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I, INTRODUCTION

The energy contained in a shell's transverse motion directed
toward a bore surface has supposedly become large enough on certain
occasions to damage both shell and gun tube. As Gayl has shown,

the theories of Reno? and Thomas 3 do not predict that such large
balloting energies may develop. Reno does not consider sliding
frictign and assumes that the plane of yaw rotates with the shell,
Thomas” does not use this constraint, hut assumes that there exists
sliding frictign between bourrelet and bore. Chu and Soechting4
extend Thomas'” theory to assume sliding friction between rotating
band and bore, and also assume that the shell may have an eccentric-
ity in its center of gravity; here also, the balloting energy should
decrease with time.

‘More recently, Walker5 has deveoloped a theory that predicts
that growth in balloting energy may occur. His theory extends
Thomas' theory by further assuming friction between the bore and
rotating band., According to Walker, the impact impulse generated
by the bourrelet hitting a land is followed (due to the finite speed
of the elastic wave) by a reaction force impulse that occurs on the
opposite side of the shell at the rotating band, This causes an
added frictional force on this part of the rotating band and results
in an added torque impulse that will possibly increase the total
transverse angular momentum possessed by the shell. The magnitude of
this increment of added angular momentum is proportional to the
effective coefficient of friction for the rotating band, Walker's
theory is used in un attempt to explain the breakup of the 8-inch

1, H, P, Gay, "Notes on the Yawing Motion of a Projectile in the Bore,"
BRL Report 2259, U. S. Army Balliatic Regearch Laboratory,
Aberdeen Proving Ground, MD, January 1973. AD 908456L.

2, F, V. Reno, "The Motion of the Axie of a Spinning Shell Inside
the Bore of a Gun," BRL Report 320, U, 5. Army Ballietis Research
Laboratory, Aberdeen Proving Ground, MD, February 1943, AD 491839.

8. L. H, Thomas, "The Motion of the Axis of a Spinming Shell Inside
the Bore of a Gun," BRL Report 544, U, S, Army Ballistic Research
Laboratory, Aberdeen Froving Ground, MD, May 1945. AD PB22102.

¢4, S. Ho Chu and F, K, Soechting, "Trangverse Motion of an Accelerating
Shell, " Technioal Report 4314, Pioatimny Areenal, Dover, NJ,
June 1972, AD 894572L.

5. E. H. Walker, "Yawiryg and Balloting Motionm of a Projectile in the
Bore of a Gun with Application to Gun Tube lamage,' BRL MR 2411,
Use 5. Army Ballistic Research Laboratory, Aberdeen Proving Ground,
MD, September 1974, AD 923913L.
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M106 shell in the XM20l gun tube5‘6.

The motivation for the present investigation wag a desire to apply
Walker's5S theory of balloting to Chu and Soechting's®™ computer

description of in-bore motion., In studying Walker's theory, however, We
decided that it needed revision, The values he assumed for

the coefficients of friction are thought to be too large by an

order of magnitude, When this and other errors are corrected, & completely
different picture of balloting-energy growth and decay emexje=.

It is the purpose of this report to present this more accuirat: picture

and to establish upper-bound limits on the energy growth rate or

decay,

An apparent error in the Walker formulation concerns the
magnitude of the reaction impulse at the rotating band. Walker claims
that the reaction force at the rotating band is equal and opposite to
the impact force on the bourrelet, Walker deduces this from his
following statement: "The force component Y is given by the require-
ment that the sum of the forces acting in the y direction is zero."
Here Y/ is the normal reaction force at the rotating band, If this
were a statics problem, his approach might be valid, However,
this is a dynamics problem; the projectile is required to rotate
about the point C. With this requirement, it is found that the
value of the reaction force depends upon the location of the center
of gravity, the radius of gyration and the distance between the
rotating band and bourrelet.

According to Walker's5 theory, since the growth rate of balloting
energy is a strong function of the value of the coefficient of friction
at the rotating band, it is an important parameter., Walker used a
rotating-band coefficient of friction of 0.55 for a gilding metal
band, a value that might be expected for slow sliding velocities
under smull normal pressures, In order to arrive at reasonable values
for the coefficient of friction, both the_theory and experiment
wore investigated. According to a report’ summarizing the Franklin

6, C. M. Glase, "Fraoture of an 8=inch M106 Projectile in an M110E2
Howitaer, " BRL Report 1805, U, S. Army Ballisetic Re: zarch
Laboratory, Aberdeen Proving Ground, MD, Auguet 19. i, AD B013343L.

7. R. 8. Montgomery, "Friotion and Wear at High Sliding Speeds,"
Wear, Vol. 36, 1876, pp. 275-398,
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Institute's experiments, the coefficient of friction decreases for
increasing values of both sliding velocities and normal pressures,
Herzfeld and Kosson® postulated that a hydrodynamic film exists be-
tween the rotating band and bore at the higher speeds; they found
agreement with much of the experimental data available at the time,
Their theory included plastic rotating bands; they found even lower
values for the friction coofficients of plastic rotating bands, In
contrast, Bowdend describes an experiment that shows no hydrodynamic
film being generated at typical in-bore projectile velocities,
Nevertheless, the normal pressures for this experiment were much less
than found at the rotating band and bore interface, Thus, although
Herzfeld and Kosson's® theory agrees with some experiments and appears
plausible, the theory is not completely confirmed,

1[. BALLOTING-ENERGY ANALYSIS
The fundamental dynamics of balloting are developed and examined
for two simple models, Utilizing these dynamics, an upper-bound value
for balloting energy growth can then be developed without appealing

to a detailed numerical analysis,

A, Dynamics of Balloting

As Walker did, we use Thomas' assumptions and additionally assume
that there is friction between the rotating band and bore. The
description of the motion is given in terms of Eulerian angles. The 10
rotations defining the Eulerian angles are given according to Goldstein
in Figure 1., For more clarity, Figure 2 gives some of the axes in
terms of the gun-projectile system,

8, C. M. Herafeld cand ko L. Kooson, "A Theory of Bore Friction,!
BRL Report 861, U. . Awmy Ballietie Research Laboratory,
Aberdeon Proving (round, MD, Mareh 1963, AD 10639,

9. F, ¥, Bowden, "Recent kxperimental Studiee of Solid Frietion,!

Friction and Wear, N, Davies (Editor), Eleevier ublieling Co.
Princeton, NJ, 1000, pp. 84-109, * ’

10, H. CGoldstein, Clasaical Mechanics, Addieon~Weeley Publishing Co.,
Ine., Cambridge, MA, March 1056, pp. 93-175,
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Figure 2. Description of projectile's orientation given in terms of
Euler angles, The point C designates the center of the rotating band,
The yaw about point C is defined by the angle 6 and the yaw plane 1s
defined by the angle ¢ between the x-axis and the 1ine of nodes
(e -axis), F 1s the inertial force along the bore 1ine z; "a" is the
distance between the rotating band and the bourrelet; "b" is the radius
of the bourrelet. and h 1s the distance from C to the center of
gravity, 1
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The kinetic energy of an axially symmetric shell with respect
to the point C is

" 1 2 2 1 2
= I(wy/ + wx/) * = A Wyl (n

where wy is the angular velocity about the i-th axis and A is the

moment 8f inertia about the line of axial symmetry. The transverse
moment of inertia I about a line through C in the pi:ne of the rotating
band is 5
I =B+ lnh s (2)

where B is the transverse moment of inertia about the c.g., m is the
mass of the shell, and H is the distance from the point C to the c.g.
of the shcll, Transtorming to the Eulerian angle description, one
finds;
» lr) [ ] .
Teg (0 + ¢ sinfe) + A b+ b cos 7, (3)
For the projectile having the acceleration ¥, the potential energy is

Vo= %h cos 6 (4)

Following Walker now, cxcept to vary the prescentation for
clurification purposes, we note that the Lagrangian s

L=T-=-V,
The Lagrange equations arc
d 9 oL
L v mre———. = Qi R (5)

= v
dt 5“1 4

where
G = 8 dy = 45 dg = 0 (6)

and the Qi are the genecralized constraint forces imposed upon the

projectile by the gun tube, The differentinol equations of motion are
developed in detail in Appendix A, These expressions differ somewhat
from Walker's formulation but not significantly for the purposes of
this analysis,

As o first step in *he invostigation of bualloting motion, we can
attempt to construct a model that is consistont with Walker's claim that
thore exists a time lag between the impact impulse and the reaction
impulse, A tentative hypothesis is made that the reuction
impulse occurs immediuately after the impact impulse occurs. 1In this

b A




model, the bourrelet impacts against the bore and the rotating band is
ussumed to be free of any constraining influences. Immediately after
this impact process, the reaction impulse is applied to the rotating
band and the bourrelet is assumed to be free of any constraining
influencoes, 1In this rigid-body approximation, the value of the
reaction impulse is determined by the constraint that the rotation

nust be about the point C in the plane of the rotating band (Figure 2),

It is convenient to express the kinetic energy in terms of the c.g.
translational motion plus the rotational motion about the c.g. This
expression is!

Tl g 4 gl

$2 m,2 ,.2 1«2 .2
3 cg cg + Ecg) + §'k (6 + ¢” sin“@)

+ & (b bcos ), ™

The subscript cg denotes the values for the center of masg for the
projectile and k is the transverse radius of gyration for the pro-
jectile, Since the impact and reaction forces are of short duration,
it is sufficient for the analysis to use the impulsive equations of
motion and focus upon the motions immediately after an impulse occurs,
For impulsive forces, it can be shown that

o1 3T )
(B‘d:)l -(Hi) 1‘11 ) ®
[o]

Here Pq is the gencralized impulsive force for the a4 coordinate. The
i

first term on the left is cvaluated immediately after the impulsive

force has acted and the term with the subsc.ipt o is evaluated

immediutely before the force has acted.

The details of the analysis are given in Appendix B. The
effective coefficiont of restitution, which includes the time lag
effect, is given as

[oh Gy + W (28’ ~Gy) (e+1)= 20 % - 2K/ %)
e = (B15)

¢ 2
W 20 + ¢ vy) * 2k’ <]

Here ¢ is the usual coefficient of restitution, I is the distance
of the center of mass from the rotating band in calibers, a’ is

the distance between bourrelet and rotating bundvin uglibers, k' is
the radius of gyration in calibers, G = 1/(1 + n“/nz) where n is
the number ot calibers traversed for rotation of the shell through
one revclution, u is the coefficient of friction at the bourrelet

13




and Ve is the effective coefficient of friction at the rotating band.

Assuming the friction coefficients to be zero, a calculation of e

| may be easily made for the 8~-inch projectile that was ol interest to
Walker, llere
a’ = 1,135 calibers, h’ = 0,71 cal.,

y Vo= 1,066 cal,, ¢ = 0,7 -

@ and the twist is n = 20 cal/revolution. Substituting these values ito 9
;; Equation (B15), we obtain € =" 0.165. Since e is negative, 4

the resulting movement of the bourrelet is toward the bore and not b
away from the bore,as might be expected. With this simple model, the
impacting process continues after the first reaction impulse., Thus,
the hypothesis that the impacting process is completed before the
reaction process is started is seen to be contradicted by the results?
< from a model suggested by the hypothesis. Friction effects can not !
1 rescue the hypothesis from contradiction, since if n 2 Vo (as will be i}

.

4 noted later on), then °, becomes negative. G

These results do not rule out the possibility that part of the i
| reaction process occurs after the impacting process is completed, E
1 Thus, there still exists the possibility that the presence of band
friction might increase the effective coefficient of restitution.

! 1t the impact forces and reaction forces overlap in time,

' another simple model is suggested, Let us consider that the impact
and reaction forces occur simultaneously., The impulsive Lagrange
equations for this case are

m(ﬁcg)1 -m (6cgno =P+ (P (9)

2° 2 , . .
mk 01 - mk 60 = - (a-h) Pn+ Gbu Pn + h(l’n)b + vae(Pn)b (10)

Proceeding as before, we obtain

[h(h+Gby ) + k°)
P= mw(l+e) < (11)
- [a + (}b(\)c - )]

2
Dy Ly [hash-Ghu) - K]
(P)y, = me(lve) =3 (v, (12)

14
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The ratio R, of (pn)b to Py has the same values obtained for the

delayed-impulse model, The value of R does not depend on the details of
the impact and reaction processes; rather, it is determined only by

the requirement that rotation must occur around the center of the
rotating band, and hence should be invariant between the two models,

as indeed it is, This value of R, given in terms of nondimensionalized
quantities, is

_h Qe - 2 - o) - 2K/

R 7
W (2w o« Gv,) + 2x’

(13)

Here it is seen that R essentially depends upon a numbor of parameters
and 1s not cqual to -} #8 Walker has asserted.

Here, the effective coefficient of restitution e, is simply e

and no increment in balloting energy can be obtained from the effects
of either band friction or bourrelet friction., Even though no
possibility exists for balloting onergy amplification, it would be
desirable to minimize the magnitude of the impact impulse, Thus,
according to Eq, (12), the distance "a" from rotating band to bourrelet
should be as large as possible,

G, Soo lIoo11 has recently modcled the bourrelet and rotating band
as springs in his computer description of the projectile motion.
It appears that the dynamics of his model could be approximated
by utilizing a combination of the two models previously discussecd,
The previous models assume the forces are applied for an infinitesimal
time, The finite application time of the forces in the springs model
produces motions that differ somewhat from the impulsive model motions.,
Nevertheless, if the time of application of the spring forces on the
bourrelet is short compared with the time between impacts, the
impulsive models might be sufficlent to describe the approximate
dynamics,

If the spring at the rotating bhand is stiff compared to the
bourrelet spring, the forces on the rotating band will closely follow
the pattern of the impact forces., The resultant dynamics will then
approximate that for the simultaneous model constructed earlier, If

11, d. Soo Hoo, "A Theoretical Model for In-Bore Projectile Balloting/
Barrel Motion," Workehop on Dynamice of Preoision Gun Weapons
spongored by U. 5. Army Armament Command, General Thomas J. Rodman
Laboratory, Rock leland Arveenal, January 1977,
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the rotating band spring is relatively soft, then the dymamics

will tend toward that observed for the time-~lag model, Now, if the
rotating-band springs are somewhat softer than the bourrelet springs,
the impacting process might be completed before the reaction process.
That part of the reaction process taking rlace after the impacting
process is completed could be approximated by the time-lag model,

Part of the impact-impulse process would utilize the time lag model;
the amount would be determined by the ratio R which has been previously
discussed, The dynamics for the rest of the impaction and reaction
processes would utilize the simultaneous-impulse model,

B, Upper-Bound Value for Energy Gruwth

To obtain the maximum value ossible for e, and energy growth

rate, three assumptions will be made, Firstly, it will be assumed

that impact forces and reaction forces occur simultaneously. Secondly,
it will be assumed that there is no axial torque. Thirdly, the
corresponding torque impulse due to frictional forces occurring at

the rotating band is assumed to occur immediately after the impaction
and reaction processes. Since large balloting energies may he possible
according to some evidence, these possibilities can be explored even
though the dynamics of the motion may be complicated,

Comparing Eq. (11) and Eq. (B6), it is noticed that for conven-
tionally designed projectiles, the impulses for simultaneous processes
are larger than the impulses for the time-lag processes. To obtain
a maximum value for the reaction impulse at the rotating band, the

simultaneous model will be used,

In this model, it is assumed that there is no axial tourque.
Since axial torque is pregent, the effects of axial torque should be
Investigated. Goldstein’~ shows that when the projectile is not making
contact with the hourrelet and there is no axial torque, |8| depends
only on 0. Thus, the balloting cnergy immediately after one impact
would cquul the halloting cnergy immediately heforce the next impact,
With the presence of an axial torque, whether | 0| incrcases or
decreases for subsequent equal values of 6 may be cxamined hy first
integrating Eq. (Al0)

Amz/ 3 szl + Naf(coso) de (14)

o
where Nn 1s assumed constant. lere t is the clupsed time since
6 = 8  where %, is any specified possible value of 6. The quantity
W,y is the value of w, At the initial time. Likewise liq. (A9) may

2o
be integrated in the same way and with some substitutions between

the resulting equation and Eq, (AB), one can obtain

16
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. sinzeo Nu A(mz) .
$= ¢ 3 + o [t-/(cosB)dt]+ 9 (cos6 -cos6) (15)
o} 4 P4 .
sin“¢ I sin”6 I sin” 6

Now consider when 6 = 6 at a later time (but before the next
impact). Substituting Eqs.(?4) and (15) into Eq. (A8), one finds the
difference in the angular acceleration is

I [g(t) - 3(0)] = (16)
N . Aw.) N
saneo [t - S(cose)dt] [2¢ cosf - Iz 2 . .I_“. f (cos8)dt]
. N2 cose° ) 2
~ ¢ N sind [(cose)dt + —5—-f5——- [t - f(cos8)dt]
° 8 ° I sin eo

For small values of 8, the sum of the terms on the right hand side

of Equation 516) is always negative. Hence, 8 (t) 1s always less than
or equal to & (0). The torque, then, tends to align the axis of the
projectile with the gun-bore axis, and hence results in softened
subsequent impacts, ‘Thus if we neglect the torque, we can obtain

an upner bound value for balloting-energy growth rate. Moreover, the
analysis becomes simpler.

By the third assumption, the friction force is applied at the
rotating band immediately after the impact and reaction processes
have occurred, Although the late application of the frictional force
is not ruled out, sush a possibility would be difficult to explain,
lHowever, the third assumption covers this possibility and at the same
time leads to an upper bound on the cnergy growth rate., The value of
¢, may then be grenter than e, The oxpression for the maximum angular

momentum due to this application of frictional force on the rotating
band is, from Lgs. (3) and (8),

I AD = bG(P, )y Ve » (17)

where it is assumed that v = 0 in the expression for (pn)b .

It is important that the toryue due to friction be applied
immediately after the vccurrence of the simultaneous impulse; the
analysis beolow shows this, The kinetic energy can be shown to vary
according to

17
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g{l « el . (18)

onsider the change in transverse-motion energy caused by the torque
Nt whose direction, according to Appendix C, lies along the line of

nodes for the projectile's position at the time of the impact impulse,
This torque Nt is caused by the presence of friction at the driving

band, Then, integrating Eq. (18) and retaining only those terms
giving the change in transverse-motion energy, we obtain:

AT, = / ﬁp-l.?p dt. (19)

Here, ﬁp and Bp
velocity m, respectively, onto the plane of the rotating band, The
integrand is integfated over the duration of nonzero torque. According
to a report of Gay® that gives the motion of the shell's C.G.

relative to the bore axis, the angle between mﬁ and Np will increase

are the vector projections of ﬁt und the angular

with time after impact so that the dot product of the two vectors
will decrease, Furthermore, the magnitude of wp will be smaller with

smaller values of 8, Thus, the largest increment of energy given to

the total energy will occur if the reactive impulse occurs
immediately after impact of the bourrelet,

From the third assumption, we find an expression for the angular
velocity immediately after the frictional torque is applied:

b, = B, + 4% (20)
where 8, is the value of § immediately before the frictional

torque is applied. According to the first assumption about coincidence
of the impulses:

6 = ow , (21)

where w i3 the transverse angular speed before impact, The effective
coefficient of restitution is simply

6, ® - 0/u « (22)

Thus, using Eqs, (20), (21), (17) and (12) it is found that

e, =@ - (1+e) SR __ Vo (23)
2a - Gu

18




where R is given by Eq., (13) and a’ is the value of a in calibers,

According to the definition, BEq. (22), the balloting energy
should grow 1if e, 1; if L 1, the balloting energy should decay.

From Eq, (23), whether e is greater or less than one depends upon
the value of e, the expr!ssion in brackets and the value of Ve

The value of e w1111£robab1y not exceed 0,8 except for very soft
balloting action, e expression in brackets will be near - 1/4

for many conventional projectiles, Thus, whether e_ is greater or
less than one hinges upon Vo' The effective coeffifient of friction

will be discussed in the next section.

An upper-bound value for energy growth rate can be obtained
in terms of L With the second assumption that the axial torque

is ignored, the angular speed immediately before impact is e,

multiplied by the angular speed immediately before the last impact.
After n impacts, @ would be

6= ue," (24)
where .
bm |g

Now treating n as a continuous variable, n can be expressed as

n = 0/(2A) where A= c/a., Here, c is the clearance between the bore
and bourrelest when the shell is centered in the bore, Substituting
the expression for n into Eq. (24) and integrating, the following
expression can be obtained:

2 (1-e," 24,
t =

w 1n e, (25)

Since the balloting energy e equals %-Iéz. manipulation of Bqs, (24),
(25) and the expression for n shows that

6 = eo/l1 = (5,/20) %] (26)
where

Yy = (1In °e)/A

Equation (26) was also obtained by Walker, but with a completely
different expression for v.
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ITI, FRICTION COEFFICIENTS

Since the band coefficient of friction is found to be an
important parameter for describing balloting motion, it will be
discussed in some detail._ Friction experiments have begn conducted
by the Franklin Institute7-12, by Bowden? and by Sauer! , who
obtained friction coefficients using a rocket sled. The pressures
used in Sauer's experiments, though high, were much less than
experienced by a rotating band in-bore. Nevertheless, he obtained
evidence that a molten metal film existed, at least for the higher
pressures, In addition, he developed a theory for wear and friction
assuming molten metal at the interfacel4, In the present paper, it
will be assumed that a liquid film exists at the rubbing interfaces
for both plastics and metal rotating bands.

As mentioned earlier, exporiments7’12 show that the coefficient
of friction decreases for increasing values of hoth sliding veloc-
ities and normal loadings. With these data and some data
obtained_ for higher pressures by using a shell pusher, Pilcher and
Wineholt*®, in a correlation study, have obtained the coefficient
of friction as a function of velocity and pressure. These data were
obtained for a steady-stute process; i.o., the temperature profile
through the thickness of the traveling block changes rapidly shortly
after initiation of the friction process and thereafter approaches a
steady-state profile, Since the shell's travel through the length
of the gun-tube is a transient process, there exists the possibility

12, W. W. Shugarts, Jr., "Frictional Resigtance and Wear at High
Sliding Speeds, " The Franklin Institute Laboratoriee for Reseuroh
and Dwalopment, IR No, I-2446-8, June 16, 1966,

15. P. M, Sauer, "Fundamental Mechaniem of Wear and Friotiom of
Unlubricated Metallic Surfaces at High Sliding Speede,"
U.Ss Naval Ordnance Test Station Report No. 1729, China Lake,
cA, April 1957,

14, P, M. Sauer, "Analysie of Steady-State Metallic Friction and
Wear Under Conditions of Moltsm Metal Film Lubriocation, '
Stanford Reeearoh Inatitute, Teohniogl Report No. 1, Project
No, S5U~-1494, Deocember 5, 1956,

15, J. 0. Pileher and E. M. Wineholt, "Analysis of the Friction
Behavior at High Sliding Velooitiea and Pressures for Gilding
Metal, Ammealed Iron, Copper, and Projfectile Steel," In-Bore
Dynamics Sympoeium sponeored by the TTCP Teohniocal Panel W~-2,
1976,
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that steady-state conditions will not be approximated, Nevertheless,
the application of an equation developed by H. G. Landaul® shows that’

steady-state conditions will be approximated for most of ghe projectile's

travel in-bore, The application of Hefzfeld and Kosson's® theory con=-

firms the results obtained by Landau's*® equation,

The friction coefficient values obtained are for steady pressures
of the band on the bore surfaces, The friction coefficient values
we are interested in, however, correspond to the changes in friction
forces caused by the reaction force, The cross product of the radius
vector with the resultant incremental friction force, when integrated
around the rotating band's periphery, yields an expression for the
transverse torque, It is shown in Appendix C that the effective
coefficient of friction to be used for the reaction process is

LAY

\:euv-o--s-ﬁ- (c6)

where p is the pressure on the rotating band, This effective friction
coefficient may also be used in other applications where there is a

net lateral force on the rotating band. To show how important the

last term in this equation is, we first give the value of the friction
coefficient v in Figure 3., Using Pilcher and Wineholt's!

formulation, v was calculated for the 8~inch M106 projectile that broke
up in-bore, Here it is seen that the coefficient of friction de-
creases with the distance that the shell has traveled in-bore. For
most of the distance traveled, the friction coefficient is an order

of magnitude lower than common handbook values,

In Figure 4, the effective coefficient of friction is plotted as a
function of the distance traveled from the breefg. In contrast to
the results of Figure 3, Pilcher and Wineholt's'® formulation yields
negative values of v, for the large pressures encountered at the

rotating band, Although their formulation appears to be a creditable
correlation of the duta, the above results are contrary to what might
be expected for liquid films,

Herzfeld and Kosson's8 theory for liquid films may be used to
get a value for the effective coefficient of friction. As shown in
Appendix D, the Herzfeld and Kosson theory implies that Ve is at

most 10~ -3 Herzfeld and Kosson's theory is also valid for plastic
rotating bands. The value of Ve for plastic rotating bands might be

16, H, G, Landau, "Heat Conduction in a Melting Solid) Quarterly
Journal of Applied Mathematice 8, No. 1, April 1950, pp. 81=84.
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of the same order of magnitude as found for gilding metal bands.

It might seem that during the reaction impulse, the liquid film
could become much reduced in thickness and essentially solid-to-solid
contact could be made, This form of contact would tend to raise the
effective coefficlent of friction., Appendix D discusses this
possibility, In this Appendix, it is shown that the liquid layer is
thinned only an insignificant amount and solid-to-solid contact is
not made,

IV, DISCUSSION

It is not likely that large values for the effective friction
coefficient would be encountered in practice, From liquid film theory,
Appendix D shows that v is at most 10-3. For special circumstances,

however, the effective coefficient of friction could possibly become

much larger than the liquid theory would predict, Perhaps, for some
projectiles, the rotating band could wear away to such an extent that

the band pressure would be much reduced; a liquid film might no longer 15
be present, Then, according to Bowden and also the Pilcher and Wineholt
formulation, the effective coefficient of friction might be near 0,2,
Balloting energy growth still cannot occur for this situation, If,
however, Walker's values for friction coefficlents were used, the
effective coefficient of restitution would be e, = 1,02 (e = 0,7)

and balloting energy growth could occur, although at a much slower
maximum rate than predicted by Walker, Here, R =-0,615, whilse if
Walker's value of R =-1 is used ("Iqual to and opposite reaction
force') the balloting energy growth would be almost as great as he
obtained.

If the Pilcher and Wineholtl5 formulation is used, Figure 4
shows that the effective coofficient of friction is a negative
quantity, According to Lq. (23) and since R is negative, e, < e,

In fact, since v, 1s nogative, e would be the upper-bound value

for the effective coefficient of restitution, These negative values
for v, cause damping of the balloting motion and a more rapid

balloting-energy decuy rate,

As montioned earlier, the negative values of v, are contrary

to the results of liquid film theory. Although Pilcher and Wineholt's
formulation appears to be generully creditable, no detailed experi-
mental data were avuilable for correlation studies at the higher
pressures and velocities encountered iu the gun-tube environment.

They did, however, have data from shell-pusher experiments of the
higher pressures but low velocities., They then extrapolated to
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obtain a formulation predicting the coefficients of friction at
higher pressures and velocities, For v, their formulation

agrees roughly with the llerzfeld and Kosson theoretical results,
Nevertheless, the corresponding effective cocfficients of friction
differ in a dramatic fashion, although both formulations predict small

magnitudes for Vo Thus, it is asserted with some confidence that L
will be less than one, Since gun-tube and projectile damage does

occasionally occur, it would be interesting to hypothesize further as
to how damage could have occurred. Suppose the impact and reaction
impulses happened simultaneously, The resulting expression for the
impact impulsge is given by Lg., (11), It is assumed that the effective
friction coefficient is positive, while the bourrelet friction
coefficient is about 0,2. The value of R is normally negative. Now,
suppose by some accident or dosign flaw, the effective value of 'a"
might be decreased considerably, even to the point where the magnitude
of the first term would be comparable to the magnitude of the second
torm. Then, the impuct impulse could possibly become large enough

so that the gun-bore surfuce could be damaged even though the balloting
onergy might be small,

V. SUMMARY AND CONCLUSIONS

Tho dynamics of the projectile motion as proposed by Walker have
been corrected. Thon, instead of examining the details of the
bnlloting motion to obtain energy growth rates, it was decided to
simplify the analysis by seeking an upper bound for the energy
growth rate. This was done by adopting the following model for pro-
jectile in~bore motion: the maximum valuc for the reaction impulse is
used, axinl torque on tho projectile is ignored, and it is asgumed
that the reaction impulsive torque due to friction forces is applied
immediately after the impact und reaction impulses occur. From this
modal, the effective coefficient of rostitution is found to be a linear
function of the effective friction coefflecient for the driving band,

The range of these values 1s known approximately from experiment;
since these values are small, it can bhe concluded thut the balloting
cnergy can only decrease from its initial value., This conclusion
applies to both metallic and plastic rotating bands., Other mechanisms
must be sought to explain balloting-enerygy growth, if it does occur,
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APPENDIX A, DEVELOPMENT OF THE DIFFERENTIAL EQUATIONS OF MOTION
In this Appendix, the differential equations of motion are
developed in detail, The kinetic energy, according to Eq. (3), is
given as
°2 2 Loa (5. s 2
+ ¢ sin“e) + 3 A (Y + ¢ cosb) (3)
The potential encrgy is given as

V = m sh cos © (4)

As before, the Lagrange equations are

d L alL
— === =Q (5)
dt aqi qu i
where
4y = &y = ¢35 a3 =¥ (6)

The generalized force Q, in the ¢ direction is simply the torque
about the line of nodes (the'f axis in Figure 1), The expression
for Ql is

(21::-_::]+Y];‘Zbﬁb+nbzb, (Al)

where # and £ are the forces on the bourrelet along n and z respectively.
The subscript b refers to the quantities at the rotating band. These
forces and also the generalized forces are positive in the direction of
thoir respective increasing coordinate values, From the geometry of
Figure 2 wv have that

»=uacos 6 - b sin 8, (A2-a)
no==b cos 0 - a sin 8, (A2-b)
Ny =T (A2-c)
2, = 0. (A2-d)

Where rois the radins of the rotating band. Thus,

Q = - (ncos 0-b $in0)n - (b cos8 + a sin®)z+r Zb,(AS)

Equations (A2-¢) and (A2-d) follow from assuming that the rotating
band deforms into o sphere of radius r.
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For the ¢ coordinate, the torque will be in the z direction:

.i Q=-n £ - Ny &y * Na . (Ad)

llere N is the torque on the projectile transmitted through the
rotatiﬁg band,

From Eqs, (A2-b) and (A2-c¢), we have that

| Q= (b cosbe+asing £ -rk *+N_, (A5)

ﬁ Again it is assumed that the rotating band deforms Into a section
cf a sphere of radius r and thus the direction of Ny is along the gun-

bore axis. Walker thought that Na would lie along the projectile axis

and so the last term in Eq. (A5) was multipliod by cos6. For the y
coordlnate, the torque along 2/ -axis will be

} Q= = n'E - nlEl + N cose (A6) |
E Here we have that n'=-b, n’b ar, g = E. and 5’b s Eb . Thus we have
.é Q3 = + D € 'rEb + Na cos (A7)

The Lagrange equations in Eulerian coordinates become, from
Eqs, (3) through (6) and (Al) through (A7)

16 - I&Z sin® cos® + A (L+$ cose)é $in® - msh sin 0 =

- (a cos® - b sine)ﬁ - (b cosd® +a sine)*2 + rEb, (A8B)

%{ [I% sin26 + A (@ + $ cos8) cos0] =

(b cos® + a siné) 5 - r Eb + N (A9)

a E

%:EA(¢ + § cos@)] s+bE - nfh + N, cosé, (A10)

Thc final terms in Equations (A9) and (A10) differ from Walker'ss
formulation, as pointed out earlier; otherwise, Walker ohtained
cssentially the same equations.
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We_cap now gxamine the generalized forces in greater detail, The
forces n, z and § act gn the projectile during the impact of the
bourrelet, The z and & forces are caused by_the presence of friction
during impact, Adopting Thomas' assumption,® one has

n2 w2 2 %2
n

*zoo= . (A11)

4

The direction of the { force will be opposite to the direction of the
£ component of velocity at the bcurrelet's point of contact, Since
the motion of the shell is in the positive z dirgction and ¢ is a
frictional component of force, z is in the nogative z direction,
Thus, according to Thomas:

~

3
b({+6 cos8) + a ¢ sinb

L ]
refra 2

(A12)

The direction ofglnuy now be investigated, The quantity & = @ + $ cos @
is simply the angular velocity about the body symmetry axis and is a
known quantity from the rclatiouship:

a= wi/ () . (A13)

Here n is the number of cualibers traveled by the projectile while making

one revolution, Since sin € 1s a small guantity apd it is
expected that ¢ might be similar in magnitude to o, we can, using

Eq. (Al3), approximate lgq. (Al2) by,
£ = nz/n . (A14)

Since the z-component of the impuct force is negative, the £=
conmponent of the torce is also negative from Eq. (Al4), Substituting

Fqs (Al4) into L. (All), we obtain 'R
Z o= oun/(l+n/me) 7t (A15)

1t is a bit more involved to obtuin the band frictional forces to

be used in the expressions for torque. From Appendix C,it is obtained
thut

£, = O (Al6)

- ~ 2, 2.
Zy \)cnb/(l + n°/n") . (A17)
llere Vo is the effective friction defined in Appendix C, Walker's

development differs only in yuations (Al16) and (Al7).
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APPENDIX B, ANALYSIS OF TIME LAG MODEL

As discussed earlier, the time-lag model is constructed
consistently with Walker's assertion that the reaction impulse can
occur after the bourrelet impacts the lands of the hore, First
consider the impact process,

From Eqs. (7) and (8), the transverse momentum given by the
bourrelet impact is

m(ﬁcg)1 -m (ﬁcg)° =P (B1)

where Pn 18 the impact impulse., Additionally, using Eq., (Al5), the
impulsive torque about the center of gravity may be obtained:

bup
2. '2. m - -
mk“H) - mk“B (avh) P+ —-ll“«-1; . (B2)

(1 +n2/n2)

The other impulsive equations of motion obtained from Eq, (7) are not
pertinent to the analysis, The initial conditions are given as

(hegdy = = hw (83)

o e, (B4)

Ir addition, it is postulated that the coefficient of restitution is
known or can be estimated so that

(ﬁcg)1 = ghw (BS)

where e 1s the coefficient of restitution, Immediately it is seen
from ligs. (Bl), (B3) and (BS) that

Pn = phw(e+l) (B6)

Then gubstituting ligs. (Bo) and (B4) into Eq. (B2), we obtain

b, = - f? {h(a-h-buG) (e+1) - k%) (B7)

where

G o= 1/(1+n2/n21li .
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Now the reaction impulse process may be examined, From Eqs. (7) and
(8), the transverse momentum given by the reaction impulse at the
rotating band is '

cg)z -m (ﬁcg)] = Py - (B8)

' m(n

The impulsive torque is given by 3
.j 2 . 2 . - : ‘
] mk 92 - mk 91 h (Pn)b + qu;Pn)b . (B9) o =

In uddition, since the projectile must rotate about the ccater of
3 the rotating band,

N B10
(ncg)2 héz . (B10)
LEliminating (pn)b between liqs. (B8) and (B9), using Eq. (B7) to
eliminate 91 from the result and finally using Hqs. (B5) and (B10)

1 to eliminate (ﬁcg)1 and (ﬁcg)z’ we obtain i
, w[chGVeb=h* h (a-Gbu) (o+1) - k%] i
; y ® - 3 . (B11) 3
i . [h(h+Gyb) + k7] ] b

The value of (Pn)h may bo found by substituting Bqs. (BS), (B10) and :
(B11) into Eq. (B8):

2
(Pn)b . Mhu(e+1) [h(a-h;Gbu) - k%1 . (B12) |
hmﬂhgj+k g

.( Utilizing Bqs. (Be) and (B12), the following ratio can be obtained:

. h(a-h-Gby) - k2
" h(heGygb) + k°

R = ([’n)b/p . (B13)

With the rebound angular velocity bz obtuined, the effective

coefficient of restitution may be obtained., FProm Eq. (Bl11) it is
seen that the effective coefficient of restitution is

- [ethgb-h2+h(a-Gbu) (a+]) = k2J
3
h(h+Gveb) + k°

, (B14)

where e, - Oz/m .
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The quantities a, h, k and b may be nondimensionaliz
2b to obtain these quantities in calibers, One then

ed by the quantity
obtains that

[eh'Gv, + b (28 - Gu) (es1) - 202 . 2K'2

® (B (2 +Gv) +2 K7
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APPENDIX C, 'THE BFFECTIVE BOn:i COEFFICIENT OF FRICTION

The rotating band is subjected to a net transverse force of
magnitude |n|. The frictional force per unit area "f' on the rotating

band will vary around the driving band since the pressure on the rota-:

ting-band's periphery vary. A net torque is then produced about C,
shown in Figure 2, having a direction lying approximately in the plane
of the rotating band., If the pressure distribution and coefficient

of friction are known as functions of pressure, the total torque may
be found according to

- - a -
Nw Sf(rxf £) d S+ (Ne)a (C1)

where ? is a unit force vector that lies parallel t% the land in
the direction of the breech, f is the magnitude of r is the

position vector to the surface of the rotating band and S is the area
of the rotating band, Here also, (N ) is the axial torque developed

by the rifling on the rotating band and lies along the gun-bore axis,

For Fe small enough, we can consider that f is perturbed from fo‘

the value of £ with no lateral forces, by the amount Af, Equation
(C1) then can be expressed as

- - 4 - " -
Na=/f(rx fo £f) ds + [ (r x Af £) dS + (Ne)a (C2)

But since fo is constant about the band's periphery, the first temrm
is simply a“vector along the gun-bore direction. The first apd third
term when added togethor will be called the net axial toxque Ng.
Subqtlacting N from N, we obtain what is called the perturbatlon

torque Npa

Row 1 G x £ a£) as (€3)
But since

£ o= pv(p, Vp) ’ (C4)
where v is the bore coefficient of friction, then

Af = (v + p %%) dp . (C5)
1f we define

Vo B y+p %%-. (c6)
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then substituting Eqs. (C5) and (C6) into Eq. (C3), we obtain

~

s -
Np £ Vo J (r x Ap £) dS (C7)

since Vo depends upon the unperturbed value of p.

If the pressure peftu:gation distribution is not known, a maximum
value for the magnitude of Np can be found by assuming that the pressure

perturbation occurs only at the extrema of Af, Furthermore, if we
assume that the minimum value of Af is just the negative of the maximum
value of Af, the following simple equation is obtained:

- bnd A
Ny = = v b n] 6, (C8)

where b is the approximate radius of the rotating band and G = = fek,
The unit vector R is in the direction of increasing z along the gun-
bore axis. Here, we see that b is a vector lying along the line of

nodes shown in Figure 1 and is simply a transverse toique. With

these assumptions, the differentia& equations of motion are simplified
somewhat from Walker's formulation®,

The torque will also lie along the line of nodes for somewhat
more general descriptions of the distribution of Ap. If Ap is an
odd function of n and an even function of §, it can also be

shown that a transverse torque is developed along the line of nodes.
A more realistic value than obtained in Equation (C8) is then obtained
for N_. We assume that Ap varics as the sine of the angular dis-

placement from the line of nodes. The vector Np is then found as

- - L0
Ny = - v 6D F0/2 . (C9)
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#1 NDIX D,  EFFECTIVE YieICOTTON COEFFICIENT FOR A MOLTEN-FILM THEORY

We want to find the chuage in the band frictional forces on both
the :iic where the reaction force is applied and the side opposite,
These resulvant forces will cause s transverse torque to be exerted
on the projectile., A measure of the importance of this torque in
determining the enevrgy-growth rate is the effective coefficient of
friction Veo An order of magnitude value for Ve is obtained in this

Appendix,
The liquid film theory of Herzfeld and Kosson will be used. They

assume that the liquid layer has a linear velocity profile; therefore,
we have that the friction force is

Pe=u, V. 8/6, (p1)

where My is the viscosity for the liquid, Vp is the velocity of the

projectile and S is the surface area of the driving band, Here, §
is the initial thickness of the film and is determined from energy
balance considerations, That is, the rate of doing work on the film
equals the heat flow rate into the band plus the heat flow rate into
the gun tube plus the rate at which heat is carried away with the
material lost from the film,

The rotating band and bore configuration will be approximated
by two plane surfaces with a block of mass mg between them, This

configuration is shown in Figure 5 where the width of the block is
given as 2a1 and the Jength is, for the purposes of this analysis,

much greater than the width. 1If the block is given a velocity (Vb)o

downward, the space between one plane surface and the block will
widen while the other space narrows, A torque will then be
generated by the resultant unbalanced frictional forces, This
unbalanced frictional impulsive force will be, from Equation (D1):

. 1 1
fAlfdt a 2 e Vpalz° f (31 - 32) dt (D2)

where z, is the length of the block, 61 is the value of § for the
impacted side and 62 is the value for the other side, From Figure §,
it is apparent that 62-6 u 6—61. From some preliminary work, it was
found that 61 is always near the initial value §. Thus, Equation (D2)

may be approximated as
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Figure 5. Movement of a block through liguid fiIlm that separates the
: block from twe flat paraliel surfaces,
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g =

e

4u V a2z

sardt = iyl 0 1(88)) dt (D3)
6‘-

When the projectile has transited only a small fraction of the gun tube,
Herzfeld and Kosson show that 8 may be approximated as

3/2 L
u, V 2na
a=‘LRI§ (kl) (Dd)
20ge) T, T

Where P is the mass density of the gun tube, Cr is the heat capacity
of the gun-tube material per unit mass, Tb is the melting temperature

of the rotating bund and k; 1s the thernal conductivity of the gun
tube material,

We wantto find un expression for 6-6; as a function of time so
that the unbalunced impulsive frictionul force may be determined., We
return to Figure 5, If the block is given an initial velocity(vb)o, at

some later time the velocity of the block will be Vb and the thicknesses

of the upper and lower film will be 8, and 61 respectively, Coordinate

systems may be constructod as shown with the origin of the coordinate
systems pluced halfway botween the plane surfaces and the upper and
lower surfaces of the block., The length of the block Z, is assumed

large enough so that we can make the approximation that the fluid
inflow and outflow travels cssentially in a line parallel to the x

axis, For small thicknesses f; £11m, order-of-magnitude
considerations by Schiichting? /show that the Navier-Stokes equations
may be approximatoed by

1

i 2
a lll N dp1 h] U2 1 dp2

— = HE 8 = e (D5)
ﬁy]' o) H;T U;g— Mo ail
with boundary conditions
yl,ﬂ = 4 51'2/2, U132 = 0; Xy = : a1 pl,Z = 0 (D6)

Here Ul , are the components of fluid velocity in the direction 3 and
]

-

17. H. Sohliohting, Boundary Layer Theo 8th ed., MoGraw-Hill Book
Company, Inc., New York, 1553, p» 554-147, also pp. 108-114,
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py o are the pressures that vary only in the Xy direction, The part
,In
of the solution of interest here is for p:

6u V.
2'b 2 2
p1,2 s % ‘—Eg—— (31 - xl ) (D7)
1,2

where the minus sign goes with the upper-part solution. Thus the
resultant force per unit ares at Xy is

- 2 2, .l 1
Ppm 6 upVy (87 = x7) (Zg* %) (D8)
8 §
1 2
Now the block loses kinetic energy according to
mg Vy dVp = - F_dd, (D9)
where Fn' the magnitude of the normal force, is given as
A
bn - Zzo i P, d X1 (D10)

Integrating Equation (D10), substituting the resulting expression for
Fn into Equation (D9), and again integrating, we obtain, for 61 2
H

neiar §:

1 A

r——

b 0 m 62

N (D11)
8

-

1

Bowden and 'lubor18 obtuined a somewhat similar result for a cylinder
impinging upon a plane surface, Since Vb = - dél/dt and § is

comparable in value to 61, we obtain

d(d-sl) 6429”1“13
" - .-T (8=8;) + vV, (D12)
m
]

18, F, P. Bowden and D. Tabon, The Fiioction and Lubrication of

SoZ{?ga Oxford Univeraity Prass, Amen llouae, Lowdon, 1000,
PP 2

ﬁ"g?g.




Defining a time constant t as

m 63
T = -£L--—-f§ s (D13)
64z u a1

Equation (D12) may be integrated to obtain

8-8) = Vot [l-exp (/1] . (D14)

Here, we see that 1t 1s the time required for 6-61 to be (1-e'1) times
the maximum value for 6-8, and Vor is that maximun value,

We find the rrictional impulsive force by substituting Equation
(D14) into Lquation (D3) and then integrating to obtain

m V. VvV 8§

mr dt = —2-2— [t,- T+ texp (-t /0)] . (D15)

The effective coefficient of friction wonuld then be the frictional
impulsive force divided by the lateral impulsive force mevo. Thus,

v = -J-- [t,= ©+ v exp (=t /0)] , (D16)
16 ul

Here, t, is the maximum time for which these equations approximate

the actual conditions, ‘This muximum time is unknown but might be
expected to be governad by the actual fluld-flow details and melt
processes, The valuc of § may bo determined for the 8-inch M106
projectile, From Herzfeld and Kosson, we have

a 0,035 poise

-
R

0,105 cal/em/s/X
" 3

by Cp = 1,053 cal/em™ /K

T & 103

8:10% cm/s

<<
n
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The value of a, for the rotating band is

a, = 2,5 cm,

1

Substituting thesc values in Equation (D4), we obtain
§ = 7-10"4cm.

The factors multiplying the bracket would be such that

‘ Ve * 0.56 [tv - 1T + T exp (-tv/T)] v

If it is assumed that the equivalent mass me is approximately the ‘
mass of the shell (m = 4.43-105gm) and 2, ™ 15 em, r from Equation (D13) { b

has the value 1 = 3-10'75. As mentioned earlier, it is not known
how long these differences in film depth will be maintained, Certainly,

TN

if no other processes limited t, the values for t, would be limited é %
by the time between impacts, To obtain a time between impacts, the i N
] clearance between bourrelet and bore, distance between rotating band o :
- and bourrelet, moment of inertia and balloting energy all need to be ! d
} known., From ngker, the clearance ¢ is 3,6°10-4m, a = 0,231m and ! %

; I = 6,17 kg m*, A possible value for ¢ with no balloting growth
4 is 5 joules, With these values, it is found that the time betweun
' impacts would bo ,0024, Thus, we see that the effective coefficient

. of friction is at wost approximately 10-5, an exceedingly small
y vialue,

It has previously been asserted that the final value of 61 is

nedr 8§, This is an important result since,if appreciable thinning L §
were to occur, solid-to-~solid contact might occur, and Vo might become ‘

3
large, The extent of this thinning may be investigated with Equation :
(D11),  When V, = 0, then if g, 1is neur 8, {

2 ¢

§ = 61 m V &
v 22 (D17)

8 .
64 ‘U lJ2 R13

: Now equating m, V0 with the oxpression for the reaction impulsc given

the rotating band at or after impact, rearranging the expression so
it may be given in terms of the balloting energy ¢ and substituting
into liquation (D17), one finds:

vt T UL BN P s drme e 2 a e e

.- !'. »
S8 ero)? (se) [R]s?
3

64 zo H, @ u1

TR RAT T T TR A

(D18)
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J Substituting the values previously used for the 8-inch M106 projectile,
. we obtain (6-61/6 = (1,000,
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LIST OF SYMBCLS

distancoe from bourrelet to rotating band

nondimensioned value of a in calibers

P

half width of the rotating band

RPN

axial moment of inertia {

radius of the shell at the bourrclet

transverse moment of inertia about the CM of shell

clearance between bourrelet and bore of gun for zero yaw

specific heat capacity for gun tube !
conter of the rotating band i
coefricicnt of restitution

effective coefficient of restitution with the late
transverse torque taken into account

friction force per unit area at the rotating band
inertia force on shell
total rrictional force at band
net reaction transverse force
2,2
= 1/(1+n"/n")*

distance from shell's center of mass to the plane
of tho rotating band

transverie moment of inertia about an axis in the
plane of the rotating band

transverse radius of pyration about shell's center
of musy

unit vector in dircction of increasing z
heat conductivity of the gun tube

system Lagrangian
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LIST OF SYMBOLS (Continued)
mass of shell
twist of the rifling in calibers per revolution
pressure at the rotating band and bore interface
impulsive momentum impurted along the i'th coordinate
generalized coordinates
generalized forces of constraint
radius of gun-tube bore
distance projec:ile has traveled in-bore
surface urea of rotating band
time
kinetic energy of system

fluid velocity as a function of Xy and Yy 9

»
velocity of projectile
initial velocity imported to the block in Figure §
velocity of block in Figure 5
x-component of nonrotating rectilinear coordinates
fixed with reference to the gun-bore axis, the
origin of the coordinates is the point C, the center
of the rotating bhand

x’ component of rectilinear coordinates fixed
with reference to the shell; illustrated in Figure 1

the coordinate whose direction is perpendicular to
the x coordinate and the z coordinate

coordinate fixed with reference to shell; illustratcd
in Figure 1

coordinate along gun tube axis whose origin is the
center of the rotating band

coordinate along shell's axis whose origin is the
center of the rotating band
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LIST OF SYMBOLS (Continued)
unit vector in dirmsction of increasing z

length of block which represents rotating band in
liquid film theory

shell spin rate as given by Thomas, &= z/(rn)

initiel thickness of liquid film layer at rotating band

thickness of liquid film layer at position whare
reaction force is applied

thickness of liquid {ilm layer at pusition opposito
te where reaction force is applied

cuordinates involved in description of Buler angles;
illustrated in Figure i

coordinates involved in description of Buler angles
which are perpendicular to the line of nodes,
illustrated in Figure 1

yaw angle, inclination of the shell axis {rom the
gun-tube bore axis

totul angle swept out by the shell's axis in the
8 direction, & = /d]3]

coefficiont of friction between bourrelet and bore
viscosity for the liquid film
coefficiont of friction between rocating band and bore

effective coefficient of friction between rotating
band and bore

coordinate along the line of nodes In the Euler angla
scheme; see Figuwe 1

unit vector lying along the line of nodes

nass donsity for gun-tube inaterial

a measure of the duration of the rotating band's
motion after application of a reuction impulse
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Subscripts
a

b

cg

Superscripts
->

~

LIST OF SYMBOLS (Continued)
angular position of the line of nodes; see Figure 1
spin angle about the projectile's axis; sae Figure 1

angular velocity of shell

refers to gun bore axis
rotating-band conditions
center of mass conditions
effective values of quantities
refers to the frictional part of quantity
~rs to liquid phase conditions
properties of projectile; perturbation properties
resultant conditions for a quantity
refers to the gun-tube material

refers to the maximum value of the time for equations
to be valid

denotes vector quantitles
denotes unit vector quantities

denotes force components for the corresponding
coordinates
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