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" 27Barlier studies of comtinuous whole-Earth coverage by patterns of satellites
in equal-period circular orbits have been extended by means of a computer program
to patterns of up to 25 satellites and to the provision of up to seven-fold |
continuous coverage. The program is described and various factors which may
influence the choice of pattern for a particular application are discussed,
including the level of coverage provided, the minimum satellite separation, and
the number and form of the Earth-tracks traced by a pattern at a particular
orbital altitude. A method is given of selecting a short-list of potentially

suitable patterns, prior to detailed study.k\
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1 INTRODUCTION ~

l
In a number of practical applications of satellites, including communica-

tions, navigation and various types of surveillance, it is desirable to use a
system of several satellites in orbit simultaneously, so that the coverage

provided by the system as a whole is substantially greater than that available

from any single satellite. The requirement may be for single or multiple, inter-
mittent or continuous coverage of some defined portion of the Earth's surface; a j
claim to provide 'world-wide coverage' has often been made for a system of quasi- '
geostationary satellites, in near—equatorial orbits, which can actually cover all
longitudes at low and medium latitudes, but cannot reach the higher latitudes.
However, in some cases the requirement may be for continuous coverage of the
whole surface of the Earth by at least one satellite, or even by two, three or
more satellites simultaneously; it is this that we refer to as 'continuous
whole-Earth coverage', and which forms the subject of this Report.

It may be assumed that satellite station-keeping, to the degree of accuracy

necegsary to maintain a chosen orbital pattern, is (with some limitations) now

within the state of the art. It is therefore appropriate to examine the question
of how many satellites, and in what orbital pattern, will most efficiently and
ecoromically provide any required level of coverage. The study reported here

has been pursued intermittently over several years. An initial approach was

described,in 1970, in an earlier RAE Technical Reportl; this identified two

GRS e L ke

types of patterns of satellites in equal-period circular orbits, described as
'star patterns' and 'delta patterns' respectively. Star p-riterns had proved E
amenable to a relatively simple analysis, but the delta patterns, which appeared

S more promising, had not, so only systems incorporating limited numbers of

satellites had been examined. It was recognised that the hand methods used up

to that time would have to be replaced by a computerised approach in order to
deal with larger numbers of satellites, and work on developing an appropriate
computer program was just beginning. This program, when developed, was first
used to check the numerical results obtained previously, and a few corrections
found necessary were incorporated before publication of a shortened version2 of
the original report. It was subsequently used to extend the examination of
delta patterns to cover larger numbers of satellites, and the principal results
of a comprehensive examination of patterns containing up to 15 satellites were
S included in a short paper3’4 prepared for the 1EE International Conference on
Satellites Systems for Mobile Communications and Surveillance, held in London in

March 1973. This showed that patterns were available which could provide single,
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double, triple or quadruple coverage of the Earth's surface, using smaller
numbers of satellites than had been suggested elsawhere,

Since then, the program has been used for an examination of all possible

delta patterns containing 24 satellites, and of some other delta patterns con- é
sisting of from 16 to 25 satellites; these can provide up to seven-fold coverage. ;
Multiple coverage has been stressed, beering in mind that, if a requirement calls
for continuous provision of n-fold coverage, the most economical way of meeting
it is likely to be by choosing a pattern capable of providing continuous

(n +1)=-fold coverage; then, even after failure of any one satellite, or of many
of the possible combinations of two satellites, continuous n-fold coverage will %
still be maintained. Consideration of the Earth-tracks followed by delta :
patterns, with particular reference to the conditions under which they follow
coincident repetitive tracks, has provided pointers to the pre-selection of some
of the most suitable patterns. This work on delta patterns, including for

1,3,4

completeness some of that reported previously » 18 covered in the main text

of this Report; its relevance to a satellite navigation system is discussed in

Appendix A, and Appendix B describes some limited use of the computer program to

examine other types of pattern.

The provision of continuous whole-Earth coverage has been the subject of a
- number of studies elsewhere, particularly in the USA, so it is appropriate to
examine the features in which this study differs from the others. They princi-
pally concern the type of orbital pattern selected for examination and the method

of assessing coverage.

This study has been based, from the outset, on the expectation that con-

tinuous whole-Earth coverage would be provided most effectively by a system in
o which the distribution of satellites over the Earth's surface was maintained as
uniform as possible, subject to the practical limitations imposed on a system ;
necessarily involving multiple intersecting orbits. Thus circular orbits of ‘

equal period have been chosen as an essential feature of all the patterns con-

sidered; elliptical orbits are advantageous for coverage of limited areas, but
the more uniform patterns provided by circular orbits appear preferable for
i whole-Earth coverage. With delta patterns (fully defined in section 2.1),
identical satellite distributions recur frequently during a single orbital period.

L For convenience of use with the computer program, circular orbit patterns
having a uniform distribution of satellites within and between orbit planes have

been identified3'4 by a code reference T/P/F, where T is the total number of

P e

i satellites in the pattern, P 1is the number of orbital planes between which they
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are evenly divided, and F is a non-dimensional measure of the relative phasing
of satellites in different orbital planes; in general, F may have any value
less than P , but for delta patterns F can take only integer values from 0
to (P =1) . The choice of the value of F 1is thus an important aspect of the
choice of pattern.

In this study it has been assumed that, in choosing pattern characteristics,
the primary objective should be to minimise the total number of satellites needed
to ensure that not less than a certain number of satellites are everywhere
visible at all times above some minimum elevation angle; as a secondary objective,
it is assumed that the minimum distance between adjacent satellites should be as
large as possible., Coverage has been assessed by finding those points on the
Earth's surface (namely the centres of the circumcircles of tre relevant
spherical triangles) which are furthest from appropriate sub-satellite points;
each nattern has been optimised by varying the common inclination of the orbital
planes, to reduce the worst-case value of the radius of the largest circumcircle

until no further improvement is possible.

In contrast, several early US papers based their coverage assessments on
finding the minimum strip-width continuously covered by a single ring of orbiting
satellites, and hence the number of adjoining strips necessary to cover the
Earth's surface. Vargo5 and Luders6 made no allowance for any coverage advantage
to be obtained from favourable phasing of satellites in adjacent co-rotating
orbits, and so, though each considered two classes of pattern which broadly
correspond to the star and delta patterns of Ref 1, they are not directly
equivalent to those patterns. Gobetz7, followed by Ullock and Schoens, recog-
nised the advantage of synchronising satellites in co-rotating orbits, and
reducing the spacing between contra-rotating orbits; they therefore anticipated
the star patterns of Ref 1, but not the delta patterns. In particular, Gobetz
purported to show that the minimum number of satellites which can provide
continuous whole~Earth covcrage is six, whereas Ref 1 showed that it is five,

using a delta pattern.

Easton and Brescia9 of NRL, in a study which appears to have been roughly
contemporaneous with that reported in Ref |, made use of the same concept of
locating the point most distant from adjacent sub-satellite points; however,
they considered only orthogonal two-plane patterns, which may be considered as
either star or delta patterns, and again concluded that a minimum of six
satellites is necessary to provide continuous whole-Earth coverage. Later NRL

paperslo’ll consider three-plane patterns for use in a navigation system




requiring multiple covarage, but give no details of the method of coverage 1
assessment, nor any indication of the values ¢f F for these patterns, so it is
not clear whether they are actually delta patterns.

Morriaonlz examined multiple coverage hy a few selected patterns, using
both circular orbits in delta patterns and elliptical orbits. His approach to ;
coverage analysis was to find the number of satellites visible from each of a o
number of points on the Earth's surface, making up a rectangular grid with 10°
spacing in latitude and longitude; the disadvantages of this approach are dis-
cussed in section 4.2 of this Report. Bogenl3 used a similar approach, with 5°
spacing in latitude and 10° in longitude.

. et e T

A

Some work on the subject has also been published in the USSR, Mo:hayovla '%f

presented tabulated results which clearly have some comrion ground with those in P
Refs 3 and 4 (and Table 2 of this Report), though unfortunately no English
translation of the text of his paper is available.

Rt
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Summarising, it appears that the approach used in Ref 1, and continued in
this Report, of locating the point most distant from adjacent sub-satellite
points in order to establish an accurate value of minimum elevation angle, has

s g

been used elsewhere only by Easton and Bresciag, and then only tor single

12,13

coverage. Others examining multiple coverage have used a less accurate

grid approach. No comprehensive analysis of delta patterns has been found else~
where, and in particular none of these authors (ex.2pt perhaps Mozhayevla)

appears to have recognised single-satellite-per-plane patterns as important

members of the family of delta patterns., Moreover, the analysis in this Report
of the conditions under which patterns produce coincident Earth-tracks does not
appear to have any counterpart elsewhere.

Coverage will, of course, be only one of several, possibly conflicting,
considerations to be taken into account in any complete study of a particular
satellite system requirement; thus, for example, launching considerations might
place constraints on the permissible range of orbital inclinations, or on the
number of different orbital plaues., However, even if such requirements should
sometimes rule out the use of the particular patterns identified in this Report
as providing optimum coverage, the methods of this Report may be used to
identify which patterns, out of those which sre compatible with the other system

requirements, can most economically provide the required coverage.

TR 77044
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2 CHARACTERISTICS OF DELTA PATTERNS

2.1 Definition

Following the publication of the first papercl'z on this continuing study
of whole-Earth coverage by patterns of satellites in equal-period circular
orbits, adaptation of the mathod of analysis to the development of a computer L
program made it desirable to adopt a revised nomenclature. This was introduced
in subsequent paperls'4 and is used, with some further development, in the i
present Report.

We denote by T the total number of satellites making up a complate
pattern. In describing a pattern it is convenient to introduce a unit of 360°%/T,
which we describe as a ‘'pattern unit' (PU), for use in defining distances within
the pattern (normally considerad as projected on to the Earth's surface) in
terms of the geocentric angle subtended. Thus, in a 9-satellite pattern a dis-
tance of 2 PUs subtends a geocentric angle of 2 x 360°/9 = 80°.

The term ‘'delta patterns' has been appliedl to those patterns in which the
T satellites are in equal-period circular orbits, evenly-spaced and all at the
same inclination to a reference plane, with a uniform distribution of the satel-
lites among and within the orbital planes. The characteristics of a delta
pattern may be defined more fully as follows:

(1) The pattern, containing a total of T satellites, consists of S
satellites evenly spaced in each of P orbital planes. Thus P and S
may each equal any factor of T , including | and T , provided their

relative values are such that T = SP ,

(2) All orbital planes have the same inclination & to a reference plane.
This reference plane usually coincides with the equatorial plane, so that

§ equals the orbital inclination i , but this need not necessarily be

the case.

(3) The ascending nodes of the P distinct orbits are evenly spaced at
intervals of S PUs (ie of 360°/P) in the reference plane.

(4) The relative positions of satellites in different orbital planes are
such that there are equal intervals between passages of satellites in
adjacent orbital planes through their respective ascending nodes (in the
reference plane). When a satellite in one plane is at its ascending ncde,
some satellite in the adjacent plane having a more easterly ascending node
has covered F PUs, where F 1is an integer . which may have any value

from 0 to (P - 1) , since passing its ascending node.

g e e L et w e S e s




The geocentric angle traversed by a satellite since passing its ascending

node in the reference plane will be referred to in this Report as the 'phase €
angle' of the satellite. The phase angle of the whole pattern will be takea to

be the phase angle of one particular satellite in the pattern which is treated

as the reference satellite; this is considered further in section 2.2. The

limitation on the values of F for delta patterns may be explained, in terms of

phase angles, by the simple example of a two-plane pattern. In this case one 3
uniform distribution has all the satellites in one plane at the same phase angles

et ke -

as the corresponding satellites in the other plane (ie F = 9) , while the only
other uniform distribution has satellites in one plane at phase angles midway
between those of the satellites in the other plane (ie F = 1) ,

Any individual delta pattern may thus he identified by a three-integer code -
reference T/P/F, the valuer of these three integers being sufficient to determine
the general shape of the pattern. To fix the precise positions of the orbital

planes, it is necessary to specify their common inclination & ; this may be

treated as a parameter, whose value may be chosen to optimige the pattern in

p accordance with any particular requirements. As an example, Fig | illustrates o
| pattern 9/3/2 with an inclination § of 60°; here the plane of the paper should ‘;3
be regarded as the reference plane, the continuous arcs representing the parts :
of the satellites' orbital paths which are in the hemisphere above the reference
plane and the broken lines the parts that are below it, while the ¢ symbols
represent instantaneous.positions of satellites lying above the reference plane

and the + symbols represent those below it. Two separate positions are shown

for each satellite; this aspect is discussed in gection 2.2.

The individual satellites in the pattern are identified firstly by a letter
of the alphebet (omitting I and 0) , always beginning with A for the

ORI T I T T A AT T L L e et

reference satellite; and secondly by two suffices to this letter, which are

. integers representing the satellite's position in the pattern by two geocentric

{ angles, both expressed in PUs and lying within the range of values from 0 to

E (T - 1), The first of these is the east longitude, measurad in the reference

; plane, of the satellite's ascending node; it is assumed that there is no relative
; motion between the orbital planes and the reference plane, and that the ascending
| node of the reference satellite is at zero longitude. The second integer

; represents the satellite's phase angle when the pattern phase angle is zero.

The reference satellite is therefore identified in all cases ac ? 0"

% With the nomenclature used previouslyl’z, the next satellite to be iden:uified _
would have been that ahead of A in the same orbit, which would therefore have ; ;"

. -
« b
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the suffices 0, P ; however, with the revised nomenclature we identify one
satellite in turn from each orbital plane, always taking as the next satellite
the one which is in the next most easterly orbital plane and which has the same
or next larger phase angle; thus the satellite after AO,O is identified as
BS.F (unless all the satellites are in a single orbital plane, when it will
appear as BO.I)' If there are more than two planes, the third satellite
identified will be C
the plane containing the reference satellite is reached again, from which point
cach satellite identified has a phase angle which exceeds by P the phase angle

28, 2F (ox CZS,(ZF-T) if 2F 3 T)., This continues until

of the previous satellite in the same plane; thus, in Fig 1, the plane of the
reference satellite is reached again with the fourth satellite, which is taken

to be D0 P followed in the next most easterly plane by ES ( Eventually
] 1

F+P) °
all T satellites are identified in this fashion. If the process were continued
to a (T + 1)th satellite, this would be found to coincide with the reference

satellite,

It is evidently possible to program a digital computer to perform this
identification of the characteristics of the individual satellites in a pattern,
given as input data only the pattern reference code T/P/F. Moreover, given the
values of § and of the pattern phase angle, the instantaneous values of
satellite latitude and longitude relative to the reference plane may be calcu-

lated for each satellite from the suffices tu its identification letter.

When it is only necessary to distinguish one satellite in a pattern from
the others, without full identification of the satellite characteristics, the
alphabetical reference may be used without the suffices; however, their use may
often help to clarify the elements of a complex pattern. In Fig 1, which shows
the orbital paths of the satellites, it is not necessary to make use of the
suffices to see which satellite is in which plane; but in Figs 4, 5 and 6
(discussed in section 2,.3.2) it would be more difficult to relate the satellites

to their orbital planes withcat the indication provided by the first suffix.

Since for each value of P there may be P different values of F , from
Oto (P ~1), and since P may be any factor of T , includirng |1 and T , it
follows that for any value of T the number of possible delta patterns is equal
to the sum of all the factors of T ; for example, for T = 5 the number of
possible delta patterns is | + 5 = 6 , while for T = 6 it is
| +2+3+6=12,
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2.2 Pattern repetition interval

#ig | ahows two positions of the pattern 9/3/2: the first at a pattern
phase angle of 0°, when satellite A is at its ascending node, and the second at
a pattern phase angle of 10°, when satellite A is 10° past its ascending node
and satellite C is 10° short of reaching its descending node. In this second
condition the pattern is symmetrical about the plane which is perpendicular to
the reference plane and which passes through the centre of the Earth and bisects
the line joining the instantaneous positions of A and C. Throughout the next
10° of phase angle - as C moves on to reach its dascending node - the pattern

i Lo 4 datt L Ao e o Menke 8

will appear as a mirror image of the corresponding configurations during the
firet lO°, with A interchanged with C, E with H, D with J and F with G. Over
the following 20°, as C moves away from its descending node, the pattern will
repeat in opposite hemispheres the configurations of the first 20° when A wvas
moving away from its ascending node. Finally, at the end of this phase angle ]
change of 400, H will reach its ascending node ai:d the pattern will start a f;
repetition of the first 400, offset by 120° in longitude.

Hence, though the pattern only truly repeats after 40° of phase angle, it

passes through the full range of essentially dissimilar configurations every 10%; E
for instance, the first 10° includes the cases both of a satellite being at a i
' node (satellite A at 0° phase angle) and of a satellite being at maximum latitude
(satellite B at 10° phase angle), For this pattern it is therefore only neces- ¢ ]

sary to study its characteristics over a phase angle range of 10°. starting or

- finishing with one or more satellites at an ascending or descending node; we
call such a phase angle range the 'pattern repetition iaterval' (abbreviated to
PRI).

In general, the PRI is half the phase angle range between successive nodal

crossings (ascending or descending) by different satellites in the pattern.
With pattern 9/3/2, shown in Fig 1, only one satellite at a time passes a node,
; and the PRI is } PU. If n satellites are at ascending and/or descending nodes
i simultaneously, however, the PRI will be increased to {n PUs. This increase
5 may be regarded as compensated in one sense by the fact that the pattern then
L always consists of n identical sections; if y satellites reach their
ascending nodes simultaneously then the pattern consists of y idertical seg-
% ments, while if satellites reach ascending and descending nodes simultaneously

{ it consists of identical hemispheres either side of the reference plane.

Adopting the nomenclature y = H[F,P] to indicate that y is the highest
common factor (HCF) of F and P (so that when F = 0, y = P), and with

B el s T L N )
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z = H[2,T/y] , the PRI is equal to }yz PUs. Hence it is convenient to define a
'pattarn repetition unit' (PRU), such that | PRU = 90° x yz/T and the PRI there-
fore always has a length of | PRU, It may then be specified, for instance, that
a pattern shall be examined at intervals of 0.2 PRU from pattern phase angle

¢ =0 to ¢ = 1.0 PRU,

Any arbitrary pattern of s¢ ellites in equal-period circular orbits could
only be expected to repeat the pre:iously-covered range of conditions after a 4
phase angle of 1800; the fact thact a delta pattern may have a PRI as short as
90°/T (if there are nc simultaneous nodal crossings) is a pointer to the high

degree of uniformity of coverage which such patterns can achieve.

2.3 Earth-tracks

2.3.1 Tracks of single satellites

A diagram such as Fig 1, illustrating orbital patterns, is independent of
the orbital period of the satellites, depending only on the particular delta
pattern used and on its inclination to the reference plane. If the Earth were
not rotating relative to the orbital planes, it could also be regarded as
illustrating tbe Earth-tracks traced out by the satellites in the pattern; how- !
ever, the shapes of the Earth—tracks followed by the satellites over the rotating
Earth are in practice dependent on the orbital period of the satellites, as well ;
as on their inclination to the reference plane and on the latter's inclination

to the Earth's equatorial plane.

For each individual satellite in ar inclined circular orbit, the Earth- :
track consists of a series of identical excursions alternately into the northerm
and southern hemispheres, each reaching a maximum latitude equal to the orbital

inclination to the equator. Successive equatorial crossings (alternately at

ascending and descending nodes) occur at eastward g >graphical longitude incre-~
ments of {(3600 - QR) s Where QR is the rotation of the Earth relative to the
orbital plane in one nodal period. In calculating the value of QR account
should be taken not only of the Earth's rotation round the Sun but also of the
precession of the orbital plane due to the Earth's oblateness, which would
amount (if uncorrected) to 0.0134° per orbit for synchronous equatorial orbits,
and more for lower orbits, This precession is directly proportional to cos i
and inversely proportional to the orbit radius to the power of 34, and its
sense is such as to increase QR if the orbit %g direct and reduce it if rezro-
grade; a fuller d¢.cussion is provided by Allan ~, among others. 1If QR/360

is equal to M/L , where L and M are coprime integers, than the Earth-track
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is repetitive after completion of L orbits in (approximately) M sidereal
days, having covered 360(L - M) deg of geographical longitude; this condition

may also be described as L:M resonance.

A selection of such repetitive Earth-tracks is illustrated, for an inclina=-
tion i of 60°, in Fig 2, In each case the first ascending node is considered
to occur at 0° longitude, and numbered arrows indicate the L successive ascend-
ing nodes which occur before the track starts to repeat with another ascending
node at 0° longitude, Between ascending nodes, each track comprises excursions

alternately into the northern and southern hemispheres, giving L of each.

F1g 2a shows the repetitive track for an 8-hour orbit (L = 3, M = 1),
Since L ~ M = 2 , this track repeats after covering 720° of longitude in one
day, and the part of the track representing the second 360° inevitably crosses
that covered during the first 3600, the cross—overs occurring at the nodes,

Fig 2b, ¢ and d show the repetitive tracks for 12-hour (L = 2, M = 1),
16~hour (L = 3, M = 2) and 20-hour (L = 6, M = 5) orbits respectively. In each
of these cases L - M = 1 , so the track repeats after covering 360° of longitude
(in 1, 2 and 5 days respectively) without having crossed itself at any point.
This non-self-crossing characteristic of the Earth-tracks of orbits for which
L-M=1 is not, however, maintained for indefinitely increasing values of L ;
the loops formed by adjacent excursions into the same hemisphere may be seen to
approach one another more closely as L 1is increased, and for L 3 8 (when
i = 60°) adjacent loops overlap, so that the track crosses itself frequently,

Fig 2e shows the familiar figure-8 Earth-track of a 24-hour circular orbit
(L=1t, M= 1), for which L - M =0, so that successive nodes all occur at the

same longitude, the track repeating after 1 day, and crossing itself at the node.

There may be iess direct practical interest in the Earth-tracks for
orbital periods exceeding 24 hours, but there are still reasons for examining
them, as will be discussed in section 3.6, Fig 2f, g and h show the repetitive
tracks for 30-hour (L = 4, M = 5), 36-hour (L = 2, M = 3) and 48-hour (L = 1,

M = 2) orbits respectively. In each of these cases L - M = -1 , so the track
repeats after covering 360° of longitude (in 5, 3 and 2 days respectively) in a
westerly, instead of an easterly, direction. In Fig 2h (L = 1) the track does
not cross itself at any point, but in Fig 2g (L = 2) there are four small loops
in the track with a cross-over point associated with each, and in Fig 2f there
are eight cross—overs associated with eight loops which now constitute more than

half the track.
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The Earth-track of a 72-hour orbit (L = 1|, M = 3) is more conveniently
shown by a polar projection, as in Fig 3, in which the northern hemisphere por-
tion of the track (which is duplicated in the southern hemisphere) is compared
with the tracks of a 24~hour 60°-inclination orbit (already shown in Fig 2e) and
a 24=hour 120°-inclination orbit. The 72-hour—orbit Earth-track repeats itself
after covering 720° of longitude in a westerly direction (L - M = -2) in 3 days,
while the 24-~hour-orbit Earth-tracks do so after nominally covering 0° of longi-
tude (L -~ M = 0) in | day, but the practical effect is the same for all three ~
the track is a figure~8 with a cross-over at the single nodal longitude. The
72-hour 60°-inclination track is very similar to the 24-~hour 120%~inclination
track, both being large figure-8¢ which encircle the poles, reaching a maximum
latitude of 60° at 180° longitude; the 72-hour-orbit track shows a hump at 180°
longitude, similar to those in the 48-hour-orbit track in Fig 2h, which

represents a vestigial loop.

Retrograde oxrbits, such as the 120°-inclination 24-hour orbit of Fig 3,
are considered further in section 2.4; meanwhile we may note from Fig 3 that,
though the 60° and 120° 24-hour orbits would appear as mirror images of one
another in inertial space, their tracks over the rotating Earth differ

considerably.

2.3.2 Tracks of complete delta patterns

Having considered the forms which the Earth~track of an individual satel-
lite in an inclined circular orbit may take, depending upon its period and upon
whether the inclination is more or less than 90°, we may now consider the Earth-
tracks of a complete delta pattern of such satellites, all having identical
periods. Different congiderations are involved, according to whether the

reference plane is inclined to or coincident with the equatorial plane.

(a) Reference plane inclined to the equatorial plane

If the pattern reference plane is inclined to the Earth's equatorial plane,
then different satellites in the pattern will have different inclinations to the
equator, and 50 their Earth-tracks will take different forms; but if reference
plane and equator coincide, all the satellites will have similar inclinations and
their Earth~tracks will be similar. This is illustrated in Fig 4, for pattern
6/2/0 with L=M=1 and % = n0° ., 1n Fig 4a the reference plane coincides
with the equatorial plane, so that the Farth~tracks of all six satellites are
similar, and correspond to the single-satellite track shown in Fig 2e. 1In Fig 4b

the reference plane has been tilted through an angle of 60° about an axis through
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the conmon nodes of the orbital planes, so that one plane coincides with the
equatorial plane while the inclination of the other is increased to 120%; thus
satellites in the former plane (symbol @) are in geostationary orbit, while those
in the letter plane are following retrograde orbits with Earth-tracks correspond-
ing to that shown in Fig 3., In Fig 4c, on the other hand, the reference plane
has been tilted through 90° about an axis wormal to the axis througt the nodes,
so that the orbital planes are both polar but unevenly spaced, their ascending
nodes in the equatorial plane, at ag and a3 » being 120° apart, and the
satellites follow six separate, evenly-spaced figure-8s reaching their maximum

latitude at the poles.

Although their Earth-track patterns are so different, the three different
orientations of pattern 6/2/0 illustrated in Fig 4 retain all the common
features associated with their identical orbital patterns; for instance, the
overall standard of whole~Earth coverage provided, as indicated by the minimum
elevation angle at which an observer anywhere on the Earth's surface could see
the nearest satellite, is the same in each case, Moreover, all these three
system configurations appear feasible from the point of view of satellite
station—keeping requirements to overcome orbital perturbations, The configura-
tions of Fig 4a and 4c each involve only a single orbital inclination for all
six satellites, so that any perturbations due to the Earth's oblateness are
similar for all six and could be offset, for the 60° inclination satellites, by
a slight altitude adjustment, though this would be unnecessary for the 90°
inclination satellites. The configuration of Fig 4b involves satellites in
equatorial orbit as well as at one other inclination; and since equatorial
satellites follow the same constant Earth—track regardless of the longitudes of
their nodes, they can be synchronised with the satellites in inclined orbit by
taking due account of the differential perturbations due to the Earth's oblate-

ness when choosing orbital altitudes.

Any other orientation of the pattern would share the same basic character-
istics, and would be equally valid in principle, but might be unacceptable in
practice due to the long~term station~keeping requirements involved. For
instance, midway between the conditions of Fig 4a and 4b would lie one with the
reference plane of the pattern inclined at 30° to the equatorial plane, so that
the inclination of one plane was reduced to 30° and that of the other increased
to 90°. Since, in synchronous orbit, the precession rate is 0.0134 cos i, this
would involve a differential precession rate for the two planes of 0.0116° per

orbit, or about 4° per year. Burt's analysis16 of orbital manoeuvring thrust
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requirements shows that correcting this would involve a fuel expenditure several
times as great as that involved in correcting the inclination perturbation at
synchronous altitude, and so would probably be considered unacceptable; and the
requirement would be still greater at lower altitude.

Thus a two—plane delta pattern cun be re—oiriented from the basic configura-
tion (with the reference plane coinciding with the equator), either to a configu-
ration with one of the two orbital planes coinciding with the equator, or to one
in which both planes are polar. A three-ﬁlane delta pattern cannot be
re-oriented to give three polar planes, but it can be re-oriented gso that one
orbital plane coincides with the equator and the other two have equal irclina-
tions i such that sin }i = }V3 gin § . Thus Fig 5a shows the Earth-tracks in
synchronous orbit of the three~plane pattern 9/3/0, with § = 60° and the
reference plane coinciding with the equator - in this case their spacing is such
that three satellites, one from each plane, follow each of three similar
figure-88 - while Fig 5 shows the effect on the Earth-tracks of tilting the same
pattern (with § = 60°) through 60°, so that one plane is equatorial and the
other two have iaclinations of 97.20; three satellites are then geostationary
(symbol ®), and the other six follow distinect figure~8 tracks encircling the
poles. Once again, though the Earth-tracks shown in Fig 5a and 5b are very
different, the orbital patterns are identical and the overall standard of whole-
Earth coverage provided is the same; both these systems appear feasible.

With a delta pattern containing more than three orbital planes, it is not
possible to re-orient the pattern to anything but the basic configuration (with
the reference plane coinciding with the equator) without causing the different

planes to have different precession rates.

With the arrangement of Fig 5b, changing the value of § while keeping
one orbital plane in the equatorial plane alters the spacing tetween the figure-8
tracks representing the other two orbital planes; Fig 5c¢ shows that, if & were
increased from 60° to 70.5°. the six figure-8 tracks would merge into three, each
followed by two satellites, one from each of the two orbital planes of inclina-
tion 109.5°. With the arrangement of Fig 5a, however, altering the value of §
merely alters the size of each figure-8 without altering either the spacing

between their nodes or the number of satellites following each figure-8 track.

(b) Reference plane coincident with the equatorial plane

When the reference plane of a delta pattern coincides with the equator, as

is likely to be the case apart from the few possible exceptions for two-plane or
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three-plane patterns just discussed, then the satellites follow similar and
evenly-spaced, but usually distinct, Earth-tracks, as in Fig 4a. However, if
certain conditiorns are met, the Earth-tracks of several of the satellites meay
coincide, as in Fig 5a; and it is even possible for the Earth-tracks of all the
sateilites in the pattern te coincide, as shown in Fig 6 for pattern 9/3/2 in an
18-hour orbit (L = 4, M = 3), 1In this case the Earth-track makes four excursions
into each of the northern and southern hemispheres, each node occurring 45° to
the east of the previous one, so that the Earth-track repeats itself after cover-
ing 360° of longitude (since I, = M = 1) in 3 days, without having crossed itself
at any point. Pattern 9/3/2 is the same pattern as was used for the illustration
of orbital planes in Fig 1, and a comparison of Figs 1 and 6 confirms that, at
the beginning of the pattern repetition interval, the positions of the satel-
lites in the two illustrations are identical, while at the end of the 10° PRI
they are identical apart from the clockwise displacement of those in Fig 6 due to

the rotation of the Earth.

If we consider all the ways in which T satellites may be uniformly distri-
buted between similar Earth-tracks corresponding to a particular pair of values
of L and M, we find that the conditions which apply are similar to those already
discussed in section 2.1 when defining the pattern reference code for a delta
pattern in terms of the uniform distribution of satellites between orbital
planes. We denote by EL,M the number of distinct Earth-tracks followed by a
particular pattern for particular values of L and M ; the condition that the
satellite digtribution is fully uniform implies (just as for P) that EL,M must
be a factor of T ., Hence the total number of distinct patterns, for given
values of T, L and M , is equal to the sum of all the factors of T . This
is ne same as the total number of delta patterns for that value of T , and it
will be evident that each such Earth-track pattern results from one of these

delta patterns.

Fig 1, which represents the orbital paths of the satellites, might equally
be considered as representing their Earth-tracks over a non-rotating Earth, ie
for the condition L =1 and M= 0 . While we have chosen to quote reference
codes for delta patterns in the form T/P/F, it would have been ecqually valid
(though less generally convenient) to quote them in a comparable form T/EL’“/Q ’
with Q suitably defined as the phase angle difference between two satellites in
the pattern following adjacent Earth-tracks, so that Q could take any of the
E integer values from 0 to‘ (EL,M -~ 1) . Thus to the T/P/F code for the

pattern 9/3/2 there might correspond T/EL M/Q codes 9/3‘ 0/2 (from Fig 1),
[ ] ]
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9/I4.3/0 (from Fig 6), and similarly for any other pair of values of L and M .
However, use of a single code T/P/F for any one pattern appears preferable to
introducing the multiplicity of possible codes T/EL,M/Q’ especially since Q
would have to he measured in suitable time-related units along Earth-tracks which

are not great circles, so this approach has not been pursued further.

It is nevertheless useful to have a simple method of determining the nuwber
of distinct repetitive Earth-tracks which a particular pattern will follow at an
altitude corresponding to given integer values of L and M , and the relation-
ship between EL,M and the pattern code reference T/P/F may be deduced as
follows. For asingle satellite, the ascending nodes of a repetitive Earth-~track
are spaced round the equator (not necessarily in chronological order) at intervals
of T/L PUs., For successive satellites in the same orbital plane, as shown in
Fig 7, the distance between corresponding ascending nodes is PM/L PUs, while
for corresponding satellites in adjacent planes the distance between ascending
nodes is S + FM/L PUs, Defining G = SL + FM , the distance between ascending

nodes of corresponding satellites in adjacent planes is G/L PUs.

Considering any arbitrary pair of satellites in the pattern, one may be
displaced from the other by h orbital-plane steps and by k additional satel-
lite steps within its plane, so that the distance between their ascending nodes
is (hG + kPM)/L PUs, The condition for two satellites to lie on the same
Earth-track is that this should be equal to a multiple of T/L PUs, ie we must

have
hG + kPM = qT

where h, k and q are all integers, and this may be re-written as
hG = P(qs - kM) .

Now it can be shown that all possible positive values of an expreussion of the
form qS - kM , where all four components are integers, are multiples of the HCF
of S and M , which we shall denote by J = H[S,M] . Thus hG = rPJ , where
r is an integer.

Putting K = H[G,PJ] , we have G = gk and PJ = fK , where g and f

are coprime integers, and since hg = rf , the minimum value of h is £ , ie
PJ/K , By definition of h it follows that the number of planes contributing a

satellite to each Earth-track is P/h , ie K/J .
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For satellites in the same orbital plane to follow the same Earth-track we
simply have kPM = qT , ie kM = qS . As in the previous paragraph, putting
J = H(S,M] , ve have M= mJ and S = sJ , and since km = qs , the minimum
value of k is s , ie S/J . By definition of k it follows that there are
s/k , ia J satellites from each plane following the same Earth-track.

Combining these results, we have J satellites from each of K/J planes,
ie a total of K satellites, following each Earth-track. Hence the number of
distinct repetitive Earth-tracks followed by a delta pattern is given by the

formula

EL.H = T/K

where K = H[G,PJ], G = SL+FM, and J = H[S,M].

Thus we may note that, for the case of Fig 4a, G = 3 + 0 = 3,
J=H[3,1] =1, kK=1[3,2] = 1, s0 E, , = T/1 = 6 ; for the case of Fig Sa,
G=3+0=3, J=H[3,1] =1, K=H[3.5) = 3, so B, , = T/3=3; and for the
case of Fig 6, G =12 + 6 = 18, J = H[3,3] = 3, K = H[18,9] = 9, s0
=T/ = 1,
] The formula for EL,M may also be used to deduce, for a given value of T
of which EL,H is a factor, which are the EL,M different patterns (ie rairs
of values of P and PF) which, at the orbital altitude indicated by the values
of L and M, will produce EL,H distinct repetitive Earth-tracks - and, in
particular, which is the single pattern which will produce a single repetitive
Earth-track. For the general case we see that P, S and F must be such that
both G and PJ are multiples of T/EL,M . For EL,M to equal 1, G and PJ
must be multiples of T . Hence J , ie H[S,M] , is a multiple of S , and so,
since H[S,M] cannot be greater than S, S is a common factor of M and T .
Thus we can write S = M/m and hS = H[M,T] , ie h = H[m,P] » where m and h
are integers, Since T is a factor of G , ie of SL + FM, P is a factor of
L +Fm, and we can write pP = J. + Fm, ie L = pP - Fm = h(pP/h - Fm/h) , where
is an integer. Hence h 1is a factor of L . However, h 1is a factor of

E4,3

P
M, and L and M are coprime integers; therefore h = 1 , and so

s = H[M,T) .

Hence the value oi P is determined, and the value of F is then giveu by

F = KI/M - SL/M
= (S/M)(kP - L) ,
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the value of k being uniquely determined such that F is an integer within
the range from 0 to P ~ 1 . Thus, taking once again the example of Fig 6,
and starting with the values T = 9, L =4 and M = 3 , we find that

Sa= H[3.9] =3 ,s80that P=3 , and F = 1(2%x 3 =4) =2, ie the relevant
single-track pattern is 9/3/2, as shown.

The formula for EL L he ured in much the same way to deduce the

’
altitudes or periods (ie pairs of values of L and M) at which a particular
pattern will produce a particular number (a factor of T) of distinct repetitive

Earth-tracks.

As a further illustration of the use of this formula, the twelve possible
6-satellite delta patterns are listed below, showing for each the number of
distinct repetitive Earth-tracks which it would follow at the periods correspond-
ing to seven different values of L/M , arbitrarily chosen to cover a range of
values of L and M , and including several values for which tracks were illus-
trated in Fig 2. Also shown for each pattern is one example of the periods at
which it would follow a single repetitive Earth~track, with the corresponding
value of L/M ; the particular examples shown are those with M = S and with
the minimum corresponding value of L , but other cases would exist with other
values of L and with M equal to a multiple of S - as may be seen, for
patterns 6/1/0, 6/3/2 and 6/6/0, from the previous columns. For each value of
L/M it may be seen that one of the twelve patterns gives a single track, two
give two tracks, three give three tracks and six give six tracks; for the case

in which M = T , as would also occur with M equal to a multiple of T 2
see that EL,M = P in each instance. é
Pattern | Period: 8h 16h 19.2h 20h 20.6h 2¢h 36h| For E . = I: :
T/P/F | L/M:  3/1 3/2 S/4 6/5 7/6 /I 2/3|Period (h) L/M
Number of separate Earth-tracks (&, M f
6/1/0 6 3 3 6 1 6 "2 | 144 1/6
6/2/0 6 6 6 3 2 6 1 36 2/3 !
6/2/1 1 6 6 6 2 3 2 72 1/3 :
i
6/3/0 2 1 3 2 3 6 6 16 3/2 C
6/3/1 6 3 3 6 3 2 6 9.6 5/2 L
6/3/2 6 3 | 6 3 6 6 48 1/2
6/6/0 2 2 6 1 6 6 3 4 6/1
6/6/1 3 6 2 6 6 3 6 4.8 5/1
6/6/2 6 6 6 3 6 2 3 6 4/1 i
6/6/3 1 2 6 2 6 3 6 8 3/1
6/6/4 6 6 2 3 6 6 3 12 2/1
6/6/5 3 6 6 6 6 | 6 24 /1
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Some early l:udicol7’18 of communications satellite systems considered the
use of single repetitiva Barth-track patterns at various altitudes. Applying to
them the nomenclature of this Report, an 8-satellite 12-~hour 30%°-inclination
!Ylt‘ﬂls would use pattern 8/8/6, a l4-satellite 8-hour 80°-inclination system
would use part of pattern 24/24/21, a 15-satellite 8-hour 30° inclination

8y tomla would use pattern 15/15/12, and a 17-satellite 6-hour 30%-inclination

ayatam18 would use pattern 17/17/13,

1?7

2.4 Retrograde orbits

Retrograde orbits have already been mentioned briefly in section 2.3.1, in
the discussion of the Barth-tracks traced by individual satellites; however,
some points relating to complete delta patterns of satellites in retrograde

orbits also deserve consideration.

Certain characteristics of a pattern are not dependent upon its inclina-
tion; for example, the number of separate repetitive Earth-tracks traced by a
particular pattern at a particular altitude is independent of inclination
(apart, of course, from the special cases i = 0° or 180%), even though the
actual form of the Earth-tracks does depend upon the inclination. Such charac-
teristics are, obviously, equally applicable to direct orbits (inclination less
than 90%) and to r.trograde urbits (inclination exceeding 90°) .

On th~ other hand, there are various features which, applying to a
partirnlar jattern at a particular inclination and phase angle, are independent
of ortbital altitude, eg the angular separation between any pair of satellites,
and the maximum augnlar distance of any point on the Earth's surface from the
nearest sub-sateilite pu'nt. It is worth remembering that patterns which are
mirror images of one snother will have identical chcracteristics in these
respects; in particular, a pattein T/P/F at an inclination § to the reference
plane will have identical characteristics in these respects to the pottern
T/P/(P-}) at an inclination of 180°-8 to the reference plane.

As an example, Fig 8a showe the pattern 5/5/1 with i = § = 45° , and
Fig 8b the pattern 5/5/4 wi.h i = § = 180° = 45° = 135° ; their Earth-tracks
for synchronous orbits (L = M = 1) are also shown. Though the Earth-tracks are
very different (five small figure-8s for pattern 5/5/1, one large figure-8 for
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pattern 5/5/4), the satellite orbital pat“erns are mirror images of one another, 5
and the overall standard of coverage tliay provide (eg in terms of minimum
elevation angle and minimum satellite separation) is identical.

Hence, when calculating ccverage standards for all the delta patterns
having a particular pair of values of T and P , over a range of inclination
angles, it is only necessary tc perform the calculations for orbital inclinations
up to 90°; the corresponding values in retrograde orbits may be deduced immediat-
ely as being identical to those of the complementary pattern (ie with * replaced
by P-F) at the inclination which is the supplement of the retrograde inclination
under consideration (though, as already noted, this reciprocity does not extend
to matters = such as the number of distinct Earth-tracks - which are dependent on
the Barth's rotation). However, it seams unlikely that thore would be many casas
in vhich a retrograde orbit would have advantages, due to its different Earth-
track pattern, outweighing the direct orbit's benefits from an eastward launching
direction,

3 SELECTION OF SUITABLE DELTA PATTERNS

3.1 General

This Report is concerned with the provision of continuous whole-Earth
coverage, and in particular with its provisior .,y means of satellites arranged
in delta patterns. In the design of any particular satellite system it is
necessary to work from the special requirements developed for that system, but
for the purpose of this general study it has been assumed that certain require-
ments will normally be applicable.

The objective is taken to be the identification of those orbital patterns
which will most economically provide a certain standard of continuous whole-Earth
coverage, This standard is considered to be defined in terms of the level of
coverage required, ie single coverage, double coverage, or, in general, n-fold
coverage, and of the minimum acceptable elevation angle to the nth nearest
satellite from the least favoured point on the Earth's surface. When associated
with a particular satellite altitude, the minimum acceptable elevation angle
represents a maximum acceptable distance from any point on the Earth's surface
to the nth nearest sub—satellite point; and the problem is to find the pattern,
containing the smallest possible number of satellites, which best ensures that
this maximum acceptahle distance is never exceeded. Section 4 discusses this

aspect, and the relavant calculations, more fully.,
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It is further assumed that, as a secondary objective, the minimum separa-
tion between any two satellites in the pattern should be as large as possible.
The direct importance of this objective may vary according to the aystem applica~
tion; in a satellite navigation system, accuracy may well increase ac the minimum
distance between the satellites providing the fix increases, while in a satellite
communications system it may only be necessary that the minimum distance should
axceed some fixed value, to ensure that interference between transmissions in
the same frequency band is acceptably small., However, it also has some indirect
importance in relation to the main objective; the larger the minimum distance
between satellites, the more uniform the distribution of the sstellites over the
Earth's surface, and hence the more likely that the pattern will provide relativ-
ely favourable values of the maximum distance to the nth
point, for all relevant levels of coverage.

nearest sub-satellite

The calculation of the relevant parameters is described in section 4.
However, as the calculations are somewhat time-consuming, even with the use of a
computer, it is desirable to eliminate, in advance, any patterns which may
clearly be recognized as unsuitable, and to select one or more patterns which
may confidently be expected to be among the best, even if they are not the very
best for a particular application. The remainder of section 3 shows how certain
groups of delta patterns may be identified in this way.

3.2 Single-plane configurations

The family of delta patterns formally includes single-plane systems, with
P=1 and F = 0 ; however, these have been ignored in the computer study of
coverage described later in this Report, since the coverage they provide can
never reach as far as the poles of the orbital plane and they are therefore

unable to meet a requirement for continuous whole-Earth coverage.,

With some other patterns, the changing configuration may momentarilv pass
through a condition in which all the satellites lie in one plane; these patterns
also may be rejected as unsatisfactory for providing continuous whole-Earth
coverage, Two groups of patterns are identifiable in which all satellites pass
through the reference plane simultaneously; these are

(i) those for which P =T or 4T and F =0, and

(ii) those for which P =T and F = {T,

For example, among 6-satellite delta patterns, as listed in section 2,3,

condition (i) applies to patterns 6/6/0 and 6/3/0, and condition (ii) applies to
pattern 6/6/3.
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It need hardly be saii that, with any pattern, the value & = 0° y Or
indeed any small value of J§ , is unaccartable for the same - ison. In particu-
lar, a system of three or mure quasi~geostationary near-equs rial sate’lites,
often described as providing 'glohal' coverage, cannot cover the polar regions
and so does not provide whole-Earth coverage in the sense considered in this
Report,

3.3 Two-parallel-plane confi.urationl

As patterns vhich momentarily pass through a single-plane configuration
were ‘dentified in section 3.2, so we may alsc identify patterns which momentar-
ily pass through a configuration in which all the satellites lie in two parallel
planes.

Consider first those patterns for which P« T and F =T or $T ; also
those for which P = {T and F = 0 ., With such patterns one~third of the total
number of satellites arrive simultaneously at the maximum latitude § relative
to the reference plane, while the other two~thirds are in the opposite hemisphere
and all at the same latitude £ given by sin B8 = sin & sin 30° =~ eg if
§ = 60° these two-thirds are all at a latitude of 25.7°. so that the pole of
that hemisphere is 64,.3° from the nearest sub-satellite point,

Whether or not such a sitn.ation is acceptable must depend on the total
number of satellites in the pattern. For a large pattern, such as 24/24/8, it
is clearly undesirable to have 16 of the 24 satellites distributed round a single
parallel of latitude at more than 60° from the pole, but for a small pattern,
such as 6/6/4 or 6/2/0, such an arrangement may be quite acceptable,

Rather similar considerations apply to those patterns for which P = T
and F = {T or IT , and to those for which P = {T and F =0 , With these,
half the satellites are in one hemisphere passing simultaneously through a lati-
tude B given by s8in 8 = sin § sin 450, while the other half are passing
simultaneously through a similar latitude in the opposite hemisphere; if & = 60°, .
the poles in both hemispheres are then 52,2° from the nearest sub-satellite point. “
This is quite acceptable for a small pattern such as 8/8/6 or 8/8/2, but is
undesirable for a large pattarn.

Thus, when the total number of satellites in the pattern is relatively
large (say 12 or more), patterns of the types identified in this section are
unlikely to be satisfactory choicer.
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3.4 Single-figure-8 patterns
1£, in synchronous orbit, all the satellites in a pattern follow a single

figura-8 Earth-track of the form shown in Fig 2e, with an inclination i wsub-
stantially less than 90°. then clearly a large area around the antipodes of the
node will not be covered. From the formula for EL.M given in saction 2,3,2,

it may be seen that for Bl.l to equal ! requires that K = T , and since
LeM=]l woehave J =S =) and P=T ;also G 1 +FeT,K6 ia FueT-=1,
Thus a pattern whose code reference is of the form T/T/(T - 1) , and for which

5§ is substantially less than 90°. is unsuitable for providing whole-Earth
coverage; and, since the relative positions of the sub-satellite points of the
satellites in the pattern are independent of the inclination of the reference
plane to the equatorial plane and of the altitude of the satellites, so is this
conclusion, The relevant 6-satellite pattern is 6/6/5, and this is illustrated
in Fig 9a, in which northern and southern hemispheres are shown separately, for
greater clarity, rather than superimposed; although the EBarth-tracks in 24-hour
orbit (full lines) and in 12-hour orbit (broken lines) are very different, the
instantaneous relative positions of the sub-satellite points are the same in
both cases, all concentrated in one relatively small area of the Earth's surface.

If the value of & were substantially greater than 90°, the position

‘would be changed, on the lines indicated in section 2.4 (the coverage of a

pattern T/P/F at an inclination & being equivalent to that of pattern

T/P/(P - F) at inclination (180° = §)). Thus in a retrograde orbit the single
large figure-8 on which the satellites would be distributed in synchronous orbit
would, as in Fig 8b, ensure satisfactory coverage by a pattern of the form
T/T/(T - 1), whereas a pattern of the form T/T/! would have all the satellites
concentrated near a single longitude, thus giving unsatisfactory coverage, even
though in synchronous orbit they would be following T separate large figure-8s.

In contrast to pattern 6/6/5 in Fig 9a, Fig 9b shows that pattern 6/6/4
provides a very satisfactory distribution of the satellites; this pattern foilows
six separate figure-8s in synchronous orbit, but follows a single repetitive
Earth-track in 12-hour orbit (L = 2, M = 1) , The significance of this will be

discussed further in section 3.6,

3.5 Patterns giving small inter-satellite separations

For most purposes it would be unsatisfactory to choose a satellite pattern
in which pairs of satellites passed very close to one another; this might cause

radio interference, reduce the number of independent ohservations available from
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the system, or cause other undesirable effects, even if the possibility of

physical collision were discounted.

A number of delta patterns are such that, independent of the value of § ,
the ascending node of one satellite coincides with the descending node of another
as they pass simultaneously through the reference plane. The patterns involved
are those for which P and (S - F) are both even numbers, The explanation for
this is that, for an ascending and a descending node to coincide, two ascending
nodes must be 180° apart, requiring P to be even; then, for a satellite in one
plane to be at its descending node when one in the opposite plane is at its
ascending node, its phase angle, which will be (}FP + nP) PUs, where n is some
integer in the range rom 0 to (S - 1), must equal an odd multiple (say q) of
IT PUs. Dividing through by iP, we obtain qS = F = 2n , so that (S ~ F) must

be even,

For most purposes, therefore, patterns in which both P and (S - F) are
even numbers may be rejected as unsuitable without any further examination; with
a few exceptions, they have not been studied in this survey. For example, among

6-satellite patterns this condition applies to 6/2/1, 6/6/1, 6/6/3 and 6/6/5.

With other patterns, the minimum angular separation between a pair of
satellites will vary as & varies, and may in some cases pass through zero for
a particular pair of satellites at a particular inclination within the range of
interest. Patterns for which this happens are unlikely to be a suitable choice;
hence, if during this study it appeared that a pattern, which would have provided
suitable coverage in other respects, led toa minimum satellite separation of less
than 3° at the inclination which would otherwise have been chosen, then it was
normally excluded from the short-17st of patterns deserving a full examination.
In a few such cases it appeared worthwhile to continue the calculations to
resolve a point of interest, and these casec have been included in the tables of

results discussed in section 5.

3.6 Selection of some suitable patterns

As noted in section 2.l, the number of different delta patterns to be
considered, for any particular value of T , is equal to the sum of all the
factors of T ., The considerations listed in the preceding sections may make it
possible to eliminate some of them from further consideration; for example, of
the twelve 6-satellite patterns listed in section 2.4, it may be possible to

eliminate the following seven, as noted in the relevant sections:
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6/1/0 (section 3,2)

6/2/1 (section 3.5)

6/3/0 (section 3.2)

6/6/0 (section 3.2)

6/6/1 (section 3.5)

6/6/3 (sections 3,2 and 3.5) and

6/6/5 (sectious 3.4 and 3.5).
However, about half the total number of patterns atill remain to be considered,
and would have to be subjected to a detailed comparative analysis unless some

other, simpler, method could be found of choosing between them.

The basis for such a method actually exists in the repetitive-Earth-track
analysis in section 2.3. However, while, for convenience of cross-reference to
that section, we continue to refer in what follows to altitudes, periods a.d
Earth-tracks, it should be realised that we are really only using the methods of
Earth-track analysis previously developed so as to effect a transformation of
the pattern into a rotating frame of reference, in order to throw light on
certain characteristics of the pattern which are actually independent of altitude
or period; it is not implied that the periods used in the analysis WQEIENEE\\

appropriate for use in a practical system,

In section 2,.3,1, when discussing repetitive Earth-tracks followed by
individual satellites, it was noted that the 2xamples illustrated in Fig 2b, ¢
and d represent periods such that L - M= 1 , so that the Earth-tracks repeat
themselves after covering exactly 360° of longitude, having made L excursions
into each of the northern and southern hemispheres without having crossed them-
selves at any point. The 12-hour-period Earth-track of Fig 2b is also illustrated
in Fig 9b, for pattern 6/6/4, whose characteristics are such that the complete
pattern follows this single repetitive Earth-track; and, as noted in section 3.4,
this appears to provide a satisfactorily uniform distribution of the satellites
over the Earth's surface, Another example of a pattern following a single non-
self-crossing repetitive Earth-track for which L - M = | (pattern 9/3/2 with
L=4, M= 3) is shown in Fig 6; here azain a reasonably uniform satellite dis-
tribution, with relatively large minimum distances between the satellites in the
pattern (for each of which two positions are shown, separated by | PRI), is seen
to be achieved. Clearly, if T satellites are distributed evenly (in terms of
time) along one of these single non—self-crossing repetitive Earth-tracks, such
as are obtained with L - M = 1 , the satellites can never approach one another
closely and will always show a fairly even distribution over the Earth's surface;
and a pattern which achieves this result will retain these characteristics,

independent of orbital period. If, on the other hand, the satellites are
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distributed along multiple Earth-tracks, or along a single track which repeats
itself after covering a longitude range other than exactly 360°, there will
inevitably be points at which the tracks cross, so that two satellites following
the relevant parts of the tracks may pass close to one another.

As noted in section 2.3.1, periods for which L - M = =] may also produce
non-gelf-crossing Earth-tracks, since in such cases the track repeats itself
after covering exactly 360° of longitude, though in a westerly instead of an
easterly direction. As seen in Fig 2h, for a 48-hour period (L = I, M = 2) the
Earth-track is non-self-crossing, while Fig 2g shows that, at 60° inclination,
the track for a 36-hour period (L = 2, M = 3) is non-self-crossing apart from
four small loops, which would not bring two satellites on the same track close
to one another if the number distributed along the track was fairly small., For
larger values of L , however, as in Fig 2f, the loops would occupy a larger
part of the Earth-track and the likelihood of two satellites being close to a
cross~-over point would be increased,

As noted in section 2.3.1, the periods for which L - M = 1 do not produce
non-gelf-crossing tracks, for i = 60° s when L 3 8 ., There are therefore only
seven values of L/M for which the Earth-tracks are non-self-crossing when
i = 60° , these being 1/2, 2/1, 3/2, 4/3, 5/4, 6/5 and 7/6., Fig 2d shows that,
for L/M = 6/5 , adjacent loops in the track come to within 10° of one another;
for L/M = 7/6 they close to within 3° of ome another, so this configuration is
unlikely to produce satisfactory single-track patterns with widely-spaced sub-
satellite points. The value L/M = 7/6 has therefore been dropped from the
list, and the value L/M = 2/3 a&ded, in order to produce a list of seven values
which, at first sight, appear likely to be such that, if the single repetitive
Earth~track corresponding to each of those values had T satellites evenly
distributed along it, the resulting delta pattern would have relatively suitable
characteristics for providing whole-Earth coverage.

In section 2.3.2 it was found that, for given values of T, L and M,
the values of P and F identifying the particular delta pattern which would
follow a single repetitive Earth-track were given by

P = T/ = T/H[M,T] and F = (S/M)(kP -L) .
These formulae have been used, for the seven selected values of L/M , and for

values of T from 5 to 25, to draw up the list of potentially suitable delta
patterns which appears in Table 1, To see whether the patterns identified in

A,
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this table are indeed among those most suitable for providing continuous whole-
Earth coverage, they have been compared with the short-listed patterna appeari:g
in Tables 2 to 7 (which will be discussed in detail in sectiomn 5); this comps ‘-
son is significant, since Tables 2 to 7 were originally prepared before Table @,
A % against a pattern in Table | indicates, for values of T from 5 to 15,
that this pattern has been identified in one of the Tables 2 to 5 as giving the
best coverage for this value of T, A ¢ in Table 1 indicates, for values of

T from 5 to 15, that this pattern has been short-listed in one of the Tables

2 to 5 without qualifying for a % ; or, for values of T from 16 to 25, that

it has been short-listed in Table 6 or Table 7. A x indicates that no compari-
son with Tables 6 and 7 was possible, since patterns of the form 16/16/F, 17/17/F
and 25/25/F were not included in the computations from which those tables were
compiled; a / indicates that this pattern can be identified as having a single-
plane configuration, as in section 3.2; and a # that it has a two-parallel-

plane configuration, as in section 3.3,

Examining the distribution of # and ¢ symbols in Table 1, it may at
first sight appear somewhat surprising that, while there are none in the 48-hour~
period column, there are several in the 36-hour-period column, for values of T
below 15, despite the loops which occur in the Earth-track at that period. The
12-hour-period column contains most v and ¢ symbols for values of T up to
f2, and the 16-hour-period column most for larger values of T . When we come
to consider calculated values of the minimum inter-satellite distance, it appears
that patterns in the !6-hour-period column give the largest minimum inter-
satellite distance for values of T from about 10 upwards; below that, patterns

in the 12-hour-period column give the largest value,

Many patterns short-listed in the later tables do not appear in Table 1,
showing that the fact that a pattern would follow a single Earth-track at a
period at which that track crosses itself several times does not necessarily
imply that it has an unsatisfactory satellite distribution. In fact, the effect
of cross-overs in the Earth-track depends on the spacing of the satellites along
the track; if it is such that two satellites cannot be near a cross—over
simultaneously, then the pattern may well provide adequate satellite separation
and a satisfactory overall distribution ove. sarth's surface. Thig is
illustrated in Fig 10 for the case of the 6-hour-orbit (L = 4, M = 1) , where
the single repetitive Earth-track has eight cross-over points, repeating itself
only after covering 1080° of longitude; the effect is shown of distributing four

different total numbers of satellites along this single track. Fig 10a shows
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pattern 5/5/1; when one satellite (eg D or E) is near a cross-over point, no :
other satellite is nuar it, as would be expescted since this pattern appears twice
in Table 1, with a # , as some of the other periods at which it produces a

single Barth-track correspond to non-self-crossing tracks., Fig 10b shows pattern

7/7/3; here two satellites (eg D and F) are fairly near one another at a cross- j
over point, and while this pattern is listed in Table | it does not qualify for

a note, Pattern 10/10/6, shown in Fig 10c, has pairs of satellites (eg B and J,
D and G) very close to one another at cross-over points, whereas pattern 12/12/8,

P S P A SNSRI

shown in Fig 104, is so spaced that, when one satellite is near a cross-over
point, no other is near it. This is not, however, a pattern which has been
sh.t-listed in any of the tables; it is one of those in which two-thirds of the
satellites are simultaneously at the same longitude, so that, while satellite

PR LR ST APYC TSR

separation is adequate, coverage is not of high standard. %

Overall, it appears from consideration oi Table ! that, if it were iesired

to select for fuller examination, for a particular value or values of " , a
short-list of patterns certain to include some from among those having the best

coverage characteristics, then it would be appropriate to choose:

(a) for all values of T , the two patterns that give single Earth-tracks
for L/M = 3/2 and 4/3 respectively;

(b) for T < 15, the two patterns that give single Earth-tracks for
L/M = 2/1 and 2/3 respectively;

‘ (¢) for T > 11, the two patterns that give single Earth-tracks for
X L/M = 5/4 and 6/5 respectively.

EL TR PRy e e

The coverage characteristics of the patterns on this short-list (after eliminat-

ing any single-plane and, if appropriate, two-parallel-plane patterns) could
| ' then be calculated in detail by the methods to be described in section 4.

However, if it were essential that the optimum pattern to meet a particular

requirement should be found, or if there were system limitations (for example,
on the number of orbital planes) which none of the short-listed patterns could
meet, then it would be necessary to make the coverage calculations for a wider
range of patterns, eliminating only those clearly shown to have unsatisfactory

i characteristics.
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It must be emphasised that there is no suggestion that the particular
orbital periods, used here as a basis for short-listing certain of the patterns,

are especially desirable periods for use in a practical satellite system; this

1
r
5
b
'

might apply only if a single repetitive Earth-track were a system requirement,
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The reason for their use in the analysis is rather that they indicate that these
patterns provide a favourable satellite distribution, and this favourable distri-
bution will be applicable whatever the orbital period and whatever the number of

separate Earth-tracks at that period.

4 METHODS OF ANALYSING COVERAGE

4,1 General approach

As already noted, the purpose of this study has been to develop methods of
identifying those satellite orbital patterns which will most economically provide
a required standard of continuous whole-Earth coverage, the level of coverage
provided (single, double, ..., n-fold) being dependent on the elevation angle to
th jearest satellite always exceeding some specified minimum value, at every
Section 3 considered the question of eliminating

the n

point on the Earth's surface.
definitely unsuitable patterns, and selecting some of the more promising patterns,

from the full list of delta patterns which might potentially be considered suit-
able; this section considers the method of evaluating the standard of coverage

provided by any particular pattern under examination.

In several previous sections, attention has been concentrated on the Earth-

tracks traced by a pattern at a particular orbital altitude. However, when we

are considering whole-Earth coverage, what really matters is the uniformity of
the distribution of the satellites in the pattern relative to a spherical surface;
and this is probably more readily visualised in terms of the orbital paths of the

satellites than in terms of the Earth-tracks they would follow at any particular

orbital altitude or altitudes. For example, it appears better to think of pattern

9/3/2 on the basis of Fig 1 rather than Fig 6.

For the elevation angle € to a satellite always to exceed some minimum

value, the observer's geocentric angular distance d from the sub-satellite
point must always be less than some maximum value which depends on the satellite

altitude (or period). For a circular orbit, the relationship between ¢ and d

is given by

r .
cos F - _8 . 2/3
cos (d + €) re 0'795tsh

where r_  is the radius of the Earth, r, the radius of the satellite orbit,

and t., the orbital period in sidereal hours; this is also plotted in Fig 11

(reproduced from Fig 1 of Ref 1).
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The analysis of coverage has been based on the identification of those
points at which the elevation angle to the nearest satellite (or the nth nearest
for n-fold coverage) is locally a minimum. These points are the centres of the i
circumcircles of the spherical triangles formed by the sub-satellite points of
neighbouring satellites in the pattern. 1Ia Fig 12, which represents an undefined

portion of the Earth's surface, the ¢ symbols labelled A to G represent the

instantaneous positions of seven out of a total of, say, 10 sub-satellite points
of some hypothetical 10-satellite pattern, 0l » which is the instantaneous
position of the centre of the circumecircle of the spherical triangle ABC, whose f
geocentric angular radius is Rl » is locally the point on the Earth's surface 3
furthest from any sub-satellite point; at 0l , an observer's distance d from
each of A, B and C is equal to R' » but another observer located a short dis-
tance from 0I » in any direction, would be at a distance less than R‘ from at
least one of those three sub-satellite points, Considering all the other
spherical triangles, such as BCF and CDF, whose circumcircles do not enclose any
other sub-satellite point, then the centre of the largest of those circumcircles ]

i . kit 2%

is the point on the whole of the Earth's surface which is instantaneously
furthest from any sub-satellite point, We will call the radius of that circum-

TR

circle R x.1 3 here the suffix 1 indicates single coverage, and the suffix

’
max (thh a small 'm') that it is the instantaneous maximum value, over the whole
of the Rarth's surface, for that level of coverage.

1f the requirement should be for double coverage (ie for not less than two
satellites to be everywhere visible above the minimum elevation angle) then the

2z s

i problem may be tackled in similar manner, but considering circumcircles which
enclose one other sub-satellite point - eg ABD in Fig 12, which encircles C,
0, is at a distance R2 from A, B and D, and at a lesser distance from C; an

: 2
‘ ' observer at a little distance from 02 would be at a lesser distance than R,

77 b ———r— i, s

from at least one of A, B and D, as well as from C, This value of Rz would

' have to be compared with the values of Rz for those other circumcircles which
each enclosed one other sub-satellite point, in order to find the irnstantaneous

value of R
x,2 °

Similar considerations apply if the requirement is for simultaneous

f , visibility of any larger number of satellites, In Fig 12 the circumcircle of
. ABE encloses C and D, so its centre 03 is potentially - a qualification to be
explained in the next-but-one paragraph - a locally least-favoured point for
provision of triple coverage, being at a distance R3 from A, B and E, and at
lesser distances from C and D, Fig 12 shows 03 as also being at a distance
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R3 from a fourth sub-satellite point F; in tuis case 03 is simultaneously the :
centre of the circumcircles of four spherical triangles - ABE, ABF, AEF and BEF,
The next largest circumcircle shown as passing through A and B is that which also
passes through G; it encloses C, D, E and F, so its centre 05 is potentially a
locally least-favoured point for provision of five-fold coverage. This clearly
indicates that the centre and radius of ABEF should respectively be regarded not
only as 03 and R3 » relating to triple coverage, but also as 04 and R‘ ’
relating to quadruple coverage. As shown in Fig 12, F is just passing out of the
circumcircle of ABE while E is passing into the circumcircle of ABF; previously ;
ABF would have provided triple coverage and ABE quadruple, while subsequently
ABE would provide triple coverage and ABF quadruple,

The circumcircle of ABG, as well as having a radius R5 with centre at 05 g
and enclosing C, D, E and F, also has a radius of (180° - Rs) with centre at the
antipodes of 05 and enclosing the three remaining sub-satellite points H, J and
K = not shown in Fig 17 - of this 10-satellite pattern, so providing quadruple
coverage. Likewise the circumcircle of ABD has a second radius of (180° - Rz)
with centre at the antipodes of 02 and enclosing the six sub-satellite points
E to K, so providing seven-fold coverage; and the circumcircle of ABC has a
second radius (180° - Rl) with centre at the antipodes of 0I and enclosing the
.seven sub-satellite points D to K, so providing eight~fold coverage. To ensure
that every locally least-favoured point has been examined as a possible source
| it is necessary to consider both larger and smaller

L 2 St e Sl v T

; of the value of Rmax,n .
cir-umcircle radii of all possible combinations of three sub-satellite points,

i to find the number of other sub-satellite points which are enclosed in each
: ca: - for though with many patterns, such as pattern 6/6/4 shown in Fig 9b, only
{ the smaller radii are likely to be of practical interest, there are others, such

as pattern 6/6/5 in Fig 9a, where the larger radii are significant,

P

It was noted earlier that 03 in Fig 12, as centre of the circumcircle of
ABE, .s 'potentially' a locally least-favoured point for provision of triple
coverage, The reason for this qualification may be explained, for a single- o3
coverage example, by reference to Fig 13, Here A, B and C are three sub- 1

satellice points whose circumcircle has a centre 0p which lies outside the ;%

S e g

by spherical triangle ABC. Considering observers stationed at Op, X and 0q »

: all on the perpendicular bisector of AB, at increasing distances from C, it is

i evident that the observer at X 1is further than the observer at 0p from all
three of A, B and C, and the observer at 0q is 8till further from all three, so

that 0p is not in fact a locally least-favoured point; the distance from A and
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B increases from RP at Op to dy at X and to Rq at 0q » While the
increase in distance from C is even greater. However, 0q is the centre of the
circumcircle of ABD, where D is an adjacent sub-satellite point such that Oq
does lie inside ABD; hence 0q 18 a locally least-favoured point, and Rq is a
possible candidate for the value of Rmax.l « Thus not all spherical triangles
formed by combinations of three sub-satellite points necessarily provide valid
candidates for the value of R o b that value will be found among the radii of
the circumcircles of those triangles which have centres falling within the tri-

angles. However, such non-valid radii are effectively self-eliminating, since

each has a larger, valid radius adjacent to it.

Returning to Fig 12, it is apparent that ABEF is a limiting case. R3 does
not qualify as a valid candidate for the value of Rmax.B by virtue of being the
radius of the circumcircle of triangles ABE and ABF, since 03 lies outside
those triangles; however, it does qualify in respect of triangles AEF and BEF,
since 03 lies inside these triangles, and it must also be considered as a
possible (though unlikely) candidate for the value of Rmax,& .

We have so far considercd only the determination of the value of Rmax,n
for an instantaneous configuration of a satellite pattern, whereas we are really
interested in the maximum value taken over the whole of a pattern repetition
interval, which we shall call RMax,n (with a capital 'M'), The list of
spherical triangles whose circumcircles enclose (n = 1) other sub-satellite
points, and whose radii are therefore potential candidates for the value of
RMax,n » may well change as ¢ changes during the course of one PRI, as other
sub-satellite points move into or out of the circumcircle of any one group of
three; for example, in Fig 12, B is just passing from outside to inside the
circumcircle of AEF, which will then be enclosing three other sub-satellite
points instead of two, and so provide an example of quadruple, rather than just
triple, coverage, In general, the actual value of RMax.n will be associated
with one or more particular spherical triangles at one particular value of ¢ .
It occasionally happens that the value of Rmax,n , as given by a particular
triangle, passes through a maximum at some value of ¢ , but it is more usual
for RMax,n to occur when the relevant triangle is on the point of passing from
the n-fold to the (n + 1)~fold coverage iist; thus, in Fig 12, AEF is on the
point of passing out of the triple coverage list and RMax,3 for this pattern

might well be found to equal this value of R3 » provided the circumradius of

AEF is increasing with ¢ .
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Values of Runx,n » which represent maximum values of the sub-satellite
distance d for a particular pattern inclination & , mav be converted to values
of the winimum elevation angle ¢ , for any satellite altitude, by use of Fig 11,
Any value of RHax,n exceeding 81.3°%, which corresponds to zero elevation angle
for satellites in 24~hour orbits, is unlikely to be acceptable; for ¢ to be
never less than 5° » Ruax, must not exceed 76.3° for 24~hour satellites, or
71.3°% for 12-hour satellites. The value of Ruax determined for a particular
pattern is thus a very suitable criterion for aolclcing the merits of that
pattern, at the particular inclination § , for providing n-fold coverage; the
smaller the value of RHax.n » the larger will be the minimum elevation angle
provided by a satellite system using that pattern at a given altitude, or the
lower will be the altitude at which it can ensure that a requirement for a given

minimum elevation angle is met,

If the pattern inclination & is varied, the value of R, for each
spherical triangle, and the value of RMax,n for the whole pattern, will also
vary; as § is increased, R“ will be increased for some triangles and
decreased for others, Fig 14 illustrates this for one of the simplest cases,
RMnx | for pattern 5/5/1. When ¢ = 0°, Ruax,l must equal 90°, but as & is
1ncreased the value of RM. x,1 ° which is associated with the group of satellites
ACDE at ¢ = 1,0 PRU, falls steadily until it reaches the value of 69, 2° at
§ = 43.7°, 1In the meantime the value of Rl associated with the triangle BDE
at ¢ = 1,0 will have been increasing as § increased, until at § = 43.7° it
also reached the value of 69.20; as § 1is increased beyond é3.7°, 80 the value
of Rl for ACDE will continue to fall, but BDE now provides the value of RMax,l’
which increases steadily.

For other patterns the picture is similar in principle, though usually more
complex in detail, with RMax,n switching more frequently from one triangle to
another, and with the associated critical values of ¢ varying accordingly.,
Thus the plot of RMax,n against § , which is the upper envelope of plots of
Rn for all relevant triangles, usually shows more separate facets than the
simple V-shaped plot of Fig 14, but always has a minimum value, which we shall
call RMAx,n (with "MAX' in capitals), at some value of § which we shall call
Gopt + In a few cases RMAx n and 6 pt are associated with a minimm in the
plot of Rn against & for one part1cu1ar triangle, at one value of ¢ ; but
in most cases they are associated with a cross-over of the plots for two differ-
ent trianglee, each at a separate value of ¢ . In general, the present study

has been directed towards finding, for each value of T (the total number of
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satellites in the pattern) and of n (the level of coverage), the pattern pro-
viding the minimum value of RHAx.n + As noted in section 3.1, it has been
taken as a secondary objective that the minimum separation between any two
satellites in the pattern should be as large as possible. Using a parallel
nomenclature to that for R, we use Dmin to denote the minimum inter-satellite
separation in a pattern for a particular value of ¢ , at a particular value of
é 3 Duin to denote the minimum separation measured over a whole PRI, for a
particular value of ¢ ; and DMIN to denote the maximum value of DMin found
for any value of & . In general, this study has not set out to find values of
Dyin (though this would be easily done, and examples were given in Refs | and
2), but has rather found values of DMin at the inclination §
to choosing between patterns having similar values of RMAx,n .

opt * *° a guide

In the discussion so far, it has been assumed that the requirement to be
met is one for providing continuous coverage, through several different satel-
lites arranged in a suitable pattern, of every point on the Earth's surface.
Many practical applications will require intercommunication between two or more
points via a satellite, so that these points must always lie, at any one time,
within the coverage area of a single satellite, though this simultaneous cover-
age mighr be provided, over a period of time, by several satellites in turn. The
aptrroach via determination of values of RMAx,n is not appropriate for the
analysis of systems required to provide the type of large~area coverage needed
for intercontinental commercial communicationals, but it does have some applica-
tion to possible requirements for limited-area multipoint coverage, as illus-
trated in Fig 15. Here A, B and C are the sub-satellite points of three satel-
lites in a pattern* their circumcircle, of radius Rk » has its centre at Ol.

0l is then also the point of intersection of circles of radius Rk centred on
the three sub-satellite points. If coverage circles corresponding to the minimum
acceptable elevation angle actually have a larger radius dz , then these inter-
sect in pairs at three points X, Y and Z such that the whole of the triangle XYZ
lies within the coverage circles of radius d, for all three satellites, The

)

inscribed circle of XYZ has its centre at Ol » and its radins d_ is equal to

dz - Rk ; if Rk is equal to the value of RMax,n for this pattern at this
inclination, then dm is the radius of the largest circular area which can be
guaranteed always to lie wholly within the coverage area of a single satellite.
XX' 1is the shortest of the three distances between one of the vertices of XYZ,
at the intersection of two of the coverage circles, and the nearest point on the
third coverage circle; this is the greatest permissible distance between a pair

o iiaade
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of points such that it can be guaranteed that both points will always lie within
the coverage area of a single satellite. This distance is approximately equal
to 2d (though actually a little greater).

Hence, if a requirement should be expressed in the form that a satellite i
system must be able to provide i{ntercommunication between any two points on the f
Earth's surface which are not more than de apart, or hatween all points !

within any circular area of radius not exceeding dm » then an appropriate ‘ A
pattern would be one having a value of RHAx,I not exceeding (d‘ - dm) » Where
dz corresponds, in Fig 11, to the minimum acceptable elevation angle with
satellites at the chosen orbital period. For example, continuous world-wide
single-point coverage by 24~hour satellites above 5% elevation requires a pattern
having a value of RHAX,I not exceeding 76.3°; pattern 5/5/1, at its sopt of
43,7°, has RMAX, equal to 69.2°, so it can provide continuous simultaneocus
coverage, above 5 elavation, of all points within any circular area of radius

7.1°, ie 790 km, or of any two points not more than about 1580 km apart. Such

'I
!
|
K
!
}
i
.

'points' need not be fixed points on the Earth's surface, but might, for

instance, be ships; and the satellite period need not be limited to one of the

values giving repetitive Earth-tracks. However, if the requirement included

service to a few specified fixed points as well as to mobile atations, a rather

better reault could probably be obtained by choosing a repetitive-track period ]

and nodal longitudes which ensured favourable elevation angles at those fixed
" points.

Hence, whether the system requirements allow freedom to choose the orbital

| inclination to give the required coverage most economically, or whether they
constrain the inclination to a particular value (or range of values), the deter-
mination of values of RMAx.n and sopt
the required inclination in the latter, is a very powerful tool for assessing

R e T

in the former case, or of RMax n ot
»

the relative merits of different satellite patterns and, with some congsideration
also for values of nMin » for choosing the pattern most suited to the task of
providing continuous world-wide coverage in any particular circumstances.

4.2 Computer analysis

! ‘ The general approach described in section 4.1 has been used since the
1 beginning of these studies, as recorded in Refs } and 2, In the early stages,
as described in Ref 1, it was put into effect by:

(1) plotting the pattern on a globe, for phase angles corresponding to
g the beginning and end of a pattern repetition interval, and for large and
small values of & ;
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(ii) identifying for each case the triangle having the largest circum-
circle, and finding its approximate radius. by v.isual inspection aided by !
a near-hemispherical scale, known as a ‘'geometer', used for measuring geo- :

centric angles; and then

(iii) solving those triangles by simple formulae of spherical trigonometry

in order to find Gopt and obtain an accurate value for RMAX,I (which

was at that time described as dmax)'

Boiin e e e

The process described was practicable for patterns involving only small
numbers of satellites, but the risk of error in identifying the triangle having
the largest circumcircle increased rapidly as the number of satellites increased,
and it was soon realised that a computerised approach would be necessary if the
study was to be extended to larger numbers of satellites and higher levels of
coverage. Ref ! described the results obtained by the original hand methods; by

il %, il o i e M M e
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the time it was published, work on the computer program had begun, and before

publication of Ref 2 (a much shortened version of Ref 1) the original results
had been checked on the computer and modifications had been found necessary to !
two out of the eight results quoted for delta patterns. Introduction of the
computer program made it convenient to change the nomenclature used in Refs |

and 2 in a number of respects; the revised system has been described in
sections 2.1, 2,2 and 4,! of this Report.

5 Some coverage studies elsewherelz"3

s bl K A b v A o i

have used computer programs which
determined the number of satellites visible, above some minimum elevation angle,

; at each of a number of points forming a grid pattern on the Earth's surface,

§ ' That approach was rejected at the outset, as it was thought that accuracy would
; be poor unless the grid points were very closely spaced, so that their number

: would be very large; instead, the computer progfﬁm was based on the approach

E _ using circumcircle radii, described in the preceding section, which enables

worst—-case conditions to be determined precisely.

After passing through several stages of development this program,
identified as COCO (for circular orbit coverage), and written in FORTRAN for
use on the ICL computers installed at RAE, came to be used in three different
versions, suitable for use at different stages in the process of pattern
f analysis: a 'full version' and a 'shortened version', both held in binary form
on magnetic tape, and an 'express version', held in source form on punched cards
for use in the EXPRESS RADS service at RAE, »
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Originally, only the full and express versions ware daveloped, and these
were initially dimensioned for a maximum pattern size of 12 satellites; this was
later increased to 15 and eventually to 25, It is necessary to provide, as input
data, a list of the specific values of § at which the pattern is to be examined,
and a similar list of valuus of ¢ , as well as information identifying the
pattern itself; the latter could take the form, for each satellite, of the
identification letter and the two integer suffices defining its position in the .
pattern, as described in section 2,1, but for a complete delta pattern it is
only necessary to input tha pattern referenze code T/P/F, and the program can }
then derive the characteristics of individual satellites. The full program C

analyses the whole pattern, but the express version only examines specified |
pairs and trios of satellites, and so requires, as an additional input, the
identification numbers (defined below) of the pairs and trios specified.

Either version of the program starts by taking the first values of & and
¢ 1in the respective lists and using these to calculate the latitude and longi-

tude of each satellite. Next, the satellites are taken in pairs, and given
identification numbers ranging from | for AB and 2 for AC to {T(T - 1) for the
lact pair (eg 276 with 24 satellites), With the full version, the angular
separation between each pair is calculated, these values are sorted into ascend-
ing order, and the sorted list of identification numbers and separations (if

there are not more than 45 - otherwise only the smallest 30 and largest 14 are

L A LA IR A e

retained) later appears in the print-out, With the express version, the angular
separation is only calculated between each specified pair, and for pairs making

o up specified trios, so no sorting is involved.

Next, the satellites are taken in groups of three, and each trio is
allocated two identification numbers, ranging from ! and 2 for ABC and 3 and 4
for ABD to (§T(T = 1)(T - 2) - 1) and §T(T - I)(T - 2) for the last group
(eg 4047 and 4048 with 24 satellites)., As noted in section 4,]1, the circumcircle

o P AETET S AR e

cf each group of satellites has two radii; the smaller (odd) number is allotted
" to thr smaller radius and the larger (even) number to the larger radius. For
é each group in turn (in the express version, specified. trios only) the spherical
. triangle is solved by the standard formulae of spherical trigonometry; the sides
o are already known, as angular separations between pairs of satellites, and from
these the angles of the triangles are found. If the three satellites are readily
identifiable as lying on a great circle, the value of the circumradius R is
set to 90°; if not, the smaller value nf R is calculated from the standard
formula

I v e e e = mags €
. e e v
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tan R = tan ja sec 4(B + C - A)

where a, b, ¢ are the sides opposite the angles A, B, C respectively, as
noted in Appendix D of Ref !, From this, the coordinates of the centre of the
circumcircle are calculated, the angular distance from the centre to each of the
satellites in the pattern is found and compared with the circumcircle radius,

and hence tn. number of satellites lying within the circle is found.

Witk the express version, this completes the calculations for the first of
the listed values of & and ¢ ; the print-out shows: (a) for each specified
pair of satellites, the angular distance between them, and (b) for each speci-
fied trio: (i) the circumradius, (ii) the associated level of coverage (the
number o1 satellites enclosed plus one), (iii) the coordinates of the three
satellites and of the centre, and (iv) the angular distance from the centre to
each satellite in the pattern. The process is then repeated for the other
listed values of ¢ , for the same value of &6 ; and subsequently, for all

listed values of ¢ , for the other listed values of § .

With the full version, each circumradius is compared with those previcusly
calculated which correspond to the same level of coverage, for levels of cover-
age from single to seven-fold; values corresponding to higher levels of coverage
are discarded. For these seven levels nf coverage, lists are compiled, in
descending order of radius, of trio reference and circumradius; when the number
in any list would exceed 45, only those having the 30 largest radii and the 14
smallest radii are retained. After the smaller radius of each circumcircle has
been dealt with, the larger radius is also examined., When all trios have been
considered, the lists of trios and their radii for the seven levels of coverage
are printed out, together with the list of pairs and separations calculated

previously.

The process is then repeated, for the same value of § , for the other
listed values of ¢ , after which a summary is produced showing, for that value
of & , the apparent values (derived only from the listed values of ¢) of

RMax n? from n=1 to n=7, and of D . The process is then repeated
?

Min
for the other specified values of § ; and finally a summary is printed showing
the apparent values (derived only from the specified values of § and ¢) of
RMAX n? from n=1 to n=7, with the corresponding apparent values of

’

§ and

opt DMin , and the apparent value of DMIN .

The overall procedure found appropriate, making use of the full and

express versions of COCO in turn, is as follows, First, a list of potentially
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appropriate patterns is drawn up, based on the value of T expected to be suitable
for the value of n required., Second, the considerations of sections 3.2 to 3.5
are used to eliminate clearly unsuitable patterns; alternatively, an even shorter
list might be used, limited to the most promising patterns identified in accord-
ance with section 3.6. Third, each of the remaining patterns is examined using
the full version of COCO, probably considering three values of § (say 45°, 55°
and 65°) and two or three values of ¢ (say O and 1,0, and perhaps also 0.5).
From these results an initial estimate is made of the values of sopt’ RMAx;n
and DMin for each pattern, and all except the two or three most promising
patterns discarded. For each of the remaining patterns, the identification
numbers of those triangles which appear liable to be involved in critical condi-
tions determining RMAx,n , with a range of suitable values of § and ¢ , are
then used as input data for a run of the express version of COCO, After inter-
polating between the printed results, and performing one or more further runs of
the express version using improved estimates, it should be possible to make a
precise e¢stimate of the values of RMAX,n and Gopt , with the associated tri-
angle reference numbers and values of ¢ ; a further run of the full version of
C0CO, using the selected value of & , and about six or seven values of ¢ bet-
ween 0 and 1.0, including the predicted critical values, should then confirm
§hese values of RMAx,n and Gopt , with the associated value of DMin s OF
elgse provide further information from which the correct values may soon be

determined,

This procedure, using full and eipress versions of COCO, was used success=-
fully for studies of from single to quadruple coverage, using up to 15 satellites,
results of which were given in Refs 3 and 4. However, the full version has the
disadvantage tha. the number of triangles to be examined, and henc: the computer

running time, increases approximately as the cube of the value of T.

When it was desired to increase the maximum number of satellites in the
patterns studied from 15 to 25, in the light of reported prolaosals‘3 for a satel-
lite navigation system using a delta~type pattern of 24 satellites, it was felt
that this might lead to unacceptably long running times with the full version of
COCO, so that a different approach should be explored. The running time of a
program which determined the number of satelliies visible from each of a number
of grid points, though it would increase in inverse proportion to the square of
the grid sparing, would only increase in direct proportion to the number of
satellites in the pattern; a program, identified as GRID, was therefore prepared

based on this approach.
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GRID re-uses as many as possible of the elements of COCO, but differs in
the basic calculations. Having determined the coordinates of the grid points
(vhich are non-rotating relative to the orbital planes) and the coordinates of
the satellites for the relevant values of & and ¢ , it proceeds, for each grid
point in turn, to find the angular distance to every sub-satellite point and to
select from these the seven nearest, listed in increasing order of distance. As
each successive grid point is examined, its distance to the nearest satellite is

compared with the largest previous value of distance to the nearest satellite,

"3
.
i
,
i
k]
A
§

gecond nearest to largest previous second nearest, and so on, only the larger
value being retained in each case, When all grid points have been examined, 3
these largest values of distances éo the seven nearest satellites are printed
and then, as with COCO, the process is repeated for other phase angles, and
subsequently for other inclinations, thé results being sorted and summaries

printed at each stage,

The spacing of the grid points is treated as an input variable, The
equator is divided .into 2N equal segments, the zero meridian into N similar seg-

ments, and each of the (N = 2) parallels of latitude into M, equal segments, ]

L
where Mz is the nearest integer to 2N multiplied by the cosine of the latitude;

12,13 elsewhere

a single grid point is also inserted at each pole., Other studies
have not used this cosine factor, which maintains a relatively uniform distribu-
tion of grid points over the Earth's surface, avoiding the concentration of grid
points which otherwise occurs at high latitudes as the meridians converge, and
producing a valuable saving in computing time by reducing the total number of
grid points; for example, with N = 36 (5° spacing) the number of grid points

is reduced from 2522 to 1652,

LT

It was found that, with T = 15 and 5°.grid spacing, the running time of
GRID was approximately equal to that of the full version of COCO; for larger

values of T , GRID therefore has an increasing advantage. However, it was
apparent that GRID also has substantial disadvantages relative to COCO., The
results it produces inevitably underestimate the angular distance between the
least—-favoured point on the Earth's surface and a sub-satellite point. With 5°
grid spacing, the error might be anything from zero to about 3.5°, with an
- average value of about I.9°; with 10° spacing, as used elsewherelz, these errors
would be doubled. This uncertainty made it impossible to use the results to
select a short-list of preferred patterns with any degree of confidence; it
appeared desirable to reduce the grid spacing to about 3%, but this would so

increase the runnin3y time that, even with T = 24 , GRID would have a negligible

! 4
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advantage over the full version of COCO. Approximate relative running times of

GRID and COCO are shown in Fig 16.

The other major disadvantage of GRID, relative to the full version of COCO,

is that it produces much less information about the behaviour of the pattern, and

provides no basis for a more detailed investigation of the critical conditions,

It therefore appeared that a downgraded version of COCO might be a useful j
compromise solution, The 'shortened version' which was then prepared differs g
from the full version only in that, as each triangle circumradius is calculated, j
it is compared with the largest circumradius previously found for the same level
of coverage, and only the larger value is retained; the print-out, instead of
listing up to 45 triangles for each level of coverage, quotes the largest only.,
This makes it rather less easy to pick out the critical triangles, for subsequent
study using the express version of COCO, since their behaviour cannot be followed

at values of ¢ at which their circumradius is not the largest for a particular

) value of n ; however, it approximately halves the running time, as shown in
1 é Fig 16. In consequence, no further use has been made of the GRID program, and
the shortened version of COCO has generally been used instead of the full version

for values of T exceeding 15.

. 5 NUMERICAL RESULTS FOR COVERAGE BY I'®i.TA PATTERNS

] Numerical results obtained through use of the program COCO to examine delta

patterns are presented in Tables 2 to 7,

i Tables 2 to 5 contain results for single, double, triple and quadruple
- coverage respectively, by delta patterns containing up to 15 satellites. These
3 were obtained during 1971 and 1972, when the program was first used to extend

the scope of the study]’2 previously conducted using hand methods., Condensed

E . versions of these tables have previously been presented in a papera’4 prepared
; for the IEE International Conference on Satellite Systems for Mobile Communica-~

tions and Surveillance, held in London in March 1973,

Tables 6 and 7 contain results, for up to seven—-fold coverage by delta
patterns containing up to 25 satellites, which were obtained during late 1974
and early 1975 after the program had been modified, as described in section 4.2,

to handle larger patterns. Whereas the earlier study had been quite general in
nature, this efforc was conducted primarily to clarify the background to US
, proposals13 to use a 24-satellite, 12-hour, “elta~type pattern for a satellite
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navigation system prrviding up to six-fold coverage, and for this reason it was

concentrated on finding those patterns which appeared most suitable at a given
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inclination of 60° or 63°, rather than on finding the optimum inclination. In a
few instances the optimum inclination was investigated, and these results appear
in Table 6; results for 63° inclination appear in Table 7, Results for 60°
inclination do not differ significantly from those at 63°, and are not presented
here. A discussion of the relevance of these results to a satellite navigation
system appears in Appendix A, while the following discussion is more generally
applicable. {

The first column in each of Tables 2 to 7 lists the pattern reference codes
of those delta patterns for which firm results were obtained. All possible delta
patterns containing up to 25 satellites, with the exception of patterns of the
forms 16/16/F, 17/17/F and 25/25/F, were examined during the course of these
studies; however, as regards Tables 2 to 5, all except those listed were elimi-

e T ¥ e T

nated at an intermediate stage, when the examination had proceeded far enough to
establish that, on the criteria being used (primarily a small value of RMAX n?
]

but the values of DMi and P were also considered), they were of less

interest than other pa:terns retained in the list having the same value of T.

It appears that, in most cases, the patterns providing the best coverage are
found among those having only a single satellite in each plane; the instances in
which the best results are obtained with several satellites in each of a small

number of planes are comparatively rare. Some of the patterns listed have draw-

s O ik vadlen

backs (eg DMin = 0) which would justify their eliminat®on, and these were
excludied from the tables in Refs 3 and 4, but they are included here for com-

pleteness, since they were originally considered to have sufficient interest to
justify continuing till firm results were obtained. It is not suggested that the
patterns vmitted from these tables would be unsuitable for use under any circum-
stances; the criteria used here may not always be appropriate, and it may be

found desirable to examine a wider range of patterns on the basis of criteria ]

chosen to reflect particular system requirements,

In Tables 2 to 6, the second column shows, for the relevant value of n ,
the value of RMAX n for each listed pattern; the third column shows the
’

inclination 60 at which this value occurs; and the fourth column shows the

value of DMin p:t this inclination, Fig 17 shows, plotted against T, the lowest
value of RMAx,n for each value of T, at each value of n , taken from these
tables; no value is shown for T = 16 or 25, since not all the relevant patterns
were examined. The general trends shown in this figure are those that would be
expected, though the decrease in RMAx,n with increase in T is not entirely

regular; it appears that, due to some quirk of geometry, the best ll-satellite
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delta pattern can provide a slightly smaller value of RMAx,I than can the bast
12-satellite delta pattern, and the best l4-satellite delta pattern a slightly
smaller value of RMAx,l than can the best 15-satellite delta pattern. Fig 17
is effectively an extended version of Fig 11 of Ref 1,

Of the 86 values of Gopt shown in Tables 2 to 6, more than half lie bet-
ween 50° and 60°; the smallest value is 43,7° and the largest 71.8°, For 3~plane
patterns it might be expected that the optimum inclination would approximate to
the value at which the three planes are mutually orthogonal, ie
sin-l(cos 45°/cos 30°) » which equals 54.7°; from these results it appears that
55° would be a sound initial estimate for other patterns as well., There seems

to be a tendency for the values of 60 to be slightly lower for single and

pt
double coverage than for higher levels of coverage, but this is not very signifi-

cant relative to the overall scatter of values,

The values of Dyin listed in Tables 2 to 6 are those corresponding to
the inclination Gopt . If it were important, for a particular system, that the
minimum satellite separation should be as large as possible, then it would be
appropriate to optimise for DMIN rather than for RHAx,n » Or at least to aim
at a compromise between the two; the patterns short-listed in these tables would

not necessarily be the best for that purpose, and section 3.6 (and Table 1)

‘would provide a better basis for pattern selection. It may be seen, from

Tables 2 and 6 respectively, that with a pattern containing only five satellites
it is possible to obtain a value of Dy;n 8reater than 80°, while even with a
pattern containing 24 satellites it is possible to obtain a value of DMin
greater than 30°.

The fifth and sixth columns in Tables 2 to 6 show, respectively, the values
of § , and the latitudes {elative to the reference plane) of the circumcircle
centres, corresponding to the critical conditions for RMAx,n + These may be
understood more readily by relating the entry for pattern 5/5/1 in Table 2 to
Fig 14, For many patterns there are double entries in both the ¢ column and
the latitude column, but with pattern 5/5/1, as with several other patterns, the
value of ¢ at which Rl is a maximum is 1.0 for both groups of satellites
(ACDE and BDE) which contribute equal values of RMax,l to provide the value of
RMAX,I at Gopt . The centres of the circumcircles of these two grours. and
other corresponding points at the latitudes listed in the sixth column, in both
northern and southern hemispheres, and at several longitudes, are the points
wiuich experience the minimum elevation angle to the nth nearest satellite which

corresponds to the value of RMAX n* Even if the basic aim of a system were to
?




provide uniformly .satisfactory whole-Earth coverage, there might be reasons for
providing above-average minimum elevation angles at a particular location ~ for
example, wvhere a telemetry, tracking and command stetion must be located = in
which case it would probably be advisable to avoid any close correlation between
the critical latitudes for the chosan pattern and the latitude of the station;

single-station coverage was considered by Hercon‘g.

In most cases two groups of satellites are involved in the critical condi-
tions, so two latitudes are quoted. With pattern 12/3/1 in Table 2 there are
four groups having the same circumradius, centred at four different latitudes,
while in a ‘ew other cases (such as pattern 5/5/3 in Table 2) RHAx,n occurs at
a minimum in the plot of RMnx,n against & for the circumradius of a single 3
group, so that there is only a single entry for latitude as well as for ¢ . i1

i Wt ol

For single coverage, critical conditions usually occur at one or both of the
extremes of the PRI, vhen ¢ = 0 or 1.0, but for higher levels of coverage they
are more likely to occur at intermediate phase angles, and this was one of the
difficulties which made it necessary to abandon the hand methods of analysis

used for Ref 1 in favour of the computer program.

TP

In Table 7, the second to eighth columns give values of Ruax,n from
n=1 to n=7, and the ninth column gives the value of Dmin , for the single
inclination of 63°; this is the inclination which has been suggestedla
the Navstar/GPS satellite navigation system, and it is not necessarily the opti-

for use in

mum inclination for any particular level of coverage., Whereas all the values of ]
RMAX n quoted in Tables 2 to 6 have been refined by u.le of the express version
»
! of COCO, as described in section 4.2, in order to find the true maximum value at

T T T T 1 v T g T

: the most adverse phase angle, the values of RHax a in Table 7 have not, and it
]

! is therefore possible that some of them are slight under-estimates of the true
values., Most of the 24-satellite patterns, and all those containing 19 sate.-
lites or fewer, have been checked for six or more values of ¢ , and any errors
are likely to be very small; but patterns in the sidelined block in the centre
of the table have been checked only for three values of ¢ (0, 0.5 and 1.0),

and the possibility that the results are under-estimates is therefore somewhat

greater, though significant errors are unlikely.

Three of the patterns listed in Table 7 have the characteristic described
in section 3.3, having P =T and F = 1T or ST!, so that in the worst case
two-thirds of the total number of satellites lie on a single circle centred on
one pole, with a radius, for 63° inclination, of 63.5°. Thus, for patterns
21/21/7, 21/21/14 and 24/24/8, 63.5° is the value not only of Ryax,1 but also

B R T
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I T

of PH.: 2 and RMax 3 » and for pattern 24/24/8 it is also the value of
1
$ but these pattnrnn nevertheless hava relatively favourable values of
Y
Ruax 5 and Ran 6 ° which led to their inclusion in the table.
4 »

The ninth column in Table 7 gives values of Din for 63° inclination,
and the tenth column shows the number of separate Earth-tracks which each of
these patterns would follow in 24-hour and in 12-hour orbits, the latter being
the period luggcltodl3 for the Navstar/GPS systenm.

The last column in each of Tables 2 to 7 contains a note (# or ¢) indicat-
ing the correlation with Table 1, in which patterns are listed on the basis of
their compatibility with non-self-crossing single Ear:li-tracks, as discussed in
section 3.6, The correlation is generally good, particularly considering that
some patterns were included in Tables 2 to 7 because of the flexibility available
from their use of only two or three orbital planes, rather than the provision of
a favourable value of RMAx.n » and others have been included despite a zero
value of nuin . However, it is apparent that some potentially useful patterns
are omitted from Table 1,

It may be noted that, among the patterns short-listed in the various
tables, a high proportion have a relatively large number of orbital planes, with

relatively few satellites (often only one) in each plane,

An elevation angle of 5° is usually regarded as the minimum value for
operational planning purposes; this corresponds to a value of RMAx not
exceeding 76. 3° for 24~hour orbits, or 71. 2° for 12-hour orbits. Ftom the values
shown in Tables 2 to 7 and Fig 17, it appears that this requirement can be met
by sels:ted delta patterns which contain at least the numbers of satellites
list:d telow. .. minimum values for five-fold and six-fold coverage are not
defiri::ly established, so are shown in brackets; in particular, it seems likely
that the number required for five-fold coverage using 12-hour orbits might be

reduced after investigation of inclinations other thar 63°,

Level of coverage 24~hour orbits 12-hour orbits

Single 5 5
Double 7 8
s -iple 11 12
Quad:iupire 14 15
Five-fold (18) (21
Six-fold 21 (23)
Seven-fold 24
In general it appears tha. .t either of these orbital periods, a unit increase

in the level of coverage requires an increase of about 3 or 4 in the number of

satellites in the optimum pattern.
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6 CONCLUSIONS

(1) Considering only systems of satellites in equal-period circular orbits, the
merits of a particular orbital pattern of satellites, as regards the provision of
a particular (n-fold) level of continuous whole-Earth coverage, are largely
determined by the value (preferably small) of RHAX a? the maximum angular dis-
tance of an observer from the nth nearest sub-sateliite point, at the optimum
orbital inclination (or else by RMax.n » if an inclination other than the opti-
mum has to be used); and also by the value (preferably large) of DMin s the
minimum angular separation between any two satellites in the pattern, at the
inclination in question. Values of RHAx,n and Dnin for a particular pattern
are independent of orbital altitude; however, because of the dependence on
orbital altitude of the relationship between the observer's distance R from a
sub-satellite point and the elevation angle ¢ at which the satellite is visible,
the maximum acceptable value of RMAx,n increases as altitude increases.

(2) Selected members of the family of equal-period circular-orbit patterns,

1,2 as delta patterns, provide a particularly uniform satel-

described previously

lite distribution, leading to relatively large values of nhin and relatively

small values of RMAx . these patterns are likely to be a particularly suijt-
]

able choice when multiple coverage is required.

(3) A delta pattern may be fully identified and described by (i) a three-
integer code reference T/P/F, where T is the total number of satellites in the
pattern, P is the number of planes between which they are equally divided, and

F is a measure of the relative phasing of satellites in different planes; and
(ii) the inclination & of all the orbital planes to a reference plane, which
would usually (but need not necessarily) be the equator. The instantaneous
positions of the satellites in their orbits are then given by the pattern phase
angle ¢ . These characteristics are independent of orbital altitude. For any
value of T, the number of possible delta patterns is equal to the sum of all the

factors of T, including ! and T.

(4) Unlike the orbital patterns, Earth-track patterns are dependent upon
orbital altitude (or period) and on the inclination of the reference plane to the
equator, For long-term station-keeping io be practicable, configurations are
likely to be limited to (i) two-plane and three-plane delta patterns in which one
plane is equatorial and (ii) patterns containing any number of planes of equal

inclination to the equator.
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(5) For delta patterns whose reference plane coincides with the equator, the
number of separate Earth-tracks followsd by the complete pattern may correspond
to any factor of T, including | and T, For an altitude corresponding to L:M !
resonance, at which the Earth-tracks are repetitive after L orbits in M days, it
is possible to deduce from the pattern code reference (T/P/F) either (i) how
many separate tracks a particular pattern will follow, or (ii) which of the
patterns having a particular value of T will produce a number of Earth=~tracks i
equal to a particular factor of T (the number of such patterns being equal to
this factor, eg only one such pattern will produce a single repetitive track).
It is also possible to deduce, for a given pattern, at what orbital altitudes it
will produce the number of Earth-tracks corresponding to a particular factor of ;
T.

(6) Prom the pattern code reference T/P/F, it is possible to identify certain
delta patterns as having unsatisfactory values of RMax,n or of DMin , and to
identify others as having favourable values of DMin » and hence also of RMAx,n’
likely to place them among the best available. However, positive identification

e A it

of the optimum pattern for any particular requirement would involve a computer
study of the coverage provided by a number of potentially suitable patterns,

(7) For study of the coverage provided by satellites in equal=~period circular
: orbits, a computer program based on determination of the radii of circumcircles §
of sub-satellite points, as in the program COCO, has advantages over one based
on determination of distances of sub-satellite points from a network of points
on the Earth's surface, as in the program GRID, in respect both of accuracy and, j

j except for the largest patterns, of computing time needed.

(8) The results presented, obtained with the program CQCO, show minimum numbers

of satellites necessary to achieve various levels of continuous whole=~Farth
coverage which range (for 24-hour orbits and 5° minimum elevation angle) from

5 satellites for single coverage to 24 satellites for seven-fold coverage. In

B e e s, s e

mogt cases the patterns providing the best coverage are found among those having
a relatively large number of separate orbital planes with relatively few satel-
5 lites (often only one) in each plane; and in most cases the optimum inclination

is between 50° and 60° (or between 120° and 130° for retrograde orbits).
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Appendix A

EXAMPLE OF APPLICATION OF RESULTS TO A SATELLITE NAVIGATION SYSTEM

13,4 have discussed the relevance of some of the results of

Earlier papers
this study of whole-Earth coverage to mobile communications systems. Previously
unpublished results included in this Report deal with the extension of the study
to patterns of up to 25 satellites, which followed press reports of proposals for
a satellite navigation system (Navetar/GPS) using an orbital pattern of 24

satellites.

When developing a system design making use of a multiple-satellite pattern
to provide whole-Earth coverage, it is desirable to develop coverage criteria
based on known system requirements and constraints in order to guide the study
of coverage patterns and the evientual choice of a preferred pattern., During the
present study the particular system requirements and constraiuts for the satel-
lite navigation system were not known, and no attempt has been made to synthesize
such requirements in any extended form; these comments are based only on a fairly
elementary consideration of a few relevant points.

GPS has been describedl3 as using 8 satellites in each of three 12-hour
orbits; at that altitude Ryax.n DUSt not exceed 71.2° if the minimum elevation
angle is not to be less than 56 Earlier works’“ in this study (sev also Table 5)
has shown that 15 satellites are enough to provide quadruple coverage with RMAX 4
not exceeding 71, 2 Table 7 indicates that, at 63° 1nc11nation, 21 or 22 satel-
lites would provide five-fold coverage and 23 or 24 satellites would provide six-
fold coverage. A GPS system user would calculate his position in three dimen-
sions by radio determination of his range from four sateliites at known orbital
positions; the fact that no less than six satellites should always be visible
provides redundancy which allows both for failure of some satellites and for

choice of those gsatellites which provide the best geometry for a fix.

Without entering into a detailed analysis of requirements, elementary
considerations suggest the following three criteria for selecting promising

patterns; these involve no more information than is available in Table 7.

(i) If two satellites have only a small separation, one of them is
effectively useless; the minimum satellite separation DMin should there-

fore be as large as possihle.

(ii) If the value of RM for seven-fold coverage is only a little

greater than 76, 1° , the value corresponding to zero elevation angle with
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satellites in 12-hour orbits, then experience of the manner in which R
usually varies with ¢ suggests that a saventh satellite is likely to be
below the horizon for only a small proportion of the time; whereas if o
RMax.? is much greater than 76.l°, then the seventh satellite is probably i ;
below the horizon for long periods, Hence, while it is essential that ‘
RMax.G should be no greater than 71,2°%, it is also desirable that RH;x,?
should be as small as possible, in order to minimise the effects of any
satellite failures.

- NP AR

(iii) 1If the observer and all four satellites being used lie in or nearly
in the same plane, then the position-fixing accuracy in the direction

W i ¥ 1k e e e

perpendicular to the plane will be poor. Apart from satellites which are

permanently in the same orbital plane, other satellites will pass through
that plane as the orbits intersect. With eight satellites in each of

three orbital planes, and to a lesser extent with six satellites in each

of four orbital planes, it will regularly happen that an observer can see
four satellites in the same plane; there is therefore a risk that failures ¢
of oéher satellites might lesave these as the only four usable satellites. i
With larger numbers of orbital planes, containing fewer satellites each, :
this is unlikely; patterns containing less than six satellites in each 1

plane therefore appear preferable, b

Considering first the three 3-plane, 24-satellite patterns in Table 7, it
appears that pattern 24/3/1 is least desirable because of its very small value

of DMin ; this would fall to zero if the inclination increased to 63.7°. There
! is not a great deal to choose between patterns 24/3/0 and 24/3/2 in terms of
values of Dnin and of RMax,? ; one difference is that 24/3/2 traces only
eight separate Earth-tracks in 12-hour orbits, whereas 24/3/0 follows 24 tracks,

ko

If a limitation to three orbital planes is not an overriding requirement,
some patterns involving larger numbers of planes appear worth consideration.
Pattern 24/4/3 gives a slightly better value of Dyin » Dut no significant
improvement on criterion (ii) or (iii). However, the 24-satellite patterns in
Table 7 which have six or more planes show a definite improvement in terms of
1 criterion (ii), with RMax,?. reduced by about 10°, as well as criterion (iii).
1 Pattern 24/8/4 (12 tracks) also has DMin increased to about 20°, and pattern
24/12/9 (24 tracks) has DMin increased to about 30°, In addition, pattern
23/23/14 (23 tracks) pro:ably has comparable values of RMax,G and RMax,? ’
with Dyiin exceeding 20, The possible suitability of these patterns appears

G Sl I R s

i to deserve further consideration.
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Appendix A 51

From considerations solely of covarage, 63° is not necessarily the optimum
inclination., Table 5 shows that, for the minimum value of RMAx 6 ° the optimum
inclination for both patterns 24/3/1 and 24/3/2 is 55.1°, very cloue to the
inclination of 54,7° at which the three planes are orthogonal; however, the
reduction iu RMux,ﬁ between 63° and 55.1° inclination is less than 2°,

Table 7 provides a basis for discussion of the effects of even larger
changes in the system parameters. Thus (if the not-fully-checked figures are
agssumed to be reliable) the 21-satellite patterns 21/7/1 (3 tracks) and 21/7/3
(21 tracks) have values of DMin approaching 20°. and 21/21/9 a value of DMin
well over 30%; a sixth satellite will sometimes be below 5° elevation, but never
below the horizon.- it might be considered whether, as compared with the 3-plane
24-satellite patterns, this low minimum elevation of the sixth satellite would
be balanced by the r;duced risk of having only four coplanar satellites avail-
able, the larger value of DMin , and the smaller total number of satellites
required. Alternatively, consideration might be given to the balance of
advantage if the orbital period of the system were increased (eg to 24 hours) so
that the sixth satellite visible in these 21-satellite patterns would always be

above 5° elevation.

Table 7 also provides some information relevant to a gradual build-up to
(or run-down from) a full 24-~satellite system; for example, pattern 18/3/0 (six
instead of eight satellites in each of three planes) and pattern 18/6/2 (three
instead of four satellites in each of six planes) both have values of RMax 4
less than 71, 2 but the six-plane pattern has the more favourable values of
RMax, and DMin . Pattern 16/8/5 (two instead of three satellites in each of
eight planes) has a value of RMax,4 which only slightly exceeds 71.2°,

The foregoing discussion is intended to illustrate the amount of relevant
information which a simple coverage study of this sort can contribute to the
early stages of examination of even a highly complex system, such as would
eventually require much deeper analysis., However, it must be noted that Bogenl3
implies that the preferred choice for Navstar/GPS is pattern 24/3/1, which we
would have rejected on the basis of our simple analysis; this may perhaps show

the simple approach to be inadequate.
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Appendix B
USE OF THE PROGRAM COCO WITH OTHER TYPES OF PATTERN

While the program COCO was developed primarily with the objective of study-
ing larger delta patterns than had been possible by hand methods, it was designed
to be capable of handling other types of pattern also., 7This is largely a matter
of the manner in which data regarding satellite orbital characteristics are input
to the program,

As noted in section 4.2, there are two possibilities: to supply data on
each individual satellite, or on the pattern as a whole, Where feasible, the
latter approach has been adopted. In the case of the star patterns, discussed
in Ref !, there are two significant differences from delta patterns: F need not
have an integer value, and the ascending nodes are not evenly distributed over
the full 360° of the equator, but all occur within one 180° arc. The latter
point is dealt with by introducing an input parameter W , which modifies the
spacing of the nodaes; thus the ascending nodes are separated by W x 360°/p »
where W= ] for a delta pattern and has a value a little greater than 0,5
(usually in the range 0.525 to 0.625) for a star pattern. In Ref 1 the separa-
tion between ascending nodes of a star pattern is identified as 2a; hence
W= P x a/180°, All satellites in a star pattern are treated as having a common
inclination of 90°, and the pattern is optimised by varying W (for a given

value of F) to find the value w;pt at which the minimum value RMAx.n occurs,

In Ref 1 it was suggested, when discussing the results obtained, that
delta patterns were most appropriate for use when medium inclination orbits werc
required, and star patterns when polar orbits were required, but thgt if near-
polar orbits were required it seemed likely that a modified star patiern would
prove most appropriate. To test this suggestion, the program COCO was used to
make a brief comparison of such 'open-centred-star patterns', having orbital
inclinations of 85° and 80°, with star patterns of 90° inclination. This was
done, for double coverage, with 9-satellite, three-plane patterns having values
of F of 2.0 and 2.25; the results obtained were as follows:

Pattern Inclination RMAX,Z wopt DMin
902 74,2° 0,542 16.6°

9/3/2.0 85 74.02 0.548 23.4°
80 73.9 0.552 15.8°
902 74.03 0.544 24.2ﬁ

9/3/2.25 85 73.90  0.541  16.5
80 73.9 0.535 9,5°
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These results confirm a small reduction in the value of RMAx 2 for these
’
open-centred-star patterns as the inclination is reduced rcelow 90°; however, it
remains substantially larger than the value of RMAX 2 for comparable delta
9

patterns of moderate inclination, as shown in Table 3,

No further general investigation of open-centred —-star patterns was under-
taken as, in the absence of any specific requirement, it appeared that the
results were unlikely to be of sufficient interest to justify the time and effort

involved,

Another pattern, which formed the subject of Fig 3 of Ref 1, was a five-
satellite pattern consisting c¢f two satellites in geostationary orbit, at longi-
tudes *s relative to a reference longitude, and three satellites in polar or
near-polar synchronous orbits following a single figure-8 Earth-track with its
node 180° from the reference longitude, Estimates of optimum conditions for :
this pattern, as quoted in Ref 1, were based on measurements on a globe, and 3;
their accuracy was uncertain; COCO was therefore used to perform accurate calcu-
lations. For this purpose data were supplied for each satellite separately, the
basic program being slightly modified so that two satellites were given zero
inclination instead of the common inclination i used for the other three, It
was found that, in general, values of the radius of the circumcircle identified
in Ref 1 as BCZEZDZ are about 1.5° smaller than originally estimated; in conse-
quence, optimum conditions occur at i = 82.4° (instead of 780) and s = 41,1°
(instead of 42”), giving a value of RMAX,I of 76.6° (instead of 77°) and hence

a minimum elevation angle of 4.7° (instead of 4.3%), with

(o]
DMin equal to 44,1, -3
This is clearly inferior to both the delta patterms 5/5/1 and 5/5/3, as shown in i3
Table 2, since in synchronous orbit these provide minimum elevation angles of ‘

12.3° and 5.8° respectively, with values of DMin of 60.9° and 82.2°,
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Table |

PATTERNS GIVING SINGLE REPETITIVE RARTH-TRACKS

L/M 1/2 2/3 21 3/2 4/3 S/4 6/5
Period <
48 1 36 h 12 h 16 h 18 b 19.2 h 20 %

T
s 5/5/2 $/5/1 o | 5/5/3 o SIS/t o« {&/5/2 s/s/jo  / |shjo [/
6 6/3/2 6/2/0 of | 6/606 wf | 67370 / 16/2/0 of | 6/3/2 é/6/0 [/
7 1113 11114 71s &« vz e Yy 0 ) Mk 1173
8 8/4/3 8/8/2 ol | 8/8/6 wl | 8/4/1 8/8/6 |/ | 8/2/1 O |8/8/2 =
9 9/9/4 9/31 9/9/7 & |9/9/13 1 [9/3/2 w | 9/9N 9/9/6 4
10 10/5/4 10/10/6 10/10/8 # 10/8/2 « |[10/10/2 & 10/5/0 / | 10/2/0 ¢
n 1111/ n/m/s o« | umye o= | amk o« amivze n/mn 1n/mn
12 12/6/% 12/4/2 & | 12127100 | 12/6/3 | 12/4/0 /1 12/3/7  « | 121276 /
13 13/13/6 13/13/8 13/13/11 1313/ = |13/13/3 = | 131372 & | 131304 %
14 14/7/6 14716/6 & | 1&/a120 | 147776 w | 1414/8 1477/} 14/14/10 &
15 15/18/1 15/5/3 15/15/13 15/15/6 « |15/87: o | 15/vs/10 4 | 15/3/0
16 16/8/7 16/16/10 x 16/16/14 x 16/8/5 ¢ |16/16/4 =¥ | 16/4/3 O | 16/16/2 x
17 17N/ x| /s x farhvans x i x [mntnox | i3 o x (11119 x
18 18/9/8 18/6/4 18/18/16 14/9/6 © |18/6/2 ¢ | 18/9/2 18/18/6 1
19 1971979 19/19/12 19/19/17 19/19/8 © [19/19/3 19/19/13 19/19/14
20 20/10/9 20/20/6 20/20/18 20/10/7 ¢ | 20/20/12 20/5/0 1 120/4/2
2 21/21/10 21/1/5 21/21/19 21/2179 © |211773 ¢ | 21/21/4 21/21/3
22 22/11/10 22/22/14 © | 22/22/20 22/11/8 0 | 22/22/6 22/11/3 22/22/12
23 23/23/1 23/23/7 23723/ 23/23/10  ]23/23/14 O | 23/23/16 23/23/8
24 24/12/1 24/8/6 24/24/22 26/12/9 © |24/8/4 O | 24/6/7 O | 2472411817
25 25/25/12 x | 25/25/16 x | 25/25/23 x | 25/25/11 x ]25/25/7 = | 25/25/5 =x | 25/3/4 O

G i e el L o

Notes on Tables | to 5

* This pattern appears both in Table 1 and in one or more of Tables 2 to 5, giving the minimum value of
.Hhx,n for this valus of T ,

O This pattern appears both in Table | and in one or more of Tables 2 to 7,

Notes on Table | only

x No comparison with Tables 2 to 7 can be made for this pattern, since patterns of the forms 16/16/P,
17/17/F and 25/25/F were not included in the calculations from which those tables were compiled,

! This pattern is of one of the forms which indicate a single-plane configuration (see section 3.2).

/ This pattern is of one of the forms which indicate a two-parallel~plans configuration (ses

section 3.3),
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SINGLE COVERAGE
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Pattern RMAX,I 6opt Duin phfzit::fies Latitudes Notes*
T/P/F (degrees) | (degrees) | (degrees) (PRD;? (degrees)
5/5/1 69.2 43,7 60.9 1.0 25.5, 51.3 *
5/5/3 75.5 51.8 82.2 1,0 51.8 o
6/6/4 66.4 $3.1 73.7 1.0 30.0, 90.0 *
6/2/0 66.7 52,2 35.7 1.0 14.5, 90.0 o
7217/5 60,3 55.7 57.0 1.0 15.4, 60.6 %
717/ 60,5 48,0 42.5 1.0 12.5, 68.4 o
8/8/6 56.5 61.9 56.3 0, 1.0 2.4, 38.7 %
8/2/1 56.9 48.2 29.5 0, 1.0 8.7, 72.8 ¢
9/9/7 54.8 70.5 43,1 1.0 9.8, 20.6 o
9/9/2 57.9 61.3 26.0 1.0 ’ 40.5
9/3/0 61,9 70.5 33.6 1.0 19.5, 90,0
10/5/2 52,2 57.1 46,6 0, 1.0 12.2, 63.5 #
10/5/1 52.3 47.4 14,8 0 26.0, 77.8
10/10/2 52,5 48.8 37.9 1.0 33.8, 90,0 ¢
10/2/0 53,2 47.7 24,0 1.0 5.5, 90,0 o
11/11/4 47.6 53.8 49.0 1.0 6.1, 47.0 %
2.8, 32,2 &
12/3/1 47.9 50.7 26.0 0.20, 1.0 56'8: 69.2'
12/3/2 48,3 58.8 24,1 0.05, 0.54 15,7, 72.8
12/12/2 49.6 48.5 16.8 0 23,5, 90.0
12/12/710 50.2 57.5 42,5 0, 1.0 3.4, 25.3 o
12/2/1 50.4 46.5 20,5 0, 1.0 3.9, 79.0
13/13/5 43.8 58.4 45,9 1.0 6.4, 70.0 %
14/7/4 42.0 54,0 42,5 0, 1.0 18.4, 79.8 %
14/2/0 49,3 46 .4 17.6 1.0 2.8, 90,0
15/3/1 42,1 53,5 20.2 0.09, 1.0 14.1, 77.1
15/5/1 42,7 53.5 32.1 1.0 2,5, 82,7 o
15/15/6 42,7 65.3 32.0 1.0 9,7, 90.0 Y

o S e N A

o G T
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* See footnote to Table 1,
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Table 3

DOUBLE . COVERAGE

Pattern RHAX,Z sopt‘ DHin h:Zitzﬁaies Latitudes Notes*
T/P/F (degrees) (degrees) (degrees) P (PRUs? (degrees)
7/7/2 76.0 61,8 37.1 0.38, 1.0 |18.3, 21.0 w*
8/8/2 71.0 57.1 9.6 0,42, 0.80 |18.1, 41.6 %
8/8/6 74.0 58,0 61.3 0.39, 0.53 |20.0, 54.0 o
8/8/5 74.2 56.5 0 0 30.5
9/3/2 66,2 62,1 24,2 | 0.53, 0.77 |13.3, 53.5 %
9/3/0 66.8 65.5 29.4 0.91, 1.0 7.7, 37.9
10/10/2 | 64,1 61.6 21.2 0.67, 0.82 |11.5, 41.9 #
10/5/2 65.2 52.6 52.8 0.97, 1.0 |25.4, 45.4 o
110/10/8 65.5 49 .4 46,7 0, 0.13 |34.3, 65.3
10/2/0 73,1 44 .4 25.5 0.46, 1.0 |24.5, 63.1 o
1/11/9. | 62,0 52,7 44.1 0.68, 0.82 |24.2, 51,3 %
12/3/1 56.6 57.9 18.2 0, 0.13 | 7.8, 76.5 *
12/6/2 56.6 54,0 0 0.39, 0.46 |16.7, 65.5
12/12/10 | 59.3 5v.8 42,2 0,40, 0.58 |14.8, 38.7 o
12/2/0 63.7 45,7 0 0.64, 1.0 |18.0, 71.1
12/2/1 64.3 45,0 21.1 0 15.0, 75.0
13/13/3 | 54.7 52.8 38.0 0.54, 0.68 |19.3, 69.2 *
14/14/10 | 52.4 53.8 16.7 0.41, 0.70 | 2.1, 38.4 %
14/14/3 52.8 53.5 0 0.52, 1.0 |[16.2, 80.6
14/2/0 59.0 44 .6 18.2 0.19, 1.0 |10.4, 76.3
15/3/1 51.3 55.3 21.5 0.51, 1.0 2.2, 79.3
15/15/11 | 51.5 58.6 24.0 0.30, 0.45 | 1.5, 62.1

* See footnote to Talle 1.

T e e TR e v g R e T A b e B Y e Y P S
- W YT A A N

v ICTCRNIS DML
RO R L ot




Table 4

TRIPLE COVERAGE

o e i SRSl S S RIS 2 b A 2

s Critical
Pattern | Pwax,3 opt PMin ‘ Latitudes "
T/P/F (degr;es) (degrees) | (degrees) phn:;g;:glel (degrees) Notes
10/10/8 80.3 60.0 51.5 0.57, 0.86 | 12.7, 33.7 *
11/11/3 74.6 59.8 3.9 0.80, 1.0 | 14.8, 39.5 *
11/11/9 75.8 52,0 43.8 0.63, 0.92 | 32.5, S4.7 o
12/4/2 70.9 60.0 5.4 0, 1.0 | 10.9, 22.2 *
12/4/3 71.1 49,5 0 0, 1.0 0, 53.1
12/12/10 71.9 53,8 41.0 0.15, 0.94 | 25.2, 46.7 o
12/12/2 73.7 53,2 20,0 0.87, 1.0 | 20,5, 53.2
12/3/1 79.0 61.7 12,1 0.42, 1.0 | 12.6, 39.9 o
13/13/4 68.0 50.0 27.1 1.0 3.1, 61.5 *
14/1414 66.1 47.6 4.6 1.0 24,4, 72,2 %
i 14/14/12 66.4 49.4 34.0 0.80, 0.91 | 35.0, 55.5 o
= 14/2/0 77.5 45.3 18,0 1.0 32,1, 58.6
- 15/15/6 63.2 57.0 41.9 0.87, 1.0 | 7.9, 40.8 | =
i 15/15/2 65.5 71.8 6.8 1.0 11.2, 15.1
Table 5
| QUADRUPLE COVERAGE
! Pattern RMAX,4 6opt Duin 'hgﬁiticaie' Latitudes Notes*
T/P/F (degrees) | (degrzes) | (degrees) 1 (PRUE? (degrees)
13/13/2 77.1 45.7 29,3 0.05, 0.25 |33.5, 41.2 ®
- 14/14/4 75.8 69.6 4.3 0.79, 0.87 |14.7, 30.7 | *
P 14/14/2 75.8 62.4 9.0 0.17, 1.0 16.3, 17.9
: 14/7/4 75.9 62.0 6.8 0,72, 1.0 |18.1, 24,0 o
i 14/16/11 76.0 70,1 0 0.79, 0.89 14,5, 30.9
: 14/14/9 76.0 51.8 0 0.38, 1,0 |18.3, 21.0
‘ 15/15/2 70.9 55.7 21.8 0.13, 0.52 |23.4, 44.2
Lo 15/5/4 71.7 67.3 6.1 0, 0.65 | 8.9, 39.8
P 15/3/1 73.1 54,4 20,8 0.21, 1.0 |22,2, 63.8

Ca e e i g g o - gt 8
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i * See footnote to Table !,
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Table 6

HIGHER LEVEL COVERAGE: SELECTED PATTERNS

Pattern RMA)(,n tsopt: Din hg::t:?ies Latitudes Notes
| T/P/F (degrees) ‘ (degrees) | (degrees) P (PRU sg (degrees) :
RyaX. 4 QUADRUPLE COVERAGE :
» 3
16/4/3 74.3 58.0 23.4 0, 0.80 | 24.6, 54.6 | © |
18/3/0 65.1 57.5 17.6 0.75, 1.0 8.2, 90.0
18/6/2 66.6 62,1 24,2 0.60, 0.77 13.7, 53.5 0
21/3/): . 38.8 54.4 15.5 0.64, 0.70 6.2, 63.1
Ryax 5 FIVE-FOLD COVERAGE 4
’ 3
18,4/2 73.6 64.6 20.5 0.22, 0,97 9.0, 30.7 0 |
Ryax 6 SIX-FOLD COVERAGE ]
]
24/4/3 68.3 56.7 14.1 90, 0.78 8.0, 38.5
24/3/2 69.2 55.1 10.9 0.43, 0.62 17.5, 52.1
24/3/1 69.2 55.1 10.2 0.40, 0,64 20.6, 45.0
24/12/9 69.6 62.8 30.2 0, 0.40 20.7, 25.8 o
: 24/6/1 69.9 57.0 18.2 0, 0,47 22.3, 47.0 o A
; 24/8/4 69.9 65.0 16.9 0, 0.90 13.4, 36.3 i
; 25/5/4 71.0 51.9 15.6 0.75, 1.0 38,9, 73.1 o ?
- Reax. 7 SEVEN-FOLD COVERAGE f
> ! . 1 4 E
1 24/8/4 75.8 59.9 24,2 0.32, 0.77 21,5, 43.7 0 j
i O This pattern is also listed in Table 1, ,
'
:
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Table 7

COVERAGE WITH LARGER PATTERNS AT 63° INCLINATION

I Nuaber of
P;;;’;“ Rax, 1 | Ptax,2 | Pvax,3 | Puax,s | Pvax,s | Puax,6 | Fvax,7 | Butn ";::;:::c“ Notes
2% h, 12 h
24/3/0 39.7 47,3 $2.6 58,6 69.2 70.8 86,2 8.7 26, 24
24/3/1 42,0 48,7 53.6 58,6 68,5 70.9 85.6 0.9 8, 24
24/3/2 41,1 48.2 52.5 59.1 68,0 70,7 89.6 10.4 24, 8
24/4/3 42,0 44.2 55.9 60,8 65.1 70.8 85.1 13,5 24, 24
24/6/N 37.8 45.5 56,3 60,1 66,2 12,1 76,1 10.4 24, 8 [
24/8/4 39.5 47.2 54,3 60,3 68.3 70.1 76.3 19,8 24, 12 [
24/12/9 36.2 43,4 55.5 60,2 65.0 69.7 77.% 30.3 24, 24 o
24/24/8 63.5 63.5 63.5 63.5 65.3 69.9 77.9 12.9 8, 12
4/12/7 37.8 42,8 60,6 60,6 65,2 69.2 76.1 3.0 8, 2
24/24/2 46,2 5..5 60,2 61.2 65.2 71.1 77.3 3.0 8, 6
23/23/14 36.0 48,7 56.3 60.4 69.1 70,0 77.2 21.5 3, 23 0
22/11/8 36.9 45.3 59,1 61.6 67.1 75.0 80,1 32.8 22, 2 (]
22/22/14 1 56.7 57.5 63,2 65.2 68.7 712.4 86.9 7.5 22, 1 [}
. 217171 46.6 47.7 61.3 64.3 69.1 75.4 85,7 18.9 21, 3
21/173 37.2 48.6 60.4 63.5 69.8 76.8 84.7 19.9 21, 21 ]
21/7/6 59.5 60.2 61.2 62.7 67.5 75.6 88.3 6.9 21, 21
21/2117 63.5 63.5 63.5 64.3 70.1 74.6 86,1 12.1 21, 7
21/21/9 37.6 46.4 60.3 61,8 69.0 75,6 84.0 3.2 21, 21 ¢
21721714 | 63.5 63.5 63,5 62.9 68,2 76.7 84.0 18.6 7, 21
21/21/18] 59.3 60.1 61,4 63.3 67.9 74.1 86.4 3.2 21, 21
20/10/7 38.3 48.5 60,7 63,6 72.0 77.5 84.4 35.7 20, 20 ]
20/20/2 48.8 56.9 61.6 63.9 71.5 78.7 89.9 14.9 2, S5
19/19/3 45.4 52.5 67.8 69.6 72.0 79,1 88.3 17.5 19, 19
19/19/6 59.5 60.7 61.4 65.0 73,1 83.4 97.5 7.8 19, 19
19/19/8 39.0 50.2 61.7 66,1 73.2 82.4 86.2 35.7 19, 19 ]
18/3/0 43.4 54.1 61,4 66,2 85.8 89.0 90.0 10.4 6,
18/6/2 .2 53.2 65.4 66,6 73,9 87.9 89.3 22.9 18, [}
18/9/6 39.8 51.6 60,7 68.4 75.8 82.5 90.0 35.0 1e, 18 ]
18/18/14 | 43.5 51.9 69.7 69.8 74,7 80.0 90.4 12.3 6, 9
16/8/5 4t.4 55.5 64.2 71.9 81,1 90.0 90.0 37.4 16, 16 [}
15/3/1 46.) 55.6 72.8 74,5 90,0 90.0 103.8 17.9 5, 15

St
Bk

L S

* For the sidelined pattarns, values of k““ a have been checked for ¢ = 0, 0.5 and 1.0 only.
»

O This pattern is also listed in Table 1.
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1 J.G. Walker

2 J.G. Walker
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Azimuthal equidistant projection
0o —— Satellite and orbital path over nearer hemisphere
4 - - Satellite and orbital path over further hemisphere

F=2 PUs
=80°

1 PRU
(pattern repetition unit)

Pattern 9/3/2

The pattern code reference has the form T/P/F, where
Total number of satellites in the pattern s T=9

Number of separate orbital planes tP=3
Phase difference (in PUsS) between planes =F=z2
Also:

1 pattern unit (PU)=360°%/T =40°
Number of satellites per plane = longitudinal spacing (in PUs)

of ascending nodes =S=T/P =3
Phase difference (in PUs) between satellites in same plane
s P=x3
Pattern repetition interval (PRI)a1 PU=10°z1 PRU

Fig1 Example of pattern identification (pattern 9/3/2)
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Fig 2a-d
Plate carrée projection ;
60°N ] - > \
o 2 1 3 {
180° 90'W 0* 90°E 180°
60'S S - ‘
a i=60° L=3, M=1 (8hour period)
60°N
.12 1
0

180° 90, W 0°* S0%E 180° —~
|
60°S , ;

b i=60° L=2, M=1 (12-hour period)

B EFan EFanTTan

180° so'Ww o" 90|'E 180°
4 : \ /
so'stJ: &./

¢ i=60°, L=3, M=2 (16-hour period)

R EYEYEYEYE

170' 90'wW 0 90°E 180°

OO OO

d i=60", L=6, M=5 (20-hour period)

! Fig 2a-d Single-satellite Earth-tracks
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Plate carrée projec tion

60'N ( ) | ) |

0° |
180° o'W 90°E 180* !
()

A0’S - 3

e i=60°, L=1, M=1 (24-hour period)
6O°N L :

0 / /1 N /1 s /
100'\{ / | 90 / 0 90°E, |/ 180°

(D
‘ 60°S

- f i=60°, L=4, M=5 (30-hour period) .
60°N '
3
1 2
[ ] I 4
0 1

o‘\ oW o\ 0'E 180°
. N E
| 60°'S - X

_—

g i=60", L=2, M=3 (36-hour period}

60°N /A

ouéo/T/ 90'W 0 Y3 /7%0'

60°S b
T h i=60°, L=1, M=2 (48-hour period)

Fig 2e-h Single-satellite Earth-tracks
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Fig 3
Azimuthal equidistant projection
180°
- Equato;

90°'W

;,;
S i=60°% L=1,M=1(24-hour period)
| i2120° L=1,M=1(24-hour period)

i= 60° L=1, M=3 (72 - hour period)

! Fig3 Single-satellite Earth-tracks
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Azimuthal equidistant projection

“, OsSatellite over northern hemisphere
! 4=Satellite over southern hemisphere
' @ Oecostationary satellite
L=M=1;8:60
Eo,
¥ Os
o
n
!
a8 2orbitplanes: i=§ = 60°
P
t
;
:
- b 1 orbit plane: §-0“ .
1 orbit plane: i=120 ¢ 2 orbit planes: i = 90°
} 3 Fig4a-c Earth-tracks: pattern 6/2/0: 24-hour orb't
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Fig Ba-c
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Azimuthal equidistant projection
O= Satellite over northern hemisphere
1

«j=> Satellite over southern hemisphere s
@® Geostationary satellite '

b 6=60° :
, , . 1 orbit plane: i=0°
3 orbit planes: i=6=60 " 2 orbit planes: i=97.2°

¢ 6§=705°
1 orbit plane: i=0°
2 orbit planes: 109.5°

Fig5a-c Earth-tracks: pattern 9/3/0: 24-hour orbit
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O Gatellite and Earth-track over northern hemisphere
4o e e —Gatellite and Earth—track over southern hemisphere

Azimuthal
equidistant
projection

i e8360°

Fig 6 Single Earth-track: pattern 9/3/2: L =4, M =3 (18-hour period)

Orbital path
—— = Earth-track

Distances in PUs
(1PU =360°/T)

B i A L o b o e

Fig7 Derivation of condition for Earth-trucks to coincide
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Fig 8a&b

Azimuthal equidistant projection
O Orbital path over northern hemisphere
————— 4= Orbital path over southern hemisphere
— = == == lpstantaneous position of Earth-track for
LsMs=t (24 hour orbit)
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a Pattern5/6/1: i=8=45° b Pattern 5/6/4: i=8 =135

Fig8a&b Orbital paths and Earth-tracks: patterns 5/5/1 and 5/6/4
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Azimuthal equidistant projection
Owe- Satellite over northern hemisphere
- Satellita over southesn hemiaphere
Earth-track for L =1, M21 (24 hour orbit)
= emw= Earth-track for L=2, M *1(12 hour orbit)

a Pattern 6/6/5: i = § = 60° b Pattern 6/6/4: i =8 = 60°

Fig9a&b Earth-tracks: patterns 6/6/5 and 6/6/4
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Fig 108-d

Plate carrée projection
L=4 M= 1 iz 8=060°

60°N ?7—1——& = Vs g:—q
BNEATEIN
o R Ao
180° 7h‘w \ e v 70‘5 \ 1fis0" i
4 A A W/ \ i
Le X XD >g |
R IN] 3,3 ,
60° AR NS ,':
.a Pattern 5/5/1
Ds.z/ 5,1 ;
‘ By,3 /
] R’ !Ao. /
; S I : 97 E \ 780°
i 26
C 60°S e - | €l
| b Pattern 7/7/3 ,:_
:' 60°N /‘T_-?—? o» ?" P -y '
X Hv,z, % £,2
1 y / Ne VAN \
i 4,4 ) Ks‘ i .
1 0 Fsao\ A I?Ao,o \ L !
1 180° 9J0’'W /10' 9/0°E \ 130°
. Al |94 - - \& -
, wlesg 3,8 A 5
z 60°S a1 B4 6 e — 4‘3&— e’ y
[ - ¢ Pattern 10/10/6 S i
60°N - ‘ I B
5l’.‘ ! QAMus | - 3
[V |
N\
| \ 90°€ 180°
7 N X
: ty ZL;ls .:
3 d Pattern 12/12/8 '-

Fig 10a-d Earth-tracks: 6-hour orbit single-track patterns

TR 77nas

T VS [T g b YT T e




iy
\\\
\\
\\
AN |
10 X \\ |
AN |
NEN N
; \\ \ Circular orbit period 3
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; Fig 11 Dependence of elevation angle on sub-satellite distance and orbit period
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Fig 12
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Fig 12 Example of determination of R, , for from single to five-fold coverage
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Fig 13 Example of determination of R, : centre of circumcircle outside triangle
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Fig 14

L —
Maximum .
sub- satellite o
distance

RMax,» 85
ACDE BDE

75
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Fig 14 Pattern 5/5/1: variation of RMax, 1 With inclination to reference plane (5)
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Fig 16 Simultaneous coverage of two points, or of a circular area




Fig 16
100
60 /
GRID .
Spacing 3° ]
40 ‘ ;
R
/ |
e |
20 i
Approximate relative
running times 5° 3
(arbitrary units) E
10
N / / / 3
w s v
: 4 10/
2
ﬁ ‘ coCo
i Full version
- Shortened version
.é: ' ] ) 1
‘ 5 10 15 20 25
L Number of satellites T
Fig 16 Relative running times of COCO and GRID programs
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Minimum values of Rm AX, n found for delta patterns containing
different numbers of satsllites




