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Preface

The AFCRL program of measurements supporting the SAMS rain erosion pro-
ject at Wallops Island, Virginia during the 1972-73 season was conducted as a
joint team effort by various members of the Weather Radar and Convective Cloud
Physics Branches of the Meteorology Laboratory, AFCRL, = Contractual support
was provided by the Applied Physics Laboratory of Johns Hopkins University and
by Meteorology Research Inc,, Altadena, California, The program was directed
by Dr. Robert M, Cunningham, of the Convective Cloud Physics Branch, and
supervised by Dr, Kenneth R, Hardy, of the Weather Radar Branch,

The AFCRL and contract contributors to the measurement program are iden-
tified in the following list, and their efforts toward the accomplishment of the SAMS
objectives are acknowledged, Special thanks are extended to Mr, Alfred A, Spatola
and Mr, Robert O, Berthel for their considerable help in performing analyses and
computations, and reviewing, and criticizing the manuscript.
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Virginia
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‘Mr Force Cambridge Research Laboratories (AFCRL) was redesignated Air
Force Geophysics Laboratory (AFGL) 1 February 19786.
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Hydrometeor Data and Analytical - Theoretical

Investigations Pertaining to the SAMS Rain Erosion Program
of the 1972-73 Season at Wallops Island, Virginio

AFGL /SAMS Report No.5

1. INTRODUCTION

The liquid-water-content values and other associated hydrometeorological
information for the trajectories of the SAMS missiles launched in the 1972-73
season that are presented in this report, were determined from radar, surface,
and aircraft data obtained at Wallops Island, Virginia on the days of firing,

The dates, times, and circumstances of the missile launch operations are noted
in the main text of this report and the general weather conditions at the times of
firing are indicated. The profiles of liquid-water-content and the integral of
liquid-water -content for the trajectory paths of the missiles that are presented
were determined from radar measurements, Comments are made about the cloud
liquid-water -content measurements obtained from the AFGL (formerly AFCRL)
C-130A and the Meteorology Research Inc. (MRI) Navajo aircraft. Reference is
made to the summary data tabulations and hydrometeor size-distribution informa-
tion presented in Appendix G.

The report is organized such that the analytical results of immediate, direct
pertinence to the erosion problem are presented in the main text. All background
material and supplementary information are included in appendices, This format
of presentation conforms with the agreement of the SAMS-ABRES conference at
AFCRL on 7 and 8 March 1974,

(Received for publication 30 June 1977)
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There are eight appendices to the report, as identified in the Table of Contents,
The weather, ¢loud, and precipitation situations on the days of the missile flights are
discussed in Appendix A. The radar structure of the storms, in the launch direc-
tions, is illustrated in Appendix B. Values of the radarand hydrometeor parameters
along the missile trajectories are described and tabulated in Appendix (", Surface
measurements of precipitation rate and liquid-water-content are presentedin Appendix
D. Certain aircraft storm data acquired by the AFGI. C130A aircraft, also particu-
lar empirical and theoretical analyses,are discussed in Appendix F. The data ob-
tained by the MRI Navajo aircraft are referenced in Appendix ¥, Spectral information
concerning the number concentrations and liquid-water-content contributions of the
various size classes and types of hydrometeors along the missile trajectories is pro-
vided in Appendix (i, Additionally presented the. e n are the equations of the double
truncated, exponential model that describes the spectral characteristics of precipi-
tation size hydrometeors, Special background studies are included in Appendix H.

The figures and tables of these appendices are presented in numerical order by
"common subject’’, rather than by "storm date’. This is advantageous, in fact al-
most necessary, for the logical discussion of the subject matter, but it poses diffi-
culties for the reader who wishes to inspect and intercompare all of the measure-
ment results pertaining to a single missile flight, or a single storm. The large
number of the text figures and tables add to the difficulty. The author has attempted
to alleviate these problems somewhat by having the "thumb edge pages' of the sepa-
rate appendices indexed by "hleed printing”’. The beginning page number of each
appendix, and the page number of each figure and table, are also listed in the front
of the report, in the Table of Contents, and in the L.ist of [llustrations and Tables.

Note is made of the previous reports of the AFFCRI./SAMS series, The Wallops
1sland radars, the radar measurementtechniques, andthe calibration procedures
were described in AFCRIL./SAMS Report No. '. The methods used to obtain liquid-
water-content values from the radar data for the missile trajectories were explained
in AFCRL/SAMS Report No. 2. l.iquid-water-content and size-distribution informa-
tion for the SAMS missile flights of the 1971-72 season were provided in AFCRL/
SAMS Report No. 3. Climatological data for selected Wallops storms were pre-
sented in AFGL/SAMS Report No. 4. These reports will subsequently be referenced
as RNo. 1, RNo. 2, R No. 3, and R No, 4, +2:3-4
m. V.G, (1974} A Summary of the Radar Equations and Measurement Tech-

niques Used in the SAMS Rain Program at Wallops Island, Virginia, AFCRL-
SF{MS Report No, 1, AF CRE-IR-!%-UUH. Spec{a! Reports No. 172.
2. Plank, V.G, (1974) Hydrometeor Parameters Determined From the Radar Data

of the SAMS Rain Erosion Program, AFCRL /SAWS Report No. 2, AFCRL-
=14~ 3 0. X
3, Plank, V.G, (1974) Liquid-Water-Content and Hydrometeor Size-Distribution
Information for the ékMS Missile Flights of fH‘e T971-1972 Season at
Wall TsTand, Virgini KFCRE?S#‘VIS Report No. 3, AFCRL.-TR

allops Island, nia, {ep , .=TR-74-0296,
Special Reports No, 178,

4, Berthel, R.0Q. (1976) A Climatology of Selected Storms for Wallops Island,
Virginia, 1971-1975, SAMS Rego,ﬁ No. 4, AFGL-TR-76-0118, ERF No. 563.
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2.  FLIGHT CIRCUMSTANCES AND WEATHER CONDITIONS

Four misasiles were launched during the 1972-73 season, The first and second
(Q2-6360 and Q2-6361, Unit Nos, R487101 and R487102) were fired on 2 I'ebruary
1973, at the times 1408:00 and 1408:30 GMT. They were launched into a storm
associated with an occluded frontal system and warm front which had extensive
cloudiness and a large area of surface precipitation. The third and fourth missiles
(Q2-6362 and Q2-6363, Unit Nos. R487103 and R487104) were fired on 27 February
1973, at 1040:00 and 1040:30 GMT, through the clouds und precipitation of a dissi-
pating open wave svstem that was passing the Wallops urea, about 200 miles to the
south,

The missiles were of the two-stage, Terrier-Recruit type. Thev were fired
from "Launch Pad Zero" in the 146° azimuth direction, see the map of Figure D1,
Appendix D. The erosion objectives and results of the flights have been reported
by Cole, Church and Marshall, ‘

The storm conditions at the launch times, and before and after launch, are
discussed in Appendix A, Surface weather maps, satellite photographs, and storm
cross-sections are presented that reveal the general cloud and precipitation condi-
tions, The radar echo-structure of the storms in the 146° launch direction of the
missiles is shown in Appendix B, The surface rainfall-rates and liquid-water-
content values during the launch periods are illustrated in Appendix D.

3. PROFILES OF LIQUID-WATER-CONTENT AND INTEGRAL OF
LIQUID-WATER.CONTENT FOR THE MISSILE TRAJECTORIES
AS DETERMINFED FROM RADAR DATA

The solid-line profiles of Figures 1 through 4 show the radar-determined values
of liquid-water-content (M) vs altitude for the four missile flights of the 1972-73
season, The values pertain to the missile trajectories but they are plottea vs the
altitude of the trajectory points above the ground (or sea) level.

The dashed-line profiles of Figures 1 through 4 show the values of the integral
of liquid-water-content (fMd Rs) which have been integrated, cumulatively, from
the launch pad upward, along the course of the missile trajectories, to the storm
top altitudes. The maximum, ''total storm passage'' value of the integral is indi-
cated at the top of each profile, by the drafted numbers. The units of the integral
are gm m'z. The assumptions and equations used to compute the values of the

integral were discussed in R No, 2,

*Sandia Corporation, Albuquerque, New Mexico.
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Figure 1. Profiles of Liquid-Water-Content (M)
and Integral of Liquid-Water- Content (j Md R,)
for the Missile Trajectory of Flight No. Q2-6360
(Unit No. R487101) of 2 February 1973, Launched
at 1408:00 GMT

The hydrometeor regions and transition zones of the storms are also indicated
in Figures 1 through 4. These regions and zones were established from aircraft
observations and/or radiosonde temperatures. The letter symbols used in the
figure are identified in Table 1. This table additionally lists the empirical equa-
tions, relating Pvs Z, Mvs Z and M vs P, see R No. 2, that were employed in
the liquid-water-content computations for the different hydrometeor categories and
types defined for the 1972-73 season. The definitions are consistent with those of
Table 2, R No. 2.

20



of this appendix.
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Figure 2. Profiles of Liquid-Water-Content (M)
and Integral of Liquid-Water-Content ( { Md Rg)

for the Missile Trajectory of Flight No. Q2-6361
(Unit No. R487102) of 2 February 1973, Launched

at

1408:30 GMT

Background and auxiliary information about the radar and hydrometeor condi-
tions along the missile trajectories is supplied in Appendix C. Diagrams and pro-
files of the radar integration signal, T,, are presented in Figures C1 through C8
Profiles of the radar reflectivity factors for water and ice
hydrometeors, Zw and Z[, are presented in Figures C7 through C10. Profiles of
the precipitation rate, P, are presented in Figures Cl1 through C14.

The numerical values of the radar and hydrometeor parameters for the missile
trajectories are listed in Tables C1 through C4, for each data point altitude,
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maximum values; the actual values are something

Indeterminately smaller

$. CLOUD LIQUID-WATER-CONTENT VALUES FOR THE
MISSILE TRAJECTORIES

In addition to the liquid-water-content values measured by the radar, which
pertain to hydrometeors of precipitation size (those having drop diameters, or
equivalent melted diameters, larger than about 80 microns) there is substantial
liquid-water-content present in the Wallops storms in the cloud size -range of the
hydrometeor spectrum (those having drop diameters smaller than about 80 microns).
Aircraft measurements are required to determine the liquid-water-content values

for these cloud-size droplets and particles,
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L.iquid-Water-Content (‘j Md Rg) for the Missile Trajectory of
Flight No. Q2-6363 (Unft No. R487104) of 27 February 1973,
Launched at 1040:30 GMT, The M values for the upper cirrus
deck are maximum values; the actual values are something
indeterminately smaller

Aircraft measurement information about cloud liquid-water-contents was ob-
tained by the AFGL C=130A aircraft for the Wallops storm of 2 February 1973,
These liquid-water-content values are illustrated in Figure 5. The 50”‘ percentile,
frequency of occurrence values were presumed to be representative of the cloud
conditions along the missile trajectories at the launch times. The particular
values are listed in Tables C1 and C2 (for the altitude points of the radar measure-
ments and in Tables G2 and G3 (for each 250 meters of altitude where clouds

were present),
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Aircraft measurements of cloud-liquid-water-content in the storm of 27 I'eb-
ruary 1973 were made by the \Meteorology Research Inc. (MRIY Navajo aircraft,
see Appendix -, Relatively few of the measurements were unalytically reduced and
only "'broad range'’ information is available for several particular altitudes in the
storm. Our "best estimates' of the possible cloud liquid-water-contents for this
storm are listed in Tables ('3 and (4 (for the radar data points) and in Tables G4
and G5 (for the 250 meter points),

3. COMMENTS

Aircraft measurement information concerning the size-distribution of the
hydrometeors was rather sparse and qualitative in the 1972-73 season. Thus, as
in the case of the 1971-72 season discussed in R No, 3, spectral information re-
garding the size-distribution of the numher concentration and liquid-water-content
(contribution) of the hydrometeors along the missile trajectories was estimated
from theoretical distribution functions, of double truncated type. The models pro-
viding the bases for the computations were the same as used in R No. 3, The com-
putational results, which are believed to be reasonably descriptive of the probable
conditions along the missile trajectories are presented in Tables G2 through G5, of
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Appendix G. The mathematics and assumptions of the ''precipitation model" are
also presented in this appendix, as an addendum, and the descriptivity of the model
is discussed relative to data results.

26



1.

10.

11,

References

uations and Measurement Tech-

Plank, V.G, (1974) A Summdr of the Radar I

niques Used in the SAT
epor 3 “CRIL 53, Special Report

Plank, V.G. (1974) Hydrometeor Parameters Determined From the Radar Data

of the SAMS Rain Lrosion Program, AFCRI./SAMS Report No. 2, AFCRI.-
TR-74-0249, ERP No. 477.

Plank, V.G. (1974) Liquid-Water-Content and livdrometeor Size-Distribution

lnform'ahon for the 'i/\‘\l'i Missile Flights of the 1971-72 geason at

g
recnﬂ“eporf\lo. 178.

Berthel, R, O, (1976} A Climatologyv of Selected Storms for Wallops Island
Virginia, 1971-1975, SANS Report | : 2 No. 563,

Marshall, [,S,, Langille, R.C., and Palmer, W, McK. (1947) Measurements
of rainfall hy radar, ). \eteor, ‘;1':186-]92.

Joss, J., and Waldvogel, A, (1970) Disdrometer RI)69 Instruction Manual,
Marc., Weibel Dipl, Ing., ETH, Kapellenstrausse 20, 4000, Basel, Switzer-
land,

Gunn, R., and Kinzer, G. D, (1949 The terminal velocity of fall for water
droplets in stagnant air, I, Meteorol. &:243(565. 594, 596-97).

Smithsonian Meteorological Tables, 1951: Sixth revised edition,
Smithsonian Institution, Washington, D, C,

Joss, J.,, and Waldvogel, A, (1969) Raindrops size distribution and sampling
size errors, /. Atmos. Sci. %@:566-569.

Church, 1. F¥,, Pocs, K.K,, and Spatola, A, A, (1775) The Continuous Alumi-
num-Foil Hydrometeor Sampler; Design, Operation, Data Analysis Proce-

dures, and Operaling Instructions, AINCRI.-TR-:5-0370, Instrumentation
Papers, No. )235.

Auer, A., and Veal, D, (1970) The dimensions of ice crystals in natural
clouds, .I. Atmos. Sci. 21:919-926.

27



12,

13.

14,

16,

17.

19,

20.

21.

22,

References

Heymsfield, A,.l., and Knollenberg, R.G. (1972) Properties of cirruas-generating
cells, J. Atmos. Sci. 29(7):1358-1366.

Kajikawa, M., (1972) Measurement of falling velocity of individual snow crystals,
J. Meteor. Soc. .Japan, 50:577-584,

Heymsfield, A. (1972) Ice Crystal Terminal Velocities, Technical Note No. 41,
Cloud Physics l.aboratory, Department of the Geophysical Sciences,
University of Chicago.

Ohtake, T., and Henmi, T. (1970) Radar Reflectivity of A%gregated Snowflakes
preprints of papers presented at the adar Meteorology Conference,
Tucson, Arizona, 17-20 November 1970, pp 209-211.

Barnes, A.A,, Nelson, L..D., and Metcalf, J.1, (1974) Weather Documentation
at Kwajalein Missile Range, AFSG, No. 292, AFCRL-TR-74-0433,

Joss, J., Thoms, J.C., and Waldvogel, A. (1968) The variation of raindrop
size distributions at l.ocarno, Proc. Internatl, Conf, on Cloud Physics,
Toronto, Amer, Meteorol. Soc,, Boston, p. 363

Takeuchi, D. M., Knuth, W, R., and Green, W.D, (1974) Meteorological
Support for the SAMS/ABRES Program and the DNA HE rogram, Final
Report under Contract DNA 001-75-2.‘-5130 (PO0002), Meteorology Research,
Inc., Altadena, California

Marshall, J.S., and Palmer, W. McK, (1948) The distribution of raindrops
with size, .J, Meteorol. 2:165-166.

Marshall, J.S., and Gunn, K,I1.S. (1952) Measurement of snow parameters
by radar, J. Meteorol. 3:322.

Imai, 1., Fujiwara, M,, Ichimura, I., and Toyama, Y. (1935) Radar reflec-
tivity of falling snow, Pap. in Meteorol. and Geophys, (Japan)6:130-139,

Sekhon, R.S., and Srivastava, R, C. (1970) Snow size spectra and radar
reflectivity, J. Atmos. Sci. %Z:299-307.

28



Appendix A

Synoptic Weather Maps, Satellite Photographs
and Storm Cross Sections

Surface weather maps for the Eastern United States are presented in Figures
A1 and A2 for the two storms of the 1972-73 season through which missiles were
fired. There are three maps in each figure, for the times closest to the launch
times and for times 3 hr previous and 3 hr subsequent, The isobars, fronts, and
precipitation areas are shown on the=e maps.

Satellite photographs (Figures A3 through A6) reveal the appearance of the
cloud shields associated with the storms. The dates and times are indicated and
the location of Wallops Island is shown on each photograph by a drafted "X", The
photographs of Figures A3 and A5 were obtained from the synchronous satellite
ATS-3; those of Figures A4 and A6 were acquired from the polar-orbiting DAAP
(Data Acquisition and Processing Program) satellite. The photographs for the
storm of 2 February 1973 were taken about 10 min prior to launch and about 3 hr
and 30 min following launch. Those for the storm of 27 February 1973 were taken
about 3 hr after launch and about 6 hr after launch.
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SFC 12002 2 FEB 1973|SFC 15002 2 FEB 973| SFC 1800 Z 2 FEB 1973

FFigure Al. Surface Weather Maps for the Eastern United States for 1200, 1500,
and 1800 GMT, 2 February 1973

SFC 09002 " 27 FEB 1973 SFC 12002 27 AEB 1973] SFC 15002 27 FEB 1973

Figure A2, Surface Weather Maps for the Eastern United States for 0900, 1200,
and 1500 GMT, 27 February 1973
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Figure A3, Photograph Obtained From the Synchronous
Satellite. ATS-3, Showing the Cloud System Associated
With the Storm of 2 February 1973, 14007

Figure A4, Photograph Obtained From the Polar-Orbiting
Satellite DAPP, Showing the Cloud System Associated
With the Storm of 2 February 1973, Approximately 17302
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Figure A5, Photograph Obtained From the Synchronous Satellite

ATS-3, Showing the Cloud System Associated With the Storm of
27 February 1973, 135627

Figure A6. Photograph Obtained From the Polar-Orbiting Satellite
DAPP, Showing the Cloud System Associated With the Storm of
27 February 1973, Approximately 16307
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Time-altitude cross sections are shown in Figures A7 and A8 which depict the
general cloud and precipitation structure of the two storms that passed across the
Wallops Island location, The cross sections pertain to 24-hr periods beginning at
00 Z on the days of the missile firings, and ending at 00 Z on the days after the
firings. Time increases from right to left across the abscissa scales of the figures
and the particular times of missile launching are indicated by drafted arrows. The
isotherms, winds, and surface weather reports are also shown on the figures; the
latter two being coded in accord with standard meteorological convention (see
Federal Meteorological Handbooks of Surface and Winds Aloft Observations, Cir-
culars N and O, U.S, Department of Commerce, Washington, D.C.),

Aircraft observations and measurements were obtained for both storms of the
1972-73 season. Two aircraft, the AFGL. C-130A and the MRI (Meteorology Re-
search, Inc.) Navajo, were flown in the storm of 2 February 1973, .Just the Navajo
aircraft was flown in the storm of 27 February 1973, Summary information and
certain of the data results of these flights are presented in Appendices E and F,

The general characteristics of the two storms of the 1972-73 season may be
summarized as follows:

The storm of 2 February 1973 was associated with a cold-frontal occlusion. The
primary low center at the surface level at the launch times of the two misasiles fired
on this day was located in central Michigan, The cold front extended outward from
this low center and passed through Lake Erie, central West Virginia, and eastern
Georgia., The warm front at the surface level began in southern Virginia and ex-
tended northeastward through New .Jersey and Massachusetts., This warm front, at
the firing times of the missiles, was located about 150 miles WNW of Wallops Island.

The cloud shield associated with the storm was very extensive, as can be seen
from Figures A3 and A4, The clouds covered most of the eastern seaboard from
Florida to Maine and had an east-west extent of some 500 miles, or so.

The storm top at the launch times of the missiles was about 33, 000 feet. The
top structure was uniform and the interior of the storm was very homogeneous in
character, at least down to the base level of the melting layer at 9200 ft (2.8 km).
Below the melting layer, in the rain region, there were streamers of precipitation
that caused the surface rain rates to be somewhat variable in space and time (from
about 2 to 6 mm hr'-1 during the general pre-launch period of the missiles, see
Appendix D). This storm, except for the variability in the rain region, was the
most homogeneous one of all previous Wallops storms of SAMS missile launchings.

33



T W e

Ny

Ty Mores (lew® /o it
\'A‘u/‘}ll W )[; 2 g .u.,‘MP\! 1 ‘N \V«'l{‘ LRI Iy
arian wewss o

.1\4;&1!!*!!-1

Y

Viac v
', I‘

s ® p

.
- .
“m -.-
# A
iy ot .
] . 1l .
M
"'r (1) W et |
- L e gu
& - o
b .. .t { s .
b *, " : 3
- . . : 4 .
» s . i
. b+ v |
v e [ "
e . ] ’ 4
vt . : '
" . ;
vt o L 3 i
= . - ; Pl .
] e wa .:‘ 2
L ] - - i
. " .
. -k | 4
8 iu-"'""-" - e J G
; . 1 = I O
E10" 4 Lo
~ 4 1 L ] LY
| e s i . e [H
. c " 1 \ -

o . e e e

Figure A7. Time-Altitude Cross-Section for the Wallops Storm of 2 February
1973, for the Time Period 00 GMT to 2400 GMT. The time-height cross-section
depicts a vertical section through the storm as it passed over the Wallops Island
area, Although not all of the data used to perform the analysis of the cross-
section are shown, certain of the more pertinent data are plotted. The wind
direction and speed, the ambient temperatures, and the dew-point temperatures,
taken from the radiosonde data are plotted. Isotherms for each 10°C are shown
plotted as dashed lines, Cloud coverage and types, frontal zones, squall lines,
precipitation areas, and type and hydrometeor type are also entered. The
nvmerical values shown in addition to the radiosonde values represent average
liquid-water-contents (in gm/m3) within the clouds. The three-hourly synoptic
data are shown plotted beneath the cross section
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Time-Altitude Cross-Section for the Wallops Storm of 27 February

1973, for the Time Period 00 GMT to 2400 GMT, The time-height cross-section
depicts a vertical section through the storm as it passed over the Wallops Island
area, Although not all of the data used to perform the analysis of the cross-
section are shown, certain of the more pertinent data are plotted. The wind
direction and speed, the ambient temperatures, and the dew-point temperatures,
taken from the radiosonde data are plotted., Isotherms for each 10°C are shown
plotted as dashed lines. Cloud coverage and types, frontal zones, squall lines,

precipitation areas, and type and hydrometeor type are also entered. The

numerical values shown in addition to the radiosonde values represent average
liquid-water-content (in gm/m3) within the clouds. The three-hourly synoptic

data are shown plotted beneath the cross-section
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The precipitation area of the storm at the surface level at the synoptic scale
(see Figure A1) was widespread and virtually continuous along the entire Atlantic
seaboard, Light rain began at Wollops at about 0515 IEST at an average rate of
0.5 mm hr-l. The rain rate intensified to 2 mm hr™ ' at 0625 EST and to 4 mm hr”
at 0715 EST. The rain rate remained moderate for several hours thereafter,
although there was appreciable variability, as shown in FFigures D2 and D3 of
Appendix D, At the launch time of the first missile, at 0908:00 ST, the rain rate
was 3.9 mm hr™! and the liquid-water-content of the precipitation was 0, 245 gm m”3,
At the launch time of the second missile, fired 30 sec later, the rain rate was

4.2 mm hr"!; the liquid-water-content was 0. 26 gm m3,

1

The rain rates at the launch site and ''South site'' gauges on this day increased
and decreased more-or-less in concert with time. Thueg, the horizontal scale of
the precipitation streamers in the rain region was something in excess of the one-
half mile spacing between gauges. (Radar data, see Figures Bl and B2, revealed a
spacing of the order of one mile,)

The second, and last, storm of the 1972-73 season occurred on 27 February
1973, The storm clouds and precipitation occurred behind a cold front that had
passed Wallops about 2200 EST on 26 February 1973, The front, at the launch times
of the missiles, was oriented NE-SW und was located about 100 miles SE of Wallops.
There were bands of cumulus congestus clouds and precipitation behind the front that
roughly paralleled the front and the two missiles were fired into one of the largest,
most-active of these bands., The trailing edge of a cirrostratus deck was also pre-
sent above the lower, cumuliform clouds at the launch times of the missiles. Hence,
the missiles penetrated both the cumulus congestus clouds of the precipitation band
and the overlying ice crystal clouds of the cirrus deck. (The cumulus congestus
bands and overlying cirrus deck can be seen in the DAAP photograph of Figure A6.
This photograph was taken about 6 hr after the missile launch times and the frontal
displacement during the intervening period is estimated to be about as indicated by
the dashed arrow shown drawn on the photograph. In view of this displacement, and
assuming no major temporal changes, the cloud situation over Wallops at the launch
times would presumably have been approximately that illustrated at the print "'®",
also shown drafted on the photograph.)
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The radar RHI diagrams and photographs for 27 I'ebruary 1973, which were
taken during the general launch period (see Appendix B),show that the echo structure
of the clouds and precipitation was quite varirble in space and time. Convective
cells were present which had appreciable vertical development. The missiles were
fired into a trough between convective cells, The cloud top at the exit points was
about 21, 000 feet. The miasiles next passed ‘hrough a clear-air layer (as best
could be ascertained) and then intersected the cairrostratus deck in the altitude range
25,000 to 28, 000 feet. The surface rain rate it the time the first missile was fired,
at 0540:00 EST, was 1,3 mm hr"1 and the liquid-water-content of the precipitation
was 0, 095 gm m's. These same rain-rate and liquid-water-content values also
prevailed at the time of the second missile firing 30 sec later.

It should be noted that the time cross-section of Figure A8 fails to depict the
details of the storm situation of 27 February 1972, The convective nature of the
situation is not indicated and the clouds, at least near the launch times, are incor-
rectly identified as nimbostratus, rather than cumulus congestus.
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Appendix B

Radar Structures of the Storms at the Missile Launch Times

The radar equations and measurement techniques used in the SAMS rain ero-
sion prograin at Wallops Island, Virginia were summarized in R No. 1. The radar
and video-integration procedures employed during the 1972-73 season were indi-
cated in Section 4, 3 of that report. The calibration methods were explained in
Sections 3.3 and 3.4 and calibration data for the 1972-73 season were supplied in
Tables 4, 6 and 9,

Photographic and tape-recorded video-integration data were obtained with
the FPS-18 radar for both of the missile-launch storms of the 1972-73 season. The
polaroid RHI photographs for the first storm of 2 February 1973 were unusable,
however, because of integrator problems; hence all launch period information for
this storm had to be acquired from the tape-recorded data, Good quality data of
both types, photographic and recorded, were acquired for the second storm of 27
February 1973,

The tape recorded data were processed by computer and ''reconstructed RHI dia-
grams'' were produced for the radar antenna sweeps made just prior to the missile
launchings and during, or just after, the launchings. These diagrams for the storm
of 2 February are shown in Figures Bl and B2, The diagrams for the storm of 27
February are shown in Figures B3 and B4, The trajectory paths (approximate) of
the first missiles fired into the storms are indicated on the first of the respective
figures; the trajectory paths of the second missiles are indicated on the second
figures,
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Figure Bl. RHI Diagram With Colored, Contoured Regions
of 5§ dB Signal Differential Which Illustrate the Radar Struc-
ture of the Storm of 2 February 1973 in the 146° Azimuth
Direction About 30 sec Prior to the Launch Time of the First
Missile Fired on This Day. The approximate trajectory
path of the missile is indicated by the arrow. TheTand dBZ
values of the nine signal levels of the color code are speci-
fied in Table Bl
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Figure B2, RHI Diagram With Colored, Contoured Regions
of 5 dB Signal Differential Which Illustrate the Radar Struc-
ture of the Storm of 2 February 1973 in tte 146° Azimuth
Direction at About the Launch Time of the Second Missile
Fired on This Day. The approximate trajectory path of

the missile is indicated by the arrow. TheT, and dBZ,
values of the eight signal levels of the .olor code are
specified in Table Bl
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Figure B3. RHI Diagram With Colored, Contoured
Regions of 5 dB Signal Differential Which Illustrate
the Radar Structure of the Storm of 27 February 1973
in the 146° Azimuth Direction at About the Launch
Time of the First Missile Fired on This day. The
approximate trajectory path of the missile is indi-
cated by the black line, The dBZe values of the color
code (the "water equivalent' Z values in dB) pertain
specifically to the boundary lines separating the
colored regions
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Figure B4, RHI Diagram With Colored, Contoured
Regions of 5dB Signal Differential Which Illustrate
the Radar Structure of the Storm of 27 February 1973
in the 146° Azimuth Direction About 1 min and 30 sec
After the Launch Time of the Second Missile Fired
on This day. The approximate trajectory path of the
missile is indicated by the black line. The dBZ,
values of the color code (the "water equivalent"

Z values, in dB) pertain specifically to the boundary
lines separating the colored regions
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No additional RHI information (other than presented in Figures B1 and B2) is
available to illustrate the radar structure of the storm of 2 February 1973. Com-
puter RHI diagrams were prepared only for the missile launch times. No useable
polaroid photographs were acquired for the storm,

Table Bl, Color code of Signal Intensity Used With
the Computer RHI Diagrams of Figures Bl and B2,
The I, values of integration signal are dB above
-92,3dBm. The dBZ_ values are the ''water
equivalent' values of Z, in dB

—
Signal dB Range of Signal Level
Level
G- dBZe
dB dB
1 45, 8-47 3.2t0 4.4
2 47-52 4.4 to 9.4
3 52-57 9.4 to 14,4
4 57-62 14.4 to 19.4
5 62-67 19.4 to 24.4
6 67-74 24.4 to 31.4
7 74-179 31.4 to 36.4
8 79-84 36.4 to 41.4
9 84-89 41,4 to 46.4
10 89-94 46.4 to 51. 4

Polaroid RHI photographs for the storm of 27 February are shown in Figures
B5 through B7. Photographs for the missile launch times are presented in Figure
BS. These photographs pertain to the same times, th=t is, to the same upsweep-
downsweep scans of the radar antenna; as the RHI diagrams of Figures B3 and B4,
The trajectory paths of the missiles across the photographs are indicated, The
threshold settings of the video integrator and the ''gray scale shading information"
pertaining to the photographs are noted in Table B2,

The photographs of Figure B7 illustrate the general echo conditions that pre-
vailed along the launch azimuth on 27 February during the period of aircraft mea-
surements following the missile firings. The first photograph illustrates the typical
conditions at a time about mid-way through the aircraft measurement period. The
second reveals the conditions at a time near the end of the aircraft measurement

period.
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Figure BS. RHI Photographs Obtained
With the FPS-18 Radar on 27 February
1973 at the l.aunch Times of the Two
Missiles Fired on This Day, The first
missile was launched at 1040:00 GMT:
its trajectory path is indicated by the
arrow of the upper photograph. The
second missile was launched at 1040:30;
its trajectory path is shown by the arrow
of the lower photograph. The photographs
were obtained using video integration of
the gray scale type "45-U-70", specified
in Table B2

Figure B8. RHI Photographs Obtained
With the FPS-18 Radar on 27 February
1973 Which Were Taken in the Launch
Direction Approximately 8 min Before
Launch (upper photograph) and 5 min
After Launch (lower photograph), See
Table B2 for specification of the type of
gray-scale integration used (45-U-70)
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Table B2,

Figure B7. RHI Photographs Obtained
With the FPS-18 Radar on 27 February
1973 Which Were Taken in the Launch
Dire~tion at the Approximate Mid-Time
Point of the Aircraft Measurement
Period (upper photograph) and Near the
End of the Aircraft Measurement Period
(lower photograph). See Table B2 for
specification of the type of gray scale
integration used

Shading Code Used With the

Video-Integrated RHI Photographs of

Figures B5 through B7,

The dB values

listed are dB above -92.3 dBm

Gray Shade
on RHI
Photograph

Threshold Signal Levels
Employed for Gray Scale

Type 45-U-70
dB

Black
Dark Gray
Light Gray
White
Black
Dark Gray
Light Gray

£45
55
65
70
75
80
=80
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The radar structure of the two storms of the 1972-73 season may be summarized
as follows:

The echo structure of the storm of 2 February 1973, as shown by Figures Bl
and B2, was quite uniform and horizontally homogeneous during the launch period
of the missiles, particularly in the upper portions of the storm above the bright
band. The storm top was located at 33, 000 ft (10, 06 km), from observations made
fromthe AFGL C-130A aircraft. The radar echo tops (ATPVITS)* extended to
about 24, 000 ft (7.3 km). The base level of the bright band in the storm ranged
from about 9100 to 9800 ft (2.8 to 3.0 km); the top level varied from about 9800 to
10,500 ft (3.0 to 3.2 km). Sloping ''echo streamers'' existed in the rain region
below the bright band, some of which extended from the base of the bright band to
the surface level. It can be seen, with reference to Figure Bl, that the first
missile launched on 2 February passed through a portion of one of the smaller of
these streamer echoes. This explains the maximum of liquid-water-content that is
shown at about the 1, 8 km level in the profile plot of Figure 1 of the main text. The
second missile, see Figure B2, also passed through a small echo region having
signal intensities larger than the surroundings. This caused the maximum of liquid-
water-content shown near the 0,5 km level in the profile plot of Figure 2.

The radar echo structure of the storm of 27 February 1973 was considerably
different than that of 2 February. The storm portion that passed Wallops at launch
time was essentially a squall line and there was substantial spatial-temporal vari-
ability of the radar echo patterns both within the squall line and associated with its
passage across the 146° launch plane of the missiles. The missiles were fired into
a trough between convective cells. The cloud tops, in the trough at the missile exit
points, were about 6.5 km (21, 000 ft). There was an apparent clear region, devoid
of detectable radar echo, along the trajectory paths of the missiles in the altitude
zone from about 6.5 km to 7.6 km (25,000 ft}). Above this, likewise along the tra-
jectory paths, there was an overlying cirrus deck, with top eatimated to be about
8.5 km (28,000 ft), This estimate was obtained from specially-processed radar
data. It could not be verified by aircraft observation, since the ceiling altitude of
the MRI Navajo aircraft was only about 23, 000 feet.

A radar bright-band was present at the launch time of the missiles which had
a base variable from about 3 to 4 km (9800 to 13, 000 ft) and a top ranging from
about 5 to 6 km (16,400 to 19, 700 ft),

The echo structure of this storm changed appreciably along the 146° azimuth
direction from the time of the missile launchings until the end of the aircraft

*ATPVITS stands for "at the particular video-integrator threshold settings''. The
echo tops of the storm will be higher or lower, within an approximate 5 dB signal
sensitivity range, dependent on the threshold settings and dB spacing of the parti-
cular "integration gate'', or ''gray scale level'; which is the receptor of the
weakest storm signals of minimum detectability.
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measurement period following the launchings., This can be seen by comparing Fig-
ure B7 with Figures B5 and B6, The radar echo tops of the storm clouds
(ATPVITS) varied considerably throughout the period, dependent on which
convective clouds of the storm band were intersected by the radar. In general,
though, the echo tops decreased during the aircraft measurement period and the
intensity of the radar echoes also decreased. There was little correlation or con-
sistency between the echo patterns present at launch time and those present later
on, It may be reported that the MRI Navajo aircraft on this day was barely able
to make measurement passes and descend rapidly enough to "keep up with" the
advective or dissipative diminishment of the cloud top altitudes along the 146°
azimuth line of the measurements. Consequently, the aircraft measurements,
level for level within the storm, were generally made in regions of less intense
radar signal than had been present at the firing times of the missiles, The mea-
surements were simply non-representative of the launch time conditions.
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Appendix C

Computation of Hydrometsor Psrameters from the
Radar Dats

The trajectory values of the radar integration signal, T,, in the 1972-73 season,
were obtained from computer-processed RHI diagrams that were acquired from
tape-recorded video-integrator data for the radar antenna sweeps made immediately
before and after the missile launchings. These diagrams and the methods whereby
the trajectory, T, values were determined from the diagrams were discussed and
illustrated in R No. 1.

Portions of the RHI diagrams for the four missile launches of the 1972-73
season are presented in Figures C1 and C2 which show the detailed T, signal-
structure of the Wallops storms in the immediate vicinity of the trajectory paths of
the missiles, The paths are shown superimposed over colored, contoured regions
of 1 dB signal differential, The diagrams reveal the micro-structure that was in-
tercepted by the missiles during their travel from the launch pad to near the storm
top level. It should be noted that the clouds and hydrometeors of the storm of 2
February 1973 extended continuously upward from the surface to a storm top level
of 33,000 feet. In the storm of 27 February, on the other hand, the missiles were
fired through a particular convective element of the storm, which at the time of
firing, and along the trajectory lines, had a top at about 19, 500 ft that was sur-
mounted by a cirrus layer that extended from about 26, 000 ft to 29, 000 feet, It was
presumed, from the MRl Navajo observations, and from the fact that the radar re-
turns were below the minimum detectable by the video integrator, that the layer be-
tween 19,500 ft and 26,000 ft was a ''clear layer'.
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Figure C1. Portions of the RHI Diagrams for the Two Missile Launches of 2 Feb-
ruary 1973 Which Show the Detailed I, Signal-Structure of the Storm in the Immediate
Vicinity of the Trajectory Paths, The paths are shown superimposed over colored,
contoured regions of 1 dB signal differential. The dBZe (the "water equivalent' Z
values, in dB) are related to the J, values of the color code by a dB constant of
-42,5, In other words, I, -42.5 = dBZe
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Figure C2, Portions of the RHI Diagrams for the Two Missile Launches of 27 Feb-
ruary 1973 Which Show the Detailed I, Signal-Structure of the Storm in the Immediate
Vicinity of the Trajectory Paths. The paths are shown superimposed over colored,
contoured regions of 1 dB signal differential. The dBZe (the "water equivalent" Z
values, in dB) are related to the T, values of the color code by a dB constant of
-42,3. In other words, 1, -42.3 = dBZ,
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The particular "profile values" of T, that existed along the trajectory lines of
the missiles are shown in Figures C3 through C8, The solid, middle portions of
the profiles show theLvalues that were determined from the RHI diagrams within
those altitude regions of the storms extending from above the radar ground-clutter-
layer near the surface level to the storm altitudes aloft, where the T, values be-
came minimum detectable, The dashed portion of the profiles, at the bottom, show
the T, values which are presumed to be representative of the ground clutter layer
{with the non-hydrometeor, clutter-part of the signal eliminated) and which are also
consistent with the measured precipitation rates at the launch times of the missiles
(see R No. 2), The dotted portions of the profiles, at the top, show theT, values that
were assumed to apply to the uppermost part of the missile trajectories where the
radar returns were below the minimum detectable by the video integrator, (A linear
decrease of T, with altitude was assumed for the storm of 2 February 1973, from
the altitude points of first minimum detectability to the storm top altitudes, as dis-
cussed in R No, 2, The T, values for the upper cirrus layer for the storm of 27
February 1973 were obtained by ''special processing' of the recorded radar data,
as also discussed in R No, 2, It should be emphasized that ms.I, values for this
upper cirrus layer —those shown in Figures C5 and C6, and listed in Tables C3 and

C4—are the maximum possible values, The actual values are something indeter-

minately smaller than these maxima,)

Two abscissa scales have been drafted on the diagrams of Figures C3 through
C6, The second, lower scale indicates the decibel values of the radar volume
reflectivity, j‘ , defined in R No. 1. The scales °fI andjJ are related as des-
cribed by Eq. (47) of R No, 1. The scale relationships differ from one storm day
to another, dependent on the calibration constants of the radar.

Profiles of the radar reflectivity factors Zw and ZI' for water and ice hydro-
meteors, are presented in Figures C7 through (10, The profile values were com-
puted from those of‘_T, using Eqs, (70) and (71}, of R No, 1. The melting zone of
the storms are indicated in the figures and both the Zw and Zl profiles are shown
extended across the zones. The reflectivity factor is indeterminant within the
melting 7zone, as explained in R No. 1, pp 66, but the two profiles provide some
indication of this indeterminancy,

The hydrometeor regions and transition zones of the Wallop's storms of the
1972-73 season are identified in Figures C11 through C14, The regions and 7ones
for the storm of 2 February 1973 were determined from measurements and obser-
vations made from the AFGL C-130A aircraft (see Appendix E). The regions and
zones for the storm of 27 February 1973 were established from the observations of
the MRI Navajo aircraft (see Appendix F), Radiosonde temperatures and radar
data were also used in decisions regarding the altitude limits of the different regions
and zones, The symbol code used in Figures C11 through C 14 (also in Tables C1
through C4) was specified in Table 2, R No, 2. Rain is ""R"; large-snow is "LS";
small-snow is "'SS''; ice-crystals are "'C'. The subscripts indicate the
observed or assumed types of these hydrometeors.
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Figure C5. Profiles of the Radar Integration
Signal, T, (upper abscissa scale), and of the
Radar Volume Reflectivity, 7, (lower ahscissa
scale) for the Missile Trajectory of Flight

No. Q2-8362 (Unit No. R487103) of 27 February
1973, lL.aunched at 1040:00 GMT. The missile
was launched through a convective cell which
had a top at approximately 6.5 km. There was
a presumed clear layer between 6.5 km and
7.6 km, with an overlying cirrus deck between
7.6 km and 8,5 km. It should be noted that
the T,values for the cirrus deck, shown
dotted, were obtained by special processing

of the recorded radar data, They are
maximum values, The actual values are
something indeterminately smaller
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Figure (6, Profiles of the Radar Integration
Signal, | tupper abseissa scale) and of the

Radar Volume Reflectivity, 5 lower abscissa scale)
for the Missile Trajectory of Flight No,Q2-61363
(it No, R487104Y of 27 February 1973, Launched
at 1040:30 GAIT. The missile was launched through
a convective cell which had a top at approximatelv
6.5 km,., ‘There was a presumed clear laver between
6.5 km and 7,6 km, with an overlving cirrus deck
between 7,6 km and 8,8 km, [t should be 1.oted that
the I values for the cirrus deck, shown dotted,

were obtained by =pecial processing of the recorded
radar data, ‘Thev are maximum values, The actual
values are something indeterminacely smaller
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This information about the hydrometeor regions within the storms, combined
with the Table ! information concerning the I’ vs 7 equations pertaining to the par-
ticulur hydrometeor types, permitted the trajectory profiles of precipitation rate,
P’, to be computed from the 7.“. and 7‘1 profiles of Figures C7 through C10. The
techniques were described in Section 4.5 of R No. 2, The resultant profiles of P
are shown in Figures (11 through (14,

The trajectory values of the liquid-water-content, M, and of the integral of
liquid-water-content, fM dRs. which were presented in Figures 1 through 4 of the
main text, were computed from the 7 profiles of FFigures C7 through C10, utilizing
procedures that were also described in Section 4,5 of R No. 2,

The numerical data for all of the profiles shown in Iigures C3 through C14, and
IFFigures 1 through 4, are listed in Tables C1 through C4, The altitudes of the data
points are identified in these tables and the radiosonde temperatures are indicated.
TheJ_', ,L_rf,, Z“, (or Zl). P, Mand fM dRs values are tabulated for each altitude.
These are listed under the table sections labeled "'radar measured parameters'',
The tables additionally list the cloud liquid-water-content values, w, measured by
the Johnson Williams instruments of the C-130A and Navajo aircraft, which, in our
judgement, best typify, or bound, the cloud conditions along the missile trajectories
at the launch times. The last columns of the tables give the values, or value limits,
of the total liquid-water-content, contributed by both the precipitation-size drops or
particles plus the cloud-size drops of liquid form, either warm or supercooled,

There is an unresolved problem of nomenclature in Tables C1 through C4 that
should be noted (as it was noted in R No. 3). The radar, in the rain, large-snow
and small-snow regions primarily detects drops or snow particles of precipitation
size and the liquid-water-content values for these regions are listed in Tables C1
through C4 under the columns labeled "M, The radar, in the ice crystal region,
however, detects particles which, at least in terms of their equivalent melted
diameters, are partlyv in the cloud-size range. For this reason, the liquid-water-
content values for ice crystals are listed in 1 separate column of the tables, labeled

"ice cloud",
Note Concerning a Changed Analytical Assumption

Since this appendix is concerned with the computation of the hydrometeor
parameters from radar data, it is appropriate to mention a particular analytical
change that differs from that described in R No, 2, The change concerns the method
whereby the liquid-water-content, or M, values were determined for the ice-crystal
to small-snow transition zone and for the small-snow to large-snow transition zone,
In R No. 2 it was stated that the precipitation rate was assumed to be linearly vari-
able through these zones., This was the assumption used in some of the early,
preliminary storm analyses of the SAMS -1 through SAMS-3 seasons, However, the
assumption was changed for the final storm analyses which provided the tabular and
profile vatues of M that have heen submitted to SAMSO and published to date,

60



With the early assumption cited above, the radar-measured values of Z in the
two transition zones were not used in the analyses, Only the 7 values at the lower
and upper boundaries of the zones were used, It hecame apparent that our zone
analyses would have greater validity if we made use of the radar-measured Z values
in the zones and simply assumed that the constant and exponent of the M vs 7 equa-
tions were linearly variable within the zones (hetween the equation values pertaining
to the hydrometeor region below the zone and those pertaining to the hydrometeor
region above the 7one), We have used this analytical technique in all of the final
SANMS data provided thus far,

It should be emphasized that the assumption of a linearly-variable precipitation
rate is still used in our analyses of the melting zone,

The author's failure to note the changed assumptions about the two mentioned
transition zones has apparently caused some confusion among persons who have tried

to repeat our results, ‘I'he author apologizes for this oversight,
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Appendix D

Precipitation Measurements at the Surface Level

DBl SURFACE MEASUREMENTS OF PRECIPITATION RATE
AND LIQUID-WATER-CONTENT

The precipitation rate (rain rate) nt the launch site of the missiles and in the
nearhy vicinity was measured by tipping-bucket and weighing gauges and was also
determined indirectly from disdrometer instruments, as explained in R No. 1 and
R No. 2. The sites of the measurements are indicated in Figure DI,

The precipitation-rate and liquid-water-content values measured hy the two
disdrometer instruments (Numbers 1 and 3) locuted at the luunch site are shown by
the time plots of Figures D2 and D4, The plots of the first figure pertain to the
storm of 2 February 1973; those of the second figure pertain to the storm of 27 Feb-
ruarv 1973, The plots are for 3-hr periods centered approximately about the launch
times of the missiles. The launch times are indicuted,

The ordinate scales it the left in these figures give the precipitation rate (P),

in mm hr-l. The ordinate scales at the right give the liquid-wuater-content of the

precipitation (M), in gm m'a. The \l and P> scales are related bv the power-function

equations that are shown drafted at the lower right in each of the diagrams. These
equations were determined from regression analvses (non-linear) that were per-
formed on the size-distribution data .cquired from the disdrometers (see R No. 1,
R No.2, and R No. 3). The equations differ somewhat, due to the different rain-

rates sensed by the tipping-bvcket instruments as opposed to the disdrometers,
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Figure D2, Time-Plots of Precipitation Rate and l.iquid-Water-Content at the
Surface l.evel for the 1-hr Period Centered About the l.aunch Times of the
Missiles, From Disdrometer Data Acquired at the l.aunch Site on 2 February 1973

The precipitation rates and liquid-water-content vilues that were measured by
(or determined from) the tipping-bucket gauges at the launch site and at the so-
called "South Site'" [(1ocated approximately one-half mile south of the launch site
(see Figure Dli are shown by the time plots of I'igures D3 and D5. The plots of the
first figure pertain to the storm of 2 February; those of the second figure pertain
to the storm of 27 February. The upper diagrams in each figure show the plots for
the tipping-bucket gauge located at the launch site. The lower diagrams show the
plots for the gauge located at the South Site. Ordinate scales of both P’ and M have
been drafted on these diagrams, as in the case of the disdrometer diagrams. The
equations of relationship are noted. (It might be mentioned that these equations are
based on the combined data for the two disdrometers at the launch site.)

‘Tipping-bucket gauges were alsooperated at the NorthSite and the RARF Site shown
on the map. These gauges were of a non-standard type, however, and there were
associated data analysis problems. The data were never reduced to final form for

presentation.
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P'igure D3, Time-1'lots of I'recipitation R.te and 1 1quid-\W ater-Content at the
Surface l.evel for the 1-hr 'eriod Centered About the ! unch Times of the
\hisgiles, From Tipping- Bucket ity Vequired at the I aunch Site and South Site
on 2 February 1971

\n examination and comparison of Figures D2 and D3, for the storm of 2 'eh-
ruzrv 1973, reveals that the precipitation rates at the surface level during the
period illustrated ranged generallv from about 1 to 10 mm hr~ I. The liquid-water-
contents ranged from about 0, 05 to 0,30 gm m-'q. The figures also reveal that the
precipitation rates and liquid-water-content values increased and decreased more-
or-less in concert, at all gauges at both sites, throughout the measurement period,
This indicates that the storm precipitation at the surface level was relativelv homo-
geneous in its spatial characteristics, at least at horizontal scale somewhat exceed-

ing the one-half mile spicing between the launch site and South Site gauges.
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The launch site gauges at the times of the missile firings on this date (the two
missiles were launched 30 sec apart) guve precipitation-rute values vurving from
about 2to 4 mm hr® l. with liquid-water-contents varving from abhout 0,1 to 0,2
gm m-g. depending on which of the gauge values one chooses to bhelieve,

W ith regard to the Figures )4 and DS plots for the storm of 27 Fehruary 1071,
it should be explained that the disdrometer instruments at the liunch site were not
“turned on’" until 1010 G\IT, hence data were available onlv for the latter portion
of the illustrated time period, The tipping-bucket gauges at the launch site and
south site were operated throughout the total period, however,

Inspection and inter-comparison of the diagrams of lFigures D4 and D5 show
that the precipitation rutes at the surface level during the 1-hr period centered
about the Liunch times of the missiles (the two missiles on this dav were also
linunched 30 sec apart) ranged generally from ahout 0.6 to 4 mm hr-‘. The hquid-
water-contents ranged from about 0,03 to 0,19 gm m-g. The peaks and troughs of
the time plots for the different gauges during this period were well correluted and
the rainfall was reasonably homogeneous over the horizontal .irea of the two site
locations, llowever, it is also seen from the diagrams that the precipitation rates
and liquid-water-content values determined from the disdrometer instruments were
substantially smuller than the tipping-bucket values from about 1130 (.NMT onward,
during the dissipating phase of the storm when the precipitation rates were generally
less than 0.5 mm hr~ l. The disdrometer instruments, during this phase, were
apparently insensitive to the smallest of the falling raindrops and the precipitation-
rate and liquid-water-content values computed from the data were, consequently,
erroneously smull, The disdrometer precipitation-rates were also appreciahly
smaller than the tipping-bucket rates during the immediate launch period of the

missiles,

The surface values of precipitation rate assumed for the trijectory computations
of Tables C'1 and C2, of Appendix C, were 3.9 mm hr-!, for the first missile, and
4.2 mm hr-!, for the second. The liquid-water-content values at the surface level
for the trajectories were computed from the ".Joss Widespread' equation relating
M and P, see Tahle 2, R No. 2, which gave 0,245 gm m~9, for the first missile,
and 0,261 gm m~™", for the second. The disdrometer relationships between M

and P, shown in Figure D2 were not used in the trajectory computations, because
disdrometer calibration problems existed that delaved fhe equation determinations
until many months following the completion of the trajectory computations., Use of
the disdrometer equations in place of the "Joss Widespread'' would increase the
liquid-water-content in the rain regions by approximately 35 percent.
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Figure D4. Time-Plots of Precipitation Rate and l.iquid-Water-Content at the
Surface l.evel for the PPeriod 1/2-hr Prior to launch Time to 1-1/2-hr Subse-
quent to l.aunch Time, From Disdrometer Data Acquired at the Launch Site on
27 February 1973, The disdrometer instruments were not ''turned on" until
12 hr Before l.aunch Time on This Day

Thus, although the disdrometer results for 27 February 1973 are presented
herein, for completeness, it should be emphasized that questions exist concerning
the instrument calibrations and the accuracy and significance of the results, * (The
disdrometer problems of this day were mentioned in R No. 1 and R No. 2, in the
context of our inability to use the disdrometer data to secure a meaningful calibra-

tion constant for the IF'I’S-18 radar),

A

The disdrometer instruments are essentially ''relative indicators'' which have to

be set or "calibrated’ in order to provide quantitative results. There are several
methods of calibration. A sensitivity check, or "electronic calibration method",

is provided as part of the instrument circuitry. Water drops of known sizes can

be dropped on the sensing heads of the instruments, from heights assuring terminal
velocities, and the disdrometer readings of drop size can be adjusted for conform-
ance with the actual, The total rainfall computed from the disdrometer data for a
period of relativelv-long duration, some 2 to 3 hr or so, can be "adjusted"’, by
recomputation, to correspond to the total rainfall measured by the tipping-bucket
gauges, and/or weighing gauges, for the same, common period. The disdrometer
precipitation-rates can also be adjusted, during computations, so that the computed
rates agree with the tipping-bucket rates for any given time or time interval of
choice. The particular calibration method or combinations used for the data of

27 February 1973 is unknown to the author,
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FFigure D5, Time-Plots of Precipitation Rate and l.iquid-Water-Content at the
Surface l.evel for the 3-hr Period (entered About the l.aunch Times of the
Missiles, From Tipping-Bucket Data Acquired at the L.aunch Site and South Site
on 27 February 1973

The tipping-bucket gauge at the launch site at the firing times of the m.zsiles on
27 February gave a precipitation rate of 1.26 mm hr-l. A value of 1.3 mm hr'] was

used for the trajectorv computations discussed in Appendix C.

D2. COMPARATIVE SIZE-DISTRIBUTION MEASUREMENTS
OBTAINED ON 26 FEBRUARY 1973

The size variation of the number concentration of the raindrops recorded by the
disdrometer instruments was ''checked and compared”, on 26 February 1973, with
measurements made, at common sites and times, by a "'dyed filter-paper'' technique.

The rainstorm of 26 February 1973 was not a launch day for the SAMS missiles.
However, the comparison data obtained on this date are quite pertinent to the SAMS
objectives of accuracy and uncertainty assessment.
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In t1e filter paper technique, which {8 a conventional meteorolorical technique,
large filter-paper disks (24 cm in diameter), which are impregnated with methylene -
blue powder, are exposed to the falling rain for carefully timed intervals (which
vary inversely with the rainrate), The raindrops that fall on the filter paper during
the exposure interval wet the paper and lissolve the methvlene-blue powder at the
p'aces where thev strike the paper, ‘Thus, they leave "hlue colored signatures’,
or patches, on the paper which can be manuallv sized and counterl in later analyses,
The penera! relationships hetween the "patch diameters’ and the "physical diam-
etere’’ nf the raindraps have been established through various calibration studies
performed in the past.5 The specific relationships, for the AFCRI. tosts of
26 Fehrvarye 1973, were established by calibrations performed by Mr,

Ny o

¢ -+ i comparisons were made during the rainstorm of 26 February, In
the first which was performed at the launch site, two filter papers were exposed
for 15 sec each, in quick succession, during the particular time interval 1249:00
to 1249:30 I'ST, which corresponded to the recording interval of the two dis-
drometers, Numbers 1 and 3, that were located at the site and operating at the
time., The two disdrometers were spaced about 4«ft apart, ‘T'he filter paper
saniples were obtained from a location mid-way between the .lisdrometers, The
papers were exposed at ground height in the "bottom half of a film can'', the top
cover of which was removed at the beginning of the exposure and replaced at the
end, A 15-sec exposure of the filter paper was required hecause of the rainrate.
This meant that two papers had to he exposed to cover the 30-sec recording inter-
val of the lisdrometers, 'I'he person who placed and exposed the paper of the second
sample approached the disdrometer vicinity from the downwind side and was only
brieflv present, for about 1to 2 sec, at arms length Jdistance from the disdrometers,
Thus, he lid not interfere with the measurements in anv material way.

The second set of comparisons was made at the South Site location during the
time interval 1341:00 to 1341:30 I'ST, 7Two filter papers were exposed in the same
manner lescribed above, while the disdrometer instrument at the site was operating
and recording sive istribution information,

The precipitation rates for the disdrometer and filter-paper measurements at
the two sites were ‘letermined for the 30-sec intervals cited previously, using
methods described in R No, 1 and R No, 2, These precipitation rates are shown
listed in Table D1, Also shown are the precipitation rates that were measured dir-

ectly by the tipping-bucket gauges at the sites, These are the "calibrated precipi-
tation rates'’ of the tipping-bucket gauges, which have been corrected for "bucket
spillage as a function of rainrate'', (The corrections were established by laboratory
calibration of the instruments. The values are small, less than 5 percent, for
rainrates below 5 mm hr 1),

5. Marshall, J.S, l.angille, R,C,, and Palmer, W, McK. (1947) Measurements
of rainfall by radar, J. Meteor, &:186-192.
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Table N1, Comparison Rainrates Determined for Two Sites and T'ime
Intervals During the Storm of 26 February 1973

Rainrate
Site Time Interval Method of Measurement mm hr=!
l.aunch Site 30 sec Disdrometer No, 1 1,72
(1249:00 to
1249:30 I'ST) Disdrometer No, 3 1,24
Iilter Paper 2.5
Tipping-Bucket Raingauge 2
South Site 30 sec isdrometer No, 4 1. 86
(1341:00 to
1341:30 ST) Filter Paper 4,1
Tipping-Bucket Raingauge 3.4

It is seen, from the table, that the Jdisdrometer rainrates at the individual sites
were substantiallv smaller than those determined from the filter paper or measured
by the tipping-bucket gauges, Comparisons of the rates for the filter-paper vs those
for the tipping-bucket reveals reasonable correspondence at the launch site but
appreciable Jifference at the south site,

Size distribution information for the iisdrometers and filter-paper samples is
presented in Table N2, The number concentrations of the Irops are shown in the
first lines of the table, which pertain to the individual samples, ‘I'he numher con-
centrations are liste | in the particular liameter classes which are the "counting
classes” of the {isdromete: instruments, ‘The concentrations for the filter-paper
samples are listed in these same classes, for comparability,

The class contributions to the liqui {-water-content and to the radar reflectivity
factor are shown in the secoand and third lines of the table, for the individual samples,
The total number concentrations of the irops, of all si-es in the populations, are
presented under the column labeled "V.l.". l.ikewise, the total liquid-water-content,
M, and the fOt_’ll radar reflectivity factor, 7, are listed in the columns immediately
following. (It should be noted that the parameters tabulated in the last five columns
will not be liscussed in the present appendix. Thev nertain to subjects considered

in Appendix I, and will he described therein),
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With regard to the number concentration values shown in Table 1)2, it is seen
that much-larger numb~rs of raindrops were detected by the filter papers than were
recorded by the Jdisdrometers (by a factor of 3 to a factor of 8,7). The disdrometers
failed t» detect the amallest drops and/or detected them in number concentrations
less than were actually present, }For drops from about 0,75 mm to 1,7 mm, the
concentrations were roughly the same for the (disdrometers and filter papers. Then,
again, for drops of the largest sizes, the disdrometers generally failed to detect
drops as large as were captured on the papers, There is a logical explanation for
this, in that the sampling area of the filter papers (~452 cm2) is some 9 times
larger than the sampling area of the Jdisdrometer instruments (50 cmz). Hence, a
greater number of the largest raindrops, which were present in the storm in rela-
tivelv-small concentration, would logically be detected by the filter papers and not
by the disdrometers. (Probability arguments can be advanced that these largest
drops should also be Jetected by the disdrometers within sampling intervals that
were 9 times larger than the basic 30-sec counting-interval of the instruments,
that is, within a 4-1/2 min period of record., It may be reported that drops as large
as detected on the filter papers were recorded on all disdrometers during the 4-1/2
min periods centered about the mid-times of the Table )2 intervals),

The lisdrometer instruments and their mode of operation were described in
R No. 1., Intheory, the instruments have a threshold of momentum detection cor-
responding to that of a gravitationally-falling drop of 0.3 mm diameter. g Under

+

operational conditions, though, this ''sensitivity threshold" is modified appreci-
ably, over short term periods, at least, by the updraft-downdraft motions associated
with atmospheric turbulence, The extent of such modifications, and of the turbulent
effects on the instrumental sizing and counting of drops of even larger sizes, is
dependent on the storm conditions of the particular day and on the locations and
methods of sitirg the disdrometers.

With dur regard to these influences, it was still apparent that the disdrometers
in the tests of 26 I'ebruary 1973, as the instruments were calibrated and operated
on this day, had severely diminished sensitivity of number count for drop sizes
smaller than about 0.75 mm. 0rops smaller than this were counted, down to the
0.3 mm threshold on two of the three disdrometers, but the recorded concentra-
tions were obviously deficient. [t was equally obvious (see Table D2) that the counts
of the Number 1 disdrometer at the launch site were so grossly deficient for small
drops as to warrant a conclusion that the instrument was malfunctioning and in=
operative,

The liquid-water-content and radar reflectivity factor values of Table )2 were
derived from the number concentration data using the fall-velocity relationships for

6. Joss, J., and Waldvogel, A, (1970) Dixdrometer RD 69 Instruction Manual,
Marc. Weibel Dipl. Ing., K'TH, Kapellenstrausse 20, 4000, Basel, Switzer-
land,
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raindrops of Gunn and Kln7rr7 which also appenr in Table 114 of the Smithsonian
Metenrological Tables (8th Edition, 1951), i These are the lall-velocity relation-
ships that are used in the "disdrometer computational program’ of AFCRI., which
is based on a program developed by Joss,

With reference to Table )2, it is seen that the M values (etermined from the
filter-paper samples were about twice as large as those derived from the dis-
drometer Jdata, (Disdrometer Number ! is ignored in these comparisons, for the
reasons stated above.) [t is also seen that the 7 values for the filter-paper were
some 2 to 4 times larver than those for the disdrometers,

It might be pertinent to mention that .Joss a1d Wa!'ivouel‘q have presented
equations and infarmation about the probabilitis of determining the ''true values"
(or long-term average values) of precipitation rate, P, and radar reflectivity
factor, 7, from measurements of drop si»e distributions in rain, The required
sample sizes and probabilities vary with rainrate, For example, for a rainrate
of 1 mm hr']. a sample size of 1,5 m2 sec is required to measure a value of P
that has a 0. 95 probabilitv of being within 10 percent of the true value; and a sample
size of 19 m2 sec is required to measure 7 to these same probability-confidence
levels, For the lisdrometer instrument, with its sampling area of 50 ('m2, this
means that a measurement period of about 5 min is needed to determine P, with a
0. 95 probability of 90 percent accuracy, and an approximate 1-hr period is needed
to determine 7, to the same accuracy,

IFor a rainrate of 10 mm hr'l. the sample sizes required to determine 1> and
7. to this accuracy are 0.5 m2 and 6,5 n12 sec, respectively. With the disdrometer,
this means that a measurement period of 2 min is needed for P and a measurement

period of 20 min is needed for Z.

7. Gunn, R., and Kinzer, G.D. (1949) The terminal velocity of fall for water
droplets in stagnant air, J. Meteorol. v9':243(565, 594, 596-7),

8. Smithsonian Meteorological Tables, 1951: Sixth revised edition,
Smithsonian Institution, Washington, D. C,

9. Joss, J., and Waldvogel, A. (1969) Raindrop size distribution and sampling
size errors, J, Atmos, Sci. %2:566-569.
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Appendix E

AFCRL Flights, Summary Notes and Particular
Analyses, for the 1972-73 Seeson

The AFGI. C-130A nircraft was based at Hanscom Field, Bedford, Massa-
chusetts during the 1972-73 season. When storm conditions appropriate for SAMS
operations were forecast for the Wallops area, the aircraft was flown from Hanscom
IField to Wallops where: (1) it "stood by'' in a holding pattern, awaiting the potential
missile firing or; (2) it landed, usually either at Wallops Station, Virginia or
[.angleyv AFB, Virginia, where the flight crew awaited further instructions concern-
ing the storm and missile launch conditions and maintained readiness for measure-
ment sorties.

Twenty-three aircraft sorties were flown in support of SAMS during the 1972-73
season, as identified in Tauble F1, Flights were made in 13 potential storm situa-
tions, SAMS missiles were launched in two of the e situations, on 2 February 1973
and 27 IFebruary 1973, MAleasurements with the C=-130A aircraft were made in the
storms of 2 February., But measurements could not be made in the storm of

27 February, because of a propeller malfunction on the No, 3 engine of the aircraft,
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El. OHBSERVATIONS AND DATA ACQUIRED DURING THE
STORM OF 2 FEBRUARY 1973

Observations and measurements were made at 12 different flight levels in the
storm of 2 February 1973, The observations and measurements of the storm con-
ditions along the missile trajectories began ut about 1410 7, at an altitude of
32,000 ft (True Altitude, corrected from P’ressure Altitude), :ind thev were ter-
minated at approximatelv 1554 7, at an altitude of :thout 500 ft,

Comments about the general hvdrometeor conditions at the various altitudes
in the storm are presented in Tuble X2, These aire the edited notes of the AFCRI.
Flight Director, 1.t. Col, James I, Church., (They have heen edited only to delete
references to non-meteorological matters, such as comments regarding navigation,

positioning, radio communications, etc.)

Tuble K2, Flight Director's Notes (Concerning the General Hvdrometeor Conditions
at the Different Flight 1.evels in the Storm of 2 February 1973, The notes hiave heen
edited to delete references to non- meteorological matters, such as navigation,
positioning, radio communications, etc.

Time GMT Altitudek 1t~ ~ Hemurks

1325:00 0.3 Moderate rain, 2-3 mm size on climbout.

1325:41 1.5 Below cloud base, fog below, visibility

2-1/2-3 mile slant.

1326:43 3.4 I'ntering new cloud now.

1328:17 6.0 Still below main cloud base, have stratus below me.

1328:29 6,2 In and out tops of stratus or stratocumulus,

1328:40 6.4 Into hase of main cloud,

1328. 55 7.1 Still have occasional 4=5 mm rain.

1329:02 7.3 In clear above stratus and helow altostratus,

1330:12 8, Between lavers,precip, lighter now, most drops
2-3 mm,

1331:00 10,0 Getting small snow crystals hitting snow stick.

1331:06 10, 2 Getting | mm snow crystals now, rain has stopped,
getting little stellars up to 2 mm.

1331:44 10.0 In snow now.

1332:02 11,5 I see only small snow crystals, stellars, still
melting but not sticking, 1-2 mm crystals, no
big agglomerates hitting stick, can see

agglomerates going by near spinner.

*"Flight track diagrams'" for the C-130A sortie of 2 February 1973 exist at AFGL
which have been related to the path trajectories of the missiles. But these are not
presented because of their complexity and marginal utility.
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T:uble 12,

I'light Director's Notes (‘oncerning the (ieneral Hvdrometeor (‘onditions
at the Different I'light l.evels in the Storm of 2 Fehruary 1973 (Cont)

Time GMT

Altitude k ft

1334:07

1336:11

1337:28

1338:09

1339:04

1339.2

1339:38
1340:56

1341:46
1342:00
1324:42

1344:24

1345:25

1346:12

1347:16

1348:32
1349:56

1350:13

14,3

18,4

19,4

19,4
20,7

23,6

24.0

25.0

25.3
26,2

26.4

Rem:rks

Still getting small ice crvsatals 1-2 mm, no big
agglomerates, but still see big agglomerates
going by spinner, not hitting snow stick,
moderate intensitv.

In a1l snow now, small dendritics stellurs
1-2 mm size,.

Getting smull stellars 2-3 mm size, occasional
3 mm hut seeing bigger agglomerates going bv
spinner, riming slight bit on leading edge of
wing, all snow now,

Still in moderate snow, small ice crystals,
appear to be stellirs, size decreasing, 1| mm
mostly, occasional 2 mm ervstals now,  Still
see bigger ngglomerates going bv spinner, but
none hitting snow stick,

Still getting very smull ice crvstals about 1| mm,
verv uniform sive, agglomerates going bv spinner
getting smualler too.

Crvstals poing to needles now or possibly columns,
about 1 mm size.

Crvstals getting smaller and smaller,

In cirrus now, crvstal size 1 2 mm occasional
I mm in size,

small ice ervstals about 12 mm in syze.
We've had uhsolutelv no turbulence,

l.ight, small crvstals, 1 2 mm size columns
or needles,

('louds pretty dry up here. No riming at all on
snow stick, ice crvstals changing to platelets
now, About 1/2 mm occasional 1 mm

| see ugglomerates going bv spinner, seeing
hexagonal plates about 1/2 mm, occasional
I mm.,

Intensitv definitely tapering off on snow, crvstal
size very small, about 1/2 mm size average.

Ice crystals about 1/2 mm, light intensity, no
riming on stick at all. Saw 1 mm particle hit
stick but most about 1/4-1/2 mm, verv tiny
crystals,

Slightly bigger platelets now, about 1/2 mm size.

Sun dimly visible. Snow size continues to de-
crease in size as we climb., Now down to 1/4 mm
in plates.

I.ess than 1/4 mm; very light intensity.
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Table K2,

Flight Ihrector's Notes Concerning the General Hydrometeor Conditiona
at the Different Flight Levels in the Storm of 2 February 1973 (Cont)

Time GMT

Altitude k ft

Remarks

1353:48

1:355:56

1356:42

1359:42

1405:50

1409:30

1410:35

1414:00

1417:19

1417:55

1418:08

1418:36

1419:148
1420:35

1423:00

1424:08

1424:50

1425:22
1426:05
1426:25

1426:50

1427:21

27. 8

42,0

28, 4

28,0

2:.2

25. 1

24,5
22,9
22.4

21.8

21.0

Ice crystals still 174 mm sive, little stellars
or dendrites. No ugglomerates going by spinner,

Very tinv needles now, 174 mm, 5till in clouds
with several k t of clouds still above,

Getting small columns now about or less than
1’4 mm,

Verv tinv crvstals, hack to hexagonal plutelets
Again, 14 mm size.

Sun fuirly bright. still not 2t cloud tops,  Still
in very small 1ce crvstals,

still in clouds,

Still in clouds with very small ice crvstals, sivze
dhout 110 mm and stable cloud, very smooth
flving. Istimate cloud tops still 2-3 k ft above us,

Can see halo around sun, still in clouds, ice
crvstals about 1710 mm sive,

Still very tinv 1ce crvstals, appear to be platelets,
Sun is bright, lost hilo, crvstals verv uniform
s17ze on snow stick.

Intensity increasing but still hight, umform
crvstal size.

{ee crvstal size slowly increasing 1/4 - 1/2 mm
size,

Descending. Seeing hexagonal pliates 1/4 - 1/2
mm size.

Still in cirrus.,

l.ight intensity ice crystals, sun verv dim.
1’4 - 172 mm size, all platelets, no agglomerates.

Getting 1/4 - 1/2 mm ice crystals, platelets,
no agglomerates.

1/4 - 1/2 mm crystal size. Sun dimly visible
above, very stable flving,

Still in ice crystals 1/2 - 1| mm size, descending
to 20 K, very uniform size, light intensity.

Descending, 1/2 - 1 mm size, still platelets.
1/2 - 1 mm size now, uniform crystal sizes.

Number frequency of crystals increasing now
1/2 < 1 mm,

Ice crystals getting bigger, about 1 mm size

now, light=moderate intensity. No riming of

stick. Starting to see occasional agglomerate
going by now.

Occasional agglomerate going by, 1 mm ice
crystals, still appear as platelets.
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Table K2, Flight Director's Notes Concerning the General Hydrometeor Conditions
at the Different Flight l.evels in the Storm of 2 February 1873  (Cont)

Time GMT Altitude k ft Remarks

1428:31 20,5 ietting light turbulence chop now, some
agglomerates going by spinner, ice crystals
1 mm size.

1429:34 20. 4 | mm size, seeing needles now mixed with

platelets. Agglomerates going by spinner
that are larger.

1430:00 20.6 1 mm platelets now, moderate intensity, no
chop now.

1431:30 20,7 Hack to platelets, | - 1.5 mm size,

1432:00 20.6 Have three size crystals now. Most are

1 - 1.5 mm platelets, another size 2 mm much
less frequent than agglomerates, 3 - 4 mm
going by spinner.

1433:16 20.5 Moderate intensity crystals or size 1.5 mm,
no riming of stick vet, see large agglomerates
going by spinner,

1434:45 19.3 Still getting small platelets, 1 - 1.5 mm size,
moderate intensity, no riming, smooth flight,
see big agglomerates going by spinner,
moderate intensity.

1435:19 18.5 Stick starting to rime up now,
1435:38 18,2 Moderate intensity of crystals.
1436:06 17.5 Getting into snow flake region now, picking up

2 - 3 mm agglomerates on anow stick.

1436:17 17.2 Size increasing, moderate intensity, 1 - 2 mm
flakes with some agglomerates, getting into
stellars and dendrites, riming on snowstick.

1436:49 16.4 No cloud drops on windshield.

1436:57 16.3 Moderate intensity, crystals 1 - 2 mm, larger
in agglomerates.

1437:25 15. 8 Still getting | - 2 mm separate crystals (flakes).

No agglomerates hitting stick, 2 - 3 mm size.
Much bigger agglomerates blowing by spinner.

1438:48 15.2 Definitely in snow, lots of big agglomerates,
moderate to heavy intensity, 2 mm average
size crystal, no real riming of stick.

1439:57 15,2 Agglomerates sizes 3 - 4 to even 5 mm sizes,
1440:00 15. 2 Average size 2 mm, agglomerates from

3 -5 mm sizes.
1441:56 15.2 Moderate-heavy in snow, 2 - 3 mm with much

larger agglomerates going by 3 - 5 mm, no
riming on snow stick, snow nice and dry,

1443:05 15,1 Big agglomeraties going by 3 - 5 mm sizes,
2 - 3 mm sizes hitting snow stick but do not
appear to be inadividual crystals.
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Table E2. Flight Director's Notes Concerning the General Hydrometeor Conditions
at the l)ifferent I'light l.evels in the Storm of 2 Febguary 1873 (Cont)

Time GMT Altitude k ft Remarks

1444:00 14. 3 IFlake sizes 2 - 3 mm,

1444:07 14. 1 Starting to rime on leading edge of wing.

1444:57 12.9 Getting into hedvy snow now, large agglomerates

3 - 5 mm, no snow sticking on windshield 2 - 3
mm sizes, appear tg be dendrites.

1445:48 12,2 Occasional cloud‘top now, getting towards
melting zone,

1446:20 12,2 2 - 3 mm size agglomerates, defiritely not in-
dividual snow flakes now.

1447:08 1.9 2 - 3 mm size flakes, melting :: they hit snow
stick.

1447:43 12,1 Moderate-heavy snow agglomerates, ! - 3 mm

L3

sizes, with bigger ones 4 - 5 mm, no r
riming, in ana out cloud tops.

1449:15 12,1 Seeing dendrites, moderate inter “

across most abundant class, 1o*

agglomerates blowing by spinner, .t

any liquid droplets at this altitude, 1 der ' nileg,
1450:53 11. 8 Snow stick riming up, 2 - 3 mm agglome . v,
1451:40 11,1 Definite dendrites, moderate intensity, 1arge

agglomerates going by snow stick, flakes hit and
melt immedintely at this altitude, 2 - 3 mm
average size, large ones 4 - 5 mm,

1452:19 10. 5 No precip hitting gwindshield, in und out of
clouds now.

1453:00 10, 3 Now in rain.

1453:13 10, 2 See large agglomeratesdgoing hy at § - 6 mm
sizes with rain, rain moderate intensity.

1453:33 10,1 Some small snow mixed with rain.

1453:51 10. 1 Getting lurge rain drops now, size 2 - 3 mm,

occasional burst of larger droplets 3 - 4 mm,
some spow mixed in (10 percent), mostly
rain in light cloud.

1454:29 10,1 Some light chop, drops 2 - 3 mm in rain, some
riming vet.

1454:56 10, 2 Bursts of rain but some small flakes.

1455:13 10. 1 Occasgional big rain drops, melting snow flakes
1 - 2 mm sizes, occasional 3 - 4 mm drops.

1455:44 9.9 In mixed cloud, rain and snow,

1456:15 9,9 In convective cell, moderate intensity, heavy

shower, 4 - 5 mm rain, no snow.

1459:07 10.0 In showers now, light chop, large rain
4 - 5 mm drops, many more smaller 2 - 3 mm
size, seeing no snow hitting stick.
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Table ¥

Time G

-

1500:05
1501:10

1501:40
1502:02

1504:18
1504:46
1507:35
1508:20
1508:20
1509:00
1509:23

1510:37
1513:43
1514:00
1515:21
1515:39

1521:48
1522:24
1522:30
1524:46
1527:08
1528:22

1533:43
1434:28

1537:31

2, Flight Director's Notes (‘oncerning the General Hydroineteor Conditions
at the Different Flight |.evels in the Storm of 2 February 1973 (Cont)

—— o — e

AT \titude k ft

Remarks

10, 1

8., 9

8.1
8.1

19
.
x > O O =

W W W e o
. .
D W D O O N

\'erv heavv showers, very big drops 6 - 6 mm,
most rain 3 mm size, no snow,

Continue in convective showers, 5 - 6 mm drops
on windshield, or precip size 3 mm.

Clouds verv thin,

\Moderate showers, 4 - 5 mm drop size, majority
of rain 2 - 3 mm drops.

\loderate showers, 2 - 3 mm drop size pre-
lominatelv, occasionald -4 - 5 mm drops
mixed in,

Steady rain, 2 - 3 mm size predominately,
Occasional light chop at altitude.

In steady moderute rain, light chop.

Just above cloud tops, very ragged.

Rain continues moderate intensitv.

Rain continues, (moderate rain),

Below altostratus deck and above stratocumulus
deck, no real turbulence.

In ragged cloud,

See broken stratus below me.

Occasionally flicking through top of stratus,
Moderate showers now,

Steady rain, no turbulence, essentially between
decks.

Steady rain, down to light intensity.

Very thin cloud, very little turbulence.

Now in moderate showers,

Back to light intensity precip.

Still in light to moderate rain, uniform rain,

Just above tops of stratus. Rain is steady,
light - moderate intensity.

Appear to be belov stratus deck now.

Light - moderate rain now, maximum drop size
about 3 mm, maybe occasional 4 mm, mostly
2 mm sizes.

Below most of stratus clouds, in light - moderate
rain,
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The C-130A flight of 2 February 1973 was plagued with instrumental difficul-
ties and malfunctions involving three of the four primary cloud-physics sensors.
The chloroform-fornivar solution used for the replicator instrument was unavail-
able, hence, this instrument was not operated during the flight. The shutter on
the foil-sampler instrument "froze open'' at 1415 Z, during the first SAMS mea-
surement pass at the 32, 000-ft level, and the aluminum foil of the recording roll
tore and separated abovt 8 min later. The recording system for the raindrop
spectrometer instruman: malfunctioned and, although the instrument itself
operated properly throughout the flight, no data record was available for analysis.

The Johnson-Williams (JW) liquid-water-content meter functioned well during
the flight arnd provided the data, concerning cloud liquid-water-contents, which
were previously referenced and illustrated in Figure 5 of the main text. These
data were also used in the summary tables of Appendix G, Tables G2 and G3.

E2. ANALYSES OF FOIL REPLICATOR DATA

Two types of analyses were performed on the useable portion of the foil
replicator record (obtained before the foil broke). The first was performed on the
"ascent portion"# of the record to establish the maximum sizes of the snow and
ice particles that were present in the storm at the different altitudes, also to esti-
mate the approximate number concentrations of the particles, when possible. In-
dependent analyses were performed by two, skilled persons, to determine if sub-

jective differences existed and to assess their nature. a0

The analyses were per-
formed directly on the foil record using a ''measuring magnifier''. About three
man days of time was required by each analyst. The data results are shown in
Table E3, Summary informationis presented inthe table concerning the ''snow stick
observations' of the flight director. The sampling volumes are also listed inthe table,

These arelarge, compared to normal sampling volumes foraircraft instruments, but

are still very-small, relative to the aimoepheric volumes observed by the RARF
radars used for SAMS,

The aircraft ascended over the "holding pattern location (about 20 to 35 miles
SE of Wallops), The foil-sampler instrument was "turned on' during ascent at
approximately 1331 Z, at the 11, 000-ft level, and the aircraft reached its maxi-
mum flight altitude, of 32, 000 ft, at about 1410 Z, The "ascent portion'' of the
foil record, mentioned above, was obtained during this period, which was some-
what prior to, and including, the times of the missile launchings. The storm on
this day was quite homogeneous (see Appendices A and B),therefore, the foil data
obtained over the holding area are probably representative of the general storm
conditions over the launch area,

10. Church, J.F., Pocs, K.K., and Spatola, A.A. (1975) The Continuous Aluminum-
Foil Hydrometeor Sampler; Design, Operation, Data Analysis Procedures
and O eraﬂ lnefruaions. IFC&E T% 75-0370, Instrumentation Papers

0.
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It is seen that the snow nggregates in the lowest altitude layer of the table,
between 11,000 and 14, 000 ft, had sizes (physical sizes) as large as 7.5 mm and
that the maximum particle sizes generally decreased upward from this altitude layer
to the storm top level. The table reveals that the separate analysts differed sub-
stantially in their measurements of the maximum sizes in the altitude range from
20, 000 to 32,000 ft. The table also shows that the maximum sizes observed on
the "'snow stick’' were appreciably smaller than those measured from the foil, This
is to be anticipated, since the ''sampling volume'' of the snow stick (the air volume
that "'impinges’’ on the snow stick, the contained particles of which are observed by

the human eye during its "'\ .icntivity interval”') is considerably smaller than that
of the foil sampler instrument. It should be noted that larger-size particles, than
observed on the snow stick, were frequently seen passing in front of the "'black
background'' of the aircraft spinners (the propeller hub assemblies) and/or were
detected by the spectrometer instrument of the C-130A aircraft, These instances
are indicated in Table E3 by the asterisks.

In the second type of analysis performed on the foil record, four particular
samples of the record were selected for the SAMS measurement portion of the
flight (following the missile firings). The sample times and altitudes are noted
in Tables E4 and E5. The portions of the foil record containing the selected samples
were photographically enlarged and printed using optimum contrast lighting and
processing. The magnification varied but ranged from 6x to 6.5X, For three of
the samples, those of Table E4, the numbers of the ice particle impressions shown
on the prints were counted in size-classes of the largest particle dimension. For

two of the samples (one common), those of Table E5, the numbers of the particles
were counted in size-classes of the average particle dimension, which was an
average of the length and breadth dimensions of the particle images shown on the
prints. (The 1416:48 Z sample for the 30, 000 ft level was "counted both ways'’,
hence, the data for this sample as counted by the first method are shown in Table
ES). Subjective allowance was made in the analyses for the differences between the

images of the ''dent sizes" of the particles and their "physical sizes”. It might
additionally be noted that the minimum particle size that could be reliably and
consistently counted by the analyst was about 0. 2 mm; the absolute threshold of
size detectability wasabout 0,05 mm, Approximately two man weeks of photo-
graphic and analytic effort were required to obtain the presented data.
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The "actual count’ data for the foil samples are listed in the left hand columns
of Tables E4 and E5, under the identified sample headings. The normalized
number concentrations of the ice particles, per counting class, per cubic meter of
atmospheric volume, are shown in the right hand columns, The total, normalized
numbers of the particles, NT' are also shown. The normaljzations were accom-
plished through knowledge of the volumes of air, containing particles, that impinged
on the sample areas of the foil during their exposure to the airstream of the air-
craft. (The "sample volume', in other words, is the product of sample-area times
airspeed times exposure interval. A correction for the "aerodynamic collection
efficiency’’, of the sensing-probe-of-the-foil-sampling-instrument for ice particles
of the different sizes, should also be applied, but was not, hecause of lack of know-
ledge. )

It is seen from Tables E4 and E5 that the total number concentrations of the
ice particles ranged from about 4100 to 8000 per cubic meter., It is also seen that
the maximum dimensions of the largest particles of Table F4 are somewhat smaller
than the maximum sizes reported in Table F3. This is to be anticipated, since
the sample volumes of the Table E3 samples are much smaller (by a factor of 200,
or so) than the average ''per particle’ volumes of Table F4.

Wit} regac1to Sample No. 3, of Tables E4 and X5, it may be noted that the sizes of
the particles, as mearured interms of their maximum dimensions, spana rangethat is
alouttwice that for the particles sized according to their averagedimensions. This
might te indicative that the pacticles that "hit the foil" were generally "elongated par-
ticles'', as opposed to »ymmetrical particles. However, a close inspectionofthe
original foil records and photographs reveals that, at least for three of the four samples,
the direction of elongation was preferentially "along the direction of the foil strip’’,
ratherthan across the strip. This suggests possible instrumental-analytical problems
of the types indicated below. '

‘The revolving drum of the foil-samplerinstrument, LD upon which the foil rests as
it is carried past the opening exposed to the airstream, has "lathe-turned ridges"
around its circumference which are spaced 0.25 mm apart and which serve to
"elevate the foil" and provide ''denting space” for the particles that impact. When
particles strike the foil at aircraft speeds, it is suspected that the resulting dents
in the foil are extended preferentially along the circumferal ""troughs’ between
these ridges., For large particies, the circumferal elongation would be relatively
slipht, compared with the orthogonal dimensions of the dents. But, for small
particles, such as ice crystals, the distortion might conceivably be rather sub-
stantial, It might also be noted that the aluminum foil itself, when manufactured
and during its passage through the instrument, has, or develops, various
scratches and lines that are predominantly oriented in the direction of the strip,
rather than crossways. The presence of such scratches and lines on the foil
complicate the dimensional determinations for small particles (the dents of which
are very difficult to see on the foil and assess)., A careful analyst, irrespective
of these problems, can usually judge the true particle dimensions fairly well, if
he works on the original foil record and uses various magnifying devices and
lighting from different angles, With a photographic print of the foil, however, the
analyst loses an appreciable amount of his judgement ability, since particular
contrasts, exposures, shadows, {llumination angles, etc. have been incorporated
into the print, once and for all, in the photographic processing.
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The sample data of Tables £4 and ES were further employed to estimate, by
different comparative methods, the distributed and total values of the liquid-water-
content (M), and radar reflectivity factor (Z) of the jce particles. It will be in-
structive to describe these methods and results in some detail. We will then sum-
marize and draw conclusions.

It may be noted (nitially that three assumptive steps are required in any es-
timates of M (or Z) from particle-size data concerning ice crystals. First, it is
necessary to know or assume the type (three-dimensional shape! of the ice crystals
that are present in the storm at the given altitude. Furthermore, even if
measurements or observations indicate that a given type crystal is occasionally
present in a population, or is present only in certain size ranges, it is
necessary to assume that all the crystals of the population have the same, common
shape. Second, it is necessary to estimate the probable, or typical, length,
breadth and thickness dimensions of the crvstals of the particular tvpe. Third, it
is necessary to estimate the effective water-density of the ice-air mixture con-
tained within the volume defined by these dimensions such that the water-mass of
the crystals can be assessed. These are the three essential assumptions. Addi-
tionally, it is conventional to compute the "'equivalent melted diameters’ of the
crystals corresponding to the water-mass values, I'rom this point on, the deter-
mination of the distributed and total values of M and 7 is straightforward, as will
be demonstrated later herein,

Previous investigators have made a variety of assumptions about how the
geometry and/or density of different ice-crystal types might best be approximated.
These assumptions, in general, are based on theoretical reasoning applied to
experimental data. Such work has been reported by Auer and \'eal, Hevmsfield
and Knollenberg and Kajikawa, for example. 11.12.13

As concerns our estimations herein, we therefore have various choices about
which literature methods and results we migh. wish to employ. We elected to
follow the work of just two investigations, however, for reasons that are explained
below,

For the storm of 2 February 1973, we are primarily interested in two different
types of ice crystals. We are interested in the platelet type of crystals, because
(see Tables E2 and EJ) this was the observed crystal type in the upper portion of
the storm above 26,000 ft. We are also interested in the bullet-columnar-rosette
type of crystal, because this is the type that has been implicitly assumed, to date,

11. Auer, A., and Veal, D, (1970) The dimensions of ice crystals in natural clouds,
J. Atmos. Sci. 27:919-926.

12, Heymsfield, A.J., and Knollenberg, R.G. (1972) Properties of cirrus-generating

cells, J. Atmos. Sci. 32(7):1358-1366.

13. Kajikawa, M, (1972} Measurement of falling velocity of individual snow crystals.
J., Meteor. Soc. .Japan, 33:577-584.
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for all of the AFCRL computations (from radar data) of the liquid-water-content _
for the SAMS missile paths through the ice-crystal regions of the Wallops storms,
It is convenient, for illustration, first to consider ice crystals of the bullet-
columnar type and reference the work of Heymsfield and Knollenberg. 12 Then we
will consider columnar crystals, and also platelets, referencing the work of
Kajikawa, 13 It should be reiterated that these investigators are merely two of
many who have reported crystal studies in the literature; however, they are re-
garded as "'typical studies’,
Heymsfield and Knollc.'nbel'gz12 found that for bullet crystals with length
€2 0.3 mm, the width of the crvstal w was related to the length as

w0185 ¢%% mm . (E1)

They also stated that the water-density of the crystals (in cirrostratus at temp-
atures = -22°C) was related to the length as

p=0,81¢9%% ;pem3 (E2)

and that the mass of the builst crystals (nearly the same for columnar crystals)was

given by
m=1.685x 10" ¢' ™ gm m3, (E3)

The data supporting these equations were presented earlier by Heymasfield, o
The data reveals considerable scatter,

‘ln the AFCRIL. analyses of the radar data for the SAMS missile trajectories through
the ice.crystal regions of the Wallops storms, we have beern forced to assume that
the {ce-crystals were of the bullet-columnar -rosette type (rosettes are combina-
tions of bullets or columns), This was because, as discussed in R No. 2, the only
available equation relating the measured values of the radar reflectivity factor in
ice crystals to the liquid-water-content of the crystals is an unpublished equation
of Cunningham which is based on certain aircraft-measurement data for the bullet-
rosette type of crystals that were obtained by A..J. Heymsfield, while at the
('niversity of Chicago. The equation was deemed to be the only one appropriate
for SAMS application, since it stemmed from aircraft data, rather than surface
data, The use of this equation, in the SAMS storm analyses, implicitly presumes
that the ice crvstals are of the bullet-rosette type, irrespective of whatever the
observed type might be.

14, Heymsfield, A. (1972) Ice Crystal Terminal Velocities, Technical Note No. 41,
Cloud Physics Laboratory, Department of the Geophysical Sciences,
University of Chicago.
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With the mass of the bullet (or columnar) crystal defined by Eq. (EJ}), it
follows that the equivalent-melted-diameter of such crystals is related to the length

of the crystals as

D

This equation is shown plotted in Figure E1,

'0. 58 =

e= 0.316 m.,

(E4)
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Figure E1. The Relationship,
€oat for Different Crystal Types,
L} Between the Length Measures
3 Defined by H?mlﬂold and

o3l Knollenberg!Z and Kajikawal3
and the Equivalent-Melted-

Diameters
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Kajikawals has presented a contrasting relationship for columnar type ice~
crystals, in which the dimensional length of the "c axis'' of the columns (the length
of the axis of symmetry) is related to the equivalent-melted-diameter. This re-
lationship is also shown plotted in Figure E1, Kajikawa additionally presented
relationships for platelet-type crystals, which, as mentioned, was the observed
crystal type on 2 February 1973. He presented relationships for thick-hexagonal-
plates and thin-hexagonal-plates, in which the "diameter'' of the plates is related
to the equivalent-melted-diameter. Both of these relationships are also {llustrated
in Figure E1. It was impossible to distinguish between thick and thin plates from
the snow-stick observations of 2 February; hence, the actual crystals could have
been either, or some combination.

We can use these relationshipsof Heymsfield, Knollenberg, and Kajikawa
to determine the equivalent-melted-diameters of the ice particles of the four foil
samples cited earlier. The principal problem is to establish an equivalence

12,13
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between the size measured obtained from the analyses and the measures defined
by these authors,

lce crystals of the regular geometric types under discussion (bullets, columns,
plates) will tend to fall gravitationally through a static atmosphere with preferential
orientation, When entering the sensing orifice of the foil sampling instrument,
however, it is logical to suspect that the crystals would he "tumbled’ by the
"streamline divergence’' around the sensing probe, such that the crystals would
impinge on the foil with a variety of orientations, probably of random type. If this
is true, the signatures of the crvstals, left on the foil in the form of dent impres-
sions, would not be directly, or easily, relatable to the geometric dimensions of
the individual crvstals, which are the size measures used by the theorists and
experimentalists. [’robability considerations are involved which cannot be defined
without full and complete knowledge of the nature of the ice crystal population in
the atmosphere and of the aerodvnamic flow field around the aircraft sensing probe.
(We are at an impasse regarding the first requirement, because, if we knew the
nature of the ice.crvstal population, we would not need the foil sampling instrument,
but would, instead, use the instrument that provided such knowledge. !

Because of our inabilities to specifv how the ice-crystals might "tumble’’, or
"tilt", as they enter the sensing probe of the aircraft, we are left with no choice
but to assume that the length and/or breadth dimensions of the ice-crystal signa-
tures measured from the foil record can, somehow, be related to the particular
dimensions of the individual crvstals, as defined by Hevmsfield, Knollenberg, and
Kajikawa, for example. \\ e make this assumption and presume that we might be
able to establish the rough bounds of possibility, first, by relating the maximum
signature lengths measured from the foil to the length measures of the above authors
and, second, by relating the average signature dimensions from the foil to the
length measures of these authors,

If the maximum particle dimensions of the foil samples of Table E4 are assumed
to be identifiable with the length measures of Hevmsfield, Knollenberg, and
Kajikawa, for bullet-columnar crystals, and with the diameter measure of Kajikawa,
for thick plates and thin plates, then the data of Table E4 can be converted through
use of the curves of Figure E1, to the data shown in the upper part of Table E6, which

lists the number concentrations of the ice particles in size classes of equivalent-
melted-diameter. In contrast, if the average particle dimensions of the foil samples
of Table E5 are assumed to be identifiable with the length measures of these authors,
the Table ES5 data can be converted to that shown in the lower part of Table E6, (It
should be mentioned that 'normalization adjustments’’ were performed on the

Table E4 and E5 data to convert to the common class diameters of Table E6. Such
normalizations were necessary to permit the comparison of the table results, be-
tween samples and between the different ice-crystal types.)
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From Table I26, it is seen that substantial differences in the spectral distribu-
tion of the number concentrations of the ice particles of the samples occur in
association with the different assumptions that are made about the ice-crystal type,
with the different literature treatments of common crystal types (that is, Heymsfield
and Knollenberg bullets and columns vs Kajikawa columns) and with the different
methods of assessing the particle sizes from the foil signatures and associating
these dimensions with the particular ones of the cited authors. It is also seen that
the total number concentrations of the particles in the samples are unchanged from
those of Tables F4 and 5, This must be true, of course, since the re-classifica-
tion of the particles in classes of equivalent-melted-diameter does not affect the
total number concentration,

The number concentration data of Table 126 are readily converted into the cor-
responding, higher-moment distributions of liquid-water-content, M, and radar
reflectivity factor, Z, The liquid-water-content for any given size class of Table
E6 data is given by

m 1073p N, n?
M = i gmm™3 (E5)

where Ni is the number concentration of the ice crystals in the given class, in m'3;

l)ei is the mid-equlvalent-melted-dlz-i;neter of the class, in mm; and p is the density
of liquid water, equal to 1,0 gm cm “. The total liquid-water-content, for all
size classes of the distribution, is then given simply by
1=n
M=2L M_ gmm’J, (E6)
=1 S
where n i8 the total number of the classes.

l.ikewise, the class values of the radar reflectivity factor are given by

S 6 6 -3
l.ci = Ni Dei mm m ", (ET)

and the total reflectivity factor is
; p 6
/= Z . mm m °, (E8)
The distributed and total values of M corresponding to the number concentra-

tion data of Table I6 are presented in Table L7, The distributed and total values

of 7 are presented in Table E8.
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These tables show that large differences in the distributed and total values of
M and 7 occur dependent on the sizing methods used in the foil measurements, on
the ice-crystal type, and on the crystal-geometry and density assumptions employed
by the different investigators,

The differences in total M and total Z which are associated with the different
foil-measurement-methods (and with the uncertainty of how to relate these measure-
ments to those of the investigators cited herein) are {llustrated by the particular
data for Sample No. 3, of Tables 127 and k8. The particle sizes in this sample
were measured both in terms of maximum particle dimensions and average particle
dimensions. The different sizing methods, for common ice-crystal types, are seen
to produce differences in total M ranging from about a factor of 2 to a factor of 3
(for the sample data listed in Tuble E7). The corresponding differences in total Z
varied from about a factor of 5 to a factor of 12 (for the sample data listed in
Tuble ES8),

It will be recalled that the observed crystal-type at the storm altitudes where
the foil samyles were acquired was "plates''. The data of Tables E7 and E8 (for
the individual samples) reveal that lack of knowledge of whether these were "thick
plates” or "'thin plates” could cause differences of total M of the order of a factor
of 3 to a factor of 4 and differences of total 7 of the order of a factor of 8 to a factor
of 13. These differences or "uncertainty factors', would he in addition to those
cited in the paragraph preceeding.

The differences between investigators concerning their treatments of a common
ice-crystal type are illustrated by the table comparisons between the Heymsfield
and Knollenberg "bullets and columns' and the "columns" of Kajikawa. The total
M values differ by about a factor of 2 to a factor of 3; the total Z values differ by
about a factor of 5 to a factor of 9.

If, on the day of this storm, we had had a complete lack of knowledge of the
ice-crystal type and, hence, as in the case of other SAMS storms, had been forced
to assume that they were ''bullets, columns or rosettes'’ [(for consistency with
the crystal type implicitly assumed in the M vs Z equation applied to the SAMS
radar data (see footnote on page 106)] then we would have been subject to uncer-
tainties of total M and total Z which could, conceivably, have been as large as any
of the differences evidenced by Sample No. 3 (of Tables E7 and E8), The differ-
ences, for this sample, are seen to be as large as a factor of 19, for total M, and
a factor of 340, for total 7, Actually, the normal, typical uncertainties for foil
replicator data would not be as large as these maxima, But, from the evidence of
this sample, plus the others investigated herein, it would seem logical to antici-
pate uncertainties of M ranging upward to perhaps as large as a factor of 10 and
uncertainties of Z ranging upward to perhaps as large as a factor of 50.

The variability spread of the M and Z values of the foil samples is further
illuminated in Figure E2. The four diagrams of this figure show, for each of the
four samples, the plotted points of M and Z that correspond to the values listed in
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Tables 17 and K8, The spread of the values derived from the different crystal-type
and computational assumptions is indicated by the shaded areas, The spread for
the samples (Numbers 1, 3, and 4) in which the ice particles were measured in
terms of their maximum dimensions is indicated by the "dotted" shading, The
spread for the samples (Numbers 2 and 3) in which the ice particles were measured
in terms of their average dimensions is indicated by the "cross-hatched" shading.
Both types of shading appear in the diagram for Sample Number 3, since the par-
ticles of this sample were measured by both methods.

It is only with reference to this Sample 3 diagram that the full range of the
"uncertainty spread”’ of the M and 7 values pertaining to the foil measurements
may ne illustrated. The uncertainty spread of the M values is delineated by the
arrows labeled AM, The uncertainty spread of the 7 values is delineated by the
arrows labeled A7Z.. As mentioned previously, the spread of the M values is
approximately a factor of 19; that of the Z values is approximately a factor of 340,

E3. DATA CORRFESPONDENCE WITH THE SAMS M vs 7
EQUATION FOR ICE CRYSTALS

It is of interest, at this point, to consider the M and Z differences that exist
between the foil-sample values discussed above and the values that would he deduced
from use of the power-function relationship that has been employed with the radar
data for the SAMS missile trajectories.

The power-function relationship between M and Z that has been employed
universally, to date, with all radar-measurement data for the ice-crystal regions
of the Wallops Storm is

M= 0.0382%5% gm m~3 . (E9)

This equation was discussed in R No. 2 and was also presented in Table 1
herein.

A plot of Eq. (E9 is shown in Figure E3. Also shown in the figure are the
plotted points of M vs Z for the foil samples of Tables E7 and E8, The points are
identified by the same symbol coding used in Figure E2, except that the sample
numbers are indicated by subscripts.
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Figure E3. An Illustration of How the M vs 7 Data of Tables K7 and E8 Fit the
Heymafield- Cunningham Regression lquation for Rullet- Rosette Ice Crystals,
The different sizing methods, samples and assumptions discussed in the text
are indicated by the symbol coding of the plotted data points.

It is seen that the plotted points of the foil samples all lie reasonably close to
the line of the equation relationship. The M values of the samples are somewhat
smaller than predicted by the equation; the Z values are somewhat larger. The
agreement is very good, however, with the M values departing from the equation
generally by less than a factor of 1. 4; the Z values departing generally by less than
a factor of 2.

E4. A PARADOX

There is a paradox, here, that the reader will immediately detect. It may be
elucidated in the form of a question. How is it possible that foil-sample datawhich
evidence "uncertainty scatter’’ exceeding anorder of magnitude in M and two orders
of magnitude in Z can "conform to"', and "agree with", the values of equation
prediction to within less than a factor of two difference? Obviously, some param-
eter exists, other than M or Z, that is descriptive of the departure of these data
points from the regession line., What is this parameter and what is the nature of
the departure situation? The remainder of this appendix will be devoted to these
questions and their implications for SAMS (Readers who might not be interested
in the background and details of the explanations are referred directly to
Section E6.)
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£3. BACKGROUND CONSIDERATIONS

F3.1  The M vs Z Equations for Single Hydrometeor Samples

The reader will note from Figure E2 that, although the M and Z values of the
foil -sample data scatter wildly, dependent on analyses methods and assumptions,
the "scatter envelopes' for the samples, indicated by the shading, have a distinct
"slope'' which is essentially the same for all of the samples, This ''comes about'’,
in major part, because, irrespective of sampling methods and assumptions, there
is a fundamental mathematical relationship that always prevails (for any single
sample and all single samples) between the liquid-water=-content derived for the
sample, which is a function of l)g. where De is the equivalent-melted-diameter.e
and the radar reflectivity value derived for the sample, which {8 a function of De.
Thus, M = (D) is related to Z = f(D%) as

M=kz%3gmm?, (E10)

where k is a coefficient that has a particular value for any single hydrometeor
sample,

Therefore, for any sample data, for any type of hydrometeors (not necessarily
ice-crystals, also including rain and snow), in which M and Z are both computed
from the same size distribution data, the exponent of Z, in the power-function re-
lation for single samples of Eq. (E10) is mathematically dictated to have the value
of 0. 5*.

To demonstrate this, consider the classified data of any hydrometeor sample,
in which classification has been accomplished in terms of drop diameter, in the
case of rain, or in terms of equivalent-melted-diameter, in the case of snow or ice
crystals, For such data, we may write, with reference to Eqs. (E5) and (£8),

i=n
=Y 3 3 3 3, ... 3
Ms ( 1_-1 Nl Dl + N2 l)2 + N3 l)3 + N4 l)4 + Nn Dn S (E11)

where the subscript "'s" on M signifies that this is a liquid-water-content value
computed from a single, individual hydrometeor sample, where Nl’ N2. N3. e+ N
are the number concentrations of the drops or particles in the successive diameter

n

*This presumes that the diameter values of the size classes are prcperly defined
for the particular moment of the distributed parameter. For exarnple, the
technically-accurate class diameter for M will differ from that fer Z, For a large
number of classes, say n > 20, such differences and their mathematical conse-
quences are very slight, The differences are appreciable for n < 10 however,
We also become involved with problems of non-representative sampling in such case,
as discussed on page 151 and in Appendix H.
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(or equivalent-melted-diameter) classes, where ”l' I)2. DS’ ve l)n are the mid-
diameters of the successive classes, where

-3

. 1X107p il mm ™ , (£12)

and p {8 the density of liquid water, equal to 1,0 gm cm '3. It should be noted that
the lower diameter houndary of the first size class is 1) = 0,
With reference to Fqs. (K7) and (E8), we may also write,

f=n
. 6 8 6 6 6 .
7, ’Zj‘ Ny DY s Ny Dy Ny DI Ny Do N DD (E13)

where the Ni's and I)l'a are identical to those of kq. (E11),

Consider that the data of any given hydrometeor sample described by kqgs.
(E11), (E12), and (E13) are linearly-classified, such that the diameter widths of
the classes are commonly the same across the entire diameter range of the sample,
(Such classification is not necessary for the proofs following: it is merely a con-
venient example. The same results may be demonstrated for any method of
classification, as, lor instance, geometric classification, arithmetic or geometric
progression, truncated distributions, etc),

With linear classification, assuming that there are n diameter classes of data,
the mid-diameters of the successive classes, i = 1 throughi = n, are given by

@i -1 3

where Dn is the mid-diameter of the n'th, or last, class, which contains the drops
or particles of the largest size, *

* For "{rregular classification'", in which the diameter widths of the classes differ
between classes, the 1);'s of the successive classes cannot be generally specified
in terms- of Dp. However, the ratios of Di“)n are, of course, known for each
particular class,

For geometric classification, as used in the SAMS tables of Appendix G, the
geometric mean diameter of the successive classes is given by

2{-1
D Zn-1

- n (
Dy =Dy {5
I. 1l

where Dj is the diameter at the lower boundary of the first size class and D, is

the geometric mean diameter of the n'th or last, class, Equations for Dy for vari-
ous other types of classification can also be written without particular dilficulty.
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Equation (E14) may be sutstituted into Eq. (E11), to replace the Dl' Dz. Ds.
etc., diameters of the latter with the Dn equivalents, with the result
3 {sn
C Dn

3
M s z @2-17N,. (E15)
® 2n-10 e i

Similarly, Eq. (E14) may be substituted into Eq. (E13) to obtain

(] fsn
2 o 0n L @2a-18n (E16)
$ 2n- 1% o1 i

If we solve Eq. (E18) for D?‘ and substitute the result into Eq. (E15), we li{nd

that
0.5
M' = k Z. 5 (E17)
where
i=n 3
C T (20 = 1) N
inl

(E18)

ke —

{=n 0.5
[E (2i - 1)3]

i=1

is a coefficient that depends on the particular values of the class number concen-
trations of the drops or particles in the diameter classes, i = 1 throughi= n, of
the given hydrometeor sample,

ES.2 The Form Factor and Examples

Actually, the coefficient k depends on two identifiable features of the number-
concentration spectra of the sample, as will be demonstrated, It depends (1) on
the total number-concentration of the drops or particles of all sizes in the sample
and (2) on the ""form of the distribution', as, for example, a monodispersed-type
distribution vs a uniform-type distribution vs an exponential-type distribution, etc.
We may illustrate this dependence in the following manner.

1t NT is the total number concentration of the drops or particles of the sample,
then

i=n
=L N (E19)
i=1

Ny 1
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It we divide both sides of this equation by NT' we may then write the reversed
equation

{=n
0D @« 1.0, (E20)
is 1
where
ai . NIINT . (E21)

By the use of Eqs. (E20) and (E21), we are permitted to write the equation
for k in the form

k-CVNLF, (E22)
where

i=n

Z @-1a

j=1

rt=n 0.5

LE @ -nla,

F (E23)

i=1

is the ''form factor'' of the distribution. Equation (E22), with F as defined by the
above equation, demonstrates the dependence of k on the total number concentration
of the drops or particles within the given sample, also its dependence on the non-
dimensionalized, number-concentration coelficients, ¥, a,, ag, etc., see Eq.
({E21), which have different values of the distribution", *

‘The “form of the distribution”, in other words, describes the manner in which the number concentrations
of the drops or particles in the different diameter classes are apportioned relative to each other, over
the diameter range of the sample, and relative to the total number concentration value for the sample,

Since numerous references to the ''form factor” will be made in the succeeding paragraphs, it is pertinent
to note that the form factor for irregularly classified data (in which the diameter widths of the classes
differ hetween classes) is given by}

n
gl
fy vt
F = o

on 3
[L‘ D8 o

(F23a)

ey {

where D) is the algebraic mid-diameter of any given class and a; is as defined by Eq. (E21). This is the
most generalized form of the F equations,

For geometric classification, as used in the SAMS tables of Appendix (;, the form factor is specified by

8i
{=n

¥ (/D yIn-1 a
= 1 L (F23b)

T o T2T 7.5
[r Zn-T ]

Z (D /D, ) o,
TS IR TS s

where Dy, is the diameter at the lower boundary of the first size class and'l), is the geometric mean
diameter ~ of the last, or nth class. Againa; is as defined by Fq. (E21).
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A specific example might be helpful at this point. Consider a simple distribu-
tion of hydrometeors in which there are just three diameter classes, Assume that
the number concentrations of the drops or particles in these classes decreases
with increasing diameter, in an exponential-type manner, such that

Ny = 4800, (E24)

N, = 1100, (E25)
and

N,= 46, (E26)

The total number concentration of the drops or particles of the sample is

=Nl+N + N, , (E27)

Nt 2* N3

from Eq. (E19 or

N = 5946 , (E28)

T

for the Z\'i values cited, This number total is of the same order as those of the foil
samples of Table E6,

The a coefficients for the three diameter classes are, respectively, from
Eq. (E21)

a,= 0. 807, (£29)

a,= 0,185, (E30)
and

ag= 0.00774 . (E3D

These coefficients substituted in Eq. (E23) yvield a value of
F = 0,423, (E32)

for the ""form factor''. Then, since

\Iﬁ"r = 77. 11 (E33)
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and

-3
c-1x10 P .52 1074, (E34)

the value of k, from Eq. (E22) hecomes
k=10,0171, (E35)

A second example will illustrate how the values of the above parameters would
change for a hydrometeor sample of completely different type. Consider a sample
distribution consisting of three diameter classes, as before, but in which the num-
ber concentration of the drops or particles in the classes are

Nl =170, (E386)

N,=175, (E37)
and

N,=172, (E38)

which gives a total number concentration of

N, = 217 . (E39)

T
This distribution differs radically from the former, since the number total of

the drops or particles is much smaller and since the class number concentrations

are approximately the same in each of the three classes (a ''uniform type' distribu-

tion), as compared with the "'exponential type'' distribution of the first example.
The a coefficients for this new sample are, respectively,

a, = 0,323, (E40)

02 = 0,346 , (E41)
and

a, = 0.332, (E42)

which values, inserted in Eq. (E23), yield

F=0,604. (E43)
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When this form-factor value and

\/N*r = 14,73 (E44)

are substituted into Eq. (E22) together with the C value of Eq. (E34) the k value
for the sample becomes

k= 0,00530 . (E45)

A comparison of the k values of the first and second samples described above
shows that the values differ by about a factor of 3.2, in the ratio amount of the
larger divided by the smaller. It is seen, moreover, that of the two equation terms,
of Eq. (E22) that produced these differences, the JET term differed in ratio
amount by about a factor of 5, 2 between the two samples; whereas the ratio differ-
ence in the form-factor term was approximately 0,610 (or a factor of 1.6, when
inverted),

The salient point, here, is that, even for radically different assumptions about
the characteristics of two, separate samples of precipitation-size hydrometeors,
the differences in the form-factor term of Eq. (E22) will generally be much smaller
than the differences in the Jﬁ.r term (in causing differences of k between samples),

This is further illustrated by reference to Table D2, of Appendix D, and to
Tables E4, E5, and E9, of the present appendix. In each table, the values of WT'
F and k are listed for the different hydrometeor distributions. The ranges of these
values are summarized in Table E10, It is seen that the values and ranges of F
are approximately the same for rain and ice crystals. But the values and ranges
ofﬁT differ appreciably between the two hydrometeor types and these differ-
ences are directly reflected in the k value differences between types, see Eq. (E22),

1t cloud-size hydrometeors are included in the smallest size-class of a distribu-
tion of precipitation-size hydrometeors, these statements are no longer true, The
inclusion of cloud-size hydrometegrs, which have large number concentration, will
materially increase the value of fl‘f'r (over that for precipitation-size hydrometeors
alone) and will also materially decrease the value of F. However, the inclusion of
the cloud-size hydrometeors does not change the k value, or, at most, only changes
it slightly, This non-variance of k comes about because the ﬁ'r contribution of
the cloud-size hydrometeors, in Eq. (E22), is almost perfectly counterbalanced by
a compensating decrease in the F value, a8 computed from the series ratio of
Eq. (E23) (or from the more-general Eq. (E23a)), This situation, of the inclusion-
exclusion of the cloud-size hydrometeors, has been investigated extensively, It
may be stated that the k values for rain and large -snow are insensitive to the inclu-
sion of any hydrometeors smaller than about 80u (equivalent-melted-diameter) and
that the k values for small -snow and ice-crystals are insensitive for diameter sizes
smaller than about 70 and 30  , respectively, These diameters cited are, in
essence, the lower truncation limits of spectral significance (for any sample data
or theoretical computations involving k, M or Z, or their interrelationships),
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The Table E10 information also reveals that the values and ranges of WT' ¥,
and k are approximately the same for the basic data und for the data converted into
equivalent-melted-diameter. This suggests the possibility that the k values for
distributions of ice hydrometeors might be deduced, to a reasonable first approxi-
mation, from the basic data themselves, without the assumptive necessity of con-
verting the nebulous length measures for crystals into equivalent-melted-diameters,

E5.3  Values of the Form Factor for Various Types of
Hydrometeor Distribution

The concept of the form factor and of the equation relationships pertaining to
single hydrometeor samples can be exceedingly useful for SAMS purposes, as we
will discuss, However, we must still provide additional background information
for such discussions to be fruitful. In this vein, we have considered various differ-
ent types of hydrometeor distributions and have computed the associated form factor
values, Certain of these distributions are illustrated in Figures E4 and E5, Ex-
ponential and modified-exponential type distributions are shown in Figure E4;
bi-modal distributions of different kinds are shown in Figure E5., Truncation
effects on the F values are illustrated in hoth figures, It is seen that the F values
for most distributions range generally from about 0.2 to 1.0. The values cannot
exceed 1,0, which is the value for mono-dispersed distributions, Values smaller
than 0. 2 can exist, theoretically, but are unlikely to be of common occurrence in
atmospheric distributions of precipitation-size hydrometeors. For example, small
F values, approaching zero, can be obtained in bi-modal distributions having very-
large spacing between the modal peaks. But these would be unusual distributions.
It may be stated that the F values for exponential distributions will never be smaller
than 0, 222, irrespective of truncation (see Section H1 and Figure H1, of Appendix H),
The F values for distributions in which the particle number concentrations in the
classes decrease at a ''rate” greater than exponential, with increasing particle
size, can, under certain circumstances (see the fifth histogram from the left at the
top in Figure 14, also the footnote on page 122) be smaller than 0, 2.
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To verifly these statements, reference is made to the F values for disdrometer
..mples of rain which are shown plotted in the first dlagrams of Figures E9 and
E10, also to the values for the large-snow samples of Ohtake and Henmlls of the
first diagram of Figure Ell.* and to the values for the {ce crystal distributions of
PVM-S18 shown in the first diagram of Figure Elz.’mI It is seen that the F values
for the rain samples range from about 0.3 to 0,9, The values for large-snow range
from about 0, 1to 1.0, with only six of the samples (of 174 total) evidencing values
smaller than 0.2, The values for ice-crystals range from about 0. 35 to 0.7. Hence,
at least for the samples of these data sets, the statements of the above paragraph

are generally verified.

E5.4  Multiple Hydrometeor Samples and the M vs Z Regression

Equations Expressed in Terms of k, Ny, and F

Part of the background required for the answer to the "paradox question'
raised earlier has been established to this point., We now turn to a consideration
of regression analyses, which is the essential "next step'',

In any regression analysis, the equation line of ''best fit"' is sought that des-
cribes the "association trend'" between the ''sample values'' of two variables (usually
two), The "sample values'', when cross plotted, may reveal linear, logarithmic,
or other forms of relationship and least-squares methods are generally used to
establish the criteria of "'best fit" for the regression line, also to establish the
particular values of the coefficients or exponents of the regression equation,

For the M and Z values determined from hydrometeor samples, it has been
conventional to "fit'" the cross-plotted M vs Z points of the multiple, individual
samples with a regression equation of power -function form, that is,

M=kzE, (E46)

15. Ohtake, T,, and Henmi, T. (1970) Radar Reflectivity of Aggregated Snowflakes
preprints of papers presented at the 14th Radar Meteorology Conlerence,
Tucson, Arizona, 17-20 November 1970, pp 209-211,

16. Barnes, A, A., Nelson, L.D., and Metcalf, J,I. (1974) Weather Documentation
at Kwajalein Missile Range, AFSG, No. 292, AFCRL-TR-74-0439."

*The reader may question why the F values for the large snow data of Ohtake and
Henmi are presented without any comments auvout length to equivalent-melted-
diameter conversions, which is one of the major problems of discursive concern
in the present appendix, The answer is that Ohtake and Henmi obtained their data,
at the surface level, by capturing snowflakes on angora wool (or Japanese silk wool)
collectors. They then let the snowflakes melt before size determination and thus
obtained direct measurements of equivalent-melted diameter.

"For the ice crystal data, the { to D conversions were accomplished as discussed
by Barnes, Nelson and Metcalf. These methods are not questioned, here, since
we are merely concerned with the general range of the form factor values,
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where the values of the constant, K, and the exponent, E, are the values sought
from the least squares analyses of [{tting the regression line to the field of the

data points. [t may be noted that this equation, when plotted on log paper, is a

straight line having a slope equal to the value of the exponent, E. Or, in other
words, {f we take the log of I'q, (E48) to obtain

log M=logK+ Elog Z, (E47)

it follows that the ''log slope'' of the regression equation is

o log M - log K (£48)
Tog 7.

L.et us turn, now, to a consideration of the individual sample points, of log Ms
vs log Z_, which are the data points that would be "fitted" by the regression line
of Fq, (E47), Let us establish the requirements of the sample data that will yield
particular values of the "log slope parameter", F, of Eq. (E48), It will be con-
venient, in this work, to use the subscript ''s'" to identify the M and Z values that
pertain to individual hydrometeor samples and to use the M and Z letters, non-
subscripted, to refer to the variable parameters of the regression equation,

For any individual hydrometeor sample, we have previously demonstrated that,
irrespecti\ c of the type of hydrometeors, the form of the distribution, or the
quantities of the drops or particles, the liquid-water-content of the sample is re-
lated to the radar reflectivity factor as

L 0.5
Ms = st 5 (E49)

This is merely a repeat of Eq. (E10) with the "'s" subscripts added. Particular
isolines of k, plotted from this equation, are shown in Figure ES8,

Suppose that we have two hydrometeor samples and that we wish to determine
the "log slope' of the straight line connecting the log Mg vs log Z  points of the
samples, From Eq. (E49) we may write

s (E50)

(E51)
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for the second, The log forms of these equations are, respectively,

log M, = log ky 0.5logZ, , (E52)
1 1
and
log M, =logk,+051logZ, . (E53)
2 2
)
oI
%
§
00l -
0% con a0n

ol
Z4(mmé m3)

Figure EB, Particular Isolines of k, for Single Hydrometeor
Samples, as Plotted from Eq. (E49)

If, for sign convention, we assume that 232 > Zsl (also implying that
M52>Msl)- the slope of the straight line connecting the cross-plotted points of
log Mg v8 log Zs for the two samples will, from Eqs, (E52) and (E53) be given by

Alog M
s . Alog k
m 0- 5 + mg‘zg— » (E54)
where
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Alog M’=log Msz-log Msl, (E55)

-log Z, (E56)

Alog Zs = log z.sz l

and
Alog k = log k2 - log kI 5 (E57)

The log-slope of the regression equation, specified by Eq. (E48) will equal the
log-slope of the line connecting the two data points, specified by Eq. (E54) when

E= 4 lo8 My (E58)
- BTog Zs ’ o

which permits us to write Eq. (E54) as
_ Alog k
E=0,5+ mg—zs— f (E59)

This last equation shows that the log-slope, E, of a regression equation that
passes perfectly through the plotted data points of the two samples will have a par-
ticular value exceeding 0.5, or smaller than 0.5, which is "amount dependent"” on
the difference in the log k values of the two samples relative to the difference in
their log Zs values. The equation also shows that, if the samples have the same
k value, hence A log k = 0, the slope of the regression line will be precisely equal
to 0.5. This statement is not limited to two samples only; it may be generalized to
the case of any number of hydrometeor samples having the same, common k value.
All such samples, when their log Ms and log Zs values are cross-plotted, will have
data points that lie along one particular straight line, which has a log-slope equal
to 0.5.

We might further generalize and state that, for any given set of hydrometeor
samples that is used for regression purposes, the magnitude of the k values of the
set, and their constantancy within the set, will dictate, a-priori, and in major
degree, the particular values of the constant and exponent of the regression equa-
tion that ""best fits'"' the data and will also establish the ''range spread'' of the M
and Z values of the data set and the standard error of estimate. For example, the
set of the isolines of k for the basic foil data (the isolines corresponding to the
k values of Tables E4 and E5) are shown in Figure 7, in the upper diagram. The
set of isolines of k for the analyzed foil'data (corresponding to the k values of
Table E9 are shown in the lower diagram of Figure E7. The isoline data of these
diagrams do not really constitute independent sets, but they may be used for the
purposes of illustration. Thus, we may state that it is axiomatic that the regression
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Isolines of k Corresponding to the Basic Foil Data of Tables E4 and E5

{upper diagram) and to the Data of Table E9, Which Have Been Converted Into Terms
of Equivalent-Melted-Diameter by the Various Text-Discussed Methods and

Assumptions (lower diagram),

These two diagrams, if superimposed, reveal that

the envelope of the k isolines for the basic data is contained within, and centered
approximately within, the isoline envelope for the converted data
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equations of log M vs log Z, that would fit these data, must necessarily lie some-
where within the boundaries of the k isolines of the two cited diagrams of Figure E7.
The regression lines must also be entirely contained within the limiting isolines

of k. We might state at this point that the equation for the coefficient, K, of the

M vs Z equation, is given by

s lol!ogﬁ-'log Z!(E-O.S)]. (E60)

where Tog k is the average of the log k values of the data set, WT, is the average
of the log Zs values of the set and E is the exponent of the M vs Z equation, as
defined by Eq. (E59), The above equation for K is readily derived from the slope-
intercept form of the regression equation, of k vs Zs' see the bottom diagrams of
Figures E9, E10, E11, and E12, for example, from knowledge that the regression
line will pass through the "centroid point'', of Tog k and Tog Z,. and that the slope
of the equation is given by E - 0.5, see Eq. (E59),

Two things are apparent from the previous comments and the Figure E7 dia-

grams. First, for any reasonable spread of the M or Z values of the data sets, it
is seen that there is relatively little latitude for the regression lines to have "'log
slope'" values departing appreciably from 0.5. Second, the envelope of the k iso-
lines obtained from the basic foil data '""lies within and is centered approximately
within" the envelope of the k isolines for the analyzed foil data that were determined
from the various "length to equivalent-melted-diameter'' assumptions and proce-
dures discussed earlier, This second statement has important implications for the
continuing SAMS program, for it implies (as will be explained) that, up to the pre-
sent point of discussion herein, we could have deduced the k values of the foil
samples to an excellent approximation, without ever having bothered to concern

ourselves with questions of ice-crystal type or conversions of length to equivalent-

melted-diameter.

Part of the answer to the paradox question raised earlier is now apparent. It
is that '""the highly uncertain' M and Z values of the foil samples, as estimated by
different assumptions and procedures, fit the Heymsfield-Cunningham regression

equation with considerable accuracy (see Figure E3) because there is strong math-
ematical predilection, in sets of hydrometeor data obtained from size-distribution
measurements, for the regression equation to have a ''log slope' close to 0.5, with
the equation constant being functionally dependent on the log-average of the k values
of the set, in accordance with Eq. (E60), In other words, when both M and Z are

computed from the same, common size-distribution data, the resultant values are
not independent values, rather they are dependent values; and the mathematical

o
predilection for the 0.5 exponent is a direct reflection of this dependency. ]

*It should also be emphasized that, in this situation, the uncertainty scatter of the
data points is predominantly "back and forth'', along the regression line, rather
than orthogonal to the line. Compare Figures and E3,
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To illustrate the general predilection for log-slope values close to 0,5, we
may reference Table 2 of R No, 2. The reader will see, from column 3 of this
table, that the exponent of the M vs Z equation for ice crystals is 0, 529; the ex-
ponent of the equation for small-snow is 0, 538; the average exponent for the six
types of large-snow listed is 0,499; the average exponent for the four disdrometer
equations for rain is 0, 590; the exponent used by .Joss et al, Ui for rain of all types,
is 0,576, Thus, although all except one of the cited values exceed 0.5, by up to
17 percent, the essential point concerning the predilection should be apparent.

ES5.5 Equations Specifying the Depsrture of the Exponent, E, of the
M vs Z Equation, From the Ps-ticular Value 0.5
We might, at this point, examine the theoretical conditions that would cause
slope departures of the regression lines from the particular value 0.5. If we
symbolize these departures by "AE', then their sign and magnitude will be specified
by the last term of Eq. (E59) as mentioned, such that

_Alogk

If we take the log of Eq. (E22) and presume that two hydrometeor samples
exist which are identified by the subscripts "'1'" and ''2", we may write the differ-
ence equation between sample 2 and sample 1 as

Alogk:O.SAlogNT+AlogF, (E62)
where

A log Np = log NT2 - log NTI D (E63)
and

& log F = log F, - log Fl 7 (E64)

Equation (E62) may be substituted in Eq. (E61) to write

_0.5AlogNT+Alogp

AE = “Tog Z, ' (E65)

17. Joss, J., Thams, J,C., and Waldvogel, A. (18968) The variation of raindrop size
distributiorn.s at Locarno, Proc. Internatl. Conf. on Cloud Physics, Toronto,
Amer. Meteorol. Soc., Boston, p. 380,
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which shows that the values of Al will depend on the log variation of the total
number concentration, N'I" acroas the Zn range of the given set of hydrometeor
samples, and will also depend on the log variation of the form factor values, across
the 7‘5 range of the set.

The significance of the first numerator terms of Iq. (I65) is completely ap-
parent, However, the significance of the second numerator term requires explana-
tion,

If we use Eqs. (E23) and E64) which define ' and A log F, the second numerator
term of Eq. (E65) may be expanded to

i=n2 (=nl
a10gF =|[1og T 2i-0¥a, -10g7 (21-1% q,
=1 2 =1 1
i'=n2 l=nl
-0.500g T 2i-18 a; -10g 7 (21-1° (E66)
=1 2 =1 1

This equation shows that A log F will have values and will contribute to the
values of AE ((through Eq. (E65)], if (1) there are log differences in the series
summations of the a coefficients between any comparative pair, or set of pairs,
of the hydrometeor samples and if (2) there are differences in the n values of the
comparative samples, which are differences in the number of the diameter classes
contained in the samples, or, more fundamentally, differences in the diameter
range, or spread, of the samples,

E5.6 Comparative Situations in Which the Form Factor Values are Non-Variant

There are two identifiable situations in which the terms of Eq. (E86) will have
zero values or zero sum. It will be instructive to note these situations,

The individual terms of Eq. (E66) will have zero values if the drops or particles
in any given atmospheric region are ''monodispersed'’, such that only one diameter
size, or class, of hydrometeors exists at any particular point in the region. (The

diameter, itself, however, may vary within the region.) This statement is readily
verified, most easily by a consideration of fundamentals, Thus, with reference to
Eqs. (E11) and (E13) we may write, for any monodispersed sample,
M_= CN,, D3 (E6T
8 T

and

Z =N,.D", (E68)
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since there is only one diameter class which contains the total number of the drops
or particles, When Eq. (E68) is solved for p? and substituted {n Eq. (E67)

0.5
Mg=kZz ™%, (E89)
where
k= c\[ﬁT . (E70)

Thus, it is seen that the k value for any monodispersed sample is functionally
dependent on Jﬁ'l‘ alone, and is not dependent on the form factor, as in the case of
Eq. (E22). In other words, the value of the form factor for any monodispersed
sample is F = 1,0, which means that the value of Alog F, in Eq. (E64) is identially
equal to zero. (Each term of Eq. (E66) has zero value in such situations, although
this is not specifically demonstrated herein,)

The two parenthesis terms of Eq. (E66) will have zero sum if there is a ''class
by class proportionality' of the drop or particle number concentrations between any
two comparative hydrometeor samples. This is strictly true only if the diameter
spread of the two samples is the same, that is, if the number of the classes, n., of
the first sample, is equal to the number of the classes, ny, of the second, and if
the classification method is the same., (We are using linear classification, here,
for the purposes of illustration. See the footnote on page 138 for comments about
other methods of classification,)

With class by class proportionality, the number concentration of the drops or
particles in any given class, i = g, of the first sample is proportional to the number
concentration of the drops or particles in the same class, i = g, in the second
sample, such that

N, =8 Ni ’ (ET1

where N; 1 is the class number concentration of the first sample, N; _is the class
number concentration of the second, comparative sample and 8 is the factor of
proportionality. Additionally, from Eq. (E19) it follows that the total number
concentration, of the drops or particles of all sizes in the two samples, are re-
lated as

N

1, =8 Np, - (E72)

1
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which means that, see Eq. (E21),

a, =8 a, . (E73)
L i

This relationship, introduced into Eq. (E66) for

n, =n, (E74)
yields
AlogF=(-logpB +logpl=0, (E75)

which demonstrates that the two parenthesis terms of Eq. (E66) have zero sum,

Two additional things should be noted with regard to the situation of class by
class proportionality. First, with reference to Eq. (E71) it should be pointed out
that the Nl number concentrations of the comparative samples may have zero values
in any given class, i = g. This given class, or these given classes, may be the
first, second, or third, etc., in diameter size, extending upward from zero diam-
eter, which corresponds to the situation of lower-diameter truncation of the dis-
tributions. The point, here, is that the principle of class by class proportionality
(yielding identical F values between samples, or A log F = 0) also applies to com-
parative data which are commonly truncated at the same lower diameter limit, as
in the case of data obtained with an instrument incapable of measurements below a
particular threshold of diameter sensitivity.

Second, it should be mentioned that class by class proportionality additionally
pertains to any comparative distributions in which the class widths of the first
sample, A Dl (commonly the same for all classes, with linear classification), are
proportional to the class widths, A D2. of the second, that is,

AD =y AD,, (E786)

where ¥y is the constant of proportionality. The truth of this statement can be seen
by reference to Eq. (E66), There is nothing in this equation that depends on class
width., It is merely the total number of the classes, n, vsn,, that would cause
differences in the summation terms between the two samples. Hence, Eqs. (E71)
through (E75) also apply to the additional proportionality condition of Eq. (E76),
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These principles of class-by-class proportionality for linearly classified data
are {llustrated in Figure E8, (The principles also apply to irregularly-classified
and geometrically-classified data, as well, see footnote below, " In this figure,
it is seen that a change in the class width, as shown by a comparison of the two
upper histograms, does not change the value of I (which happens to be 0, 264),
Similarly, a change in the absolute number concentrations of the drops or particles
in corresponding classes of comparative samples does not change the F value, as
{llustrated by the contrasting histograms at the upper right and lower left in the
figure. The general case situation is sketched at the lower right in the figure. The
form factor value will remain constant in this general case for any number con-
centration value of reference, Nr' and any class width, AD, one chooses to specify.

We might summarize at this point before diverting to the next topic of essential
background information., Thusfar, we have established the conditions which yield
identical F values between comparative samples, which are the same conditions that
yield zero values of Alog F in Eqs. (E64) or (E66), Under these conditions, the
departure equation for the exponent of the M vs Z regression equation, that is,

Eq. (E85) reduces to

0.5 Alog NT
AE = —Wz— (ETT

‘The principles of class-by-class-proportionality discussed above for linear classi-
fication also apply to irregularly-classified data (in "vhich the diameter widths of
the classes differ between classes) and geometrically-classified data, such as that
of the SAMS tables of Appendix G. This can be seen by reference to the form factor
equations for irregular classification and geometric classification which have been
presented in the footnote on page 119, For irregular classification, the form
factor values between any comparative samples will be the same providing that the
Dj ratios of Fq. (E23a) are commonly the same, class by class, between the
samples, [n other words, the F values will be identical if

AD, = yaD (E76a)

1 iy’

where AD{ and AD‘ are the class widths of the comparative samples and y is a

constant orlproportignality that pertains commonly to all classes, i = 1 through
i=zn,

With geometric classification, the F values between comparative samples will like-
wise be the same insofar as the ratios of Dn/Dl of Eq. (E23b) are the same be-

tween samples, However, since Dl (the lowerl‘limit of the first s{ire class) is not

zero, ingeometric classification, as Lt is with irregular and linear classification,
the form factor values between comparative samples will change if Dl is specified
to have a particular absolute value that is held constant, L
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which shows that the exponent departures are caused solely by differences in the
total number concentrations of the ice hydrometeors contained in the different

samples,
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Figure E8. Illustrations of Class-By-Class Proportionality
Which Yield Identical Values of the Form Factor, F. The
general case situation is shown in the diagram at the lower
right, which holds for any number concentration of reference,
Ny, and any class width, AD, one chooses to specify

ES.7  Data Sets of Illustration and a Description of the *“Physical Method™
of Obtaining the M vs Z Equation

Reference is now made to the disdrometer, large-snow and ice-crystal data
that are shown plotted in Figures E9, E10, E11, and E12, These data illustrate
the typical values and trends (with log Zs) of the parameters of prior discussion
and will permit us to demonstrate how the M vs Z regression equations for sets
of hydrometeor data may be obtained in a manner that considers the physical
nature of the spectral properties of the hydrometeors.

139



3!
~ Il
§

1000}
500}
'e
§ 100
2 %o
NT = 506 zO.ﬂZl
r= a9l

i LSE = 0209

s " . ok L
5 00l
'e 0005
e
€ k = 000092| 20228
E r = 0.745
S oooi- T gt : (LS = otel :

0.0005 . 'l 'l L I'n 4
0. 10 10 10° 10% 10* 10°

Zs (mms m")

Figure E9, Plots of F, NT and k, vs Zg, for Rain Data
From Disdrometer A Obtained on 22 March 1972, The
regression lines, equations, correlation coefficients (r)
and log standard errors (LSE) are indicated as are the
error bounds of the LSE's (the lines bounding the
regression line)

140



o
e

* F = 0664 270048

F-NON DIMENSIONAL
o
o
——r

r u-0.425
LSE = 0083
ol L | L N ] n
1000} :
500}
,,‘,‘ ¥
]
3
¢ 100
Z
£ %or Ny = 1862°9%8
r = 0543
LSE = D201
0}
5 1 P | I | PO | ' | 4
k = 0ooi6 20128
00I- r= 0564

LSE = O.161

1 1 | 1 | O |
10 10 10¢ 10° 04 10®
Z,(mme m3)

Figure E10, Plots of F, Nt and k, v8 Zg, for Rain Data
From Disdrometer B Obtained on 22 March 1872, The
regression lines, equations, correlation coefficients (r)
and log standard errors (LSE) are indicated as are the
error bounds of the LSE's (the lines bounding the
regression line}

141




F-RON

Ny (No.m™3)

a

=

3

]

£

E

K]

2 .

00005 . - - L =] |
ol 0 10 10° 109 w04 10%

Zg (mm® m™3)

Figure E11, Plots of F, NT and k, vs Zg, for the Data
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Disdrometer and large-snow data were presented in R No. 2 which showed
cross-plots of the M va Z values for two sets of disdrometer data obtained on 22
March 1972 (obtained from different instruments, identified as the A and B dis-
drometers) and for the data of Ohtake and Henml"’ as analyzed by Vardiman.* for
large snow of dendritic-steilar-type. From the original, basic data of these three
sets, we determined the F values, the NT values and the k values for each in-
dividual nmple." The values of these parameters, cross-plotted /s the Zs
values of the samples, are shown in the diagrams of Figures E9, E10, and E11,
The plots of F vs Zs are presented in the upper diagrams of each figure; those of
N,r vs Zs are presented in the middle diagrams; those of k vs Zs are presented in
the bottom diagrams. The regression lines that fit the data are shown and the
regression equations, correlation coefficients, and log standard error values are
indicated. It will be noted that the diagrams have logarithmic scales, Thus, the
"slope'' of the regression lines for the respective diagrams provide measures of
the A log F/A log Z,, Alog NT/A log Z,, and A log k/Alog Z, terms that enter into
the ""exponent', and "exponent departure', equations previously presented, that is,
Eqs. (E59), (E81), and (E85),

The ice-crystal data of PVM-5 (Barnes, Nelson and Metcalf) 8 are shown
plotted in Figure E12, in the same format as for the other figures described above,
These data are different than the disdrometer and large-snow data, however, in
that particular ( to D conversion assumptions were employed as discussed by the
authors. This means, without going into details, which we will discuss later for
ice hydrometeors in general, that the Z! values of these ice-crystal samples are
subject to much greater uncertainties, relatively, than are those of the disdrometer
and large-snow samples of the other figures., Hence, again without detailed dis-
cussion, which is premature at this point, we may state that the 'log slopes" of the
regression lines of the Figure E12 diagrams provide valid measures of Alog F/Alog Zs‘
Alog NT/Alog Z’, and Alog k/Alog Zs but that the coefficient, K, of the M vs Z
equation [Eq. (E48)] {8 subject to important uncertainties, because of its dependence
[see Eq. (E80)] on ﬁg_?'s. which is uncertain due to the Z_ uncertainties mentioned.

From the data of these figures, it is seen that the form factor values typically
decrease with increasing Zs and that Alog F/Alog 75 is negative, with values, for
the four data sets, ranging from -0,041 to -0, 118, The NT values increase with
Zs and Alog NT/Alog Zﬂ is positive, with values ranging from 0, 365 to 0. 607, The

k values [which are dependent on those of F and N,. see Eq, (E22)]) increase with

T

‘Unpublished work performed for AFCRL by L., Vardiman of Colorado State Univer-
sity (on reserve status from the Air Weather Service),

“The large -snow data of Ohtake and Henmils are devoid of { to D conversion prob-
lems, since, (see the footnote on page 128) their measurements were made directly
in terms of equivalent-melted-diameter,
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7s: the Alog k/Alog Zg slope {s positive; the slope values range from 0,037

to 0, 230,
The diagrams of these figures effectively reveal some of the physical reasons

why the M vs Z regression equations that are employed in SAMS have particular
coefficient and exponent values, However, before discusaing these, it i1s of interest
to demonstrate specifically that the K and F values obtained by the "physical method"
are the same as those obtained by the standard, conventional method, of direct

M vs Z regression,
We may demonstrate the equivalence in two different ways, First, from

Eq. (E10), we may solve for k to obtain
k=mz 05, (E78)
We may substitute for M in the above equation, from Eq., (E48), to write
k=K zE 05 (ET9)
From Eqs. (E59) and (E61),
AE=E -0.5, (E80)
which permits us to write the preceeding equation as
AF (E81)

k=K 2Z E

This last equation is the general equation that describes the regression of k
with Z (or Zs). In other words, it is the general equation that describes the re-

gression lines shown in the bottom diagrams of Figures E9 through E12, Thus, it
is apparent that the values of the coefficients of the equations of these diagrams
(the equations have been typed thereon) are the values of K and that the exponent
values of the equations are the values of AE, which are related to E in the manner
prescribed by Eq, (E80), that is, E = AE + 0.5.‘

We may compare the K and F values of the bottom diagrams of Figures E9
through E12 with the K and E values obtained by the direct regression of the Ms
and Zs values of the data samples, Thus, for the rain data of the A Disdrometer
of Figure E9, K = 0,000921, with E = 0,725 (K = 0, 000922, with E = 0,725), where

*1t might be noted with regard to Fq., (E81) that K is the particular value of k that
exists for a Z (or Zg) value of unity, Likewise, with regard to Eq. (E46) K is the
particular value of M that exists for a Z value of unity, Therefore, when Z = 1,0,
k= M=K,
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the first values are those from the diagram equations and the values within the
parentheses are the ones of standard, direct regression, For the rain data of the
B Disdrometer of Figure F10, K = 0,00161, with E = 0,628 (K = 0,00181, with

E = 0,626), For the largeesnow data of Ohtake and Henmi of Figure El1,

K = 0,00407, with E = 0,530 (K = 0,00420, with E = 0,526, see Table 2 of R No. 2,
for large-snow of type Lss). For the ice-crystal data of PVM-5 of Figure E12,

K = 0,0135, with E - 0,730 (K = 0,0135, with E = 0,731),

With the exception of the Ohtake-Henmi data, see footnote below.'.l the agree-
ment between methods is excellent, which demonstrates their equivalence,

The second demonstration of equivalence involves the data plots and regression
equations of the two upper diagrams of Figures F9 through E12, With regard to
the form factor data and equations of the first of these diagrams, it may be pointed
out that the coefficient values of the equations are the particular values of F that
"exist'" at a Z (or Z ) value of unity, We will symbolize these particular values as
"Fl". The exponent values of the F equations are, of course, the values of the
"log slope'' of the regression lines, Likewise, with regard to the total number con-
centration data and equations of the second of the figure diagrams, the coefficient
values of the regression equations are the particular values of N,r that exist at a
Z value of unity, which we will symbolize as "NT,". The exponent values of the
Ny equations are the "log slopes'' of the regression lines,

The following relationships prevail, that relate the regression equations for
F, NT and k to the coefficient, K, and the exponent, E, of the M va Z equations,

With regard to the coefficients, it is apparent, from Eqs, (E81) and (E22) that

K=k, = C\/ETl Flo (E82)

where k1 is the particular k value correspondingto a Z (or Z’) value of unity,
With regard to the exponents,

0.5 Alog N,
_ Alog F T
AE: Rlon 7 * —BTRZ—— (EE3)

8 8
from Eq, (E85) and, as mentioned earlier,
E= AE + 0.5 . (E84)
‘In our re-analysis of the Ohtake-Henmi data, we found various errors in the

Vardiman-Ohtake-Henmi computations, These were corrected and this is the
primary reason for the differences in the K and E values cited above,
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The values of F,, Nr,, Alog F/aAlog 2., and Alog NT/AIog Z are listed in
the first four columns of Table 11 for each of the sets of hydrometeor data of
Figures I'9 through E12, Also listed, in the next three columns, are the values of
K (=k,), AF and I!, which were computed from Egs. (E82), (EB3), and (EB84) above,

A comparison of the K and F values of this table with those of the standard
method of direct regression, cited earlier on page 145, shows good correspondence,
which again verifies the equivalence of the regression techniques of the “physical
method' and those of standard convention, There are some differences in the
comparative values, larger than in the previous comparison, but these stem mostly
from lack of perfect correlation (not to be expected) between the F and N,r values
of the samples of the data sets, also from protlems of computational '"round off
errors”,

Before continuing, it might be noted that the centroid points of the data sets of
the individual figures, E9 through E12, should be expected to obey the relationship
of Eq, (E48) to a first approximation, For the convenience of future work herein,
we will demonstrate that this is true,

The centroid values of lo_g'Z:. Tog F, and W'N; are iisted in columns eight,
nine, and ten, of Table E11, for each of the data sets of the firat two diagrams of
Figures E9 through E12, The values of

(log k)A =logC++Tog F + 0.5 Tog NT o (E85)

which stems from the log form of Eq., (E486) are listed in column eleven of the table,
The comparison values of Tog k, which are the direct average values of the sample
data of the bottom diagrams of Figures E9 through E12, are listed in column twelve,
The table reveals that the (log k)A values determined from the equation are closely
the same as the Tog k values of direct averaging,

The prime advantage of the "physical method'' of regression is that, by its use,
we gain understanding of the spectral characteristics of hydrometeors which can
cause the different K and E values of the various categories and types of precipita-
tion, For example, it is seen, from the data sets and equation references made
heretofore, that the major determinant of the K values, and their category and type
differences, is the total number concentration of the drops or particles (for com-
parable Z, values), With regard to the determinants of the E values, we observe,
first of all, that the total number concentrations of the drops or particles increase
appreciably with increasing Zs. This is logical and to be expected. However, we
also observe that the values of the form factor decrease with increasing Z'. This
means that the two terms, Alog NT/AIog Z, and Alog F/Alog Z,, of Eq. (E85)
contribute counteractively to the values of AE [(hence E through Eq, (E84)]. This
is not a type of spectral behaviour we would have suspected a-priori,
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The spectral physics of the hydrometeors is not completely revealed by the
diagrams plots of Figures Ef through E12, This is because the form factor values
are not uniquely descriptive of the spectra, The same values, in other words, can
be obtained from a variety of different distributions., This was demonstrated pre-
viously in the histograms of Figures 4 and I'5,

We can conduct additional analyses, however, of the type {llustrated in Fig-
ure E13, to establish the kind of spectral behavior that causes the decreasing trend
in the form factor values, In this figure, the form-~factor data of Ohtake and Henmi,
of Figure F13, have been re-plotted at larger scale in the upper diagram. The
bounds of the log standard error of estimate about the regression line are indicated
and three rectangular ''boxes' are shown, labeled "A", "B", and ''C". The number
concentration data for all of the samples within these hoxes were combined and
normalized in the conventional terms of class number concentration, N,
per m3 of atmospheric volume, The resulting composite spectra, of N vs the
equivalent-melted-diameter, I), of the snow particles in the classes, are shown in
the three diagrams immediately below the scatter plot, The form factor values for
the composite distributions are noted, The spectral trends with increasing Zs are
apparent from these diagrams, The spectra are seen to be near -exponential and,
for small values of Zs' the maximum particle diameters are small and the decrease
of log N with D (the "exponential slope') is very ''steep'’. For intermediate values
of Zs. the maximum particle diameters and the exponential slope are likewise inter-
mediate, For large values of Zs. the maximum particle diameters are large (up
to 3.2 mm) and the exponential slope is relatively shallow, These trends are not
unexpected, since they have been reported previously and have been replicated in
various spectral models, including the SAMS '"Precipitation Model" described in
Appendix G, see Figure G8. However, this may be the first time that such spectral
trends have been demonstrated in the context of their specific influence on the
coefficient and exponent values of the M vs Z equation.

There are three particular points in the scatter plot of Figure E13 which are
labeled "D", "E", and "F'". These points are far removed from the regression
line and are at the extremities of the data scatter, It was of interest to ascertain
how the spectra of these individual samples differed from the composite spectra of
the samples within the A, B, and C boxes which lie within the standard error
bounds. These particular spectra are illustrated in the three bottom diagrams of
the figure. The reasons why the samples have anomalous F values are fairly
apparent. The "D Sample" has a relative deficit of small particles and has a spec-
tral form roughly similar to that of the last histogram of the top row of Figure E4,
which yields a large F value, The "E Sample' has a spectrum similar to that of
the fifth histogram from the left, at the top, in Figure E4, which was specifically
mentioned, on page 125, as being of a type associated with small values of the
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Figure E13, [llustrations of the Spectral Characteristics and Trends of the Form
Factor Values for the Data of Ohtake and Henmi. The form factor values are shown
plotted vs Z in the upper diagram and the regression line (solid) and lines of the log
standard error of estimate (dashed) are indicated. These are the same data and
lines shown plotted in the upper diagram of Figure E11, The composite spectrum,
of particle number concentration (N) vs equivalent-melted-diameter (D), for all of
the data samples whose points are contained within the rectangle labeled “A", is
shown in the first of the smaller diagrams at the upper left., The composite spectra
for the rectangles labeled 'B" and ''C" are shown in the next two diagrams, The
particular spectra for the samples "D", "E", and "F", whose points lie at the
extremities of the data scatter, are shown in the bottom diagrams

form factor. The ""F Sample" is of a multi-modal type which, rue suspects, is
srobably not a ''representative sample’ (that is, there are tuo few contained total
particles to be representative), Multiple modes, depending on where they occur
over the diameter range, can cause quite erratic behaviour of the form factor values,
see the two upper rows of histograms of Figure F5. The modes of the "F Sample"
are such as to cause a small value,
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A general description of the form factor values for exponential distributions
is presented in Appendix H and illustrated in I'igures H1 throngh H5. From the
first of these figures, it is scen that the form factor values for non-truncated
distributions vary regularly with the descriptive parameters n (the number of
classes) and A Dn (the non-dlmensio.n-.'.l product of the "'exponential slope” times the
diameter range of the {istribution). The maximum I value (= 1,0) occurs with
monodispersed distributions; the minimum value (< 0,222) occurs for very-large
n (*%) agsociated with very-large * Dn (*), This is a ""theoretical minimum"'
only, since neither n nor A Un would ever, in practice, have values much greater
than about 50, for n, or 15, for A Dn' (A Dn is a parameter analogous to A Dm'
which is discussed in Appendix (i and shown to having limiting atmospheric values
of the order of 12, or 15, at most,)

A uniform distribution (all class number concentrations equal} is a special
case of an exponential distribution, The F values for uniform distributions decrease
from 0,733, forn - 2, to 0.684, forn 10, to 0,8615, for n = 100, to alimit
of ~0,6614, for 11+,

Certain general statements can also be made about how changes of spectra
will affect the form factor values, Truncation, for inst.ace, with either lower
diameter truncation or upper diameter truncation (see Figures H1 through H5 of
Appendix H) will increase the I values, relative to the non-truncated ones, With
bi-modal spectra, increased diameter separation of the modes, other spectral
characteristics being held the same, will result in decreased F values, and vice
versa, Similarly, any number concentration increase in a model peak at small
diameter, relative to one at larger diameter, will decrease the F values, and

vice versa,

£6. SUMMARY AND EXPLANATION OF THE PARADOX QUESTION

At this point, we have established sufficient background to enable us to return
to the "'paradox question’ raised earlier and provide an explanation. However,
before doing this, we will review the basis for the question and repeat the question
itself,

It may be stated that, with the exception of monodispersed distributions, at least
10 classes (n = 10) or more are required, with classified data, to provide an ade-
quate description of a theoretical distribution function, such as one of exponential
type. The same is true, in general, concerning the number of classes needed to
provide adequate description of any continuous spectra, either atmospherically
observed or theoretical, Hence, the form factor values of the above -cited figures,
for n < 10, are really a special category of values which pertain to classified data
that lack adequate resolution (sufficient classes) to describe the true spectra,
Admittedly, we have violated this rule ourselves, herein, primarily for the con-
venience of illustration,

151



In the analyses of the foi! impactor records nt the beginning of the appendix,
M and 7 values derived from individual samples of ice particles were found to
evidence very-large variability dependent on the analysis methods used, the crystal-
tvpe selected and the particular assumptions about ¢ to l)e conversions, With pre-
sumed knowledge of crystal-type, it was found that the M values of a given sample
could readily be uncertain, due to various causes which were identified and discussed,
over a spread exceeding a factor of 3, with the 7. values being uncertain over a
spread exceeding a factor of 10, Without knowledge of crystal-type, or with the
forced assumption of tvype, as has been necessary in numerous Wallops storms of
past SAMS analysis, it was ascertained that the uncertainty spread of the M values
could he as large as a factor of 19; that of the Z values as large as a factor of 340,

\When the M and 7 values of the samples, as determined by the different
methods and assumptions; were cross-plotted and compared with the regression
equation for Cl ice crystals, which is the single equation used thus far in SAMS, it
was discovered that the data corresponded quite nicely with the regression line,
The departure of the M values from the line was generally less than a facter of 1, 4;
the departure of the 7. values was generally less than a factor of 2, This raised the
paradox question, 'How is it possible that foil-sample data which evidence "uncer-
tainty scatter’' exceeding an order of magnitude in M and two orders of magnitude
in 7 can "conform to, and "agree with', the values of equation prediction to within
less than a factor of two difference”"

Part of the answer was found in the work described on pages 116 through 133,

The equation,

M=k 0.5 (E17)

for "single samples’’ was developed and the coefficient k was shown to be dependent

on

k=CJT\TTF. (E22)

where C is a particular number [see Eq. (E12)], NT is the total number concentra-
tion, of the drops or particles of all sizes in the sample, and F is the form factor,
which is a non-dimensional factor that describes how the number concentrations

of the drops or particles in the different disdrometer classes are apportioned re'a-
tive to each other, over the diameter range of the sample, and relative to the total
number concentration value for the sample.

The k values of the foil samples were next computed which corresponded to the
different analysis methods and assumptions about crvstal type and 8 to D conversions,
These values were closely similar for the different analysis methods applied to in-
dividual samples, also between samples. Tiie uncertaintv spread of the k values
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was about an order of magnitude smaller than the M value uncertainties cited above,
and about two orders of magnitude smaller than the cited Z value uncertainties, The
reason why the k values were relatively non-variant for the same samples analyzed
by different methods is that NT‘ for any given sample, remains constant lrreapec-
tive of analysis method, also that the F values do not differ materially with method
The reason that the k values between the different samples were similar for the foil

data is that the NT and F values of the separate samples were not importantly differ-
ent, in their effect on k through Eq. (E22) (gee Tables E4 and E5),

The isolines of k, from Eq. (E17) were shown to be "'straight lines' plotted on
a diagram having a log Z abscissa and a log M ordinate, The ''log slope' of the
isolines was 0.5 (see Figure E4),

The particular isolines of k for the basic foil data (before £ to D conversion) and

for the equiva.ent-melted-diameter, or D, data (as analyzed by the different, stated
methods and assumptions regarding ¢ to D conversions) were plotted in Figure ES5,
The envelope of the isolines for the basic data had very small "'spread'’ and the
"igoline envelope'' for these data was contained within, and centered approximately
within, the isoline envelope for the converted "D data'’, This revealed that, to
reasonable accuracy (to be discussed further), the k values of the ice-particle
samples could have bean determined a-priori, without any knowledge or assumption
of ice-crystal type.

The diagram also revealed (compare the isoline envelopes of Figure E5 with the
regression line of Figure E3) that the Ms vs ZB points of the samples necessarily had
to correspond closely to the M vs Z values prescribed by the regression equation for
¢
of the equation, We will now demonstrate this specifically.

ice crystals, because the k values of the samples were nearly the same as those

The k valuer for any given regression equation, of M vs Z, are readily deter-
mined by substituting for M, in Eq. (E46), the MS value for single hydrometeor

samples, of Eq. {(E17) to obtain

k=kz(F-05 (E85)
or, from Eq. (E80),
k=K ZSAE . (E86)

"The F values will differ only insofar as there are non-linearities in the ¢ to D
conversions, and these, in most cases, will be slight differences.

Linear ¢ to D conversions fall in the category of "'class by class proportionality',
as discussed on pages 136 through 139, in which there are no changes of F re-
sulting from conversion,
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In this substitution, since k is defined only for single samples, the general
regression varinbles, M and 7, are specifically equated to their single-sample
counterparts, Ms and Zs. Hence, in words, Kq. (I285) {or (I:86)] prescribes the
single-sample values of k that exist directly along the course of the equation line.

For C1 ice-crystals, K= 0,038 and E = 0,529, see Table 2 of R No. 2, so that
the above equation reduces to

k = 0,038 20- 029 (1:87)
If we plot the above equation on a diagram having logarithmic scales, with k as
ordinate and 7 as abscissa, we obtain the slightly-sloping line shown in Figure F14,
We can also plot the k vs ZS points for the foil data (of Tables E8 and E9) on this
same diagram, These points are shown in the diagram, coded similar to the ones

of Figure I3,
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Figure E14. An Illustration of How the k vs 7Zg Points of Tables 1'8 and E9 Vit the
k vs 7 Equation of Heymsfield and Cunningham, Which Pertains to (' Ice Crystals
of Bullet-Rosette Type. The different sizing methods, samples, and assumptions

discussed in the text are indicated by the symbhol coding of the plotted data points.

The coding is the same as used for Figure E3

A comparison of Figure E14 with Figure E3 reveals that the displacement of
the data points from the equation lines is equivalent in the two diagrams. (The
cycle spacing of the ordinate scales was deliberately "'made equal" in both diagrams,
to facilitate comparison. )

From this comparison, also see Figure E6, it is apparent that it is the '"spec-
tral parameter'', k, that establishes the ''quality of the correspondence’’ of the data
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points to the equation lines, As noted previously, regarding Figure E3, the M vs
Z points of this figure all lie within a factor of two displacement (in the orthogonal
direction) from the equation line for C1 ice-crystals, Likewise, the k vs Z points
of Figure E14 lie within a factor of two displacement from the equation line, In the
latter figure, however, it is clear that it is the parameter, k, and its variations,
that is basically responsible for the orthogonal departure(s).

The paradox question is essentially answered at this point.

E7. POTENTIAL ANALYTICAL BENEFITS OF COMPUTING AND USING THE
SPECTRAL PARAMETER, k

Not only has the paradox question been answered to this point but a spectral
parameter has been discovered that can be computed from size-distribution data
for ice hydrometeors with considerably greater accuracy thaneither the liquid-water-
content, M, or the radar reflectivity factor, Z. This is the parameter k. Many
procedures of the continuing programs can be materially simplified and made more
accurate by computing and using this parameter in our analyses, as we will discuss
and illustrate in the remainder of the appendix, We will first consider the absolute
and relative accuracies of the three hydrometeor parameters, M, Z, and k, and
illustrate the findings using particular nomograms. We will then draw conclusions,
present verifying data and make recommendations for future analyses.

E7.1  Absolute and Relative Accuracies of the M, Z, and k

In considering the absolute and relative accuracies of M, Z, and k, we will
first reference the foil data of previous discussion. Then, following, we will sum-
marize the findings of certain theoretical treatments of the subject which are des-
cribed in detail in Appendix H,

Previous consideration of the foil data analyzed by the different methods and

{ to D conversion assumptions revealed that the uncertainty spread of the Ms and
Zs values resulting from the diverse methods and assumptions was very large,
Specifically, the uncertainties in the cases considered were the following: (see
pages 110 through 115,

(1) For differences in the method of measuring particle dimensions from the
record of the foil impactor instrument, in terms of their "maximum
dimensions'', as opposed to their ''average dimensions'', the nssociated
differences in Ms and Zs' for the assumption of a given crystai type,
ranged from about a factor of 2 to a factor of 5, for Ms' and from about
a factor of 5 to a factor of 12, for Za'
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(2)

(3

(4)

For different £ to D conversion methods, between investigators, for a
given crystal type, the Ms differences ranged from about a factor of 2 to
a factor of 3; the Zs differences ranged from about a factor of 5to a
factor of 9,

For minor, observationally-subtle differences of ice-crystal type, as
between "thin plates’' and "thick plates'’, the M, and Z_ differences,
other assumptions held common, ranged from about a factor of 3 to a
factor of 4 and from a factor of 8 to a factor of 13, respectively,

With complete lack of knowledge of crystal-type, or with the ''forced
assumption' of type, as has been necessary with most of the Wallops
storms of previous SAMS analysis, the associated Ms and Z! differences
indicated by the foil data were as large as a factor of 19, in Ms. and a
factor of 340, in Zs.

In comparison with these cited uncertainty ranges of Ms and Zs’ the reader
can see, by reference to Tables E4, E5, and E9, that the differences in the k values
corresponding to the cases numbered above:

(a)

(b)

(c)

(d)

Ranged from a factor of 1,02 to a factor of 1,09 (2 to 9 percent),
in Case 1,

Ranged from a factor of 1,05 to a factor of 1,13 (5 to 13 percent),
in Case 2,

Ranged from a factor of 1,02 to a factor of 1.08 (2 to 8 percent)
in Case 3, and

Were a factor of 1.31 (31 percent), in Case 4.

Thus, the k differences in these comparative instances were much smaller than
either the Ms or Zs differences; or, stating this conversely, the k values for the
ice hydrometeors of the foil samples were determinable with considerably greater
accuracy than either the Ms or Zs values, The determination accuracy of k, for

the instances noted above, was some 2 to 14 times better than that for Ms and
some 5 to 260 times better than that for Zs.

The reasons why the k values can be determined more accurately than either
the Ms or Zs values are readily demonstrated. Consider the single-sample

equation for Ms. that is,

MB

=k 280-5 ] (E17)

If this equation is totally differentiated, regarding k as a variable,

dk
1(_

dMB t.'lZs
Ws- "2'2; ’ (E88)

or, in finite difference form,
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where Wls and 'Zs are the mean values across the difference change.

The latter equation shows that the ratio changes in k (the uncertainty changes)
will depfnd on the difference between two terms involving the ratio changes in M .
and Zs' " This means that, whereas the ratio changes in Ms and Zs might be large,
the associated ratio changes in k are not necessarily large; in fact they might be
relatively small, That they are indeed small is shown by the evidence of the foil
data (plus other evidence we will discuss next),

The first section of Table K12 shows the approximate average values of the
terms of Eq. (E89) for the foil data and comparison cases described previously.
The AMS/Ms and AZB/2Z8 terms of the equation are seen to have values some 14
to 25 times larger than the Ak/k values. (This is true of Cases 1, 2, and 3; Case
4 is an exception that is explained in the table,) The disparity is so large, in fact,
that it is apparent that F.q. (E89) can never, in any general case situation, be used
to assess the values of Ak/k,

The values of Ak/k canhe accurately assessed, however, from the k expression
of Eq. (E22), Equation (E22), rewritten, is

k= CyNp ¥, (E22)

which, when totally differentiated, yields

T :TN_+T, . (E90)

or, in finite difference form,

Ak _ V1 AF

i e (E91)

This equation reveals that the ratio changes in k are fundamentally dependent
on two summed terms involving the ratio changes of NT (the total number concen-
tration) and the ratio changes of F (the form factor).

Since Mg and Z4 are dependent parameters, when both are computed from the
same common size-distribution-data, the negative sign of the second term in
Eqs. (EB88) and (E89) has significance and must be retained in any uncertainty
investigation,
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Table E12, Approximate Average Values of the Terms of Eq. (E89) and Average
Values of the Terms of Lq. (E81) for the Comparative Cases Involving the Foil
Samples That are Described in the Text, on Page 99, Also see the Footnote
Comment on Page 104

Approximate Average Average Values
Comparative Values of the Terms of the Terms
Cases of Iq, (1:89)" of Eq. (EO1)
aM, A4, Ak ANp  aF Ak
'TT; TZ: & W.; -F 3
Case 1 ~2.5 ~2.4 ~0.1 0,010 0. 050 0. 060
Case 2 = 1515 ~1.4 ~0,1 0 0,076 0,076
Case 3 ~2.0 ~1.9 ~0.1 0 0. 050 0, 050
Case 4 ~9""  ~gs" » 0.010 0,055 0,065

"These can only be estimated, because of the very-large uncertainty spread of the
M8 and Zs values between methods, assumptions, and crystal types.

""The entire mathematical concept of finite differences ''breaks down'' completely
when dealing with such huge uncertainties of Mg and Zg as are involved in this
case; hence any consistent estimate of the term values of Eq. (E89) is impossible,

The second section of Table 212 shows the average values of the terms of Eq.
(E91) for the foil samples and comparison cases of prior reference. It is apparent,
both from the table and :quation, that the Ak/k values can be assessed much more
accurately from Eq. (E91) than from Eq. (E89). The basic reason is that the right
hand terms of Eq, (E91) are individually small, of the same order of magnitude a3
Ak/k, and that the terms are additive, In contrast, the right hand terms of Eq.
(E89) are individually large and Ak/k is the small subtractive difference between
the terms.

The above equations and Table E12 results demonstrate why the k values of
the foil data are, and should rationally be, inherently more accurate than either
the Ms or Zs values.

The reader might question whether generalized conclusions are warranted
from such limited foil data, With this question in mind, a separate, theoretical
investigation of £ to D conversion effects was conducted which is presented in the
second section of Appendix H. This investigation considered the uncertainties of
Ms. Zs' and k that would result from the ¢ to D conversion of ice or snow particles
that were sized in terms of their physical dimension, {, and converted into equiva-

lent melted diameter, 1), in accord with the conventional, power-function relation-
ship.
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D= ye? (E92)

under the assumptions that both the coefficient ¥, und the exponent, ¢, were subject
to uncertainty.

The results of this investigation are summarized in I'igures F15, K16, and
E17. In each of these figures, the ratio uncertainties AV,B/ZS (solid curves),
AMSIMS (dashed curves) and Ak/k (dotted curves) are shown plotted vs the liquid-
water-content, l\ls. The uncertainties for large-snow of type I.S3 are shown in
the first figure for four different uncertainty assumptions regarding y and ¢, see
Tables H1 and H2, of Appendix I1. The corresponding uncertainties for small-snow
of type SSS are shown in the second figure, Those for type C1 ice-crvstals are
shown in the third, The figures show that the AZB/ZB uncertainties range from
about 1,4 to 5.2 (140 to 520 percent), dependent on hydrometeor tyvpe, liquid-water-
content and v, ¢ assumptions; the AMS/MS uncertainties range from about 0, 071 to
to 2,0 (71 to 200 percent), whereas the Ak/k uncertainties only range from about
0.10 to 0. 34 (10 to 34 percent).

The figures also reveal (by forming the ratios of the decimal uncertainties) that
the Ak/k values are some 4 to 39 times less sensitive to ¢ to I) conversion effects,
than are the AV.H/'/,s values and some 2 to 15 times less sensitive than are the
AMs/Ms valies, l.ess sensitivity means, of course, that the k values for ice
hydrometeors, for which ¢ to ) conversions are required, can be determined more
accurately, by these amounts, than either ZS or Ms can be determined.

It is pertinent to note, see ligs. (H140) and (H41) of Appendix H, that the deci-
mal uncertainties of k depend only on the uncertainties of the exponent, ¢, of Eq.
(E92) whereas the decimal uncertainties of Ms and Zs. besides being dependent on
the exponent uncertainties, are also dependent on the uncertainties of the equation
coefficient 3 . The situation is discussed in Appendix H. Basically, however, the
fact that Ak/k does not depend on Ay stems from the principle of "'class by class
proportionality', that was described on pages 135 through 137, Only the non-
linearities of conversion, whicharisewhen ¢ # 1,0, can cause changes or uncer-
tainties in the k values, (Actually, it is the ' values which contribute to k through
Eq. (E22) that are specifically affected, The N, values, which also contribute,

remain unchanged with conversion, )

It should be emphasized, before leaving this section, that the AZs/Zs,
AMs/Ms' and Ak/k uncertainties indicated in Figures E15, E16, and E17 are
strictly those pertaining to the effects of ¢{ to D conversion, Other uncertain
influences on Zs' Ms.' and k, such as discussed on pages 101 through 104, were
not considered in the: theoretical investigation.
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Figure E15, Equation
Plots of the Decimal
Uncertainties of Radar
Reflectivity Factor,
AZ4/Zg (dashed curves), of
Liquid Water Content,
AMg /Mg (s0lid curves) and
of the Spectral Parameter
k, that is, Ak/k (dotted
curves), for Large Snow

of Type 1.S3. The assumed
uncertainties of £ to D
conversion, that is, Ay and
Ad, see Eqs. (H22), (H29),
(H30), and (H38) of Ap-
pendix H, indicated for
each of the curves., The
first number is the assumed
Ay uncertainty; the second
is the assumed A9 uncer-
tainty, Since Ak/k is
functionally dependent on
A¢ alone, only the A¢
assumptions are indicated
for these curves

Figure E16. Equation
Plots of the Decimal
Uncertainties of Radar
Reflectivity Factor,
l.iquid-Water-Content

and the Spectral Parameter
k, for Small Snow of Type
SSg (see caption of Fig-
ure E15 for a description
of the curves)



ICE CRYSTAL
{f
g
: Figure E17, Equation
3 af Plots of the Decimal
Uncertainties of Radar

§ g 2-2 Reflectivity Factor,

- ey w—
| ..---!.nzz-u-.___..____. Liquid-Water-Content
E 3+ e’ and the Spectral Parameter
] k, for Ice-Crystals of Type
E C (see caption of Fig-
W ure E15 for a description
g ] -2 of the curves)
i &_ “‘~i! :
_§_ =4 2=
@ IF |-2
8

.................................... 2

...... SR U R LR T

Yo 008 Qi 05 i0

M LIQUID-WATER- CONTENT (gm m-3)

K7.2  Nomographic Ulustrations of the Comparative Accuracies of the

Spectral and Radar-Measured Parameters of the SAMS Program

The nomogram shown in Figure E18 has been found to be exceedingly useful
for the consideration and illustration of the values, relationships, and uncertain-
ties of the parameters of previous discussion. The ordinate scale of the nomogram
is k; the abscissa scale is Z, The isolines of M on the nomogram, as computed
from Eq. (E17), are the lines that slope upward to the left, From value knowledge
of any two of the parameters, M, Z, or k, the nomogram provides the value solu-
tion for the third.

For purposes of familiarizing the reader with this nomogram, the particular
k v8 Z equations are shown plotted thereon for Cl ice-crystals, for small-snov{.
of type SSs' for large-snow, of type L53 and for widespread rain, of type RJW’ '
[The general equation is Eq. (E86)]. These are hydrometeor categories and types
that have been commonly referenced in prior SAMS analyses and their equation
lines on the nomogram show the relative k, Z differences between categories, for

these types.

Type designations for hydrometeors were specified in R No, 2 and the particular
M vs Z equations for the types were listed in Table 2. The k vs Z equations cited
above are related to the M vs Z equations through Eqs. (E84) and (E86). The '"'M"
subscript, applied to the K and E parameters of the cited table, has not been re-
tained in the work herein,
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Figure E18. Example of Nomogram of k (ordinate)

vs Z (abscissu) With lsolines of M. The particular
equation plots, of k vs 4, are also shown for C
ice-crystals, for small-snow, of type SSg, for ‘urgu-snow.
of type LS, and for widespread rain, of type R.IW

By use of this form of nomogram, we can progressively illustrate the SAMS
situations, concerning ice hydrometeors, in which we (1) correlate the M and Z
computed from spectral data, (2) correlate the M values computec from spectral
data with the Z values measured by radar and (3) correlate the k values computed
from spectral data with the Z values measured by radar. In each of these situations,
it is assumed, for the convenience of illustration, that Z = 25 mms m'3

M=0,15gm m™3, and k = 0, 03 gm mm™> m™ 13, which values are consistent with
Eq. (E17),

In Situation 1, if the M and Z values are both computed from the same, common
spectral data, the uncertainty bounds of the M and Z values will be approximately
as indicated by the shaded areas of lightest tone in Figure E18, The specifics of
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the uncertainty assumptions are explained in the footnote below, The overlapping
area of the common M, 7. uncertainties on the nomogram is the rhomboid indicated
by the second stage of shading, If the M, Z values were independent values, this
would be the "uncertainty rhomboid”, However, the M, 7 values computed from
spectral data are not independent, hence, the actual uncertainty area on the nomo-

gram is the horizontal, quasi-rectangular area indicated by the cross-hatching.
(The vertical dimension of the rectangle is dictated by the k value uncertainties
which are discussed below and illustrated in Figure E21,)

In Situation 2, in which the M values computed from spectral data are corre-
lated with the 7. values of radar measurement, the uncertainties are approximately
as illustrated in FFigure 1220, The uncertainties of M are unchanged from the pre-
vious nomogram, However, the uncertainties of the radar-measured values of 7
are substantially smaller than the uncertainties of the Z values of spectral compu-
tation, Radar-measured 7 is uncertain to about + 2 dB, with a carefully-calibrated,
well-maintained radar, see Tables B1 through B4 of R No. 1, for example. This
¢ 2 dB of uncertainty is indicated in the Figure 20 nomogram. It is seen from the
nomogram that the uncertainty area for spectral \l correlated vs radar 7 is a
rhomboid that is ""tall”, vertically. This uncertainty area is orthogonally oriented,
relative to that of Figure 19, It is pertinent to note that this method of correlation,
here illustrated, is the one that is currently being emploved in the SAMS program
at Wallops Island, Virginia,

f“The specific assumptions that were employed to obtain the M, 7Z and k uncertainties
of Figures F 19 and F21 were the following: It was assumed that the total number
concentration of the ice hydrometeors would be measureable, in a proper-operating,
well-maintained instrument of the Knollenberg type, to within a factor of two
(approximately + 1.5 dB), It was assumed, reference the theoretical work of Sec-
tion 2, Appendix H, and Figures E15 through F17, that the uncertainties of { to D
conversion would correspond approximately to a Ay = 0.2 and a A¢ = 0.2, which
gives AZ,/7.,, AMg/M,, and Ak/k uncertainties that are in approximate accord
with those de%ermined from the combined, comparable Case 2 and Case 3 situa-
tions of the foil data investigation, see page 156. It was also assumed that the
differences of length-measure relationships between the physical measures of
crystal or particle size and the si»es measured by the particular instrument, would
cause component uncertainties of 7, M, and k of the order indicated under the
Case 1 situation of the foil data investigation, that is, approximately + a factor
of 2, for M and t a factor of 4, for Z).

The total uncertainties, of all combined components, were estimated, by
mathematical -nomographic techniques, with probable error summation, tobe ¢ a
factor of 10 (approximately + 10 dB) for Z, + a factor of 5 (approximately :+ 5 dB)
for M and ¢+ a factor of 1, 8 (approximately + 2 dB) for k.

As mentioned in previous AFCRL/SAMS Reports, the uncertainties, since they are
large fractions or multiples of the basic values themseives, are highly non
symmetric'', in their positive vs their negative amounts. Thus, the above uncer-
tainties quoted are not specifically relatable in terms of factors of difference,
percent differences, or dB. Decibels are used in Figures E19, E20, and E21, to
facilitate comparisons with the radar measurements.
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Figure F18, Nomographic
Mlustration of the Uncer-
tainties and "'Uncertainty
Areas” of M and Z for

the Case in Which These
Parameters are Both
Computed From Spectral
Data

Figure £20. Nomographic
Ilustration of the Uncer-
tainties and "Uncertainy
Area” of M and Z for

the Case in Which M is
Computed From Spectral
Data and Z is Measured
by Radar



ICE_HYDROWE TEORY

Ny
N\ UNCERTAINTY
\ RECTANGLE

Migmm-})

Figure E£21, Nomographic
11lustration of the Uncer-
tainties and "Uncertainty
Area" of k and Z for the
Case in Which k is Com-
puted IFrom Spectral Data
and 4 is Mcasured by
Radar

0.00!

RADAR MEASURED
Z VALUE

In Situation 3, in which the k values computed from spectral data are corre-
lated with the 7 values of radar measurement, the uncertainties are approximately
as illustrated in Figure 121, The k value uncertainties, which are about ¢+ 2 dB,
were determined under the same set of uncertainty assumptions emploved to esti-
mate the uncertainties of spectral M and spectral Z, see the footnote on page 183,
This nomogram reveals that the uncertainty area for spectral k correlated with
radar 7. is a rather-small, "square’ area, which is considerably reduced in size,
compared with the uncertainty areas of either I'igure E19 or Figure E20,

This finding is important for SAMS, because it tells us that we can materially
simplify and enhance the accuracy of our present analytical and correlation proce-
dures by computing the spectral parameter k and employing it in correlations with
radar Z (rather than, as now, correlating spectral M with radar 7Z),

ET.3  Verification of the Accuracy Enhancement of k vs Z Regression

If the previous suggestion has merit, it should be possible to design a data-test
to prove that k vs 7 regression yields more accurate results than M vs Z regression.
The Z values, here, and in the subsequent discussion, are assumed to be those of

radar measurement.

165



Sucha test was designed using the ice-crystal data of PVM-5, Pass 8, which
were previously referenced. These data were selected lecause the M values for
the ice-crystal samples had been computed from Knollenberg spectral information
using particular ¢ to D conversion assumptions. The data were also selected be-
cause the spectral M values had been correlated with radar-measured Z values
(as measured by the Alcor Radar on Roi-Namur Island, Kwajalein Atoll, M.l l5).

The cross-plot of the aircraft, size-distribution M values vs the radar-
measured Z values for Pass 8 of PVM-5 are shown in Figure E22, The points are
plotted on the nomogram of prior description. The regression equation, of M vs Z,
is shown and the regression line is indicated, The correlation coefficient for the
data is 0, 143; the log standard error of estimate is 0, 197,

0 107
y)

2 (mm®m

Figure E22, Cross-Plot of the Aircraft Spectral
Values of M Plotted vs the Radar-Measured Values
of Z, for the Data of PVM-5, Pass 8. The M

vs Z regression equation is indicated, as are the
correlation coefficient (r) and the log standard error
of Estimate (LSE)

The k values for the size-distribution data of Pass 8 were computed and these
are shown, in Figure E23, cross-plotted vs the radar Z values. The regression
equation, of k vs Z, is noted and the corresponding M vs Z equation is shown, below
the dashed line. The correlation coefficient for these data is 0, 533; the log standard
error of estimate is 0. 110,
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Figure E23. Cross-Plot of the Aircraft Spectral Values of
k Plotted vs the Radar-Measured Values of Z, for the Data
of PVM-5, Pass 8. The k vs Z regr=ssion equation is
indicated, as are the correlation coefficient (R) and the

log standard error of estimate (LSE). The M vs Z equation
corresponding to that of k vs Z is noted below the dashed
line

It is visually apparent that the k, Z data points of Figure E23 have less scatter
and better fit the regression line, than the M, Z points of Figure E22, The corre-
lation coefficient, by using k as a correlation parameter rather than M, has been
improved from 0, 143 to 0.533; the log standard error of estimate has been reduced
from 0,197 to 0. 110, These are substantial improvements of accuracy, which pro-
vide verification of the inherent superiority of the technique of k vs Z regression,

It is of interest to intercompare Figures E20 through E23, From Figure E22
it is seen that the PVM-5 data have large scatter in the vertical, or k, direction,
This corresponds with the predicted direction and magnitude of the primary uncer-
tainties, of Figure E20. Similarly, comparison of Figures E23 and E21, and inter-
comparison with Figures E22 and E20, reveals that the extent of the data scatter
and predicted uncertainties has been commonly reduced, in the first cited pair of

figures relative to the second.

Since Situation 1 and Situation 2 correlations have been performed previously
in our SAMS work, we offer the following additional comments about the nature of
the inaccuracies that are inherent in regression equations obtained by the two
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methods, These comments will help identily and differentiate the ''trustworthy"
aspects of our previous correlation analyses from the ''untrustworthy".

In Situation 1, when spectral M is correlated vs spectral 7, both the M and Z
values are highly uncertain. However, the values of the spectral parameter k are
known with fair accuracy. This implies, although we will not elaborate the details,
that the exponent, E, of the M, Z regression equation, will also be known with
reasonable accuracy, because

E=0.54+ A‘gg“ : (E59)
7z

and because the denominator of the second term can be evaluated from relative
knowledge of the sample Zs values, rather than absolute knowledge, With regard
to the coefficient of the regression equation, which is given by

(Tog k - Tog Z,3 (E - 0,5)]
10

’ (E60)
see page 133, both theTog k and E terms of this equation nre known moderately well,
but the m; term is not. Hence, as can be seen from the equation, K can be
accurately assessed, if £ has a value equal to or close to 0. 5; but the uncertain-
ties of K will progressively increase and become substantial, as E departs from 0. 5.

In Situation 2, when spectral M is correlated vs radar 7, the M values are
highly uncertain but the Z values are known with optimum accuracy. There is an
implication in this zituation, which carn be seen from Figure 1220, that the k values
are highly uncertain and that they are, in effect, being computed from the relation-
ship

M
K = Spectral s (E93)

d radar

rather than from the proper relationship of Eq. (E22) (in which both M and Z
are spectrally determined). This implicit, ficticious uncertainty of the k values
causes resultant, major uncertainty in the exponent, E, of the regression
equation, because, see Eq. (E59), the term Alog k becomes highly uncertain,
thereby affecting E. Likewise, the coefficient, K, of the regression equation,
becomes highly uncertain, because both the T6g k and E terms of Eq. (E60)
are uncertain.

To summarize, then, the most-accurate regression equations will be obtained
under Situation 3, The equations obtained under Situation 1 will be reasonably accu-
rate, except that the K values will become progressively more uncertain as the E
values depart from 0,5. The equations obtained under Situation 2 will be the least
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accurate of all, since both I£ and K will be very uncertain. The latter tvpe of
regression should be avoided in the future.

EB. SUMMARY AND CONCLUSIONS

Certain factors were considered in this appendix (and in the support work of
Appendix H) that would cause uncertainties in our ability to determine the values of
liquid-water-content, M, and radar-ceflectivity-factor, Z, from spectral data for
ice hydrometeors (snow and ice crystals) obtained from aircraft instruments,
Various analyses and investigations were performed to assess the uncertainties
involved in (1) analyst subjectivity, in the case of foil impactor data, (2) the prob-
lems of relating the geometric dimensions of ice hvdrometeors to the dimensions
that are measured instrumentally or analytically and (3) the use of different { to D
conversion assumptions applied to ice hydrometeors of a given category and type,
when these are known, or to the category in general, when type is unknown.

It is concluded from this work that, due to these influences alone, the uncer-
tainties in M, which are normal and to be expected, are of the order of ¢+ a factor
of two to + a factor of five and the uncertainties of 7. are of the order of ¢+ a factor
of four to t a factor of ten. ‘The precise nature of the data, and the
diligence employed in analyses, will dictate whether the uncertainties will be larger
or smaller, within these general ranges.

It should be emphasized that there were numerous other uncertainty influences
of recognized importance that were not considered in the present investigation,
Neglected were such things as (1) instrumental measurement inaccuracies, (2) prob-
lems of type differences, between the hydrometeors of different size within single
samples, (3) instrumental truncation problems, and relative truncation problems,
such as arise in the comparison or correlation of data from different instruments,

or in comparisons or correlations with radar data, (4) problems of instrumental
sampling-volumes, particle capture-probabilities and sample representativeness,
between different instruments and relative to the "true" atmospheric conditions and
to the atmospheric volumes sampled by radar, and (5) problems involving failures
of space-time correspondence between comparative data samples, All of these
uncertainy factors should be investigated in detail. Theyv could not be, herein,
because of limitations of resources and time.

In other work of the appendix, a spectral parameter was defined and described

"To verify these statements, reference is made to the data of PVM-5, Pass 8,

For Situation3, F = 0,664 and K - 0,0129, These are the values of optimum
accuracy, For Situation 1, E - 0.731 and K - 0,0135. For Situation 2, E = 0,567
and K = 0,00935, It is apparent that the Situation 1 values better approximate
those of Situation 3 than do the Situation 2 values,
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that can be computed more accurately, from size-distribution data, than either M
or Z can be computed, The accuracy enhancement achieved by use of the parameter
ranges from about a factor of 2 to a factor of 15, relative to M, and from about a
factor of 4 to a factor of 40, relative to Z, dependent on the particular circum-
stances, This spectral parameter was described in some detail and its values and
trends (with Z) were demonstrated for rain, snow, and ice-crystals. The physical
reasons for the characteristic values and trends were explained, Methods were also
discussed whereby the parameter values could be employed in correlations with
radar measurements of Z, to obtain more-accurate M vs Z equations, than formerly.
It is concluded, from this work, that various of the analytical procedures now
being used in the AFCRI. program of support for SAMS can be materially simplified
and quantified »y the routine computation and employment of this spectral param-
eter. The concepts and recommendations are explained and illustrated in the follow-
ing section.

E9. RECOMMENDATIONS

By the routine computation of the spectral parameter, k, we can design analy-
tical procedures that will reduce the fundamental problem of determining the liquid-
water-content values for the SAMS missile trajectories into two essential data re-
quirements and one computational step.

The concept involves the acquisition of two basic profiles for any given tra-
jectory. The first is the trajectory-specific profile of the radar 7 values, as
obtained by the same SAMS methods employed in the past. The second is the tra-
jectory-specific profile of the k values, as determined from aircraft spectral data
(plus radar correlation data, as will be described). The desired trajectory values
of liquid-water-content are immediately obtainable from these two profiles, because,
for each height level in the storm, along the trajectory, except within the melting
zone, the equation M = kﬁ applies and the M values are readily computed from
those of Z and k.

For example, with reference to Figure E24, the dotted profile of this figure,
labeled "No, 1", shows the radar Z values for the trajectory of the first SAMS
missgile launched into the storm of 2 February 1973, The solid profile, labeled
""No. 2", shows the k values for the trajectory. The values of liquid-water-

&

The k values across the melting zone were determined from the AFCRL. model of
the melting zone, see Appendix G, by summing the spectral contributions of both
the fully-melted water drops and the water-coated ice particles, The profile Z
values shown in Figure E24, within the melting zone, are merely values that are
consistent with these k values and with the assumption of a linear change of pre-
cipitation rate within the zone.
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content for the trajectory, which were height computed from profiles 1 and 2,
using the relation M = k JZ-. are indicated by the dashed profile, labeled ''No. 3",
The trajectory-specific profiles of the k values for the SAMS missiles cannot
be obtsined from aircraft spectral data alone, since k, when correlated with Z,
does evidence some degree of variation, which is dependent on the storm conditions
and hydrometeor type, see Figures E® through E12, and Figure E18. Hence, either
before a missile launch, or after, during storm periods that are representative of
the launch time conditions, it is necessary to acquire combined radar and aircraft
data at various storm levels to provide knowledge of the k vs Z relationships that
specifically pertain to the particular storm and its contained hydrometeors. Such
knowledge will be acquired for SAMS in the future by so-called "link mode'' tech-
niques, in which the weather radar is programmed to ''look at'' and obtain the Z
values from a spatial volume located just ahead of (or very close to) the aircraft
as it moves along its flight path through the storm. The variability of k with Z for
various storm altitudes can be readily determined from such link-mode data and
the trajectory-specific profiles of k, such as shown in Figure E24, can likewise
be determined. [Alternately, or in addition, the particular M vs Z relationships
for the different storm altitudes and hydrometeor types can be obtained, through
the use of Eqs. (E78) and (E81)).
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Appendix F

Liquid-Water-Content and Size Distribution Information
Acquired from the MR| Navejo Aircraft

A Piper-Navajo aircraft was flown contractually for SAMS purposes in the
1972-73 season by Meteorology Research, Inc. (MRI), The aircraft was based at
Wallops Station Airfield, The pilot was Mr, Alfonso Ollivares,

When appropriate storm conditions for missile launch operations existed at
Wallops, the Navajo aircraft was usually flown into the storm to near its ceiling
altitude of approximately 24, 000 feet. It remnined there in a holding pattern, to-
gether with the ("-130 aircraft of AFGI. (if present} until (a) the missile was fired,
or (b) the launch operations were terminated for one of a varietv of technical or
meteorological reasons, If i missile was fired, the Navajo was flown from the
holding pattern to the trajectorv region of the storm and the pilot then began making
measurement traverses along the line of the horizontal projection of the missile
path. The traverses were each about 10 nautical miles in length and the pilot was
directed along the path by radar vectoring from one of the NASA tracking radars.
On completion of the first pass, at near the ceiling altitude of the aircraft, the pilot
descended to a lower flight altitude und began a second measurement traverse,
followed by a third, a fourth, and so forth. The traverse altitudes were specified
on the bases of the particular storm characteristics, as supplemented by the pilot's
radio descriptions of the hydrometeor conditions being encountered, About six to
ten total traverses were usually made, separated in altitude bv approximately 1000
to 5000 feet. The time required to accomplish the traverses following missile firing
was some 50 to 90 minutes. Fewer traverses and less time were required if the
AFGIL. C-130A aircraft was also present making storm measurements,
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The MRI Navajo aircraft arrived at Wallops Station Airfield in mid-January.

It flew a calibration sortie on 18 January 1973, in conjunction with the AFGL
C-130A aircraft, for purposes of checking and cross-comparing the cloud-physics
instrumentation aboard both aircraft. The first storm flight of the Navajo was on

2 February 1973, in support of the SAMS missile launches of this day, The second,
and final, storm flight of the Navajo was in support of the SAMS launches of 27
February 1973, The Navajo flew additionally, later in the season, on 15 March and
7 April 1973, to obtain particular measurement information in upper-level, cirrus
cloud situations.

The MRI work efforts and data results in support of the SAMSO/ABRES and
DNA HEART programs have been summarized in the final report under Contract
No. DNA 001-72-C-0130 (P00002) of 29 July 1974. i Excerpts of the summary-
tabular results of this report that specifically pertain to the SAMS missile launches
of 2 February and 27 February 1973 are presented in Tables F1, F3, and F5 through
F8. Additional analytical results based on the MRI data are shown in Figures F1
and F2 and in Tables F2 and F4,

18. Takeuchi, D.M,, Knuth, W, R,, and Green, W, D, (1974) Meteorological Support
for the SAMSO/ABRES Program and the DNA HEART Program, l-"ina! Repo%f
under Contract DNA UUI-?!-C-UISU (POU002), Meteorology Research, Inc.,

Altadena, California.
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Table K1, Quick-l.ook Summary of Cloud Particles in Storm of 2 February 1973,
Wallops Island, Virginia

Droplet Size Particles I'recipitation Size
(dia, < 200 gm) (dia, > 200 um)
Dia, Ma,
Alt, Time Temp, Cone Range Conc Range
(x107 1¢) (1.8T) (¢ |Tvpe tem=H (um) Tvpe =l (mmd Remarks

‘18,0 A18-920 -7.5 [Droplets 0,1 10-30 Snow 2,0 ~1 Cloud droplets are present in
Drops 0, 0005 50-100 low concentrations varving
between 0,01 to 0,5 em™ ",
Drop splashing suggests that
droplets in dia, range of 80 to
100 um are present in low
concentrations, Foil data
reveal that the snow particles
are as large as 5 to 6 mm,

The snow particles appear to
be spatial dendrites and appear
to be fragile (low density

(<0, 1 g'em) with plate makeup.

12,0 925-9130 -2.5 |Droplets 0,1-200 5-10 Snow 2.1 >~ The wide spatial variations of
Deopn 0. 001 50-100 cloud droplet concentrations is
noted, Snow particle replicas
look similar in makeup as at
15 k ft,

1,2 938930 -<0,5 |[Droplets -200 5-130 Snow 2,2 -3 Snow melting starts at this level
(Formvar Foil shows first rain
at about 11,5 k ft,

Melting is evident by decrease
.0 | in snow concentration,

lRegions (~0.5 to | km) of onlv
.0 | rain, only snow, and mixtures
of rain and snow on foil records,
In cloud regions between 11,2
and 10 k R, rain regions
associated with cloud regions
containing higher concentrations
of cloud droplets. All of the
snow at 10 k appears wet,

a3 952 1.0 |Droplets  10-200 5430 Snow o l.ast snow sampled,
HRain 0,2-0,5 0,2-3,0

6 1000-1010 6,0 | Droplets 1-~200 5-10 Rain ~0.% 0.2-3,0 { Sample volume of about 81 m3
shows maximum raindrop
diameters of 4,0, 4,258, and

5 0 mm in concentrations of
0,16, 0.0123, and 0, 0123 m*3,

1021-1028 13,0 | No Data Rain 0.2-0,1 0,2-5.0 | Sample volume of about 3% m3
show's maximum raindrop
diameter of 4 mm 1n concen-
tration of about 0,2 m-3,

1 1030 15.0 [ No Data Rain ~0.2 0,2-4.5 | Run over IAFNA,

11,0 240 -0,5 |Droplets 10-100 5-130 Snow

1
1
10,0 042-447 -0.5 |Droplets 10-200 5-30 Snow 0.
0

[ ]

*{evel runs,
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Table K2,

Wallops Island

Foil Data for Flight of 2 February 1973

Time: 1448-14497Z | Time: 1450-145] Time: 1526-1527Z
Vol = 4,51 m3 Vol = 4,755 m Vol = 4,56 m3
Size Range Conc Conc Conc

(mm) (m~% (m~3) (m"3)
0.2 -1.0 149 143 144
1.0 =2.0 57.0 56, 8 44.3
2.0 =3.0 17.5 18, 9 11,6
3.0 -3.25 0. 887 2.1 0. 439
3.25-3.5 0. 444 0. 210 0.439
3.50-3.75 0 0.631 0
3.75=4.0 0,222 0. 631 0,219
4.0 -4.25 0. 222 0 0

Table I3, Raindrop Size Distribution for Storm of 2 February 1973

Diameter Samplg Vol.

(mm) (‘ounts (m?) Remarks
0.2to< 1,0 1006 5.48 Sample at 6 k ft
1.0to < 2.0 569 5. 48
2.0to< 3.0 93 5. 48
3.0 - 3.25 16 12, 26
3.25 - 3.50 6 12,26
3.5 - 3.75 6 12, 26
3.75 - 4.0 13 81,0
4.0 - 4,25 1 81,0
4.25 - 4.50 0 81.0
4.50 4,75 0 81.0
4,75 - 5.0 1 81.0
0.2t.- 1.0 992 6.0 Sample over JAFNA
1.0to < 2.0 230 6.0
2.0to< 3.0 54 6.0
3.0 - 3,25 8 6.0
3.25 - 3.50 3 6.0
3.50 - 3.75 2 6.0
3.75 - 4.0 5 6.0
4.0 - 4,25 1 6.0
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Table F4, Notes of Hydrometeor Conditions During Flight
of 27 February
14 k ft Lightly rimed p:rtlclea of grauple type.
12 k ft Mainly snow flakes up to 3 mm - some grauple.
descending Heavy snow,
9k ft Heavy large snow - some rimed particles
descending Heavy snow,
6 k ft l.arge snow with a few particles of 5 mm,
Some pockets of light concentration,
descending Melting apparent - grauple type particles
more dense - some water drops of 1 mm
diameter or less - snow crystals mainly
2 to 3 mm and aggregates of up to 5 mm
5k ft About 85 percent rain with still some "core’
to rain drops - maximum size of 1.5 mm,
Some pockets of wet snow of 5 mm with
little rain.
descending About 95 percent rain - majority of
maximum sjze drops are 1.5 mm, few
up to 2,5 mm
3kt Rain with drops up to 3 mm
Table FF5. Summary of Continuous Cloud Particle Replicator Data Observations
for Storm of 27 February 1973
’ =
Time Alt, Temp. Ice J-W LLWG Remarks
(Z) (x109 ft) (C*®) (conc) (g/ m?)

1052-30 21.8 -31.5 1.47 0 -0,3 Ice <200 um, droplets
present in regions of
about 1.0 to 3 km, Ice
particles are partly
rimed. Ice particles
composed of plate-like
aggregates,

1054:00 21.0 -29,0 2,34 0 -0,2 Ice <400 um, Droplets
present in localized
regions, Some ice
particles are heavily
rimed,

1056:00 20,0 -27,0 14,1 0 No LWC evident,
Particles larger than at
higher levels. Breakup
of ice makes it difficult
to assess sizes, Ice
conc, can be higher by
20 percent in regions.

1059:00 18.0 -22.5 12,1 0 No LWC evident.
Description of ice
similarto 20 k ft
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Table F

5.

for Storm of 27 February 19073 (Cont)

Summary of Continuous Cloud Particle Replicator Data Observations

J=-W LWG

Time Alt, Temp, Ice Remarks
(7) (x109 ft) (c* (conc) (g/m

1102:00 15,0 -15.0 4,83 0 -0,2 No L.WC evident, Ice
particles composed of
plate-like crystals with
broad branches and
aggregates within thin
simple plates,

1107:45 13.0 -11.5 2,40 0.1-0.3 1.WC present throughout.
Droplets appearing
regularly starting at
about 13.5k ft. Snow
particles >3 mm evident
in sample run.

>1108 €12,0 Formvar replicator
malfunctioning.
o No Data,
Table F8. Foil Data Summary for Storm of 27 February 1973
Al

(x107 ft) Remarks

23.0 Particles <200 um in dia if anv,

21.0 Particles <200 um in dia if anv,

20,0 Snow crvstals upto | to 1.5 pm dia, Particle density too high

to determine concentration.

18,0 Particle concentration too high to determine size and concentrations.

15k No data.
14,4 k Definite indications of snow to 3 mm.
13k Mode size = 1,5 mm snow
Maximum size = 3,5 mm) snow
Concentration = 100 m~

12 k Mode = 1,5 mm
Maximum size = 3,5to0 4.9 rr!,m
Concentration = 280 - 550 m

9k Snow too large and heavy to determine concentration,

5.4 First indications of complete melting.

5k Mixtures of rain (dia <1 mm) and wet snow, See distribution data,

4.5 I.ast melting snow,

3k See rain distribution,

<3k No data,
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Table F7. Foil Data Size-Distribution Summary for Storm
on 27 February 1973, Wallops Island

—— — m
FLwol Runat 3 k ft
L.ength of Run (73,3 m/sec) (160 sec)

Rain

Dia. Range Sample Vol, Cong.
(mm) Counts (m?d) (m=9)

0.18to0 <1.0 875 4,435 220

>1.0 to <2.0 160 4.435 36.2

‘2,0 to <3.0 49 8. 87 $.52

3.0 to 3.25 7 17,08 0.411

3.25to 3.50 0 17,08 <0, 06

Descent from 5 k to 3 k ft
Length of Run (84,4 m/sec) (158 sec)

Rain

Dia. Range Sample Vol. Conc.
(mm) Counts (m3) (m-3)

0.18 to <1.0 4870 19.6 248

1.0 to <2.0 435 19.6 22,2

2.0 to 2.25 10 19,6 0.510

2.25to0 2.50 6 19,6 0, 306

2.50to 2.75 2 19.6 0. 1275

2.75to0 3.0 1 19,6 0, 05

>3.0 0 19,6 <0, 05

Level Runat 5 k ft
Length of Run (170 sec) 73,8 m/sec)
Mixture Rain and Ice

Rain - Maximum Diameter 1 mm

Dia. Range Cons. Sample Vol.
(mm) (m=9) (md)
Snow 0-3 to 1.0 10.4 18. 2
0.5 to 8.5 83.5 18,2
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Table F8.

Additional Foil Data for Storm on 27 February 1973

Time Alt Conc (m™%) (n Diameter (mm) Range Particle Type
(7.) (k ft) 0-1 1-2 2-3 3-4 4-5 5-6
1111 12 303 42 2 1 Snow Crystals
1113 12 579 24 6 10 2 Snow Crystals
1122:30 9 498 42 76 13 1 1 Aggregate Snow
1136:30 5.9 335 a 0. 257 Rain

- 19.5 3,08 0. 257 Wet Snow
1137:30 5.5 252 45.9 4.58 0. 834 Rain
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NUMBERS AT TOP OF BAR GRAFHS ARE THE NUMBER OF
OCCURRENCES OF 2 SECOND AVERAGED MEASUREMENTS
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Figure F1, Frequency Distribution of Cloud
Liquid-Water-Content for Five Different
Flight Altitudes in Storm of 2 February 1973
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Appendix G

Summary snd ‘‘Best Estimate” Information sbout the
Spectral Distribution and Total Values of the Number
Concentration and Liquid-Water-Content of the
Hydrometeors along the Missile Trajectories

Approximate information about the spectral distribution and total values of the
number concentration and liquid-water-content of the hydrometeors along the
missile trajectories for the storms of the 1972-73 SAMS season is presented in
Tables ;2 through G5. The information is supplied for the particular diameter
classes (equivalent-melted -diameter, in the case of ice hydrometeors) which are
specified in Table G1,

The information in Tables G2 through G5 is based on theoretical models that
were briefly described in R No, 3. Three models were used which were descrip-
tive: (1) of the cloud size range of the hydrometeors, (2) of the precipitation size
range of the hydrometeors, and (3) of the two types of hydrometeors, fully-melted-
liquid-drops and water-coated-snow -particles, that occur within the melting zones
of the storms. Since independent models were used for the cloud-size portion of
the spectrum and for the precipitation-size portion, there are spectral discontin-
uities that occur across the separation boundary (at 79.4 4, or 0. 0794 mm) between
the (wo size ranges.

The reasons for the selection of the SAMS diameter classes indicated in Table
Gl were explained in R No, 3 and the equations were presented that describe the
geometric-mean-diameter of the classes (that is, the diameter values of the column
headings of Tables G2 through G5).
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‘The details of the mathematical development of the "precipitation model" used
in the SAMS tables are deacribed and illustrated in the last section of this Appendix,
The details of the "cloud model” and the "model for the melting 7zcne' will be pre-

sented in subsequent reports of the SAMS series,

Gl DESCRIPTION OF TABLES G2 THROUGH G3

The missile altitude is indicated in the first column of each of the Tables G2
through (i5, The altitudes are listed for each 250 meters from the ground surface
to the iop altitude of the storm of the particular dayvs (including the overlying cirrus
layer above the top, for the storm of 27 February 1973), Size-distribution and
liquid-water-content information is presented in the next sections of the table(s),
first, for the cloud-size range of the spectrum, and second, for the precipitation-
size range of the spectrum, Summary information about the cloud populations, and
about the precipitation populations, is provided in the following two sections of the
tables, The total liquid-water-content, of the liquid-drops and water-coated ice, of
precipitation size, within the melting zone, is indicated in the next to the last col-
umn of the tables, The grand total of the liquid-water-content, for all types of
hydrometeors, of both the cloud-size and precipitation size, is listed in the last
columns of the tables,

The numbers above the diagonal lines, in the table sections concerned with the
spectral distribution of the hydrometeors, give the number concentration of the
drops or ice particles within the particular diameter classes identified in Table Gl.
For the cloud-size portion of the spectrum, the number concentrations (N(‘) are listed

3

in units of No. em™"; for the precipitation-size portion, they are listed in units of
No. m'3. The reasons for the different units were explained in R No, 3

The numbers below the diagonal lines, in the first two sections of the tables,
indicate the class contributions of the contained hydrometeors to the total liquid-
water-content of the cloud populations (first section tabulations) or to the total
liquid-water -content of the precipitation (size} populations (second section tabula-
tions), The class contributions are listed in units of gm m'3. Any contribution
smaller than 0,001 gm m'3 is listed as 7ero, in accord with the agreement of the
SAMS-ABRES Conference at AFCRL on 7-8 March 1974,

Two types of precipitation-size hydrometeors exist within the melting zones of
the Wallops storms, These are identified in Tables G2 through G5 as fully -melted
liquid (symbolized by "W'') and water-coated-ice (symbolized by "'I''). Number con-
centration and class liquid-water-content information is supplied for both of these
hydrometeor types. The information for the fully-melted-liquid, or raindrops, is
listed in the first lines; information concerning the water-coated-ice is listed in

the second lines.
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Table G1, Diameter Classes Specified for SAMS

Class Geometric Mean-Diameter
Number Class Boundaries (See Eqs. G3 & G4)
microns mm microns mm
0.7943 0. 0007943
First 1.0 0. 001
1. 259 0. 001259
Second 1.585 0.001585
1. 995 0. 001995
Third 2.512 0. 002512
3.162 0.003162
Fourth 3.981 0.003981 [
5.012 0. 005012 ¥
Fifth 6.309 0.006309 n‘g
7.943 0. 007943 '
Sixth 10,0 0.01 8
12.59 0. 01259 "
Seventh 15. 85 0.01585 3
19,95 0.01995 o
Eighth 25,12 0.02512 O
31.62 0.03162
Ninth 39. 81 0. 03981
50,12 0.05012
Tenth 63,09 0.06309 l
79.43 0.07943 3
Eleventh 100.0 0.1
125, 9 0.1259
Twelfth 158.5 0.1585
199.5 0.1995
Thirteenth 251, 2 0.2512
316. 2 0.3162 %
Fourteenth 398. 1 0.3981 w
501, 2 0.5012 Il
Fifteenth 630, 9 0.6309 e
794, 3 0,7943 g
Sixteenth 1000 1.0 i
1259 1.259 i
Seventeenth 1585 1,585 °
1995 1.995 %
Eighteenth 2512 2.512 -‘é_
3162 3.162 i
Nineteenth 3981 3.981 @
5012 5.012 &
Twentieth 6309 6.309
7943 7.943
Twenty-first 10, 000 10.0
12,590 12,59
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Table G2. Summary and "Best Estimate' Information About the Spectral Distribution
and Total Values of Hydrometeor Number Concentration and liquid-Water-C ontent
Along the Missile Trajectory of Flight No. Q2-6360 (Unit No, R487101) of 2 KFebruary
1973, Launched at 1408:00 GMT (See text for description of table)
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Table (3, Summary and "Best Fstimate' Information About the Spectral Distribution
and Total Values of Hydrometeor Number Concentration and lLiquid-Water-Content
Along the Missile Trajectory of Flight No, Q2-8361 (Unit No, R487102) of 2 February
1973, Launched at 1408:30 GMT (See text for description of table)
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Table (4, Summary and "Best Fsatimate' Information About the Spectral Distribution
and Total Values of Hydrometeor Number Concentration and l.iquid-Water-Content
Along the Niasile Trajectory of Flight No, Q2-83162 (Unit No, R487103) of 27 Feb-
ruary 1973, Launched at 1040:00 GMT (See text for description of table)
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Table ;5. Summary and "Best Estimate” Information About the Spectral Distribution
and Total Values of Hvdrometeor Number Concentration and lLiquid-Water-Content
Along the Misaile Trajectory of Flight No, Q2-8383 (Unit No. R487104) of 27 Feb-
ruary 1973, lLaunched at 1040:30 GMT (See text for description of table)
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Summary information is presented in the tables for the ''cloud populations”
and for the 'precipitation populations”'. The type of population is identified in the
first columns of these sections. The total number of drops or particles, of all
sizes within the populations, is listed second. The total liquid-water-content con-
tent is listed third, It should be emphasized that this total, in the case of clouds,
corresponds to the aircraft-measured value for the particular altitude, and, in the
case of precipitation, the total corresponds to the radar-measured value for the
particular altitude point along the SAMS missile trajectory. ‘

Two additional parameters are also listed in the summary sections of Tables
;2 through G5, These are the median volume diameter (I)o) and the maximum
diameter (I)m'. The maximum diameter, in the case of clouds, is always 79.4 u,
which is the upper truncation boundary of the cloud-size portion (or "cloud popu-
lation portion) of the spectrum, The maximum diameter, in the case of precipi-
tation, 1sbased on several assumptions (data supported, in part, see Sections G2, 2
and G2, 4) that were made for the different categories of precipitation, that is, rain,
snow, and ice-crvstals,

As mentioned in R No. 3, the diameter classes (those of the second sections
of Tables (i2 through (i5) that contain the precipitation-size drops or particles of
the l)m size must be interpreted differently than the other table classes containing
the smaller drops or particles. The particular diameter classes containing the
drops or particles of the D size are only "partially filled"' with hvdrometeors
\'l)m is smaller than the upper-diameter boundary of the class) and the geometric
mean diameters listed in the column headings of Tables G2 through G5 do not pro-
vide a measure of the 'average size'' of the hydrometeors within these classes. An
equation specifving the geometric mean diameter for these classes was presented
in R No. 3.

It was assumed for the storms of the 1972-73 season, as for those of the 1971-
72 season, that the cloud type ''nimbostratus” (Ns) was the one that best applied
to the aircraft measurements.

The precipitation types in Tables G2 through G4 are identified by symbols,
These conform to the category-type specifications of Table 2, R No., 2. Rain is
"R"; large-snow is "'L.S""; small-snow is "'SS"; ice-crystals are "'C'". The sub-
scripts on these symbols identify the hydrometeor type.

‘The cloud liquid-water-content values for the storm of 2 February 1973 correspond
to the 50th percentile values of the JW liquid-water-contents measured by the AFGL
C-130A aircraft, as shown in Figure 5 of the main text. The cloud liquid-water
content values for the storm of 27 February 1873 correspond o our ''best trajectory
estimates'' based on the MRI, Navajo measurements indicated in Tables F5, F7,
and F8, of Appendix F. The precipitation liquid-water-content values correspond
to the profile values for the m'{ssile trajectories, which are shown in Figures 1
through 4 of the main text.
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"Totals Information’ is presented in the last two columns of Tables G2 through
G5. The total values of liquid-water-content, in the precipitation size-range, in
the melting zone, are listed in the first of these columns. The values are the sum
of the liquid-water-content (contribution) of the "'fully-melted-drops’ (W' plus that

of the ''water-coated-ice'" (). The grand-total values of the 1ast columns of the
tables are the sum of the liquid-water-content (contribution) of the cloud-size
hydrometeors plus that of the precipitation-size hydrometeors.

The equations, for the case of ice hydrometeors, specifying the relations
between the equivalent-melted-diameter and the approximate, average physical
dimensions of the particles were stated in R No. 3. These same relationships
pertain to the tabulation herein.

G2. THF SAMS PRECIPITATION MODEL

G2.1 Theory

The development of the distribution model for single-phase (pure water or
pure ice) hydrometeors of precipitation size parallels the development described
in Section 7 of R No. 2. However, whereas the equations of this cited report were
non-trunrated, with integration being accomplished between the diameter limits
zero to infinity, the equations to be described herein are ""double truncated" and
the integration is performed between the specific diameters D = d, where d is a
"minimum diameter size’’ of the hydrometeors, and D = D _. whereD  isa
"maximum diameter size” of the hydrometeors. For ice hydrometeors, that is,
snow and ice-crystals, it is presumed that the diameters of discussion are the
"equivalent-melted-diameters'.

As mentioned in R No. 2, it has been demonstrated by Marshall and Palmer,
1% 19,205 21 that the size
distribution properties of raindrops, snowflakes, and ice-crystals of precipitable

Marshall and Gunn, Imai et al, and numerous others,

size can be reasonably described by a distribution function of exponential type.

This distribution function specifies that the number concentration of the hydrometeor
particles will decrease with increasing diameter (or equivalent-melted-diameter)

in the manner

N=N_e "D, No. m P mm!, (d<DsD ), (1)

19, Marshall, J,S., and Palmer, W, McK. (1948) The distribution of raindrops
with size, J. Meteorol. i:165-166
S

20, Marshall, JI.S., and Gunn, K.1,S. (1952) Measurement of snow parameters
by radar, .I. Meteorol. 2322

21. Imai, 1., Fujiwara, M., Ichimura, I., and Toyama, Y. (1955) Radar reflec-
tivity of falling snow, Pap. in Meteorol. and Geophys. (.lapan\£:l30-l39. ‘
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where No and A have particular values dependent on the category and type of the
hydrometeors being considered. The equation, as applied herein, is presumed to
be descriptive only between the truncation limits D = d (a minimum diameter) and
D= Dm (a maximum diameter).

The total number of hydrometeors in such population is

D
m
-3
Ny = fd NdDNo. m™”, G2
or
N r
Np = =52 No. m™%, (G3)

where r is a "truncation ratio'', specified by

4 (G4)

which, from Eq. (G1) becomes

-D_A
m

(GS5)

-dA
ry= e -e

Values of N computed from this equation are shown plotted in Figure G1, for

d?A values between 0 and 3 and Dm)‘- values hetween 0 and 30, Two sets of scales are

shown in the figure, The dA and Dm/‘. scales are the inner ones; the others will be
discussed later,

The liquid-water-content of the hvdrometeor populations described by Eq. (U*)
is distributed with diameter as a function of the third moment of Eq. (G1), or as

=A

L -3 3 _-:D -3 -1
My, = X 10 Py, No D" e s gMmM " mm -, (dSDSDm\ . (G6)

where Py is the densitv of liquid-water, in gm cm'a.

The total liquid-water-content of the population is

D
m

M = jd M, dD, (G7)
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Figure G1. Values of the Truncation Ratio for Particle Number Concentration as

a Function of d" and Dm'.‘

which, from Fq. ((i6) on performance of the integration, vields

a (G8)

-3
nx10°p N Tr .
w0 “gmm ,

6 4

M=

where I'(4) is the gamma function of 4 and ry; i8 a truncation ratio for liquid-water-

content given by

(GP)

or, from Eq. (6),
™= é» }e-d"' [(dh )3 + 3(dt )2 + 6d% + 6]
-D

A
- B [(Dmn Y. ss(r)m/x)2 +6D A4 s]: . (G10)
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Values of M computed from this equation are shown in Figure G2, for the
same ranges of dA and Dm/\ previously cited for Figure G1.

s M s e e R R
.................................. Poeo
-
{ P m
T T T
13 20 ] 30
Oml —
r Y g Y g T T T Y T ]
0 L) 10
Om/0’ —=

Figure G2, Values of the Truncation Ratio for Distributed Liquid-Water-Content
as a Function of d and Dm.'.

The distributed values of the radar reflectivity factor. for the hydrometeor
populations described by Eq. (G1) are specified by

-A o -

Zn=N Dse"D, mmﬁmamm,(dSDfD ), (G11D
o m

The total value of the radar reflectivity factor, for the entire population of

hydrometeors, is
Dm
Z=fd z,dD, (G12)

“The radar reflectivity factor was discussed in R No. | and equations of definition

(Egs. (56) and (63)] were presented for water and ice hydrometeors. The different

methods of evaluating the radar reflectivity factor were explained in R No. 2, in
Section 3. 1.
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or, from Eq. (G11) on integration,

2 Nor(ﬂ r, 6
.=—7-— mm

A

m™3, (G13)

where T'(7) is the gamma function of 7 and r, is the truncation ratio for the radar
reflectivity factor as defined by

n
m
‘ld Zpy dD
r, s —_—— G14)
[ 1))
o D

which, from Eq. (11) becomes

r, - T':TG :.{d" [(d.".\s + 8(dM” + 30N + 12003 + 360(d%)2 + 720 AN 4 720]

-D_*
19

e M [m LI 3 "2
m m

+ 300 M 1200 03 4 3600 2
m m m

+ 720(I)mh + 720] : J (G15
Values of r, computed from this equition are shown in Figure G3,
The slope parameter ! may be eliminated between Iiqs. (G8) and ((G13) to
obtain
3

(G 186)

o 4 Py T

31_ 4
6 x10° M [6’“0 e, M-|
n T4 Py T\ 7 J

which, from knowledge that p_ = 1.0 gm em™", T(4) = 6 and T(7) = 720, simplifies
to

4/3
N = 4.46 x 107 2L 7—M 'z m™? mm™! (G
& o— . er 4 rxl . 1

Alternately, the p.rameter No may be eliminated between Eqs. (G8) and (G13)
with the result, after the evaluation of p_, T4 and T'(D,

Mr./ 1/3 -1
A=61.2 Tr—‘ mm . (G18)
M
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Figure G3, \Values of the Truncation Ratio for Distributed Radar-Reflectivity-

Factor as a Function of 4! and Dm!‘.

The empirical equations of relationship between the hydrometeor liquid-water-
content, M, and the radar reflectivity factor, 7, were discussed in R No. 2, Sec-
tion 4. 2. It was explained therein that the equations have the power-function form

E
S | |

M= Ky, Z ; (G19)
where K“ and E“ have particular values depending on the category and type of
hydrometeors under consideration. The KM and E“ values used in the SAMS pro-

gram were listed in Table 2 of the cited report.
If Eq. (G19) is substituted into Eq. (G17) first, and into Eq. (G18) second, we

obtain
4 7EM-4
9 SEM EEM
N =4,46x10 y K M " (G20
o M
where
r74 1/3
V= _7* . (G21)
™™
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and

1 I-:,“-l
A= 61.20!\'“ ) M 0 (G22)
where
r 1/3
0 ={—% ) (G23)
r
M

The reader will note that the Eqs. (G20} and (G22) for double truncated spectra,
differ from the equations for non-truncated spectra (kqs. (76) and (77) of R No. 2)
only in that the truncation parameters, y and ¢, appear in the former equations,
whereas, in the latter, they do not (thev have the value unity for no truncation).

Values of the truncation parameter, ¥, computed from kqs. (G10), (G15), and
(G21) are shown plotted in Figure G4, \V=xlues of the parameter, ¢, computed from
Eqs. (G10), (G15), and ((:23) are shown in Figure G5. The coordinate scales and
ranges are as described previously for the other figures.

Equations (G10), ((G15), and (G20) through (G23) permit the evaluation of No
and \ for any category and type of hvdrometeor distribution for which the values of
K“ and I~ZM have beenempiricallyestablished and for which the lower and upper
truncation diameters, d and l)m. can be specified. The SAMS assumptions regard-
ing these truncation diameters and the methods of evaluating No and " will be ex-
plained presently, following the discussion of the model and median diameters.

As noted in R No. 2, the "'modal diameters’ of the M, and Z,, distributions
are 'characteristic parameters’’ of the hvdrometeor populations. These diameters,
which specify the peak value points of liquid-water-content and radar reflectivity

factor, are given respectively hy

D=3/ (G294

and

DZ = 6/%, (G25)

These truncation diameters may be instrumentally dictated |[because a particular
instrument can only obtain measurements over a restricted range of particle
diameters (equivalent-melted-diameters)] or they may be ''physical diameters'"
which reflect the actual atmospheric composition of the given hydrometeor spectra.
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0

Figure (i4. \alues of the Truncation Parameter, ¥, us a Function of d* and I)m"‘.

These equations are obtained from the differentiation of Fqs. ((G6) and (G11),
solving for the diameter values of maximum “I) and 7‘[)' The equations are iden-.
tical to those for a non-truncated distribution (see Iqs., (82' and (83) of R No. 2V,

It was also noted in this cited report that the "median volume diameter’’, l)o.
of the hvdrometeor population is a parameter of common, conventional, cloud-
phvsics interest, The median volume diameter is the particulir diameter (value)
that separates the liquid-water-content, of the Ml) distribution, into two equal parts,
half of which is contained in drops or particles having diameters (equivalent-melted-
diameters) smaller than I)o. the other half being contained in drops or particles

having diameters larger than l)o.

.The equations are identical but the values of the modal diameters for truncated vs
non-truncated distributions will differ, since the values of ! will differ,
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Figure G5. Values of the Truncation Parameter, 0, as a Function of d’ and nm.".

Thus, for a double-truncated hvydrometeor-spectrum of exponential tvpe, the
median volume diameter satisfies the integral relationship

D D
[+] m
[ ompdp= [ dn, (G26)
d D,

which, if the integration is performed, using Eq. (G6), and if all ! terms are in-
cluded on the right, vields

‘ 2 L(u M3, 3w MLeD s 6] I
[«] [+] [+] |

1
P T IM TT 2 Om" 3 2 '
e [(d.'.)' + 3(dV)° 4+ 64N 4 6]4 e [(D M7+ 3D M4 6D 1o 6]

m m m

(G2M

It can be seen that D, in the above equation is a "non-separable variable’, since
it appears on the left side of the equation and also appears in the DOA terms in the
numerator on the right. The equation cannot be solved analytically for Do. however,
it can be solved by trial and error methods (once truncation assumptions about d
and I)m have been made, see Sections G2.2 and G2,4), Particular non-dimensionalized
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plots of the parameter I)OA are shown in Figure G6, plotted vs the coordinates of
dA and DmA. The isolines of this figure are also specified in values of l)oll)',
which demonstrates the non-dimensional relationships between the median and
modal diameters of the liquid-water-content distributions, The slope parameter,
A, is related to 1)’ as stated in Eq. (G24),

10 3 Do /D’
. TI !
p
) 4
4
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o
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Figure G6. Values of l)o’l)' as a Function of 4 and l)m.

With regard to the d’ and Dmf. coordinates of Figures G1 through G6, these
coordinates are readily converted into equivalent coordinates of d/D° and Dm/D'.
Such conversion, as shown accomplished on the outer scales of the figure diagrams,
better illustrates the true nature of the truncation situation (in terms of diameter
ratios, rather then coordinates involving the slope parameter, '), Thus, the outer
ordinate scale of each of the figures is scaled in units of d/D', which is the ratio
of the lower truncation diameter to the modal diameter, and the outer abscissa
scale of each of the figures is scaled in units of Dm/D', which is the ratio of the
upper truncation diameter to the modal diameter.

These figures demonstrate that the mathematics of truncation for the distribu-
tion Eqs. (G1), (G6), and (G11) is relatively simple and straightforward when
formulated in terms of the non-dimensional ratios of 4/D' and Dm/D‘. that is,
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when formulated in terms of ratios involving the modal diameter, ), ' This is
because the modal diameter does not depend on the truncation parameters hut is a
simple function of ‘ onlv, see K. ((i24), The method of formulation also permits
truncation in terms of the absolute values of 4 and l)m, although this is not
specifically demonstrated herein,

It might be noted that the mathematics of truncation is considerablv compli-
cated if problem formulation is attempted in terms of the median volume diameter,
Do' ratherzghan the mode, Such formulation has been reported by Sekhon and
Srivastava“® (also University of Chicago manuscript report), The added complex-
itv stems hasically from having to consider Fq. ((:i27), in specifving the truncation
limits, rather than the much simpler kq. ((:24), (In this regard, the reader is fore-
warned that the nomogram of I'igure G6 pertains strictlv to truncation in terms of
‘D, or D/D', The nomogram cannot be used in anv reverse manner to 'reason
about’’, or infer, situations of l)o truncation. The analogous nomogram for l)o
truncation is presented in Figure (i7; it is presented for information only and will
not be discussed. A\ comparison of the nomograms reveals important differences
in the two methods of truncation, )

G222 Truncation \ssumptions of the Model

The particular truncation assumptions used in the SAMS precipitation model
were the following:

I'or the lower truncation diameter, it was commonly assumed for all hvdro-
meteor categories and tvpes that

d-0,07943 mm, (G28)

This is the lower boundary of the eleventh SAMS class specified in Table G1
which is the approximate separation dianmeter that is commonly and conventionallv
assumed to distinguish the cloud-size portion of hvdrometeor spectra from the
precipitation-size portion. The distinction is physically real for water clouds

in contrast to precipitation, since water clouds can exist without the also

There is one difficulty that can conceivablv arise with problem formulation in terms
of the mode. \Vith very severe truncation, of either the lower or upper diameter
limits, it is possible to have a "fictitious mode’ which lies outside the diameter
range of the truncation, This is mathematically possible under circumstances in
which d> 3/, [that is, d> )', see Eq. (G24)}] or in which D, < 3/ (that is,

Dm < D), Such circumstances are not phvsically common but can occur, as, for
example, in the case of heavy rain with the maximum drop size limited to the
breakup size for raindrops, see the fourth example of Table G6, for truncated
solutions.

22, Sekhon, R.S., and Srivastava, R, C, (1970) Snow size spectra and radar
reflectivity, J. Atmos, Sci. 3‘1:299-307.
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Figure G7. Values of Dy/D' as a Function of d/Dg and Dy, /Dg (based on the
equations and assumptions of Sekhon and Srivastava), The nomegram illus-
trates the situation of double truncation in terms of the median volume
diameter, g, which differs appreciably from truncation in terms of the
modal diameter, D' (as used for the SAMS precipitation model and as
illustrated in Figure G6)

presence of water drops (or ice or snow particles) of precipitation size, and vice
versa. The distinction is less clear, however, regarding the spectrum separability
of cloud size ice crystals from the larger-size ice or snow particles of precipit-

able size. The two size ranges might be clearly demarked in observed distributions
(by bi-modal characteristics) but it is also possible that the spectra might be more or
less continuous across both size ranges, We do not know, at the moment., Con-
tinued acquisition of aircraft data under the SAMS program should shed considerable
light on this matter,

With regard to the upper truncation diameter, it was assumed, for large-snow,
small-snow and ice-crystals, that this would be specified, in the model, by the

relationship
D_A=15,0, (G29)
m

where Dm is the maximum equivalent-melted-diameter of the hydrometeor particles
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of the populations and A is the ''slope parameter' of the basic distribution function
of Eq. (G1)., This same relationship, specif.ed in terms of the modal diameter,
through use of kq. (G24) is

Dm/D' = 5,0, (G30)

At the time of the first formulation of the model, this upper truncation assump-
tion for snow and ice crystals was not supported by direct data results. Rather,
the assumption was made on the basis that, for the d value of Eq. (G28) and for
most distributions of average liquid-water-content, it would provide a truncation
ratio fo~ liquid-water-content in the range

0.70< r,, < 0,999, (G31)

M
see Eq. (G10) and Figure G2, and a truncation ratio for radar reflectivity factor in
the range

0.95<r, <0,990, (G32)

Z
see Eq. (G15) and Figure G3. These ranges were regarded as reasonable first
approximations for snow and ice hydrometeors, (Subsequently, {rom th. “A3t «3
data, we have had an opportunity to check the «. :umptior,, see later comments. )

The upper truncation agsumption for rain was base:] on disdrometer data which
revealed that, for rain having drop sizes smaller than the ''breakup size" (~ 5 mm),
the maximum drop sizes generally adhered to the relationship

Dm/D' = 2.5, (G33)
or
DmA =17.5, (G34)

from Eq. (G24), where the Dm and D' values were measured from the disdrometer
samples.

The Dm values of the model were never permitted to exceed the raindrop
breakup size. In other words, a stipulation was placed on the assumption of Eq.
(G33) that, in no event (under no combination of A and liquid-water-content values),
would Dm be permitted to exceed

Dm =50 mm, (G35)
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G2.3  Equation-Set Solutions and Examples

It will be informative, at this point, to tell how the equations of the precipita-
tion model were solved for SAMS purposes, also to provide several examples of
particular solutions that will demonstrate how the truncated equations differ from
the non-truncated equations.

The first step in the solution of the equation set for any given hydrometeor
ty.e and liquid-water-content is the determination of the values of Tye Tz and A,
from a trial and error solution of the equation subset (G10), (G15), (G22), and (G23)
using the truncation assumptions just discussed, With this knowledge, the values
of TN No' NT' and Z can be computed from Eqs. (G5), (G21), (G10), (G3), and
(G13) in sequence., The modal diameters, D' and D'Z. can then be established from
Eqs. (G24) and (G25) and the maximum diameter, Dm' can be assessed from Eqs.
(G29), (G34), or (G35) whichever is appropriate for the given hydrometeor type.
Additionally, the median volume diameier, Do' can be computed from a trial and
error solution of Eq. (G27),

Actually, in our evaluations for the SAMS missile trajectories, the Z values
(at the various altitude points), from Eq. (G13), are held identical to the radar-
measured values (except for computational ''round off'' errors). The trajectory
M values are given, of course, by the particular M vs Z relationships that pertain
to the different hydrometeor types,

The constants and exponents of the distribution equations, Eqs. (G1), (G6), and
(G11) (for number-concentration, liquid-water-content, and radar reflectivity
factor) are also known and these can be integrated over the SAMS class intervals
which, in Table G1, are indicated as pertaining to the precipitation size-range of
the hydrometeors. The details of this ""class interval integration’ will not be dis-
cussed herein,

Specific solution-examples of the double truncated equations are presented in
the upper portion of Table GG6. For comparison, the solutions of the non-truncated
equations are shown in the lower portion of the table, The example of the first
lines of the table shows the solutions for ice-crystals of the C1 type (bullets and
rosettes), for which KM = 0,038, EM o
the liquid-water-content, M, was 0,05 gm m “. The example of the second lines

= 0,529, and for which it was assumed that

reveals the solutions for large snow of the LS, type (aggregates of plates), for

which K, = 0,00495, E,, = 0,596, and for which it was assumed that M= 0,3 gm m-3.
The example of the third lines indicates the solutions for rain of the R,y type (Joss
Widespread), for which KM = 0,00314, EM = 0,576, and for which it was assumed
that M = 0,3 gm m'3. For this rain type and M value, the maximum drop size

{under the truncation assumption of DmA = 7.5, see Eq. (G34)) is smaller than the

5 mm "'breakup diameter'' for raindrops. The example of the fourth lines of the

table illustrates contrast solutions for rain of the RIT type (Joss Thunderstorm),
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for which Km '-:30. 00162, EM = 0,576, and for which it was assumed that
M=2,0gmm “. For this rain type and M value, the maximum drop size would
exceed the 5 mm breakup size (under the DmA = 7.5 assumption); hence, the limit-
ing stipulation, of Eq. (G35) that Dm = 5,0 mm, pertains and {8 employed with the
truncated equations of this example, It should be noted that the upper diameter
truncation imposed by this stipulation, at this M value, is "very severe'.

If the truncated and non-truncated solutions of Table G6 are compared, it {s
seen that appreciable differences exist for all of the hydrometeor examples, ex-
cepting large snow, The differences for & ice-crystals stem primarily from the
lower-diameter truncation (since d = 0, 07943 mm is an appreciable fraction of
Dm = 0,774 mm)., The small differences for large-snow are explained by the large
diameter range of the spectrum; the truncated portions at either end do not mater-
ially affect the values of the distribution parameters, relative to the non-truncated
values, The differences for .Joss Widespread rain are substantial and these are
chiefly the result of upper diameter truncation. The differences for .Joss Thunder-
storm rain are very large and are due, almost entirely, to the severe upper diam-
eter truncation associated with heavy rain in which the drop sizes cannot exceed
the breakup size,

The truncated distribution equations for the hydrometeor types and M values
identified in Table G6 are [(see Eqs. (G1) and (G6), also the A, No’ and DM values
at Table G6)]

6 -19,4D

N=2,41x10" e (0,07943 < D<0,774), (G36)

M= 1260 D3 e 194D (o 07043 D <0,774) , (G37)

for Cl ice crystals (bullets and rosettes),

N=27,400 e 4 12 D (0, 07043 s D < 3.64) , (G38)

M=14.3D% ¢4 12D 4 070435 D 53,64), (G39)

for large snow (LS3' aggregates of plates),

N=4290 e 236 D (0, 07043 s D s 2, 04) , (G40)

-2.56 D

M= 2,25 o e (0.07943 <D s 2,94), (G41)

for Joss Widespread rain, where Dm<5 mm, and

e 9355 D (4 070943 < D <5, 0), (G42)

N= 96
M=0,050 D3 70355 D (g 07043sDsx5,00, (G43)

for Joss Thunderstorm rain, where Dm = 5,0 mm,
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For purposes of comparison, the non-truncated distribution equations for these
same hydrometeor types and M values are, respectively,

6 -10,0D

N=206x10°e (G44)

M= 1080 D3 1% 0D (G45)
for Cl ice-crystals,

N= 27,6004 130, (G46)

M= 14,5 D3 413D (G4T)
for large snow, LS3-

N=17000e 293D, (G48)

M= 3,67 D% e 293D (G49)
for rain, R.IW' and

N=1570e 125 D (G50)

Wi = ongzz D 125D o

for rain, RJT' In all of these non-truncated equations, the distribution extends
continuously fromd = 0 to Dm = oo,

Comparisons of the truncated and non-truncated distribution equations of these
examples reveal that substantial differences exist, again with the exception of large
snow,

It should be apparent that the truncated equations are prerequisite for SAMS,
to provide spectral information that is reasonably descriptive of actual atmospheric
hydrometeors. The non-truncated equations simply cannot be used for such appli-
cation.

G2.4 Model Prediction vs Data Results

The SAMS precipitation model described herein was used to provide informa-
tion about the drop or particle distributions of number concentration and liquid-
water-content for the hydrometeors that were present along the path trajectories
of all of the missile flights of the SAMS-1 through SAMS-4 seasons at Wallops
Island, Virginia. It should be noted that, to serve immediate operational needs,
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this particular, spectral information was submitted to SAMSO well in advance of
the detailed analyses and formal report descriptions of the storm and hydrometeor
conditions of the individual seasons,

Certain surface and aircraft data acquired during the SAMS-3 season provided
comparison-verification checks on the assumptions and predictions of the model,
These comparisons will be described in the following paragraphs.

Observed spectra of raindrop number-concentration, liquid-water-content and
radar reflectivity factor were presented in Table D2, of Appendix D, which were
obtained from disdrometer data and filter paper samples. Comparison spectra
determined from the precipitation model, for common values of total liquid-water-
content and common class intervals, are shown in Tables G7 and G8, The trunca-
tion limits used for the Table G7 results were the normal SAMS limits of
d =0,07943 mm and Dm = 7.5/A, see Eq., (G34), The lower truncation limits of the
Table G8 results was specified to be equal to the diameter of minimum sensitivity
(detectability) of the disdrometer and filter paper samples, with Dm =17.5/A, as in
Table G7,

The precipitation rates of the model computations are listed in the last col-
umns of Tables G7 and G8, These precipitation rates may be compared with those
for the tipping-bucket instruments, the disdrometers and the filter-paper samples
that are listed in Table D1, of Appendix D, The rates are in general agreement,
within the difference spread of the observational values.

Comparison of Tables D2, G7, and (38 reveals that the upper truncation diam-
eters of the model, prescribed by Eq. (G33), correspond well with the observed
maximum diameters of the disdrometer samples but that they are smaller than the
maximum diameters recorded on the filter papers, It is also seen that the class
number concentration values and liquid-water-content contributiocns predicted by
the model are in good agreement with the filter-paper samples over the comparable
diameter ranges. For the disdrometer samples, the model predicts larger drop
concentrations and liquid-water-contents in the smaller size classes than were
detected instrumentally, However, as noted in Appendix D, the disdrometers, for
drop sizes smaller than about 0.75 mm generally lacked the sensitivity to detect
and record the numbers of the drops that were actually present (as revealed by
the filter papers). Thus, at least for the rainstorm and sample period of 26 Feb-
ruary 1973, we can state that the model provided a better description of the spec-
tral characteristics of the rain, for drop sizes <0,75 mm, than did the disdrom-
eter instruments, with their sensitivity problems,
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Comparison of the total Z values of the filter-paper samples and the ''model
corresponding values'' reveal that the observed values are uppreciably larger than
those of the model. This suggests that the upper-truncation assumption of the
model, that is, Dm = 7.5/A, might be too small and that a better Z value approxi-
mation might be achieved by use of an assumption that would give somewhat larger
Dm values, perhaps an assumption of Dm = 0,0/A, or thereabouts.

The upper truncation assumption of the model for ice hydrometeors was checked
by comparison with the foil-impactor data described in Section E2, of Appendix E.
These data consisted of analytical measurements of the maximum-size particles
that were recorded on the fcil impactor instrument of the C-130A ajrcraft during the
storm flight of 2 February 1973. The maximum sizes were determined by two
different analysts for sampling volumes ranging from 20 to 60 ms. The analytical
results were listed in Table E3 and are shown plotted in Figure G8, The solid
vertical bars of the figure indicate the maximum-size particles (maximum physical
size) that were determined by the first analyst (Analyst A1 of Table E3); the dotted
bars show the sizes determined by the second analyst (Az). No foil data were
available for storm altitudes below 11, 000 ft (3. 35 km).
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The left hand profile of the figure, above the base of the melting zone, shows
the maximum equivalent-melted-diameters of the hydrometeors as predicted by
the precipitation model for the path trajectories of the two SAMS missiles that were
fired through the storm, Specifically, theyare the average U; values of the ones
listed in Tables G2 and G3,

The right hand profile in Figure G8, above the base of the melting zone, indi~
cates the maximum physical sizes of the particles, corresponding to the U; values
of the model and presuming that the Dm to ‘m conversions for large-snow, small-
snow, and {ce-crystals were those specified by Eqs. (G6) through (G8) of R No. 3.
There is appreciable uncertainty in these relationships, as has been mentioned
elsewhere herein,

The figure reveals that the physical sizes of the particles predicted by the
model (plus the Dm to ‘m assumptions) are considerably larger, in the large-snow
and small-snow regions, than those determined from the foil record by the two
analysts. The difference in the large-snow region is about a factor of two; in the
small-snow region it is about a factor of three. The model values in the ice-crystal
region are in fair agreement with the ones measured by the second analyst but are
appreciably larger than those measured by the first,

Other comparisons of this type were also made for certain of the Wallops
storms of the SAMS-4 season. The model again tended to overpredict, but not as
badly as in the cases of the large-snow and small-snow regions of Figure G9, The
comparisons, overall, suggest that the upper truncation assumption of the model
for ice hydrometeors should perhaps be modified to a value of about

Dm = 12/4, (G52)

rather than D_ = 15/, as at present.

There are various questions concerning these comparisons for which answers
are not presently available, There are questions of the correctness of the Dm to
‘m assumptions, Also, there are questions of the representativeness of the foil
data cited previously. Are these data, which were obtained from sampling volumes
of 20 to 60 m", representative of the ''largest-particle-size-situations' in radar
volumes of 106 to 107 m3. that we are attempting to describe with the model?

Additional checks on the descriptivity of the precipitation model can be made by
comparing the model-prescribed values of the ''form factor”, F, and total number
concentration, N.r (and their variations across the Z range of expectation) with the
values and variations that are present in actual data. The "form factor' and the
other physical factors that cause the constants and exponents of the M vs Z re-
gression equations to have particular values for the different hydrometeor types
were discussed in Appendix E, Data were presented in this appendix (and Appen-
dix H) to show the typical, normal values of the form factor, also to demonstrate,
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for sets of data pertaining to rain, large-snow, and ice crystals, the regression
trends of the gradient parameters Alog F/Alog Z, Alog NT/Alog Z, and
Alog k/Alog Z.
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Figure G9. Value Trends With Z of the Form Factor, F,
Upper Diagram, of the Total Number Concentration of the
Drops or Particles, N7, Middle Diagram, and of the
Spectral Parameter, k, Lower Diagram, as Prescribed
by the SAMS Precipitation Model for the Hydrometeor
Types Cited in the Text

The upper diagram of Figure G9 shows the variation of log F vs log Z that is
predicted by the precipitation model for <, ice crystals (solid line), for small-snow,
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SS’ (dashed line), for large-snow, LS, (dotted line) and for rain, R,w (dashed-
dotted line), The middle and lower diagrams of the figure show the variation of
log NT vs log Z and log k vs log Z for these same hydrometeor types and coding
scheme,

The variation lines of these diagrams are comparable, on a one for one basis,
with the regression lines of the diagrams of Figure E12, for the ice crystal data of
PFM-5, of Figure El1, for the large-snow data of Ohtake and Henmlls. and of Fig-
ures E9 and E10, for the disdrometer data for rain. The comparison values of
Alog F/Alog Z, Alog NT/Alog Z, Alog k/Alog Z, Eppe Tog %, Tog Z, and K,y for the
data and model are listed in Table G9.

These figures and table reveal that the values and trends of Alog F/Alog Z,
Alog NT /Alog Z and Alog k/Alog Z prescribed by the precipitation model are quite
similar to those that are present in the data. It will be noted, however, that the
absolute values of the model parameters (that is, of F, NT' and k, for any common
Z value) are larger than the ones of the data, This {s explained by the fact that the
lower truncation diameter of the model is smaller than the minimum diameters that
were measurable by the instruments or techniques used to acquire the data, Pre-
vious comments herein, specifically regarding rain, have noted the problems in-
volved in measurement attempts to determine the numbers and sizes of the smallest
hydrometeors of the populations.

To summarize the descriptivity of the precipitation model presented herein,
the model provides a good description of rain, large-snow and small-snow. The
upper truncation assumption of Dm/\ = 7.8, for rain, should, perhaps, be increased
somewhat, to about 9, 0, for better conformity with data we have acquired thus far.
For ice hydrometeors, the upper truncation assumption of DmA = 15 seems overly
large, relative to data for large sampling volumes, and a value of about 12 would
appear to be more realistic. With regard to the lower truncation assumption, of
d = 0,07943 mm, this seems quite reasonable for rain and large-snow. However,
data presently available suggests that the exponential trend of the model could
probably be extended downward to smaller minimums for small-snow and ice-
crystals, perhaps tod = 0.05012 mm, for small-snow, andd = 0,.03162 mm, for
ice-crystals (see the SAMS class-boundary values of Table G1),
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Appendix H

Specisl Background Studies

Two special studies are described in this appendix that provide background
information that is used and discussed in Appendix E. The first study concerns the
development and presentation of the form-factor equations and graphs for expo-
nentially -distributed, linearly-classified spectral data for hydrometeors. The
second describes how the uncertainty effects of converting basic measurement data
for ice hydrometeors into terms of equivalent-melted-diameter will cause resultant
uncertainties in the values of liquid-water-content (M), radar reflectivity factor (Z),
and the spectral parameter (k). The relative and absolute uncertainties are dis-
cussed and methods are suggested whereby the values of k can be computed with
acceptable accuracy without the necessity for detailed hydrometeor categorization
or typing.

The studies are presented with a minimum of commentary, since the primary

study results and conclusions are discussed in Appendix E.

H1. FORM FACTOR EQUATIONS AND GRAPHS FOR EXPONENTIALLY-DISTRIBUTED,
LINEARLY-CLASSIFIED, SPECTRAL DATA FOR HYDROMETEORS

The distribution function describing the exponential distribution of the number

concentration of hydrometeor drops or ice particles with the drop or particle
diameter (equivalent-melted-diameter) is from Eq. (G1) of Appendix G.
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A -3 -1

N=N°e' DNo. m™3 mm™!, (H1)
where N is the number concentration of the drops or particles of diameter, D, No is
the ''zero intercept'' of the equation and A is the "'In slope' of the distribution (when

In N is plotted vs D),

For this distribution function, the diameter bandwidth is infinitesimally small,
However, the function, as written, has ineffect, been normalizedtopertainto a diam-
eter bandwidth of 1l mm, If we wishtoassume some bandwidth other than t mm, such
as a diameter width equal to AD, then we may rewrite kq. (H1) as

AD 1

N=N_ aDe P No, mPan!, (H2)

The bandwidth, AD, may be considered to be equivalent ‘o the "class width'', for
classified data which are exponentially distributed, For such data, if we assume that
the classification is linear, which means that AD is commonly the same for all diameter
classes of the distribution, the ''zero intercept'' of Eq. (H2) will be

N'=N_aD, (H3)
[o] [o]

rather than No' as in the case of Eq. (H1), This permits us to rewrite Eq. (H2) as

. =AD,

Ni=N'e 'No. m
o

=3 pl (H4)

wher» Ni is the class number concentration of the drops or particles having the mid-

dia' _.ter size, D,, which exist in classes of width, AD, and N: is the ''zero intercept

i
value' of Nl‘

If the data are linearly classified, then, from Eq. (E14), of Appendix E,

_(2i-1)
Dy = =1 Pn- 2

where n is the number of diameter classes in the distribution, Di is the mid-diameter
of any given, or i'th, and Dn is the mid-diameter of the n'th, or last, class, which
contains the drops or particles of the largest size. For linear classification, the
classwidth is

AD= D“’1 - Di 5 (H6)

or, from Eq. (H5),

D
- n
AD = —Fry-. (H7)
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The total number concentration, of the drops or particles of all sizes in the
classified distribution, is

i=n
Np = El N, (H8)

which, from Eq. (114), becomes

i=n
-/\Dl

NT = N e 0 (H9)

*
%i=1

In Appendix E, the equation specifying the form factor for linearly clagsified
data was written as [see Eq. (E23)]

i=n
Y (- 1)3di
F = i=1 ’ (H10)

1=n 0.5 °*
[Z‘ (2i - l)sai]

i=1

where the coefficients, ai, were defined as
o= Ni/NT 0 (H11)

From Eqs. (H4) and (H9), it follows that a. for an exponential distribution, is
-I\Di

ai= {=n AD ’ (le)

i
@, = mh—, (H13)
o
i=1
where
-AD,
Q= eN-0.57 (H14)

and where Qi, in Eq. (H13), in case there should be any question, is 2 raised to the
i'th power,
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When a, from Eq. (H18), is substituted into Eq, (H10), we obtain

i=n

T (-1l |
i=1

1 i (H15)
=n .

T (- 1éal
=1

which is the form factor equation for exponentially-distributed, linearly classified
data which are truncated at the upper diameter limit of the n'th class, or at

Dy =D, +aD/2. (H16) i

Equations (H14) and (H15), which pertain to the situation of no lower diameter
truncation (such truncation will be considered presently), were evaluated for /\Dn 1
values between -20 and 140 and for n values between 2 and 100, The results are
shown in Figure H1. It is seen that the form factor has a maximum value of unity
and that the values are never smaller than 0, 222 (the approximate mathematical
minimum), It might also be noted, with reference to Eqs. (H14) and (H15), that the
parameter ADn is a non-dimensional measure of the upper truncation limit of the
exponential spectra,

The diagram of Figure H1 is actually a '"'gross overplot' of the actual atmos-
pheric range of the !‘.Dn values. In Appendix G, it is pointed out that available data
concerning the maximum equivalent-melted-diameters of ice~-hydrometeors reveal
that ADn (the SAMS model equivalent) has a value of about 12, possibly as large as
15, in certain cases. Under the assumption that the atmospheric range of /\Dn would
certainly be bracketed by values from -5 to 20, the isolines of Figure H1 were plotted
at expanded scale, as shown in Figure H2. Our comments will be made relative to
this figure, rather than Figure H1. ]

There are two special cases of exponential distributions that should be noted. A
monodispersed distribution is one such case, although it is a rather trival one. The
form factor value for a monodispersed distribution o8 1. 0; the point of its occurrence
on the Figure H2 diagram is indicated by the point labeled '"M", The other special
case is that of a "uniform distribution” (in which all classes contain equal numbers
of the drops or particles). For such distribution, A= 0, Q = 1.0, see Eq. (H14),
and the form factor is specified by

i=n
T (21-1)3

_ [ =
F-J; = (H17)

5.y
[Z‘ (21 - 1)"]
=1
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ADn

Dn/D’

Figure H2. Values of the Form Factor as a Function of AD,
and n, for I\D}1 Values in the Typical Atmospheric Range of
-5 to 20, No ¥ ~wer Diameter Truncation

This case is also indicated on the Figure H2 diagram. It is the vertical line
at I\Dn = 0, which is labeled "U",

The diagram shows that the F values vary considerably with n between n = 2
and n= 10, As explained in Appendix E (footnote page 151), this occurs because,
except for monodispersed distributions, at least 10 classes (n = 10) are required
with clagsified data to provide an adequate description of a theoretical distribution
function, such as one of exponential type. The same holds in general regarding the
number of classes needed to provide adequate description of any continuous spectra,
either atmospherically-observed or theoretical. Thus, with reference to the Fig-
ure H2 diagram, the form factor values for n< 10 really represent a special caiz-
gory of classified data in which the number of classes is insufficient to describe
adequately the true nature of the continuous distribution.

With regard to the matter of the lower diameter truncation of the exponential
distributions, this was investigated by assuming in Eq. (H15), (1) that the first size
class of the distribution had zero number concentration, (2) that the first two
classes had zero number concentration, and (3) that the first three classes had zero
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number concentration, This is equivalent to lower diameter truncation, moving
upward from a lower diameter boundary of d = 0 (to which Figures H1 and H2 per-
tain) tod = AD (see the results of Figure H3), tod = 2AD (see Figure H4), to

d = 3AD (see Figure H5), These figures compared to Figure H2, clearly demon- |
strate that the form factor values for any given I\Dn and n increase with increasing :
lower diameter truncation. The figures also show that, with lower diameter trun-

cation, the form factor values vary appreciably with n, even forn2 10. This im- ;
plies that the number of classes needed to provide an adequate description of an i
exponential distribution which is truncated at the small diameter end of the spectra !
exceeds the number required to describe a non-truncated distribution.

oz
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i
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On /D'
Figure H3. Values of the Form Factor as a Function of ADp

and n, Atmospheric Range, With Lower Diameter Truncation
ofd = AD
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Figure H4. Values of the Form Factor as a Function of AD,
and n, Atmospheric Range, With Lower Diameter Truncation

of d = 2AD

Y -
03 =
02 ] 1 |
- o 19 1] 20
® ADn
1 l 1 1 1 | 1
=l [+] 2 3 L] -] L]
Dn/D'

Figure H5. Values of the Form Factor as a Function of AD,,
and n, Atmospheric Range, With Lower Diameter Truncation

ofd= 3AD
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12, UNCERTAINTY EFFECTS OF € TO 1) CONVERSION ON THE, VALUES
M, 2, AND k

H2.1 The Uncertainty Fquations, Evaluations, and Tabulsr Results

Consider the single-sample equations for M’ and Zs which are given, respec-
tively, by Egs. (E11) and (E13), By the use of Eq. (E21), we may write the ex-
pressions for Ms and Zs as

{=n
M, = C Np iZ"‘ pd a, (H18)
and
=n
z_ =Ng ;L:l pba,, (H19)
where
c=n/6x103, (H20)

We may also write the expression for k, which, from Eq. (E17), is
k= CfNpF, (E17)

where the form factor, F, for irregularly-classified data, as given by Eq. (E23a) of
{.ie footnote on page 119, is

i=n
Z D? ai
F =[-}§%—:|0-5 : (E23a)

T pba
< 1%

In these equations, which are written for hydrometeor spectra that are classi-
fied in terms of equivalent-melted-diameter, the parameter Di is the mid-diameter
of any given, or i'th, class and Dn is the mid-diameter of the n'th, or last, class,
which contains the ice or snow particles of the largest size. NT is the total number
concentration of the ice or snow particles of all sizes in the distribution: Cis a
numerical constant specified by Eq. (H20) and a; is the ratio of the class number
concentration of the particles, Ni' to the total number concentration, NT' see
Eq. (E21) and associated discussion.
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We wish, now, to investigate the uncertainty effects of ! to D conversion on
the M!. Zs' and k values that are determined from the size-distribution data for

any given sample of ice hydrometeors. We will develop the uncertainty equations
for M 4 and Z’ first and then follow with the development of the equation for k.

The £ (physical length measure) to D (equivalent-melted-diameter) conversion
equations of conventional SAMS usage are of the power-function form

D=yt®, (H21)

where vy and ¢ have particular values that depend on the category and type of the ice
hydrometeors (snow or ice crystals, of different types) contained in the samples and
that also depend on whose values, from among those of diverse investigators, are
considered to be the "'most accurate'’. (In fact, even the accuracy and authenticity
of the power-function form of the conversion equation is subject to question in the
present state of our knowledge.)

From Eq. (H21), assuming that this was the equation form used in conversion,
it follows that the ''physical sizes' of the ice hydrometeors which corresponded to
the Di values of Eqs. (H18), (H19), and (E23a) mentioned herein, were related to
the Zl values as

D, =y z“: . (H22)

If we substitute Eq. (H22) into Eqs. (H18) and (H19), we obtain

i=n
- 3 3¢
M_ = CNyy e 4%, (H23)
{=1
and
i=n
- 6 6¢
zs-NTyElzl a . (H24)

which are the equations for Ms and Zs written in terms of the length measure of
physical size of the basic data of original measurement.

In the process of £ to D conversion, if it is performed correctly, each lower
and upper boundary of the size classes of the original "'£ data' will be converted,
through Eq. (H22), into new, corresponding lower and upper boundaries for the size
classges of the equivalent-melted-diameter, or "'D data''. There will be no change
in the number of the classes, in the class number concentrations of the particles,
in the total number concentration of all of the particles of the given sample, or in
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the values of the @ coefficients for the different clnsses, Moreover, since we
presume that the original data was measured accurately, there are no uncertainties
in our knowledge of any of the class boundary, or mid-values, of the '8 data', (We
are not concerned with instrumental or measurement uncertainties inthis investigation,)
The only parameters of the ahove equations that are subject to conversion-type
uncertainty are the coefficient, ¥ and the exponent, ¢, of the £ to D conversion

equation, lkq. (H22), Thus, we may write the total derivative (or uncertainty
derivative) of MS as

BMB BMB

and that for Zs as

87 d7.
dz = ﬁi dy + gz— do . (H28)

When the partial derivatives of these equations are determined, from Eqs.
(H23) and (H24),

i=n 3 i=n 3
— 2
dMs-SCNT'y d'ylz-j1 li ai+7d¢ iz=:lzi (lnli)t‘!i . (H27)
and
i=n 60 i=n
= 5
dz_ = 6Ny dyElti @, +vydo Elzi (ind)e, |, (H28)

or, in finite difference form,

2 i=n 3 i:n 3
AM_ = 3CNo 7v* | Ay 1Z=>1 2, ai+on§l £ (neda], (H29)
and
i=n 6 i=n 60
AZ =6N. v |avZ 4 a, ryael &, (nf)a. i, (H30)
. d =1 1 =1 1

If we write the above equations in the form most convenient for the subsequent
discussion, we obtain
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AM, = M, + AM (H31) E

where "
2 ;n Pt 3

AM,, = 3CNpy Ayl=l [ . (H32)

and
i=n
AM _, = 3CN 73502 v In(¢)a, ; (H33)
80 g\ g 1 e
|

likewise

AZg = AZ 4 AZ (H34) |
where

=n
6¢
5

AZ, = 6NpY Av{:l L o, (H35)

and
=n
AZ .= 6N Y826 £, i) a (H36)
8o T =1 i i

Equations (H31) through (H36) specify the uncertainties in Ms and Zs that will
result from uncertainties in our knowledge of the coefficient, ¥, and exponent, ¢,
of the £ to D conversion equation., We will consider the evaluation of these equations
after we discuss the uncertainty equation for k.

If we substitute Eq. (H22) into Eq. (E23a), thence into Eq. (E22) (the latter
equations are presented on pages 229 and 119), the expression for k, written in
terms of the length measures of the basic data, becomes

i=n 3¢

AR

k= — . (H37)
i=n 60 0.5
DA a

=1 !

It is seen that k, in this equation, does not depend on the coefficient, ¥, of the
L to D conversion equation, but only on the exponent, ¢.
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The derivative of k with respect to ¢, written (n finite difference form, (s

i i § 1
=1 =n e
3¢ 8
3 Vg =n 39 ::-:1 CT §1 £ ainid
Ak = T >4 a Int, - = Ad .
=n 86 0.5 =1 i i i i=n 60
> ll a, )A li a;
t=1 L =1 )
(H38)

This specifies the uncertainties in k that result from uncertainties in ¢,

Equations (H34), (1137), and the preceeding equation were evaluated for three
different categories of ice hydrometeors., They were evaluated for large-snow,
of type LSs. for small-snow, of type SSs and for Cl type ice-crystals, The initial
"{ data'' were assumed to be exponentially distributed and three different values of
liquid-water-content were considered, per category, which typify atmospheric values
of large, medium, and small,

The distribution and conversion parameters of reference are listed in Table H1,
Reference is the assumed conversion condition of zero uncertainty. The particular
truncation assumptions, distribution equations and N.. values for the "{ data'' are
listed in the first section of the table. The assumed ¥ and ¢ values of conversion,
see Eq. (H22), are noted in the second section of the table. These are the same
values specified in R No, 2 (page 65). The resultant parameters of the " distribu-
tions', after conversion, are shown in the third section of the table. It should be
mentioned that the initial distributions were deliberately chosen suc! ¢ -t the liquid-
water-content, that is, Ms. values of the converted distributions would be close to
1.0, 0,1, and 0, 01, for large snow, and close to 0.5, 0.1, and 0,01, for small
snow and ice crystals. Also listed in the table, for information, are the values of
the form factor, I, as given by the series terms of Eq. (H37), that is, the terms
excluding C and JET' see Eq. (1:23A),

The uncertainty effects of £ to D conversion on the Ms. Zs. and k values were
determined for these reference conditions. Two assumptions of uncertainty were
made regarding the coefficient, ¥, of the conversion equation: first, thatday= 0,1;
second, that Ay= 0.2, Similar assumptions were made about the exponent of the
conversion equation; first, that A¢ = 0, 1; second, that Ay = 0.2, The 0.1 assump-
tions on Ay and A9 were considered to be the normal, typical uncertainties; the
0. 2 assumptions were considered to be the maximum expected, Equations (H29),
(H30), and (H38) were evaluated for each of the four combinations of the Ay and A¢

#Asslstance in this differentiation was given by Mr, lLawrence E. Belsky, of
Digital Programming Services, Inc., Waltham, Massachusetts.
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values, The results are shown in Table H2 and summarized in I'igures k15, K16,
and E17, of Appendix E, Rriefly, the results reveal that the decimal uncertainties
of the radar reflectivity factor, A'/.'/Z' (the subscript 's' is not retained in the
table), range from 1.4 to 5, 2; that the decimal uncertainties in the liquid-water-
content, AM'/MS. range from 0,71 to 2, 0, whereas the decimal uncertainties in
the spectral parameter, k, that is, the Ak/k values, only range from 0.1 to 0. 34.
As emphasized in Appendix I, this demonstrates that the k values can he computed
from spectral data with considerably better accuracy than either the Ms or Zg values,
The normal, typical uncertainties of k, which are presumed to he associated
with the A¢ = 0. 1 assumption, are seen to range from 0, 1t0o 0,17 (10 to 17 percent);
the probable maximum uncertainties, associated with A9 = 0.2, vary from 0, 20 to
0. 34,

H2.2 Errors Involved in the Determination of k Under the Assumption That
£ 10 D Conversion Effects are Neglected

It is of interest to consider the magnitude of the k uncertainties (errors) that
would be associated with a complete neglect of £ to I) conversion, that is, with the
situation in which the k values were computed directly from the ''£ data’’, of basic
instrumental measurement, rather than from the '"'I) data’', of assumptive conversion.

*For computing the individual terms of Eqs. (H29) and (H30) [al<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>