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The prupagation of radar through a striated plasma has been analyzed on the
basis of random walk photon scattering, geometric optics refraction at a thin
phase screen, plane wave scattering from a thin screen in the Fraunhofer 1imit
and the observables to a monopulse system using a wave front integration imple-
mentation of Huygens' principle over a thin phase screen. The latter two were
carried out for screens of both large and small phase variance. The scattering
was related to the properties of the plasma for a variety of distribution )
functions of striation sizes. For reasonable distributions, a similar e g
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Veffective” striation size is obtained. This allows the calculation of the
angular variance of the scattered power which is gaussianly distributed for
most significant cases, 1In the geometric optics regime the distribution of
density of allowable multipath rays is duplssianly distributed and the power
distribution {s identical for all rays. The signal processor sees an unmodified
but attenuated component and a random-phased, scattered component that leads to
Rician amplitude statistics. The results of the various approaches are all
compatible and furnish a single unified description of the perturbed s1gna1.(L.4
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PREFACE - §
| 4
1 . The work described here was oricinally performed in ocarly 1974 ﬁ
E for the U.8, Army SAFEGUARD System Command, snd was dirvected towurd the f {
g { * doseription of the behavior of a UHF radar operating in o strongly scatter- ?
.; z ing medium., Any lurge-scule structure (tens of kilomoters) was handled A
f? ;} by yross refraction computatlons and only tho fine-scule structure was %
? “‘ assumed to be handled by the scattering unulysis, Most aspects of the 3
? B annlysis covered hore ave prociscly applicable only in the limit that fff
1{ . plusma structural dimensions are small compured to a Fresnel zono. This ﬂ
3 . assumpt Lon 18 identica! to the assumption that tho recelving antenna is In A
E ' the far zone of the scattering medium when Lt ls consgidered to be u trans- '
.{ : wmitting source. Recent research has shown thot extreme care is necossary
in the extension of theory to higher frequencles where the structural i

3 assumpt fons may not be valld,
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i. é. 1, PROBLEM STATEMENT
: i
; The detonation of nuclear weapons above about 80 km results in o
¢ extensive reglons of ltonizution—partiolly fonized plasmas.,  Detonation b
E " Induced winds may blow this plusma aeross the geomagnetle fleld In a way ;
. : that results In instabilities in tho fonlzod component. Such instubilities ;
- produce striutions extended along the geomagnetic flobd lines, These strine o3
g tiona have been seen on all nuelear tests at very high altitudes, p
L
? Lf radars attempt measurements through steiated reglons, the A
: _ wave tronts are broken up, resulting in seattering and multipath propagation, é
i : The quantificatlon of the effects producod by striations has continued in '
] the effort reported here, Specitieally, additional anulysis has untfled ;
2 prioe work, eoxtended models of the offects to woak scattoring casos, removed
' dqome arbiteary assumptions, bdentifiod Timits of applicability of previous
mode s and congidered the sensitivity to various assumptlons about plasma i
struacture,  Current theeretical plasma analysis yiolds Tittle Informution :
about striation fonization profiles or distribution ot striation sizes. i
Consequently, unless o rolutive fnsensitivity to these plasma parameters s j
demonstrated, modeling of the derived effects will have Timlted uthlity. j
i
Several approaches to the scattering problem will be conslidered, .1
Bach hasx its own reoglon of validity and linmitations wnd Iy usetul to illus- s
trate pavticulnr aspects of the scattering,  Specitically, the flest approach %
will be a photon scattering wnalysis that Is valld for conditions under which i
photons are phase-incoherent,  Subsequent approaches will use the approxima- %
! tion that the inhomogencous medium is relatively localized and can be approxi- '
mated by comblning the Integrated plasma induced phase shift in a single, }
thin, phase shifting screen,  General churacteristics, valld when geometric ‘
5 )
i
1
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; - opties approximutions apply, will be derived. A physical optics analysls

f using Huygens' prineiple will obtuin a generalized angular power spectrum

: for cases of cither small or large phase perturbations, Following these

? hasle scuttering analyses, the interprotation of the multipath signal by

3 n phase comparison monopulse system will he developed, the sensitivity to

i alternate models explored and scattering In terms of plasma paramcters

i summari zed,

:

} 2, THEORETICAL AND EXPERIMENTAL BACKGROUND ;
-." 2.1 Plasma Induced Phase Shift

b For rudar waves (which have frequencies much preater than elther !
. clectron colllsion or gyro-trequencioes), the index of refraction of a plasma ﬁ
3 1s glven by :

- 2
. 1 C

2 "o (1 |
e a1 - R N ¥
E g §
¥ 4
! i
: where gq  Is the permlttivity of free space, n, I8 the ¢lectron concen- :
4 tration, ¢ and m are the clectronic charge and mass and o {8 the !
' radar angular frequency,  Denote o critical electron content {
r
# n, = w? mep/e?, {2) K
| i
1 so that nj
3 i
S )
\ 2 m I . “
! U L= /n, (3) i
, .?
! For conditions of intercst to radar propagation, usually !
n << n_. Gonscquently, ‘
¢ < 1
6 5
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WE1-n/n, ., (4) {
e e -
; This upproximation will be used In the romiinder of thiy report, : 3
i H ki
i i
The eleetrie veetor of a plane wave propagating in a plasma 1 ‘ i
. plven by , {
i(wt-ﬁ%gl) . 3
| AFORRRE  H . 5 : 3
_' (x,t) = Vo (5) Co ]
This means the phase is ‘ 3
. 3
= Wt - WXL . 0O . \
Q)Lx,t) t - WX/ (M 1
Compared to a wave In the absgence of plasma (u=1), the phase advance per i
I8
unit path i« -
e
dp o, wilap) e e (7) i
dx Cu ¢ dn,
1N J
2.2 Striation Profile 4
i For most of the detailed analysis in this report, the individual
& stefations will be assumed to be evibndeleally syametric and have an electron
' concentration profile that Is gaussion,  There 12 no experinental data to ,
3 suppart or vontradiet this assumption,  IF the profile were controlled ex- 3
3 clusively by ditfusion and the dittusion coeftficient were constant, it '
3 wolld he gaussian,  However, the real rationale tor using this model ix

thut 1t renders tho mathematics tractables  The justification tor aceep-
tance of the results s that where alternate assumptions can be used, the
results are not signitfleantly altered,  Some ot thoese cases wlill be pointed

out in the following discussions,




AL

T

Tt

.—wvﬂ

Y s mnn-v:m<-mmqr«n.nmmmuwrmum--mmnnm

The electron concentration will be given by

LT .
n.=ngo T, (8)

[y

whore ng  is the axtal efectron coneentrntion, »r is the distance from

is the characteristic dimenslon of the striation, Distr)-
0 1

the axls und o
butlong of slzes will be consldered and ng  may be a function of

2.3 Experimental Striation $ize Distribution

The only experimental data on strintion size distributions ftor

nue loar events comes from photographle duta,  Thus, it is tHnited to regions

of opticol omisglon, the highly disturbed or fireball reglons,  Theve is
theoretival basis for helieving that striations also form outside high niti-
tude flreballse 1t must be remembered then that the oxperiwmental data is
obtalned from onty one type of unstable reglon and s not necessurily rep-

resentative off all such regions,

. . 1
Pertinent photographic data have been analyzed by W, (hosnul( ),
SRI, and the data can be reasonably well it by paussian streiations with

vonstant on-axis concentration and o sive distribution

STy

an Oy

Some of the data were best it by the superposition of two distributions,

cach of the form of Equation O,
to detine the exponent of the og/a term very well=5 or 7 wmight be as gouod

as 0. But, use of the sixth power makes some destred integrals closed, well

known analyvtic functions,

s n e st s 2 e o

Also, the quality of the data is insutficlent
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| 2.4 Striations Outside Fireballs

o : 4
f f Theoretical analysis(z) has shown that where the direction of the -
4 , explosion induced wind is both generally crossing the geomegnetic field !

; lines and in the direction of decreasing electron content, the ionized
fluid flow 13 unstable and should develop perturbations (and possibly
striations). Spatial structure of characteristic wavelength greater than :

9 a minimum cutoff wavelength Xc should grow.

If the environment is assumed to be composed of the superposition
b of n large number of such Fourier components, the spatial amplitude of which : ;:
is limited to the spatial wavelength, the number of striations tends to fall
of f as an inverse power of the striation size. Below a minimum size, the
population should be nearly zero. The amplitude of the disturbance may be

‘ a function of the striation size, Previous HARC(S) analysis assumed that

; the concentration perturbation n, was proportional to the striation wave-
; length (due to interchanging alr over a reglon a Yavelength long) and that k|

the appropriate power law was the inverse fourth.

p It i3 necessary to relate cutoff wavelength and minimum striation
size. In the HARC work, the sine wave, Fourler components were approximated

3 ¥ The number of striations of a given sizé per unit area perpendicular L
- to the magnetic field was taken to be inversely proportional to the . B
i size and proportional to the allowed mode density on a circular ring. c
5 The mode density is then y
2R !
! e

‘.

: f dn _ 2nR

. ar -—2—- '
; Thus, ' 3
1 | .8 dn _aR 3
1 CO T T S L

9
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'"f ; by o series of uniformly spaced gaussian strimtions. A reasonable approxi-
3 , % mation woe obtained if o: n A;/zz « Alternatively, if the relationship iy
I f based upon eithor the sine wave or a serles of gaussian striations which
g have equal maximum concentrations and produce the same rms scattering ;
9 coofficient, the relationship should be of = k:/ﬂ’“ = A1/17.5. Conse- ;
: quently, u ratio of the order of 20 is reusonable, A
A : ]
3 : 3. PROPAGATION ANALYSIS ;
3 f 3.1 Random Walk Approach to Scattering 1

B e
-

g

Inasmuch as the density of striations is relatively great, a
purtleulor ray will interact with several and exhiblt motion that can be ?
trecated as o random wulk (In angular deviution). The bending of a ray in
un lnhomogeneous medium La glven by

- : do . A d (d |
; ' dx 'é'ﬁ'dl(a%) ' (10 p

where ﬁ% indicatos a spatial derivative porpendicular to tho direction of

] propagation, (Bocuuse tho striations are extended nlong the geomagnetie : ;
? fleld, the problem can be treated as two dimenslonul —ull bonding being in E?
i the plane normal to the geomagnetle field.) ' i:
?' : liquations 7 and 8 can bo used to obtaln the doviation due to one fﬁ
9 gaussion striation, If tho bemding is groat, system operation will fail, .

It follows that for cases of interest, the ray path will be nearly a straight gf
} 1ine and the dJdeflection can be approximated by integrating the lncremental |
bonding along a stralght line., Let n particular sight line pass o distanco

3 | b from the striation axls. ‘Therofore,
i A " d do I
i 88(b) = f dx . (n

(b) = o ), dT dx )




= i
S-S

I
3 K
s ’ ;
‘
- .
g The integration and a7 are independent, and thelr order can be reversed
: . A d d
, ; 88 (b) = i a7 X dx (12)
4 tf. by
¥
b [ é »
= |3 n
i t " an, dx (13) ;
g -t ¢ i
i ;,v :
“i t —:
! © bE ¢ (x-x;)% sin?a ]
P 's n - " T i
, = a"—lT f -.”—10— © v dx, (14) |
“I;' “ -id) - ¢ o 4
8 ! 3
3 . [ where the point of closest approach of tho striation axis and the aight path i
: . r
. : is at X| and o is the angle between the sight path and the strlation f
i axls., The terminals of the path are sufficiently far from the striation
3 i 4}
4 : uxls that there is little error produced by ptacing the limits of integra- 1*
’ tlon ut 1w, :
o)+ TS L b2 (15)
A : ’ I sTne T ° ' : i
iy {
o In this form the perpendicular derivative Is the dorivative with
) respect to b or ;
3 ‘ _-
3 : n ¥am b -b?/20?
. _ : S0(b) = '2"‘\‘;—;1-"—& 3 . (16)
|
3 ! After u random walk, the final value tends toward a gaussian distri-
bution with a variance oqual to the sum of the squares of the individual )
1 :
! : steps. Tho value of the mean of this sum can be obtained by multiplying the ‘i
,' i H
I; ! ¥
. ? 1
- s
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aquare of the incremental deviation (Hquation 16) by the probability of
having a striation of size o at a displacement b  and ihtograting over

all o and b, Thus,

" r r ndb?  «b?/o?
qa " - f f —c P(as)sinamnl do db
2nc sin“ o Cul baew o an

where m 1is the concentration of striations on a plane normal to their axcs,
L 18 the length of the path through the striuted reglon and P(o) 1s the
probability deonsity function of o,

[3+)

23] “
0f w Tl J n2o(0) do | (18)
Aini sina

wm ()
We will use the notation

:Euoq u n§ QY'P[O) Jdo | (1,

gwi)

Thus, Bquition 18 can be written

v -
02 = ki 8 11%(: . (20}

4nz sin o
This equation ullows the computation of tho varlance of the scattoring, and
after numorous scattering ovents, the distribution of power tends to a
guussian distribution, The gaussian character is the result of the muiti-
plicity of events, not the distribution of angles due to a single interaction,
Consequently, it is not o function of the electron profile in the striation,
In faet, the scattering from a gaussian rod is far from gaussian but exhibits
discrete maximum scattering angles cach side of zero and has maximum proba-

bility at the oxtremoes of the distribution,

12
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oy | The restriction on the applicability of this analysis is that all

' ; of the potential scatter paths contributing eénergy in a certain direction
: must be phase incoherent in order that interference patterns do not exist,
b : As will be discussed later, for rms scattering in excess of a few milli-
] : radians, for typical structural dimensions and UHR radars, phase independence ]
should be assured, bog

. » In one sense, the random walk analysis is the most general treat-
1 , Z ment in the strong scattering case, It is applicable even for environments
' that produce crossing of rays within the medium,

3.2 Phase Screen Approximation to Strong Scattering

SETRETTER S TR T

The phase screen approximation to refraction and scattering b
assumes the scattering medium is sufficiently localized that its effect
can be approximated by considering that all the phase shift experienced
by & ray traversing the medium can be attributed to a thin screen in the

the screen, This section will cover parameters describing the scroen and

e
E ; : middle of the medium, It also implies that the amplitude is constant over
; the relationship to volume characteristics of the medium,

Tt s v BT

Usually the churacteristic assigned to the screen is the integral
i of the phase shift on a line parallel to the undisturbed ray, That is, if
' the radar is at - Rp’ 0 and the target is at RT’ 0,

T
o(y) f r) gy, (21)
-R
P

i
|
|
In the 1imit that the phase is the result of a random process and i 1
irregularitiea fill Fresnel zones, the angular deviation is ! %
: v
' i
IS (22) ]

13 !

U BN e e TR, v s o

§
:
:
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E
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Close to the phase screen, these conditions are valid because Fresnhel zones

_ are small compared to the typlcal atriation sizes of many hundreds of meters,
L : Under these condltions, it 13 also possible to determine the power in the

‘ multipath rays by considering the region over which a wave is scattered

' coherently, i.e.,, the oxtent over which the "scattered ray'" varies by only ¥
A/2. This is controlled by the second derivative of the phase shift, 3

e i e P ST R

i : Let us firsat develop expressions relating the phase shift to
plusma parameters and then determine the scattering. Then the scattering
will be discussed in terms of the characteristics of the energy at the
radar,

The mean Integratod clectron content associated with the striations
! is obtained by forming the product of the probability that a striation axis
lies at some Impuct parameter and the integral of olectron content for that
striation agd Impact parameter, and integrating the product over all impact

i { parameters.
ke (b2 + x2 sin?a)

‘ ! “w W o -
] | - 202
3 : N nf f f"o e slnamP(o) L dx db do (23)

)] -m .-m

L a 21 mL noi ag? , (24) \

The contribution of the striations to the local electron concentration is
just N/L. The striations normally are superimposed upon a constant (or

B * The limits of 1w on the x integral reflect the assumption that
. the striation sizes o are small compared to L 8o that little
error results in oxtending the limits of integration rather than
truncating them at their actusl value,

14
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slowly varying) concentration n: that may be considerably greater than
tho meun striation contribution. The total mean electron concentration is

TP R T T ey T

JU—. W -
Ng = Ny N/L (25)
A parameter some plasma physicists feel they can compute is the
locnl mean-square olectron concentration fluctuation due to striation
j structure.
14
¥ ¥ - 2
A ‘ 2 : | =
£ 3 % ® Mo Ng
%‘ : ;. w ™ . r_; 4
] -ffn% e 97 2nr mi(o) dr do - (R/L)? (26) ! k
y ; 00 33
\ ;,‘ ;
13 « mong o - (N/L)? (27)

L R
PR )

In the remainder of this report the term (N/L)2 will be dropped, an approxi- ?

f mation valld for striations sufficlently sepurated that the primary contri- ,
£ bution to c; is from regions without striation overlap (i.e. 4mma? « 1), ¥
i iy
g The mean phase shift through the scrcen i3 unimportant to the | |
5 problem being addressed but could be easily obtained from Bxpression 25, i
% )
b |
& In the following, the direction of primary propagation (the sight ]
: g path) is nearly paraliel to the x-axis, the striation axes 1ie parallel to T
f g' a line in the x-z plane that makes an angle o relative to the x-axis, ;

and the coordinate y is perpendicular to both the sight path and the
strintion axes. Moreover, any fixed background of electron content not
associnted with striations has been suppressed because it does not affect
the scattering and is accounted for in refraction cajculations,

15
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The variance of phase shift 1s important because it determines
the magnitude of phase shift fluctuations, Consider & particular striation
with its axis at y = bi‘ The integrated phase shift along the line y = 0

is

™, Y {b§ + x% 3in? a)
Grbi ol v foxp - - 35T dx (28)
€ Y% i
VT mn, o, -bhi/20?
- 11 o LS T (20)
X n. sin o ©
let C = xazzgfg'a and Py =0y oy
¢’ :
The phuse shift varionce is
of ot - F (30)
where ¢ 18 a sum ovor ull striations, or
- ' 2
2 gl hisag?) |2,
% * C [ 5—; Py oxp "1’2"1)] s . (1)

The bar designates an uverage over all possible configurations of strias

tions. This c¢an be rowritten

o; . cﬁ[ 2; pi exp ‘-b§/0§)]

Y Yop exp (~bi/20} - b3/202 ). F . (32
21‘ 12;1 § Py exp (-b/20} - bi/207 ) (32)

The assumption that the strintions are randomly located fmplies that hi

is independent of hJ so that tho mean of a product of functions of |

and j equals the product of the individual means, or
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c; =t Y pi oxp (-bilci ) - 33

+ 8 YT Py oxp (-bg/zo;)Ei Py oxp ( =bj/20} ) (33)

The last term in Equation 33 is made up of two factors, the first is ¢
and the second ¢ (1 - % ) where k is the numbor of striations., If k

is large, thy 1/k will be negligible and it will be so assumed here.
Thus

0$ = C? Zi p} oxp ( ~b}/af ) - (34)

For large ensembles, the summation and averaging can be approxi-
L]
mated by integrating over the spatial and size distribution functions

o; . c*ffns 0% oxp(-h?/0?) mL sin a P(¢) db do (35)

p° s

mMe
T nt sin A
nt &in &

ng of, (36)

The factor sln a occurs in Bquation 35 because the concent.ation of stri-
ations in the xy plane is m sin o,

*  The result, Equation 36, can be combined with Cquation 27 to give
m¥g o
2 oft* n oy & .
o¢ . “3 Whero g pe ® N0 /n§ o, This is the same

form derived by Brumlcy(4) for a thick scattering region,

17
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Another function, useful because it determines the scattering,
is the autocorrelation function of the phase shift, It can be computed
in a manner similar to that used for the variance of phase. The nor-
malized autocorrelation function is defined as

R (£) = [¢(yl - $“¢(y+51 - $] (37)
%
L 00 $(yeE) - §° -
UZ
¢
N SERVATZ N T " )- -
" f’:‘ [)"pi °"1’( )] [L Py exp( ———-—-,——)] Ch
¢ L1 2 i 204
(39)

(R will be used to donote various autocorrelution functions but when
unsubscripted will denote tho phase autocorvelation function,) By a sequence
of steps analogous to those in Hquations 31 through 34, Bquation 39 can

be reduced to

b EDT\ gy
R (§) = % 21)1 exp(- ---——-;-—-—) exp( -§-—,) - (40)
(t) Ui 401

Again, the avorage of the sum can be approximated by an integral over space
and striation parameter.
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¥ =
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:v i
g;‘ E
i v
T " o 2
' i? R(E) = meetl Bl f n2 g exp(- -5-) P(s) do (41)
L % k’n:slna o; 0 da?
P
: § Or, if the value of cé 1s substituted from Expression 36,
v Ly :
, - ﬁ .
i _ﬁ\ﬁ o} oxp(-£2/402) P(o) do (42) ’
! ?. R(E) = ;E‘;T ) ;
E % How dnes this rolate to ray devlation? Consider the general :
E % normalized autocorrelation function whore for simplification in writing ]
¢ ! ¢ 1s tuken as the deviation from the mean, ;
. i A
‘.." :1&‘ , ‘1
i ‘ Y1 l 2 i F
] R(E) = Um G(y) d(y+E) dy -/2>',0¢ ' (43) bl
Y Y1 $ \: .
.
\ The second derivativo of R(E) at §=0 1w _—
! C
1 L
. - ‘ )’1 ' 2 ! '_
3 R'(0) = 1w Gl (y) dy /2y 04 (44) P
: Y= n | L
} E Integrate this by purts once to obtuin : &
k : |
3 ‘ Y y 2 L
3 ‘, R (0) = Llm }MY.U": : "“L‘;f ‘[w(yl] dyg. (48) y
: : Yy 2y, 0 0y YN P
A ! ¢ 1y, ¢ .
3 ] y
! ' If ¢ aund ¢' remuin smull over the range of interest, the firvst term of
! the right hand momber becomes small compured to the second. Moreover, the
, - second term Ly the ratio of the varlunces of the derivative of phase and
| 3 the phase. Consequently, ,
L 19 i 3’
: g" 1 |
18 1 :
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o:b, . -c; R'(0) (46) 5

(¢' 1is assumed to have zero meun),

The deviation is directly related to the dorvivative of phase

shift (Bquutlon 22). Thus,

2
Gs . AL o, = -—;——} R"(0) . (47)

As used hore cg is the varlunce of ray bending or scattering angle. In

luter analyses, it loses that physical significance but is still u useful

churacterization purameter For the plasmus. This can bo used with Exprossion

Sl St et i

S e L T S I Ot S S

41 to glve
T

g2 w wl. nﬁ o, (48)
4dsinan? :
¢ ;
{
which 18 identicnl to the result given in BEgyuation 20. ;
|
%
{
:
|
{
i
l
20 ;
I
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33 Ray Optics and Stationary Phase Analysis
3.3 Scattering as Viewed by the Radar

The geometry of the thin phase screon-radar-target is shown
in PFigure 1, Up until now the scattering angle 8 has been discussed.
[t can be seen that the angle of scatter seen by the radar ¢ is

Y= RT/(r+RT) (49)
if the angles are small,

In tho strong scatterlng case (the phuse scroen having many
radlans phase «hift), unloss there 18 n region of the sereen for which
the scatter path phaso shift is constant, the scattered energy will
add incohorontly and contribute a4 noise-like, random phase background.
The scattered wavos from regions of constant or stationary phase will
combine cohorently und form discrete scatter ray paths,

A

phase~o
screen

scg;tered path
s

7 3

r RT

Figure 1. Scatter geometry.
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i The total phase advance including geometric and phase screen
contributions for a path penetrating the screen at y 1is (for small
9 ' ! ungles,)

]
¢T-.%"R +¢' (50)
where

- R mp "l &r". (1)

Fermat's principle leads to the condition that rays between two points ]
(radar and target) propagate over paths of local extreme phasc deviation, A
i,e., where tho derivative of phuse 18 zoro, These are called points of
stationary phase, If we set the derivative of by equal to zero, we got

Py =/ (52)

where £ has been used to represent  AR/2m,  Equations 49 and 52 represent
the same relationship if 6 = %%‘p'. which was previously dorived as the
geattering angle at the phase scroen.

X The Intonsity from one of these regions is detormined by the
extent of the coheroncy reglon, The amplitudo varies as the linoar extent,
the power as the squaro of the oxtent. Quantitatively, the extent will be

: ubout thut for which |A¢T|<n. Thut ls,

1 vty 2
| ly) = by )|mmw | - Lapriy) by o 0ty A . (53)
r Yy 3T i }

where the phase shift has been expanded as a Taylor serios truncated after ;
| tho quadratic term and Ay m y - Yy Algobraic manipulation of this using f i
E the value of ¢' Ffrom Bquation 52 produces 4

Ay’ u z-nl.lf - @ (}-l) 'l. (54) A
22
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For no striations or refraction, ¢! 1is zero everywhere. The
use of this normalizes Equation 54 to the undisturbed power gain.

L n 1 . (58)
Po 1. f¢' (yis

Although Equation 55 indicates that P/Po could go to infinity
if fo" = 1, this is u fallacy introduced by dropping high-order deriva-
tivey from Eyuation 53, If the structure of the phase screen has a charac-
teristic Jdimension & and scattering is strong, it is unlikely that the
phasc is "stationary" for more than a distance 2/10 . If this is used to
estimate an upper limit on the power gain,

P 93 L2
Po ° Z007F " TOONK (56)
The unnlysis in this section does not require that the ragions of
stationary phuse be as large as a Fresnel zone (2§ = AR), but it is apparent
from Lquution 56 that the power guin on a ray path is the gquare of the
extent of coherence measured in terms of the first Freshel zone size. Con-

sequently, 1f the structurc is fine, most of tho energy is eithor scattered
out of the beum or combines noncoherently,

3.3.2 Distribution in Phase, Angle and Power

Tho random walk analysis leads one to believe that the angular
scattering distribution should tend toward a gaussian distribution, Does
the stationary phase analysis give the same answer? And if so, can one draw
conclusions abour tho distribution of phase shifts and amplitudes? The
anwwer 1s yes,

If a straight path through the medium intersects many randomly
placed striations, the numbor intersected will have a Polsson distribution,
which approximates a gaussian for large numbers of intersections, Con-
sequontly, in this limit ¢(y) 1is gaussianly distributed,
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Call its normalized autocorrelation function R({) . This means that if
the phase screen is randomly sampled at points sufficiently spaced that
R(E) <<1, the values so measured will form a gaussian distribution with
variance oé , as already computed,

For such & random gaussiun sequenco, samples spaced Ay apart,

satisfy the relationship

G(yrhy) = $(y) R(Ay) + VI-RZ{Ey) 89 (57)

whore g s a gaussian variato from a unlt varianco distribution. This

allows the computation of the derivative of ¢,

do . . ¢ly+ay) - d(y) :
oAl Aiil‘} A ' e

To evoluate thls derivative requires knowing R(£) only near ]
the origin. A3 was previously shown (Equation 46), for well behaved : §
sequences, the autocorrelution function is purabolie near the origin, ; 3
Thus, f

0 '2 gi H .Q

REE) = 1 - %‘ﬁ,—-: =1 - ag?/2 (59) y

a  just being used for o¢,"/o¢2 for convenience, b
!

The combination of lLguations 57, 58 and §9 yields % ;

- aAy? 73 . §

o = tin § - 0AY*$/2 + /oBYE go, - (60) I :

Ay=+0 Ay

B

- /Ego¢=o¢'g . (ol) ; {
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%‘ % It is evident that the gaussian character of the ¢ distribution
i % is adequate to guarantee a gaussian distribution of ¢', Intuitively
T i wo suspect that the conditions necessary to produce a gaussian ¢
4 f ! distribution are those necessary to produce a gaussian distribution
4 : in the random walk, !
- L The other, very significant implication of Bquation 61 is 4
3 t thut the slope of the curve ¢' is independent of the value of ¢ . :

1 l This means that at points of statlonary phase, the phaso shift ¢ is ]
ff { not related to the deflection which is determined by ¢' but rather ia
: 5 independently goussianly distributod with its own variance U; ., Con- 4
E : sequently, so long as o, % 1, the phasos of the various rays are I
E ‘ indeed uncorrelatod. % 3
! i
J; § The proper gaussian statistics for ¢ and correlation 1
4 : between samples ure maintained for three equally spaced samplies if the [
3 second is determined by Hquation 57 and the third is determined by é 3
; : B

4 ‘ . R? ; {4
1 plysaty) w R S ROV 4y o RIVILLRQGON] 4y |1
E o3
q ) ST e é 4
] R \/1 + 2RECAYIR(2Ay) - 2RE(Ay) - R(2AY) gc¢ ‘ (62) '
3 T
1 whore b = 1 - R¥*(Ay) (Reforence 5). .
é. : This can be used with the autocorrelution functlon to compute the ‘§
1 : second dorivative !
E é.
2 '} G"(y) = lm ¢(y+24y) - 20(y+dy) + bly) : (63) y
B Ay! B
) - AY*O b
; % ?z however, torms of hlcher ordor than &2 must be carrled In the auto- ;
3 é correlation function in order to property represont the first sipnifi- ?

; E cant teorm in the radicnl of Equation 62, i
¥

R T
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The neccssary expression for the autocorrelation function
is

REE) w 1 = a£®/2 + bE"/24 (64)

The coefficlont bL is

d"R| LIV,
b= T : Ry (0D (08)
This can be obtained by taking the derivative with respect to § of

Lquotion 41 und then setting £ = 0, Thus

Riv(o) . ff;T:LT;; . (66)
ng o

By tuking the fourth derivative of tho gonoral equation for the auto-
correlution functlion (liquation 42) and integrating by parts twice,
we nlso obtain

!
R'WVioy - B (67)
¢ n“"

These will allow the determinntion of tho second derivative correlatd
when liquation 63 is ovaluated,

The evuluation of Uquation 03 using exprossions 57, 62 and
63 1y stroightforward algebra, but todlous, The rosult is

" w - a¢ + Vhon? go¢ (68)
o,? o,
s - a%r p o+ 1 - '—-?"—rc‘b U¢|| go,pn (69)
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The implication of Bquation 69 is that the second derivative
of ¢, which determines the strength of a multipath ray, I8 correlated
with the phase shift on that ray and has a random component as well.
Because there is no correlation between the phase shift and the first
derivative, it follows that there is also none hetween the first and
second derivative (a result of its dependence on ¢ itself). The same
independence can be proven because the first derivative is a gaussian
soquence similar to ¢ according to Hquation 62, and consequently
its derivative is uncorrelated with itself,

The deductions from these correlation analyses are that at any
point on the phase screen, ¢' is gaussianly distributed, and hence the
probability of a stationary phase ray occurring at a particular value of
y s a gaussian function of y in order that relationship Bquation 52
is satisfled. The phase screen phasc shift along a ray path is also
goussianly disteibuted and uncorrelated with the scattering angle, The
second derivative of the phase shift which determines the strength of the
signal propngated along a ray is also gaussianly distributed, being the
welghted sum of two gauszian variates — ¢ und g . The intensity of a
ray is uncorrelated with the angular deviation because ¢' and ¢"
are uncorrelated — all possible paths have the same energy probability
distribution function. Consequently, because the number of paths varies

gaussianly with angle, the total power scattered varies gaussianly with
angle.

3.3.3 Density of Multipath Returns
Provious analysis (6) has shown that when multipath scattering

conditions exist, if consideration is taken of all the combinations
of outgoing and return paths, the numbor of combination rays hecomes

27
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T i very large. They are typically spaced at effective range sepatrations
SR } of a fraction of a meter over a region with a variance
L e A (£ w2 -
3 o = @7 [ 7 % W %] (70)

If the radar is not an extromely short pulse systom, many signals that

appear randomly phased will interact in tho monopulse processor as

was assumed in the original HARC analysis, Conscquently, that annlysis
which assumed the combinntion of randomly phased vectors in the sum and
difforence chunnels of u monopulse processor is Indeed valid for the

strong scattering case.

R IT TR TR T

The sensitivity of radar output to variations In environ- _
mentnl models will be discussed later, Tho extension of the theory 3
to tho generalizod physical optics case will be discussed next, 3

T TR I T

3.4 Huygens' Wave Theory and Angular Power Spectrum

Huygens! wave formulation is that at a particular instant in
time one may consider u now spherically divergent wave storts at ;
{ overy peint on a wave front. ‘Tho superposition of these wavelety ia '

s e T et e L

the solution to the wave equation at a future point in time. This
formulation is, in fact, the basis for the analysis of the previous

F ' section where the regions of stationary phase imply that tho wavelets
add coherently,

i plane wave, there will be a phaso shift introduced by a thin phase
i scroen, the angular region of interest will be limited to nearly
i
|

In this section, the initial wave will be assumed to be a }
|

forward scatter so that the wavelet amplitude is independent of angle, i
and the angular spectrum will be analyzed far from the screen so the
range to the screen is nearly independent of position (from the

28
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standpoint of power divergence, not phase shift). The angular power
spectrum will be obtained for limiting cases of large and small phase
perturbations and, for one striation distribution, for all phase
perturbations,

Booker(7) has shown that the angular distribution of power
scattered by a plane wave incident on a plane phase screen can be
obtuined as

p hd -1 218
JOREY ENCIE de: (71)

whore RH(E) is the autocorrelation function of the electric field
and Py {8 the integral of P(8) over all 6, Bquation 71 is valid
in regions whore sind = 6 —i.e., most energy scatterod at small
angloes,

3.4.1 Autocorrelation Function of Electric Field

The autocorrelation function of the electric fiold is

Ry(8) = E(y) EX(y+E) , (72)

whore the asterisk denotes the complex conjugatc and the fleld strengths
are normalized to unity. Consequently,

Ry(8) = exp[l o(y) - 1 o(y+R)]. (73)

The phase shift at y+f can be expressed in terms of the phase auto-
correlation function as given in Bquation 57,

29




Ry(8) = exp |1 0) [1-R(B)] - 4 ARET go,] . 08

Inasmuch as ¢(y) and g are independent, the average in
Equation 74 can be obtained by multiplying by each distribution function
and integrating over ¢(y) and g. This ylelds

(0« 1 [om |1 00) [-R@] - 61 0)/20 | do1)

1ro¢
x =te [Toxp | o1 /TR g0, - g2/2 | dg . (75)
- l ¢ |

This is integrable by the technique skown in Appendix A.

Rg(&) = exp |- o3 [1-R(E)1%/2 - G3[1-R(E)2)/2 | (76)

|
. oxp :-c;[l-RCE)]‘ ) ()

which is exactly that relationship derived by Brnmley(4). This expression

can now be used in Bquation 71 to obtain the angular power spectrum,

3.4.2 Unmodified Components

The oxpression for the power spectrum can be written in a
glightly different form

X
peo) = Lim B f oxp | -o3[1-R(D)] - 4 moe/h | aE . (78)

-X

X
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componont l‘u. For 0 = 0, this term gives

Foot B
- !
: f
% i
! &
;
Q , / % The upproximation will be used that the autocorrelation function can be
: reasonably represented (reference Equation §9) by
¢
i - 2 H 2 <
; : 1 -£ c¢,/20¢ if £ <&,
R(E) = (79)
_ 0 if £ 28
E - where &y = V7 c¢/a¢,. Insert this in Hquution 78,
: ;_ . &1
i s P(e) = -{-[oxp[- §0g. /2 -1 2m0E/A] df
: =51
; ' X
4 : 2p
1 : . :_i:l -—'Xl f cxp(-og) cos (2mOE/\) g (80)
! ; £
? e
3 : .
r ! ) » R [ oxp [-eﬂoi,/z . iznGE:/A] dE
-6
_ 1
: " sin 2m0x/\ - sin 2m0£,/) i
: {_ ¢ 1y Lm :oxp(-o;) Mn 2103/ - sin 200E/0 | gy i
: : ¢
] ‘;
E. f Lxpresaion 81 will be usod to determino the unmodified signal penetrating ‘
y : the scattering medium and the scattered signul for 9y > L.
‘ 3.4.3 Unmodified Signal |
|
The second torm of Expression 81 gives the unmadified or direct i
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.l Py * 2 Lin fexp(-a2) 2y}, (82)

3 which approaches un Infinito angular power density. Of course, the incident
5 plane wave had un infinito angulur power Jdensity there, Howovor, if we

é perform an integrial over 6 hefore letting x»= , we will obtain the power
\ in the unmoditiced beam. (Thls power s concentruted In un ungular width

é of the ordee of 3/x , which accounts for the constant unscattorod power

g flux as  x+e ) To aceomplish this, redefine Pu us

3
0 ;
= Po tin [ 4 exp(eody AMLATERA 8l SO go
t Xww o () (b
! d (83)
3 The direct beam will be do¥ined us being In that ungulur width G
i such thut :nodx/x *» 1 and 2ﬂ6d5;/x << 1, This 1a equlvalent to )
? rodatrleting the geomotry such that the sceattering modium s at loust
¥ ks
several docorrotation widths wide, With this restriction
§
2 4
~0 0 0, , E
y + tee Prind [ AR 20 g L [0 g (81) ;
u x-a|¥ T -9 p
d ]
o
. ? } E
: -a
: | ¢
E e (85) |
4
]l A
_5 ‘
i The last term In Lyuation 84 is nogliglble based upon the rostrictlon ’
- 2ﬂ0m€x/k << 1, Conseyuently, the direct unmodifiod component s E
, - i
; always e U¢ times the incldent power and can bhe reptosonted by Ly
32 ;
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a P
P,=Poo *8(0), (86) 3
whero 6(0) 1is a delta funetion, G
{ .
3.4.4 Large Phase Perturbation Scattered Signal !
If the phase perturbation % is lurge i j
£ u¢,//'.7 “ 0y > 1y (87) % ‘
and in Equation 81, the limits of integration can bo extended to infinity é
with little error., Integrating this term according to the means of ;
Appendix A gives |
02 !
T .
Py(0) w '—_:-L-— ¢ (88) s
VI % o
4 normal distribution with variance oa. 1t cun be noted that as it stands, }
the Integral of Py over 0 is Py, the total Incident power, ) j
The term iavolving the limit on x is already accountod for in ‘
the unscattered boam, ]
The final term in Dquation 81, lnvolving sin (2m6L,/A), can
slightly add or subtract from the scatterod component but on the averuge E
subtracts and, indood, when Integrated over 0, removos from the scattered 1

boam exactly the nmount of power that is In the unscattered beam, Its ,
mugnitude is alwiys less that 20 percent of the main scattered component and, ]
for valuvs of Uy in oxcess of about 2, is lesa than 1 percent. 3
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Conseyuently, 1ittle error is introduced, calculations are simplified and
onergy is conserved, If the avorage correction due to the last term is used
for all angles., Thut ia, the power dilstribution of Equation 88 is multi-
plied by 1 -exp(-cs) .

Using thls last approximation, the total power angular distribu-
tion function for the case o, >>1 can be written

¢
02
2y = e
-o? ‘ '°¢) 202
(o) = p°§° ® 50y + 1/: e 0 % . (89)
m™o
=" %o

3.4.5 Small Phase Variance Scattered Signal

To Investigate the case of small phase variance, It is more
ingtructive to roturn to the basle expression for the ungulnr power spectrum,
Lguation 78, and expand tho oxponentiul:

0

-02|1 - R(&)] -0? -0
o 9 3 ¢’+(1-u ¢)R(£) , (00)

Whon the approximation of Equatlon 90 is used in Eyuation 71,
the integral of the first term loads to tho delta function, und

2
] .02 -0(‘) oy
P(o) = PO}O $ 500y + 2 -‘--;---f R(E) cos (2M0E/2) d(‘,' .
0
®1)

At this polnt it becomes obvious that for this weak scuttering case, the
angular sapectrum is not necossarily guussiun, That the gpoctrum way
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guussian for strong scattering was a result of c;[l ~R(E)] being large
before terms in R(§) greater thun quadratic were important. lor weak
scattoring, n broader portion of the uutocorrelation functlion will be
significant., As oxamples, let us consider a medium of uniform gaussian
rods and one followlng the experimental distribution function of Equation
9,

For u medium of uniform striations tho autocorrelatlion functlon
is

R(E) = oxp[-E%/d0?] . (92)
(P(o) in Byuation 42 1s S(a) ) This can be expressed In terms of the

variance of phuse und phase gradient by muking use of the relationship
R'"(0) = -o;./oa and liquntion 47:

$
1 e
RY(0) @ = w - £ . (93)
20° c$

When this ls used in Bxprossion 92 und tho result inserted in Eyuution
91, the result is

.02 -0? a
P(o) = I‘O‘e Pse) « (l-o 4’)-———‘P-«-o

In thin cuse the seattering does happon to ho gaussian, but with an angular

varlance incroased from 08 to uS/oi .

For the experimentally dorived Chesnut distribution, the nuto-
corrclution function is
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1
RE) = T3 aEyT (95)
or
RCE) = ‘ : (96)
Y
¢
This cun ulso be Integratod explleltly in Bquation 91, ‘The result is
VI 0.0
ol o?\ o ) o&
p(e) = P lo 80 +<1 o )b 0}, (97)
o
TR

I this case the distribution is exponentinl, not gaussiun, but thore is
littlo power in the scuattered component becuuse o$ is ussumed to be small,

3.4.6 Variance of Angle of Arrival for Uniform Striations

For wouk scattering, the energy 1v more broudly sprowl than
defined by the puarameter An¢,/2n, which has been denoted Oy + The
spread 18 Increased by a fuctor of the order of 1/o¢ v For tho uniform
poussion striatlion model the varinnee of the scattered power ¢uan be coms
puted explicitly for all u¢ . To nccompllish this, the exponentiul in
Equution 78 can he expanded In o Taylor series und the result Integrated
term by term. ‘Thus, becuause R(E) = oxp(-ﬁ’/do“),

2 @ nt?
Yo ] wr -
PLoy = -2-§—°o b [ 1+ IE‘% i\lf oi“ o 49 Teosqanee/n) ¢t
(98)
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3
y
P
4
§

f
£ 1
z P
‘ The intepral of the first (constant) term in tho brackets is the diroct
g ' unscattered beam. The scattered power is distributed
an 1(2nec)2
] 0 -
p ((_.)) 2 M e " ) 99)
nel © /-
as wus obtained by R:\tclil’fc(a). The vardance of the scattered power 1s
— 0% p_(8) do
_ gt w8 (100)
® Al
' vs(e) d@ ]
E The Integral can start at 0 because the distribution is symmetric about ﬁ
; =0, and go to « becuuse l‘% ls casentially zero beyond some value of I
! 0. This gives
‘ 2n 2
© g | {210y
1 - (p w0 - -
)» f 6% o “( ) 4o )
57 . =l ni/n Jo ;
2n 1 {2ng |2 (101 g
i = ® i (_T—)
&} 0
n=l nlvn v,
4
w g2l 32 !
Z Q < H.\z ) 1
-~ i
= 22
_ nEL nivn \dn?o (102)
! w N ) /2 §
2 5 4 (A )
n=1nlv/ \dnr?a?
j
n 1
@ !
S L9
; A2g? 2 AT -
e et 020 (103) E
gréo? | §n gN '
ne0 Tl " k
1
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92 B w———— —— ——

gm? gt 1 . oxp(-c‘;)

Although it 14 clear by inspection of Hquation 99 that cven
for the homogenceus strlution vnvironment the power distribution ls not
o, = 1, for radar modeling purposes, the correct char-
acter to the signal con probably he obtained by use of u gaussian

distribution with a varlance given by Lquution 104, ‘The striatlon
Both the impact of

giausslan for

parameter ¢ cun be tukon us an eftfective size,

the disteibution on the radur monopulse systom und the choice of un ;
effoctive size will be treoated in following sections,

3.4.7 Summary

One way of choosling an effectlve striution slze 1s to mateh the

autocorreiation functlion curvature at the origin

1] l Ofl
RU0) = - b e o 00 (108)
¢ 22 a2

¢

LF this ls Inserted in Equation 104, the vesult s

* ,\202
AR (1006)

et e At

n? 1 - cxp(-ué)

02
L ' (107)

1 - vxp(-o&)

where tho value or o;, has been taken from HOquation 47,

k]:}
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Weiting 0% in this form clearly illustrates that for the goneral cage It
has the proper limiting values of i  for largo of -and ol/0%  for small

) , 0 . ¢ O
oi wd for the uniform strintion case s corroct throughout,
\ . -

[t is useful to think of the sighal ay comprising u true, undis-
torted signal due to the anmodi Fied component and o nolso algnal due to the
randomly fluctuating seattered component,  In those terms, the resultling
algnal-to-noise ratio Jdue to the scattoring s

uxp(-u$] ,
S/N = 'l‘::“.“\l;'(_"d"))‘ ' . - . : (108)
¢
3.5 Monopulse Response to Scattering

The mportant question to answer is the presponse of a pioce of

cquipment to the signal produced by the scatterlng enviromment. [t will bo

assumed that the vadur pulse by suftleiently fong that the sighuls propagated

by the various scatter paths are contemporary in the signal processor, The

model to bo developed will be that of o phase comparison monoptilse system,

A Vstrong! scattoering case mudolti) hits been previously developed,
The amitlysis was spocitieally applicable under conditions satistfying geo-
metrie optice,  The analysis here will use the wave front integral and thin
phase screen approximation thot Is applicable under the single, loss stein.
gont condition that the phase shlft varianee Is larges  (The results will be
scen to be tdenttenl to those of the curlier, more restrictive derdvation,)

The analysts will then be extemded to conditions of smull phase shift
vinrbuneo,
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)

Flyre 2 shows the gabmetry of the configmeation. The
aptonnit is o phased aveay pointing on angle o from thd'sourde,  ‘Ihe-

total phase shift rolative to the diroet path-ls

. M yd L end? L » . - -
¢T Y (fﬁ; ‘;;i?ﬁ“"f MR m) +* ) : ;109)
. . SN -Zf,.)’ﬁ +‘3“ + | -, I.,“]m;'
ATy : - ' S
whore a torm In 2?/Xv has been dropped becuuse it s smald An the far
sone of the antema; sin o has been repreosonied by« (a wrlfing
simplification, not really o mathematteal approximation); R™ = Rl « o7
as hofore; und higher order terms in /v, y/r, and y/RT have heen
dropped bocause seattering angles have boon assumed to be small,
4
—
1 b r et siama Bes tmbeanecmaae e es amimd e b . AL ] - R ..R.‘.k.u e ot sak w4 ATy SN e kh < 18 L et e o
) r T target
antenna phase screen

Figure 2. Antenna - scattering configuration.
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For an antennn of width d , the normulizod monopulso sum channel

d/2 © { i
:-f f o ldy de (1)

zgmay/d Ve

amplitude ig

d/2 w o . ,
-f f vxp[---‘%{f-r- + J-—;\-!-'— (';-;-u) 2+ ) dy dz (112)

~d/2 o

.
4
d/- H .
iny . 210 (\‘ AL ) 1 .
j.( fm oxp - -t * 1) ”’HL'X— ko u)..] dy dz :
(113) ]
" , 3
w slnl%[(% -xo v? e
" =t oxt- e o to1 ay (14) ;
-ty J(('\i‘ - u)
%
To muke the mathematlvs tractuble the antenna pattern (3in x/x) will be {
approximated by o paussian, I the Final application, some of the gaussian 3
factors ¢aneel, so that the approximation s only equlvalent to fltting the }
"3 .
untenia pattern with a gaussion Jocully ubout the reglon of maximum veturn, 4
Usling {
, ;
sin x X x' 1
“-.,i"“ 2 ] - -(‘—- v \‘\l’(' T N L]\[‘\) E;
;
Equatton 114 becomes i
"' by s on?d? f
\_‘ A - #e ,’.. 4 - 2 0 i
LI _“)mxp W o L W o+ Lphdy (1 i
e %
Iy actual practice, the guussion may be o bettor approximution to i
an antenna pattern beeause food tapering 1y used to suppress the side lobes i
assocluted with unitorm FlHlumination of o rectangulur uporture, §
9
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o
T
? &
] ¢
? : E For future writing simplicity denote
o
= i b - m/AR
3 : : (117
v ' ¢ = nid?/eAR,
:
: ' The difference channel output will be
1
L d/2 © i¢l 0 o 1¢T
5 Aw fc dydz-f fe dy o2
’ =0 = 2m-d/2 **
) (118)
' |
} @ d/2
; | 2 on Y
! ; = 2 expl- Lby® + 1o] sinf;— (% -o ) u]dz dy
3 ymao 2u() '
b (11y)
- 4 . Ty
§ . i f[l cos ¢ (T -Q) d] exp[- iby? + 19] dy
- Lt-a (120)
4
% ™

2 «
--1--;'-‘1 f(%-a) expl- lby? - 5 (L - a)? + 19] dy

(121)

whore u gausslian approximation to tho nntenna pattern has been used once
| : again,




3.5.2 Sum Channel Power

For normalization purposes, compute the undisturbed sum channel vole
tage and voltage variance, which is proportional to the puwer, for ¢ « 0,
a=0,

B e s L o T g TR T S

Tond f oxp[-iby? - cy?/r? | dy

e e T T RTRETI T pierrs

e

- \" 2
Po » |2~o|2 “ 2:o 2~o a ”_fnuwgwfum?_
-E-‘-‘-—‘J—-—
36A'rY  A?R?
In the antonna fur flold d2%/Ar << 1; hence Equation 124 is nearly
Po = d®AR - (125)

Consider next the mean value of the sum channel voltage., The
distribution function of theo phase shift of the phase screen is

1 2042
Pid) = oxp (- $%/20%)
vorn % P ¢

80 that

exp :_ thy? - ¢ % < a)? e 4o - ¢’/20${ dy d¢

(z7”n
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This integral 1s the form of thut of Appendix A, Because tho variables
are lndepondent, integrate on ¢ Ffirst. Thls loads to

2
G a
- i‘—-;fl‘ ¢ O . (128)

where the far zone approximation (¢ << ibr) has heen used,

Care must be oxorcisod cither in the Interpretation of ¥ or o;
bocause of antenna flltering offoctn, 1f u; Is based upon ull spatiol
wavelongths thut might bo present in the cnvironmental structure including
those comparable to the subtense of the antenna bheam (.00, ¢ varies
systematicully over the antonna beum), there is o portion off the signal phaso
varjabllity that 18 constant over the bonm nt n particular time but varies
with time, A phasor plot of the algnal way just bo o nourly constant ampli-
tude vector rotating, possibly slowly, ubout the origin, [In thls case, 1t
18 tho vector averago of the signul which has the value given by Lquation 128,
Even a nonscintilinting signal may have a neurly zoro moan due to u slowly

varylng gross phasc shift.

A possibly more useful approach is to Include o spntial wavelength
cutof't 1n the computation of o¢ such that the ensemble average of Hguation
127 has somo valid meaning in the context of u single meusurement, The
longer wavelength structuro would then be nccounted for by meuns of a
moan phase shift, gross refructive angular error and foeusing galn (to
roprosont mean phase shift, mean first spatial derlvative and mean second
dorivative). The proper way to separnte the effects that are due to random
variations within u boumwidth und those due to correlated variations has

not been developed,
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Similar, but even morc stringent limitations may apply in the case
of small phase perturbations or small mean scattering angle because the
region of significance may be even smaller than the antenna beamwidth,

It may be controlled by the mean scattering angle or a Presnel zone.

If the one-way power gain of the antenna relative to boresight is
called G(a), Equation 128 can also be written

—f- VT o 2 gt (129)

Q

The squure of the reul part of Z ls

.g?
EE* =Pgpe G(a) (430)

which (by comparison with lyuatlon 88) Ix the direct unmodifiecd power
attonuated by the off-axis rejoction of the antenna,

Compute noxt the mean power recelved

= d? f fexp :ib(-y’*«z’) - cf % - a)? - e {‘j— - a)?

180 - 0@ |y a2 03D
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let 2wy + §

T Y
P d"[; fm exp{ib(Zy!ﬁE’) - 2c(%-a)“-?-r£(§-u)£

]
Sr s 1000 - SN} dy g (132)

The only factor that needs averaging over the ensemble is that involving
the screen phase shifts, This was previously defined (Hquation 73) as
the nutocorrelation function of the electric fleld RE(E) and evuluated
to be

R (&) = uxv{-o;[l - R(F.)l}. (133)

Lyuatlon 132 cun then be rowrltton as

(-] w
[ d‘f f exp{E? 110 - 51 + ElL2by - (Lo )]
-0 -l

) Zc()l-:--u)“-o;’[l-u(r,)]} dy df . (134)

In the limlt that o2 »» 1, tho {ntegrand ls shurply peaked
about § = 0 where tho term [1-R(§)) 18 nourly zero. Conseyuently,
the Taylor series approximation cun be used for R(£) (sce Bquatlon 59);

ogll-RLE)) = of, £2/2 (135)
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With this approximation, HEquation 134 can be integrated first

over £ then y to produce

-
NG Bl IR SR DT I e

i
§ ; “
2 i ) 2 2 i
3 Pow '-—:::‘I'Q_-L-'-a:*'; oxp }- T “2 f \ (136) 1 3
; : ant ¢ ( a2y o, .

{ 2 g -
R " 1+ _-6_%-{[{ 3 63 * 6 )Ow §|
r ¥ 0 'R
: § where torms small in the fur zone have been dropped, Oy ™ g%-o¢,. ow n RoO/r g}f
A § and 9¢ = A/d  (the position of the first null in a rectangular antenna's § 1
s { side lobe pattern), Thls can also be written in terms of the antennu gain ? 3
3 at angle o |
b | { :
. ; i
;h [ T s Lo oxp gfﬁgi T%” ) Gla), (137) g 1
» [l—""_u K 0 u k
: ¥ = 1
: L]
| where i
k. .
w e dnf oi/6 0, (138) )
4 ‘
: 1t can be shown that if n20?2/30§ s groator than 0.5, scattoring g
b may inercase tho signal strength over the value obtainod in o non-structured ;
? b environment, Baslcally, this means that if the turget is sufficiently far %
i " 1
trom the beam polnting direction, scattering may provide a higher gain puth .
3 ¢ t

. : for the cnergy than the direet path, j o
3 i |
1 ; i3
4 v It 15 clear that the mean power greatly oxceeds the power in the 3
4 i

'}’ ; unmodified component if o¢>>1 . Furthermore, inspection of Equation 116 §
{3 3 shows that the signal is effectively composed of many randomly phased com-
18 ! .

ponents because, for the assumptions used, the i¢ torm can vary over many
radians within the boamwidth and Fresnel zones. As a consequence of the
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S ; contral limlt theorew, In this limit, the sum channel voltage will have in-

[ i phase and yuadrature compoinents that are euch indopendently guussionly dis-

¥ tributed with & variance equlvalent to half the roceived power,

E |

§ Fer o? << 1, un alternato assumption ullows integration of

g Equation 134, The exporentinl factor lnvolving tho sutocorvelation function

P

i can be expanded as o Taylor serles In oi with the rotention of only the

;. lincar term in c& . rhus,

b ~?[14R(E) ) -0?  otR(E)

’ o ¢ e P (139)

]

¥ 02 :
: wo ¥ 1 sod REY] (140) 1

The uutocorrelutlion function can then be approxbmated by a gaussian,
oxp(-u£/2) , und the result lnsertod in Bquation 134,  The gausslion auto-
correlation tunction is exact only for uniform slze striutions if the
profile is gausslan (this can be doduced from fgquation 42 and will be

However, Inasmuch as it I8 the only physicully roason- .

discussod luter).,
uble function that rendery Byuation 134 integrable, wo will use it in the

hopes of obtuining at least u reasonable estimate of the scattering,

Akl ol ek o202
PUTORCY -y ST P RO 3 e

0

For these approximations,

-0} ! 90 .
P e d¥o ¢ ft‘xl’{ﬁa [“) -;}‘2‘]*C[ul’.‘"'t{%'t}i:“ﬂl]' JC(%;* C()?'}

f x {l . o; oxp[-uﬁ’/ZJ} dy d& (141) ! é
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This is of the same form as previous integrals. If we make the fur zone
approximation (c? << b2r%), match the curvature of the autocorrelution
function of the phase at the origin (o o;,/o;). and, in the limit of
small c; » approximate 0$ by oxp(o;) -1, we obtuin for the {ntegral

2
—_ -0t 2,2,2 "% 2 42 2
P lege ¢exp[— : d(: ]* 1":3'"_':!::. oxp - == : aaa 2
3A d“R®o d*Réo
R BT (R )
6r (1¢ 6r O¢
(142)
This can also he written in terms of the antenna beamwidth ©, and mean
apparent scattering variance c&.
2 -o?
— ‘ -0 ¢ 2 L2
P = Pgie ¢G(d) + —_—1-9—-_.-:-:-: exp|-~ 1_g
I 2ar? ol 2t gt
P g— 3fop + —Y
303 05 3 o;

(143)

By reforence to Hquation 130, It cun be scen that tho first temm
is exactly tho power assoclated with the unmodified component, und tho
socond torm must be thut produced by the random noisy component. If tho
derived value of the moan scattoring varlance is obtained from Hquation 107

R 2
;) 02 (144)

ol
S (145)

1 -« exp (-ca)
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L=

. f andd the asymptotic forms for large and amall og are used in the expreasions bk
: ' for strong scattering, Bquation 136, and weak scattering, Equation 143, the Ty
result in both cases is 3

-0l

— b ¢
P = l‘o [} ¢G(Q) '.']sln-ﬂ?-w——- ¢ eXp [. -——-lr—z-.-—q:.__]

2 2 2
1 . 2 3(93 . EETJE_)
(1406)

3 o}
Thus,we have a single exprosslion valid for both strong and weak scattering. !

3.6.,3 Sum_Channel Amplitude Distribution

For strong scuttering, it wos shown that the sum channel signal i
was composed of two independont gaussian variates in quadrature. fHow s 3
it for weak scattering? Uxpund tho busic sum channel voltage given in ?‘
lquation 116 for small phase shifts, ;

-]

. T dfexp}-wy’ - o(k-a)t] [iee e L dy (147) |

D DN dfnxpgwlhy"' - e(% - a)’: i¢ dy (148)

- This shows tho sum signal 18 nearly thoe undistourted signal plus u weighted

intogral of tho phase shift. ‘The integrel is the limit of u sum, Conse-

] quently, the integral ovor the weighted gaussian variate ¢ will be n

3 guussian varlato. Consider the Intogral as a summation, Thore will be

i roglong of y in which the phuse 18 relatively constant. Call the width S

by . of such a reglon §; and take it to bo the distance for thoe autocorrecla-

tion function to drop to 0.5, 4
50 ;
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s .
: ,
3 £y > E:t . (149) :
;‘_ ¢! ) K
s
The character of the integral of Equation 148 is that there is :
general attenuation near y=0 of exp(~ca?), which is the antcnna response :
L. in the target-source direction,and a continuously changing phase. The i
' reglons of coherent plasma phase shift will be coherent in the integration
3 only if the spatial phase change across the region &, is small, Outside
b thut reglon, the phuse becomes randomized und does not add coherently.
§ The phase shift gradient due to physical path lTength is ?
4 ]
b de . ;
f s, am S
; iy (150) o
] 3 o

For estlmation purposes, require that . ;

T T T

¢ de o
7 _J;b- £, < % (151) ) Rk
; E
3 This establishes a maximum region of the phuse screen Y outside of which
i the spatial vuariation of phase is so rapid as to prevent coherent phase :
1 addition, ‘Thus,
3
! - AR

Ym ¥ AEy (182)

If the structure dimensions are small compared to the first
Fresnel zone, the total spatially induced phase shifts involved in Ym
are large compared to 21, The contributlion of the phase shift should he
nearly rundom so long us the total phase shift in Ym is lurge compared

to  2m, Across cach clement £, the contribution to the integral of
iquation 148 has u variance

e SO D iimiin, T s e, T ini

AP T 4% £2 (o) o - (153)
51
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R
[} '
?' ) : Of this, because the phase shift nssociated with the exponentlul fuctor in
; Lquution 148 spans a largoe variation, on the average, half the contribution
) will be in phuéu with the unmodified component and hulf in quadrature,
: The number of such independent samples will be
’ noe 2y /6 (i54)
3 :
: The varlance of the sum of n sumples Is n  times the variance of the é :
single sample,  Thus, the In-phuse component of scattered power ls i g
: L2 4n 2 ;
I’x ol d Mw(p Gla) (1588) ;
@
1 2 ;
s " :l~l‘o()(b Go) {150) [
? g
- The result of Lyuation (56 {s comparable to the scattered component in
f Lquation 140, It differs In that the sum of the ln-phase and un equal ;
: magnitude quadrature power I8 half of that obtained in the detail culeula- ' é
tion, which is reasonubly close consldering the ad hoc assumptions used in g
the crude derivation, Tt also differs by the negleet of E%mQF' compared to %
: 08, but this is valid for o¢ << ] Af the plasma structurﬁl dimensions are i
i small compared to the first Frosnel zone, ?
]
1 The information added by thls gquantitatively more crude unalysis i
] {4 that the scattered component consists of Independent in-phase and
i quadrature goussian components, Thils of courde leads to Rician statistics
3 f-= the power,
vy
In addition to the ovenly divided components there is un addi- ;
tionul contribution of u random component in quadrature to the direet signal 'ii
that 14 duo to the lurge cxtont of the first Frosnel zone, lowever, 1t can be
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shown to be smaller by the ratio of the plasma structural dimension to the
first Fresnel zone size. This has been roforred to as Fresnel filtering
and may bo significant for some combinations of o¢ und spatial autocorre-

lation function,

3.5.4 Difference Channel Power

Constder now the difference channel, tor which the signal voltuge
is given by Lquatlon 121, 1f the phase perturbation Is zero, the undis-

turbed veference signal ls obtulned,  Thus,

ll\'qﬁu f‘" Y . 2 ¢ ey ¢ 2 , )
Ay w "5y J. (l‘-(9 exPyy (-lh '3?5) F Ry e dy (157)
1
ln the far zone of the untenna, this iy
A, s =d/IAF (-—L"(‘L) exp (. o ) . 158
0 20, ) P\ 2607 (158)

It can be seen by referenve to Bquation 123 that the difference channel s
in oguadeature to the sum channel.  Furthormore, the oxponentiul term Is
Just the antenna gatn of cach half the antenna used to form the difference
beum, or specifically (/) . The other term in the parenthesls s
Just the small angle approxbmitlon to the normal difference channel

function sln(pe)  where poobs wd/2X o Thus,
Aohy = Dy sin?(pa) Gla/2) o (159)
In the prosence of phase fluctuations, the variance of the dif-

forence channel voltuge will ditfer from that glven by tguation 189, [t
can be computed in a mamner simflar to that of tho sum chunnel:
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. ' * b " 2 [
T [ A )d: ﬂ(% " G)(:'F ) (’1)“[ oxp 3 ihylzh

= - ﬁ-[({- . )‘ + (;": . a)2]+ 1[¢(>’)-¢(Z)] ; dy dz,
(160)

o o

%- It the substitutlon = e y+f {8 used and the phoso difference averaged .
4 ‘ over the ensemble, the result iy 3
o . W fﬂ_’_t_\ E o b i L Ly 2y [1ohe o SN g ’ f
3 AR = XTf o (h* P ) exp l (‘“) -1‘1“'7) B0 (HM 2r )E‘ R
4 - S0t - o (LR |y dg (161) Z

4 \l
: where n = oo

For the case of [urge phase perturbations, the term involving

b1 : .
i - the autocorrelation function can be approximated by

J ot i
for €1 < 224 ;

af [L = R(E)] =

£ In lLyguation

As was discussed for the sun chunnel power, the Integral on

k. 161 can be brokon at g% = log/ué.. The Integral for luréu £ just glves Ry
E tho unmodificd component tlmes an attenuation factor o 9 plus un attenu- 3
2 ,

. -1 ,

ntlon of the scattored component that averages l-e 96, 1

Let us concentrate on the portion of the integral near the origin,
becomes so smull outuide the

; ! As o matter of fact, tho term oxp(-oé,&zlz)
g interval of concern that the limits on the Integral con be extonded to 3
Thus, tho mean scuttored ﬁ

3 . infinity with little introductlion of orror,

component s .
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+E l-t"hy . -,-3‘] - kg-z ; dy €. (163)

Straight forward application of Appondix A to first & then y ylelds

s fima o3
AL I
EZ? - OX]t ?- . (164)

(1 . .})m 1203 (1+ ;)

[ SV SRPUI PR ST - L e B

The first torm In the curly brackets replaces what was the Jdifference signal ;
sind(pa)  and comprises o component that is u function of the direction offt é
the monopulse null and a component dependent only on the scattoring, which §
makes the objoct have the appearance of moving around off-boresight, g
)

It Iy Interesting to rowrite liquation 164 in temms of an effoective !

angle o' = o//T+07T.  As will be scon the offoct of the scuttoring can be é
Interpreted as moving the appurent position of the scurce ¢losoer to boresight :
by the factor 1/VI#/0, Lquation lod becomes :
a i

KAV "*~—~3,2 Gla'/2) sin?(pat) [l+ —#}] . (165) g

8 (l ) o %

This can be Interpreted In terms of o power loss due to tho scattoring and ]
the reduction in effeoctive beresight ungle, and shows that the relative {
magnitude of the non-horesight dependent term id just the ratio of the |
varlanee of the phase sdcereon scattoring, as viewed from the radar, to the ;
square of the apparent off-horesight angle, i
|

!
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In summary, for o2 >> 1, the difference chummel signal compriscs
nn attenuated unmodified component Ay exp(-o$/2) and a scattored random
component that can be argued, in a manner similar to thut for the sum
channel, to have independent random in-phase and quudrature components
with variance |1 -exp(-O;)] AR%/2

Considor now the weak perturbation case, As for the case of the
sum channel, the random phase effects wlll be approximuted by taking

exp }-ci[]-R(ﬁ)]: . oxp(-cé) + [l-exp(-o$)][k(€)]. (1606)

With the use of this upproxtmation, lguatlon Lol bhecomes the sum of two
Integrals,  The first Is oxactly uxp(-c&) AoA:.

If the autocorrelation function is onee more approximated hy u
gausslun, R(E) = uxp(-0;,£2/20$), one sees that the scecond intepral is
fdontienl in form to that iIntegrated for strong scattering oxcept that
wherover oi, appeared originally, o;./oé now uppenrs,  As wns dise

cugsed carlier, this is ecquivalent to roplacing c& by  v*  where

. (%] 2

2 -] -— - .
R e ()

With thiy modlfleation, the same cquntions apply in both Hmits o? << |
and 0?2 > 1,

¢

3.5.5 Summary of Monopulse System Output

In sumnury, this gives a unified means of computing the sum and
difference channel slgnals,  The equations mre explicitly valld for large
and smdl vialues of o¢ and 1t {s assumed that they can't be too far off

for ay v The environment 1s defined In torms of 0; and el ther oi,
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or o@ which are related by oy " RAO¢./2nr. Means for computing these
paramoters from un environmental description were given in an earlier
soction and specific oxamples follow in the noxt section,

The radar system is characterized by antenna boamwidths
8y (wA/d) , the first null in a rectangular aperture's pattern, and Ob , the
=3 dB power heamwidth which, for u rcctangular aperture, is reluted to 00
by Bb = 2,88y/7, ‘The sum beum relatlve power gain an angle o from beam
contor 18 G(a), The on-uxis, undisturbed sum beam signal power iy Py,
The undisturbed difforonce beum power is Py G(0/2) sin?(pa) whero
P o= omd/2X,

A purameter characterizing the relative {mportance of scattering

and antenna rojoction s

2 o YT
U n 3-1-1.--—(2-- - P_.'..'.ZM_ . (1(18]
30% 0
0 I}

Using these basle Inputs, the sum channel signnl comprises an
unmodified component of power

P, = Po oxp(-o&) Gla) (169)

and two orthogonal, random, independent components, onch gaussianly
digtributod of variance
o gy 2008 u G()
bl - - . i
Py ® =3+ [1-0xp( 0¢)] oA ~@E- Y — {170)
The difference channel comprises un unmoditied component In quadrature

to the unmoditficd sum channel slgnnl and a scatterod signal, The un-
modified component has o power assoclated with it of
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Body = Py oxp(-0%) G(a/2) sin?(px). (171)

The scattored component comprises phase orthogonal, independent random 3
goussian components with variance 3

* P

. . { 202, 3u Y
My y —-—-9-—-2(“ i G(a/2 VTFu7a Do T (14 4)$ C(172)

It should be pointed out that on the current offort possible
correlation between the sum and difference channel signals has not been
analyzed and the difference channel unnlysis has assumed that the target
is displaced along one of the axes of the monopulse systom and that the
strdiation uxes are nlignod with the other. Anulysis to overcome these

shorteomings Ly straightforward but there was ingufficient time to fully
cexplore nll aspects of the processor,

4, SCATTERING BY VARIOUS PLASMA STRUCTURES i

This section will investignte the relative scattering produced ]
by diffeorent slze distributions of striations to determine the sensitivity 4
of seattoring culeulutions to detuils of the ddstributlon, 7The problom y
Is thot tho distribution ls not well cstublished, so It there were o greut y
sonsltivity to plusma purameters, thore could be little reliance in tho
quantification of the scattering,

4. Model Descriptions X

Four models of the distribution of striation sizes will be con-
sldored us illustrative distributions, ‘The particular models were chosen
for almplicity or prior use in the Literature. The models are single,
uniform size, a modificatlon of Chesnut's distribution, and power low dis- :
tributions with either fixed or size-depondent axlanl electron content. o
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i K 410 Model 1
k. A e v
9 % E
f I In this distribution all strintlions have the same characteristic '
f B radlus and peak clectron concentration. The probablility distribution 3
' ﬁ function of the rndit is u delta function, 6(0-00). This 18 an idealized ﬁ
. model that 1s ousy to visunlize and to work with, Because it 1w so simple, ;
3 _ the results of anulysis of the scattering propertics of other distributions 3
ﬁf L will be expressed in teorms of an effective striation size., That is, the 13
i chnracterlstic dimension of uniform striations necded to produce the same 1
scattering will be determined,
4 ; 4.1.2  Mode) 2 ]
This distreibution was inforrod by Walter Chesnut from nn ananlysis
of photographle data,  The probabillty densaity function ia
4 a 21“ 9% ‘
B ] ) — - 3
A . o) e ) ( 0 ) exp ot ) (178) 1
2. i Reasonable distributions (1.0, finito phase shift) imply that n  exceeds %
3 4. The normulization factor o s 3
n=27 ned .
U8 et pven (174) 1
To(ne3) |
: dd 75
| VEEy o we
g . i ;
? § The specific powor fuvored by Chesnut was ne6 o that u was  8/3vW, 5
2» ! %- A plot of this function for ne=5, 6, 7 and 8 1s shown in i

Flgure 3.
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Figura 3. Probability density function for Model 2.
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To relate thix function to the plasma instabllity anulysis, which
yiolds u minimum cutoff wavelength, it 1ls necessary to develop a definition

of the churucteristic striution size oy . If the cutoff size is tukon to

bo thut having a tenth the probubllity density at the poak of the spectrum,

Yy

Is a roasonable Fit for the data of Figure 3,

Ad wus polntod out carlier, thls spectrum of radll applles
speelficully to flrebull reglons, some of the observed spatlal power
spevtra were best matehod with the sum of two distributions of the tform of
Byuatlon 173, und the anolysis was not very procise about the exuact value
of the exponent of no/o—-u vialue of 6 scemed to fit the data as well as
any,  However, it is u convenlent Integrable form thut fits the datu
reasonubly well,  Also, bucause the phase shift approaches a guussian
random soquonce, the variances of phuse shift and of Jderivatives of phuase
dhift for a distribution that {8 the sum of soveral components are just
the sum of tho varlunces for euch of the several components,

Another way of viewing this distribution Is that 1t 13 a powor
law distribution with the short spatiul wovelongth end cut off by tho
exponentinl rather than by un abrupt limlt, As such, 1t 1s probably more
realtutic than the pure power law distribution, Tho continuous function
hus the advantuge of allowing the limlts on Integruls detormining plasma
seattoring parametors to be o= ) or =,

The uxlul eloctron voncontrution is ussumed to be constant,
independont of striation slze,

= L.8oo n'' (170)
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\ 4.1.3  Jodel 3

This 18 a power law distribution with a normalized distribution
funct lon of

‘ P(@) = ——p—ltl) L (177)
: - gt
r 01(s-l) 02(:*-1)

for o, <0 <0, und zore outside thoso limits, This reflocts the situa- % p
tlon that below n minimum cutoff size, plusma perturbations are stable and : g
will not grow and that structures larger than radar beam dimensions or

plugmu gradiont distances have elther no influenve on the scattering prob-

lem or no meaning In terms of the plasma description used here, !

Theore is llttle rouson For uw particular choice of power, lixcept ‘
‘ for the arbitrary cutoff for lurge structures, this distribution would :
; ulso produce infinite phuse shift variance for w4, it

3 The axial electron content is tuken to bo uniform,

4.1.4 Hodel 4

1 This model has the same distribution function us Model 3, but
tho axinl electron voncentration l¢ tuken proportionul to the strlation
slio, ;

n, = nro R (178)

This 1s based upon an intultivo feoling that any growing porturbatlions
should plnch of't and stop growlng once the perturbutlon umplitude becomes i
é ; u roasonuble fraction of a structural wavelength, '
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3 f é §
: This was the model used in tho initial IIARC analysis, 1f all ] 4
‘ ' possible perturbation models are allowed in a cylindrically posed problem i 3
‘& and modes are alliowed to decorrelate in a wavelength, a value of four is é
: i deduced for s . :
1 : 4.2 Plasma Parameters [
; ' 19
It will be asasumed that in roasonahly homogeneous regions the ; A
3 : local electron concentration varinnce c; and u cutoff wavelength ure %
! available from oither plasma analysis or experimental data. These will LI
3 be uged to compute the variance of phaso shift and phase shift transverse g 1
4
gradiont which can then ho integratod along sight paths, ' 3
The result cun be expressed in torms of an effective uniform \‘ ¥
distribution striation size. 'The pertinent equations are repeated here ! '
from previous soctions: i
, of = A%/ 20
. tquation (237 P ;
o; . nmJ- n3o?p(o) do = m niat; (179) ,_",
, liquatlon (3o '
4 o }l “
4 712 72 ———— ) ‘
3 2 2n ml 2.3 IS | il ! P v ‘
. oy -x,—r—l-nc ~Th af nga*iP(a) do g RTIN 3 ngo’, (180) ?
. | ) !
: and a combination of Equatlon 47 and 48 i, ‘
4 i "2 » "2 | 9
3 2 T ml 2.0 n ml, f
_, %0 " TRISIn G f MoP(@) 4o+ yiriig nho. (181) .
¥ 0 b
" : ¥ ]
| ]
. I 63 1 {
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1

The form to be ultimately used combines these to give

R czl" (162)
¢! X’-cxo sin a n'g <
where
nfo?
Uy ® o= (183)
nia
und
u; . zog o;, {184)
whero
Y
of » B (183)
no :

8,2,1  Model 1

H Lyquations 183 and 185 are oviluated, it is appurent the
strfotlon slze of the nniform striations {8 fdentieally the same as €y
and oL This bs, of course, the reason for having labelled the uniform

{
size L

Two Interesting polnts ave developed when the scattering para-
meters arc expressed this way., ‘The concentratlon of strintions and the
axiul electron content no longer appeur oxplicitly in Lquation 182 or 184
and the ratio of the variunce of phuse and phase gradient Is simply related
to the strintion dimenslon,  lquation 182 also Lmplies that the varlance

of the scattering angle 1s

o 2
02 0 YL ( n ) (186)

0 O NIm W fﬁ-:
¢ ¢
i
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4.2.2  Model 2

The effective striation size is
-]

f 02(%1)n exp[-(%l )z]dc

Q = 8 0

T ) el e

[

o

f.\n-d exp(~x?) dx

]
Y »

f o8 exp(-x?) dx

0

=0°

where X = 0g/0.  For n even,

g = |,800 n”“ Vi . l (n-d4) 5
¢ ¢ SN=5 I.(n--l) Iq(n-.._)
- 2 R

or, for n odd,

S-S p(=3
o= l.S(u:rC n'! = ..«_{_.‘(‘_.':.__).)._ .

e T Tn-3)

These are shown in Figure 4 for values o 1 from 4 to 9. Slwmilarly,

m

0B
f 77 oxp(-x7) dx
112

2 2 .? o
3 = gl
O .86 oL = ,

J MU oxp(-x?) dx

e [T
[S I l,h‘() n ‘\/T]E—‘-[ (1“,

or

Vilues ot o oA also shown in Flgwee d,
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4.2,3  Mode] 3

The Intepgrals for Mode!l 3 are siaple ond yield

' b l"] Se ‘
O m e R 1 ) ( l&):”
¢ a H-a
$-3 |=n
and .
y  wed Ly M
[\ ¢ T der e .,.....4..,‘;;-...?.. af (H),n

g 1en
Nor O /Ope=the vatio off the lower and upper cut-off strintion sizes,

For distributions with s equal to 2, 3 or 4y the tollowing Hmlt can he

where

used In these oxpressions

X
Him 4™ 0y ,,
ca T tan, (195)

4.2.4 Model 4

PR Ao tur P

For Model 4 the eflective sizes are

a5 len 1§
[\ T e >—'~-<--'::-‘:-.i- ay o, ( “H‘)
f-w len '
and
bl Jen l-!} s 3
0 e s AL pro gy LI

G-8 lan -

These are silso plotted In Figure d,
4,3 Comparison of Model Results

Porusal of the data in Flguro 4 shows some not too surprising
trends,  CPhe larper striatlons are cmphasiced (vl th resalting lavger
eftfoctive size) by lower loverse powers, by having lavger axiol eleetron
content (Modet ) and by the mode! that volls off more slowly at the short
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wuve cutoft, llowever, Lt is also noticeable thut o lot of the effective

.?3 ' ‘ striation sizos lie between 1.6 und 4 times the cutoff size, Consequently, .
. ' if un offective striation size Ls tuken to be 4
o =0, w250 9 1
. e 1 e (198) d
oy k.
reasonuble results are antledpated, This value Is tecommended because it 4
< ' i near that dorlved for the one experimentual distribution, Alse, the 3
K magnet e fleld should continue to break up the luvger strintions so that '
-8 low powers In the distribution tfunction shouldn't persist, Fu. thermore, 3
; the sharp cutoff that leads to small values of 0, Seons physically une ]
3 realistic, Tt would scom surprising It the proper ef fective size differed s
. . . . . . . 8
3 trom 2,5 0. by a fuetor of 2 and Lt most likely lles within a fuctor of i
A b
_ 1,5, ;
3 1
3 ' Cortalnly wlth our current stute of Khowledge, theve lg no o
3 reason for assigning different values to oc and U i
3 Tt should be remembered that oi, and 06 vary Inversely with 4
3 Ty GConsequently, the scattering uncertatnty introduced by the striation J
3 uncortalnty is roduced by o squire root process, :
3 ‘The phuse varlunce n)& virles as the product .’ni. \'_13", . Con- ;
?t sequently, 1 the effective strintion size wore actually smaller than used o
3 4
b here, 0¢, would he greater and 0¢ would be smaller, hoth by ubout the
3 : fractional errvor in o, C
] : .
4 -
3 o
-.. ‘ '
k! \
Y ‘ ;
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5, SUMMARY AND UTILIZATION OF FORMULATIONS

It will be ussumer hore thut in a series o' regions of leneth
tho cutoff plusma wavelength XA ohd electron concentration vaviunce

L .
uie determined from some onvironmon:nl deseriysion, 1f other parumeters
such as axdnl electron vongcentration and strilatlon size parameter are

given, the formulations of Section 3.2 can be used to compute o; . whesnut
(and TEMPO following his work) used a profile defined as n exp(-rz/ca).

If the factors uccouating for the difference in profile definition, the
relationship of cutoff size to characteristle size and cutoff wavelongth

to cutoff size arc combined, the cutoff wavelength shou'ld be tukea to be

1.2 tlmes his size spoctrum characteristic parameter,
5.1 Local Effective Striation Size

The locul offoctive striation size can be taken to be
g, =0 = 0.56 Ac. (199

The procision of this relationship should be 20 to 850 percent as estlmuted
by compuring the results tor the soveral distributlons analyzed. The offec-
tive size is defined as the slze of uniform striatlons in an environment
having the same olectron content variance necded to produce the same
scauttering, The sumo cffective size can be used for relating electron
content variance and scattering angle variunce (or its oquivalent phase
derdvative variance) and for relating phase varionce and phuse derivative
variance,

5.2 Local Scattering Angle

Several directly reluted parumcters have boen used that dofine
tho busle angular scattering or varlunce of transverse derivative of
phuse, These are the environmental, plane wave scattoring angle variance:
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<]

variance of transverse derivative of phase:

2 n?

°¢v * 5T g (201)
and variance of scattering as viowed by radar:
2
ol = (%) o . (202)

The last of these vardunces indicated the proper way for weighting the
scattering as u function of distance from tho radar,

5.3 Local Phase Variance

Tho local phase varlance is determined from the phase gradient

by
2 . 2 42
% 2 0% S (203)
5.4 Integrated Scattering Angle

Inasmuch us any of the locul scattoring angle parameters have an
integrated value that Ls u gaussian variate, the variance of the sum is the
sum of the variances of the individual contributions. Thus,

R 2
0w 3 (2) o3 (204)
L (")1 8y
and
of, » AT 352 (208)
' J 1] [
ot AT g8y
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.5 Integrated Phase Variance and Mean Striation Size

The integrated phase nlso becomes u gaussian variate and the
variance of integrated phase will be

LI 2 . 2 42
o 2120"’1 2)1:%10”. (206)

One would like to be able to obtuin the integrated phase variance from the
integrated derivative variance by usc of a mean effoctive size. Thus,

V42 = 3 gd 2
)_,%i 2 0} ?%&. . (207)

Comparison of Equuations 206 und 207 show that this can be done if the
mean offective slzo 1s formed us

-—2- 2: 2 ? . L2
gh = oL O / 2; Us, (208)
EOTf 0 T

(Bocause they are related by a constant, og

could have beon used instead
of ug, In lgquation 208.) If the mean ecffective strluatlon slze is deter-

mined in this manner, for the total scattering layer

05‘) = 2 u:. o;| . (209)

5.6 Angular Scattering of Power

In tho 1imit of smull total phuse perturbation (N$< 1), there is
little power {n the scatterod signal and its angular distributlion is spread
by diffraction. The rms scattering angle is

v n ol /(1 -exp(-ad)] (210)

which is thut expected for diffraction from a structuro the sizo of a
corrclution length,
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In the limit of strong scattering (0; >> 1) or a uniform stri.
ation weakly scattering plasma, tho power ls paussinnly distributed with a
variance glven by Eyuation 210, In the strong scattering multipath cuse,
the numbor density of puthy s gausslanly distributed wiih un ampllitude
distributlon that is Independent of the distance of the ray from the direct
line of slght, TFor weuk scattering the angular power spectrum may rot be
giugsiun but Lts varlance is still reasonubly upproximated by Equation 210
and usunlly the gpeetral differcnces are only significant if the scattering

is insignificant,
5.7 Peceived Power Statistics

1f the signal that propazates thrvough the scattering medium Ls
recelived by an antenna, the received power (or sum ¢hannel In a monopulye
recelver) comprises an attenuated but unmodified component and both In-
phase and quadrature random componeats. 1t the antenna has n sum channel
one-way power galn Gl  an angle o from the heum center, o 3-dB, full
wldth, one-wuay power beamwldth of Ob , and the source of the recelved
encrgy Iy an angle o from the heam center, the unmodifled component huas

i power

l\‘ = Po vxpl-ﬂé}‘i(ﬂ) ) {211)

where Py Iy the power that would be received in the absence of scattering

L the antenna has beon pointed at the source,

L a purameter s deflned reluting the scattering to the antenna

boamwlidth,

w5, qﬁ»/ul’; , (212)
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the radar components oach have a voltage variance (i.e,, mean power) given

by
p 1 Gla) 2,00 U
P.ow 2 [l-oxp(-c?)] ~ ex)[ — |, (213)
g 2 [ PL=Cgy/. T I “ﬁg“‘ T+u

If the untonnu {8 pointed at the source so that om0, tho power
can be consldered to be an wunmodified signal plus o randomly phased noise
component, The "signal-to-noise" ratlo In this representution is

SO P
S/N = Yurl o "/(l-c 7], (214)
It ¢an be recognized that the ampiitude distribution will be Rician,

5.8 Difference Channel Signal

The difference channel will also contaln both an unmodified signal
and o modd fled, scattered component. [If the difference channel gain i
sinf(pr) Ga/2), which is normally zero for w=0, the unmodificd component
(whieh Ix in quadrature to the unmodified sum channel component) has a
power
2

Pay = o sin? (po) Gla/2) expl-0g) . (215)

The total power In the modified, random component will be

T\ T [1 - exp(-02)] Glar/2) sin®(pat) 1+--EE (216)
As (1 +g)n/z ' o ' ' al?
4

whore o = a//TH0/T and p o= 1.4/0h .
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5.9 Limitations

The analysls has assumed that sufficient independent structures

are encountered that the central limit theorem results in gaussian distri-

butions of integrated phagse and spatial derivative of phase,and the
unanlysis has dropped terms that ure significant only in the antenna near
zone, Both these assumptions are valid for most problems of interest.

The angulur power spectrum is not nocessarily gaussian if
o$ << 1 but agaln this is not usuully a rogime of concetrn,

Possible correlations betwoen the sum and difference channel
signals huve not been explored, Moreover, the specific analysis hote
assumed that the turget displacement was along one axis of the monopulse
difference beam and the striutions wero aligned with the other axis,
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APPENDIX A
A USEFUL INTEGRAL

Consider an Integral of the tform

T = fl’(x) oxp[~(ax? + bx + ¢)] dx (ALY

-t

where P(x) 1is o polynomial in x and &, b, and ¢ aro complex constants
(or functions of variables not involved in the Integration). The processes
needed to perform the Integrations are stralghtforward but the arithmetic
is often tndious,

The proceduro is to use a linear transformation of variable to
remove the linear term in the exponent, Tho constant term can then be taken
outside the integration, leaving only the sccond power of the variable, The
polynomianl wlll have transformed inte a new polynominl of the same order,
Tho intogral of odd order terms will bo zero and the integrul of even order
torms 14 0 well known definite integral, As an oxample, let the polynominl
be a quadratic

P(X) = pg + Py X + pg x2 (A2)
Use the transformation
b
Xy . (A3)
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Thig

This produces

ST 2 SRR SEAd

b? (Ad)
u

2 . 2.,
» oxp (ph‘h“:‘&)f(l)o v —}«’% + l-’-z%i- + l’zyz) exp(-uy?) dy
-00 (AS)
finul integral has the vulue
v’ - duc) [T bp, . bRPy D .
I -oxp( ""Tx"—) JF[N - '%:T*T&T'*Tu . (A0)
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