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The followipg transient phenomena occur in a few millisecocds:
penetration of hot gases into interstitial voids, coavective heating of
pellats to ignition, granular bed compaction and rapid pressurization in
- & thick-walled, steel chamber. Pressure transients and flame-front speedz
are measuiad by high-frequency pressure transducers and ionization protes,
respectively. A gaseous pyrogen ignition system ucilizing a spark ignition
vas found wost suitable for varying igniter strengths and achieving high
reproducibilicy. :

The physio-chemical phenowana described above have been formulated
into a thecretical model. The mathod employed in this study i3 the gas
dynamic approach which is developed by formulating the governing equations
on the btasis that mass, momentum and energy flucas are balanced over
control volumes occupied separately by che gas and particle-phases. The
governing equations were derived in the form of coupled, non-linear, in-
homogeneous particl differential equetions. This system of equations i3
solved together with soms empirical input such as heat transfer, flow
resistance, intergranular stress and the burning rate iaw. They are

found to be of hyperbolic type, since all the cigenvalues sre raal.

The compatibility relations sre used as extraneous houndary coanditions
together with some phys’ 1l boundary conditioms to solve the boundary
points. A stable, fast .onvergent, explicit nuserical scheme incorporarad
with predictor and corrector are used in the iaterior, and the method of

The results show that the flame front accelerates significantly and
the rate of pressurizacion increases substantiaily in che downscrasn
direction. The ignitar strength and the propellanc  asification temperature
vere found to have pronounced effects on the pressurization process. The
theoretical predictions are in close agreement with the axperimental data.
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CBAPTIR 1
INTRODUCTION

The mccivatio: and the overall sbjsctive for the presant invoscigntin
is firot dafined. Having vrouvided the sotivatior snd objuctiwe for thig,
some useful applications are given in ragard to this study. We then provide
suss backgrouad information related to picmesring work ia the early stage
of iaterior ballistic modeling. Rsference is weda to oome of the related
vori in this ares. This chapter is coucluded by a briaf discussion of
the haxiz approach taken for different acdels associated with {lswe
spreadiry asd granuiay prupellsant burniry. The main purpose of this dis--
cursion i to poiat out the fundsmental dilferenses in the method of
spproach for all rmceels.

4.1 Mocdvatioy sid Obisctive

This research is stimalsced by the potsmtiel of gas-permasbic pro-
pellents for s.hieving high gasificstion rates emd produciag high tikrusts
during extremaly short tima intarvals. The mmsearch is alac partially

adtivated by the Zucent pregress in the ark of gramular piopcllent studies

(3,2,3,4,5). Besides the encoarapement of fared Dy these advence-

ssaxs in this field, _:bs pruoblen of flsms spreading is porous propellemt
cbharges iz obviously impertamt in the desiyr and anelysis of proyulsion
systime.
The overall remstrch wotiwstion and otjectives are:
1) Asemalous bdurning bekavior has bagn sHeerved in comhustiom of
gtaaular -ouc 1zopallents. A batter undersctanding of the

_ .'th- word "goe-parasabls prepellent” or “porcus propellent” wsed in
this s udy designatoes sither a packed bed of gramulsr pellens with or
witheu: porforition, or a cast maslithic propeiisat with pores.




transient combustion phenomena is required to reduce hazards
ard to improve the design of propulsion systums.

2) To advancc the stats—of-cthe—art in the combustion of granulaer
propellents by formulating a complete theoretical model describ’ug
the imporcant physical phenomena involved in both gaseous &nd
s3l1d phases.

3) To solve the theore icsl modal by selecting a stable, fast
counvergent numerical scheme go thar effects of a) igniter
strength b) propellent physio-chemical characteristic and
¢) propellent loading deunsily can be studied.

4) To conduct experimentel firings in a thick-walled coaxbustor
with s fixed boundary, to maasure Che pressure-time transiects
at various axiuil locations and flams propagacion razec so that
the theorecical model developed in this study can ba verified.

The rasults obtained from this study are directly usaful for more

sccurate predicticnas of the interior ballistics of artillery systems. The
research ir slyo partiaent to the futvre developmunt of end-burning
porous propallent charges 2 be used in a more predictable sad con-
trollable sanner for rockat or missils propulsion. In addition, the
techniyues developed in this investizatiom can lead towsrd both a better
uaderstanding of porous—-propelleat combustion aud the eariier behsvior

of the overall deflsgration-to—detonation tramsition (DDT).

The phenomena that occur durimg the tramsient eveat include the

following:

a) the pemetratiocn of hot p: yduct gases into the grsaunlar bed

t) coavectiva hesting of propalleat to ignitiom

¢) csmpection of the gremulsr bad

b




d)

e)

£)

g8)
h)

seneration of peak pressure within the chamber
propagation of the peak pressure to the shear disc and

of tha granular bad

flame Iront acceleration

rupture of shear disc vhich initially seals the combustion
tho. depressurization processes after the burst of the

shear disc




1.2 Pionesring Work

The theoretical formulation Af granular propellent combustion for
interior ballistic calculations can be catagorized into three separate
stages: 1) lumped parsmater analysis; 2) theoretical modeling for
earlier behavior of the ignition and flame spreading prccesses by assuming
that the granular prop-llents are fixed in space; and 3) wmodeling cf
mcbile granular beds so that the overall transient processes in ballistic
sycle etudy can be achieved.

Baer and Frankle (6)were the pionsers to usc the lumped parameter
method tc develop an interior ballistic model. Their model is goverued
by five simplified equations. Due to the uncertainties of the burning
rate law, this model's predictive capability is lumited. Th;s is further
improved by introducing ballistic fitting into the burning rate. Some
other lumped parameter analyses are cuntained in Ccrner's(7) text including
the clsseical work of Lagrange, Love,Pidduck smd Kent on hydrodynamic °
theories of interior balliscics.

It was not until recently that Kuo, Vichnevetsky & Summerfiaeld
(l, 8) have develcped a fixed-bed theoretical model (referred as KVS mc.el
in ballistice, to describe flame propagation in a packed bed of granular
propellectr., The caiculated pressure-time-distanca transients, wave
propagat..m spead, and mass fraction of propsllent burned during flame
spreading, sll agree well with the experimental data cbtained by Squire
and Davine (9) in a venting boub axperiment. Soper(10)conducted
experimental firings in some artillery systams. He utilized tr.aslucent
cartridge cases together with fiash X--ruay and photographic tachniques to
determine the relative positinns of the ignition front to tha prassure

wsvs f£ront in the packed bed of NACO propelients. He claims that h.s

12
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exparinental data also sgrees will with the thaoretical conclusion made by
the KV5 model (), 8)  1i.e., the ignition frount lies near the leading edge
of the pressure wove. Kuo et al (1, 8) ussd an implicit finite difference
schems to obtain the numerical solutions and were also checked by Kitchens
(11) using the mathod of characteristics.

The XVS model and its nnutrica.l solutions (1, 8) basad upon the fixed
bsd assunption for a packed bed of granular propellents, has stimulated
the interast of other investigators in pursuing studies in both theoretical
and experimental directions. Goveraing equations similar to the KVS model
cqﬁazim have been further developed by several investigstors, to iaclude
the motion of solid propellent grains. The models are developed by Fisher am
Sraves ( 2), Gough and Zwarts(3), East and McClure (4}, Rrier, Van Tassell,
Rajan snd VerShaw (5) Gough(12), and Kuo and Summarfiasld (36(Scme discussions
on aach modal are shown in secciom 2.1).

In the formulation of boundary conditions for a transient combustion
study, except KVS model (8)and Gough's work (12), none of tha previcus in-
vastigators have used the eonpuibili'ty re)ations for the solution of
boundary ccnditions. The trsatment of boundary ccnditions are usually not
satisfactory. Dua to the complication ¢f the theorstical modeling and
difficulties in experissantation, no investigazors have verified their models
by performing their owm experiments to =match with the same conditions for
ths models.

In the present investigation, exparimsntal firings ave done to verify
our theoretical modsl. The govarniny eyuations ara derived uging the
priaciples of gas dynamics. Thz nature of the systam of joverning egquations
are deturmined to be of hyrerbolic type. The compatibilicy raulutioms ave
deduced te avpplumant che physica) ooundary comditious tn sciva the bcordevy

[ —_ P et s e i it i et tnl



aolnts, A combiaation of explicit finite diiferz:nce scheme aud the method
of charzcteriatics is mmployed for the numerical solutious. The pre-
dictionc made by the presen: model are found tc have gocd agreement with

our sxperimantal data.

14
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1.3 Basic Appioech
Due to the complexity in describing the ohyzical processes for this
, two-phase combustion problem, several differen: apyroaches have been pro~
i posad. Tk theoreiical methods ¢sn be clasrifisd into four catagories:
' A. szatistical wodel;
B. contipur. mechatics modals;

C. formal xvcrisiﬂg models; and

D. rwo-phase fluid dynemic modils
‘The method employed In this study is the two-phase fluid dynmmic model
which is devzloped bv fermulating the gowerning eguzticns en thy busis
that 2ess, nomentun and energy fluxez are balanced over control volomes
occupied spearstely by the gas~ and pu:ticlo—phuu.

Up to now, ztatiscical methods have not baen epplied to thir parricular
combustion problem Juy to their inconvenience in obtiining ussful rasulcs
and alsc due 1o the luck of relisble statistical infcesmation for describ.ng
some of the important terms in the model. OCnly a few applicarions of
these mothods ore formd with spplicarion to the governing equutions cf

chemically non-reacting two-phasc flow systea. Sowr statistical metheds

; are included in the text Ly Beran(13), aong 21l the investigatczs, such
as Aronow (14) Law and Fung{i5), Cox and Brenner(16), the must ccmprehensive
uworks ars thuse done sy Buyevich(17,18, 19} The maip difficulty of this

; . spproech lies ir the description and definitiom of tho mean properties of

a tvo-phoss tmtion and also in the evaluation of the ne:t cffect of micro-

ceopic bahavior. Becsuse of these 4ifficultias involved, the statistical

apprusch is not followed in the present investigaciom.

In the cohtipuue machanics uethods, the gos and 80148 madia are con-

sidaTed at seaparits con 'inna that interact with sach other Sased tn the




continuum nechanics principles. Tha basic theory was laid down by
Truesdell and Toupin (200 Mcst analysis in these methods start with the
conse:vetion laws. Since continuum mechanice dous not seek to reconcile
the proper:.es of matter with the structura of the constituents, therefcve,
this theory hus been applied both for homegsneous {luids and hatsrogenec.s
mnixtures. '

Earlier studies by Grsen and paghai (215 22), Exrigen and Ingrem, (23) and
others ware criticized by Truesdell (24) .Mulles 29 and Doria(26) have
investigated the constitutive laws for mixture of two fluids. Hoae of the
previcus invastigetors have made 4 attempt to coastruct a theory with
immediate applicstion to the two-phase reacting flow combuctiomn probleam.
Recently, Krier et al (5) based on tha coantinuum wechanics concepts, formu-

ted equations for a modal that sssociated with flame spreading aud com-

Kriev et al 13 discursed in section 2.1.
The formal averaging mathods avsure thet the flow beiavior of the micro-
gcepic aspacts Ils detormined aud Ceaek for the macroscopic aspacte of the
flow. The formulstions are derived by averaging the flow properties over
cegiorns large compared with the eize of propellent grains, Sut small
vhun coniered \d.vth the macroscopic scale of the expcoriments. Among thoue
investigatoers vho applied tlieze mathods, the butter known works ara thrsa
by 5lattary (27, 28 Andarson s« Jackson (29, Whitakar {30, and Panton (31
Recently. Gough (12, based on t:ho-works by Acderson and Jadkson (29 Whiiaker
(3Q) ans Panton (3) developed a theoretical model to solve the fluw of &
comprersible gus through an aggregata of movile reacting particles. The
differencas in dnivacion of coservation equcticns betwsesn our approaca

and tha formal avecaging approaches ars inalogous tn the diffarences

16




betwean the Boltzmann'c Molecular derivation (32) and tha conventiomal cton-
tinuum derivation of conservition equations in fluid sechanics. The

) diffarence batween these two spproaches are discussed in more detail in
Chapter 1I.

Pinally, the two-phase fluid dynamic methods are considered by

formulating the governing equations on the basis that mass, momentum
and energy fiuxes ore balanced over control volumes cccupied separately
by the gas- and particle-phases. Among the previous investigutors, Murray
(39, Kraiko aad Sternin (34), Nigmavulin (35), East and McClure(4), Fisher and
Graves ( 2, and Kuo and Summerfield (36 have formulated complete sets of
governing cquations for the two-phase reacting flow problem. The interface
conditions tatween the gns and the solid ars considered by local continuily
of fluxes using empirical correlations. The advantage of using caax
approach is to be able to lump the datailed fiow behavior between the two
aizges into terms whick ren ba evaluated by using empirical correlations
such as heat transfer, flovw resistance, intergranular stress and burning
rate lav.

Mathamatically, tois probler is approached Ly derising the mase,

somentun gnd energy squations for the gas phase and th: mass and momentun
aquations for the solid phass iu a transient quasi-one-dimsrsional form.
In svmmary, statistical methods are rsjscted becaus¢ in this investi-
gation we arTe inteveyted in the asan valvas and there is not emough in-
formation to evaluata the net contribution of thc microscopic fluctuation
tarm. The continuum mechanlics aethods are nwt considered because the co-
existoncs of solid snd gas are cssused without considering the inter-
penetrating betwveen the two aedis, The formal averaging sathods are

ant convenient sines thay are too msthemsiical and too abstract for
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tormulation, and some quantities are not directly measurable in the
equations. In order to obtain useful solutions, the complicated integrals
in the ccnservation equations have to be simplified by the proper definition
of averaged quantities. The finai form of this simplified equation should
agree with the equutions derived from the two-phase fluid dynamics approach.

The gas-dynamic approach is thex formed. Such an approach will pro-
vide a clear definition for esch term in the governing equatioms in both
phases. Soi; bulk properties of the fluid defined in the formulatior and
the gross effects of heat transfer and flow resistance can be measured

experiuentally.
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CHAPTER II
LITERATURE SURVEY

In this chcpter we provids s litersture survey on thres diffsrent
topics, namely (i) a brief survey on sting tvo-phase, vaactive flow
conbustion models; (1i) expirical correlations such as cnrrelations for
beat transfer, f{'ow resistance and intargranular stress;: (iii) numerical

sethods to solve chis mathamacical model.

2.1 Syrvev on Related Works

The objective is to summarise the past experien u of various ip-
vestigators working in this field, sc that all important physicul phenomena
snd influencing factors are incluled in the theoratical model.

Before going into several recent investigitions of treprient burning
cf granular propellents, socme published vor'k(ii?. 3%) on the stesdy-state
burning of similar propellents are reviewed. Stesady-state and transient
burning studiu are alm . inseparabls, tharefora, some discussions of
current steady-state results prove to bs worthwvhile. FKuo at al (1, 39 show
that gas-panstrative burning of porous propellents or explosives under
strong confingmant is inherently salf-sccelerating. EKuo and Summerfield
$7, 38) have shown that under suitable physical conditions, the intarmal
pressure distridution genarated by propallent gasification csn produce a
constart rate of gus penstration through the unburned region, and mey
sventually give a constant speed of cowbustion-wave propagation. :
Several investigstors(i0, 41, 42, 49) have dbservod experimsmtally, some l
avidence ©f steady gas~-penetzative bdurning iu perous prospllests. Recent
attempts vers mado by various iovastigators to gain a despur understanding
‘of tha physicdl phonomias in ieoniting «id Dxriiag of granulsr propellents.
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In the consideraticn of the effect of propellent typa on thes pressure-
time-distance variations, Werlick (44) conducted several experimants on
varicus artillery systems using NACO propellents (tha cool-burning pro-
pellenc which reduces barrel erosion), and ccmparisons were made with the
PYRD prupellants. The prassure-time trzcas ot.ainad arx the cose base
showved no significant difference witii propellent type. The prassure-
time history at the ptojoc:iic base is later found to ba radically different
from ttrose recorded at the carttidge case base. The intensity of the
tiaveling presaure front in the combustion chamber was found to be strongly
dependent on primer venting, porcsity distribution, and the physical-
chemical characteristics of the propellen. in the bad. Warlick firmly
suggests that intarior ballistic systems studies cust inciude the con-
sideratioa of the sbove effects tc mininize tha pressure irrvegularities.

Sopct(;o)pcrtornnd experiments on ignition waves in gun chambaers
loaded with NACO propeile:is. Hi. experimental results reveslad savere
wave action duving ignition: a distinct prussure wave travelsd dowe and
continuad oscillating inside the combustisa chamber. A strong prersure
spike at the base of the projectilc was reccrded, (the typical intunsity
is 2460.0 kg/cm?. Soper's flash X-ray apparatus detacted a pronounced
accaleration of propalleat particles shead of the gas pressurs vave. This
suggests connidcrttgan of boch the motica of propellents and also the inter-
grazvliar forces transmitted in sompaction bads srs equally importunt.

East and McClure(4) set up & transiem: interior ballistic wodel by
considaring the two phase phenomena. Their mathematical wmodel is nut quite
complate for the fo'lowing reasons. They assumed that the inicial atate of
the syetum 1o already fully ignited. This sssumption defeats the major
purpoas of smalyzing the affect of ignition waves and optimising tha primer




degign. In their gas momantum equaticn, the momentum of raacted mass was
incor. act. The solid phase normal strass transmissiou vas excluded in their
so0lid phase momentum aquation. In thair gas energy equaticn, ther npeglected
tha heat lose to the propellent from the ges phass. Host important, the
aclid phass erergy aquation was excluwded from their formulation, snd the
surface temperaturs o.f. the propellents was not treated.

Gough and 2warts (3) made a good attempt in formulating a mathsmatical
modal for ignitiom of porous prupelients by considering the motiom of
solid particlas and stress tranemission in the compacted bed. Thair model
was far more sophisticated than the East and McClure model. Eowever, a
fuv erroys of the medel aze manifested in the £ullowing. 2rgun's cortalation
{43) was used tc calculats the force betwean gasaous and solid particles

in doth fluidized znd non-fiuidized sectiorn: of the granular bed. 3But

Lavs's oatTalditisn i3 =
tc the (utecunal chermal snergy, L:¢ iotal energy addition to the gas phase
dvoe to burning should imeluds et tha chemics] energy, and the flow work
w:hae.h'dxivn the vearted gassous mass iato the spacs ocecupied by otier
g48388 1n .48 cvatrol volume. Tha flov work was not ‘ncluded in the gas-
phass sa26ergy eqraticn of tiair model. Thair bouwndary cemdition on the
rrojectile end aftar the shot start was p~t well specified. Cough and
Zwarts' nueericel solutisns indizsted ssvere vscillatious en the soundaries.
These rpurisus wvaves, gemarstad by sumezical fnstabilisies, propagated iato
the intarior and imascuvssies resuited. Gough (12, 46) bad dmpioved his
mdel by revexamining the cousaxvation cquations sna this 12 discusend later
ia this sestion.

Tighar ot al (2, 47, 48, 49) studied propellest igmitios amd cosbustion
py00800a8 in ssvamel different arcillery systems; the gsenctry iwvelved was




quite different from a one-dimensional mcdel. Thay considered the combustion
processas in the ignition cartridge, the flow of hot reacted yxases ind pro-
pellent radirily through the vent holes on the wall of ths ignition carsridge,
and the combustion of the bag propellaent. Although the mction of prupellents
is considered by the comservation equarions for the propellents, the models
are incomplete and their predictions have not besn verified thorovghly by
experisental data.

Krier et al (5, 30, 99) approached rhe two-phasa granulaz propelient
burniug problem in a different manner. 1lhay touk the contirudous mechanics
spproach for both gaseous and solid phases. They treated ths propalient
particles as a fluid. Eowever, the fluid and solid aedia difler distinctly
by the charactaristic differences in rtrass tensor. in a fluid it 1s pro-
portional to the ppte of angular deicrmation, wvhereas tha strass teusor
in a solid medium is proporticnal to the gagnituds of deformation. To
u.*;a.lyu the causs of generation of the pressure spike at the buse of the
prcjactiles and the wave action in the unburned propellient, the atTass
traastission in ths e0lid material must be treated differently froa the
stress-to-strain-rata ralacionship for £fluids. Ia addition, the anerygy
equation for tha solid phasu was writtean i.nl tarms of global storsd energy.
Thic luaped parametar is not adequate for studying cthe flame provagaticn
and for calculating thes heat transfer from the bhot gas o the unbruned pro-
pellents. The counduction procass inside the solid propellent h s ralatively
slov process in comparisom with the overall traesiant characceriscic of
flgws spreading. Tha tamseraturs prolile within the solid parcicles must
have & sharp gradient; it ia vague to use a luapad parcswmear in Che solid

phas: enezgy oquation. The investigators reaslisod the lmportance of
| suitsble sapirice) oerrelatisns fur che fluidized and non-fluidised bed




and they ccllacted a brief survey on existing correlations for heat transfer
and fiow resistancs. The boundary treatment is iradwquate since tha
refleccion conditions ars used at the boundaries.

Gough (12 46) in his sore zscent study. has investigated the interior
ballistics of gung by considering the microscopic equations of motion
bited O "1..00i 8DG ASPLICIt mvgrs) S5 app oitu. His agprocil. 1s pradictad
uper 8 cosbinatiom of the methode of Anderson and Jackdon (29), Whitaker (50) and
Psaton (31} 4 weighting functios is adopted for the definition of all the
average flow properties. Overall, this proved to he a useful scheme to
derive a aet of conservetion equatioms directly from the microsccpic poinmt
of view to give the flow proparties in the microscopic sense. But, this
spprosch is too mathemstical snd too abstract to give tangible physical
mesnings to each term in the conservation equatious. Gough's model atilil
uses the Preun ecuation for fluidizad end packad beds. It has not bean
verified by some of the rigorous, one-dimensional experiments. Witk a
continuous dmpiovement in thgvboundary point trestment and accurate forcing
function specification, it is expected that Gough's mcdel should give close

predictions to the results of our wodel.
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2.2 Survey of Fwpirical Correlations and Their Limitaticos

Ir con-tructing a completas theorstical model, some inforaation

basides the mojor comservation squations are necessary. These empirical
correlaricns serve 2o deteruine heat transfer in the granular bei, drag
forces baetween particles and gases, and stress transmitted through closely
packed granular propellents.

An extensive iitersture survey was conductad to collect available
correlationas on heat transfer and c¢rag darta for non-fluidized and fluidized
beds. The chemical engiueering industry generated the majoiity of the
available correlations. A large quantity of fluidization studies have been
contained in hundrads of vsports and papers, and also in taxtbucks by
Zenz and Othmwer (51) Lava (52)- Keni ard Levenspiel (53),Soc (54) ,and Davidaun
axd Harrison (5$ . Unfortunstely, ewpirical correlations that cover a wide
range of Reyrolds numbers and pornsitias, perticle size and also include
the effect of particle jssification, are unavailable. Krier et al(s)
encountered the sama problem in their recent report. As a result, the
empirical correlations for flow over inert spheres in non-fluidizad znd
fluidi{zed baeds are employed in verious combustion models, and aven extra-
polation to larger range of Reynolds numbers and porositiss to continue
with the calculations on s computer.

Since no suitable drag correlation is available for a wide range of
Raynolds numbar and porosity, we performad a large number of cold fiow
experiments snd obtained a useful correlation between the pressure drop, Reynolds
nusber and porvsity for non-fluidized beds of WC 870 propellents (76).

Tha Reynolds number has bean extended to be six times higher than that in
Ergun's equation. For fluidized regions, Andersson's Correlation {56) bas
been found to be a suitabla smpirical formsula, since it ia valid for
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porogity from 0.45 to 1.0. However, it must be noted that the Peynolds
number varies only frowm 0.003 to 2000 in his correlation. It must be
usad with caution. o

For convective heat transfer calculations,Denton's (57) formula is found
to be adequate for the non-fluidized region. It is valid for ch from
500 to 30,000 and porosity around 0.37. Rowe-Claxton's correlation (59 1s
found to ba the bast one for dascribing the coavective heat transfer in
fluidized ragions. This exprassion is valid for ch from 10 to 107, and
vorosity from 0.26 to 0.632,

A constitutive lav is neaded to specify the normal stress transmission
through packed granular particles. When particles are dispersed, tne inter-
granular stress, 'rp is zexro. When the particles are packad, 'rp may be large
due to the physical contact bestween the particlea under steep prassure
gradients.

After a literature survey or intergrasnular stress correlsations, it is
found that not much informacion is availsble. Soper 10 observed that the
force and displacenant of a pistom acting on a granular bed of RACO pro-
pallents, were linear:ly related within the range of 0 to 35X compression.
The spead of sound in granular propellent was deduced from his experimantal
data. DBesides 50”!"..'02&. the dependence of particulate stress temsor
upon porosity of the aixture was given by Ho.st(39 and Gough(12. Further
discussion on 'tp is giver in Appendix 6.
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2.3 Survey on Numerical Studias

After the theoretical formulation is completed and the nature of the
govarning equations is studied, a literature survey in selecting a stable
and fast convergent numarical scheme has been conducted.

Obviously, the theoretical model is a system of coupled, non-linear,
inhomogeneous partial differential equations. Since the eigenvaiues are
all real, the system is hyperbolic. In order to select a suitable
nuxerical scheme, two important criteria must be noted in making such a
decision. They are the stability and couvergence of the scheme. Papers,
reports as well as textbooks, have numerous types of fiﬂi:e-difference
schumes to handle hyperbolic partial differential equations. Moretti (60)
makea a good comparison of the differencas of so;e r merical schemes. The
stability criteria has been studied for each scheme. In practice, a
rigorous stability analysis of the ser of coupled non-linear partial
differential equations cannot be performed dua o the complexity and non-
linearity of the equationa. For the study of non~linear systems of equztions,
Hickl(ﬁv suggests disregarding the study of stability criterie and proceeds
directly to the heart of tha problem, namely, the convergence. Thiz was
ols> discussed by Lax and Richtmyer (62). Basically, the FDE (finite-difference
equation) solution must approach the PDE (partial differential equation)

solution, and stability criteria then becomes of secondar, intarest. As

‘s result, several convergence tasts wera suggested to test the numerical

solution’s convergenca to the unigue solutions of the system of partial
differential equatioms.

None of the criteria or anclyses are adaquate for practical computations.
In actual fluid flow problems, the stability restrictions are applied
locally. The typical and prudent practice is to use some percentage, usually

80% or 90% of an sualytically-indicated maximum tima step. Wher transicnts
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are large, smeller percentages are needed to stabilize the solutiom. For
example, Tcrrance (§3)has done some computations on natural convectiom by
using a smaller At %o achieve computational stability.

The shortcomings of the above approach are not vary apparent. In-
vastigators such as Phillips(64), Richtmyer(65), Hirt (66) and Gourlay and Morris
(€7) have reported instabilities from nonlinearity or from nom-consiamt
cosfficients. Lilly(58)bas reported the phenomena of time splirting of
solutions which is not precisely an instability in the sense of producing
unbounded solutions, sciually an ipstakiliry due to interactive convergeace.
Tharefore, it is important %o realize that no distinct difference exists
batwean a "czime" instability and a poor comvergence.

Overall, four methods srs studied in detail to evaluate the stability
of the cumerical scheve, namaly, tha Coursnt-Friedricks~lewy (C.F.L.) (62
conditions, the Tnergy Msthod (70, the von Neumann method (71 and the Beuristic
Stability Theory of Birt (66

in the selection of numerical schems for ths hyperbolic governing
cquations, saveral different schemes are considered: the mathod of Coursnt,
Issacson and Ress (72 the Lalevier schame (70, the two step Lax-Wendroff
schame (65),the * wp Prog scheme (23, the two-step Richtmyar schems (50 the
generalised implicit scheme (7§\ the method of charsctaristics (74 and
the method of 'll.sal G8). Prom the previous investigators' axperisnce we
finally decided upon & wodified two-step uehnynx.sehm. This will bde
discussed in detail in Chaptar IV.
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CHAPTER 1II1
THEORETICAL FORMULATION AND ANALYSIS QF TRANSIENT
COMBUSTION PROCESSES IN GRANULAR BEDS

Wa begin this chapter with the description of the phyaical
proceases that occur in an actual firiryg. Then, atfter a brief
discussion of some basic assumptions in this model, we formulated
our mathematical model by daséribing the physical maaning of énch
term in the conservation equations of mass, mameuntum and «nargy of
the gas phase; and tha conservation equations «f wass and momentum
of the particle phase. The energy aquationof the particla phase is
treated separately. The conservation equations derived in section

3.3 are vary general in natura. In order to arrive at a set of

PO AT PRI SN D G AN e £

squations that car he soivaed aconowmically on the comvutes, various
simplifications are sade in secticn 3.4.

A set of gecverning squativns iz ths entramnce region ara derived
g to facilitate the calculations st the left boundary. The rature of
the governiug equations arc detarminad in section 3.8 and detailed
sathematical steps ars shown in appendix 3 and &, Initial snd boundar:
conditions are specified in saecticn 3.7, further discussions on the

sumerical treatment of the boundary conditions are given later.

In ordar to close this problem, associated empirical correlations
i and limitations, such s
A, Constitutive law for the total atrass
B. Drag corralaticn
C. Heat trinsfer corrslation
D. Burning lats law
snd the ignition critarionfor the wolid propeilent are aeparatsly

discussed in the remeining of tha chapter,
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3.1 Description of Fhvsicel Procasses

In preparation for an axperimental firing, spherical granular (WC 870)
propellents are losdad into a thick-walled cylindrical steel chamber with
15,24 = ip lemgth and 0.777 em I.D. (Fig. 1). At the left end of the
cylindrical chamber there is & gaseous pyrogen igniter which introduces
hot gas into the granular bad by forcimg it through a nmultiple perforated
nozzle to achieve a uniform strrsm. At the rigkt end of the cylindrical
chacber, there i3 a 0.8]1 mm stainless~astael sheur disc "burst diaphragn’,
(chis provides a fixed buundary). As the igniter gas 13 turred om, the hot
igriter gauex gensrated cause s compaction of the granuler bed near :he
entrance Tegioa. This also heats up the nearby granular propelleuts
to ignitien condition. Tha burned propellients giva cff more not ganes,
these gaseous products are than pushad forward by the pressure gradieat
tc ignite morve propellents. Thus, a2 steep pressure gradient is created
inside the combustion znambar. The rate of pressurization increases
fZurther in the downstream direction, resuvlting ir a rapid scceleration of
the flame fromt. The shear disc degins to rupture when the pres: ure in
front of it raaches a critical valua. After the shear diasc bursts, the

combustion chambar pressure decrsases abiuptly sad terminates the eveut.
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3.2 Basic Assumptions

1.

2.

Theze are 3 basic arsumpticns pertinent to this present study:

The flow in the granular bed is considered to be quasi-one-
dimensional. Tae effect of flnuctusrtions in the flame front
for two-dimensional or three-dimensional models msy be
obtained wita fucther modifications. In this model the
changes of flow properties in the transverse direction are
considerad in the ewpirical correlations for heat transfer

are flow vesistancas.

All chenical reactions occur on the propellent surface,

in the combustion zo0ns, a thin region that is very small in
conparison with inictial particle dismeter.

The dynmeic burning effect is negligible i.e. tha rate procéun
at the procpllent surface sre quasi-steaty in the sense that
the charscteristic times associated with the gaseous ilame and

preheated propellent are short compared to that of the pressure

transient wvariations.




3.3 Theoratical Model

In order to study the detailed structure of the transient gas
dynamic behavior of hot-gas penetration, flame propagation, chamber
pr.g.utization and combustion processes in the granular propellent
bed, a set of governing equations describing the changes of asss,
momantum, and energy for the gas phase and the changas of mass,
momentum for the solid phase are derived. This set of governing
equations is axpressed in a quasi-one-dimensional form. The equations
are approached by considering the balance of fluxes over a control
volume small enough to give the dasired spatial distributions in the
complete system, yet larga anough to contain many solid particles, so
that the averaged particle velocity and fraction porosity are meaning-
ful.

Tha control volume for the gas—-phase is the portion of void volume
occupied by ths gss phase in & smsll elsuentary volume (AAx ), while
the remaining portion occupied by the particles is considered to be the

control volume for the parzicle phase (Fig. 2).

A Couservation of Mass Equations

In deriving the gas phase conssrvation equation ¢, the

fractional porosity is defined as

void volume n(i;rré!
¢" total volume anll B AAX
(3.3.1)

- | -R(Frrd)

Where n is the number of pellets in the cylindrical volume
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AL x, and rp is the pellet radius in the coantrol volume. n is the
oumber density of spherical pellets in the granular propellent bed.
The spacific surface area which represents the total surface area per
unit spatial volume is given by

Agm DLATT) _ 3U-2)
e

AAX (3.3.2)

The gas-phase mass equation is

ALB) | 2Pued)
>3 + % AsPe o (3.3.3)

The rate c¢f gaseous The rate of The rate of
mass accunulation increase of gaseous mass
in the conirel gassous umass addition due to
volume occupied by convection gasification of
by gases s0lid particles

The particle-phass mass equation is

aﬂ.%ﬁ&l,\ g!_u_:g%gﬂgl- —AsPele  (3.3.)

The rate of The rate of The rate of particle

particle aass increase of nass reduction dus

accuwmulation in particle macs to gasification of >
the control volume by convection solid particles ;
cccupied Dy par-
ticles :

In this analysis, the gas density p is based on the gaseous unass
divided by the void volume occupied by the gases. The propelleat
dansity, p’ is assumed to be constant.




P The Conservation of Momenrtum Equaticus

The gas-thase momaatum equation is

M+ai2£(ﬁl_.

ot *375%
Tha <rate of The rate of Pressure gradient
increase of gasenus momencum flux force acting in
mowantuw in the increase in the x-3irection
control volume the control
volume by
convaction

_3_1%%QL = ALAB% - 9ADL

Viscous force The rate of in- The totasl drag force
dus to normal crease of linesr betwaen rhe gas and
stresses somevtum of gas particle phases

phase dus to

the motion of
» gasifying par-
k. ticles in the

mopantun diresction

..5..1.-.&&_
A

(3.3.5)

Friction Zorce
acting on the gas
by tha chamber
wall




Tha particle-phssa momantum equation 1is

alu-2)Pets] | afU-A2Pete] _ g 2U-W)Te]
14 X ‘ 2X

The rate of Taa rate of Tutergranular force
incresse of momertun flux actiag on particle
particie mo- increase in cross—-sectional
mentus io the the cuntrel aveas on the boundary
control volume volure by of the control volume
convection

ZTupPur
—-—Asn P,  +3gAsDe - g Ll 3.3.6)
The rata of Tha total drag Friction force acting
decrease of furce batween on the particla by
particle mo- the zas and the chamber wall
mentum due to parcicle phase

gasification of

particlas into

ges phase

Ir is imporcant to note that Dt is the total drag force between
tks gas sr’ particle phases. IC is equal to the sum of the drag dus

v -ne pragencs of relative velocity betweer the gas and particle

plases and the drag dua to tha porosity gradient, 1i.e.

De= Dy+ Dp=Dy- % g% (3.3.7)

The expression of Dv will be discussed in a later part of the theoratical
mode).. The advantage of writing the gbove two momentum equations in
texvs of ”z: is to facilitate the solution of the hyperbolic preblem
vhich {s 2ot alweys totally hyperbolic. Tha eigenvaluas may not be all
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distince when the granuiar bed bszopes disperssd. Tus second ad-
vantage 1is to facilitate the transformation of the governing equatious
iato the characteristic form and to clearly indicate the compatibility

relations for the flow propertiss at the boundaries of the granular
bad.

C The Comservation of Energy Equation

The gas-phass energy egquation is

_2(PPE) . 2(@PuskE) , i 2(Pupd)
at X T T ox

The rate of The rate of energy Tha rate of work
increase of total flux incresse by done on the ges $

stored snurgy in convaction phase by pressure
control volume force

- _ai.aﬂ).(ﬂl__ - A%_Q__ — Agh (T-Tos)

The vtste of baat Vork dons per Heat loss to

conduction through unit time by particlas per

the contrel surfaces the total drag unit tiae
foroa sating

on particles

|
T

o zage of tatal eanexgy The zate of work dome
iaput dvs to the combustion by viscous noreal stress
of partisles . ummm
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P 22) -4

-5 3.2,
J at ( ‘8)

The rate of pressure work The rate of Heat loss

for the dilatation of the to the combustor wall

gaseous control volume per unit volume

The empirical correlation for hc will be shown later. The
parameter J is the heat-to-work unit conversion factor. The
conservatior squations in Eulerian form are showm in Appendix 1.
The above set of govarning equations are derived in the form of
coupled;non-linesr, inhomogeneous partial differentisl equations.

Furcher simplifications are rsquired to solva them ecouomicslly.

D Solid-Phase Heat Conductioc Equation
A particie-phsse anergy scuation similar to Eq. (3.3.8) can

bs darived in toarme of tha avurage bulk temperature of a typical
solid particla in che particle-phase contzsl vslume conaidered.
However, sinca tha tranaient interval of the physical process ia so
short, the cemperaturs profile inside the particlas has a very steep
gradient. Althcugh the average hulk temperaturs of a solid particle
can be obtaioed, it would nut be useful for determining the ignition
condition, che speed of flame front propagacion, or tle rate of hesat
transser from the gee to solid phasc. Instead of treating the solid
phase energy equstion like the mase and momentum equations fog the
particles, ths transieat haeat counduction equation is considered, so
th@;rth’ propalleat surface tempsrature and the temperature gradient
can be acturstely obtoined.




Following the motion of a giver pa:sticle, the heat equation
written in the lLagrangian time derivative and spherical coordinate

of the particle is (see Fig. 25)
2
RTe). Lo 24CTe)
Dt r ar (3.3.9)
The inirial condition for aquation (3.3.9) 4s:

t=0: Tp(O,MN=To (3.3.10)

The boundary conditions before the thermal vave has penetrated

to the center of the sphare are:

F=0: %;.E(‘t,O) -0 (3.3.11)

[= e, . %}'_E.(-t‘r p= lﬁt'fﬂ-['rm—‘r”(tﬂ (3.3.12)

where the total haat transfer coefficient, ht. is the sum 5f the com-
vaction and radiation coefficiemnts; 1.e.

he(t)mhe(t)+ EpS[T(t)+ Tra(t)] [T+ Tmtt)]  (4.3.03

vnere the gas endssivity is taken to be unity.
The heat-up equation and its initial and bounda 'y conditions are
rvecastad by the integral method as showvm in Appendix 2 to yisld &




first order ordinary differential equation describing the increase

of propellent surface temperatui e with respect to time, i.e.

DT gi;.‘f{'rm—Tn%ﬂ‘(T-Tp,]+5['-’f D). Tls( O]
(D‘t [M ] (3.3.14)

rp,

where § is the thermal wave penetration depth in a spherical particle,
measured from the particle surface; ¢ as a function of time is given

by:

B(t)= ST P.[Tpa @)-To) |
(Tes(t)-Ta]+ E.Eﬁ.! [T)-Tes(t)] (3.3.15)

Similarly, an ordinary differen:ial equaticn describing the changes
of Tps after the tharmal wave has penetrated the full radius of a
spliarical perticle ig obtainad. Since the trunsient interval of the
physical process is only a few miliizecords, the particle surface
reaches the ignition condition long befsra the thermal wave penetratas
to the center of the pa~ticle; the equation describing che chzages of
Tp. after the thermel wave penetration is not givan heze but will be
shown in Appendix 2. Afte: Ip. is soived, a simplified ignmitico
temparatura critevion ie user’ to determine the “uruing covdition of
particles aloug the propsllent bed. The igaition criterion is given in

ssttion 3.9,
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3.4 Simplifications

Before the necessar; bnundary conditions ure considered, the
governing equations for the gas nﬁd particle phaces are simplified
furthe: after an order of magnitude analysis. The higher-order
terms neglected are: (a) =he viscous normal streds in the gas-phase
momsatum equation, (b) <the shear force &t the coubustor wall for
both gasas and partizles in their momentum equarions, (c¢) rtvhe gas-
phase heat conduction terr, (d) ths work done by the viscous normal
stress in the gas-ph.ase energy equation, (e) the hoat loss 6\: to the
chamber wall in the extremely short transient combustioa axperiments,
(£) the rate of jpressure work for the dilatsiion of L2 gassous
control volume in the gas-phase esnergy squarion, zad (g) the rrte of
change of the total heat transfsr coefficient in the calculation of
propelient surfsce temperauturs, (h) dody force, (1} dyasmic burning
sf{fec: on the burning rate calceulations., (j) teperature dopendence
of constant prasgure spacific heat, (k) heat Jissipation, (1) con-
stant cross-sectional a~es.

After sll thase assuptions, & simplified s»xc of governing
equations vill be rewrittan in the following.

The gas-phuce¢ equation becomss,

AL, ALYD) :
at -+ ax’ ASPP'-U (3.4,.3)

The particle-phase mass equation hazowas,

Q[!.'.;.%’E:l + aﬁl:s.ﬂsz&lzJ - =AsP b (3.4.2)

&l
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The gas-phase momentum equatior hacomes,
ACO!, AFEL) g 2BLL— - psTy Alle-GARD 3.4.)

The particle-phase momentun equation becomes,

AC-@)BUp] . 2((1-BIBUT _ 4 2L1-2) To]
at | g7 3°3%

=--AslpPelp + GAsDe (3.4-0
The gas-phasé energy aquazicn becomas,
2ABPE) , 2BPUGE) . | 2(PUak)
at 2% T 3%
(3.4.5)

~- AlleDe - A b (T-T, )+ Af) G-y

The particle-phase heat-up &juation becomes,

-

o £e(1, -7, + Zeb(r-T.)+ (BT
(Dt féﬁf; ¢ kr kp \D¢t

[_&Ee.:b'+ h;.éi
e, Kp (3.4.6)

The asbove equationa (3.4.1) - (3.4.6) are the simplified form
of the governing equations (2.3.3) - (3.3.6), (3.3.8) and [3.3.14).

Thaae squations are coded diractly into the computer program.
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3.5 Geovarning Fquazicus in che Left Comirol Voluoe

The mase equation of the gas phaie in ti.e left coutrol voluue

(Fig. 3} is

AR o L T (8- Fim(, K1} A Toe P (3:5.1)
v S

whave ﬁip&(') is the ignitnr wess flov rate into rhe coubust ionchamber

and ﬁin (t, :nL) i3 the arss flow rate of gas iute the Znternal bdovndary

of ths granclar bed, it is Trepresantad bv

Min (£ X0)= PE, X )Us (EXIABEX,)

(3.5.2)
Tha mass equation of the particle phase is
'S% = hisg o + LL:%M-!& (3.5.3

Some as abuve sll the paraxsters with 2 gubscript ¢ cre evaluatad

ir the antrunce asction.

The »omentyn aquation ~f the zas these is

Mﬁgﬁ)— o ‘A%(’hmft)%-Pﬂa‘Aﬂsig‘)

+ Ase ( (3, Pr, Up,- 912) (3.5.4)

whare u PR the ignitar gas velocity is givam v
L™

Yt “ THRE A) . (3.5.3)
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Similarly the momentum equation of particle phase is derived in

thie differential form,

ari-gop Ul _ -[ (1-@Fr " ]
dt X

L[S

+ As, (§Dc - s Pr Us,) (3.3.6)

For the control volume considered in Pig. 3, the energy equation

of the gas phase in the differential form is

| o o
d“&ﬁ‘gl - Z)(_;[m"" (t)(hsgn + —a—;-gf-'—)

- PUs AB(C, T+ 22, ]

+ Ase |- et —he, (T-Trs)

%in'
""P'G r’c(hm" 207 )J (3.5.7)

vhars I, is the total stored energy, the sum of thermal and kinetic
energy vhich is represeated by

3 .
E, =CTe+ %. (3.5.8)
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hign is the enthalpy of the igniter gas at the temperaturs of the
hot igniter gas and hchcn is the nnth‘lpy of the propellent gas at
flams temperature.

The last equation being considered is the solid-phase heat

equation in two forms

(a) Time Period 1

. he J
e _%%%((Tn,-nh e (T <Trsg]+ %p—i-(g{qp

Dt [(éf'r.-b'e)+ "'LGc] (3.5.9)
r’o k?

({- + fft—'-'fL) (3.5.10)

In the left control voluma, thare area & total of six unknowns:
‘cn 9&- “'co “’c. !co r"c.
From Eq. (3.5.3), ‘c i{s explicitly defined.
Pe is then defined by substituting BEq. (3.5.3) into Eq. (3.5.1)

it becomes
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[ [ (Mign(2)-Min(4)) -
BT'I{ ry e LS %}
1 (3.5.11)
i Similarly from Eq. (3.5.4) we obtain,
: T u - ‘A¢x | ’
| Yl [l P AT s A, P t-90)
| ~Pu,, g%_.a%‘%t} (3.5.12)

By the same tokan, Eq. (3.5.7) becomss

dE 1 {1 [ eV o Yo ) pue L et ]
TR AR X - PusATGT

+As - B e (T T )45, T (rrem » 538

"‘aﬁifgé”’ekfk.gﬁéi

(3.5.13)

- Then g7s tempersture can be evalusted by rearvanging Bq. (3.5.13),
sing

. * ' X
Te -g'v-[E,,- -;-‘-;’3:—] (3.5.14)

The cqnu.m of state from Bq. (3 8.1) after vearranging we get,
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R RTJ
(7'52'b) (3.5.15)

In summary ¢c’ usc. upc. 'rc, Pc' Tp’c are found from Eq. (3.5.3),
Eq. (3.5.4), BEq. (3.5.6), Eq. (3.5.8), Eq. (3.5.9) or (3.5.10) and
Eq. (3.5.15) respectively. All these paramsters zsre used to solve for
the left boundary conditions.

Another seat of governing equations ars darived at the left control

volume when thers are no particles existing (n the entrance region.

When thars ~re no particles in the region, that implies that

¢c" 1 (3.5.16)

U-Pc"c (3.5.17)

The macs equation of gas phase reduces tc

df, _ (mig-m
-l . . 305‘18
at AX, ( )

end the momentunm equation of the gas phasa becones

dug Mign Usian~2Ug AT |« d
d_:&..#{.(_g_.ﬂ[& -u,“—ftjl (3_'5'19)




AS a result, energy equution becomes,

-a%- [m.,'(hgsn + —g?-) —PLL’A¢(C'PT- )[‘- J/Ax
dp {3.5.20)

&nd 'rp. caleulation is simpler, by the time all the particles are
pushed out of the entrauce vagion, the ignition temperature of the

particlas have already been reached,

‘rPsc "Tign (3.5.21)

Tha sbove equations, (3.5.16) - (3.5.21) wil: bu usad when the

laft contrcl volums contains no particlss.
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3.6 CZigenvalue Datermination of the Systsm

To study the nature of the governing equations, the eigenvalues
of the system must be determined. By substituting the governing

squations in the Eulerian form into a matrix form

\( ’r~r-
usl f-ug o F o FE| |u| |L

Zip=-942 o -u £ o (& \P|+|L

wl |0 o o -u L5l |uwl |L

(3.6.1)

¢ o 0 o (- =Un ¢ I;

L \ / k y L ’
whire In“ Iz, I’. It. I’ ara ths inhomogeneous terms of the governing

aquations and are defined as

L= 838" (Up-ugh- 9]

T o + L8R (1= Teaho B rena CT+ -}
L4 @5’-}'& + el v B B tr-m R T ﬁ;h'jp
L-%0%

Is=Ashh (3.6.2)




Now we define the matrix M as:

M 'E’,: o -us %# 0 (3.6.3)

o 0 0 - &

0 0 0 (- -up

J

- s
by setting | M- A I | v 0 we can obtain the eigeavalues. Detailed

mathematical stepe are shown in Appendix 4.
The aix roots found are as follows:

A, =— (1g+Cg)
' Ay =— (ug-Cg)
Ny ==ilg
Na=- (Up+c) (3.6.4)
As == (dp-C)

A =-Up . (cbtained diractly by fcllowing the
motion of a given solid purticle)

Since all theme six rocts are éistinct real ouabesrs for mem-fluidised
cendizion, tha rystem of gowverning equaticms is totally hyparbolic (97).

Ths slope of the chavaccaristic limes for the poverning equations
are datarmivd by the local gas veloeity and the speed of nound. The




(—3—%‘—):-- A, = Ug +Cq (3.6.5)

(%)‘._]\t - Ug-Cg (3.6.6)

e—-’é-).-- Ns=Ug (3.6.7)

X
(3.,: = Ae=tp +C (3.6.8)
/dx \_~_‘ b —40 ” - .
(gt ~ s —YP v (3.6.9)
X
(31: - A= Up (3.6.10)

In the subsomnic case, Eq. (3.6.3), Eq. (3,6.6) and Eq. (3.6.7)
represent tha right-running, left-runiing snd gasecus~path ¥ach lines,
respactively, in tha gas phase Eq. (3.6.8), Eq. (3.6.9) and Eq. (3.6.10)
ragresant the right-rusming, left-ruomiag and particle~path Mach lies
in the solid phass.

Teansfosmation of Bq. (3.6.1) into its charaetarissic fom is
found by caing the sigem-direstions of metriz .26 & set of locs:
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variable coordinstes in the (t, x) planes(74, 97), the datailed
mathematical steps are given in Appendix 3.
The charscteristic equation along the right-and left-running

Mach lines in the gas phase are,
Kug(dUs) +Kg (8P +Kup (dtpktK g () =K @tk (3.6.11)
and

Kig(dugh + Ka(dPh +Kup(duply +K3(@B) "KZ @t (3.6.12)

The characteristic eguation along the gaseous~-path Much line in

the gas phase is
h]
vel (3.6.13)

Again, the characteristic equation along the right-rumning, left-
running Mach lines in the s0lid phase are,

K:P(dup),*K:(dﬂ)n =Ke(dt)y (3.6.14)
sod
Ko (8tip)y +Kg (02)y =K. (dt)y (3.6.185)

The characteristic equation alovg the particle~path Mach lime in
the solid phase 18 either

33




.

Time Period 1:

= r
Kr,,‘(d.';s)u" KT, (dT)n'K:‘(dt)n (3.6.16)

or

Time Peric ! 2:

Ky (¢ Tl K7, (4 T)g =K, (at), Q.6.17)
The coefficients befnre esach term &re denoted by Kx, the suver—
script x is the aumber of the characteristic equation and v the subscript

dcsijnatao the coefficient. Thay will be shown in Apperdix 3.

Ths characteristic eguxtiong (3.5.11l) -~ (3.6.17) are the additional
{aformacion which i3 needed ﬁo relace the flow preperties on the boundary
of interest. They are used together with th2 governing equations to
solve the left boundarv. Mere discussica concerning the usage of ghcs.
cheracteristic aquations will de given in thz nuserical solution sectioas

latar.
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3.7 Initial and Boundary Conditions

The system of goveining equations, after the above simplificatioms,
bacomas & set of cix first order, coupled, non-linear, inhomogeneous
partisl difrerential equations. It is found in the study that the
eigenvaluas of the system are six dgotinct real numbers under non~
fiuidized conditions, (See Appendix 3). The characteristic directions

are described by:

(-5%2—1.154»53 , (g—%—l-u,-—f—g ; (-g-&-(ig (3.7.1)

(‘c‘:‘a,'u‘”c ) (%i'ur-c ) (gﬂ-UP (3.7.2)

The sudbscripts i, 1l sud IITI represent the right-running, left-ruming,
and gasaous-path characceristic lines in the gas phase. The subscripts
IV, ¥V and VI represeant the right-running, left-running and psarcicle-
path charscteristis lines in the solid pnase.

Yhen tha granular bed becomes fluidizad, the spead of sound is
net treteaittad through the cisparaed pu:iﬁu; therafore, ¢ is _
Wqusl to sere. Rowowver, thi Jpeed of sound in tha gas phnse is never
sary; beneo, Ba. (3.7.1) remsics che same but Bg. (3.7.2) chamges to:

(R )~ (5= Up B¢ B R

vhea ¢ > oc. Dus "¢ t=his redaciion of six characteristic lines inio
tonr characteristic lines vhen the jranular bed changes from nom-

W
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fluldized to fluidizad cordivicnms, tha governing ejuations zxe uol
toetally hyparbelic, The aolution of thase equations hazcme quiie
complicated. The poundary corditi-ung miul be wa’l erecirfied.

The tutsl rumber of boundary conditiens vequired depends urca
tha flow couditions at the igriter end of the grauclew hed, (As faz
as the curvaent calculariou is coucarnel, chus czaxbac is sevlid by
the shear diac ezt the dowvus-ream =nd; the pheromspa &fisx the rvpture
of the shear disc arc bsyond the scope of rhigs atudy.) 'Tu spesify
candit?ons st the igniter ead, . separats zontrel voluma (Fig. 3)
is considered, which is located immediztely at tha eatrance of ths
granular bei. Wher thi; entrance ceatrcl velume cotitaing bSoth gae
and verticles, six ordinsry differential equatiouns ars used toguther
wvirth the necassary conmpatibility relations to detecwina the average
flow propertias it the eutTtance volume and alazo tae properties at
the toundary between the eatrantae volure and the granular bad. The
compatibility relatiouns ere dsrived directly by transforming the
governing equations ito thelz charactaristic fcrme (Appeadix 3).
When the entranca section contairs gas only, threa ordinasy differential
equations descriting the frime rate of change o flow proupertits of the
gas phase are solved togathe: with the apprepriate coumpatibilicy
relatinus for the boundary parasaters cesced. The cotal aumbur of
compatibilicy relationz used ia the calculatiorn daponis upun tha
fiow directicnz of the gzses ond particlae st ha bovad sy ama aiso
the fluidizsticza conditions., The boundary coniiticas at the shear
disc and are relecively simple; bafore the shear disc iz ruptured,

tha gas and pavticle velocitias ara sll mszo.
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“he initial conditiuns vaquired to solve the system of equations
mze tha initlal distributions cof gas temperature, prassure, valocity,
particle velocity, propallant surface temperature and fractional.

porasity. The inicial discributicns of the above parmmeterz can ba
won-yaitern.

e e O O BC——— e~
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3.8 irical Correlations

in addit’aa to the abuvo governing equations, the aquations of
stata for gas- and particle-phases must be specifisd. The co-vilume
effec’ becomes important at high pcessures, so ths Ncble-Abel dcnse

gas lsv also cuilad the Clausius Equation {/8),
I
p(.P._b) -T (1.8.1)

is used ac cthe equation of stats for the gas phas: The statemsut of
8 ccustant density for th: solid-propeilent jarticles servez as the
equation »f state for the pafciclez.

To cumpiste the theoreticsl model it ig nna@.aary te specify
several empirical zsorrelatioas: <chu intac,ranular gtress trausmitced
througk tke packed grantular particlee, the tlew resizcance dus io ils
drag fsrce betwcan pacviicle and gas phases, rha convective hest
transfer cvefficient and the regression ratus of the solic propeilent

particles.

A Constitutive Law fur the Total Jstress

Tha constitutiva law used for the total stress calculations is:

et , e L
Tp = - 'az?r;{)%(ﬂi‘ﬁ) “Pé"‘:%)) if @86,
(- P it B> (3.8.2)

vheze ’c is the zriticsl porosity sbove which rhatc 13 no direct

contact Ytveen particles, aad ¢ is the speed of sound transmittsd in
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granular material.

‘rp actuaily consists of two parts (i) F, the hydrostatic pressure
(41) the normal stress due to the intergranular normal stress. i,
the solid phase, P is not defined inside the particles, i.e. P = 0 and
i1f particles were liquid droplets, P is defined.

The relationships of the spead of sound im the particle phase, c,

and ths stress teasor Tp are given in Appandix 6.

3 Drag Corralation
Frenm the fluidization condition of the gas—particle system
in the granular bed, the bed can be divided into a nop-fluidized
ipacksd) region and a fluidized (dispersed) ragiom.

Due to the importance of the drag force tern in the momentum
eguations. an axtensive survey vas conducted to sslect the most suit-
able drag correlation for the model. Ergun's equation (45) has been
wvidely adopted by some pioneer investigations such as Kuo(l), Krier
(5), Gough and 2warts (3) in their studies. Since Ergun's equation is
valid only for 1 <(;:_%) < 4,000 and 0.4 < ¢ < 0.65, it has very
limited application to the combuscion of granular propaellents under
high convertive burning situationr. A series of cold-flow resistan-:
nsasurcments ware mads by using a cylindrical chawber of the same
inner dismeter or the combustion chamber and the same type of pro-
pallent, but under non-fluidised ,non-combustion conditions. Tha
corzelation (76) cbtainsd is

D~ E"&f{- o '9 {276.151».505 &;%:—J (3.8.3)

Re
which 1s valid for 1 ‘(T:}) < 24,000,
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For the fluidized region, the exprassion for Dv is deduced from
Anderason's expression @6)which is valid for porosities ranging from
0.45 to 1.0 and R.p from 0.003 to 2,000. We have

D, = &% ': ;) ’a"u’-'[.‘iézt,.%:g}  BCitr] (3.8.4)

vhare the tortuosity factor, tr, is

171 (_E@).“ for Q4557<Q394

t;r -

B for 092<BSI (3.8.5)

The cross-section factor Z and inertial drag coefficient Ci are

given by

z

|
| -acr('_g)z,_g- (3.8.6)

e 2.5 |- ‘045 .
O 3R e (F) —

Although the Reynolds nuaber range is not wide encugh to co-rer

the variation in the overall transient procass, lt is the best
correlation available in the literature . Since the volues of D,

ia the fluidized region are substantially smaller than those of the
nonfluidised conliéiéad. any inaccuracy introducad by axtrapelscing the
drag corrclation for a fluidised bed to a higher Reynolds number will
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pot significantly influemce the calculated zesults. The drag
correlation for the nonfluidized region, however, is very important

in the momentur squations.

C Heat Transfer Correlstions

For convactive heat transfer calculations, Denton's formula (57)

is used for the non-fluidized region, hance

(-4

P,.)s (3.8.8)

h=0655 [_.EL%-:,M 2]

It is valid for hp from 500 to 50,000 and porosity around 0.37.
Although the porosity range is very narrow for this cervslation, it
represents the porosity cf most of the packad, unburnad povtion of
the granular bed in combustion exporimsnts. For fluidisad regions,

B, 1s obtained fros Rowe~Claxton's correlation §58),

- K I N 1- T 4
he rr[-'_—““—wg + %5 =2 Rg’ ] (3.8.9)
whare the exponant of the Reyaclds mumber is axprassed as

-8
445Rep  + | e

The Rewe-Claxton correiation is val‘d foxr 10 < h’ < 197,
Basides the convectiva hest transfar, tha radistive haat con-
duction is repraranted by

Firocs = €5 LT+ Tag (£)][T3(t)+ Tas ‘(2] (3.8.10)




vhere sp is the emissinity factor is taken as unity and ¢ is the
Stefan~-Bolrzman constant. Therefois, the total heat transfer ias
givea by

- (t
he(®) he (4) + rea & (3.8.12)

and i{s given previously in the long form by equation (3.3.13)

he(t)mn (£)+EpC [T +Trst)I[T14)+Tes*(t)]  (3.8.13)

D Burning Rate Law
The last empirical correlation nseded to close this problem

is the burning rate calculation. Since the relative velocity between
gas and solid phase is very iigh in some regions, Che erocsive burning
effect nust be consicered. 'The widely used Lenoir-Robillard (77)

semi-empirical burning rate lsw is adopted hers

f=aP +Keh, ¢=XP(%) (3.8.14)

vhere hc' the local zaro-bliwing comvective obtained from either
Bq. (3.8.8) or !q (3.8.9); depending upon the fluidized situation.
The erosive-buruing counstanc, K.. snd the erosive-burning exponeut,
8, used in this investigatiom are licted in Table 1.

62




TARLE 1

DATA USED IN THE NUMERICAL COMPUTATIONS#

b
Y(500°%)
Y (3000°K)

/

Pz

et
(1]

o‘-ltp >

™ N e w
® o o

™~
h

1.6 gm/ca’

0.945 x 10" ® cm?/sac

5.30 x 10" " cal/cm~sec-"K
0.265 x 107! cal/ce-sec-°K
0.44615 x 10 ' #n/ ca-sac
1.26 enl/gm

1.4

1.26

0.7

0.41275 x 10 ! em

0.3995

0.4745 ca?

15.246 en -

293.91°%

1033.23 g/cal

0.399%°

0.1 en’-*X/ead

108.

1.0

» 0.65

“Iats for propallamt properties are obtained fren Rallictic Research
Laborateriss of U.5. Army.
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T

abl = S60°K
T, = 630°K

g
rhﬂ * 2500°K
T, - “531°K
c,(r = 0.1969

d( po) .
rp(undsurud) » 0,032945 em
a - 0.%62 x 10 *

[ X ]

(ca/sac)/ (g/ ca?) * 3387
a - 0.2814 x 10
{cm/zec)/ (g/cm?) " 802

C4 - 0.

[N ]
Cy - 0.30

30
n - 0.8867

[ X ]
n = 0.3020

a and n aru linesrly intervoleted
froma , a4 andn ,n
TR 1] TR

according to the valuas of C 4 at
tha instantsmeous surface of tha
grain. : :




3.9 ipnition Criterion

In the presant study, the mathemati. e! formilsciions goveraiug

the {locw phenomena in t'e granular bed have alresdy been a complicared
probles. Tt will be hilizfw. to have a simple ignitiom criterion in
completing the sathomatical modal.

In this study, twe eriticel temparatures ware aspacified at the
orherical pellat surfacns to achievs the ignition criterier. The
Jowsr critical value coiTespsuds to the adlstion tempsrature, while
the highar one represen!{s thu ignition tempernture of the propellant.
The butnirg rats starts from zero as soca as particle tamperature
resches the ablation tempe.ature and increases rapidly to the burming
rate valua vhen full iguition is reached. The convectivs heat
transfer drops to zero in &z linaxr manner as ths particle tamperature
incroases from tha ablation to the ignition temparsture. Thaoretically,
thase two critical tesperatures should be dependent on pressura, but
this relarionrhip requires further study. Thus, for the purpose of
this study (sincs prsssure dqn;ulcau st high pressure is swall),
they could ba talar g2 conutants in this study.




CHAPTER IV

NUMERICAL SOLUTION TECHNIQUZXS

The previous chapter htias provided the physical background, basic
assumptions, governing equitions and sowe associated empirical
correlationa for this two-phase, -sacting flow modal. In this caapter
wé address the mathod to determina tha solutions of the governing
equations. The cowplaxity of the systsm of governing equations meke
it impossible to obtain analytical solutions for the system. As a
result, ve turn to numerical methods for their solutiors.

After some careful consideratioms, ihe explici: finitn—diffarancc
schume is employed in the interior. Method of characteristics to~
gethar with scme compatibility relations are used to solve ths boundary
points. To assurs the convergence of the numerical solutioni, several
convergence tests have been meda and proved to be very sutiafactory.
CDus to the stesp gradieuts in scme flow properties resulcing from the
rapid transient combustion of the propellents, numsrical instability
is encountered when che straight forwazd two-step Richtayec ccheme 1is
sdopted. Ths modified version of the two-step Kichiwmyer scheme with
a szall smovet of explicic artificisl viscosity ace introducad into
the computacious. Several stabilicty criteria, such as the Couranc~
Friedricks-Lewy (C.F.L.) conditions (69), Energy Method (7¢), the vom
Neumann stability criteria(7l, and the Beuristic Stability Theory (66) are
applied on tha finite-differencs equatiocns. In closicg this chapter
the computation procedures and the flexibility of the couputer
program ars discussed.

{
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4.1 Selection of Numerical Methods
In ~rder co sclve the szt of governing equations given in
Chapter III, several different approsches msy be taken. They are
tbe wetiod of characteristics ( 74),the rarious implicit (70) and explicit
finite-difference method (71), unalog similazion(79), and soce orhers.
The sethed of characteristics is supposedly the most suitable
mathod to solve a system of hyperbolic equations. Kitcheas (11‘ has
used tais mathod (with soms succeas) to solve the set of governing
equations Kuo (1)developud. This approach has beer knmm for its
extrems accuracy but involves coxplicsatiag and lengthky prograsaving
logic. An undue number of itevstions are required ¢o losatz tha
intersections of the characteristic lines and on avorwous amoust of
interpolations and extrapolations are invclved jip obtaining the
flow provartias at desirable lccations. All thea, computations
are time consuming and leading to immactuzscies. Dus to the abova: reasoms
the method of characteristics wvas adoptad it the bsugdariu calv.
Iaplicit mechods bhzve no rutrif:.tio‘n un the domain of dependenc:
{2 the time-spacs {ield. This meth:d allows large time staps in
computation, srt, since the flow proparties change too drastically
batwesan aach noéds, this mathod was not spplicabls to our studies.
Strestur 80 wsed dsplicit mthods in treating scme ungteady flov
caleulstions but Abbett (81) found that thess methods violated the "law
of fordbidden signals" inherent to system of hyperbolic equatioms.
Row wa bhgve rarrowed down the f£ield of pessidle teclhmiques to
that ¢f am axplicit 8 bheme. Its simplicity and spplicability fer
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digital computers ruiuecs 1its use advantageous. Howavar, oue
igherent dicadvantage 1is its inatabdbiliry. One mayv uvercr me this by
special treatment of the non~linaar and inhomogenaous terms.

In this technique, the partial detvivatives of rhe depercent
verizbies are approximated by difference equutioris. The syscam of
partial diffacentlal equaious is thus transformed intc a set of
algebralc equations. Different investigators use differnut meth.ds
to vepresen: the partisl derivatives, thereby arriving it diffareat
pumerical results. Iu order te choose which finite-diffarencing
scheme tc follow, one has to notice two impoerzszat critaria, namely,
the convergence and ¢he stability of the mathod.

Besides hundkcds of reports and papers, detailad discussion cr
fZnite differesce methods is contained in textbooks by Forsythe acd
Smith (83 Roache (7]); Vichnavatsky (‘74)‘, and Richtmyer & Mortoa
70, Morert1 (50, 84, 85,86) has also done cxfcnsiva work om this topic.
Ye makss a clear distinction in the treatoeant of boundary and interior
pointe and suggescs that ths authod of characteris-ics be used at the
boundary (exclusive of the wethod employed fox the interior).
Instability swy be genevatad if the boundary has not. Leaen properly
treated and will cause problexs in the iatavior too.

Nuserous investigezors hive done sirilar rusearch to this present
study, they aze East and McCiur«{é); Fisher end Graves(2); Gough and
Zwarts(3): Gough (32 Frier, Van Tassell, Pajar and VarShaw(5);
Kitchans (U1; sod Kue, Vichoevetsky and Summerfiald(8). They all used

e slightly diffarent numerical schisas to solva their governing equatioms.

Bsaged on the valusble experience of researchers in tha field of granular

prop: ient zombination we have moda our choize of numerical .( shemes.
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The merhud of characteristics togather with come compatibility relations
have been adopted in the boundary calculations. An explicit method for
the interior has been used, namelv the modified two-step Kichiumyer schame
incorporated with predictor-corrsctor calculations. Ibp using the pre-
dictor-rorrector technique, thc non-linesar terms are ~recatal in an explicit
nanner, ihiz combination of the method of characteristics and finite
difference equations has baen shown to be vsry efficient in the prosent

system of partial differential «¢quatioms.
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4.2 The Pinite-Lifference Equsuions for the Interior Puints

For iaterior pnints tne mcdified two-stsp Richtmyer schame waa
used with predictor-corrector calculations. By the (wo-stup modified
Richtoysr schems we moan a scheme in which the diffusing schsme (87)
end the oodified Lasp-frog scheme 82) are ured for ulternat: cime
cyclas in che follcwing wanner.

In gener«l, the system of differential ejuations are representad

by

U
T A

(V)

w_ 7
2~ 1 (6.2.1)

|

V)

wvhere u 15 a vector whose camp;meﬁtl, n in nuaber, are ‘the depandant
variables and A in thie caee is an 2 by m matrix. 7o simplify the
aotation, A ir considevad to beo 2 conztant marriw., The sy-ﬂ:é is
hyperbolic 1f & hae ail flll. aigcmlm.and m linsarly independsat
eigeanvectors. Ia this study A was found to consist of all real
eigenvalues, 80 wa concluded that cur sysztem of equations was of
hypertolic type. ; rspresents the inhomogeneous terus appnrin;
in the system of aqutims; The finlte diffuerence diffusing scheme
using ceutral diffarsuces in spucs and forvard differwnces in tise
is employsd fur tha tine-‘-t.p calculations. The ditfogmco algoritha
for the predictor sund corrector calcuiations is given below.

The following notaticn was used: 1f u (x, t) is any function of
one space variable aud time. ui denotes the finits-difference approxi-
szeion tou (L A x, § 4 t),wheredx and At aze the dimangions of the
unit oweh in the x, t plars ané 1 and j have integer values.

The first-stap diffusiag aschans becomas,

10




Predictor:

2u _ U o8l ui)]
ot at

A (i mtl)

1 (4.2.2)
ax gax }

florractor:

2u (w0 )]
at ~at

, L e
2. £{,—e Xu?,,—u‘:-l)‘*e({"ip-l "qu_u_im)J
oX 28¥

)
L ($.2.5)
l
4

The non-linasr coefficients and ichomogenecys terws ware treacod
explicitly in the predictor-corscior tachaique.

Using Eqs. (4.2.2) and (4.2.3), Bg. (4.2.1) is exprassed in another
form as follows,

Y | . : ;
Ul = ud ) - B A (- U (6:2:6

+Atl}

U =ttt rul,)- £5 AlG-B)uUh- ul)
+OEly e at[0-01 2615 ] 4.2.5)

Bqs. (4.2.4) and (4.2:5) are explicitly defived, s.mea csch
equation deteraines ons unkuown in terms of old quanti:dles &icne.
uy rveprasents tha predicted quamticy from the latest dcetatiou
o] the pradistor calculattons. Whan [ & O, Eq. (4.2.4) reduces o the
original diffusing ochere (which has socond ozdur accnracy). The
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modifiad Leap-¥rog schems usirng central differences in both space and
tirzs is employed for tha second-stap calculz.ions. The Crapk-Nicolsom
parametsz (73) 8, vhich lies between O and 1, is used #c help stabilize
the numerical solution. The diffurenca algorithm for the second-step

in the predictor and corrector cslculatiung ig given below.

Pradictor:

\

w2* J
¢ (Ui )

at 24t

. e 1 (4.2.6)
U _ (U -ull)
eX 20X )

Corractor:

u _mtoul)
et g2t

. o (6.2.7)
_Q.f:.‘._.ﬂ“m(’i{w pi)"e(‘utﬁ "’U-;-l )"‘(L-'L:-u’,-:.

ax 4ax

Using Eqs.. (4.2.95) an’ (4.2.7), Eq. (4.2.1) can be axpressed in the
following form,

. . ' 1l .
iAfﬂ wi- %A(uﬁ‘.-uﬁ.)*%th (5.2.8)

“"J-'.w& ?“‘%A (3'9)({“;"11{-1)
*0(‘“,‘,1 ‘u::f )"‘(u'{:‘l Jﬂ ]

+at [(1-8)i +01" 1) (4.2.9)
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Again, Eqs. (4.2.8) and (4.2.9) are expressed explicitly. A
set of conservation of mass equatiocas in the gas phase are implemented
in the finite-differencz form using the above mentioned numerical
scheme and are shown in Appendix 3.

The above predictor-corrector tachnique has been used to overcome
the nonlinearity of these partial darivatives and the inhomogeneocus
tarms. In the predictor calculations, the previous time quantities
are used to evaluate the crefficients df the spatial cderivates and
inhomogeraous terms. The solutions determined from thase calculations
ars uvaraged, according to 6, with the previous time quantitias.

These sveraged values are used in calculating the non-linear co-

" afficients and inhomogensous terms in the corrector calculationms.

This convemional predictor—-corrector techniqus, caused numerical
instabilities in both the interior nodes and the boundaries. 4As a
result, a small smount of artificial viscosity (88 was introduced in
the calculation to filter out the high frequency componants. This
was done only in the 2 second-step calculations, since the first-
step calculations are rather stable.

Tollowing the implensntation of this two step numerical schems
with predictor-corrector techniques and am arrificial viscosity in
the second step, & significant isprovemsnt of stability has bean

achisved; the predictors snd corractors are vary close numsrically.
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4.3 Numarical Treatmsant of the Boundary Conditions

The boundary points are calculated by using physical and com-
patability relations to achieve a high dagree of numerical stability.
The comxpatibility relations used can also be regarded as the extraneous
boundary conditions(l) which are needed when the cenzral difference
technique is used for space derivatives in the hyperbolic partisl
differential equations. In this study, these additional boundary
conditions are a set of characteristic equations derived earlier In
Chapter III.

The total number of boundary conditions on the left and of the
chanber depends on the number of physical boundary conditions plus
the extraneous boundary conditions available. The number of compatibility
characterisc¢ics equations used depends on the flow directions of the gas

and particlss and thes fluidization conditions at the houndary., Eight

sets of lef: boundary conditions have been considered ip this study.
The right boundary conditions are simple, the gas and particle velocities
are zero befores the shesr disc bresks. It is necessary to determine
how the characteristic equations worked on a t-x diagram before showing
the difference approximations that apply along the characteristic line.
When both u‘ (xL. t) and up (xL. t) are subsonic, and are flowing
in the positive direction and the bed is non-fluidized, (LBCL ) i.e. Left
Boundary Condition - Case 1 , the Mach lines at ths bdoundaries are
shown in Fig. 4. In this case there are two left-running Mach lines,
II ard V, sent out from A: and A’ passing through point B at the left
boundary. The II chavactaristic equation with a slope (%folz - u' -c

and the V characteristic equation with a slope (%’v “u e

Similarly there are four characteristic lines passing through point B '
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at the right boundary. They are, characteristics lines I, III, IV
and VI, which have slopes (dt 1™ Y + c‘. (':—:-)HI g’ (dt)Iv u + ¢
and ( dc)VI - up respectively.

The number of unknowms in the entrance region are six, they are
n'c. upc, ’c’ T.» P, ard Tp‘c. These unknowns are determined easily by
the govarning equation derived in section 3.3. With the sbove quintities
deternined, we combinsd them with the two compatibility relatioas, given
by Bq. (A-3.46) and (A-3.58) and some other assumptions, the six un-
knowns at point B', “8' up, ¢, T, P ond 'r” sre leterminad.

Since the entrance region is #o close to the laft bcundary points,
the following assuamptions wers made to facilitate the use of the two

compatibility relations BEq. (A-3.46) and Eq. (4-3.38), they are

Up(Xest) = Up, t) (4.3.1)
Tes(X.,t) = Tea(t) (4.3.2)
P(Xe,t) = P, (%) (4.3.3)

From characteristic equation V, Kg. (A-3.58), with th3 assumptions given
by Bq. (4.3.1) ws obtatagd the porosity, ¢, at poist B by direst sud-
stitutiom.
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The compatibility ralation given by characteristic II is integrated
along its characteristic direction to yield one idditional conditionm, u'.
This aquation is solved simultaneously with the other two physical
boundary conditions Eqe. (4.3.1) and (4.3.3) snd the czalculated ¢ ot B.
The firs: twe conditions further involve twe rore unknowns, the chumber
pressure ‘!c(t) and the chazber particle walocity, upc(t). The equitions
:Lmolvngra(t) ad npc(t) are given by Eqs. (3.5.i5) and (3.3.6),
togeuthear with Bqs. (4.3.1), (4.3.2) and (4.3.3) fora a closed systea.

The characteristic equation 11 cam be solved simultaneourly with
the othar equstions by direc: suhstitvtions. Numerical oscillations
ure obsarved vhen ths coefficients of the differential tarms are
avaluated at Az {Fig. 4). 1n ordexr to overcome the numericzl oscillations
in the boundary calculatioms, the sophisticated fourth ordey Rmmge-
Kvtta integratisn method (RK4) was cmplryed (39) to carry out the in-
tegration along the left-rumniag charsctaristics. In order to perform
the MEé, charactaristic equation Il is reconstructed to fors an

ordinary differential eguation in thv; followin:; mammaz,

(du’L- ["' 'd (9PA "Kf;. (aupks 'K: (d@)g+ '¢“ At]/( K:, )

(4.3.4)

The pressure diflerence, particle valecity differemcs, peresity differ-
esce, at the right kand side of Sq. (+.3.4) are tbe propartics ot 3 and
the lisearly {ntarpolated guastities at A.. After the fourth-o-der
Bupge-Rutta integraziiu is performsd, the gas velecity at the laft
boundary becemss
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where the coefficients Tx’ 'rz. T’ amd 'r.. are calculatad from

To= (- g (3P~ Ky (Gt " KE, (48 + 1 Emina 88)/(Kiglay)
Tem K ba (0Pl -Ki lna () =K 1, (¢8)n +KE b AWK k)

Ty (P b P 1, e (9l K L (99 K ) Kghe)
for Pradictor stess. (4.3.6)

TemEKe lag(8Pl Ky lay (dutpl-Kg lag (d8) + Ko lag ALK, )
for Corractor steps ,
Toof-Kp ly (dP)x-KE, g (dupla-K5 la (d8)x+ Kt s At)(Kiyls)
Temparature of the gas, T, {s found by using tha gas static

temparaturs ot X,

I Tiﬂ (u.li"‘. u,m"".) |
x, =le * 233Cy 4.3.7)

Once the boundary values st B have besn dstermined, tha naw
socation of A’ at the next time level is calculated from the slope of
the left-ruaning charscteristic lins at the current tima, {.0.
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Xar -%(-a,,‘_ *Cgp “Ue,, ” Cap )+ =
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(4.3.8)
Similarly, the location of A' is given by,
it .% u Jv! Jel i J
- * - ” o
XA; ( Pu TC P u‘PA’ te A.) R (4.3.9)

The positions of Az and A,g vary sligatly with respect to tims, 8O
che locations of Az and As are not involved in the itera:ior procadures.
The above calculations ave shown in a flre chart in Yig. 6°

The treastment of the right boundary coniitions is sispler, since
no right control volums is comsidered. in r,cneral we ouly have six
unknowas to solve, narely “!' up. T, 6, P and ‘r‘.. Beiere the stain-
less-steal {iaphrags breaks, the right ead of the combusrticr chamber is
closed, the jas velocity u. and particle olceity, U are always
equal o 3arv, these conditions; ure givem by

u_g { Xe, t)=0 (4.3.10)

Up (Xn,T)=0 ’ (5.3.11)

T™he other four uaknewas are foumd by the four cleraccariscies, I,
Inyﬂ_udi'. 25m23 the pas widlogity is very mmoll in the uedghborhvod
of the shear diuc, thv. soluticn is gquite stadle. To reducs ks MmOusit
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of computarions, RK4 integration wethod is not employed herxe. To
obtair the porosity, ¢, at B' we directly substitute the sero particle
velocity into characteriastic IV, Eq. (A=3.46). Using the zero gas
velocity, zero particle velocity and the calculeted porosity at B',
we substitute ints characteristic ejuation I, Eq. (A-3.40), the gas
pressure, P at B' is found immediacely. Siwilarly tha gas temparature,
T, is obtained by substituting the calculated pressure at B’ and other
known gquanticies. into charactaristic eguation III, Eq. (A-3.32).
Prom characterintic equation VI, Fq. (A-3.65) the particle temperature
is obtained. The above treatment irvolvgs only direct stbstitutions,
80 tha right boundary values are sasily obtainsd. The characteristic
equations I, III, IV snd VI are recasted as follows,

Charactaristic eguation 1 baccmes

Characteristic equation III becomas
KT (@K (oP)p=KE, (e -1E @0t Kintly .1

Characteristic equation IV becomes

Ky ©9 x~Ka(duy + K (dt)e (4.3.14)

Choracteristic squation VI becomes

Koy (@ T Jy-K P (d Ty +KE (St )y (63.15)
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Eqs. (A-3.12) - (2-3.15) are cocded directly into the computer
program in the above manner. (See Fig.®8A )
The locations of Ax' As, A“ aud As for the next time level are

determined from

! A in i a9 .
XA.' = ‘at (U'an - c9xn +tugy - CgA' ) R (4.3.16)
.
! At ; Jel J
XA,’ - (—Uayq "“9,4,')+ x5 (4.3.17)

a2 TUekg mlxg m Uy " Cal ) T g (4.3.18)
il At _‘ Jﬂ_ o
XA"' "2.'( Upxg = Upng) * %p (4.3.19)

Since the above locations change very slightly with respect to _
tima, they are calculated in advance frox the .lopcsA of the character-
i.tic lines at the previous time.

When the gas veiocity changes sign at the Jaft and, the particle
velocity still remains positive and the bed is nron-fluidized (LBCS)(9Q).
As shown in Fig. 5, there ar~ three characceristic lines, emanating from
‘z’ A',M A. passing through the lefr boundary point B. The character-
tstic lines et the right are same ss thoee in Fig. 4, calculations at
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B' remain the same.

As in the previvus case, all the unknown quantities at the chamber
are first calculated from the governing equations. Some assumptions
are made to facilitate the usc of the three compatibility relu:iéns,
Eqs. (A-3.4A), (A-3.352) and (A~3.62). They are Fgqs. (4.3.1) - (413.3).

Porosity, ¢, at boundary point B' is obtained from characteristic
V. The fourth{)rdeg Runge-Kutta integration method is applied to both
compatibilicy condxiiuwm al;mg characteristic III and V. Gas tempera-
ture, T, is deteraineu frnj characteristic III and gas velocity, ug is
from characteristic V. After all the unknowns at boundarv point B'
have beer ‘leterminad, the ubove calculaticns are shown in Fig. 7 .
the locations of Az aad As are de:erminad using Egs. (4.3.8) and (4.3.9)
and rew Location of A3 is given by

Jr J*

XA, 3%(—(‘('515 ""(.L;") Ml (4.3.20)

Basides thc above menriomed LBC (Left Boundary Conditions), six
cther leftr bcundary conditions have baan conuidered depending on the cign
of u‘. up and the fluidization conditions, this is shown la Appendix 7.

The extraneocus bcundary values calculeted in the ahove amnnner
converge very quickly. Since the boundary conditions have baen wall
treated, the amount of error propagatad into the intarior grids arm
small. |

The combinaticn of finite~difference and the method of character-
istics has been shown to be an appropriate  mgtaod to handls this

type of hyparbolic paviisl 4differential equations. |

[
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4.4 Convergence Tests and Error Analvsis

It is a formidable task for the formal error estimation and
stability ansulysis on the numerical algorithm selected for our intricate
system of coupled, non-linear, inhcmogzeneous partial differential
equations. This task is compounded by the complicated boundary con-
ditions. In order to bypass these nearby insuperable difficulties,
various convergence tests aze parformed to verify the numerical

solutions converga to the genuine solutions of the original differen-

‘tial equations.

The convergence taests are parformed by varyirg the mesh sizes in
time and space increments. The sclutions change slightly when the
mesh sizes for time and space are reduced by a factor c: four. Within
the prasent scope of this two-phase combustion problem, our numerical
solutions are practically unaffected by charging the zcsh sizes.

Due to the fact that coavergence of the numerical soclution depends
o how wall the problem is posed, variocus tasts are performed on the
sensitivity of tha solution by ckanging the initial conditions,
boundary conditions and some other iumortant parameters such as the
initial gropellent particle size, the fractional porosity, the burning
rate leaw, the hest transfer co~relation, the drag corr;htion, the con-
Jtitutive law of intergranular stress, the ignition critsria, the
ignition mrss flow vate etc. In all these tasts, the numerical solution
are bounded and change 6nly slightly for small perturbations on the
parameters. The existance of the neighboring solutious is proved and

the convergeuce c¢f the numarical zolutions is therefore assured.




4.5 Stmbilitz Critaria
When the partial differential equations are rapresented by the

finifs-difference aquations, high froquency componants will not be treated
accurately. Thio inaccurate treatment of the high fresquency componsnts
leads to the mumerical stabiliry comsiderations. All finite-~difference
schemes Poasses . high fraquency componsnts. If these compopents are
damped or don't grow rapidly with time, the scheme is stable. On the
other hand, if these components grow tapidly and finally dominate the
calculation, the schame is said to be unstable.

In genaral, ths finitA-difference systems cannot be assessed for
instability of non-linear systaas. Sumetimes, the stability criteria
for the non-livsar case is studied as il it is a linear system.

Several different methods of stability znalysis are kmown in this
field. Ve selected the following methods to evaluate the stability of
our numarical schems, they are:

A. the Courant, Friedricke and Lewy Conditions (C.F.L.)(69),

B. the Enargy Math>d VQ’.

C. the ven Nemmann stability analysis 7)),

D. BHauristic Stability Theery of Eizt(66).

A. The stability condition for the two.step modified Richtmyer
schene whon 7 = 0 1n Bq. (9.2.1) and the systum of partial
duferﬁ:m equations is hyperbolic is that the value of %:— should
not be grester-than the largzast eigenvalue of A. This is showm by

ﬁ[maxlu’ICg‘]Sl (4.5.2)
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c.

wvhere c8 is given by Eq. (A-4.13).

It should be noted that the selection of At is very critical
for this stabflity coundition. This criteria is used as a
basic requirement wher. selecting the size of 4t and Ax in

the numerical calculations.

Energy Method

This method is closely related to an snergy consarvation
principle of the differential aquation. In many casas the
conserved quantity is not necessarily related to paysical
anergy, but generally the square of the independent variable
as shown in reference(70).

Two subroutines are built in the program, mainly to check
the balancing of the conservation equations in both the gas
and particie phase. 350 the corrector step for the diffusing
scheme and the correct: - step for the Leap Frog scheme
solutions are checkad. The results are highly satisfactory,

since the balance of all five conservatior equations are

checkad closely.

the von Neumann Stability Analysis

In this method, a finite Fourisr series expansicn of tha
solution tc the model equations is made. ‘The decay or
amplification of each mode 1s conazidered iapnrntcly to detar-
uine :h’ stability condition. The smplification factor,G,

of the system of equation lies very noarly in the unit circls.

et s e

he mathematical step for tais stal'ility analysis is shown

in .efersnce(7Y.
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b. Hirt's Stability Analysic

A detailed study on the numarical schexe used in this two-
phase combustion problen has bezn performed. The finite-
difference aguations using our prasent numerical schame was
applied tc the conservation equations. Each term of the
difference equations ig expanded in a Tayor series. The
lowest-order terms in the e¢xpansion must reprasent the
original conservation squation. All the high-order torms
are called truncation errors which account for the compu-
tational instabilities of the finite differcnce meathod.
All the diffusicn terms are ccllected from the truncation
error tarms. Aftar following all the num:irical steps we
found that the sffective diffusicn coefficients are positive
for the numarical scheme we used, thus the computatiensl
stability is assured. One typical way to obtain the effective
diffusion coefficient for chi nun-rical‘ solutions of a partial
differential equation can be found in Reference (66).
From tle above four stubility studies we heva concluded our numerical
schema is very stabla.




4.6 Artificial Viscosity

The modified two—step Richtmyar s~heme is believed to be stable
vhea there is no inhomogensous and the system of partial differential
aquations is hyperbolic. When inhomogeneous terms are included, in-
stability is encountered.A similar condition was observed by Gough and
Zwarts ( 3) Krier et al { 3 Fortunately, methods are available to over-
coms this problem. Gough and Zwarts used a damping procedure based on
the smoothing theory of Shuman (9]) to circumvent this problem. Krier
et al used an artificial viscosity razameter (92 which provided damping
effect on the high frequency components.

To overcome our problem an artificial viscosity €, which provides

dsmping, has been added to our scheme. Tais paramatev is applied ouly

to the Predictor and Corrector for the two-step Leap Frog in the following

BaANner.

! L] jel jed
Wira(l-2€)u; +EU, +EU;,
(4.6.1)

After this artificial viscosity has besan added, the numericsl solutions

have no mors stability problem introduced by the inhomogencous terms.

A3} &% weighting factor (€ = 0.035) applied to the neighboring mesh points

would eliminate the high frequancy components effectivaly.

P s i e | s s 1




4.7 ZCalculation Procedure snd Flexibilicy of the Program
The thecretical model, described by a set of governing equatioms

together with the additional relatiouships are shown in Chapter III.
The simplified governing equations in section 3.4are coded in a Portran
lauguage for an IBM 370-168 Digital Cowpurar.

A program cvusisting of a rain :our.ini and fifty-three subroutines,
has been devaloped to solve this two-phase combustion problen. The cverall
caleculation procedure is shown in the flow chart in Fig. 8 . The program
is basically divided Intc four sectioms:

(a) Predictor for the first~step diffusing scheme

(b) Corrector for the first-step diffusing scheme

(c) Predictor for the second-step Laap Frog scheme

(d) Corrector for the second-step Lsap Frog scheme
The ssguances i, first to cslzulats the laf: baundaxy conditicons, ssocnd
to calculate the right boundary conditions, then to calculate the interior
points. This sequeance is repeated for the predictor snd corrector of the
two steps.

This program has been designiu to be as general as possivle with
the following sperial features:

(g) 2ch sat of boundary conditions are coded into a separate sup-

routine to facilitate changes.

(b) With small modificarions, this program could handle moving

bowndavy conditions.

(e) 41) empirical corralations are coded separztely and could be

changed readily.

(d) Two spacisl subroutines are developad to chack the solutions

_ Iu:hocomud level of both diffysing and Lea» Frog schemes.
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“NITIAL COMDITIONS, IGNITER
MASS FLOW RATE, AND PROPERTIES
OF IGNITER GAS ARE GIVEN

SOLVE THE SYSTEM OF SOLVE THE SYSTEM OF

EQUATIONS IN THE LEFT EQUATIONS IN THE RIGHT
BOUNDARY, AXD OBTAINED I BCUNDAKY, AND OBTAINED
VARIOUS FLOW PROPERTIES | VARIOUS FLOW PROPERTIES

SOLVE GOVERNING EQUATIONS (P.D.E.)
L..! POR VARIOUS PLOW PROPERTIES IN THE
INTERTOR REGION

Figuid' § Caneral Flow Chart for the Solution of
Governing Equations
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Thus demonstrating the convergence of the solutiocas by thae
"Energy wsthod " (70).

(s) To insure accuracy ,all real numbers are givan in double
precicion.

(f) The mesh sizes of Ax snd At could be easily changed for obtaining
information at.desired axial }ocuuu ad specific times.

(3) The program is writtsn so that the sclution process could be
stopped and restarted at any rims in the calculation.

(h) Common blocks are cowposad of functional groups of progras
paTamatars.

(1) Mesningful nomenclature has been assigned to the variablaes for
easy identificatiom.

(3) The main prograa contains only call statemants.

L 2]
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CHAPTER V

COMPARISON GF THEORETICAL PREDICTIONS WITR EXPERIMENTAL DATA

5.1 Experimental Setup
Experiments to verify the theoretical model ars carried out using

the cylindrical chamber shown in Fig. 1. The geometric dimensions of
the chamber are given in the same figure. The spherical propellent
used for the tests is type WC-870, with an average particle diameter of
0.8255 sm. Some physical paranesters and chemical data of the sphariczal
propallent is given in Table 2. The particles are packed in a chamber
15.24 ca loag with 0.777 ca I.D. to form a propallent bed with an average
vaight of 6.95 grams. The cylindrical chamber has a wvall thickness of
3.937 ca which is much thicker than the downstream stainless-steel shear

disc (0.81 mm.). This 0.81 mm. burst diaphragm provides a fixed boundary and

1 Eate
A

alas sarves as & safsty valve for the chamber

Ta} N
- o g —— g ¥

no permasnent deformacion to the combustion chasher after each test. Due to
this fact, the sama spparatus is used repeatedls f.: s 3eries of identical
tests vhen the loading demsity is kept constant.

To measure prassure and flame front speed, high frequency Minihat
prassure transducers (99 and ionizacion probes (5% (Dynasen CA~1040) are
equally spaced along the chamber. (The pressure transducars are statically
calibrated by a dead weight tester at Ballistics Resesarch Laborstories of
Aberdeen Proving Ground.) They are placed at the prescribed locations marked
by G1, G2, G3, G4 and G5 in Fig. 1. In ordor to maximize chamber strength,
the transducers and ionization probes are placed spirally along the chamber.

A gasecus pyrogen ignition system is used to ignite the propallent

bed, and is shown schematically in Fig. 9 . This type of igniticn system

P N ST S




TABLE 2

PHYSICAL, COMPOSITIONAL AND THERMO-CHEMICAL DATA
F 870 }

Graoulation
Max Particle Dismater = 0.0965 cn
Min Particle Diameter = 0.0686 cm
Particle Shape = Spharical
Grevimetric Density = 0.960 gm/cc
Z Nitroglycerin = 10.0

Z Nominal Nitrogen
Content of Nitrocellulose = 13.15

I Deterrant foating = 5.20
Heat of Explosion = 870 cal/gm

-

Flame Temperature = 2831°K

*This WC870 PROPELLENT NAS MANUFACTURED BY OLIN
CORPORATION, WINCHESTER GROUP

)
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- 49 dntended epacifically to provide a radially uniform hasting of the granula

was chosen over th2 conventional impact ignition primer because it is
capable of achieving both high reproducibility as well as verying igniter
streugth and duration. These features are aot characteristic of pelle:
ignicers (95). The length of the igniter chmubu; 4.763 cu.are the inner
diametsr of the chamber is 0.777 cu.

Igniter mass flow rate is determined by the chozed fiow equation
usieg ignicion chazber pressurs avd izaparacucs, sad Ls shown ia ?1'3.1‘0.
“he ignitor strevgth sud repreducibility are controllied dy regulsting the
gasecus mixture prassure and tha fuel-oxidant ratio. The reactent com~
tication of gaseous hydivgen and oxygen was chosen for the igritar because
of its wide flanshility lindts and dbecause it is easily ignited by sparks.

The gaseous reactants sre well-pized in the ignicion clameer and the
#ai fsad lines are closed pafere fguitiem by spark plugs. Iwo spark plugs
are used o insure s successful ignictivm {n every firinmg. .

The ignition and combustion chaubars are sepirated dy & nulti-
parferstad comvergant nozzle, whi~h congists of geven holer of 1/16 inch
I.D. For grester flow efficiancy, tha diameter of *he holes iy expanded
to 3/32 inch st the intarface betwsen the nozzle and the igniter chamber,
foruing a parvaboclic entzence. A detuilsd descripticn of the nozzle is
shewy in Plg. 311. Th: ujecraas 9ide 37 the nestle is <overed and tightlw

sealad Ly & tape to prevent madurnad reactanr gas)* from ontering the pro-

pail-2z bad befora igniticn. The dasign cf tiw multi-perfurarsd nos:le

)

rropeliant bed, to aniievw 3 one—wissasional flow confition {0 the sxial
dirsction, aud also to provide ¢ ovr~diramnalune’ ermpactocy of YR Hed

The transient 4ata obtained from prossurs tratiducers and ionizetion

pidy are necuoded in the Y. M. Mude of @ mulii-channel %apc racordar at a
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speed of 60 ips in order to provide totally time-correlated results.

The analog data are then recordad on a transient waveform digitizer
(Biomation Waveform Recorder Model 1015) which obtaias 100 da:a points

per millisecond of transient data. The data is then expanded by three orders
of magnitude in time and plotted on a conventional x-y plotter at a rate

of oue data point per second.
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5.2 Discussion of Results

The theoretical results are obtained by using the mathematical
model presented in Chapter III. In actusl computer coding the simplified
aquations (see section 3.4) are used. The solution method is shown in
Chapter 1IV.

The pradicted valuss of pressure—~tims traces at various locations,
suck as G2,G3, G4 and G5 are shown in Fig. 12. As in 2 typical set of
axperimanta’l data given in Fig. 13, the pressurization process at the down-
strean portion increases faster and eventually overtakss the upstrein
pressure trace. Further, the data obtained from pressure transducsrs show
that the rate of pressuriszatior invariably incresses in the downstrean

dirscticn. In Fig. 13, the prassure transducer Gauge 1 (Gl) was positioned

becsuss of a choked backflow condition a

the

vy
k)
*
g
]
-
]
s
ad
| ]
4
B3
]
4
‘

]

[ %

uzzle, 1t was found to }ag w.hind the rise in pressure at Gauge 2 locationm.
The fouy othear geuges, G2 to C3, were positioned along the propellant bed
vith on equal spacing of 3.173 cx (See Fig. 1).

“he prassure iraces waasured in the granular bhed indicate that an
upstraen gauga (ouch ar G2) semses the pressurisation much sooner than the
BEuges 3t douhstress positions. However, the rate of pressurization is
signilicancly higher for the downstreac gauges. If is also iuteresting
to note that ths pressurc pesk for G5 is slightly shesd of G2. This is
because thes dcprassurizscisn effect dwe to shear disc rupturs, overcomes the
pressurization dus to propeliest gasificstion at a given station, the
erassure~tibs traces start to decline. The pressure at all stations drecps
pack to one stwmosphers, anding a tramnieat interval of about 5 msec.

The pradicted prassire~tims traces correspond to locations G2, G3,

G4 and G5 ave 1wMividually superimpden oh sobe experimentel dati for six
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separate firings (testad under the axact coaditiors) are shcwn on Figs.

14, 15, 16 and 1/ respectively. The shaded reginn represents the degree

of scacrer of the exparimental data. Tha sslid lines Tepresent ths theoreti-
cal predictions for the r ‘. in ;vessura at the ccrresponding stations.

Since the theoreticai cal:uulatisn is limited t the time interval prior to
the rupture «f the shear disc, no ccupasison is made for thw dapressurization
processaes.

Fig. 14 shows a majcr portion of the pradicted pressure trace at G2
lies in batween thesa firing data, for the early part of the transient
intarval, the calculatsd value of pressure is lovar then the experimental
data. This is probably due tc the empirical correlati:n used for the drag
term in the granular bed of inert spharss (Eqs. 3.8.3 or 3.8.4) and may
result in higher resistance than the real test condition. In Fig. 15 and
16, the comparison batween experimantal and theoretical pressure-time tzices
reveals the same trend. That is, ths caltclaced pressure at G3 and Gé
begin to risa at s latar time than the expe.imental data. In Fig. 17,
the predicted pressure rises almost st the jame tim: of the experimental
results. This gauge, G5 is particularly important; focr its location near
tha shear disc cllovs us to eramine the strength of tha pressurae spika clore
to the shear disc.

It is shown clearly from the abeve comparison that the predictad
pressure-time vaciaticns at 52, G4, 65 gaugs locations aot only have
the right magnitude but also have ressonab.is slopes. Thae Pressure riss
times ars also vot fer froa the sxperimental measur 8. Although the
comparisou at G3 is less satisfactory than those ac G2, G4 and G5, the
slope of tho pressuce-time traces at G2 1s not far fyne that whick was

msasured.
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In Fig. 18, the calculated {lawe spresding rate is compared with
test data frcm three saparate firings with ionization pin msasturements.
(Thraa other firings of the same series consizting of the six ruus wen-
tioned above, had no flame frount aeasurements). The calculated results
again check guite closely with the experimeursl data. Both the tbeoretical
r1esults anéd experimental data indicate & significant increase in flame
velocity ss the cembustion wave propagates in the shear disc diraction.

Fig. 19 shows presaure distridbutions calculated for various times,
with the locus of the ignition front (dashed curve) superimposed.
Beginning with the trace (t = 1.26 msec), the prassure distribution 1
quickly develops s continenzal divide ani the graaimmt on its right side }
becomes steeper with increasing time from the increased gasification rate ‘
in the combustion zome. The pressure gradiaent grows to the left of the
peak due tc the reversa fiow of gases from the granular bed to the igniter
chamber. Thus, wien the pressure at the hazd snd of the granuvlar bed
becomas higher tham that in the igniter chamber, the igniter chawber
serves as & mass and energy sink to the combuption chamder. The resulting
revarse flov of gases also makes the pesk mure promcunced. Further, the
raverse gas {iov eventually causes the pressure trace of t = 1,54 to cross
that portion of the pressure dis:cribution at t » 1.42 wsec (this can also
be seen from Fig. 14). Near the end of the chasber the lccur of the ignitiem
front curves sharply upward (Fig. i9), dus to the axtremely repid pressure~
ization near the shear disc.

®ig. 20 shows the temperature distributions (st times corraspondine
vo Mg. 19}, with the locus of the ignition fremt shown by a dashed curve.
The advancemant of the combustion wave in the ;rmhr ved is readily

aom. Rarly in the trarsient, the prassurs in the system is low, 0 in

. 109 - | | | B L
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order to heat the granular propellents to ignition condition, the gas
temperature at the ignition front muet be high. As the pressure rises,
the heaat transfer from tne gas to the unburned propellent becomes more
efficient and the ignition front lOClll' descends. Finally, near the
end of the granular bed, where tha gas wvelocity is small, the convective
heat transfer effect decreases considerably and, therafore, the gas
tenperature at the ignition front aga’'n rises.
] Fig. 21 shown the particle tem, Tature distributions. In this
figure, the locus of the igniti:n front is not shown, because it is only
a straight line across the temperature rcale with Ip . egual to 'r‘bl.
The rate of flame front spreading is obaserved o be more pronounced at
the later stage of the transient event.

Fig. 22 shows the ocrresponding gas velocity distributions. Early
in the transient, igniter gas flows into the granular bed and the gas
velocity is greatest near the nozzle end. Later, with combustion occurring
in the granular bed, a peak develops in the velocity profile driven by the
Pressure gradient near the ignition fromt. Still later, the pressure
gradient in the granular bed nsar the nozzle csuses reverse flow of hot
gases :I.nté the igniter chamber; therefore, the gas wvelocity is negative in
the left portion of the combustion chamber.

In Pig. 23 tha particls welocity distridutions ars shown on the same
scale to emphasise the fact thet particle velocities are in general n‘;ch
lower than the gas velocity. Ths montion of the particles are generatad by

 the prassure gradients dewveloped in the granular bed. Later in the tramsient,
a fraction of the particles move in the reverse direction near the nozzle

end.

The porosity distridbutions in Fig. 24 shovw some interesting phenomana. !
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Initially they are yuite uniform, but whe: combustion etarts at the
noscle eand, grain wotion garcrated by the pressure gradient re-paci:- the
graoular bed to reduce the pcrosity ahead of the ignition front. Rehind
tha front it incresaces as a result of burning and grain motion in the
forward directionm.

Quantitatively, the calzulazed and experimental —esults aza in good
agraament. This verifias that tlie 3implified equa=ions in section 3.4
are truely valid.

“ha sheay disc thet zeals tha right end of the chamber is calibrated
to withstand a maximum pressurz of 773.4 Kg/em®. The aumerical caiculetion
stops wvhen the pressure near cha shear disc reaches this critinal value.
The calculated results. show that the diaphragn breaks at 1.£38 maec.
Similarly, {z the sxperimsntal process, combustion was termninated immadistaely

af:ar the ghear disc reptured, dua to dapraouﬁtizstion of the chamber.

118




CHAPTER VX
CONCLUSIONS

An investigstion has been conducted for a two-phase. granular pro-

pallient combustion problem. Several important conclusions ars summarissd

in tke following.

l‘

2.

3.

A successful theoratical modal hus basan developed to descridbe
the combustion of mcbile granular propallants. The calculatad
pressure~tinmg traces and flame propagation rates agree closely
with the axperimental results measured bv high frequency pressure
travsducers and ionization probaes.

A modified twe—-step Richtuyer explicit scheme is mmployed in

solviag the system of hyparbolic partial diffareatial aquations.

The soluticn shows that this method is steble and fast con-

vargen: wvhan the boundary conditions are solved with the mathod

of charsctaristics.

According to the theorstical calculations and experimental

observations, some spacisrl featuras of the combusiion process

in granular propallents are notad.

(a) The rate of pressurization increasss in the downstraas
ugac:ion and the prescoure pesk developed ia the zranularx
bad irsvels downstresa.

(d) The flame spreading rate increapes significantly in the
dowastremm direction.

(c) A stronger igniter causes faster flams spraading snd alsc
a higher rate of pressurisatiem.

(d) 1Igniter gas flow compacts the bod and causes the prupellent
grains to wove in the shear dis: directiom.

1y

e [ L TIecae e dww mat




(8)

€9/

As tha pressure peak devalops in the chamber, the gcs and
particle respond to the pressure gradient by meving from
center tovard both ends of the chamber simultaneously.

For tightly packed beds, the particle velocity is sig-
nificantly lower than the gas velocity before the rupture

of shear disc.
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APPENDIX 1

Conservation Equations in the Eulerian Fornm
The governing equations for both the gas and particle phases in

the Eulerian form can be deduced directly from the governing equations
in their divergence form given by Eq. (3.3.3) - (3.3.8), assuming A is

constant.

The mass equation of the gas phase in the Eulerian form is

PEE +us 3F)+ B35 +us 3F) +#PEH AR 1.1

The mass equation of the particle phase is

2y B - (1-p)B-asn; (A-1.2)

Tha momantum equation of the gas phase is

ﬁP@“’o-ug é%)-r S(ﬂ‘f; 3,("}

= AsFiPu(Up= g )-9(4s Dy + TetB) (-1.3)

The momsntum .quiion of tha particle phase is

("W"W%;P’C' %}--9@& Hﬁz/b_.l.‘)

The energy equation of the particle phass is

prCHRe £(58 ro¥)-- W), g Teaipts Inf 3
=~ QurhAsfiug -up) 8 + 5 3% -he(T-Tw) +Al3 [horam
~C.To Uaggial] 1.5)
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APPENDIX 2

Analytical Solutiom of the Solid-Phase Heat Eauation
The haat equation for umbummed spherical pellets at a fixed

location is given by Eq. (3.3.9) which can be rrensformed into the

Fouriar heat equetion for the slab case (96 by defining

TreTe-To (A+2.1).
The heat "oq'u:fiot.: b‘qc;an_._l. L
aaﬂé)‘“* %ﬂ (a-2.2)
ry initial condition becomas
t=0: Tp(0.r)=o (A=2.3)

The.boundary couditions becoms:

I'sO : % (t.0)=0 (A=2.4)

| Falp,: %?(t.r-. )= bgﬂ["r‘(t}-'r;(t. )]
. mzit)

(A=2.5)

We now propose s fumction lbr"l‘,* (t,7) a8

Te(tr)e




Tine Period 1 : Before the thermal wave has penetrated to the

centar of the sphers, i.e. § < rp (See Fig. 25).
0

These four counstants C ¢ Cl, C2 and c, are to be detarmined by

four conditions. Three of these conditions are,

\ 4
2T (t.15,-F)=0 (A-2.7)
Te (t,rp,~5)=0 (A-2.8)

and

* -
AL (t,5,) - EOITH)-TE (60 )JeER) 42

plus the smoothing condition:

%-g(t. Mr,=F)=0 (A-2.10)

vhich tends to mska the temperature profile go smoothly into the initial

temperature. Wa define L E rP - §, and after soms algebraic manipu-
[ ]
lations and aubaticn:iqn c )’ Cx’ cz' c. ars as tqumx

(A=2.11)
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o 5'1 12
- 2, +rT'3r,.r, (A-2.12)

|
oS 1¢ 11V - N
Y e ey -3 Ty (=213

Com 7 &
——+r—* g Y
ZFp, 3+ g - 303, 05 (210

Substituting {A-2.11) to (A-2.14) in (A-2.6) we get

3
p(t r)= —,:—r-‘% (r-g) (A-2.15)
[ ’° ]

' i
!orr>t6 !

differentiating Eq. (A-2.13) once we have,

AT Lz Ty (2LenXr-n) -2.16)
T L TN (N *

differentiating Eq. (A-2.13) iwice we have, ‘

Erf Ak s_~3
[R]/ [ “%t
- -2,
] Zip,l-grp‘ et f}! [ r ] (A-2.17)
When ¢ = r 'r (t:,x.'P )= 'r * (t) substituting this into (A-2.13)

Tn@-&;;’&,—;m-[ &N{‘r (0)-Trstti}
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Eq. (A-2.18) expresses a relationship batween tha pellat surface
temparature and the penatration distance. As a result, there is really
only one unknown £(t) [either TP.* (t) oz s (t)) in Eq. (A-2.15) and
rhis will be obtained from the heat-balance intagral.

Iategrate Eq. (A-2.2) with respect to r from Ts to tp ,» V@

0
have

(A-2.19)

The BRES of (A-2.19) can be expressed as

P2 i
rT; (r fo . -
o(',:[; .l_(z_!:a"r.,g,[%?'[j]r‘ ~do[Tpat)oTr,E(8)] (4-2.20)

The LHS of (A-2.19) can bde expressed as

[r.i_: dre [Mj (A=2.21)

(2r,+7y)

After substituting RBq. (A4-2.20) and Eq. (A-2.21) into Eq. (A=2.19)
and soma rearranging of terms we coms up with an ordimary <ifferential
equation by using this integral ssthed,

QQ._{)_&& “—’f' "%- ﬁ;{v,.'m.r‘zw] (A=2.22)

( ;,fi‘ re

47T .
To~eupieaging this squstion in terms of-a-t-u- » Ty is replaced by §

in Bq. (A=2.18) we have




Fpe J(t)
Tm'(t)'ﬁm Z(¢) (a-2.23)

Differentiating Eq. (A-2.23) with resvect to t and rearranging

we obtain

g.sf‘g.—at' dTss"_ I'm 3 dz _
3{: 3Zry, T (srp, -3) 3‘&"'} (A-2.24)

Substituting Eq. (A-2.24) into Eq. (A~2.22) and using the definition

of 2 (t) and the definition of TP* we finally have

(%] - £t 1222 (7,7 B 7 Tps)J 5[“59, &

erd) (A-2.25)
[—ﬂ 1

where § can be obtained from Eq. (A-2.23) with § expressed explicitly,

3r L Tes(t)-Te ]
t)e (A-2.26)
atel (Tea(e)-Te] + Qn.h:{_)[T(t)-Tps(t)] "

for 0 < § < rp .

Eq. (A-2.25) is not well posed, because when § = 0, it will blow
up! To bypass this inicial singularity, the initial valua of § can be
based o the initial valuss of r.P o I and b, vhich are slightly
differant from undisturbad values.

What ¢ has reached the center of the sphere, the tem, arature
dietribation can be obtained from Eq. (A~2.13) by setting T, = 0

T, (Cp e BsiEl 4 [r(tp)-Tra ()]

(A-2.27)
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This parabslic profile serves as the initiel profile for the tamperature
distribution at Time Period 2, tp represents the time requirad for the
tnezmal wave to penetrate to the centar of the pallet in ijnition.

In the similar way the heat aquation in the spherical particles for
Time Puriod 2 is derived (after the the:rmal wave has penstrated to the
center of the pallet).

Sams equition as Time Period 1 is used,

[g-trll- ;"&E %(gﬂz- | (A-2.28)

Initial condition:

,.gh» (tp) N
Telte,1)2Tet [T (p)-Tes(tp)] )
5 pi-p 2rp, Ko (A-2.29)
Boundary corndition 1:
g: (t,0)=0 (A-2.30)
Boundary condition 2:
gr,:‘(t. f‘r.)--"-}{-:-*-)-['rlt)-‘rlt. 8] (4-2.31)

Agein using ths same temnerature profile and fcllowing the sase
procedures as Tiwe Period 1 we obtain

(7-Tro )+ [t B # (30 - T JREY]
R R e B

[T+ (A-2,32)




APPENDIX 3

Characteristic Equatiorns for the Svystem

Five adjoint-eigenvectors, w/l. H/z, W/’. W/h and w/s of watrix

-~

M. They are solutions of

(M™-AIW, =0
(KA?'Az {)V\//l =0 (4-3.13
(M-AIWh=0 1 o
(h:/"r- Aqi)v’/,a =0
(Mt‘ ]\si) /s =0

)-II is the transpose of the n:tixt.( ‘ |
- ‘ !
R - S |

o =ty o (») 0

M - - i— (o] 'u‘t‘ﬁ O fo}

(A=3.2)

o o B w o»

-3 ° o ;ﬁ;;-up 4

-

The five eigenvaluss X , A, A, X ami A are given by Eq. (3.6.5) ~ |
| (3.6.9)

The £irst elgenvector from (A-3.1) ii




Cq -, -2
0 ¢ o

(M-ADW/=[-F& o Cg

-ggao
Eq. (A=3.3) iaplies wlz =0

CsWi- LW, =0

'i;AAL4'ng~‘3 =0

setting

AT 140

<c*

(\~0)

0 o HBE -usrips (1-g)

-~ Uptlig+Cq

)

(A-3.4)

(a-3.5)

(A-3.6)

(A=3.7)

e ks s ki o et




(1-@) P
(.ap+u9+cs)w,4+(l-¢)\l\/.s"$ﬁg'1'“3' Wis (A-3.8)
and
&
ﬁw,,-:— (-UprUg+Ca)s = %Wn (4=3.9)

combining (A=3.6) - (A-3.9), we obtain

W' - (!—P)gg _ (1-B)P3s .
“ = ¥ D(-UpwlerCs) DPLCE(-Upriia+Ca))

: (A-3.10)
lemaes romr=an)
- ~UptilarCa) .
Wis = prpfaor e Calt
, ct . _
{(vsRm&(-u,,m,,c,) ‘} (A-3.12)

By the sam: tol'am, the other four eigenvectors are determ’ned:

The componants of W/ are:
Wa -1 |

Wy~ © (A-3.12)
Wﬂ-# | | 2

Wesm Y (T Y

i

r———n i <o e s =
« .




The components of V/, are

W;;"O
W=+ l
Wsa""gT
= (=0)(cUp+Us N(3-1)(TRT+Pb)
W= et G P B OIRT

~C3(T-D(IJRT+PY)
Wes= e i D BT

The componants of W/b are
Wai = Weg =Wy5=0
W |

The componants of W/ , 4

Wsi=Wsz =W =0
Wian - (A=3.15)

W™ 7i<g7

Sincs wll. w/z, W'. w/. and w/‘ are linearly indepoudent vectors,
wve may multiply the vector diffarential eqnation B4, (2.6.1) by w/‘.
; .‘ﬂl".‘fi!l,i-,. ?Ih -d W. sad cbrair rive equivalant squations in a new set
of depandent varisbles. For i =1, 2, 3, &, 5- N

e et b+ ki R S s e ot abn




r Ug ) '115 \
T T
W' P |-WMR P |+w
Up tlq
P @ |

o)

1z

Is
1s

Is

rI'\

le

(A-3.16)

The inhomogensous terms Ix' Iz' I’. I~ and I' are defined by Eq.

(3.6.2). According to (A-3.1), we bhave the equality

W AW
WM =AW,
WiM= AW’
WE M - NWLT
\Aﬂ:’Vi" NsWh'

Thus (i-3.16) becosas
9 r -

[ Uy Uy
T T
Wi | P AW S|P |+wi™
| ue U
? 3 xﬁy

fori1 e, 2,94 5

3

’

(A=3.17)

("'30 1‘)

Dafise l‘. l', z'. 2‘. and 2. as ths scalar funetious of u.. T, ?,

and ¢ sstistying the folloving conditioms
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, az’,%%'%é’) (A-3.19)
)-8

We then have the identitiaes

(B HE-REEe-28

- ANERRFFH LR R W

Ciprat s e A R e )
- A(3R % 3T+ 2L B M)y |
@‘%%%?i%i"%?%%%%
-As(ﬁax P R DR

14k




(A=3.20) can de rewritten as

*‘ =A, -ﬁ* +wWi™1

¥, 20 » ~

%@-- A -ﬁhv\ﬁ'-i (A=3.21)
ahte ), A0

‘ﬁ"‘ As '}Q“V’f:f

oye (A-3.21) 48 tha characteristic representatice of BE4.(3.(.1).

This has besn cbtsined by changing the dependunt verisbles v, T, ¥,
u, and ¢ to new varisdles, zl. z,. z’. z. and z' via the transformation
(A~3.16) and (A~=3.19). These characteristic equatioms can be reduced
further by virties of the defined characteristic directions iu Eq. (3.7.1)
=d 3.7.3)

A4S




(52 Se+ (d) 3w
(3o (L
(3 32 (L Y
(o4 (S 3

dZ Zs 1dX) Zs w7
iy o R a8

(A~3.22)

Sinca Z‘. Z'\i, Z’. zb and zs are not pezfect diffarantials, the
characteristic equation (A-3.22) can he represented by the differentials

of u‘. T, P, uP and ¢ along the charscteristic lines. From the

definitions in Eq. (A-3.3) to (A-3.11) and (&-3.19) we have

-gﬁt =Wy (A=3.23)

di,= ﬁdt&,t g&d'r » %ﬁ#dp bﬁdﬂp# %g, '
: (

A=3.23)

148

e NN R S




Similarly, we have

di,-%&‘-ﬂ- aug-r-g-%ldﬂ- *dp +%§deup+ -g-é!d¢ (A-3.25)

di;-gé‘gdug -r%éld‘r +—S%? opP +-ﬁau"%§ld¢ (A-3.26)

dL.--gé:due +§4d‘r f%%dp +%§gdup+%d¢ (A-3.27)

d&-g%:dug +%§'d‘r -r-gé’dp +§%,au, +%§'d¢ (A-3.28)

Substituting Eq. (a=3.24) - {A-3.28) iato (A-3.22) wva wui

Wi (Oug)e Wi (dT)z + Wis(dPk v Wialduup), +Wisie; - (A=3.29)
-[w,"1]at

W (OUS)s *Wia(dT)3 + Wis (P)s *Woe (Guipla* (P (a-3.30)
-[ M' . ij At

Wo (dugly + Wia(d Ty + Wis (9P + W, (duplat Wis(08)s (A-3.31)
=lwg"-1 )2t

Wa(dugn +Waa(T)at Was (dP)m +Warlduipdrt Woglely ~ A-3:32)
LSS

Weldugy + Wi (dTr+Wa(0pdr+ Woa(duplr W (0}, (a=3.33)

(W14t
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Waers the vector products of w:x, W/z, H/,, w/~ and w/s with I
are given as

W[" i." Wil *Wals *Ws Is+*Wie Ia*Wie s = K:m

WE T =Wa I, +Wae LtWio I 5+ Woa Toe Vs Is = Ko,

WA-T=Win L, # Woe v Waa I +WWar Lo+ ss Is = K2, (A-3.3%)
T W, e L e I Ly sl

W['i‘Wﬂ I, +Whe To+Wiss Is +Wos LetWis I, = Ko,

Substituting Zq. (A-3.34) laozec (4-3.28) - (A-3.33) and using ths
definitions of In’ Iz. I‘. Ii and Is. we obtained the characteristic
equations (3.6.11) - (3.6.17).

Besides the above five charactaristic equations, we still require
the consideration of another, yet to ba determinad, unamely the pazticla-
path lins 4iu ths particle phasa.

From the iwsat equation of the particle phase ve cbtained Eq. (3.3,9)

rewritten as followa,

2 B2 (1o -7) o (7 -l (- (B TR [R])
e AT, BT 3,39

P,
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for convenience sake we define the following parameters, the in-

homogeneous temm in Eq. (A-3.35) is

 he
Ll ) + 5T -Tn)

[(6 "’:_,':5) . _"'ks;{_]

=

(A=3.36)

and the non-linsar terms are

I
[ %

N, (A-3.37)

s(g)

Ny = S
et 3F]

(a-3.38)

After an ordar of magnitude analysis, i:: 12 found to be much smaller
thas l‘. 80 va decided to dryop the !l. term.
We now have a batter form of Rg. (4-13.33),

%.,u,%'!il.- 1 +N,(-§{-,u, ) (a=3.39)
deado dutine |

149




Therefore, we get

(%H. I + N' (_g_:—)l (A-3.41)

The aixth characteristic equation can be axpressed as

K (4 o) + K73 (4T Jy= KBt (A-3.42)

for Tima Period 1.

A similar equation derived for Time Period 2 is,
=" = Y2
K (dTrs)m +Kr, @T)g Kentt (A-3.63)

In summary, the final forms of the characteristic equations derived
above are shown in the following.
The right-running characteristic equation in the gas phase

Kug (dUs): + K3 (dP); +Kip(dup)rKp(@8): =Kz, 0L (A-344)

The cosfficients of the sbove equation are,

2
-]
Ky (A-345)

K: 'k (A=3 .a;)
K el A i et )|

(‘.30 ‘7)




1, | Elertige ¢’
Ke {[é ;-(—U.ﬂ’us'rc.’;ii¢‘]59m’l(’u?’u§’cﬂ)-|]} (A~3.48)

K’ ¢’[P,"u(ur @3@%—;(5' l)oa[(u,- U)-

+( Dor LB0) b (1T}t B hepen- C-'T"(as-:lr‘:)])

Aigg
¥ { 5"“#“3*%# " P[c® (-Ui’f Ug+CalIB

ct . AslyfUpr UstCa)IP
fﬁ?ﬁ'{-u”uplﬁ ’]} 1.{ C-FUp+ilgrCy) P

[m (~Uprtlg+Ca) '}} | (A=3.49"

The left-running characteristic equation in the gas phase,
Kuag (dua)s +Kp (PIs + Ko dug), +Kg (0B, =Kot (1-3.50)

The coefficients of the above equatiuvm are,
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x
--|
Ku’ (a-3.57)

K:‘ﬁ%s— (A-3.52)
K:P'{Uz-tfl:fu,-c,)g [g KRW(, Ty

CEl-Upily~Collp

Cl
[]Ugﬁ T3 z‘ﬂpﬂig-c:g)ﬁ” (A~3.53)

- Uy CoNRTTAP) t
OV (Catirerr s s o

(a-3.34)

Ken ™~ B [As(cets-50 25 F3(B-1)

| F(Us-Up R+ 2L T2) — h (T-Toe)+f 15 Pehem

-CT+ L%QJD * é‘FiB {m{ﬁ! -'_P[C"l“f:‘rcsﬂ#’.

(i) + | A,
3
[rrrteag) hes. 55

The gasecus-path characteristic equeticon is tus gas phase

i52




B s iad

KT (Tim+K3 (dPla * K, (S lip)g TKB (¢8)y =K At

(.A.3o l56)
Thas coefficients of the above equation are,
= |
K'r"? \ (A=3.57)
n (¥-1)
Kp "'( TP ] (A-3.58)

K2 - kB Upt Uy NT-IXTRT+ P
up &%M&%EWW (A-3.59)
K '% (4=3.60)
Ker gt [lue-uali B e YB3 by (7 ~Toshs P [rcram
-C, T+ (2= “ - } -a,}f(gg- -1)- g—fa.,-c&p)
}mv 5'?—4 )-he(T=Tow)+ B elPcnem-C.T+ L2

’ As G0, (T~ -{ Ag T, Cg (5-1)c° ]
Ci-tpr ), o -(-UprUs}
(A=3.61)
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The right-running characteristic equation in the particle phase is

K:F(du-p)ﬂ"' K:(d¢)l -K:‘mAt (A-3.62)

The coafficients of the above equations are,

n

Kup=! (A-3.63)
T

K;d "‘(l-%) (A-3.64)
2 %ﬁp.s_.-A_.’r C_

Ke Po(l-®) (.f-;b) (A-3.63)

The laft~-rmmning charactaristi: equation in the particiz phase is

K;p (Buply + Kg(d@)y =K, Ot (A-3.66)

The coefficients of the above equation are,

v
Kup" | (A-2.67)

K;" -Tfa—) | | (A=3.88)
Ke %*(l-ﬁ (4~3.69)

The pusticle~path chsrsctaristic squation ian the pariicle phase in
either (Time Paried 1),
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K:,, (€ Tps )g* k: (dT)!-Ki at (2-3.70)
[} ) [
or (Time Period 2),

KTn (dTpsim * K-,- (87)g ="K :..‘t (4=3.72)

The coesficients of the above aquations are,

Yor Time Pariod 1l:

I -
KT”' = | {A=3,72>

= g hele, .
KT, [k’(sr' z}‘h.'a-r;} (A=3.73)

Kx.‘ { &&[kzﬁh-‘mﬂﬁhﬁ-%ﬂ}
t, Olke(617,-8) 0, T (A-3.74)

Yor Tiwme Pexiod 2:

Kn = |
Tg‘ ' (A=2.75)

K-r, (zﬁ;%:h‘-) . (5-3.76)

Kn [MF—’IQ)} (A=3.77)
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APPENDIX 4

Detarmipation of Eigenvaluas for the Governing Equations

The purpose of this appendix is to indicate the algebraic steps

to obtain the esigenvaluus given by Eqs. (3.6.4).

The governing

squations are trausformed into & m&trix form given by Bq. (3.6.1).

In order to find the sigenvalues of the system wr have to sat

| M= I | = 0, vhere M is given by Eq. (3.6.3) and I_ is the idamtity

matrix.

Now we bave the following matrix,

-l

wgen) 0

-:ﬁg 4aer) 0

. . Lo} ~(uige )
0 0 0
0 0 0

¥e then perfora ths foliowing elamantary row and column rperation

to arrive to ¢ battar fora to ¢yerats.

15

OO U VUV UU PN ORI PRSP S 1Y

o;f;—'

2] 0
(9P
=7 B

]
N gy

(I-8) <peA)

(A=4.1)

T S g -




Intarchange Columm 1 with 2 and expand we get

~(ug+X)

Expand Colum 1 we have

(Ugen)*

o

- (4iq+ )

'-(“gf)\)

%

0 (-®)

=(i-@)p*

PPRT

~(Up+ )

- (Up+A)

(1-#)
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0

-.55%2;‘

0 —tuper)

(1-@)

- (UpsN)
/

(A-4.2)

(A=4.3.1)

(A=4.3.2)




from (A=4.3.1) we have
ey 5

(-9 ~bip *X; )

-(usg ¢)\)'

from (A=4.3.2) we have

[ : )
l , - (Up) _‘_—{l-ﬁ)
+ qyo)\yg

(1=®) ~(Up +N)

Expand Eq. (&=4.4.1) and (A=4.4.2) we get
- (ug+ Ay [(up o}g,\‘-c‘k(a’ *A) ca‘[(a,n\)‘« ¢y =0
[=(UgenY+( ug*A) co*Iltup ta)ct)=0
The roots of Bq. (A=4.6) are

Ay ==-{Ug+Cy)
Ar=- (ug-Cq)
Ny=- U
Aem= (Upai)
Ng= = (Up~C)

from the particis beac equation we obtain

Ag=-up

(A=4.4.1)

(A=4.4.2)

{4~4.5)

(A=4.6)

(A=4.7)
(A=b.0)
(A=4.9)
(A=4.10)

“-‘- u)

(A=4.12)

T D A 4 i A A e e R B A
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O N A

vhere

Cg= f_g_Lpfc.aRﬁ Py)+p'RIE
( P*RTTC,

¢, spead of sound in particle phase, are given by Eqs. (A-6.1) or

(A-6.2).




ARPYRRLF S
Finite-Difference Equations for the Gas Mase Jquation

This appsndix is intended to show & typical way of expressing the
governing equation into its finite~difference form. The gas mass
squation vas chosen here for simpiicity. First the divergence fora
of the governing oquaticns were obtained from Bq. ¢3.4.1 ). For clarity
we TovTite it in ths following

(PR, (PR 2 pur |
lé%@.,iggﬂ AsBpla | (A-5.1)

Expressing the above squazion sicording to Eqe. (4.2.4) snd (4.2.5),
ve bave for the first step predictor and cerrsctor as followe,

Predictor:

(PO e (PP + (PDY- ] £ [(PBUY NI - (PRUSIL]

,  (A=8.2)
+At{AsPPR)

and Corrvecior:

(P¢)f"-~'z[(P¢)‘{'-+¢P¢ia]-ﬁ;{(f~elkp¢u’)‘;..-(P!ug)f..]

+0l(ppusltei-(PBugy I} 8t{0-OXAPDE (s
+0Ash )™

In the corrector calculation, tha spatial derivates and the in-
bomogeneous terms are avaraged between the § ™ end § + 1 level terms
wing & waight factor, §, vhare 0 < 0 < 1. The superscript §, indicates
s predicted guentity.

i
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Similarly the second step predictor and corrector are expressad

according to 2qs. (4.2.8) and (4.2.9), resulting in two enalogous

squatiors.

Predictor:
(PR = (poi - L ((Pua)rr-(PBug))

Y (A-S.64)
20t (AsPp1h): '

Corrector:

»e

(Pp); =(PP): -ffif (1-8)[¢PBug oo~ (P8 Ughi-]

+8{Ppug)lyt ~Ppug )t Toipsus)l - (Pouy) ]

8t (U-8)(AsPr ) + 0 (AP ) +(AsPrr )] (as.s)

t

In the corractor calculation three levels, J h,_j + 1 and j + 2 are

usaed together to sverage the spatiel derivatives and inhomogenecus tarms
in Eq. (A-5.1)

Bqs. (A~5.2) - (A=3.5) are the typicsl sequence for expressing
the conservation equations using our nulnricai schems. Other con-

servation equations ars coded in a similar mauner.




APPENDIX 6

Zhe Relationships of Incerjranular Stress and the

Speed of Sound iv Grapular Bade

This appendix is mainly to darive a Tp (the intragzanular stress),
expression in terms of ¢ (the spsed of sound).

We propoded the speed of sound in the solid procpellent as a
function of ¢, poroesity and 1is describad bdy, (ﬁg. 26)

. _
C""% A 21 L (A=6.1)

C= .
Cret e-m' a) it P>, (A-6.2)

€ ,¢ is obtained from Soper's(1C,98) work and ¢ is a direusionless

axponant for the decay of ¢ after ‘c is reached.
The valsecity of propagation is given in Reference (59)as,

cta _;: ;%.[u-g)t,] | (A-6.3)
Mow integrate Ba. (A-6.3) for the packad bed rasgiom,
ot s % s
9/ [t-XT, )0p=Prcnt | (B (b 4)
’
fox 0 £ 0,

After integration and resrrauging of term we et

n el o e o i

1 it - At e A

ST




Speed of Sound, ¢

(3
Porigity, ¢

Figure 26 Tha Dependencs of Speed of Sound in
the Soliid Propellent Aggregate
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Pozosity, ¢

Figura 27 Dependence of Particulate Strees Tenscr
~ upen hmuy 9! the Mixtuce
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..9[(!-¢¢)(P)-r(|-¢)TP].PP¢;;¢;(%:¢‘L)

(A=6.5)

For packed beds o is expressed as follows,

-TP-%%;?&(Q'¢)"E%‘P (A-6.6)

for & i’c'
1n the case of dirpersed particles, ws again integrate 2q. (A-6.3)
from ¢ to 1 we have,

! *
[Ty g =PaChet | W (B-R)

e . (A-6.7)
P @

Mow delins T E ¢* - ‘c sand substitute in Eq. (A~0.7)
: ()
L) ' =
g(l.»-{é} p -PpC:ef( ‘ZK){C 3’01)’_“ (A~6.8)

After sons algedraic mamipularions we get the rp exprassion for
a fluidised bed,

-pet . _aRleP)-
TP-{('F%K?U'Q J | (4=6.9)

If ¢ 13 apprresching 1, the brackeced rern of E3. (A-6.9) is
approaching saro, as & Tesult we have

T = 0 (HolO)




When ¢ is larger than ¢_ by & small smount, c? goes to zero
vary rapidly sincs it's an exponential decay function. Tharefours,
tp is almost zero.
As a result it is a good assumption to have the following equation,
1-@B)Tp=0 for @ >0,
( P (A=6.11)

Where Fig. 27 shows the relationships between the intergranular stress

and poresity, in granular beds, and H is the Heaviside function.
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APPENDIX 7

arac t de for Va:

¢ at the

7

NN

%3 <3
v
i/

%4
-t

L

17

LBCl :
uz(rm,t) is pogitive (+);

up(xn.:) is positive (+);

Ron-fluidized and no burning
a: left boundary;

Chsractaristics considered : II, V

1.BC2 :
u'(xL .t) i positiva (+);

u,(zL,t) is negative (=);
Flaidizad at left boundary;

Craractaristics considered :
I3, IV or Y or V7 ]

LBCY
u'(xL.t) is negative (=)}

“p“x.") is positive (4);
Fluidized at left downdary;
Characteristics censidersd : 1II, I.-

i e e s+ o s e
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LBCS :
us(xL,:) is nogsative (=);

up(xL.c) is negative (~);
Fluidized at_lctc boundery;

Characteristics considered :
II, 117, VI or V or VI

LBCS
u‘(xt,t) is negative go);

up(xL,t) is positive (+);
Non~-fluidized et left bourdary;

Characteristics consideced :
Ir, I1I, Vv

LBC6
u‘(xL,t) is negetive {-);

up(:L.t) is vegative (=);
Non-fluidized st left boundary;

Chacactaristics cunsidared :
I, 111, v, %WI

by




8 b w el T

LBC7
“3(xL':) is positive (+);

uP(xL.:) is negative (-);
Mon-fluidized at 1lgft boundary;

Characteristics monsidirnd : 31,
v, VI

LRCS :
u'\xL,t) is positive (+);

up(aL.t) is positive (+);
I1
Fluidized at left boundary;

Cha:nn:cri&tics considered : Il

Tais sypendix is to chow the various casos we considered for the left
boumdary comditicns LUy varying the flow directieons of u‘(:,_.e) ud up(x’_.t)
snd the Tluidizatice couditions at the laft boundary. Thasa ¢ight sets of
left boundary comditivns havs »een implemanted in the cowputer program

ingividually.
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NOMENCLATURE
Rescripiion
Pre~axponential factoer for burning rate law

Czoss-sectional &rea of the cylindrical
comdbustion cbanber

Speacific surfane area of the granular pro-
pellants, ths suvfeac exposad to fluid

per unit volvmme

The intersscticmr of the I, II, IIT7, IV, V,
VI charanterisiics with the x-axis near the
laft boundary of the granular bed

The intarsacticns of the 1, II, I1I, IT7, Vv,
V1l characreristice with the x-axis neax the
right boundary of the granular bed
Co~valume of che Clavailne equazion of state

Bovndary point &t the laft end of tha
graoular bed

Boundary poiat at the right erd cf the
granular bed

Syeec of -.*.-ai’ctﬁd ia parcicle phase
Dstarrant concentration
cowtustion chamdar leneth
Specific heat at constant volime

Supaiifle Leat st comgimnt prr.LmnTe

Slope of Lhe characicristic equatiocns

.'.’ha toral dzag fores batwean the guz awd

pagticie peared in ithe untrsnca ragioa
Drag loras éve o povosity gradiant

The total Avag foree betwisn the gas and
pazticles pthasas, D: - nv + B’

Drag ioves scting om gasesr vy the particlies
per wnit wetted ares of persiclcs :

Lagteagian time derivative when obserwar
follows the wmotioa of a pavtitle, %_ P
- t "t ’

"D
-




Lactear Symbolg

E

-2

1929954938, 48
J

™ LI R U T I &

m e

Descripticn

Total storzd energy (internal plus kinetic
aneryy) per unit mass

Gravitational consatant

Tha avoruge couvectior heat-cransfer co~
eificient cve: pellets

Eatualpy of the propellent gas at flame
temparatre

Enthalpy of the ignitaer gas

The sverugs radiation heat transfer co-
efficient over pellecs

The total heat transfer coafficient, the nit-
surface conductance

The rate of change of unit-surface conductance
0 following a siven particle

Heavistde function

lahrmogeneous vector for the governing
aquativns

Identity matrix

Cozponants of tha inhomogeneous vector ;
Heat t,; werk conversion factor

Thermal conductiviey of gaaes

Thermal conduc:ivity of particles
Coefficient of characteristic equations
Broeive burning constant

Hass flow rate of igniter

Mass {low rate of gas intoc the granular ded

Jarichle matriz defined in Eq. (3.6.3)

Pressure exposent for the burning rate law

Number Jensicy of spharical pallats in che
gzanular bed
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Letter Svmbolg

Pr

vs

F. ‘éb

fo

u‘“

F ¥ o

-3

al

-)

tlulviab

S0

Descripgion

Pressurs
Frendtl nusber

Vetted parimster between the chamber
wall and gas phase

Watted perimeter betwaen the chamber
wall and particle phase

Rate of conduction heaat transfer per unit &ares

Rate of heat loss to the chumber wall per
unit spatial volume of gas~particle systen

Radial distance from the center of a spherical

particle
Burning rate of the solid propallent
Radius of pellets

Gas ccustant

2r_pélu_ - u |
Time
Tampersture

Adblation temperature of the sclid propellent
Adisbatic flame temperature of peallets
Temparature of the hot igniter gas

Iguition tempezature of the solid propellent

Particle surfase temparaturs

Initial tempersturs of pellets

Coofficiants in the fourth-order Rumge-Kutta
stlmlistions

Yelesity with respect to laborstery
coordinstes

Igntter gas velocity

17




Lectter Symbolsg Description

&'/l 103008 AMdjoint eigenvactors of M
24 (AN ]
w,, 4th £ W/
14 377 component o 4 vector
x Distance from the beginning of the granular
propellent bed
= Laft boumdary point
=g Right boundary point
‘Greek Syaboly
ap Thermal diffugivicy of pellats
8 Erosive burning exponent in the Lenoir—

Pobillard burning-rats law
Y Specific heat ratie

Therssl wvave penetration depth in z spharical
particle, measurad from the particle surface

a Difference

‘p Emissivity of particle

") Dynamic viscosity of the gcs phase

- Cas density

o P Daeity of pellets

x,,,,,,.,.,. Eigecvalues of the governing equatious

1" Normal stress transaitted in solid propellents

r" Shear stress betvesn the chambsr wall and
ses phase

r‘? thear stress vetween the chamber wall and
particla phase

J _ - Visoous moymml stress in gas phase
Tractional porceity o

e Critical) pezosity
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Gresk Symbols Descriptiop

8 Crank=-Nicolson parameter
0 Stafan-Boltzmann constant
Subpcsipts

Quantitier evaluated at intersections Ax‘
‘a’ A'. A»' A’,ud A' respectively

192030082858

Quantities evaluated at intersecticas A' ,
1980098 1

A". A'~ and A" respectively

B Quantities evaluated at point B at the leftc
boundary

e Quantities avaluated at the entrance region
[ Gas phase

i Index for discrete points in the spatial
direction, z, - i bx

ign Igniter

Quantities evaluated at the nid—-point of j‘h

213:8 " th
and § + 1 level for characteristics II,

Il and V

Particls phase

Quantities related to P (Pressure)
Quantitiss related to tm (tims)

Quastities zelated to T (3as tesperature)
Quantities uhiul to 'r” (particle surface temp.)
Quamtities walated to o (ges velocity)
Quantitiss ralated te v, (particle welocity)
Quastitias relstad to ¢ (poresity)

Quantities evaluated at ihe left Downdary
Quantities svalwsted at the right boundary

Along tight-rumiag charssteristic lins ia
the gas phese

173
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Sybscripcs eripe

11 Along left-runaing characteristic line in
the gas phase

I11 Along gaseous~path characteristic linc in che
gas phase

v Along right-running characteristic line in the
particle phasa

v . Along left-running characteristic lire in cthe
particle phase

VI Al~ng porticle-path characteristic line in
the pariicla phase

0 Initial state

00 02 deterreat concentration

30 30% daterrent concentration

Syperscripty

3 Index for discrete time increments, tj = § At

T Tzaaspose of a matrix or vector

A Predicted value in numericsi scheme

Rate of chanze of cextain quantities

' Right boundary parsseters

b4 QuantiCies relatad to characteristic I

n Quantities related to characteristic II

111 Quantities religted to characteristic III

v ’ Quantitise relatad to charactaristic IV

Y Quanticies related to characteristic V *

A 21 Quactities relsted to characteriatic VI

17¢
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