=p||2 = 1 1 |z-p|?

TR SR T

i=) {=1 13
but since I 1s diagonal
N N N
le-#li? = © & fp, |12+ & Jogp,)?

{=1 j=1 ° 1=1 -
13 ,
:
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and expanding

N

2 2 * 2

o fp v de ] -0 tp, +p ) +0,0)

o gm T oy VP 1(Pyy 1 1
i3

X
where ( ) 1indicates the conjugate.
And rewciting

zell2 = 3 1 lp |2+ 3 (o, *
T-Pp = T P + T |o -o,{p,, + P 3] (A-9)
fm1 a1 1 oy 1 11714 11
N2
Now the double summation for the first term is positive and also L oy is
i=]

some positive number which is dependent upon how the original desired transfer
matrix was determined. Sin-e IIE-PIIZ must be greater than or equal to zero,
it is minimized when the negative term of Equation (A-9) is maximized, i.e.,

N

*
151 ai(p11 +p 11) = maxioum (A-10)

Now the matrix P is unitary since

T

PP = TTAT

VWIAT = 71T

ATAT = TIT = I

and the maximum possible value cf Equation (A-10) ie achievaed when p11-1+j0.
If this is true, then the matrix P igs the identity matrix I and

viAT = 1

from which is follows that the optimum unitary beam forming network transferx
function 1is

b
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A = vrt

1

where v and T are the eigenvector matrices associated with the product matrices ,

ss* and s's of the desired non-unitary transfer fumction §. |
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