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Abstract

Procedures are presented for the systematic design of digital
filters that contain poles and zeros. The procedures are simple, fast,
and effective. All of the important algorithms are of the Levinson-type.
The first key idea in the paper is that one may begin a design by posing
a linear prediction problem for a stochastic sequence. The second is

thitening{(filter may be constructed for this sequence

that a high~order
and dinverted‘ to yield a high-order all-pole filter whose spectrum

approximates the spectrum of the stochastic sequence. The third key

1
idea is that the all-pole filter may be used to generate consistent »
unit pulse and covariance sequences for use in the Mullis-Roberts
algorithm. This algorithm is then used to obtain a low-order digital g

filter, with poles and zeros, that approximates the high-order all-pole
filter. The results demonstrate that the Mullis-Roberts algorithm,

together with the design philosophy of this paper, may be used with

profit to reduce filter complexity and to design spectrum-matching

digital filters.
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I. Introduction

This is a paper about the systematic design of autoregressive-moving
average (ARMA) digital filters. There are three key ideas in the paper.
The first is that one may begin the design of an ARMA digital filter by
specifying the power spectral density of a stochastic sequence and then
posing a classical linear prediction problem for the stochastic sequence.
The second is that this prediction problem may be solved by designing a
high~order moving average (MA) prediction filter. This prediction filter
is related to an MA whitening filter which may, in turn, be "inverted" to
give an autoregressive (AR) filter termed an inverse filter. Identical
argumentation lies at the heart of AR or maximum entropy (ME) spectrum
analysis and explains why the magnitude-squared frequency response of the
AR filter should approximate the power spectrum of the stochastic sequence
[1]. The appropriate design equations are linear equations (termed normal
equations) that may be efficiently solved using Levinson-type algorithms.
For our purposes the value of the high-order AR filter is simply that it
provides a handy mechanism for generating consistent unit pulse and covari-
ance sequences {hk}; and [rk}fw, respectively. These sequences approximate
the unit pulse and covariance sequences of an idealized, unrealizable,
digital filter.

The third key idea is that the sequences {hk}; and {rk}‘:°° may be used
in the approximation algorithm published by Mullis and Roberts in their
remarkable paper on the use of first- and second-order information in
discrete-time system design [2]. From {hk}: and {rk}o_o°° for the high-order
AR, the finite-length sequences {hk}g and {rk}g are used in the Mullis-
Roberts algorithm to design an ARMA (N,M) digital filter. The notation

ARMA (N,M) denotes a digital filter with N poles and M zeros. Correspond-

PEnTS  O




ingly, AR (Nl) will denote an all-pole digital filter with N. poles and

1
MA (Ml) will denote an all-zero digital filter with Ml zeros.

Our results indicate that the design procedure outlined above is
simple, effective, and fast., All of the important algorithms are Levinson-
type algorithms. Moderate-order filters (e.g., N=16 and M=16) may be de-
signed in approximately 8 seconds of CDC 6400 CPU time. Design parameters
are center frequency, bandwidth, and stopband rejection. Even for low-
order filters (e.g. N=8 and M=8) one may achieve 60 dB rejection over a
transition band that is a small percentage of the foldover frequency with
approximately 3dB passband ripple.

As an approximation tool the Mullis-Roberts algorithm is very effec-
tive: for example, an ARMA (N,M) filter of complexity C = N + M is shown in
many instances to be a very good approximation to an AR (Nl) filter for

C << N.. Designs for N, = 256 and C = 32, and N = 64 and C = 16 illus-

1 1

trate the point. Our experience indicates that the designs presented
here are superior to those achieved by simply matching the impulse seqﬁence
{hk}g+M using the Burrus-Parks algorithm [3]. Furthermore there is no
difficulty with stability because both the AR (Nl) and ARMA (N,M) filters
are guaranteed to be stable.

Preliminary design efforts along the lines of this paper were reported
in [4]. The designs were begun with a moderate-order MA (Ml) filter (e.g.,
Ml = 32) designed using the methodology of [5]. The MA filter was used
to generate consistent unit-pulse and covariance sequences for use in the
Mullis-Roberts algorithm. The results reported were mixed because the
unit-pulse and covariance sequences were not well-suited for subsequent

approximation using the Mullis-Roberts algorithm. In our opinion, and

the results seem to corroborate this view, one should begin ARMA (N,M)




approximations with very high-order AR (Nl) designs (e.g., N, = 256)

1
rather than very long or short MA designs. The reasons are three-fold:
(1) AR power spectrum approximatf;ns are well-understood [6] and
virtually free in terms of numerical design effort, (ii) the sequences
{hk}; and {rk}j;are obtained from simpl% regression equations, and (iii)
the AR sequences {hk}; anq {rk}o_ooo are infinite-length and, therefore, appar-
ently better suited to subsequent matching and approximation by infinite
length ARMA unit-pulse and covariance sequences.

We remark that the approximatipn algorithm of Mullis and Roberts
gives exact matching of the ARMA (N,M) and AR (Nl) unit pulse sequences
over M + 1 indices and only approximate matching of the covariance
sequences over N + 1 indices. When ogiy a covariance sequence is to be

matched, then the Mullis-Roberts algorithm reduces to the Levinson algo-

rithm for obtaining an exact ccvariance match over N + 1 indices.

We feel the statistically-related filter design procedures reported
here and in [5] and [7] are becoming well-enough understood, and are
yielding attractive-enough designs, to warrant serious attention from
designers. One needs only to view ti:2 digital filter design problem as
a problem of statistically designing a linear minimum mean-squared error
filter or predictor. Elegant solutions abound. An added dividend paid
by this way of thought is that a class of digital filter designs becomes
a logical branch of linear minimum mean-squared error filtering theory.

Some find this comforting. Others don't need it.
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II. Beginning the Design

The design begins with specification of a bandlimited power spectrum
G(f) of the type illustrated in Figure la. It may be helpful to visualize
the spectrum on the passband interval -W < f < W as a signal spectrum S(f)
and the spectrum on the remainder of the frequency interval (the stopband)
as a noise spectrum N(f). See [5]. Then S(f) corresponds to the desired
passband characteristic and N(f) corresponds to the desired stopband
characteristic. Center frequency fo (f0 = 0 in Figure 1), signal band-
width W, stopband rejection n, and total bandwidth 1/2T are design param-
eters. The rejection n may be visualized as a signal~to-noise ratio
n= As/An° In the design of MA filters it has been found useful to include
a transition band [5]. In the design of ARMA filters beginning with AR
filters we have not discovered a useful way to specify a transition band.

The next step is to periodically extend the spectrum G(f) using
period 1/T (or foldover frequency 1/2T) and scale it by %-to obtain a

periodic spectrum Gp(f):

66, g < 1/2t

G (f) =
1
—TG(f — —T), m/T - 1/2'1' < f < m/T + 1/2t1 P e 0 S (. S

This is illustrated in Fig. 1b. The Fourier coefficients
1/2T
=2l BT ka0 e N2 )
-1/2T
specify a covariance sequence {c }" withe, =c .. The sequence {c )
k™~ k -k k™=
may be thought of as the covariance sequence of a zero-mean sampled

data sequence {x(kT)}fw obtained by sampling a continuous-time random

process {x(t)}fa that has bandlimited power spectral density G(f). Then,

h Lm-.-m T ' — - ' T ORI a » i . il
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of course, ¢, = c(t=kT) where

k

1/2T
c(t) = | G(f)e
-1/2T

—jZWdef (3)

is the covariance of the process {x(t)}f”.
Another connection between {ck} and the periodically extended

spectrum Gp(f) is

-1
Gp(f) = M(z)M(z )Iz=exp(j2ﬂfT)

” (4)

M(z)M(z-l) ) e z-k
k=—-c

k
This says {ck}c_o°° is the covariance of the output of a digital filter
M(z) that is driven by a white sequence with unit variance and that the
periodically-extended spectrum Gp(f) is the magnitude-squared frequency
response of the digital filter M(z).

The periodic spectrum Gp(f) illustrated in Figure 1 is a legitimate
discrete-time spectrum. However, it is not rational and is, therefore,
not the spectrum of an autoregressive moving average digital filter.
This is another way of saying the M(z) of (4) is not a transfer function
for a filter that can be realized using a finite number of multipliers,
adders, and delays (memory). Thus the approximation problem is one of

designing an ARMA filter H(z) whose rational spectrum H(z=ej2"fT

z—lgeijfT

).

H( ) approximates the irrational spectrum Gp(f). Of course,

jameTy, -1 J2neT

H(z=e YH(

) is simply the magnitude-squared frequency
response of the filter H(z). This brings us to the next step in our

design procedure.
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ITI. Designing an Autoregressive Approximation

The problem now is the following: given a covariance sequence {ck}c_o°°
corresponding to the desired spectrum Gp(f), find a realizable filter H(z)
whose periodic spectrum well-approximates Gp(f). Call {rk}f°° the covari-
ance sequence of the filter H(z). The following relationships are in
force:

H(z)H(z_l) =R r,2
k=—-x

-k

r, = 5%3-§C H(z)H(z 1)z* 14z (5)

jamETy -1_ §2nfT I 2mEkT

H(de )H( ) = J rk

=00

It is clear that for purposes of matching spectra, the covariances come

into play in a more fundamental way than do the unit pulse sequences.

In (5) the contour C lies within the annulus of uniform convergence of
-1

H(z)H(z 7).

One approach to the approximation problem is to design an AR (Nl)

filter
H(z) = ———o (6)
N
"
1- X azz
2=1
in such a way that
T = C k&0, &L, Ve N1 (7)
i | o
For large values of Nl, the matching of {rk}o and {ck}o provides
effective approximation of Gp(f) by H(z=e32“fT)H(z_l=ej2"fT). See

equations (2) and (5). The result of (7) is achieved with the filter

of (6) by solving the normal equations
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Ca = ¢
(2 T . C
01 Nl 1
1 o
C= .
c S T B
N1 1 0
(8)
c’ = (cl, Cys +ves Cy )
1
a’ = (al, Gys eees Oy )
1
2 Nl
K =c¢c. - L a,c
0 0=1 22

Here the prime denotes matrix transpose.

These normal equations arise over and over again in speech processing
and autoregressive spectrum analysis. When statistically fluctuating data

enters the picture these equations are replaced by the famous Yule-Walker
equations involving estimates of Ck'
Due to the Toeplitz nature of C and the relation ¢ bears to C, the
linear equation Ca = ¢ may be solved very efficiently using a Levinson-
type algorithm. In the FORTRAN program of Appendix I, the subroutine
TPLSLV implements such an algorithm. See [8] for a listing of the algo-

rithm and a discussion of computational demands.

N
In summary, the AR (Nl) coefficients {ul}ll are obtained by

N
solving (8) with the {ck}o1 obtained from the desired spectrum Gp(f)

according to (2). For all of our designs the ¢, may be obtained
analytically as follows:

Ck = ASZTW sinc[27WkT] +

(9)
A [1-2TW]cos [ (2TWH1) 3k ]sine [ (1-2TW) |3k]



Figure 2 shows the results of several AR designs. Each design
was begun with a Gp(f) of the form illustrated in Fig. 1. The idealized
Gp(f) is superimposed on each design. Important parameters are included
in the figures.
There is one other interpretation of the H(z) given in (6) that is
worth noting, even though it has been noted many places. The filter
N, G
L(z) = ¢ @z (10)
=1
with the {a } given by (8) is the linear MA filter of order N, -1 that

minimizes the mean squared prediction error

i

¢? = BlkGal) = T o) wCE=RyTy]> (11)
gy *

Here {x(f,'l‘)}c_o°° is the sampled-data sequence that has spectrum Gp(f).
The filter

b

K(z) =1- = alz—
2=1

. (12)

is the corresponding "whitening'" filter. Of course H(z) = 1/K(z).
Therefore, to the extent that K(z) whitens Gp(f), H(z) inherits the

spectral properties of Gp(f). It is well-known that an H(z) designed

as outlined above is stable [9].




IV. Obtaining Unit-Pulse and Covariance
Sequences from the AR Design

No one wants a high-order AR filter, regardless of its frequency

response characteristics. However, the high-order AR design serves

another very useful purpose: it provides a ready-made generator for

-] @
a covariance sequence {rk}_w and a causal unit pulse sequence {hk}0

that are consistent in the sense that

T = z h2h£+k » k=0, 1,2, ...

2=0 (13)
T T Tk
The appropriate equations for the generation of the unit pulse
sequence {hk}g are
0 5 k<0
h, = Nl (14)
nck + E ay hk_2 » k>0

2=1

Here the coefficients {az}g are the feedback coefficients of H(z). See

equations (6) - (8). The symbol Gk denotes the Kronecker delta.

The generating equations for {rk}‘:°° are not much more difficult.

The following linear relationship holds:

N1
E e
(15)
T = T
N1
So, given the Nl covariances {rg} , for example, one may solve for

N
1
rN1+1, and so on. Of course, the {rl}l are available as T, = ¢y,

=0, Ly vevy Nl’ from the AR design procedure of Section III. For

s




completeness we show in Appendix I how to solve for {rl}z1 in terms only
of the {az}zl, and thereby completely characterize the covariance sequence
{rl}fm. We re-iterate that the calculat;on of Appendix II is not required
in our design procedure because the {rl}Ol are available as r, = cg

ol Tul) e U Nl with the cy given by (2).

Here is where we stand: we have at our disposal a systematic
technique for generating a high-order AR (Nl) filter that "approximates"
the idealized spectrum Gp(f). This AR (Nl) filter is characterized by
its impulse and covariance sequences {hk}; and {rk}f°° which are easily
obtained as outlined above. The sense of the approximation is that

r k=0,1, 2, «.., N

k 7 S il
In the following section we use the algorithm of Mullis and Roberts
to approximate this generally high-order AR (Nl) filter with a much

lower order ARMA (N,M) filter.

V. Designing with the Mullis-Roberts Algorithm
Call H(z) the transfer function of our AR (Nl) design. Let H(z)

be the transfer function of an ARMA (N,M) filter:

- = @)

) 2w

Q(z) = q, + qlz_1 + ...+ qu-M (16)
A(z) =1+ alz-l + azz-2 L e aNz-N G

The problem studied by Mullis and Roberts is one of minimizing the

approximation error

2 1/21
€ =7 f |A(z=e
-1/2T

jZﬂfT) |2|H(z=ej2ﬂfT) a ﬁ(zgejz."fT) |2df (17)




b

In the general case H(z) is arbitrary. For our purposes it will always

be the transfer function of a high-order AR (Nl) filter. The error €2

may be written
1/2T

ez =T f |H(z=e
-1/2T

J2mETy, o J2WET j2nfT

)A(z ) - Q(z=ed 2Ty | 245 (18)

The main virtue of this error measure is that it leads to a tractable
minimization problem [ 2]. It is a straight-forward exercise to define

A(z) = H(z)A(z) - Q(z), invoke Parseval's Theorem, and use (13) and (18)

to write
. N M N Mot s
g = F Wk gy, =2 B g P sk ¥ k5§ (19)
220 *meo ® I4-ml k=0 ¥ g=0 kg k=0 K

The minimization problem is one of minimizing ez with respect
to the ARMA parameters {qm}g and {al}g, subject to the constraint that

a0 = 1. Write this as

min (e2 - 2@ - 1] (20)
a,q

where A is a Lagrange multiplier and

(S

= (ay, ay ;s «-5 857

= (qM. Gy gs oo qo)’ (21)

F-1

= (0, 0, ¢c., 1)

<\

Note a“y = a

First minimize with respect to a. The constraint plays no role

and the result is

N
q = zfo O, s k=0, 1, cp M (22)

with the {h } corresponding to H(z) and the {a }N yet to be determined.
£°0
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Substitute this result into (19) to obtain

¢ = 3'Ka s
4 (23)

Lilos {rll-ml'-kzo hk-zhk-m}

Here the notation K = {d2 } denotes that d2 % is the (2,m)-th term of the

,m

(N+1) x (N+1) matrix K. The matrix K is positive semi-definite if and only if

{rk}f°° and {hk}; are consistent, as they are by virtue of our construc-

tion method.

Now our constrained minimization problem yields the following

solution for a:

Ay

Ka*

(24) 1

a* = K1y
Invoke the constraint to get

a* = 25

a (kN/ko, kN_llko, ) (25)
where k = (kN, Balils ko) is the last column of K—l. Substitution of

a* into (22) yields a* and completes the design of the ARMA (N,M) :

filter 3

* * -1 * -M
qo + qlz G qu

* -1 * =N
1+ agz $ s ee a?

H(z) = (26)

Call {hk}0 the unit pulse sequence and {;k}a_n°° the covariance
sequence corresponding to ﬁ(z). Since a* is simply the solution to a

normal equation involving positive-definite K, it follows that {ﬁk} is

absolutely summable. That is H(z) is stable. Further, as shown by Mullis

and Roberts, hk = hk’ k=0,1, ..., M. The covariances Qk and r, are not equal,

k
All of the results of this section are contained in [2].
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VI. Systematic Design Steps
The design steps are summarized below and illustrated in Figure 3.
1. Specify a periodic power spectrum Gp(f).
2. Invert Gp(f) to get a design covariance sequence {ck}zl.
3. Solve the normal equations Ca = ¢ to obtain an AR (Nl) approxi-

mation. Typically choose N1 large (e.g. N, = 256).

1
4. Generate {r }N1= {c, 1N < N ; generate { }M using the AR gener-
LU R Bl o i 8

ating equation (14).
5. Construct the matrix K.
6. Solve for a* and a*.
7. Scale ﬁ(z) to get desired dc response Ho(z-l) = Ho.
Actually, steps 5 and 6 are replaced by a Levinson-type algorithm
presented by Mullis and Roberts for efficiently obtaining a* and a*.

The FORTRAN listing of Appendix II describes & program written for a

CDC 6400 computer with SCOPE compiler to implement the design steps above.
The program was used to generate all of the designs that follow in Section
VII. The number of storage locations required for the TPLSV subroutine
to solve (8) is 3N1. The number of multiplies is approximately ZN% and the
number of adds is approximately N,. The number of storage locations re-
quired to solve for a* using the Mullis-Roberts algorithm is O(N). The
number of multiplies is O(Nz). The notation O(N) indicates here that

O(N)/N is a constant.

SIS
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VII. Designs

The designs presented in Figures 4-8 all have a design cutoff
frequency of 0.2Hz and a foldover frequency of 1.0Hz. This does not
mean the 3dB point, for example, is under careful control. It only
means the ideal spectrum with which the design was begun had a cutoff
frequency of 0.2Hz. Our convention in the figures is that ARMA(N,M)
always denotes a filter designed according to the procedure of Section
VI. Of course, the Chebyshev and Butterworth design of Figures 7 and 8
are also autoregressive moving average filters. These filters are denoted
CH(N,N) and BW(N,N), respectively.

The results of Figure 4 illustrate how low-order ARMA filters may be
used to approximate high-order AR filters. Figure 4(a) illustrates that
an ARMA (8,8) filter is a very effective approximation to an AR(64) filter
when only 30dB stopband rejection is desired. The complexity of the ARMA
(8,8) is one-fourth the complexity of the AR(64) and the passband ripple

of the ARMA (8,8) is very low. Figure 4(b) illustrates that an ARMA (32,32)

filter is an effective approximation to an AR(256) when 90dB rejection is
desired. Figure 5(a) illustrates what happens when one fixes the number of !
poles (N=8) and the number of zeros (M=4) in a relatively low complexity
design and then increases the stopband rejection. At 30dB rejection the
filter characteristic is smooth in the stopband and cuts off sharply. At

90dB rejection the ripple in the passband is severe. Figure 5(b) illus-

trates that if additional zeros are added to increase the complexity, con-
trol is maintained over the passband ripple even as the stopband rejection
is increased to 90dB.

Figure 6 shows that when complexity is already high (N=16, M>8) and

the stopband rejection moderate (60dB), the addition of zeros does not




15

dramatically influence the magnitude-squared response.

Figure 7 shows ARMA (8,M) approximations to ideal lowpass spectra
and comparisons with Butterworth and Chebyshev designs of order 8 and
complexity 16. If only 30dB stopband rejection is desired then an ARMA
(8,4) filter can be designed that yields smoother passband character-
istics than the Cheybshev filter and sharper cutoff than either the Cheby-
shev filter or the Butterworth filter. Of course, the passband ripple
is larger than that of the Butterworth filter. The ARMA (8,4) filter is
less complex than the Chebyshev and Butterworth filters by a factor of
3/4. As rejection is increased to 60dB, the passband ripple of an ARMA
(8,8) increases, but remains smaller than the Chebyshev ripple every-
where in the passband except near cutoff. The cutoff is comparable.

Figure 8 shows ARMA (16,M) approximations to ideal lowpass spectra
and comparisons with Butterworth and Chebyshev designs of order 16 and
complexity 32. If only 60dB stopband rejection is required, then an
ARMA (16,8) provides cutoff comparable to that of the Chebyshev with
smaller ripple except near cutoff. For 90dB rejection an ARMA (16,16)
provides cutoff comparable to the Chebyshev filter of the same complexity
with less passband ripple except near cutoff.

In all of our designs run to date, well-conceived ARMA designs
exhibit relatively little passband ripple, except very near the cutoff
frequency, and cutoff characteristics comparable to Chebyshev character-
istics. When filter complexity is high and stopband rejection low,
then the filter characteristics can approximate ideal lowpass character-
istics much more closely than equivalent-complexity Butterworth or
Chebyshev designs. Reference the ARMA (8,8) filter of Figure 4(a), the

ARMA (8,12) - 30dB filter of Figure 5(a), and the ARMA(16,24) filter of

Figure 6.
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VIII. Conclusions

The results presented here are only representative of what one may
achieve. Extensions to bandpass, high-pass, band reject, and comb fil-
ters are straightforward. Several points should be made: (i) there is
no requirement in these designs to begin with a rational analog filter;
(ii) there is nothing fundamental about the shape of the G(f) we have
started with - an inventive designer may experiment with his own choices;
(iii) the procedures presented here permit the designer to exercise
implicit control over center frequency, bandwidth, and stopband rejec-
tion; and (iv) one may systematically design filters with arbitrary
numbers of poles and zeros.

The results of Section VII do not say the statistical designs of
this paper are better or worse than more classical designs. Only differ-
ent. The new designs do, however, offer much more flexibility.

We speculate that the fitting of long AR models and subsequent
approximation with the Mullis-Roberts algorithm may provide a useful
method of fitting ARMA spectral models to random data. The question of
order determination would, of course, be crucial here as it is in AR

model-fitting [6].
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APPENDIX I: Generating a Covariance Sequence from an AR Model

Write out (15) for k = 1, 2, ..., N, and order the equations in

1
the following way:
Qr =t
=
) @y a,y ag et uNl
@y a, aq Lot aN 0
1
Q‘a (a,+a,.) a Qo oo (00 0 O
20 ety 4 5 N1
oy L AR s ¢ al 0
1 1 3

T = (ro, rl, ool er)

The matrix Q is generated as follows: begin with the first row

(o, @iy Gpy eee O ); left-shift this row (n-1l) times and add the
1

mth overflow to the (n,m+l) term to get the nth row. For example,

the fourth row is generated in the following way:

0 al a2 03 a4 us Vists “Nl {
0 al a, 03 aa as ]
a3 0.2+a4 a1+u5 a6 v aN 0

1

The vector of covariances r is obtained by solving the eigenvalue

problem

QL = AL

for the eigenvector % (= T) corresponding to A = 1.
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SUBROUTINE COV(HGeReMARSIDIF)
MODIFIES COVe SEQe FOR A LFFT SHIFTZD IMP, SEC,

(elglgl

DIMENSION R(257)¢HR(257) |
: Do G181 = 19MAR" *
‘ SUM = 0.0 |
k. DO 100 J = 1,IDIF ‘
= SUM = SUM = HQ(J) * HO(T + o = 1) |
3 100 CONTINUE |
3 R(I) = RC(I) + SUM |
- 110 CONTINUE |
1 RETURN |
! |
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|
|
|
, |
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