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The field equations for a transversely isotropic half-space are

defined in terms of potential functions. A form of the potential
funccions‘satisfying equilibrium is assumed and the boundary value prob-

lem of a tangentially loaded spherical indentor on the half-space is

i
i
i \ pateace
|
I
i

solved,
i Expressions are obtained defining the radius of no-slip for the
static case, and the relationship between the horizontal surface dis-
le placement under the indentor and the horizontally applied force.
- Stresses for tangential loading are superposed with those previously
obtained for normal loading of the indentor, and the stress field is

defined in the half-space and on the surface for both static and slid-

ing cases,
i. Von Mises' criteria for the sliding case is calculated and plotted
- in the half-space and on the surface for two transversely isotropic

metals using two separate coefficients of limiting friction, and on the

i surface for the static case for magnesium with a coefficient of limiting
friction of .S5.
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1. Introduction

The stress field created by a circular sliding contact on an isotop-

e i e i ok i
e Gl e ki e i

ic half-space has been solved by Hamilton and Goodman [1]. Motivated by f
consideration of mechanical failure they examined constant lines of
von Mises' yield criteria in the half-space and on the surface, Dahan
and Zarka [2] have recently soived the stress field in a transversely
isotropic half-space in contact with a spherical indentor under normal
loading. They also plotted von Mises' criteria for several transversely
isotropic metals to show the effect of the anisotropy for the indentation
of an elastic half-space. Both solutions give results in the half-space
in a closed form.

The purpose of the present analysis is to derive the stress ex-
pressions for identical transversely isotropic spheres in contact
under both normal and tangential loading, aﬁd to obtain expressions for
the stresses as the spheres slide relative to each other as a result of
the tangential load., Von Mises' yield criteria is then examined to com~

pare the anisotropic case to the isotropic case ia [1].

;
]
N
&
X
3




P a7

(a) Basic Equations

For a transversely isotropic body the stress-strain relations are

. ' 2. PFormulation

given by Green and Zerna (3] as

NI vey PRVIERTE

I B 2l
(°xx’°yy’°zz’°yz’°zx’°xy) =ley € 'c13 0 0 0 e
1 3 c c 0 0 0 e
g .. 11 13 yy
g c.. 0 0 0 e .
.- 33 22 {9
¢
: 0 0 1
: i t%yz (1)
i c 0 e
. 44 zZx |
;- %(cll-clz) ¢ |
xy
P __ - _l

The relations between the strains and displacements are

e = —E ’ e = _y ’ e = —z
xx dx yy 9y zz 3z

u u u du u 2
%, . (i_x. e . (a_§+ i) R
‘yz 3z | 3y/ ° = 2z ox/ ° ‘xy dy  dx 2

and the stress-strain relations become

. aux du 3“:

" " %11 ax T %12 3y T %13 o

du du du
-3 - C —5 + c +c H
yJ 12 3x 11 a3y 13 3z | .
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du du du

X [ 4

= — + —
%2z °13( ax ay> 33 3z

u du,

= —1+-—£ = C_z —‘E ' = -
c,yz “44\3z day/ Tox - S4s ax+ az) ? crxy k(cll €12

) .

Substitution of the above stress equations into the equilibrium

equations, acij/axj = 0, gives the following expressions for equilibrium

in terms of displacement:

2 2 2
?3“u 3°u 3€u
x x <
cl1 ax'2 + %(cu clz) ay2 + cM azz
Bu auz -
+afex E’(°11+°12) 3y T Cuatw 5 [0
azu azu azu
¥(c..-¢,.) ~—L +c,, —L+c -—%
11 12 axz 11 ayz 44 3z
au 3_“-‘ -
+afy ["(“11 120 52t Cuatear) 52 =0
2 2 2
u, .} uz . u, (aux du
—_— — + — +—=L) =0
°44<aax ayz) €33 3.2 (ey3%e,,) 3R=\3; ay)

(4a)

(4b)

(4¢)




- 2. .3% =20 _2Y =k 0
LRl g A el > ®
where k 18 a constant to be determined later.

Substituting these displacement expressions into the equilibrium

equations (4) leads to

boi Gumd Sum BEN 0N

T 2 2 4.2 ,
i 99 .29 199 -
cnqxz + ay2> + [c44 + k(c13+c44)J 322 : i
[ |
- i
- + - + +c a%. = Q 6a !
: eny E:} g%] 4 3z e i
- 2. 2\ 2
2% .39 2.9
c ( + ) + lc,, + k(e, +¢,,)
T Ayl o, 2
- k(e -c..) | +2¥l-¢ =0 (6b)
. 117%12 tax g;z.l 4 o 2
2 2 2 f
(.. +c  +ke )(:—Q + + ke -0 (6¢)
b 137 %4 T W\ 2 z_y%> 33 g:%
|
- Clearly these equations are satisfied 1if :
i
2 2 2 y
‘ c +82) 4+ e + k(e +c,,) -0 (7a) ;
I uqxz ayz) [ 44 13" 44 :l 3;%
i
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2 2 2
(¢, +c,, +ke,,) + + ke = 0 (7b)
13 44 44 % 3y ) 33 ::%
and
2 2 2 '
%(c,, - ¢ )§_1+ -c,, &L =0 (7¢)
11 12 xz g;;) 44 322

Equations (7a) and (7b) can be written

2 2. ¢, +k(Ca +C,,) L2 .
x2 dy €11 9z
and
2 2 ke 2
(z_%+ 22) + 33 29 .0 (9
x dy (c:l3 + 4t + ch) 2z

As pointed out in [3], a suitable, non-zero ¢ can be found if (8) and

(9) are identical, which leads to

k(c13 + °44) + TN . kc33

c11 = kc44 + €13 + Sy =V o (10)

Equation (10) generates a quadratic equation for the solution of v,

2
11%4Y * [S13(204, + 013) - g0yl Fegge,, = 0 (11)

from which it is found that
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log3Qeyytes) = eppeq3] = {leg5(2e ey ) - 0pe0a]" - 4epicaac, )

11533
v = 2
1 €11%4
(12a)
and
2 2 k
-ley3(2e44te13) - eqye33] + {[eg3(2e44+eq3) - cpyeg3] - beqreqzey,)
v -

2
2¢1%

(12b)

with the functions ¢1 and ¢2 applicable to vy and Voo Hence the equations
that determine ¢1 and ¢2 are

2
) ¢1

_ =0 (13)
az2

2
s, 3%,
2V i) v
ox Ay

and
: 2

— ——

2%, a%,
(axz ayz)

=0 (14)

= 0 (15)

2 2 2
? ¢2 -] ®2 -} ¢2 0 (16
+ + =
axz 2 2

)4 az2
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From (15) and (16) a form of the potential functions is assumed as

® o
'52/\/\:1
¢, = Y | A _(8) e J_(Er) d€ cos (17
n=0 o
s K -Ez//v,
¢2 - ) 3 Azn(g) e Jn(gr) d€ cos ng (18)
n=0 [+

To determine ¥, equation (7¢) is written in the form

2
@3 °“ 0 (19)
11 12 3z

2c44

1
letYy=¢ , ————— =y , and 2, 2 —— 2z .,
3 (eqymepp) 3 3 vy
Then,
2 2 2
a¢3 3 93 a¢3
—E-l- - + 7 = 0 (20)
ax oy 0z
3
and ¢3 has the form
@ < -€z//v
0.~ ) [a @e P (g a5 sin o (21)
3 =0 & 3n n

The form of the displacement is

95 ¢,
ux b 3/38@1'@2) + a—y— ’ uy = a/aY(¢1+¢2) = a—x'- ’ uz = k a/az(¢1+¢2)

(22)
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With (17), (18), and (21) representing the functions ¢1, ¢2 and

¢3 the application of the boundary conditions determines A1n<§)’ ¢i’
and finally, from the stress-strain relations (1), the stress field,

The stress field for the case of two identical transversely
isotropic spheres in contact is obtained by first solving the
problem of normally loaded spheres. Then the case of tangential 163&
in the positive x-direction insufficient for sliding to occur is con-
sidered, where sliding refers to the condition of total slip between
the two spheres, The stress field obtained is then specialized to
give results for the case where sliding of the sphere occurs. The
problem of normally loaded transversely isotropic spheres as previously
noted, has been solved in [2] so that the following solution is for
tangential loading. The two solutions will then be superposed.

With the orientation of the axes as shown in figure 2.1, the boundary
conditions for the application of a tangential force in the positive
x-direction, Px’ are (when appropriate symmetry conditions are considered

for the two spheres)

Ay,
M
—é————’p
' r
!
\ 'P,_ /
] » X
. —t— HI
\! N
a ,
'Z
iz
k3
.

——. —— )

Figure 2.1 Physical Orientation of the Problem
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on zs= 0:
u =90 0<r«<?@
y
u =g 0<r<é
x
¢ = g(r) éd<r<a (23)
g =0 i<r<e
zx
c =0 é<r<an
zy -

-

where 0 < r < € is the region of no slip, € < r < & is the region that
experiences slip, o is constant, and g(r) is a function of r to be
determined later.

Since the forms of the potentials are in cylindrical polar coordinates,

the boundary conditions are put in that coordinate system as follows:

U =ucosg+using =g cos g 0<rc<é
r x y
(24)
u =ucos§ -using = - sin g 0<rc<é
) y x
If ur and ue are expressed in Fourier cosine and sine series,
2
u = . (G cosnd = g cos§ 0<r<é
b o L m
n=0
(<v)
[}
= ~ = < @
ue o Gensin ng = -y sin B 0<r<?é
n=0

e

e e
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From symmetry considerations and equation (25), n = 1 and

u =3 cos §
r T

ue = ﬁe sin §

Then in the region 0 < r < ¢ ,

u, = u_ cos 6 - ue sing = Jg(ur - ﬁe) + ?g(ﬁr + ﬁe) cos 28

B
_ .

-

uy =-u sin 8 +ue cos § = k(ﬁr + ﬁe) sin 29

From (27a) and (23), with A = 2g,

§d -4 =43, 0<r<é
T <] a

i +46 =0, O0<r<é
T 8

In the same manner, withoc =& cos 8,0 =& sin e,
2r 2r 26 z9

and £(r) = 2g(r),

cu - k(czr - cze) + %(azr + cze) cos 26 = g(r), €<r<a
yields

d -6 = f(x) , d<cr<d
zr z6

2T 26

10

(26)

(273)

(27b)

(28a)

(28b)

(29)

(30)

(3la)

(31b)
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Since

Tox ™ k(&zr - éze) +»?5(6zr +vaze) cos 28

and c =%¢& +4& ) sin 28,
zy zr 28
then § +6&_ =0, 8<r<a
zr z9
g -3 = 0, d<r<es
zr 2

The boundary conditions in polar form are

i -4 =4 0<r<é
r 8

i +8 =0 0<rc<é
r 2]

-4 = E<r<é

Gzr cze f(r) é<r

§ +6 =0 ic<r<am
2r -2

d +6 =0 €<r<ao
zr 26

on z =0,

11

Next, the stresses and displacements are defined in the form of the

potentials from equations (17), (18), and (21).

Equations for the polar displacements and stress field due to ¢1

(32a)

(32b)

(33a)

(33b)

(34a)

(34b)

(34c¢)

(344)

(34e)

and ¢2 are given in [3]. Those for ¢3 are derived by coordinate trans-

formation. As previously noted, n = 1 so that
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@ -€z//v

o = | A e 3 (80)dg con 6 (350)
o
* -§zA/b2

0,0 . M) e 3,(80)4g cos @ (35b)
9
: '§z/fv3

6,% | A® e 3 (894 stn @ (35¢)
o

Making use of the equations given in [3] and noting that

2 - -
dac r z 2 2 - 7
7 1160 = (89,60 + RGNS

1 4
r dr

€2 L - E
=1-£ J1(§1‘) + ) 7, (67) Jl(§r)_|l

[ |

the expressions for displacements and stresses become

< -gz/fvl -€z//v., -
u = : m@e” T rame T Hd 5 e
‘52//\)3 1 -
+ A3(§) e L; Jl(gr)J h dg cos § (36a)
'gz//\)l

% -Ez//v
u El’{[-AIG) . - Ay e 2}% 3,(80)

-€z//v

- 3rd I
A(8) e L3z J1(§r)J ;dg sing (36b)
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'55//\:1

u_ = I {Ekl (f&:) A(E) e

~8z//v

- - 2
k, (f\)2 ) Ay (0 e }11@:)} dg cos § (36¢)

and, with some regrouping after differentiation

-Ez//v
13 1 _ § A (§) e 1

¢13%5 2 -§z//v2 z |
+(v2 -cu)gAz(g)e .

c,.=C -gz/fv -gz//v -8z//v. .
e (52) (oo o S o Y

+ (___clz-cu) —d-[(f‘l(E) e gz//\.1+ A(8) e-gz/f'vz- A,(8) e-§2/fv3) .

r dr

J1(§r)]} dg cos § | (37a)
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14
- (1) 2 (o M g S g0 T
Jl(;:)]} dg cos 8 (37b)
]-{ °n’ 12) (@ ¢ ~£zi/v,

+ (c_ll_}l) (Alcg e gzm’% a,(8) e e A5(8) e'gzmﬂﬁ(;r)
+ (-c-l—z-rfﬁ) £ [(y@ R T e S e'gz”\'3) :
Jl(gr)]} dg sin g (37¢)
{-[""(m A (D) S, c““f(:kz) €A, (9 e'gz//\'z] 3, (80)

+ 4 [;"ﬁs €A, (D) e'ng%l(;r)] } a8 stn o (37d)
{r[( Sl g O c";::*z) g ® « ) o]
) %[/%f*; 24, (%) e-gzlfv%l(gz)]} de cos @ (37¢)
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Oz = T{ [(k1°33 - °13) ;zﬁ(g) "Qz//\*1+ (1‘2‘333 _ °13)52A2(§) e-gzUvz] )
o 1

v \)2

Jl(sr)} de cos § (376)

The above stresses and displacements are now used with the boundary

conditions to solve for the Ai(g), and subsequently, the stress field.

(b) Boundary Value Problem Solution

From the form of the boundary conditions (34) it becomes necessary
to define (ﬁr - ﬁe), (ﬁr + ﬁe), (c'izr - 629)’ and (o"‘u_ + éw) in terms of
the Ai(g).

Comparing (26) and (36) after differentiation it is seen that

ez//

v -8z//v
2
+ A(R)e %}

&7 (5) dg

r

® -gz//v -
6 - Ge = ‘J; {Al(g)e L A,(5)e
(38)

Making use of the identity [4] that

-g : = -—2- = -
EXCOREERCOI RN CACORE - 3,(80) | = -&7, (&x)

it follows that

o -Ez//v -z//v -8z//v
‘ 1 2, Al-
6+ ﬁe - J {Al(g)o A (8)e A, (S)e }[ uz(sr)] s

(39)
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For (czr - cze

- " @ -8z//v
%z ¥ %9 " S 6[ {(“'kl) A (" 75;)‘ !

-gz//\
+ (14k,) 4,8 (- 7,—5—>e R
2

- a,)(- 7\%);52//"3} [- &9, | e 40y

and

@ . =€z//v
- = - A 1
6'" &ze CM § {(1*1) A1(§)< ,[vl)e

-€z//v
/- & 2
+ (1+k2) Ag({)( /V2>e

-Eal/v
+ A (%) (- Ee N Meg go) ] @ 41
O (- %) I (29,600 ] a8 (41)
3
It can be noted at this point that from symmetry considerations
c z = 0 on the entire half-space surface, and a relationship exists
z

between A.l(g) and Az(g), simplifying the above expressions. From (37f),

on z = 0, equating ozz to zero gives rise to

k
) °_13)~‘*1(§) = (°13 - 3:33) 4,08 . (42)

(“1"33

v1

) and (é’zr + & ze) comparing (29) and (37) after differentiation

[
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k,c
1
. ("'9'31"1 ) °13)
k,c ’
_ 5233
(c13 Vo )
then A,(%) = K A (8) . (43)
This simplifies the expressions at hand to
6 +d = £ (-1-8) A(D) + ay(8)] &3, (50) 48 (44a)
-
6, -8, = [ [0 A ®) + 4] &3 (30) a8 (44b)
(o]
® 14k 1+
5+ = 1 2 -l 2
ez * “eg | 44 j [(/“1 * KE;—)AI(D /vy A3(§)] 5 Jp(6r) ds
o
(44c)

® 1+ 1+
. s L i W PSR 2
6 -8 e, ;[ [( TR A )A, © A A,®)] €% (80) ag

(44d)
(1+k,) (1+k,) c
Define a = 1 + K, b-c[ 1+K 2],c=£ (45)
44l 1y /v /v
1 2 3
Then
G+, = [ [ec(®) + ()] 8,50 dt (46a)

o

BN e
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3
A
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3
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4
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1 G -8 = T [-£C(%) -eD(%)] &3 (8r) 4t (46b)
(o]
I g +8 = T -eC(E) €27_(%r) de )
rz 28 S 2
. . 2
I Sprp =8y = | oD(® €75 (Er) ar (46d)
[
T
1 _
b
- where C(5) = - 2 A (D) + A , DD = - 24 (D) - 4,® 47)
7 and d = 1;-; , e = xd 1), £ = ¥ l-. (48)
-
i The boundary conditions (34) can now be written
- _[ (ec(8) + £D(8)] &I, (Er) dg = 0 0<rc<é (49a)
- o
T - I L£C(E) + eD(B)] &3 (8r) dg = A 0<r<é (49b)
. o
T - 2
c j D(E) €7 _(8r) d8 = £(x) E<r<é (49¢)
[}
r 2
c J' D(E) €I () dE = 0 f§<r<wm (49d)
[}

I
»__ I
1
1
1
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[}
-c J' c(E) §2J2(§r) d€ = 0 E<r<on (49e)
o

Motivated by the work of Westmann [5] and Goodman and Keer [6] a

solution is assumed in the form
EC(E)=0 (50a)

é
g 0() = ¥ [ ey (0) 9 (e ae
) |

&
- 2st gt J‘ t"¢°(t) T, (80 dt (50b)
&

where £/ is the coefficient of limiting friction to be subsequently

introduced.

From (50a) it is seen that (49e) is satisfied identically. Sub-

stituting (50b) into (49d) leads to i
é a

d—i- le(t) dt - 2f/ &d? J.¢°(t) dt = 0 (51) 1

o é 1

which is satisfied automatically. ;

Substituting (50b) into (49c) leads to

2 B

T £(r) 1l a 2_2 -%
25%7?._' T 3 | 9,8 [E(E5rT) 7] <r<id (52)
T




At this point the nature of £(r) is examined. As noted in [2] the

loading, Pz, has been determined as

)
p() = = (@ - A

I pressure distribution under the area of contact, 0 < r < §, for normal

where p , the pressure under the center of the contact regiom, is
o ..
- @
3Pz
- °  ma? ]
Upon application of a tangential force, P , sufficient to create
- x
- a slip region, &€ < r < §, the surface traction in the slip region may
-~ be expressed as
-
. LA £ o(r) é<r<i (55) j
- Then by (23) and the fact that £(r) = 2g(r), ?
-~
: 2f'p
{ - £ = —2 @ -t (56)
L and (51) may be written i
8 % .:
B(a%-r 2 r J‘ ¢ (t) [t(tz-rz) Jde, E<r<é (57)
i
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P
vhere B = [T 2 . EKnowing that 9,(t) must satisfy the form (57), by

c
I examining p. 60 of [4] an expression for ¢°(t) is found to be
l ® (t) = a(t? - &%) (58)

where, defining ¢ by (45),

o= [T 2 (D)

Substituting equations (50) into (49b), and dividing through by e

gives the form

xl(t) j
0<r<é (60) :

[ ]
(ST~
o>
]
0 e——n

(r%-t >"E

Examining (4], p. 67, it becomes apparent that if xl(t) is constant,

(60) will be satisfied. With xl(t:) = H, integrating,

- J‘%’ 8 = un/2) | (61)

and H = - ﬁ o 3 . Therefore

= -4 [2
x@®=-8/2 (62)

satisfies (49b). It is easily verified that (67a) is automatically 1

:i

satisfied by Xl(t) and ¢°(t) as defined above, The boundary value :

problem is thereby satisfied by
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- o(t2-a2 -4 [Z
8 (&) = 6(t2-a%) x®=-4/2 (63)

i - |
Utilizing the identity J_k(gt) / ﬂ:t cos(€t) and integrating (50b),
D(€) is found to be

D(%) = (- a4 T%) [51:—253] - Zf'GE [za __L.§l°°;33 -5 si:é&g)
- 28 22§§§§l +2 £i§£§51 + (82-82 3125652] (64)

From (47) it is seen that

A (8) = - 35 D(T) (652)

Ay(5) = -% (D) (65b)
and by (43)

A0 = - 2 D(e) (65¢)

(¢) Auxiliary Relationships

Before proceeding to the evaluation of the stresses it is of interest
to examine two conditions key to the determination of &, the radius of
the 10-8lip region, and the relationship between Px’ the tangentially

applied force and ¢, the displacement in the x-direction on the surface

under the area of contact,

.
¢
s
3
H
H
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In the work of Goodman and Keer [6], upon tangential loading and
creation of the slip region, € < r < §, a singularity arises in czx vhich
can be eliminated by an appropriate choice of &. To examine that
phenomenon in this analysis attention is turned to the expression for
ozx given in (32a). Using (46c) and (50a) it is seen that the sum of
the Fourier coefficients vanishes. Therefore any singularity in czx
is reflected in (ézr - Gze).

Performing the indicated integration and differentiation it is

found that
& 4
zr 2§ A2 2_2.-% 2_2.% _ (222
== -( éﬁ) (&°-r%) +2f'c/%[2(§ 2% - (e2-rH¥

- 28%¢ f% (82-r2) (82-c2y"% 0<r<é (66)

As the radius r goes to & the singularity generated in (66) can be

eliminated if
2 ' 2 a2
(-é;)-ZfGE(a-e) (67)
or
A= -2f ‘Ge 5 (82-62) (68)

An expression for the radius of contact under normal load, Pz’
has been determined (similiar to that of [2]) as

- &)

-

MOFOML s

erkbnadis
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vhere R is the radius of the‘;éhere, and 61 and bz‘ate quintitiel to
be defined later which are dependent only on the elastic constants of
the half-space. Therefore with (69) to determine &, (68) can be solved
for é 1if A is known.

" 'In order to determine the relationship between the displacement,
o, and the tangential forc;, Px, (and therefore between A and Px)
equilibrium must be considered. On the surface z = 0, summing forces

in the x-direction gives that

o (r,8,0) rdagdr (70)
zx

]
“'ﬂ
[ ]
(¢} '———3”)

0 e—p

Again using (32a) to define T, 0 the surface, with the sum of
the Fourier stress coefficients equal to zero as noted previously,
performing the necessary differentiation and integration on the dif-

ference of the Fourier stress coefficients it is found that
- - - A ~ - ? (n - 25 - e—\-'
P_= 2 é - f'a/m(a"¢ 3 }J: (7D)

By means of (68) and (71), A (and therefore o) and é can be

calculated given & and Px'
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3. Stress Expressions

(a) Preliminary Integration

e T D R N - fx e Mt ar ik 1 s CF

Before proceeding it is necessary to comment on notation. Since
the stresses from (37) are for the tangentially loaded snheres and will
be superposed with the solution of Dahan and Zarka [2] for the normally
loaded case, the notation to follow will, as much as possible, be con-
sistent with [2]. 1In the present analysis for tangential loading, the
elastic constants, cij’ are the moduli for a given transversely isotropic
metal. In [2] analysis is carried out using the compliance, aij’ as the
elastic constant in the basic equations, The relationship between the

two is herewith stated as:

2 2
c - 117337713 - 113 "%12%;3
11 2 ’ 12 1

- 2., 2
Coffutis | R

1
c ——— C,, = = (72)
13 ) » C33 ) YA "
wh { = a za -2a za -a 2a +2a za (73)
ere 11 #337%%13 %117%2 #337%13 %12 -

Further relations are given in Appendix A.
It is apparent from equations (37) that several key integrals will

be involved in the stress expressions. From equations (65) by letting

M o o= .--c—. N =
M1 55 Mz RKop » M, . (74)

RPN P
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it can be seen that Ai(g) - Mi D(E) vhere 1 = 1,2 or 3. All Bessel

functions in (37) are in some form of Jl(gr), so that the key integrals

are
® ‘§¢/fvi
jn(g)e 3,680 €5, (75a)
[+]
. -g2//v,
I € D(%)e Jl(§r) g , (75b)
o
® 2 ~82Mv,
| go@e " (e e (75¢)
o

By (64)

§ §2D(§>e'§ZA/b‘J1<§r> a
[+ ] .

-Ez//v
= (- é%) I sin(Eg)e 1J1(§1‘) dg

'Zf'('.f%_ {-28 i’ [sigéggz - C“gﬁﬂ]{gz//"i Jl(gr) dg

+2¢ [ [3in() . cos(fQ) ].'gz”"i 3, (Er) 4t
J L oer g

o

~€z//v

t 1,0 agf (76)

+ (82-¢%) j sin(2E)e
(]




-

e

-

b=

I I

27
From [2] define
® -Ezs
[}
s L) = b sin(fig) , (;:)e-gzsid b
1 | il g (775)
o
r 1@ .Tﬁ@;)_ J (gr)e-gzs-"dg (77¢)
i,1 3 1
o
and
@, - . . ~-€zs
c,, (&) = J" [Lf&é?ﬂ - 21?%5). I (Er)e 4e (78a)
o 1m €
® . - -€2s
D, (@) = I ?L!:.(?;{l - 323{%9 3, (80)e 1ge (78b)
o ™ g
where @i = 4 or &, and s; = lA/vi .
It can be seen that
I ‘§=Aﬁvi d 1
I sin(&E) chgr)e g = - & ri,l(é) (79)
o

so that equation (76) becomes




goed

¢

—

P-4

od

by

28

e , °§2/fvi
j £°D(8) I, (Er)e dg

26 (2 [-200, @ + 280, + @H(- &1, 1 (0)]

(80)
By the same manner
'gZ//\)i
[ e e 3 (80)e dg
o
1 ~ AN N »
- (- 42 5, , (& - 266 F [-28 0,5(® + 28 D (&)
1
+ @t s, @] (81)

and 1
bt '§z//\)1 2 1
5[ D(S) I (Ex)e e = ( 4 t-r/ (Diz(c) + T1,1(e))

-2f 'c/% l'_-zs Dy4 (&) + 26 D, (&)

+ (82-82) ¢ Q: ©+1 (e) )] (82)
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To evaluate the integrals defined in (77) and (78), from [2] let

& 1 .2 2 22,2 s %2
E I — - L
Y:l. (r®- B° + 31 z2°)" + 4 3 (83a)

2. 2- 2 22 2
ay (r xﬁ+siz +ﬁzyi)

a .-ﬁ
i o
i

I
i
1
|
I
I
B!
I
[
I
I

[ e

gy =1-1 L
c, @ =1-1 (r S, 1 @ +8

z 31,1(‘3))

2 3s,2r
013(,) zln( 5 +siz ) Si’l(ﬂ)+ pr: Si’1 (&)
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(ﬁ)-l(rs NORERS (ﬁ) - T ! (ﬁ)) (85¢)
12 28 \ i1 1,1 i,1"

2.2

s ool (a2 2,517 1o %% 1

Dy3® 36('5 2et)s, @ + =Ty, @
rs. 2z
- —zé- Sy (@) +£/3 (854d)

DiA(ﬁ) is not given in [2] and is evaluated by definition (78b) and

integration by parts., The result is

« -Ez8
b ) = § [R5 e T fag
o
~ §zs
+E sin(f€) _ cos(m&)" i
* % T B 2 475057 6
8,2 < -~ =Ezsy
. ..11;_ J' [—_(’ﬁ"al’i“ ——LQ““ £0) | 5 L(E0)e dg (86a)
b §
or, by the previous definitions
D (ﬁ)-‘ﬁn @ +T L@V+Ec (ﬁ)--z-s—‘n (&) (86b)
14 4 ( 12 i, 1 ) 4 13 4 i3

(b) Stresses in the Half-Space

(1) Static Case
By differentiation and substitution of the appropriate integrals

(80)-(82) into (37) the stresses in the half-space become

PR S LN
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I
g c..k
“::9 ) (L:_l ) { ( X' 3 Tj,i (é‘)) -2f'G,.|‘/-T%_ [—2& D@

+ 28 njz(éi + (&%-6% (_’ % Tj,ll (E)ﬂ}

(u 12) {4 )6(Diz<e>+ri’11<e))-zfcf§ :

- 2 2 2_ a2\, 1 3
[-28D , (&) + zen#4(c) + (&-eHe, @ + T )1

. . 1,
+ / S12” 11) {( )c (Diz'(c) +T ‘(&) )- 2f’G[§ .
- lea 2 72 62_"2 - lea 1! av
[-28D (&) + 28D (&) + (&°-8)8 (Diz & +1 " (@) 3}

(87a)

where j = 1,2 summed, i = 1,2,3 summed, primed notation (with the ex-

ception of £’) denotes d/dr, and

Ll-Ml, LZ-MZ, L3=-M3 .

Hith the same notation,
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g k
mes - (5o y {430 &y o)/ Lao,®
+ 28 Djz(é)' + (52-52) (‘ % Tj,f(a)ﬂ}

- () 1 {2 e (o0 v, ko) - 20T -

(-24 D, (&) + 28 D (&) + (8¢ )e(niz(s) + Ti,l(c))]}

+ (A8 1 {(- 48 e (g0 3, Jeo) - T

»n ~ ~ A~ N N A 1 A
[-24 Dil: a) +28 Dﬂ:(c) + (az-cz)c(Diz’(c) + '1'1’1 ) )]}

(87b)

[e c..=C
1) - _ll_LZ_\_ ~-A2N . 4 L Y "Z"- &
sine " (—7 ) L3 {( e n/( 7 T3,1(‘:)> 26°¢/ = | -28 D, (H)

~ ~ 2- 2 - d 1 A i
+28 D (&) + (&%-¢ )( & 13’1@))1}

C,q"C
11 "12 o ~ 1 .\ N
+ (—-—2——) L, {(- 82)e(p,& +1 1(&)266 /2 (28D (&)

2 a2 2 PPN
+26 D@ + (&5-ehe (0, + 1, (O)]]
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“ ' 4 l 33
L + (‘12"‘11) L { 42 4 (p L)
13 o) R (Cled (1z(c>+r11<) -28'6/ E1-28 b /(&)
" _' I +28 D /@) + (a%-e2)e (n (&) + T 1’(6))] (87¢)
ﬁ I o
2 S a2 1,
25 e = = -2 1 4, ]—g- -
1 T ) L {( S 5)S; 1® - 28 2 -2 D (&) + 26 D (&)
15 :
e + @' 5 :(e)]} i
I '75‘ L, (- eﬂ/ 31<e) 267G | -[ZaD (& + 28 D_1(&) |
; I + (52-62) s I )]‘ (87d)
f C -c,, (1+k.)
B Tz 44 (. a2\ ls -
3 % I cos 9§ ,/'vj le( e ﬂ) sj,l(e) N Zf'G«j - (-22 Dj3(a) + 28 DjB(e)
L 1
3 + (87-8%) sj,l(c)]f
c
-1 2\ -
+/v3"L3{( a2 31(a) 2f GJ—[ -28 D (8) + 28 D, ()
+ @'l 5, (O] (87¢)

R e e ey
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G Caak 1
Zazoo (B Ny (LAY A e)aere [T @)

cos § vy 13/ 73 W\ /N dé jsl(c>/ i j2
n R a2 22, (.4 1 N1
+26D @) + @) (- o1 (©)] ] (878)

Equations (87) represent expressions for the stress components due
to a tangential loading, Px’ insufficient to cause overall sliding of
the spheres, The results of Dahan and Zarka [2] for the stresses due

to the normal load, P , are
z
= _.].'_ 2y - 2
Ter ~ Po [(sl-szxfd' (slclz(a) s2C22(3)>
v i/ A\ a1
o \8192D13(a) 3291D23(3)>J (88a)
r(s1 sz)

r Jd’
° L(sl-sz)(a'c'-d')

—t =t e i P = ey T D B

*) =p

o (’142°12(£) - szq1°22(3)>

v A ay ..\"‘
TN (31P,013(® = 8,105 (D) | (88b)
85C12(8)=81Cy5(8)
92z Po (3,5, (88¢)

D) ,(@)-Dy, (&)

G =9 (88d)

rz [+] (81'32)/6’
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With equations (88) superposed with equations (87) the solution

for the stress field of the static case is complete.

(1i) Stresses for the Sliding Spheres

From the static case, if the force Px is gradually increased, the
size of the no-slip region, 0 < r < &, decreases umtil f reaches a
value of ﬁ:Pz, at which point & becomes zero and the spthes slide over
the entire surface of the contact. The effect of €50 is analyzed
and generates the stress expressions 'in the half-space due to slid-
ing.

As €50 it can be seen that

1.
Si »l(c) -0,

sy, 1(c)->0 and - _d,, (a).»o,

so that the complete stress expressions for sliding, including con-
tributions from both normal and tangential loading, can be written

c. .k

Ter ” .[(J\:}_i 1t P52 * /%1_2> 10343
+ (il@;:-_‘;ll> L, D/ | (ag’ 624 &) cos
pi?’?iw (8,C12(8) - 8,0, (D)
+ ;z;lL;;)- (slpz 13® - 1”23(5)/ | (89a)
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‘.:w...

omy i et

;,ee - [(CB 1. ¢12) Ljnjz(s)' + (i;l_l) L,D, (&)

. (611::12) I‘iDia'.(a)] (4flG,E£) cos 8

+p°[(81'82)(&'°'-d') <°1q2°12("’) squczz(‘)>

i r(s\;-sz) (31"2”13(3) - 3291”23(5))} (89b)
S ' A @ + (———cu-clz) LD, (d)
0 [ 2 332 £2 114
* (°_1g_jg> 10 @] (42762 8) sin o (89¢)
r ii4 _! - o _
44(1-1-k

L ( I)D &) - o L, 33(a)] (45 c/_7 ) sin @

(89d)

ot AT

= [:4.47(“_1‘1)_ Lija(a) + _— (t) 3 33(§)] (4£ G/_z ﬁ) cos 6
v

D,,(8)-D, (&)
. 12 22

(89e)

P 7
o (s1 sz)/d
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o (2538 ’
i | l o = (k " c3) by (45 G«{Qﬂ i njz(S)) cos 9
I § s,C,.(8)-s.C,. (&)
, l v 20208700 898y
] 1 I ° ('1-'2) :
; I where, as before, j = 1,2 summed, { = 1,2,3 summed, Ll = Ml, L= Hz,
i Ly = M,
; 2
'S

(iii) Stresses as r-»0
By substituting the leading terms of the series expansions of the
Bessel functions into equations (37) the stresses can be examined as
the radius r approaches zero for tangential loading. The analysis for
normal loading has been performed in [2]. For the tangential loading
¢ 0 ,0 , andg _vanish as r-0, In the normal case ¢ vanishes ] ]
rT 66 zz 9 < ]
and ore and cze do not arise under normal loading.

For the case where tangential loading is not producing sliding of

the spheres, the superposition of the stresses for r-0 is

123

o

2 a
g 'cee'go{%-‘-/-%v-%[(ml- ?1) arctan—:—z)

b ey e

- (o - D) wrermn (GE)]) (s08)
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c_ =20 (90b)

g M, (-4 2giey) e/ [l - 1, )

+2e(1- s, @)+ @kt (6]} ame
i
(90¢c)

-c (1+k

rz \, " {( 6 :2 2) -2t 'Gf— [ 2‘(1 —i: 81,1(‘))

+ 26(1 - —c— 5 18 &) + (&%-¢%) (€+s 222)]} cos 8
(90d)

818

o, - 22 - () - e}

(90e)

wvhere 1 = 1,2,3 summed and k3 =0,
For the case of the sliding spheres &0 and equations (90a,b,e)

remain the same, Equations (90c,d) become

-CM(I*‘.) R N siz
orz - = Hi (Zf Q/-T:T)£ (1 - -£— Si’l($)> cos § (91a)
i
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(14, )
““ (Zf cﬂ (1 -+ s (a)) cos § (91b)
with the same summation comvention as (90),

(c) Stresses on the Surface

On the surface z = 0 the exponential term in (37) goes to unity.

b4 ey puy PEN GED W
Q
'E

: # The integral expressions (75) are likewise simplified and evaluated,

4

Performing the necessary differentiation and substitution in (37),

the stress expressions on the surface for tangential loading are obtained,

AP WP s St s e

The stresses on the surface for the normal loading are given in [2]. The

superposed results give the stress state for the static case on z = 0 as

on
0<r<é

3/2
R A T LR i I

% = Po { (P - )(1 - .z) [1 - (1 - -)3/2] } (92b)

c_ =0 (92¢)

o =£{(-83) 1D 2e6[T [2@%Dk
rs 2

R S,

+ (lz-tz)( -rz)'% + (éz-rz)ki} cos § (924)

I
I
[
I
l
I
I
l
[
I
]
I
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e " < {(- f T%) (&2-cy7% 2£'GJT[ 28%-r2)¥ 4 (82 %
+ (az-rz)(ez-rz)"’]} sin § (92e)
o =g (1o B
2z ‘_’o(l £2> (92£)
oné<r<é
k (£2-e5 ¥
N (:1'3"1 - ) L, {-43 [6 ]
- Zf'G’\/-T-z-T [- "—25 - % (1.‘2-c.‘.‘2)k +r sin'l(-f-)
(£ Y s
- o 2 2.
¢ (B2 {(- 28 [R50
s T e(r 62)3/2 (836 . 32) (2.ety
T 4
+ Ezz- sin-l(%):i } cos 8§
2 3/2
+o {7 (- iiz) ‘;*%[1‘(1-55) i) (930)
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(12 11> {-¢ >[’c(r - 2”] sz/‘Z‘[ e , &eo-e

2 .23/2

-3 T L ()]
v, {07 B 50 0w

ag =

o

- 2 -%
) (s T

—

+r sin (r) (528 . ﬁ ) 3ré) ez);’s]} sin §

2r2

(93b)

2_s2y%

.2 3/2

¢ (5 (4 T e

(8 8 38) (r &2 ) + I r (é)J } sin @

(93c¢)
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< ’ 2_2.%
= 'ZfG—-Zs-
2{ 1_r[ ( r)]}cose

c:'a = - %{-Zf 'GE [-2(52-1'2)”]} sin 8

B/ - - t— %
%22 po(l a2

and on 8§ <r<eo

(93d)

(93e)

(93£)

(1"j o) 1 (- # ST - aee T

-1
- r sin (g) € (rz 62) +r sin

(e) (45 & 331-)

7 } con o+ (2 {(- 2 eSO

- 2f c/—[ —(—)—-32 i +(35

. &z -82)3/2 (526
2r? 2

2
. &
+p°§ :i

.38\, 2 .2.%
4)(1' &)

2)(1:2--&2)]5 - 1-4_2 sin'le)

+ 2—2 sin-l(g)] } cos §

(%a)
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am-(

\J

- zf’cF [-— (r _32)11 - r sin l(a) r (r 82)]!

+ r sin 1(1') (43 ¢ &) rz-é'z)-%:]} cos §
- () 1 (ARG e S

@D et <>L—)—

26

+(GE-3F) A e oG]} con s

bl )
" (5 (-4 DD e T 14 2t
-r sin e (r -cz)]’ + r sin 1(8)

(R - e} s




=-C 2 .2 ) 3/2
* ( CI’t 12)' Ly {(' “(—)-r h] -2£°G /— [ a

f@-5) e, ;’—

+(“:2 @5 4 £ s (] ) otn s
(94¢)
arz-cze-czz*-() (94d)
vhere 1 = 1,2,3 summed, jJ = 1,2 summed, Ll = Ml’ I.2 = Mz, I.3 --M3
before, and ¢ is defined by (45).
The above results are easily specialized for sliding
as follows:
on
O0<r<ié
k - 2
PO ) (6T ne) + (X0 (e /T o
2 2 3/2
AR DT o
-[(‘::'—31‘1 fGJan ———12 11 fGJTL cose
b
wofb- A - g -0 (-5
/a’ 82/ g2 &2 (95b)
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45 %1

a - [( -CIZ)H, (f'G ,Tﬂ’ r 1 °12 1 (f'GE‘“TZ)] sin 9

(95¢)
orz - c[Zf ’GA’/-%-,(iz-rz)%] cos § (954d) f 2.
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4. Numerical Results

In order to show the effect of this kind of anisotropy on the stress

state, the stresses in the half-space and on the contact yere examined

‘numerically for magnesium and cadmium, two metals studied in [2]. For

these calculations the coefficients of limiting friction £’ = .25 and
£! = ,50 were used. As in [1] and [2], von Mises' criteria for plastic
yielding,

3 = {ogyto, 2o, 2 1/6[(cryy-0'zz)2+(czz-cn)2+(an-cyy)2] }% )
was calculated and lines of constant .I/po plotted in the sphere on the
y = 0 plane, and on the z = 0 surface inside the contact zome., Figures 4.1-
4.4 illustrate the results in the half-space, while figures 4.5-4.8 illus-
trate the results on the surface for r £ § . Figure4.9 represents the
static case on the surface for magnesium with £’ = .5, and & = ,54, and
is included for contrast with the sliding cases.

It i3 noted in [2] that it is not generally possible to use von

Mises' criteria to predict yielding in anisotropic metals. It is plotted

herein as a means of contrasting the stress disturbance in the trans-

versely isotropic metals to that in isotropic metals as displayed in

[1]. It can be seen that magnesium behaves in much the .same manner as
the isotropic case in [1], while cadmium's elastic properties create a
more unusual situation. Except for the case of magnesium with £’ = .5
(vhich parallels the isotropic case of £/ = .5) the maximum value of
.‘I/;ao is found on z = 0 at the leading edge of the contact, as is the case
in (1].
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The elastic moduli of magnesium and cadmium used in the numerical

analysis are given in Table4.l. Also listed are the moduli of steel’

for v = .3 illustrating values for an isotropic case.

N/mz.

11
12
13
33

57010

)

TABLE 4.1 ELASTIC MODULI FOR MAGNESIUM,

CADMIUM, AND STEEL

Magnesium

5.857 x 1010

2.501 x 1010

2.079 = 1010

6.110 x 1010

10
1.658 x 10

10
1.678 x 10

Cadmium

11
1.092 x 10

3.976 x 1010
10
3.754 x 10
4,602 x 1010
10
1.562 x 10

10
3.472 x 10

(

All units are

Steel
€117%33°%12"%13°

001D

2.691 x 1011

1.153 x 1011
11

1.153 x 10
11

2,691 x 10

10
7.690 x 10

7.690 x 1010




s
N
N



g g — 8
l= l&
L7} L "]

%m ¥y 8
] 4
3 é
o -
B &
[ |

IV

L f GHN OED BN Ml g bt b bl bt pd = b b b bl ped pod Do OO ]







R R TR (PR N R n =

Figure 4.7: Cadmium, £’=.25
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Figure 4.8: Cadmium, £'=,50




Figure 4.9: Magnesium, £'=.5, &= ,54




1
i
I
I
I
I
I
I
I
I
I
I
I
I

B

1

1

1

1

(1]

(2]

3]

(4]

(5]

(6]

7]
(el

(9]

(10]

et N Sk et ek

References

Goodman, L. E. and Hamilton, G. M., "The Stress Field Created by
a Circular Sliding Contact," J. Appl. Mech., 33, 1966, pp. 371-
376.

Dahan, M., and Zarka, J., "Elastic Contact Between a Sphere and a
Semi Infinite Transversely Isotropic Body," Int. J. Sol. and
stmcto’ _1_3.’ 1977, ”. 229‘2380

Green, A. E. and Zerna, W., Theoretical Elasticity, Clarendon
Press, Oxford, 1968.

Dwight, H. B., Tables of Integrals and Other Mathematical Data,
MacMillan, New York, 1961.

Westmann, R. A., "Asymmetric Mixed Bov;xndary-Value Problems of the
Elastic Half-Space," J. Appl. Mech., 32, 1965, pp. 411-417,

Goodman, L, E. and Keer, L. M,, "Influence of an Elastic Layer on
the Tangential Compliance of Bodies in Contact," Proc. IUTAM

sium on Contact Problems, Twente, The Netherlands, 1974,
Delfte University Press, 1975, pp. 127-151.

Watson, G. N., A Treatise on the Theory of Bessel Functions, The
University Press, Cambridge, 1966.

Erde'lyi, A., Tables of Integral Transforms, Vol. 1, McGraw Hill,
New York, 1954,

Keer, L. M. and Luk, V. K., "Stress Analysis of an Elastic Layer
Attached to an Elastic Half-Space of the Same Material," Int. J.
Engrng. Sci., 14, 1976, pp. 735-747.

Westmann, R, A., "Simultaneous Pairs of Dual Integral Equations,"
SIAM Review, 7, 1965, pp. 341-348,




¢ o 2130113p)

a b!

)
%11%3379%,

¢, 3(enmagp)tag ey,

2
%11%337%13

hl+cl" l+°I z'ﬁlﬂk
31 - L‘ (8 ) |

24/ A

[a ‘e '+/(a 4 ) 2-4d
32 = '

24’ 4

Appendix A

- 213(a13%ey)-2) 58,

)
8112337213

2., 2
4f e 11 %12

%1%337%3

2

T s A L e




m-m s N .- R ]
¥ | 56
i ,
848 vé;p
172 1¥2
g | 5 =a + (ag,0a,,) —=
_- N 12711 -
. 1 44:231 8,°8,
I y
848 vs ¥
- 1°2 . 2 "1 ¥
| S ™t Tt (A7) TS
2 1 21
I 5 2 5 2
% m s 1 m, s 2
: 1 - d’ Z (s -s Ve’
' I (szslv 21
I vszp vs, p
Ll sl : 1, = 2
i I 2™%1 8%
[ ]
1
1
{
i

i
I
I
I
I
'




