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The propagation ofradar through a striated plasma has been analyzed on the
basis of random walk photon scattering, geometric optics refraction at a thin
phase screen, plane wave scattering from a thin screen in the Fraunhofer limit
and the observables to a monopulse system using a wave front Integration imple-
mentation of Huygens' principle over a thin phase screen. The latter two were
carried out for screens of both large and small phase variance. The scattering
was related to the properties of the plasma for a variety of distribution
functions of stria-tion sizes. For reasonable distributions, a similar
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leffectived striation size is obtained. This allows the calculation of the
angular variance of the scattered power which is gaussianly distributed for
most significant cases. In the geometric optics regime the distribution of
density of allowable multipath rays is gsslanly distributed and the power
distribution is identical for all rays, The signal processor sees an unmodified
but attenuated component and a random-phased, scattered component that leads to
Rician amplitude statistics. The results of the various approaches are all
compatible and furnish a single unified description of the perturbed signal.

A.

A•QWIoN for

NTIS whit, soction

we Buff Wbctlon o
UNANNOUNCED "
JUSTI ICA rION
........ .................... .

By
OIT13IOfJlAVAILADIWTY CODES

UNCLASSIFIED

I• k W I~TY C'.L.M 5 A T, I n•• k l N hir 7 H r, 1, ACI ,t'111,i b""l. I llll



el

PREFACE

theli work duesribod here was originalIly purformed in varly 1974
-. tefor thue Ui.S. Army SAFEUGIARD) Syst eml Command, and was di rect.ed toward thle

doescription of the hehavlor of a 111111 radar operat ing In a 4t rotlgly Scatter-

:Ing medium. Any largo-scale structure (tonls of kilovieter.s) was handled
by gross retfract ion computat ions mud only the fie4cl tructure wus

msulled to be handl ed by the Scattering nays.S , ost aspects of tile
ana lystis eovered here- live proclisuly app Iielahie Only in1 thle limit that

*p18 asma Atructural d imens Ions (Ire Smnall Compured to a Freqnel zone. Phi. s
ýMLIIasO 1.9p onis dent IC1a I to tile a siump.t Ion that thle i'ec dying antenna is .1n
the far Lone of thle scattering medium when It is considered to tic a trans-
mi1tt bag SOur1ce, R~ecent research has shown that ext roem eare I.s nocessary
In the extenlsion of theory to Ii ighor frequencIes where the s4tructural

ass5ufpt ions m1a1Y not be vaild.
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1. PROBLEM STATEMENT

The detonat ion of nuc lear weaponi above ahouit so ki rustlits 1,1

cxtuils Live reg ions of l on izoat ioil part lolly I on ize~d p111tosiiin * let iint. onl

induced winds may Hlow thIs p111SIlsma 1IC oSA t hO gC0l1Iiiaget IC field ill aw1

that results Ill Ils tab iltitIes ill the .1onlizzuki coiponen lt Such I nstah Il It i es

p1roducew 'it rIolt I oils etoinded it long thle guoomagiiet It: f iL' I d 1II uis, Thel.se s tria-

t Lolls have bL' een skon oa i1 tI In I ear tes ts tit very h Lgh tI t I tds

ii r.1(iido rs t tempt iiieuiisueiticut s through striiate'd reg ions, tile

waVe trun1ts iur. brOkenl up11 141s~ul t og Inl scatt ering and mutipt ipth prlopatitIon,

The lua t .IFVLent Lonl o V t he e Vffct s p roduced by st r iat.i ons has eooit I nud In1
the ef fort repo rted hecre. Sivelfc I'I iffy , oddIt. i001111 ann I yS Is has" Un I IIUd

pro work, oxteondd mtodelIs of thle offetst to weak sciactrl ing cases , remtoved

some rbitary s staiipt I kis . identitfiVed I iiiilt s o f app111 I cb I II t y o t prevIoilus
tiiodL' I ;iIIl ld oll, idtie vLd t 11 MeSVI t i.V It V to0 Vl va' ou O I ssLIS S111t I kils alhout p11l..asma

s ti VO l ro, Cil I- VaIt I IWO VUt cI k-11 11 1lIS1jiti o jin 1).4i S I V I k iklSý lit t I V 1 L f j'ortiiat L oi

aboult st Hant kill ion i z.at Ioll prot'i I's, 01- iii tI Stliit 1(If oAt It'lilt 10o1o 1i 2V.L'

ConlsL'tfuoL't, ly, till1ess a 1%, 1ati ye I 0 1eis 01.,. t v I t y t o t hese p 1 asmo11, pi ai meters.; Is

dinioiist ralkit model i ig of the avrI votl vI IIVL'ct s%v I1111i uL. I [filtld ttI ILi t v

aSOV-1 itsV~l111 own lilg I ~ itlii dl'Olvl til tiod tat onsr

trloparticular aspects oft the scattering. Spek tlca I ly, thle first approach

%Yill bo a photon scatteri'lg mtily)si s thalt Is vat Id for conit~it ons undler Which

pliot OilS AltT pha1:Se- 1Io iicirei~t Sutbs okilvieiit JiplroilC hes wi use14 tile 1ippr1oxIilii -

t Ion that theL I tiiohhiogol'iootas me14d Ii Is k e at I Ye ivN I0caliZk II 11d1Ln can be approx i-
mated byN CotiiibiliI iO4 tihe Inite'grated plasmai ondaced phlase slirt Vtll a single,

t 11 Iii, pase, .411 IVt I ip, screeni . Genera I ciiiractvi-l st i cs , vail i when geomtiuatlc
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optics approximations apply, will be derived. A physical optics analysis

using lhltygcd.• principle will obtain a generalizOd angulDr power spectrum

fo2 cases of either small or lmage phLse perturbations, FollowPsng thSse

bacle scatterling analysos, the Interpretation o)t the multipath signal by

a phase comparison monopulte sysAtem will lie developed, the sensitivity to

alternate models explored and scattering In term's of plassma paramethrs
81.1111111t ri " ed,

2, THEORETICAL AND EXPERIMENTAL. BACKGROUND

2.1 Plasma Induced Phase Shift

rFor riadar navga (whi ch have tft'eqy. oi cIts muah greater than either

electron collision or gyro-fr/.q02 ncios), tle index of rtsfraction of a plasma

Is gIven by

o tha V 0

ihme CO Iso tile pdrltIttavity of free torlacer p' Is; the electron concen-I
trilttoll, 0 an~d m are' the cleetron•ic chairge aind m1a1ss aind| w Is tihe

radnr, angular tfruqtuency, lienloto a critical electron• content

lie • 2 111C /ce, ,2

so that

lNor conldition~s of Lnterost to ri-dar iprop~agation, utsually

n << n C Consequently,

e ¢ 6

.- W.,.J



Th is4 appriox.1aiiizIon will be tI~iLd III the~ reImri mdo of tVIA. report.

'rh clt r i.k: vc~o~tr ot .1 11lon1 WavepopaI ~gaintlg 1.1 a p11n4tim 1.4

* ~gi'cil by

(O

Coiiipare'd tol wa 1ve III thL' (ubsence of' p1 asnilm( 1 the jihOas adiLl'i1C( p015

unlit pathl Is

Ll J9 Il 7

2.2 Striatlon Profile

kil miost of, tho doeta i Lu arni lysis ill til,,I-poL'1t, tilt i ud iv idui

StH11it i ''t Will hoe ASSU11IL.'LI to IL0'I i 1CIII vm II wiad ha'13 11 o I ovCtvton

cL)?cenIt rat toll prol.,11vl t hat 1Igus )U ISIll, fllf.' I 10 Is no01VI' I1I'IMtI I Lldltll tA)

suppor12t kil cont radl I t this assumlpt ion I I* t ho pro-11t.,I wor W L'r lto C It i led Ox-

c I uS I v 0 1 y by d II. t'FIs I on1 anId th lie I t 'l 4s oi .on L, f tk I c 11t we re con st an11t , I

woul Ilie1 gaulssia111. Ilowovo i., tilt, real ra'Lt ional lor I 1li sing this IILlodl I-.

thilt It retLI01Mn thei UithIoliiat i cs t raotib lo. Thc jLut ific at toll lOr aiooop-

t 01100 ot' the I'oSu ItS Is that 0101vo a ItL'rlnlt assu~llipt i oils Can1 ho IuII.odI tile

resulIts ar ro nt sign i Ii cant I a Itorod. Someii of' dicto 50 I Ls will lie po Iilt 'L

Ou~t ill tholuQ 110Wlu L I I sts I01
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'rho olOct ron concenltrat ion will hie g iveni by

r 2

wheL' i 110 1 s til ho ax ele i ct ron Colment I'llt Iatil, r is thle disttiiiwo from

thle axils and oa s the Choarct ori I t I e d imenq illn at. the 4tri' iitttan Ill stri -

hat tonis of 41 .zos will hi o 0011W 1 derd and hoIllt iŽatumahe it fntioan ao 0.

2.3 Experimental Striation Size Distribution

Tiheo nly' oxpleillienta I data oil stilat ian fize disitribiutions for

1111c I ear events cames fCr0111 pihat graph Ic data. Thus , I t I s 11111 it d toa reg ion.".

atf aptia iolflemss loll, thle high by di stilrhed an, fi reha11 regians. Thv o I is

thoare-t LouI Nihai ta hl' 1ev iCng that strnatiolns also farmi olitsIdo high ailt I-

t ldo Q I reha 11 s .It mas t lie rkineinho1red th'em thai. the experl ilmental dat a Is

alltn a 100 fromt kil I k. ali t ype at* 1LISt HI) I Q Preg I aOil Mid I Sno1t ne0Cko Sa11 I- rp-

les,01t t I iv \'k. 0al l a A16 -Lg 10oll S.

Pert I neait piotatg raph i c dat Ia ha1ve v eonv an Ii S.-ttd 11y IN . Cive snt it(1

SR I, andI the1 da11tta can hie reasola h Iy we I I it by galass i an i-t r mn ttin w it h

1L01iSt Mnt 1)11-axO cOnelC11 rat 'lol old a1 -,,1te dl ISt H hat !o(il

011

SomeL ot t lie dlt a iwore host t'l t he thev sil)ivrpas I t ioll of two dli st rI, t I buti os

achavi til : a1 m ot, FA~liat ian 9 AIso,k ti IIptjilI I tY0 t' the1 dtaN i S irISntif C I Clet

to( dot' laoI tite CX.\panlt Oft' the 00 /0 i VI11 elm Y vry IeIl- " or "n I glut lie as goadl

as (I . ilt . Iso k)I't Ilk h 1( t 11 I10WC1 I kL' 1110 S .10H Ll' I rIdL iIlt egrI- I c I lOS(d , wellI

knalmyl ala lI yI c t inc hit
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2.4 Striations Outside Fireballs

Theoretical analysis (2)has shown that where the direction of the

explosion induced wind is both generally crossing the geomagnetic field

lines Rnd in the direction of decreasing electron content, the ionized

fluid flow is unstable and should develop perturbations (and possibly

striations). Spatial structure of characteristic wavelength greater than

a minimum cutoff wavelength X c should grow.

If the environment Is assumed to be composed of the superposition

"of a large number of such Fourier components, the spatial amplitude of which

is limited to the spatial wavelength, the number of striations tends to fall

off as an inverse power of the striation size. Below a minimum size, the

population should be nearly zero. The amplitude of the disturbance may be

a function of the striation size. Previous HARC(3) analysis assumed that

the concentration perturbation n, was proportional to the striation wave-

length (due to interchanging air over a region a wavelength long) and that

the appropriate power law was the inverse fourth.

It is necessary to relate cutoff wavelength and minimum striation

size. In the HARC work, the sine wave, Fourier components were approximated

S* The number of striations of a given size per unit area perpendicular
to the magnetic field was taken to be inversely proportional to the
size and proportional to the allowed mode density on a circular ring.
The mode density i1 then

n 2Tr R

dn 2••R

Thus,
a dn a R

w

........................................



by a series atf uniformly spaced gaussian striations. A reasonable approxi-

* -'mation was obtained i f 02 X2/22 .Alternatively, if the relationship is
based upon either the sine wave or a series of gaussian striations which
have equal maximum concentrations and produce the samie rms scattering
coetfficient, the relationship Should be C2 a X2tU X2/ 17, 5 .Conse-

v. c

Lquently, a ratio of the order of 20 is reasonable,

3. PROPAGATION ANALYSIS

3.1 Random Walk Approach to Scattering

Inbismuch as the density of striations is relatively great, a

particular ray will int€ract with several and exhibit motion that caln be

treated as it random walk (i angular deviation). The beading of at ray in

tin Inhomogencous medlium is given by

do .X d(107 71 rx(10)

where Uindiclites a spatial derivative perpendicular to the direction of
propagation, (Because the strtitons atre extended along thh geors atnetic

field, the problem can be treated ats two dimensional -till bonding being In
the plane normal to the geomagnetiv field.)

i quat t ons 7 and 8 canl he used to obtain the deviation due to one

gaussian striation, If the bending Is groat, system operation will fail,

It follows that for cases of Interest, the ray path will be nearly a straight

line and the deflection canl be approximated by integrating the Incremental

bending along ia straight line. Let a particular sight line pass a distance

1) from the striation axis, Tho eCooro,

60 (b) X d dj dx .(1

10
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The Integration and - are independent, and their order can be reversed

-) (x - il c

I !b k

.jde~) f • -dx (13)

I'.

dx, (14)
T 2n

where, the point of clo•est npproach of the striation axis and the sight path
.14lt xt Inad ,, Is the anlgle between the sight path and the striation

axis. The terminals of the path are sufficlently far from the striation

uaxI that there Is little error produced by placing the limits of Integra-

tLon tit i±"
ne1S d -b1o

in this form the perpendicular derivative Is the derivative with

respect to h or

60O(b) • " 0-'T[,2o (16)

After a random walk, the final value tends toward a gaussian distri-

bution with a variance equal to the sum of the squares of the individual
steps. The value of the mean of this sum can be obtained by multiplying the

:: i 11



square of the incremental deviation (Hquation 16) by the probability of

0 2n in 1) s I sn amL do 0b
c om(1 hu-~'(17)

where m is the concen~tration of striations un a plane normal to their axes,

L i~s the length uf the path through the strite~td region and P(o;) 14 the
probability density function of c.j

We. will use the notat [an

f4

nots aEquntion1ca ewitn o4teeeto rfl ntesrain

dhiscrequtio mximum ttern cmuanglos ofachie ofazroiande o thscmatteim g, pba-d

Consituently ith ixrs no ucinof the distrnibutionnhestraton

12



dThe restriction on the applncabiloty of this analysis is that all
of the potential scatter paths contributing energy in a certain direction

must be phase incoherent in order that interference patterns do not exist,

As will be discussed later, for rms scattering in excess of a few milli-
radians, for typical structural dimensions and UHP radars, phase independence

should be assured.

In one sense, the random walk analysis is the most general treat-

ment in the strong scattering case. It is applicable even for environments

that produce crossing of rays within the medium.

3.2 Phase Screen Approximation to Strong Scattering

The phase screen approximation to refraction and scattering

assumes the scattering medium is sufficiently localized that its effect

can be approximated by considering that all the phase shift experienced

by a ray traversing the medium can be attributed to a thin screen in the

middle of the medium. It also implies that the amplitude is constant over

the screen. This section will cover parameters describing the screen and

the relationship to volume characteristics of the medium.

Usually the churacteristic assigned to the screen is the integral

of the phase shift on a line parallel to the undisturbed ray. That is, if

the radar is at - R 0 and the target is at RT, 0,

2r
c,(y) J dx. (21)

In the limit that the phase is the result of a random process and

irregularities fill Presnel zones, the angular deviation is

N r

13
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Close to the phase screen, these conditions are valid because Fresnel zones

are small compared to the typical striation sizes of many hundreds of meters,

Under these conditions, it is also possible to determine the power in the
multipath rays by considering the region over which a wave is scattered

coherently, i.e., the extent over which the "scattered ray" varies by only

X/2. This is controlled by the second derivative of the phase shift,

Let us first develop expressions relating the phase shift to

plasma parameters and then determine the scattering. Then the scattering

will be discussed in terms of the characteristics of the energy at the

radar.

The mean Integrated electron content associated with the striations

"is obtained by forming the product of the probability that a striation axis

lies at some impact parameter and the integral of electron content for that

striation and impact parameter, and integrating the product over all impact

parameters.i ,* • a, b1 + x1 sin' a)

- f. noe stn amP(o) L dx db do (23)

- 21T mL n . (24)
0

The contribution of the striations to the local electron concentration is

just N/L. The striations normally are superimposed upon a constant (or

. The limits of ±- on the x integral reflect the assumption that
the striation sizes a are small compared to L so that little
error results in extending the limits of integration rather than
truncating them at their actual value,

14
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•. , slowly varying) concentration I that may be considerably greater than

tile mean striation contribution, The total mean electron concentration is

li e ln,+N/, (25)

i•.

A paramcter some plasma physicists feel they can compute is the

local invan-square electron concentration fluctuation due to striation

structure,

n- n rr mll(a) dr do - (a/L)2  (26)

0 0

U• ~m n~ 0• - (N/L) 2  (27)

In the remainder of this report the term TA/L)2 will be dropped, an approxi-
motion valid for striations sufficiently separated that the primary contri-
bution to a: is from regions without striation overlap (i.e. 4-m o-- 1)

'::The mean phase shift through the screen Is unimportant to the

ti problem being addressed but could be easily obtained from Expression 2t ,

SIn the following, the direction of primary propagation (the might
path) is nearly parallel to the x-axis, the striation axes lie parallel to

a line in the x-z plane that makes an angle a relative to the x-axis,

and the coordinate y is perpendicular to both the sight path and the
striation axes. Moreover, any fixed background of electron content not
associated with striations has been suppressed because it does not affect

the scattering and is accounted for in refraction calculations.

. " ...... ....



The variance of phase shift is important because it determines
the magnitude of phase shif~t f'luctuations. Consider ai particular striation

with its axis at y - b1 , The integrated phase shift along the line y m 0

is

Sxp .b +X2 sin2 a) dx (28)
I X-± f 2c[-d

C

i ~ ~ ~ ~ ~ ~ ? LitI tL tla nd p! -02 2l.ctq ~ in a o(29)

Lot C Anand 11 n O

The phase shift variance is

e (30)

where I is a sum over ill striations, or

3pi exp (-b2,/202) 2

The bar designates an h a vertth over io l I posa.ndlonl fligtirions of" trha -
tions, This can hie rewritten

is independent OI¢ hj so thmmt the mean of ci p~rodulct of fulnct ions eo" I
and j equals the product of the (ndividual means or

16
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F

0 ÷ c, I p1 oxp (-bj/G1 .'12

+ a Pi C1  ic P- e-p '(33)

The last term in Equation 33 is made up of two factors, the first is

and the second ' (1 - ) where k is the number of striatlons. If k

is largi. th.' 1/k will be negligible, and it will be so assumed here.

Thus

2 C2 pl exp (bl/a) (34)

For large ensembles, the summation and averaging can be apprroxi-

mated by integrating over the spatial and size distribution functions

c• ffn o exp(-b 2 /c 2 ) mL sin a P(o) db do (35)
0

'2nt7?P L nDci 0  3

XZ n7 slln ai

• The factot, sin a occurs in Iquation 35 because the concentr-ation of stri-

ations in the xy plane is m sin t,

* The result, Equatlon 36, can be combinod with Equation 27 to give
/ 2a0 1 c7

2 2 ff1T l offs then same
a - - - I j where 0 ýIi.-;'rT, Thi stiesm

foi'm derived by Bramloy( 4 ) for a thick scattering region,

,17 I ,



4,

I.

Another function, useful because it determines the scattering,

is the autocorrelation function of the phase shift, It can be computed

in a manner similar to that used for the variance of phase. The nor-

malized autocorrelation function is defined as

R (37)

2

2a .
2ai

(39)

C-R will be used to denote various autocorrelation functions but when

unsubscripted will denote the phase autocorrelation function.) By a sequence
of steps analogous to those in Equations 31 through 34, Equation 39 can

be reduced to

R ~)*c2~(y-b 1-i, C2)'
2 r2 4a a

Again, the average of the sum can be approximated by an integral over space

and striation parameter.

18 -, B



21 711 mL 2 x 3- (Od
R 11 a .X.. P(() do (41)

Or, If the value of is substituted f rom Eixpression 36,

0Q xpI-§1/4qC ) PCi) do

ii UHow dines th ts relate t ray deviation? Considor the general 1 :
normalized autocorrolatlon function whore for simplification ill writing

Sis taken as the dov lat ion from tho itoan. .

tim ~ r~') (y + 0) d4 1 2y, a (43)

The second durivativo of k (i t m 0 C)is

R _ (0) liy4) I4(y) dy (44)

integrate this by' parts once to obtaiin

y,.. Rvt- Ia,
X,

It"' (0) 11 lit (45)

02y ,~ ,J~ 1ý--1 !)

If and o' remain smatI over the ratnge of interest, the first term of

the rnght hand mombeor becomeh small tui ompahed to the second. Moreover, tie

second termn Is the ratio Of the variances of the derivattve of phase and

e'the phase. Consequontly,
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a 2 -I2 Rl Y~R(0) (46)

( *' Is anssumed to have zero mean).

1 The deviation is directly relaited to the dorivawtive of phase
k- shift (Equattion 22). Thus,

02 _ " R"(O . (47)_ 41T' OT 2

As used here oa is the variance of ray bending or scattoring anRle, In

later analyses, It loses that ph)ys1icl significance but is still a useful

characterization pvuruvt..tr for the plasitmas. This can ho used with IUXiossioli

41 to give

~3 2 nj a (48)
4 sin a n~

which is identictal to the result given in Uquatlon 20,

2I

I

f4
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3.3 Ray Optics and Stationary Phase Analysis

r 3.3.1 Scattering as Viewed by the Radar

The geometry of the thin phase scroon-radar-target is shown
in Pigure 1, Up until now the scattering angle 8 has boon discussed.

It can he soon that the angle of scatter seen by the radar • is

T/ 0 RT/C+RT) (49)

* If the angles are small,

In the strong scnttoring caso (the phase screen having many

rad inns phaso whift), unless there is n region of the screen for which
the scatter path phaso shift i•s constant, the scattered energy will

add incoherontly and contribute a noise-like, random phase background.
Tho scattered wavos from rogions of constant or stationary phase will
combine coherently and form discrete scatter ray paths.

phase..--,,
screen .

sca tered path

Sdirect path

r RT!T

Figure 1. Scatter geometry.
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The total phase advance including geometric and phase screen
contributions for a path penetrating the screen at y is (for small

angles,)

.T +Z , (5O)

where
*~ r -* ÷ .1- , (51)

* Format's principle leads to the condition that rays between two points

(radar and target) propagate over paths of local extreme phase deviation,

i.e., where the derivative of phase Is zero, These are called points of

stationary phase, If we set the derivative of ý T equal to zero, we get

*O-y' yi/f (52)

where f has been used to represent XR/27r, Equations 49 and 52 represent

the sane relationship if 0 a I tP', which was previously derived us the

scnttering angle at the phase screen,

The intensity from one of these regions it determined by the

extent of the coherency region, The amplitude varies as the linear extent,

the power as the square of the extent. quantitatively, the extent will be

about that for which I Aýl,, Thl'fat Is,

y.- yI A I
S•-(yi) 4Ay N (53

where the phase shift has been expanded as a Taylor series truncated after

the quadratic term and Ay u y - y,. Algebraic manipulation of this using

the value of ý' from Equation 52 produces

*Y2 21t - 0(1') ( (54)
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For no striations or refraction, 011 is zero everywhere. The
use of this normalizes Equation 54 to the undisturbed power gain,

P 1PcI' 1-f (yi)

Although Equation 55 indicates that P/Pc could go to infinity

if fr" n 1 , this is a fallacy introduced by dropping high-order deriva-

tives from E'quation 53. If the structure of the phase screen has a charac-

toristic dimension 9 and scattering is strong, it is unlikely that the

phase is "stationary" for more than a distance Z/10 . If this is used to

estimate an upper limit on the power gain,

W 2 '0(56)

The analysis ill this section does not require that the regions of
stationary' phase be as large as a Frennel zone (Z2 x XR) , but it is apparent

from iEquatlon 56 that the power gain on a ray path is the squre of the

extent of coheronco measured in terms of the first Fresnel zone size. Con-

sequcntly, if the structure is fine, most of the energy is either scattered

out of the beam or combines noncoherently,

3.3.2 Distribution in Phase, Angle and Power

rho random walk analysis leads one to believe that the angular

scattering distribution should tend toward a gaussian distribution. Does

the stationary phase analysis give the same answer? And if so, can one draw

conclusions ahout the distribution of phase shifts and amplitudes? The

answor is yes.

If a straight path through the medium intersects many randomly

placed striations, the numbcr intersected will have a Polsson distribution,

which approximates a gaussian for large numbers of intersections, Con-

sequontly, in this limit 0(y) is gaussianly distributed.
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"Call its normalized autocorrelation function R(C) , This means that if

the phase screen is randomly sampled at points sufficiently spaced that

R(&) ý<< I , the values so measured will form a gaussian distribution with

variance ca , as already computed.

For such a random gaussian sequence, samplcs spaced Ay apnrt,

satisfy the relationship

cJo(y+Ay) - 0(y) RCAy) +iT(y goo, (57)

whore g Is a gaussian variato from a unit varianceo distribution. This

allows the computation of the derivntive of •,

*y AUr AY (8

To ovniluatie this derivat itve relquires knowing UI,• Only near
the origin. As w11.1 I'rIrOVOLISly Shown ([lquation 46). for wel1 behaivod

sequonceS, the tautocorrelt ion ftinct ion is porahbolic noar the origin,

• utbelngus fez' •,'•/C 2 for convenience, i

'rho combination of lUquations 57, 58 and 59) yioIds

ln •b: a Ay-N /2 + ead go (60) i

Ay-O Ay

:~r - god a o g .(01)i
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It is evident that the gaussian character of the * distribution

is adequate to guarantee a gaussian distribution of 0', Intuitively
we suspect that the conditions necessary to produce a gtiussian
distribution are those necessary to produce a gaussian distribution

in the random walk,

The other, very significant implication of iquation 61 is
that the slope of the curve 0' is independent of tile value of ,

This means that at points of stationary phase, the phase shift * is

not related to the deflection which is determined by 0' but rather is
independently gaussiarnly distributed with its own variance a' . Con-

socluently, so long as o ' I , the phases of the various rays are

Indeed uncorrelatod,

The proper gaussian statistics for * and correlation

between samples are maintained for three equally spaced samples if the

second is determined by Equation 57 and the thlrd is determined by

¢(y÷2Ay) l -_ RI(Ay) 0(Y) , R(Ayj[l-R(2Ay)]
D D .(Y+Ay)

+ ý1+2IyllK) R go (62)

whore 1) I - 112 (Ay) (Ret'ortence 5).

This can be used with the autocorrelation function to compute the

second derivative

4 ¢"(y) ( -a 2 +Ay) +,

Ay+O

however, terms of hilher order than Q must be carrIed In the nuto-

.. correlation ftiton In order. to .'ooorly represent th. f'irst .igi.l'-
D,' cant term In the radicni. of liq€uationl (Q.
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The necessary expression for the autocorrelation function
;. is

11( 1 -I a&1/2 + bC"/24 .(64)

The coefficiont b Is

b Ho (0). (65)

This can be obtained by taking the derivative with respect to • of
_ Uquution 41 mid then setting C 0. Thus

R~(O * 4(66)
By taking the fourth derivative of the gontral elquation for the awto-
correlation function (1iquatton 42) and integrating by parts twice,

we also obtain

k Vo (67)

These will allow the determinatlon of the second derivative correlation
when Bquation 63 is ovaluated,

The evaluation of Equation 03 using expressions 57, 62 and

63 is straightforward algebra, but tedious. The result is

Off - - (1 + *t goV (63)

"0OT goo,(
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The implication of Equation 69 is that the second derivative

of *, which determines the strength of a multipath ray, Is correlated

with the phase shift on that ray and has a random component as well.

Because there is no correlation between the phase shift and the first

derivative, it follows that there is also none between the first and

second derivative (a result of its dependence on 4 itself). The same

independence can be proven because the first derivative is a gaussian

sequence similar to 0 according to Equation 62, and consequentlyI':
its derivative is uncorrelated with itself,

The deductions from these correlation analyses are that at any

point on the phase screen, 0' is gaussianly distributed, and hence the
S•.obabilit_ of a stationary phase ray occurring at a particular value of

S~y is a Saussian function of y in order that relationship Equation 52

is satisfied. rhe phase screen phase shift along a ray path is also

gaussianly distAibuted and uncorrelated with the scattering angle. The

second derivative of the phase shift which determines the strength of the

signal propagated along a ray is also gaussianly distributed, being the

weighted sum of two gaussian variates - * and g . The intensity of a

ray is uncorrelated with the angular deviation because 0' and *"

are uncorrolated - all possible paths have the same energy probability

distribution function. Consequently, because the number of paths varies

gaussianly with angle, the total power scattered varies gaussianly with

angle.

3.3,3 Density of Multipath Returns

(6)Previous analysis has shown that when multipath scattering

conditions exist, if consideration is taken of all the combinations

of outgoing and return path., the numbor of combInution rays becomes
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very large. They are typically spaced at effective range separations

of a fraction of a meter over a region with a variance

°l2 A 2•T f2 , 4 4'2 2, ,(o
Lea rada 4W [IT Co. + ri 0] (70)

If the radar is not an extremely short pulse system, many signals that

appear randomly phased will interact in the monopulse processor as

was assumed in the original IIARC analysis, Consequently, that analysis

which assumed the combination of randomly phased vectors in the sum and

difference channels of a monopulse processor is Indeed valid for the

strong scattering case.

The sensitivity of radar output to variations in environ-

mental models will be discussed later, The extension of the thoory

to the generalized physical optics case will be discussed next.

3.4 Huygens' Wave Theory and Angular Power Spectrum

lluygens' wave formulation is that at a particular instant in

time one may consider a nouw sphor ivl aly divergent. wauv starts at

every point on a wave front. The superposition of these wavelets is
the solution to the wave equation at a future point in time. This

formulation is, in fact, the basis for the analysis of the previous
section where the regions of stationary phase imply that the wavelets

add coherently.

In this section, the initial wave will be assumed to be a
plane wave, there will be a phase shift introduced by a thin phase

screen, the angular region of interest will be limited to nearly

forward scatter so that the wavelet amplitude is independent of angle,

and the angular spectrum will be analyzed far from the screen so the
range to the screen is nearly independent of position (from the

28



standpoint of power divergence, not phase shift). The angular power

spectrum will be obtained for limiting cases of large and small phase

perturbations and, for one striation distribution, for all phase

perturbations.

Booker( 7 ) has shown that the angular distribution of power

scattered by a plane wave incident on a plane phase screen can be

"obtained as

P~6 f. ,& e dc (71)

where RE() is the autocorrolation function of the electric field

and PO is the integral of P(e) over all e. Rquation 71 is valid

in regions whore sin6 , 0 -i.e. most energy scattered at small

angles.

3.4.1 Autocorrelation Function of Electric Field

The autocorrelation function of the electric field is

a M(Y) E-Y+) (72)

where the asterisk denotes the complex conjugate and the field strengths

are normalized to unity. Consequently,

Rum exp'[i *(y) -I *(C-)], (73)

The phase shift at y+E can be expressed in terms of the phase auto-

correlation function as given in Equation 57.
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1 W xp 1 0(Y) (-R i rg a (74)

Inasmuch as 0(y) and g are independent, the average in
Equation 74 can be obtained by multiplying by each distribution function
and integrating over 0(y) and g . This yields

exp y) . 0(y)/200 .d(y)

x ....L.Jexp -i /l-R(R 2 go0  9 2/2 dg (75)

This is integrable by the technique s0own in Appendix A.

RxM (76)

* -xp - l-RC)](77)

which is exactly that relationship derived by Bramnley This expression
can now be used in Equation 71 to obtain the angular power spectrum,

3.4.2 Unmodified Components

the oxpression for the power spectrum can be written in a

alightly different form

*XP(8) li ~ .f Oxp ao[l.R(&)j -i 2110&/X d& (78)
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ei

/ !The approximation will be used that the autocorrelation function can be
reasonably represented (reference Equation 59) by

C2i &10/2o' if < &I

.R(C) * (79)

0, if

where a u /CT,, Insert this in FEquation 78,

P(e) • fxPt- •o•/2 -i 2rO-/X] d•

X

Iin oxp(-a ) sin 2 Ox/X) sin . (80) ,A

-. + r O - o x p C -•) 0( 8 1

Etxpression 81 will be used to detormino the tnmodifiod signal penetrating
the scattering medium and the scattered signal for a >> 1,

3.4.3 Unmodified Signal.

IThe second term of Expression 81 gives the unmodified or direct

component 1u For 0 0 O, this term gives
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which aIpproaiches an infinite angular power dansity. of course, the Incident

p Irma wave haid knI ti inili ta angu ti r powor dens ity there. llowovo , ift we
perf~orm an integral over e het'ore letting x- , we will obtain the power

in the unmo111dified betim. (This powor Is concentriuted in im angultir width
of the ordlev of' A/x ,which accounts for the cons~tant unscattaord power
flux as K .' ) To ack~omlpl 1ll this , redefinle 1

11 11 H'Iill dLi exAe02 - 'In2r-OLj.x do

sueIl that ,Ito K/X »ý I aind ,Iro~/ , IX << 'I hi~is equ "(1ivalunt to

sevcral doorlto itswdWth ti oArto

2
1 I sin, 2irO x/X

L, ILild f d 4;tol (8,1)

Th attermi In fiiito 4 is~ nogliIg tIbe bused upon the re&t r ict ion
2-n &IX < 2 .consequently, the direct unmodifiled componenlt Is

ala I~ys v kp t I inic the li nhc.dent power anld can lie represeit ad by4
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Pa (0 (86)

4 I

where 6 (0) is a delta function.

3.4.4 Large Phase Perturbation Scatter-ed Signal

If the phase perturbation o~ is 1large

/ / o 1 1, (87)

and in Equation 81, the limits of Integration can be extended to infinity
' with little error. Integrating this term according to the means of

Appendix A gives

P10) "e(88)

a normal di stributit on with vartaneie (Y2, It can he noted that Lis it stands,0*
the integral of P1 over 0 is h1o, the total incident power,

The term involving the limit on x is already accounted for in

the unsCattrod beam.

The final term In Uquation 81, involving sin (210ýt/X) , can
slightly add or subtract from the scattered component but on the average
subtracts and, Indeed, when integrated over 0 , removes from the scattered

beam exactly the aimount of power that is in the unscattered beam. Its

magnitude Is always less that 20 percent of the main scattered component and,
for valuts of 0 In excess of about 2, is loss than I percent,
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Consequently, little error is introduced, calculations are simplified and

energy is conserved, If the average correction due to the last term is used

for all angles. That is, the power diLstribution of Equatlon 88 is multi-

plied by I - exl(-c7)

Using this last approximation, thb total power angular distribu-
tion f'unction f'or the case a 0 >> 1 can be written

1](0) " P0 e 6 €(8) + , (89)

3.4,5 Small Phase Variance Scattered Signal

To Investigate the case a' osmall phaso variance, it is more

invitructivo to roturn to the basic expression for the angular power spectrum,
11Iquation 78, and expiand tho cxlionontilýll

2 2 0 2\

S]+ (1 R(&) (90)

WVhon the tipprvximation of' iquatilun 90 is used ill FL1uat ion 71,

the integral of the tirs• torm loads to the delta function, and

.0 2

I'(0) P0 ~ S(O) IL 2F t~ 0 eos(21TOC~/;1

(91)

At this point it becomes ohvious that for this weak scattering case, the

angular spectrum Is not necossarily gaussian. That the Spoctrum was
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gaussian for strong scattering was a result of o'[Ll R(&)] being large

before terms in 11(&) greater than quadratic were important, Por weak

scattering, a broader portion of the autocorrelation function will be

significant. As examples, let us consider a medium of uniform gaussian
:: ~rods and one following the experimental distribution ffunction off Equation

ii ; r'~or it medium of' unif'orm striations tho autocorrolattlon fUnctlo11

IR(U O x[-/4], (92)

1 t(a) in Equation 42 IS 6[cR) Thi s con be expiressed In teirIs of the

variance of phose and phitse gradient by miaking use of the relationship

Ki /d• miid Equation 47:

I"(t)J 2O. -o),
02

WNhon thLs Is usod In Exprosslon 012 ind thie resilt inserted Inm Elquation
9,1, the res•ult 1.4

11(0) 11 O '0 , o •[ 0) + I1-o Q, (94)

In this case tho Scaitteringl does hitipplon tuo he 14aussinn, butt with an miinultir

v,,,,,ino ,,rosd from oa to a '

. Four the exorimelnntallyl durtvod Che,•nut distributionl, the (luto-

correlation functlon is
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R~ 0Q

maeI +lu 57)

or1 , V

R~ unc (9 6)

1~I4o R ). x( /4 )

Thi cn lsobePnogr ate C ?F1~tl 1i H tOlhl 91. The 2result is

.02

(0) P36
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The integral of the first (constant) term in the brackets is the direct
Lms1-cattered beam. 'The scattered power is distributed

(a0) cc 0±; £ 2 11 12T2 10 ,"

g7

;1s was obtalined by Rateliffe8) The variance of the scattered power is

Lw L6() do

The Integral can start t 0 b•cnust the distrhbutri e Is symmetric about

03 0 , and go to -~ because 11 iS essenitial 4 zero beyond someIL value of
0 .This giv•e s

ca _ _ -(2iu

1 (2 1rOa 2 d

n i nl¶

C an 3/'2

a C y 211 1/... 
(102)

4In Is(;) 712

Kiro 2  
0 . i [2•r(103)

I,
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e= . __ _. l .(104)

;-, 2 - 2 0 .- I(- 2)

Although it i1 clear by In.pection of lipuation JO9 that veli

for the hoviogoneowi stritation environment the power distribution Is not

gtmiss [itin for 0 m k. 1, for rmadar modeling purposes, the correct char-

ncte i to the sig nal C con probably 1t obtained by, use of a gaussiun

di st ibutloti with ai vrioince jll.von hy lquut ion 104. The strtlitioll

paramelllter (I il i be takon is oln effoctILve size. Both the Impac11let of

the di sti'Lbtit ion oln the radar llmolloputlse ,ystolle and the Choice of all

.ff'et-IVO sIe zwilI hle treatk'd In following sectionls.

3.4.7 Summary

Onle way of Choosi ng aul effecttvye strIlitioll s•i.z iLs to mimaitch the

diitoco rrcil at oiol fwnet ion ctirva tlire lit the origin

UHi<). - _1 .. .- •, (105)]

Ii' this is• inserted in Iltuat ian 101~, the result is
22
0 (10)10

I -o

4 1T t 2 1 0 X, I I ( - ( 1 2 )

whore the vmaluo ior L2 has boen taken from Eiquation 47.
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3.6 Monopulse Response to Scattering
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*~h . le Ilalyis i will tholn he oxtelldt'd tO C~ld lIt IltsA Of 41141 111ph040 shift

39



3.. u. K4P jpjf~.~ gr'kn hannk&1 ý1gnai' Forinul AllOn&
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antena Ttarget
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Figure 2. Antenna -scattering configuration.
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Por future writing simplicity denote

b ,-X/R

(11I7)

C , •Zd2/6xg.

The difference channel output will be

d/20

zoo =00 z=-d/2 "

""O d/2f

f f IT r

f L Y -1}oxp'- ] ln y + 1•]) d'y
Tr - (120)

r r2? - J r 4' - i) ep[t- lb>'2  - a- c Y} - ,,.)2  ,,. i4)j d,,

• (121)

whore u gaussian approximation to the antenna pattern has been used once

again,
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3.5.2 Sum Channel Power

* For normalization purposes, compute the undisturbed sum channel vol-
tage and voltage variance, which is proportional to the pvwer, for 0 O

;!!,asO.

- S0 u d f oxp[-iby2 
- cy'/r2 dy (122)

-.L-..- (123)

Cr2 i

d 21TL

PO I1oV •0ooE * (124)

36AX4r" X 2R 2

* In the antonna far field d'/Xr <4 I; hence Equation 124 is nearly

" 1Po dRAR (125)

Consider next the mean value of the sum channel voltage. The

* distribution function of the phase shift of the phase screen is

*1 0 1 oxp(- *'/2c4) (12o)

sO that

w w

. 1' I J •
(1,27)4
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This integral Is the form of that of Appendix A. Because the wariubles

are independent, integrate onl ý first, This loads to

tt 2a adik

where the far :one approximation (c << lbr) hlos bien used,

Citre inust le uxercised either in the interpretation of " or u2

because Of antonna fitcr inig If.cttt,. I f c2 1111 b is0d aill spIati ol .1
wavelongths that inight he present It the environmental structure including

those comniprhble to the subtenste of the aiit.nna beaim (I . o., vanrl o•

systumllt ItcalUy ' over the antenna boom) , there is ni port ion oi' theo s Ignin I phase

variability that Is constant over the boem tit n particoular tlime hbt varics

with tine, A phasor plot of the igna l may •ust be a neoarly constant amlpIi-

tude vector rottittlg, possibly slowly, about thi origin. In th1s ca4se, n It

is the vector avor'ago of' thes I gnal1 which hts the value given bI) lIquUtion 12It,

I}veni ai nonscint. llilt lng signal may have ai neotrly zero moan due to it slowly

varyLng gross phase shlft.

A possibly more useful approatch Is to Include ii spotiial wiwvelength

cutoff iII the computat ion of sq) Buch thilt thie ensembi avurago O1f liqunttion

S127 has somo valid meaning In the context of it single measurement. The

longer wavolength structure wou ld then be, accounted for by m~teains of it

mean phase shift, gross rofractivo etngular error and focusing gain (to

represent •mean phase shift, menn first spatial derivative and menn second

dorivative) . The proper way to separtite the effects that tire due to randomn

variations within a boamwidth and those due to corrolated variatlons has

not been developed.
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Similar, but even more stringent limitations may apply in the case

of small phase perturbations or small mean scattering angle because the

region of significance may be even smaller than the antenna beamwidth.

it may be controlled by the mean scattering angle or a Fresnel zone.

If the one-way power gain of the antenna relativo to boresight is

Called G(01), liqUntion 128 can also be written

1/2

--d ") . (12()

The sqRUare of the real part of .1Is

which (by compariston with litqLtatioll 85) i4 the kl rect nmndifod lIed p1oer

attenuated by the off-1axis roejction of the antenna.

Compute next the IIIoun power received

d2  .) (_.y2+Z. ) C( Y.. .. .... . . .. .

S45
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Let y

, d f exp ib(2yt.Ca) - 2c( Y--a -t .( -c-a)4

r2 (y + 4(y +) dy dý 12

Tihe only flttor that nods avoreagtng ovor thle ensemble .is that involving

tho screen phase shifts. 'l'hli wns proviously defined (Ilquation 73) is

thil iutocorre|ltlo.on fnction1 of tho eloctric fiold ItL(t,) and eva~luated

to bo

0XI 02 -C[1 -(133)

Lqtuit•oIti 132 . can theLn be rowrLttoln as

" d2rf. rOXk2L1b~ - .+j~> 1 2by . c
frT r rle- a) 02p [ Ii - 1.1,l (r.Z v.-) , -y L lC(1

[it that h 2 o 1 , the integrand 14 ,hurnllt poakod

abllotit -0 whoro til trm [I- 11(F.).1 L4 nearly zero. Consequently,

theTulorsuierX::pprox Imeittion can beuisedfor R(Q 4e qaio 9

• 46
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with this nppr13OXintion, liquatlon 134 cnn lie integrated fir. t

*over then y to produce

22

'p Tj -. 2' CX (136)
40 ~ a7 2 \ 2

3 ,0 1 2

where terns, small1 in thle far zone have becen dropped, a 0 110 R/r

and 00 a )X/d (the p'osit ion of the first null in a rectangular antenna's

side lobe pattern) . Thio can aiso tic writteon in terms (f the antenna i lin

tit angle~ Ct

i .1

II VT+-, I- - (xl .T~- 1-°- L

where

u * 41T a~,/(, 08.(1)

It cnn be shown that if O•2 x2 30 Is greater than M, , scattering

may increase the signal strength over the value obtaineod in a non-.tructured

environment. Basical'ly, this means that -if the target Is ,sufficiently far

frout the beanm pointing dlrect ion, scottering may ipov ide a higher gain path

for the energy than the direct path,

It is clear that the mean power greatly exceeds the power in the

unmodified component if a >> I , Furthermore, inspection of Squation 116

shows that the signal is effectively composed of many randomly phased com-
ponents because, for the assumptions used, the i1 term can vary over many

radians within the boamwidth and Presnel zones. As a consequence of the

-;! ,..47• t
? .. .. . ,



central limit theorem, in this limit, the sum chaninel voltage will have in-

hIas und iuadliraturo ¢onpoiicnts that tire ouch Independontly giu-slntinl) dis-

tributed with P variance, equivalent to half the rocoivod power.

Per U2, (< 1 , i.n alternato assumption alilows Integraitlon of

t Equation 134. The# exponential t60ctor lvolviill the Outocorrclation function

can be expa:dod us a Taylor ,orlos In u2, with the rotention of only thle

,linear term Lit 2 Thus,

EL
I ;-co 0I•~

iho littocorlolatii V:tntion call then be uppruximitted by it gltin,,

Sorrolution functiont Ai) t only f inti'grh u ttriitoi t Ittle
Sprof'Lei e. gaussiti alln (t l, till, ml bi•' dcduct~d f'roml IE uiitlon 'I,1 aind will he

. d.L.'tl~~tim issod laiter'), However, Ilnas., viih as, tt 1,4 tile only, physlically' r'oimon-

•. ii~~~~ble funtllltoi thatt rondtrst1,qualtl~oln 134 Llntegrabillo, wo will u,40 it III tile.

hopes of oltiLning at lsoi,•t r•asonabl uistimate of tile scattering.

Por these alilprox lilit ions,

* d %c 11i 2 [lb - -. . A.2 ) "

Sx 11 0 eoxp[-ur,/24 dy , (141)
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This is of the same form as previous integrals. If we make the far zoneapproximation (ca << .bar" match the curvature of the autocorrelation

function of the phase at the origin (a • o ,€a a and, in the limit of

smll a ,approximate o2 by exp(a,1- 1, we obtain for the integral

.02

U--~a [ 22 1-1 € e [ d 2  a 2

6 rg a(72ra00

(142)

This can also be written in terms of the antenna beamwidth 00 and mean

apparent Rcattoring variance c•I°'
a~ 2 )

(143)

By reference to rquatlon 130, It can be soon that tho first term

is exactly the power associated with the unmodified component, and the

second term must be that produced by the random noisy component. If the

derived vuluo of the moan scattering variance is obtained from Equation 107

i2

j2 (144)

02
-= , ( 1 4 5 )

I - exp (-a)

4,*
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and the asymptotic forms for large and small o2 are used in the expressions

for strong scattering, Eiquation 136, and weak scattering, Equation 143, the

result in both cases is

Po I'o! o G(a) -+ 0 2xp

3 O
(146)

Thuswe have a single expression valid for both strong and weak scattering,

3.5,3 Sum Channel_ Am11tude Distributlon

lVor ntrong scattering, It was shown that the sum channel signal
was composed of two independent gausslan variates In quadrature. IHow iI
it fur weak scattering? Expund the basic sum channel voltage given in

Equntion 116 for small phase shifts,

- Qlf-,-iba, - C(f- 1)2 1 1. +1 ... I dy (147)

Lo dfo+ Ih,,Y .- O(- i4)', dy (148)

fThis shows the sum signal is nearly the undistorted signal plus a weighted
integral of thl phase shift. The integra.l is the limit of a sum, Conse-

quently, the integral ovor the weighted gaussian variate 0 will be a
gaussian varlato. Consider the integral as a summation, There will bo

regions of y in which the phase ts relatively constant. Call the width

of such a region &I and take it to bo the distance for the autocorrela-

tion function to drop to 0.5,

so

,..,..,""... .. e..ilsth . .. .. r°"h.. '_ • .. ,, . .•.
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r ~(149))

The character of the integral of Equation 148 is that there is

general attenuation near y=O of exp(-coi2 ), which is the antenna response

in the target-source direction,and a continuously changing phase. The

regions of coherent plasma phase shift will be coherent in the integration

only if the spatial phase change aicross the region ýj is small. Outside

that region, the phase becomes randomized and does not add coherently.

Thlc rha I.' shift riad icnt LI1IC to phy ialI pat1th length Is

(150)

For estlnmation purposes, require that

This establishes a maximum region of the phase screen y outside of which

the spatial variation of phase is so rapid as to prevent coherent phase

addition. Thus 
(1L2)

XRYm ( -? 152)

If the structure dimensions are small compared to the first

Fresnel zone, the total spatially induced phase shifts involved in y

are large compared to 271. The cont i'.hbuton of the phase shift shoould he

aeatl", "1 ratndomil so long a's the total phasI.' shift .in ym is lIrge compared

to 27T, Across each clement •i, the contrihution to the integral of

H(quatLonl 148 has a1 varia•nce

All d'(
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Of this, because the phase shift associated with the exponential ftIctor in

Lquation 148 spans a largo variation, onl the average, half the contribution

will be in phase with the unmodified component and hatlf in quadrature,

The number of such Independunt 41amltple'n will he

. 2y1 •/t , (154)

"t 'ihe variance of the sum of a samiplos is i times the variance of the

singllg sallj)e, ThuLs, the I n-phase component of scattered power i,%

p , n I d2 \RoP G) (o(")

x

The result (f liquatLon 151 is comparable to the scattered component in ll

ltqtation 14o. It dflffers I1n that the Sum of the ,ln-bhase and a11 equal

11WlmltidC quadrature power Is half of that obtained In the detail rtalula-
tion, which Is rmslla~ltbly clo';o conlsidering the ad hoc as.sumptlons used In

the crtide derivation, It zil.o dlffers" by the neglect of q-- compared to

uht this 14 Valid for (I I I f the plasima structural diinens 1ons r0
small comIpred to the f irst Prresncl zon.e

i

The [1informat ioll added by this quant itativyel y more crude anJal y i

is that the scattered component consists of independent in-phase and .
quadrature gAussian Com11pon1ents. This of cours.e leadi to Rician stati.stics

f- the power.

in addition to the evenly divided components there Is an addi-

tional contribution of a random component In quadrature to the direct signal

that I1 due to the large extent of the fLrst lFresnel zone, llowevwr, It can be
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miowni to be simaller by tile ratto of tho plasma structural dimension totile

latilon 1'unctilon.

3.5.4 Difference Channel Power

Com~ildr iiow the d i ofroni'o chmmuo1, for wh:I Th the, sigmti voltaige

.14ý,iVIby EILqua t I o 121 . If til hte 11114 po rtUrhntid.0 Is Ze'ro, tho n Liiils-

tuold onere lC IAlgliia .1. Oht 111 11d. 111'hu1,

I ý2 Yf; exýy-1 32- dy 17An cxj) y r 4

( III tile f~ir i'01 zOfe t he IIaNtenn, thi 18~

A0 - o/-d/ .0 ,Mp

It Vanl bo sectl by i't ru:w to ki~qtiatkii 1.23 thait tile diffurtiorec chiinuol Is

Iii qua~drata r to t he sum1 channleL, RI rt lit 1,o i'o , tiloe ~pOnloiltial to ril Is~

k .1014 jut t he anltem'iflI pii of otich0 halfI t he anitvii 01111 Id to fIormn t ho dl ftorctiw

beamI, or spvc. f et Ic I y rG (o.T2JY , ho otheor t erm tin the parcntho14tm Is

J U~t tile 41111111 augjZ1k U111iprox Limiit Loll toa t hl. nrma I difft'oron ee chaimulo

III th h rosciv L 430 it' pha14o f1tict atims th vrmiv1fth34f

an hle coC.111to1110 Vlag %V1nno r ~ lin 1artom t hat giea byEuI'l 5.I
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AA r f - )( TOXp I -i(yl-zl

(160)

r f thc zsuhst itutaIol z~ r 14 l. ised mid the phaso di fference ovoraged
over tho, onsomb le tho emi'eut i s

___ 2r¶r ~ I_

* ~ ~ ~ ~ ~ ~ ~ ~ d d'Ix i )£ ý*(2~-2:

wherc 11 a.-

F01' HI CiIV eOf 10'1 1)111-4 1h101'pet.11-hat i Onl, tho t erm InvolvIng
* ~ ~~~ atietocon'V I i t ion fuanct ion can be app rn i matod by

r e for

AA wag& discumsed fo r thuL muim cIimilnii poiwer, th In ftegra'l on tI il hLI(It I L1

io can ho broken tit &I- .1o'/lus, The tntgrai fol LtIVlU if. f, U~t g[Veii

the unmiodified Qomponiont t Lins an (ittellutt ion Ineto p11. tlls anit tent.1-

11t iOn of theC 14CLttered COMponenQ1t. thalt alver(Ages I

Idvt. mS concoent rato tin the port ion ol the Itotgraid noar the ori4ginl.
As at matter of fact , the term cxp (-0 P., t12) beeLmuie so simul 01 otil ide the
miturva I of coaverni that the l1im its on the I ntogram con bo extended to
Infinity with little I atroduetion of error, Thus, tho motin scattered

componlent I.P
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7 r-- r c lbl

+ ib d), d&.(1)

Straightforward npplication of Appendix A to first • then y yields

lio It(a +, I*II 4 _ _ a1 4)

/ u . (164)

The flist term Ili the curly bruckuts rep laces what was the diff•eonce signial

S 1.11 (pa) and comp-I sc'••t comlpon1ont that is it function of the diroction off

the monopl 1 ulse null a nd ca component dependent only. on the scuttoe ring, which

makes the object h•ive the alpen r•|lce of maoin.lg ai ounId off- horesll lht,

It Is lnterest.Ing to rewrite Equation 164 ill torms of ain effoct[V .

it 1Ak 10' (11a / /f• + . As wl.il be seen the offoct of the scattertig ctin lie

interpreted as moving1 the apparent position of the source closor to boresight

by), the lavctor I z/T•f,[. klquitation 1 h, becomes

1+ i i

This cin he i.nterpreted In terms of it power lo.s duc to thu scattoring ind

" . the reduction ill effoct lye b.resight angle, and shows that the rol ait 1 y

* magnitude of the non-borcsight dependent torm Is Just the ratio of the

varlin•e of the phase screon scattern ng, all viewed from the raddr, to the
sqtuare of the apparent off-lhores-cIght a•gMle. ,
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In summary, for a2 >> 1, the ditference channel signal comprises
an attenuated unmodified component Ao exp(-a2/2) and i scattered rafndom._

component that can be argued, in a manner similar to thut for the sum
channel, to have independent random in-phase and quadrature components

with variance [1 -oxp (-a02)1 M17~2

considcr now the weak perturbatioti case. As for the case of tho
sum channel, the random phaso offlects wi I Ie approximitted by takIRi

exi 2 *xv(-o7 + [Iep_ ) [R(qu Ilbbw

With thle Use of thi.[ L% ruxhmttion, I1qutitIon l 1 beconles the st.lml of two

Integra Is. The first Is exactly exljV-9 ) AoA*0 .

If tihe 11Ut oo rv1' I it 1o11 flictlc t l 0 s1 [ o11'.eo l1O1C aplprOx I Im ted by it

iausliai, R(•) • .cxp(-o•, 212/y,), one Sces that the •econd I ntvilral is

idnt ical in form to that I ategrattd for strotg scattering except that

whoerver a, appeared origInally, o, /02 110%q tno llpetrs. As w,,s dis-

us sed earlier, this Is equivalent to replacli. a b c q) 2

2 ,, •/I (1o7)

With this modL ficat ton, the stamei 0qtuntions apply In both I hultts (7 << I

3,5.5 Summary of Monopulse System Output

In summary, this gives a unified moans of computing the sum and
dilfVfIerenle ehICl Signal, 1i11V quatonos ove explicitly Valid for large

alld 1n11. l VOILuCS Of (3• Ml~d It 1411841111ss 10ed that they C1n1t be too fni Off

for cI I, The e.vi.ronmcn1.-t .4 dfhned In torms of c' mid cl ther o 2
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0 1.

or a 2 which aire related by o * Rao'0,1/2rr. Means for computing these

parametors from aLi environmental description wore given in nn earlier

section and specific exmples follow In the next section,

: 'rho radar system in characterlzod by antenna boamwidths

S80 (uX/d) , the first null in a rectangular aperture's pattern, and 0b, tile

-5 dB power heamnwidth which, for at rectanglular aperture, is related to 00

by 0b Heo/r2 Th/e, suim hem rolatlve power gain Ln ungie a from beam

center is G(a), The on-axis, undisturhed sum beam signal power is P0,
J Tile uindisturhod difforonce b~etin powqer is PCO (Ca/2) slnl(pal) wheor

p * td/2XMIa (a

A prmnmetcr characterIzing thle relative importance of scattering

and antenna reojection Is

Usant those gon l e rlalndto, . the sutm chmp nel signnil comprhses a n
" U~1111Tlod L fIt-,d €OmlpOtielt of p~ower

l' %exl(-ol) ("Ca)l~)

11l1d two orthogonal] randlloii ildoelondonit collpOllenlit , otich gatslaltl|(l(•

dIstrihbutod of variance

l 711 II(.i%) *1 ~ OXII r ~~2 . 3~ (170)
hT j~~

The dlff'erence ch01n1e1 coipr I sos an utnmodi fled componont in quadrattro

to tile Linmuu i Iied Sulll chiannel iitill tfld a scatterod sIgnal. Tho Lin-

modifled eompomient hail it power issoclC.11ted with it of
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; Po oxp(-a ) G(a/2) sin2cpx). (171)

The scattered componont comprises phase orthogonal, independent rondom

gaussian components with variannce

*Ila v + )ý2 3u
XAA G~i (0i/2 I + 1 ' (172)

It should be pointed out that on the current cffort possible

correlation between the sum and difference channel signals has not been

analyzed and the difference channel analysis has assumed that the target

is displaced al1ong one of thie axes of the monop0lse system and that the

striation axes are alignod with the other. Analysis to overcome these

4hortcomings Is stra ightforward but there was insufficient time to fully

explore til naspects of the processor,

4. SCATTERING BY VARIOUS PLASMA STRUCTURES

lhis section will investigate the relntive stcttoring produced

by different size distributions of strialt Ion. to determlno the sensitivity

of scattering calculations to detnils or the distri bution. The problem

Is that the di.,tribution Ls not well established, so If there were ai great

sonsitivity to plasma parln a meIters-, there could be little rellanco in the

quant i:fication of the scatterling

4.1 Model Descriptions

Four models of the distribution of striation sizes will he con-

sidered as illustrative distributlons, The pairticular models wero chosen

for simplicity or prior use in the literature. mTe models aire single,

uniform size, a modlfLcatiLon of Chesnut's distribution, and power lnw dis-

tributions with either fixed or sizo-depondent axial electron content,
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* 4.1.1 Model 1

In this distribution all striations have tihe same characteristic
radlus and peak electrorn concentration, The probability distribution

function of the radii is a dulta function, 6(o-(7), This is an idealized
model that is easy to visualize and to work with. Because it is so simple,
the results of anamlysis of tile scattering properties of other distributions

will be expressed in terms of an effective striation size. That is, the
chrtracterlstic dimension of unifovim striations needed to produce the same
scatter ing will he determ;Lnod.

4.1.2 Model 2

This distribution was inferrod by Walter Chesnut from an analysis

of photographic data, The probability density function is

PWa ~ Q(- xp(-~ (173)

Reasonable distributions (i,e., finite phase shift) Imply thatr n exceeds
4. The norma z1tllZtit•n factor a Is

a 'a , n even (174)
V" (n-3)

a n odd, (l?,)

The specLftc power favored by Chesnut was n 6 so that a was 8/3v '.

* I.A plot of this function for n-5, ti, 7 and 8 is shown In

FLgurL' 3.
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Figure 3. Probability density f'unction for' Model 2. :
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T'o relate this futition to the plasma instability analysis, which

yiolds u mintmum cutoff' wavelength, It is necessary to dewvlop a definition

iof the churacteristic striation size oo . If the cutoff size is taken to

beh that hay Lavg a tenth the probability density at the poak of the spectrum,

a(1 = 1,8ao l (1 7)

Is ai reasontable fit for the data t ofI'iUre 3.

As Was po1i.nted out earlier, th is spectrum of radii aipli•los

specitl cal ly to fireball regions, som01e of the observed spatial powor

spOctra were' best matvohd with tho sum of two d.lstributions of the form of
Eqluation 17.1. find the alitilys.is was• not very' IrodCJ~ abhout tile eMiCt VlUIU

of the expo•tint of L70/o-4a vWilue of 0 4oeemed to fit the datil as well ai.s

anlly. Iowevoer, it Ls a Canyon I Int 1i1tegrable form thu t fit$ thu data

reasonably well, Also, becausLe the phase4c shi ft appr1-Oi loahs it gauss Ian
ranil1dom seoqiunce, the varitilancs of phhase shift and of deJrivatives of phase

shift for at distribution that i1s the suum of several Components are Just

the sum of the varilances for each of tho several compononts,I"1
Another way of viewihng this dttVIhUtlt1on Is hbat it is at power

law distribution with the short spat•lal wavelength end cut off by the

exponenti l rather than by an alhrupt limit, As such, It is probably more

realistic than thv pure powur law di-strl•bution, T'he caolthillOus Ufunction

has the aidvantage of allowfiig the limits on integrals detormining plasmna

scattering parallietors to lve a m 0 or

The axial loctron concentration is astismod to be Constant,

Lndependont of striat ion size.

!. i
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4.1.3 140 od1 3

This Is a powor law distribution with a normalized distribution
f'unct ion of

P~ci ~ 1(177)

(ysIi( (5I12

for a <G a and zero outside those limits, This reflects the altua-

tion that below it minimum cutoff' size, plasion perturbations tire stable and
will not grow and that structures larger than radar beamp dimensions or
plasma gradient distancvs have vither no influcnce onl the scattering prob-
lem or no munening lin terms of the plamma description u~od here,

There is little reason Putr a partiCUIlar choice, of power. lixeept
for the arbitrary cutoff for large st ructures, this distribution would
also produce infin ito Ihaso shift variance for s 5 4.

mve axial electron content 1-s taken to bo uni form,

4.1.4 Model 4

lThi s model has the same distribution funvtion as Model 3, but
the axial electroni conventrat ion Is taken proportionul to the striation

* Size,

no *nro.(178)

Trhis Is based Upon1 1an intuitive feol ing that tiny growing perturbatlonls
should pinch oftf and stop growing once the perturbution timplitudo becomles
a reasonable fraction ofit structural wavelength.



This was the model used in the initial ILARC analysis. If all

possible perturbation models are allowed in a cylindrically posed problem

and modes are allowed to decorrolate in a wavelength, a value of four is

deduced for s.

4,2 Plasma Parameters 9

It will be assumed that in reasonably homogeneous regions the
local electron concentration variance a and a cutoff wavelength are

n
available from either plasma analysis or experimental data. Those will

be used to Qompute the vnriante of phase shift aind phase shift trainsverse
gradient which can then he Integratod along sight paths.

The result can be expressed inl terms of an effective uniform
distribution striation size, The pertinent equations are repeated here
from previous sections:

liquation (27 ,

a2 11itf 11,a1IdoJc dic * m (179)

I!4uat lua (3to

2 T 112 mlfl, n~o''1(o) di- 2 2 iniI. j1T. (180)
A1112, sill x~l ~2~Sn

and it combinat ion of liquation 47 and 48

2 r i 7 / 2  
fill, do 12  nL (181)

0
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,hn form to ho at tinimteo1y usod combitnes thoc to give

a ITt512 L 01

whe re

(U2 (1843)

0f

4.2.1 Model I

It f l m~ t Ions 183 mid Is•.; are e\'volunLtod, It 1. 11111,11rtetnt the .

striatitlon size'- of the inif'orm .striIt~on" Is• Identically the, 'amne (18 Ce"

111d oI Tl'h;, I'%, Of Coul-w.• the r'eaon•.t for hav\Ing lubelled the un.iformt~l

Two ll1tetorstilng 1)(111t.s are developed whenl the scatterin~g 1311,1-
metersq aro oxprcosod this way. 'rho conceontraltion• of strialtions- and them
axiali electron content no longer appear•v oxplicitly in E~quation 182 or 184I

and the ratio of tho wala'lnlce Of: 11111,e 1111d pihak,e gradivit Is• ,ArpLy ,related

to th~e Stl'111t.ow d[tMVn,410l1, liqtuatiol 18.1 11.4o Imlplies thllt. the Vall anell v•
of the s•cattering angle Is;

i'(• , V .. n (:185) '
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4.2.2 Model 2

The effect~ive striation size is

0Y L (.) 02 (187)

f CXp)(-X) dlx

where x (10/ o, 10 1 Qvcfll

or, for 11 Oddi-CU.)) , ii'y

/ 1- 80(7
aro~~~~~~~~ sLxpi(-.m 1fo ;iIi .;o I ril4 o9 111 ~r

Ia I 1 ' 0 ' 0 a ' c o h wl I 0I II U I: g o r' L
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Figure 4. Effective striation sizes for the various ,scattering models.
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4.2.3 Model 3

(Ih ~i i-tII tg II I tO oV t htJ~' JO3 W LT i :111 id i y111 VIIA At iti0 IdVS

11:,o III hvso $-m' 1 I -?)

4.2.4 Model 4

For Model I the' vfl'vctIxv~. skzv. are.

(I -S I- -' 19

fT('eL' arL' a IMO 110ttOL! III HIti - 'II 4.

4.3 Comiparison of Model Results

Por uisi I of, t ho data it I I11 uiro .1 shows soicna Iot too su1Irit -4 1 )i

t rond1LI . Ih' I arga 4 t V rIIi aMISo IIro VIIIIphIMS I ZIA (I I t~h I-vI I t I lip I arp I,

v 1T\'C t I vLa iC. b iv y I owye' I ilv r"It plvars hv. hav Ing I I rgor ax n aI L, Ivet votl

con)t vil (ModL' 1 4 and hy t ho I.' odio I t hut ro I I s IfT mo Ia L, l ow I y 11t th c slhoit) '
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wV;w cutoff. Iowever, it is also nuticahi'le t"hat ) lot of the •ffective'

striattion sizes lie between 1.5 and 4 times the cutoff sizO, Con1squiently,.

; if an oeffective striation $I-.0 is token to In,

a Y (I c.*25 (198)

reasonablle results are antlcipated. lbi's valhlo Is recommenlded because It

1is near that derived for thie on exlwerlmental distribution, AlSm, tile
11.igt itic fielhId should continue to broak up the liarger str.itlons so that

low powers In the distributtion funitiun shouldn't peosist, Vu. thermor o,

the sharp cutoff that I cads to smaill vialucs of (c seem1s hs)'ScIally U1ln-0

rueallstIc, It would A00e111 sorptvshing If the proper ef'eetive size differed

from 2,5 by av o factor of 2 and it most I lkely lies w'lth.ln a factor of

.1.5

Certalyalv with our current stat.x of kiiowledge, theru Is no

ras on for assigoing dIfF 'erelit values to o and of,

It shiould lie remimombered that (I i, and (12 vary Invorsely with

c '. CoWMNIqu'lltly), the scaCttering ance rta iot y Introduced by the strliation
uncortainty Is reduced by a squa'c root process,

Thie ph~'O v~r(In'IL~iC U \' r 1 as the lprodtlCt fo2 0 on-

sequentl)y, If' the effectyive striattion s.i ze were actually smaller than used

here, aJ I would he grouter and u@ would be smaller, both by about the

fractiLona• error In c
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5. SUMMARY AND UTILIZATION OF FORMULATIONS

It will be usslimo,:i here that in a series o0' regions of lenuith

Ili the cutoff plusmla wavelength X c;nd electron concentration vawmince
atre determined from some onvironmental doserli l ion, If other parameters
such as axial electron concentration and striation size pariunetor tireS•he~snut
given, the formulattions of Section 3.2 can be used to compute o .

(and TEMPO followng hin ; work) used a profile defined as n0 exp(-r 2 /a 2 )

If the factor's accoua~ting for the difference In profile definition, the
relationfship of cutoff size to churticteristlc si:o and cutoff wavelength
to cutoff size tire combined, the cutoff wavelength should be takenl to be
1.2 times his size spectrum ,Thartictoeristic parameter,

5.1 Local Effective Striat i on Size

The local effective striation size can be taken to be

SLI f ( 05b (195))

The precision of this relationship should be 20 to 50 percent as estimated
by comparing the results for the soveral distributions analyzod, The offec-
tlve s i.:e is defined as the slze of unLi1.011 striat ions in aln onvironment

havIng the s'Imo electron content variance needod to produce the same
scattering. The same effective size can be used for relating electron

content variance and scattoring angle variance (or its equivalent phaso
derivative variance) and for relating phase variance and phase derivative

variance.

5.2 Local Scattering Angle

Several directly related paramieters have boon used that define I.

the basi1c angular scattering or variance of transverse derivative of
phoase. 'rhes aire the environmental, plano wavo scattering angle variance:
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F

: a ' sin a 6\5c/ (200)

variance of transverse derivative of phase:

2 2 r a 4 (201)

and variance of scattering as viewed by radar:

2 (202)

T'he last of these variaMces indlcateA the proper way for weighting the

scattering as n function of distance from tile radar,

5.3 Local Phase Variance

Tho localI phase var.Iance is determined from the phase gradient

by

02. 2 a' o7 (203)

5.4 Integrated Scattering Angle

IasmLuc]h aIs ally of the local scattering angle parameters have an
intogrUtOd value that Is u gaussian variate, the variance of the sumll is tile

sum 11 the 0WrianCOs of tIe indIviduatl contributions, Thus,

2 G2 (204)

and

O1 01
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5.5 Integrated Phase Variance and Mean Striation Size

The integrated phase also becomes a gaussian variate and the

variance of integrated phase will be

2 2 2 ( 206)
1 ti I fi o

One would like to be able to obtain the integrated phase variance from the

integrated derivative variance by use of a mean effective size, Thus,

(3 - 2 o} .o0, (207)
1 i"i.

Comparison of Equations 206 and 207 show that this can be done if the

mean effective size is formed as

02 2 a V 132 (208)
f -f '

(Because they are related by a constant, 0 could have been used instead

of c¶, In liquation 208.) If the mean effective striation size is deter-
mined in this manner, for the total scattering layer

P= 2 '- 2 0 (209)

5.6 Angular Scattering of Power

In the limit of small total phase perturbation (,- 1) , there is

little power in the scattered signal and its angular distribution is spread

by diffraction. The rms scattering angle is

(7, - xp (o')(210)

which is that expected for diffraction from a structure the size of a

correlation length,
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Ini the 1imit of strong scatter~ing (u >> 1) or ui uniforin stri-
ation wea~kly sea~ttoring plusma, thle power is gaussianly distrihute'd with it
varlance givan by Iqjuation 210. Iin the stron~g SCattlerinlg nlul.tipalth caSU,
the number donsity of puths Is gaussilmly distributed wiithian amplitude

distribution that is independent of the distanco of the ray froim thv direct

line of s ight. For weak scat teri ng thle angular power spect rum may ilot be
gauss in hut i ts variance is still). reasoiniblIy uproxi mutud 1)y FNuat ion 21(0

and usually the spectralI diftferences are only signifivant if thle scattering

Is insignificanlt,

5.7 Received Power Statistics

IfV the s ignal1 that propa ati sc,, t hrough the. iCattering1, mediUmn Li.

recevivod by ani antenna, the rece iv ed powe r (or ull Shimi %-111In I ii a tlunplO)IU1so

I0eceIvoC L) Comprise (IIC I antito ut at ed butt Untlliud .1ifed componlent andj both InI-

11h11SO :1nd Liutd rat are randoml Compolnedt s IfV thle anitem tinnlhs a1 suml channilel
onle-way i1oimr gain (; ((4j anl anlgle u from thle holltm cenitor, I -l full

width, one- way power bcamw idt h of 0anld tho sna -v' Ofat the received

onlzrgy I-, s i angl Ic t fromt the hoawm c entuvi, the unmod if I d colmpo lollt hals
a p~ower'

r 10Js thve I)owvv that woul d be reC I 'ed Ini the al'ML'n% COf sCat teriilp
If thv antenna ha11 bQQen paIOlted ait V hesour-CV

ifI taptiit'alnt er Is~ de('I ned relating thlt 'Acat t e inig to thet. an1tennla
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the raidar componen101ts each have a voltage variance (I.e., moan power) given

by

If the antenna is pointed tit the source so that a'U, the power

can be considered to lie an unmodif~ed s ignal plus 11 randoml 4 jhtiMd noi.se
coiponent , The "sijgnal -to-noise'' raitto in thiLs repiresentation is

A/ ' 0 V4 e 0cl (214)

It can be. reQCOgnIIZed thait the ampI IIIItUdO d[tsiltrihtica1 Will1 ho RIidan.,

5.8 Difference Channel Signal

Trhe d ifference channel will alIso conta in both an unmo111dified signalt
and a mu1d if ed , scat tered component. I f the difference channel gai iiIs

5112 (et)fl ci , whi cli iAs normally> zero for (%= , the unniodi fled componvntt

(whk~ I ciIs In qlunadni tar to tile immodifit ld -lTAntie 61unl component) has a

Au si 2 pt)Ce2 )cx(-j ) .(215')

'LuI toa ))oVel IIl tho moklltioLi d, ralndom cýomponent wl I Inb

4 <a I - x(-4 2 k;t/C ) s1in 2 (pt)a I +t(2)

who re a' C4/vT¾77-11T and p=1.40
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x.,

'59 Limitations

The analysis has assumed that sufficient independent structures
are encountered that the central limit theorem results in gaussian distri-

butions of integrated phase and spatial derivative of phase, and the

analysis has dropped terms that are significant only in the antenna near

zone. Both these assumptions are valid for most problems of interest.

The angular power spectrum is not necessarily gaussian if

"I but again this is not usually a regime of concern,

Possible correlations between the sum and difference channel

signals have not been explorod, Moreover, the specific analysis here
assumed that the target displacement was along one axis of the |nonopulso
difference beam and the striations were aligned with the other axis,

-1
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APPENDIX A

A USEFUL INTEGRAL

,ollkider all Inatt, r'j il of t1hk t'or0,1

I -fcx) oxp[-(njx 2 + bx + 0)1 dx (Al)

where P(x) is a polynomial in x and a, b, and c are complex constants
(or functions of variables not involved in the Int lrrntio W) The ipio's.sv

needed to perform the Integrations are straightforward but the arithmetic
is often todious,

Trho procedure is to use a linear transformatton of variable to
remove the linear term in the exponent, The constant term can then be taken
outside the integration, leaving only the second power of the variable, The
polynomial will have transformed into a nwv polynominl of the same order,
The integral of odd order terms will be zero and the integrul of oven order

terms is a well known definite integral, As an example, let the polynomial

be a quadratic

P(x) * P0 + PI X + p1 x2  (A2)

Ulse the trunsformation

x y -(A3)

2a
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i

rhis produces

b( - c) dy (A4)
xoxp -a Y' 4a

(AS)

This final Intcgral ha4 the vuluc

7r 2a Ta (Ab
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