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ABSTRACT

As mathematical mddels become large and complex, they become more
difficult to apply and understand. ﬁepro-mode]ing is a technique for
constructing an efficient input/output approximation to a complex model.

The teéhnique is founded upon an economicé] representation for continuous
piecewise linear functions of many input variables. Repro-modeling as
described here is the fitting of input/output data'by a continuous piece-
wise linear function. A software package‘called COMPLIAR which accomplishes
this is described, and the theory underlying its use is explained. Instruc-

tions for the use of the software and examples are included.




PREFACE

This document describes an efficient compUtationa1 procedure for
repro-modeling a sophisticated model.. The procedure makes use of multi-
variate linear regression theory to develop a éontinuous, mu]tiVariate,
piecewise-linear approximation to the relationship that exists between
the input and output variables of the original model. Spetia]]y deﬁigned
software (COMPLIAR) is described for obtaining the repro—mode]lusingArepre-
sentative input/output data obtained from the‘okiginal model. Thus, an
effort has been made to prqvide in one place: ‘én introduction to the repro-
modeling concept, an exposure to the mathematical principles involved, a
tour through a spec1f1c 1mp1ementat1on known as COMPLIAR and an 1]1usur=-
tive example. |

Though this document is not a User s Manual as such, the reader wh:..

¥
is primarily user oriented will f1nd Sections 4 .and 5 most pert1nent, ano

“the other sections may be omitted.

i1
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I. INTRODUCTION

1.1 PROBLEM DESCRIPTION AND DESCRIPTION OF EFFORT |

The U.S. Army Tank-Automotive Research and Development Command (TARADCOM)
is concerned with improving the design of wheeled and tracked vehicles to
achieve better ground mobility and higher rafes of survivability. To pursue
these objectives, TARADCOM has invested considerable effort in the develop-
ment of a highly detailed computer model for vehicle ground mobility. This
model was first eomprehensive1y documented in [1] which describes the mode]'e
status as of July 1971. This first generation model is referred to as the
AMC '71 Mobility Model.

The Mobility Model has evolved as various embellishments were added and

modifications made in order to ensure that the mOde1-authehtiea1Ty'accounted

for the principal factors affecting vehicle mob111ty However, even the -

197] vers1on of thc Mobility Model is suff1c1ent1y intricate to motivate the
 use of approximations to the model. Such approximations are highly effective

in reducing computer cost and program size and in simplifying the interpre-

tation of model outputs. This is especially important when it is desired to
use the Mobil1ty Model as a design tool or as part of another model, e.g., a
surv1vab1]1ty model. In these situat1ons only a few of the hundreds of param-
eters which affect vehicle mobility are of immediate interest. Yet, without
any model approximation, it is necessary to rerun the entire mobility model

in order to investigate the effect of changing the few parameters of interest.
Extensive parametric examination of vehicle mobility is impractical in this

situation.

[]]TACOM Technxca] Report No. 11789 (LL143), The AMC '71 Mob111ty Model,
July 1973. AD766733, AD766734.




To overcome this problem, TARADCOM is exploring the application of

repro-modeling as a means of approximating the Mobility Model.

Repro-modeling [2] is an approach for creating an efficient input/output
approximation to a sophisticated model. The repro-modeling approach is based
upon obtaining a sihp]e mathematical expression for the desired input/output
relationship. It is an empirical approach which employs the original model
to supply the requisite data (typically tables of model output values for
a selected range of input values). Once the input/output data are at hand,
the idea is to approximate the functional relationship implicitly imbedded
in the data with a mathematical expression which is both economical to use
and which reasonably approximates the behavior of the data.

To demonstrate the potential utility of repro-modeling in approximating
the Mobi]ity ¥odel, TSC, under contract to TARADCOM, has developed a computer
program which 1is capable of repro-modeling a model when the input may contain
as many as eight input variables. The computer program produces a multi-
dimensional functional approximation which relates the selected input variables
to the output variable (the average velocity for given terrain conditions and
a given vehicle for the Mobility Model). Once at hand, the resulting func-
tional approximation may be used a§ a design tool to further study the effects
of changes in the chosen input variables upon mobility.

The purpose of this document is to describe the approach taken in
obtaining the repro-model and to completely describe the computer software,

including instructions for its use.

[ZJMeisel, W. S., and D. C. Collins, "Repro-Modeling: An Approach
to Efficient Model Utilization and Interpretation," IEEE Transactions
on Systems, Man, and Cybernetics; Vol. SMC-3, No. 4, July 1973.




Organizationai]y we first proceed to describe the concepts»embeddéd

in the COntinuous Multivariate Piecewise-LInear Approximation/Regression
(COMPLIAR) program.* This is the mathematical approach which has been uti1ized
in obtaining the required multi-dimensional approximation. = Next we discuss the
COmpuﬁer software imp]emehtation used in COMPLIAR, including a step-by-step
discussion of its use in furnishing a repro-model of the Mobf]ity Model. A
sample deck and the resultant computer output are provided to illustrate
the operation of the softwére; (Compiete annotated 1istings of the computer
_ program can be obtained from the Science and Technology Division of the Tank
Automotive Research and Development Laboratory.) |

.'Together with the actual computer program being furnished under this
: coﬁtract, this document should enable TARAUCOM personnel to exercise the
software and realize the cost savings and Tnterpretatlve advantages of
repro-mode11ng. In part1cu]ar, the sofiware may be used to repro-model the
relationship between other input/output data sets involving up to 8-dimensional
input data and a single outbut variable. |

The software was used on sample data from the Mobility Model as a demon-

stration'of its USe. One such demonstration utilized a data set consisting |
of 5184 input/output data points,describing’the mobilitx of an M60 Tank as
a function of 8 input variables (4 Tnput variables described terrain proper-
ties and the other 4 described vehicle design parameters). The repro-model
for this test case accounted for more than 94% of the functioﬁal variation -
contained in the data and required approximately 60 CPU seconds of execution

on a CDC 6400 to completely specify the repro-model. The repro-model, itself,

*Nhile one should, in general, distinguish an algorithm (e.g., continuous
piecewise linear regress1on§ from a specific software implementation of that
algorithm (e.g., the COMPLIAR software package), we will, for the sake of
brev1ty, not be prec1se in making this distinctlon. o ’




can easily be implemented on a hand calculator (See Section 5.2 page 110)

to furnish small volumes of input/output data.

1.2 MOTIVATIONS FOR REPRO-MODELING

It is worthwhile to review here some of the salient factors which
motivate the use of repro-models.

Complicated and intricate models that require excessive runniné time
and/or computer storage may be replaced by far more efficient "repro-models"
that are largeTy equivalent for certain purposes to the original models.
Repro-models are, effectively, simpler models of such complex models. Repro-
models make practicable many model applications that, heretofore, would not
have been considered because of exceedingly large requirements on computz-
tional resources.

Typically, a greét deal of thought and effort is expended in the d-vel-
opmert ¢€ a complex model. However, when the model is to be used operation-

.ally, it often has to be greatly simplified or used sparingly because of
excessive requirements for computer time or storage. The net result is that
much that the model has to offer is sacrificed--and the cost/benefit ratio
of model usage appears to be unattractive.

Repro-modeling is often an alternative to this situation. The result
is that the full power of the sophisticated model may be brought to bear on
analysis of complex problems, and realistic solutions may be obtained. For
example, complex systems analyses may now incorporate fully realistic models,

yet require minimal computer resources.




In the case of field deployment of sophisticated algorithms fof signal
or data processing, the use of repro4models may allow these algorithms to
be employed in real-time and within very limited storage constraints (e.g.,
within microprocessors) without sacrificing performance.

Furfhermore, analysis of the repro-model input/output data yields an
understanding of what the model imp]ies,'and‘consequent1y‘provides a means
for model verification or improvement. |

For the Army Mobility Model, the major objective of regfo-mode]ing

-is to accomplish a reduction of mOde1 running time and program size. This
is a typical objective of repro-modeling. For example, a photochémical air
po]]ution repro-model developed byVTSCAfor the Environmental Prptectibn
Agency [3] was so simple that the repro-model-output could beitélculatéd
on a hand éé]cu1atqrvin a minute or so; while the.original mod§1 took one-
haif hour, using a large general purpose compﬁter, to produce:%hé_same , |
results. Also, the simple form of the photochemical repro-mode]’gfeat]y
facilitated an understanding of the degree of reduction in pollutant
emissions requiréd in order to achieve a given level of air quality, as
implied by the original complex model. It also revealed weaknessess in
the original complex model, particularly a large dependence of the output
on.assumed boundary conditions. B

It is often not obvious that repro-modeling is applicable in a given
application without detailed examination. For example, some less obvious

uses of repro-modeling analyses include the following:

[SJHorowitz, Alan, W. S. Meisel, and D. C. Collins, "The Application
of Repro-Modeling to the Analysis of a Photochemical Air Pollution Model,"
EPA Report No. EPA-650/4-74-001, December 1973.

-




- Determination of which Variab1e§ most affect the output: the degree

of error incurred in ignoring (or not having measurements of) the

less important variables.

- Avoiding on-1ine optimization: a model involving an optimization

process can be run off-1ine, and the relationship of input variables
to optimum values of parameters can be repro-modeled.

- Repro-modeling differential equations: a time series of values

generated by a model can be analyzed to obtain a simple difference
equation, perhaps with a larger time step, which closely approximates

the behavior of the original model.

It is hopad that the above discussion will stimulate the imagination of
those who will have an opportunity to app'y the software described in this
document to repro-modeliag the MobiIity Model and other complex models used

by the Army.




II. CONTINUOUS MULTIVARIATE PIECEWISE-LINEAR
APPROXIMATION/REGRESSION (COMPLIAR)

As sfated in the Introduction, the objective of repro-modeling is to
furnish an approximate\functional relationship between the inputs and outputs
of a complex system so that the repro-model is more efficient to run and eas-
’ier to interpret than the origina] model. '

One means of achieving this objective, insofar as the Mobility Model
is concerned, is to make use of a technique which we will refer to as Contin-

‘tous Multivariate Piecewise-Linear Approximation/Regression (COMPLIAR).

2.1 COMPLIAR DEFINED 4
Mafhematica]]y,'COMPLIAR is a technique for creating a functional form
which approximates the mu]tivariéte relationship between a set of input
variables and one or more 6utput variables. |
Thus, consider the system ifiustrated in Figdré 1. For the case at
hand the "system" constitutes the Mobility Model. The inputs consist of a
" set of variables such as vehicle design parameters and terrain descriptive

parameters, and the output consists of a measure of the ground mobi]ity of

the vehicle such as the maximum velocity attainable under a given set/of
terrain conditions.

It is convenient to designate the input variables Xy xz,..., *Xn
utilizing vector notation; so that

v5_= (x]...xk...xn) : (2-1)

describes the vector input to the system. In the present application in
which the output is the single quantity, speed, it is convenient to desig-

nate the generic output variable with the scalar y.
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Underlying our entire procedure is ‘the fact that there exists a rela-

tionship between y and x which we may summarize by writing

y=f | (2-2)

That is, there exists a rule for mapping an n-dimensional point in space
determined by the components of g'into a point (one~dimensioﬂa1 space)
determined by the va]ue~ofﬂy. The objective of repro-modeling may be
mathematically stated as arriving at an effiriently executed, and accurate
approximation to the function f(:) using sets of values of x and the con-
comitant variable, y. |

th

We shall denote the vector data point

A=t ez, (23)

and the set . W ) P
.2‘: _Z_]"'_Z_M} . (2_4)

will be used to designate the set of M observations upon which the repro-
model is to be bésed.

Now, there are many mathematical techniques for approximating f(-)
given the data.Z. For example, one can, in pkincip]e, use an n-dimensional
Tay]or's series which would lead to a po]yndmia] approximation. The tech-
nique of COMPLIAR, which we are about to e]aborate upon, has certain features
which render it more atfractive to:the‘problem at hand than; for example,

polynomial approximations. Among its adVantages are: ease of interpretation,
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better extrapolation behavior, and a gréater degree of parsimony than poly-
nomial expansions for approximating functions wfth regions of sharp curvature.

Before embarking upon the mathematical details of COMPLIAR, let us |
remark on the properties of the technique which are suggested by its name
alone.

The eontinuous aspect of COMPLIAR refers to the fact that the sought

for approximation will be a function which is continuous in all of its vari-
ables. This is not a]wayé a requirement of rapro-modeling. Indeed, there
are systems which exhibit discontinuous behavior, at leaét macroscopically.
However, for the application of repro-modeling to the Mobility Model, espe-
cially with design study applications in mind in which one typically wishes
- to examine effects of relatively small changes in the input variables, the
continuity requirement seems eminently reasonable.

The piecewise-linear‘aspect of COMPLIAK describes the undef1y§ng func-
tional form which is used in order td cbmpose the fina) functional approx-
- imation.

A piecewise-1inear function is one which is linear in subregions:

X At Xy P A Torxe Xy
y= . (2-5)
aR]x-‘ + aRZXZ 4 ooe 4 aRnxn + aR,I’H‘] fOI“ 5_ € XR

where x], XZ,..., XR are disjoint subregions covering the region of interest

*
for the input variables. Each line of Equation (2-5) is specified by

*5.e X, is the conventional mathematical shorthand for "the vector x
is in the sbt X;-"




N

(n + 1) constants: the n coefficients of Xys XgseeeXy plus a constant term.
Once these constants are specified,'each line of Equation (2-5) definés an
n-dimensiona] hyperplane* in the {n + 1)-dimensional space spanned by the
data points, g%. For this reason we refer to the constants in Equation (2-5)
as hyperplane coefficients. The determination of these coefficients is
commonly referred to as a regression problem.

~ The idea behind COMPLIAR is to suitably obtain the disjoint subregions
and hyperplane coefficients so that a satisfactory approximation to the data
can be obtained within the framework of the piecewise-linear component
structure. An example of such a fit in the one-dimensional case (y = f(x]))
is illustrated in Figure 2. Figure 3 1is an ekamp]e of a fit involving two
input VariaL!es,(n = 2). | '

The remzinder of this sectioh is devoted to the discussion of an effi-
cient compuiational algorithm for imp]ementing COMPLIAR. The algorithm
yields a continuous multivariate piecewise-linear function over genera]h
(implicitly determined) subregions using a strategy which minimizes the meén

squared error in the final approximation.

2.2 IMPLEMENTING COMPLIAR

2.2.1 Basic Formulas

Let Xy denote the kzhfcomponent of the vector, X, of input variables.

The vector x defines a point in n-dimensional space for each prescribed
~value of the input variables. For notational convenience, it will prove

to be convenient to augment the x vector with an additional element of unity.

* . - ’ .
_ In the two-dimensional case (n = 2) a hyperplane reduces to the con-
ventional notion of a plane. In one dimension a straight line results.




Figure 2. An exahple of a Continuous Piecewise-Linear
Fit Involving a Single Input Variable
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Figure 3. An Example of a Continuous Piecewise
Linear Function in Two Variables
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Thus, let

-x_' = [x] coe xk PP xn ]] (2-6)
Now consider the vector of (n + 1) parameters

?‘q = [aq-l aqz e aqk seoe aq’(n+'l)] . (2"7)

Then the function*

Hq(g(_) = -a-q° é.T = lgl L X+ aq,(n+'l') (2-8)
defines an n-di@ensiona] hyperplane, and gq comprises the vector of hyperplane
cogfficignts.

"7 We wish to compoée’a function from hyperplanes of the form given by
Equation (2-8), in such a way that the cdmposed function is continuous in Xx.
Thus, suppose we set up a collection of Q hyperplanes via the set of coef-
ficients {gq; q=1, 2,..., Q}. These coefficients may be conveniently

arranged into the Q x (n + 1) matrix shown below.

[«(n + 1)+

(2-9)

|
oo i

*Superscript T above a vector or matrix will be used to denote its
transpose.
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Then, define the function

P(x) = Max {H_(x)} = P(x;A) (2-10)
= 1sagq 9 |

The function P(x) is ca]]ed a P-funetion. 1t has the desired continuity
property and shall serve as a fundamental building block for arrivipg at
the final functional approximation. The fact that the P<function depends
implicitly upon the entire set of hyperplane coefficients has been eMpha-
sized via the notation P(x;ﬂQ on the far right of Equation (2-10). U1ti-
mately we will describe a procedure for adjusting A to accomplish the
desired functional approximation. |

| Notice in Equation (2-10) that the maximization operation causes one
to “switch" from one hyperplane to another in a continuous fashion, depéndfng

“upon which hyperplane produces the largest va]ué of H_(x) for any point x.

- q
In between these switches'one remains on a given hyperplane. The ability to

switch from one hyperplane to another permits us to produce basic functional

building blocks with P(x) that are highly nonlinear and continuous; even
though the constituents are simple linear functions of x. An example of a
P-function is illustrated in Figure 4; This is a one-dimensional ekampIe

composed of 3 hyperplanes. The hyperplane coefficients are specified by

a; = [-.5 -1.5]
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P(x)

Note: Solid curve depicts the P-function
which results from applying Equation (2-10)
to the 3 1ines illustrated above. The
dashed extensions show the continuation
of the component line segments.

Figure 4. A P-functfon in One Dimension
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»»uﬂ\ang;the P-function is determined from

P(x) = Max’{[-.Sx -1.5] 5 =1;[x-1]

However, there is one important limitation to the form of P(x) and
that is that it always produces a convex function.* (This is a consequence
of the maximization operation, which happens to be an easy computationa1
method of achieving the continuity.)

Not all functions that we shall choose to approximate are convex. We
therefore wish to modify our approach so that we may approximate én arbitrary

- continuous function‘whilé still preserving the simplicity of the functional
g ;bu11d1ng b]ocks described above. o _.ifﬂ |

We may iramove the convex1ty 11m1tat1on by cons1der1ng the fo]low1ng

generic form For the approx1mat1ng f"nct1on.
&

Np '

F(x) = Z Wy Pi(x) + WNP;l’?l (2-11)
i=1 ‘

Thus, we simply weight tﬁe sum of NP P—functions using the weights
{wi; T PR NP+1}7 ’The‘use of both positive and negative weights over-
comes the convexity limitation. | - ‘
' Our problem is now to take the data,.Z. and fit it with F(x). To per-
form the fit we select a value for NP’ the number of P-functions which our
fit will consist of. We also specify the number of hyperplanes which w111

comprise each P-function. Extending the notation employed in'Equation'(Z-Q),

*A convex function is "bow]-shaped“.
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we let Q. denote the number of hyperp]anes in the iED-P-function. The hyper-

plane coefficients for the 1ED-P-function are summarized by the matrix A.,

which has dimension Qi x (n +1). The rows of A are denoted by {(1) q=1,

2,... Qi} The vector é;) comprises the coefficients of the qu-hyperplane
in the ith P-function. We then have, for the 1th P-function (using a gener-

alized form of Equation (2-10)):

1 .
Pi(x) = Max {é )(_)} = P(x;A;) (2-12)

1<q<Q

where the nofation P(X'A ) on the far right-hand side‘ef (2-12) stresses the
dependence of P (x) upon the matrix of hyperp1ane coeff1c1ents, 54.
The generic form of our approximation, which is given by Equation (2-11),
is seen to be implicitly dependent upon the weights'{wi; i= 1000, NP+1} and
the hyperplane coefficients {Ai; i= 1,...,N§}. We shall refer to these
asbects of the fit, for economy of notation, using the (NP+1)-dimensiona1

’ weight vector

!:[w] wz soe wi coe wNP+1] (2-]3)

and the overall coefficient matrix

A
A 3 (A; has dimension Q; x (n+1)) . (2-14)
Ay

P
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Once the values ﬁf‘NP and‘{Qi =i= 1;2,...NP} are specifiéd. the function
‘ F(x) is specified fully by choosing A and W. To emphasize this deperidence
we often write F(x; A, W). The objective is now to determine A and W so
that F(x; A, W) provides a good approximation to the input/output data.

2.2.2 Mean-Squared Error Optimization Criterion

In order to finally determine A and W it is necessary to adopt some
criterion of goodness for'the'resulting functional approximation. We shall
uﬁe the optimization criterion of minimizing the mean-équared-errcb (MSE)
of the approximation for the sﬁécified vaides of Np (number of P-functions)

and {Qi; is= 1,2,...NP} (number of hyperplanes per P-function).

For M data samples thevMSE may be expressed a§

E= o ZV"F(&’%A@]Z | - (2-15)
=1 - ; o
The minimization of E must be done numerically, and we shall see that
the reduisite computations can become quite costly for large values of NP
and Qi‘ For this reason, we typically choose the number of P-functions and
number of hyberp]anes per P-function to be reasonably small during our first
fitting attempts. Of course, if NP =1 We lose the abi]ity to fit non-convex
data; this can be a useful tool for discovering if the data is intrinsically
cohvex. After examining the quality and chéracteristics of the fit, it is .
easier to make judgments about further increases in the complexity of the
fit to be attempted. Perhaps surprisingly; even NP =22 or 3 with comparable
values of Qi often produces a totally acceptable fif because of the inherent

adjustability of the approximating function.
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Insofar as the minimization of E is concerned it turns out (see Section
2.2.3) that for any specified A there is a closed-form analytic so]ution*
for the optimum set of weights, W. The reason that an analytic solution
for W is obtainable is that once A is specified, the P-functions are com-
pletely determined. F(x) then depends only upon W, and the dependence is
linear. By way of contrast, F(x) depends nonlinearly upon A, and there is
no closed-form analytic result for the A which minimizes E.

The fact that W is completely determined by A insofar as minimizing
is concerned, implies that the total number of “free parameters" that actually
benefit the fit is equal to the total number of elements in the overall hyper-
plane coefficient matrix, A, in Equation (2-14). Thus, the total number of

free parameters in the overall fit is equal to-
Np
Ne=(n+1)) 0 (2-16)
i=]

For example, suppose the problem at hand requires fitting the relationship
between 4 input variables and one output (dependent) variable. In this case
n=4. Even the simplest non-convex fit using two P-functions (NP = 2) and
two hyperplanes per P-function (Q] = Q2 = 2) produces NF = 20. This fit
involves a numerical optimization over a 20-dimensional parameter space in
order to minimize E. In subsequent sections we shall describe a practical
computational procedure for accomplishing the requisite optimization. First,

it is in order to set up the optimization equations.

*As opposed to requiring numerical minimization..
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2.2.3 The Optimization Equations

The computational prob]ém before us is to minifm’z'e the MSE, E, by suit-
ably adjusting the collection of hyperplane coefficients,' A, and weights, W.

Formally speaking, we may regard E as a function of A and W and denote
this via rhe notation E(A_;ﬂ). It can be shown that E is differentiable with
respect to the parameters A and W. Thus, a necessary cdndition for.a minimum
of E is that the total derivative of E with respect to all of the parameters.
of A and W be equal to zero.

To elaborate, it is he]bfu'l to reassemble the elements of A an'd W into
one overall row vector and to utilize the vector derivative or gradient con-

cept. A has N elements and W has (NP + 1) elements. Thus, suppose we

 define the vector

|+NF+|+NP+]+| |

x=lai B 1=y vy Y] @1

where o is an N.-dimensional row vector composed of the elements of A and W

is as defined in (2-13). In other words, there is a one-to-one correspondence

between the elements of the row vector o and the elements of the matrix of
hyperplane coefficents, A. The mannér in which the elements of A are rear- -
ranged into the vector g is arbitrary. Later we will offer one possible
arrangement. | |

Now, strictly speaking E may be regarded as a function of the composite

parameter vector Y. Each specification of the elements of Y defines a point |




22

in the overall parameter space, I', which has dimension NF + NP + 1. A mini-
mum of E occurs only if the magnitude of the gradient of E (also called the

"norm" of E) calcu]ated in the T space is zero. We denote the gradient of

E via the notation 35 . This is a vector defined as follows:
9E _ 9E > , 3E = F
— = + s s +
3y g N 3y, '2 T, "N
\~_______———f\/’—-.-———‘—’
) L
5@: ] ' ’ ) (2']8)
O 2 4.4 13

> .
=¥ —r
3YNF+1 NF+] aY(NF+NP+]) (NF+NP+])

where r denotes a unit vector in the 1£h-d1rect1on. As indicated in (2-18)

the first NF components of =— aE comprise the gradient of E with respect to the

components of A, and the last (NP + 1) components of as comprise the gradient

of E with respect to the elements of W. In other words; gﬁ is calculated

holding A constant, and — aE is calculated holding W constant. Therefore, in

order forl%%'to be zero for arbitrary adjustments in A and W we require

separately that




l -0 | (2-19b)

Using Equations (2-11) and (2-15) it is possible to explicitly solve
(2-19b) above for the optimum W. In particular, let

- 2'. . i = |

9i = Pi(_)s ,A_i) 3 1 ]’u-sz (2-203)
L= 1'0009M ) R

_ 1)

1

R 1
&= Mgy . (2-200)

]-

That is, G is an M x (NP + 1) dimensional matrix composed of the P-functions
evaluated at the various input data points, to which a column of 1's is

adjoined. From (2-11) and (2-20a & 20b) we can define
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Np
= = 2
Ff, = Fl(.)_(_z) = Ewi Pi(z(_) + wNp"'] for £ =1,...,M (2-2]&)
i=1
E=1[F Fyooe Fpooee Fyl ~ (2-21b)

from which it follows that F can be expressed in the form

F=W§ (2-22)
and E can be expressed in the form
1 T T ’
= 1[v. T
Eegy-ud]y-ud] 2
) >
" Formally calculating %%-yie]ds:
-5
%;E; = -,Zz [ﬂﬁTﬁ-xEF%[f.-xJﬁ_ (2-23)

M= xg[gT 9.]'] = u(A) (2-25)
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where we have emphasized the fact that the solution is dependent upon A

2
(through G) via the notation W(A). It can also be verified that 3k, 0;

2
so the soiution in (2-25) does, indeed, provide a minimum for E. K
The solution for W given in (2-25) exists as long as the matrix [ngJ
is invertible. One requirement for this to be tfue is that the number of
sample points, M, used in the fit must be at least equal to (NP +.1). That

is, (2-25) has a valid solution only 1f*

3
W (N + 1) - (2-26)

Since the number of P-functions comprising the fit is .typically rather small,
(2-26) is usually satisfied in practice. |

If (2-26) 'is satisfied but [§T G] does not have an inverse, it is
because two or more rows or columns of [gT G]-are linearly dependent. If
this occurs the problem can generally be ovarcome by reducing the number of
P-functions énd/or hyperplanes whifh are being tried in the fit.

It now reméins to calculate %5-. ' The magnitude of the uiﬂ component of

—

this NF-dimensional vector is obtained using (2-15):

M
A . .
% .2 Yt rpdaan] EEL ;- (-
"a"&"' == M ][_Y F(_)S_ :A»y_)] aau > U 1’2"“’NF (2 27)
2= '

”

Actually a more important practical requirement is that M>>N.. This
ensures that the data is not overfit by simply having an unjustifigbly large
number of parameters in the fitting function. Note from (2-16) that M>>Np
implies that (2-26) is satisfied. . o
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In order to proceed further it is necessary to specify the correspondence
between the elements of o and the entries of the hyperplane coefficient
matrix, A. .

Referring back to Equations (2-9) and (2-14) the following correspon-
dence is suggested.

Take the elements of the matrix A4 (these‘are the hyperplane coeffi-
cients associated with the 1EE-P-function) and assemble them into a row

- vector, g;. To do this let a; be assembled as shown below

L) b ) )
&4 [_a_.l E _a_2 :...::2.q :...z_a_Q.i
‘ léz-row of Zﬂg-row of qsh-row of ‘last row of - S
A, A, A A

In other words g(;) are the hyperplane coefficients of the qzh-hyperplane

of the iih-P-fuhction assembled into an (n + 1)-dimensional row vector.

Then o, collects all of the coefficients of the iED-P-function into a single
row vector of dimension [Qi * (n + 1)] by adjoining the partitions as indicated
in (2-28) above.

Finally we form the overall a vector by letting

IR
n
~—
=]
wad
'LQ
Ie
L]

a ] =[u Qyeoel ooet ] (2-29)
—NP 172 H Ne
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The vector o is therefore partitioned into NP subvectors in wh1ch the i—

partition compr1ses -all of the coefficients of the 1£h-P function. Equation

ith component of o and the’

(2-29) establishes the correspondence between the 11—
appropriate P-function and hyperplane coefficient. It is now possible to
evaluate (2-27).

L

Consider the iED-P-function. For any given input data point x” and a

trial solution for Ai we can evaluate (using the generalized form of Equation

- (2-8))

(i) 'z - A1) T any
»Hq(.’i) 2y "X (2-30)

s 9F ]’2"“Q'i
We can theretore identify the value, Ao for which H(;)(gf),is maximum over
the range of g. From the def1n1t1on of the ith P‘function (Equation (2-12))
and from the gener1c form of F(x) g1ven 1n (2 11) it fo]]ows that aF(x )/aa

V(whlch appears in (2- 27)) is ident1cu.]y zero unless o is one of the elements

‘of the vector 3‘1). Moreover, from (2-30) we obtain for the kth element of
%(1) °
A -
oF (x*) 2 |
W = W,i Xk H k = 1,2,..0" (2-31)
o
qo"

For other values of q # 9 the derivative is zero.
Equation (2-31) holds for all values of i. . Thus, to evaluate the

quantities aF(g_c.‘Q’)/Sau appearing in (2-27) one proceeds as follows:
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(1) Choose a data point 5}

(2) Calculate H(;) (ZF) for i = 1,....NP

(3) For each i above, identify the value of q, for which
H‘q‘o) 68 2 1) oM 5 e =20
This identifies which row of A, will contribute a
nonzero result to the final derivative. More specifi-
cally it identifies which partition of g, in (2-28)

- will contribute a nonzero result.

(4) Utilize the association between o and the partitions
a; set forth in (2-28) and (2-29). This identifies
the components aF(gf)/aaﬁ which are identically zero.

s In addition,:Equation (2-31) provides the values of the

nonzero entries.

| To obtain the desired gradient, we musﬁ evaluate (2-27) by repeating the
.above steps (1) - (4) for each of the M difa points {5?; £=T,...,M .
Aften_having evaluated the components of'%g-using (2-27) and using (2-24)
for %%-, the norh of the gradient can be czaculated in the conventional

manner:

- ! Ne Np+1 Fe
(B[ JEPEF - [DE T (@& em
9y % oW 2] * vy -32)
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OBserve in the above discussion that the resulting gradient is func-
tionally dependent upon W and A. However, we have already shown (Equation
(2-25)) how to obtain the optimum W for a specified A. Using (2-32) the
norm of the gradient may be calculated for arbitrary trial values of A and W.
Moreover, the norm of the gradient can be expressed in terms of A alone if
W is set at its optimum point. It can also now be appreciated that the gradient
is not linearly related to A; so that an analytic so)ution for the optimum A
is not accessible.

2.2.4. Implementing the Optimization Procedure

As indicated in the previous sections we can numerically attempt to mini-
mize the MSE of our functional approximation Sy searching for a zero in the
norm of tpeggradient of the MSE with réspect io the NF free parameters in the
hyperplane cvefficient matrix, A. X

Any rumerical solution, of course, is fundamgntal]y unab]g to resolve the ‘
question of whether or not an absolute minimum (as opposed to a relative
minimum) has been obtained.  From a practical viewpoint, this is not a severe
limitation because, in the finé]-analysis the actual error magnitude will be
the guide to acceptance of the approximation. -

However, brob]ems can occur if one attempts to blindly employ multidi-
mensional gradient search techniques without appreciating the Timitations
imposed by computational resources.

Under constrainté of finite computer resources it is important to start
off the numerical optimization as close as possible to the optimum solution
and to make judicious tradeoffs between suboptimum minimization efforts which
consume fewer computer resources but can make significant progress towards a

good solution.
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In the next section of this report a computational procedure is detailed
for imp]emenfing the optimization procedure.

Since the procedure is a computational one, and since it has been specif-
jcally implemented by software which itself is one of the deliverables under
this effort, the implementation description will be unfolded in parallel with

the software description.
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IiI.' DETAILED IMPLEMENTATION DESCRIPTION

3.1 OVERVIEW

The previous theoretical discussion will be specifically tied to a
software imp]ehentation in this section of the report.

There are NP P-functions, each with a given number of hyperplanes, and
NP + 1 weights to be determined so that the mean squared error (MSE) (defined
in Section 2.2.2) of the piecewise-linear fit is minimized. Looked at from |
this point of view, then, there results a'minimization problem. The methud
used to solve for the best hyperp1énes and weights is to employ a gradient
search. This choice is made because of the nonlinear dependence of the MSE
upon the hyperplanes of the piecewise-linear fit. (See Section 2.2.3.)

| BeTow wiil be deécribed'the normal sequence of operations-in the soft-

ware, assuming that the input is data from the Mobility Model cdnsistinciof
'M'gampie points, each one of which has a fixed number n;-of input véfiab?es
"and a single output variable. Note that the actual data tape (or disc.file,
etc.) may have more than n input variables per sample pouint, but what is of
interest is the actual number of input variables selected from each sample
point, that are to be a part of the fit.

Throughout this section it is assumed that the following are available:

the input/outpdt data which is to be fit, the Structural Parameters deter-
minining the number of P-functions, number of hyperplanes for each P-function,
and the minimum acceptable activity level (see Section 3;1.5). Other Iteration

Parameters (see Section 3.2.3) which determine the computational time and




32

effort which are to be devoted to the fit, are also supplied. Each of the
. P-functions is automatically initialized by the software, and then, using
the gradient search scheme referred to above, is optimized to minimize the
MSE within the limitations imposed on computer time and effort.
The optimization of the hyperplane coefficients and the weights occurs
in three distinct parts: Marginal Optimization, Sequential Optimization,
and Joint Optimization. These are described in Section 3.1. It is assumed
fn that section that all three will occur, as they do in normal program
operation. Alternative modes of operation in which only some of the modes
are used will be discussed in Section 3.2. Section 3.2 also discdsses a
mode in which no optimization is performed at all. Finally, in Section 3.3,
© are discussed.the principal building-blocks of:all three types of optimization.
These are Pqunction initia]izatién, the optimizin§ of the weights (as a func-

tion of}the hyperplane coefficienfs and the data), and the gradient search

scheme.

- 3.1.1 Input and Standardization of the Data

The details of how to input the data are described in Section 4.2,
but it should be emphasized that ;hg lgxiqographic qrdgr qf ;hg input varia-
bles can be very important to the gradient search scheme. The reason for
this will be evident in the description of the Initialization and Marginal
Optimization of the P-functions (see Section 3.2.1). In any case, the first
operation performed by the software is to put the data into a suitab]e
"standard" form. This standardization consists of modifying the input
variables so that each one of them has its mean subtracted off and is
then dividéd by its standard deviation. This resu1t§ in transformed

input variables which are dimensionless. These dimensionless variables
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are used to eliminate the problems of scaling and to express the input
variables in units of standard deviations from the mean so that the different
;afiables,are commensurate. ' '

Formally, the transformed input variab1es'{gk, k=1,...,n} are related

to the original input variables Xy by the formula,

X, =M .
Xk ="'—'S?k_l(' [y l = ],ooo’M (3—])
where
M ‘M
DI > (xp - m)?
=1 2 43 Tk k
me = = and o = T . (3-2)

For ease of notation, the zf$ wi11‘be referred to as x's in the fol]dwing
description of the progrem and its subroutine. That is, we shé]] always
assume that the standardized data is being fitted and drop the‘"~"‘natation.
Because a numerical gradient seérch optimization is required, it is
necessary to initialize the optimizdtion routine before any optimiiation

can be performed. In addition, for computational efficiency the optimization

is carried out at a coarse level first, and proceeds to greater refinement

in subsequent optimization stages. It is therefore natural to combine our
discussion of initialization with this first optimization level, which is
referred to as Marginal Optimization.

3.1.2 Initialization of the P-Functions and Marginal Optimization

Marginal Optimization is the first part of the three part optimization

process mentioned earlier. In it, the following steps are faken: first a
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single P-function P] is initialized (see Section 3.2.1) in subroutine INITA.
Then weights,w] and w' are chosen in the subroutine OPTW so that wlP](g) +w'
best fits the data (see Section 3.2.2). Then, in the subroutine OPT, a gradient
search over the hyperplane coefficienfs (see Section 3.2.3) of this first P-
function and weights W, and w' is performed in OPTW. In preparation for the
next P-function, the evaluation of w1P](5) + w' is subtracted from the output
variable at each data point and entered in a residual array.

The steps for the second P-function are the same as those for the first,
except that the quantity szz(g) + w" is fit to the residuals remaining at
the end of the marginal obtimization of P](ﬁ). Initialization, initial
computation of the weights w, and w", optimization over the coefficients of
the hyperplanes..of Pz(x), wz,'and w" and a final recalculation of Wis wz;land
w" are performed. Then the residuals

yh o wP () - WPy (xh) Wt a0l
are calculated in preparation for the third P-function.

This process continues until all NP P-functions have been involved one
at a time. At each step of this marginal fitting procedure, the residual
that has not been fit at the preceding step is fit during the current step
to the best extent possible using a single P-function present alone. More-
details pertinent to Marginal Optimization are found in Section 3.2.1. The
resulting P-function coefficients and weights are then used as the starting

point of the next finer level of optimization: Sequential Optimization.
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3.1.3 Sequential Optimization

In Sequential Optimization, the strategy is similar to Marginal Optimi-
zation in that we fit the residual functional variation not yet accounted for,
and the fit is obtained by sequentialiy optimizing one P-function at a time.
However, in this stage of optimization all of the desired P-functions are
present while the fit is adjusted one P-function at a time. (This is to be
contrasted with Marginal Optimization in which, at any step, the function
being fit to the residual consists of a single P-function.) The prpcedure
is as follows.

We start with the P-function coefficients and weights obtained from

Marginal Optimization. Then we may assume that the P-functions P]""’PN

~ and weights w, »+« W/, are available. - The residual formed by elimirn- .-
1 (NP+]) .

ating P]: o

) By . L ) '
Y7 = (WP (xT) + eee 4+ "Ny PN, (x7) + wNPﬂ)_ - (3-3)

is calculated for each data poiht (éf;yz) for 2= 1,...,M.

Then P1(5), W and w' are optimized in the subroutine OPT so that
]
w]P](g) + W
best fits the residual. This defines a new w; and replaces the old value

of wNP+] with the constant weight wNP+1 +w'.

The next step is to evaluate the residuals formed by eliminating PZ:

e 2y . 2 ’ L
» y ." (W]P] (2(_ ) + W3P3(2(_ ) toeee + wNPPNP(Z.(. ) + wNP.H) (3"4)
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for 2 =1,...,M and optimize the choice of the coefficients of Pz(g), W,
and wNP+]
This procedure continues sequentially through the P-functions, as long
as none of the five stopping criteria'is met (computer time, RMS error, error
change, step size, gradient magnitude - see Section 3.2.3). If no stopping
criteria has been met at the last P-function, the Sequential Optimization
will start again with the first P-function and continue sequentially through
all the P-functions. The computer time 1imit will force the process to stop
if one of the other four criteria doesn't stop it first. This brings us to

Joint Optimization. '

3.1.4 Joint Optimization

This third step of optimization proceeds from the results of the prior
optimization steps. We may therefore assume that P-functions and weighis
- have been previously defined. The procedure is sfmp1er to describe, since
_all the P-functions and all the weights are simulataneously changed in the
gradient search. The gradient search over all the hyperplane coefficents
and weights occurs in the subroutine OPT. Following that, the subroutine
OPTW is called to exactly determine the optimum weights for the coefficients.
Joint optimization is a more ambitious and computationally costly pro-
cedure unless one is reasonably close to the solution for the optimum hyper-
plane coefficients. This is because the number of possible directions that

may have to be tried increases factorially with the number of degrees of

*

The gradient search is computationally more efficient than repetitive
numerical evaluation of the exact analytical solution for W. The analytic
evaluation of W is therefore always reserved for the final “evaluation of W
after no further changes in A occur.
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freedom. For this reason, the Marginal and Sequential optimization, in which
the number of degrees of freedom is much smaller, are used in an attempt to
get a good starting point for the Joint optimization.

Each of these optimization stages has adjustab]e ;topp%ng critera in
terms of computational time, RMS error, error change, gradient step size and
norm of gradient, which are used to control the amount of effort épent invthe
various optimization stages. (With the exception of the time limits, which
must be separately specified for each type of optimization, the remaining
stopping criteria may either be separately specified; or by default the same
criteria is used for all stages.ofloptimization.)

3.1.5 'Removing Inactive Hyperplanes

In the course of the optimization the activity level of:each hyperp]ane

is computed. The activity level of the q"h hyperplane is the number of sample
points on which that hype“plane is actually the one on which the maximum over

q of a(;) + x" occurs for the 1th

P-function. An input supplied to the pro-
gram is the minimum acceptable activity level per hyperplane. If a hyper-

plane falls below that level it is eliminated. This is a safeguard against
an overly ambitious and wasteful specification of the number of hyperplanes.

3.1.6 Returning to Original Coordinates

At this point a fit has been made between the output variable and the
standardized input variables. Returning to the "-" notation of Section 3.1.1,
the NP P-functions at the end of optimization may now be called 5](2),..., .
P (x) and the weights may be denoted w]...,wN +1 to represent the fact that
the weights and P-functions now chosen, operate on the standardized input

variables. The approximation achieved is:

F(X) w] ](X) + e + wNP PNP (l(_) + WNP+] (3-5)
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The program defines new P-functions, Pi(x), which operate on the unstandardized

(i.e., original input) data so that
Pi(_x_) = Pi(z')’ i = ]’...’NP . (3-6)

That is the new P-functions, Pi’ operating in the un-standardized input vari-
ables give the identical evaluation as the P-functions coming from the opti-
mization procedures, ﬁi’ operating on the standardized variables. It is
evident that if we leave the Wy as they are and substitute (3-6) into (3-5)

there results

NP ' NP
Flx) = z]: Wi Pi(R) + iy PIEANOE My = F)
i= i=]

Equation (3-6) is attained by determining the appropriate new [-functions

(i.e., hyperplane coefficients) which operate on the unstandardized input

1) represent the unstandardized (n + 1)-dimensional vector

q
of hyperplane coefficients for the qzh-hyperp1ane of the igh-P-function, and

variables. Let gf

;) denote the corresponding standardized coefficients which resulted

from the optimization procedures. The objective in defining unstandardized

let i(

coefficients gﬁé) is to have

i 1 e
kE-] all) % + 2l - :L; AR (3-7)
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i.e., to have the dot product gﬁ;)'- 5}1 equal to the dot product g};) . ng.

Consider the following relationship between standardized and unstandardized
coefficients. For the qsh-hyperplane of the iED-P-function the unstandardized
coefficients are°{a£ﬂ?; k=1,2,...(n+1)}.  Similar notation with the "."

superscript denotes the standardized coefficients. Let

Loaw
a(]) = _jl(_.
gk oy
(3-8)
(i) ~(1) - 5(gik)'"k
%, (n+1) %q,(n+1) ~ ) op

where Oy and mk are defined in Section 3.1.1. It can readily be verified
that if the Equations of (3-8) are substityted in the left-hand side of
(3-7), the right hand side of (3-7) results. Using’(348)‘the functicnal

- approximation can be expressed in terms of the unstandardized hyperplane

coefficients, and they would apply to unstandardized independent variables.

3.2 ESSENTIAL INGREDIENTS OF THE THREE TYPES OF OPTIMIZATION

In the previous section, the three types of optimization: Marginal,
Sequential, and Joint were described. In Marginal Optimization, an initial-
ization of the P-functions is required. This ingredient of Marginal Optimi-
zation is described in Section 3.2.1.

In all three types of optimization, the weights are optimized before

 and after the gradient search is performed. This ingredient of optimization

is described in Section 3.2.2.

Finally, the gradient‘search'itse]f is described in Section 3.2.3.
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3.2.1 P-Function Initialization (Used in Marginal Optimization)

In Marginal Optimization we attempt to fit the input/output data using
one P-function at a time (see Section 3.1.2). Ideally, we would begin
(initialize) this fit by specifying a matrix of hyperplane coefficients 54
for each of the P-functions {Pi(g); Ay 1= 1,2,...,NP}. To specify the A,
we should ideally account for Phe interdependencies between the n input vari-
ables (the components of 5). . |

To avoid the complexities of examining such interdependencies we choose
an initialization procedure which can be performed marginally; i.e., one-
dimension at a time. Thus, as we encounter each of thé P-functions during

Marginal Optimization, it will be initialized over only one-dimension. This

is equivalent to setting all but two of the co1dmns of A, equal to zero

[see Equatior’(2-9)] One of the two nonzero co1umns comprises the hyperplane

éoeff1c1ents associated with the input variable be1ng initialized over. The
other nonzero column contains the requlred constant terms to complete the
P-function specification. Th{s is described more fully below.

The first P-function is initialized upon the first input variable, the
second P-function upon the second, etc. If thére are more P-functions than
input variables, and if there are n input variables, the (n + 1) P-function

is also initialized on the first input variable. In general, the 1ED-P-

function is initialized on the kth

input variable, where i is equivalent to
k mod n and k is between 1 and n.
It is important to note that this method of initialization fits the

input variables in the order they are furnished. Moreover, if there are

In this case the hyperplanes are line segments and the weights are
the slopes of the line segments.




fewer P-functions than input variab]és (NP < n), then only the first n input-
variables that are encountered will be involved in the Marginal Optimization
stage. It has been found that bettef fits are usually achievedi(particularly
when NP < n) when the indebendent variables are arranged in a particular order{
Specifically, it has been’found that it is useful to arrange the input vari-
ables in decreasing order of.the absolute value of the correlation between
those variables and the output variable. (Sez Section 4.1.1 for more explicit
detaiis.) 4

Since any single P—function presented alone is convex,létd since our
Marginal Optimization stage attempts the fit using only oné P-function at a
time, it is reasonable to initialize the P-functions so that they start out
- being convex. The choice is somewhat arbitrary; and we shall base our inis .
tia]izatidn upon a sem1c1rcu1ar functlon. That is, our 1n1t1a1lzat1on will
be chosen so that a sem1c1rc1e is approx1mated by a cont1nuous piecewise-
Tinear function in which the number of 11ne segments (recall that Marginal
Opt1m1zat1on initializes in one-dimensional space where hyperp]anes are simply
line segments) of the fit is equal to the number of hyperplanes selected for
the given P-function. The semicircle that is chosen has a radius of 2 and
is situated as shown in Figure 5. (The radius of the semicircle can be kept

fixed regardless of the actual range of the input variable because the opti-

mization is performed using the standardized form of the input data
(Section 3.1.1.) The value of 2 was chosen for the radius because most of
the input variable points should 1ie within 2 standard deviations of the mean. )

The initial continuous piecewise-linear approximation to the semicircle

can be described as follows. Suppose initialization is to be performed
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P <

Figure 5.

Basic Form of Initializing Function
(Optimization Initialized Over the Variable x

&)
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over the input variable Xpo The interval -2 ¢ X S+ 2 is divided into
NHYP(i) = Qi parts, each of léngth 4/Qi’ Projecting these points, which 1ie
along thé'xk axis, up to the semicircle defines Q; points on the semicircle.
Connecting these points with straigﬁt line segments provides the desired
initial fit to the semicircle. The resulting fit for Q, = 4 is shown in

Figure 6. Mathematically the procedure can be described as follows:

Let
X, = -2
Xp = -2+ A/
Xq =-2+i(4/Qi),
in = 2
and let
| 2
= -] + -
Yq 1 1 ,xq
th

Then define the q— hyperplane's coefficients as follows:
all) g ifkgiorksn+d
qk

i) _ Yqu1 =Y
ahk) =al g
P Xen T Xq

(1)  _ Xgn1 Yq = Ygn1 %q
q,n+l xq+] - xq

a
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>

Initial COMPLIAR Fit For Q = 4

Figure 6.
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Thus, for the qEﬂ hyperplane, the

qzh-and q + 1 points on the semicircle, and the (n + 1) component is the y

kth coefficient is the slope between the

- intercept of the line connecting these same two'points on the semicircle.

3.2.2 Optimization of the Weights -

Suppose that at a given point the coefficients for P-functions Toiaes Np
have been determined. The objective is to detenmine the weights Wis Woseens
nNP+] in (2-13) so that the MSE (quation (2-15)) is minimized.

The solution for the optimgm weights is given by Equations (2-20) - (2-25).
3.2.3 Gradient Search Scheme’

The gradient search technique is used in all three forms of optimization.
Following is a description of the scheme fon Joint Optimization. For Marginal
and Sequential: 0pt1m1zat1on, the vector, y (see (2- ]7)) consists only of the
one P-funct1on s coefficients which are be1ng opt1m1zed a]ong with two weights:
one is the weight of the P- funct1on being opt1m1zed ‘and the other is a constant
weight (see Section 3.1.2 andi3.1.3)‘ First all the coefficients of all the
hyperplanes of the P-functfon(s) being optimized, along witn the weights are
arranged in one long array, Y, as in Equation (2-17). Since the function
being optimized is E the gradient of E with respect to Y is computed. This
3E .
oYy

gradient is denoted — Denote the initial set of hyperplane coefficients

and weights Yor Let Ay denote the change in the value of lvals 1.e., the

Yo
*
step size. Then the trial value of I_is

-5
=~ 0y 3E
Yirial "X " m oY

* ' ’
Remember that y is a vector in a space of dimension Np + NP + 1.
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where m = IaElqll. We also define a step size adjustment factor, kY (supplied
as an input by the user). If Yirial actually achieves a smaller error, E, then
it is taken as the new state variable; replacing Yo and the procedure is re-
peated. If the trial vector achieves a larger error, E, then the step size,
Ay, is divided by kY and a new trial vector is calculated. On the other hand,
if a certain number (NSMX) of decreases of E occur in a row (NSMX is supplied
as an input by the user), then the step size is multiplied by kY' (The details
of how the step size is ipcreased and decreased can be found in the IFTRAN
commented listing of the subroutine OPT. See Section 6.3.3., and in
particu]ar, Figure 11.)

~ In any case, the process ‘continues to 1terate with five stopping criteria

(1isted in the order they are printed in the output) checkeg'at each iteration:

(1) Computer time
(2) RMS error

(3) Error change (the difference between the current
RMS error and the previous RMS error)

(4) Step size
(5) Gradient magnitude.

The stopping criterion of time must be supplied by the user; the four others
may be supplied and are otherwise given nominal values by the program.

To comp1ete the definition of the gradient search, the calculation of
the gradient gs must be defined. The following implements the procedure
discussed in Equations (2-27) - (2-32).

The first NF elements of the array Y, are hyperplane coefficients, aﬁﬂ?.
The partial derivative of E with respect to any a(i) may be written (using

(2-27) and (2-31)) as
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M} , wix, if ¢ hyperplane is
L th .
oF 2 2 L evaluated on &~ point
Y = ¥ F(X™) -y") e
3. (1) M :E::( =
a -
qk- =1 0 otherwise

The partial derivative with respect to a weight,vwi, is= 1,...,NP is (using

(2-20) through (2-23))

M
3k . 2 Ly _ 2 . s .
7S :}E: (FX™) - ¥)) Pix™) 5 1= 1,000
2=1 |
K M .
NP+' 2=1 .

- ;,}! Lo R “ . ~ ¢

3.3 ALTERNATE MODES OF PROGRAM OPERATION

The normal sequence of program operation, where the P-functions are
initialized and optimized by the program, has'been described in Sections 3.1
and 3.2. Other options of program operation are available and are described
below. They include:v

o' calculate statistics on the input data with no
fitting performed (3.3.1)
o refine previously determined P-functions (3.3.2)

e calculate net hyperplane statistics from previously
determined P-functions (3.3.3).
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It is important to note that the details of instrumenting all of the
alternate modes described in this section are described in Section 4.

3.3.1 Calculate Statistics on Input Data

There exists a program option to ca]culate'the mean, standard deviation,
maximum,_and minimum for each of the input variables, as well as the output
variable. Using this same option, the user also obtains the correlation
meéﬁix for the collection of the n input variables and the output variable.
Th}s option includes a sub-option which provides a 1isting of all the data
points.

This option was included in the program to allow ‘the user to.do some

1n1tia1 checks on the data and to help the user in the choice of lexicographic

‘- order of input: Variab1es (see Sect1on 3.2.1.on Initialization). The normal-

rule of thurd s to order the variables in decreasing magnitude of their cor-
relation with the output variable. One might wish to deviate from th1s guide-
line, however, if, e.g., two input variables are highly correlated w1th each

other.

3.3.2 Refine Previously-Determined P-Functions

Suppose a given'set of P-functions is found to give a reasonably accept-
able model but it is desired to use the program to further optimize these
P-functions to obtain a better model. In other words, suppose there exists
a set of P-functions which is to be used as-a starting point in. the optimi-
zation scheme. This type of scenario may be broken into two distinct cases.

In the first case, the number of P-functions and the number of hyper-
planes in each P-function is kept the same, and one.simply initializes a new
run with these prior results. This is a useful capaeility'when one desires

to examine the benefits of adding more data points and/or allowing more time
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in the various stages of optimization. In this first case, the program
writes out the P-functions (specifica]ly,’their hypefp]ane coefficients,

the weights, the number of input variables, énd the number of hypefp]anes for
each P-function) in binary format atvthe end‘of execution and begins execu-
tion on a subsequent run using these parameters. The hyperplane coefficients

that are available in this first case are in non-standardized form. -

In the second case, the hyperplane coefficients aiﬂ? of‘the P-functions,
the weights, the number of P-functions, NP’ and the number of hyperp]ane° in

each P-function, Q., i= 1,...,NP, are input by the user through the STPARM

i
parameter 1ist. The user must furnish the ‘hyperplane coeff1c1ents in non-
standardized form. Thus, when running from previously defined P-functions
(1n which case Initiaiization 1s bypassed), the program assumes that tne ;ﬁﬁ

P-functions are input in non- standardized form. Before the program prateeds

‘to 0ptimize these P-functions, it puts them in standardized form.é This s

F

.accomp]nshed using Equation (3-8). The resu]ting P-functions are therefort

‘standardized in the same fashion as if automatic initialization had been
employed.

An important example of the second case mentioned above oecurs when
an attempt is made to improve a previously obtained.fit, by trying an»addi-
tional P-function. In this situation one has available the non-standardized
P-function coefficients of the prior fit from the printed output of the run.*
These‘P-funetion coefficients are‘utilized as the initial coefficients for
the new fit; but the initial coefficients for the additional P-function must

also be supplied.

These are the results contained in Tab]e 1B of the output described
in Section 4. 4 ,
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The added P-function can be initialized any number of ways by the user.

In the absence of any compelling reason to do otherwise, the user may choose

to manually initialize this P-function using the same strategy as employed

in Automatic Initialization (see Section 3.2.1).

initialize the new P-function (call it Pi) on the

Thus, suppose we wish to

variable, Xy Suppose,

also, that there are to be Qi hyperplanes in this P-function. Then, as in

Section 3.2.1, the initial values of the coefficients of the Qi hyperplanes

comprising P; can be defined as follows (q=1....,Qi)

al) 204
2ok 0 if k_fviﬁor k#n+1

5(12 a1~ Yq
® g7 %

2(1) - Xar1 Y9 " Yor1 %q

q,n+l Xq#l ~ xq

(3-9)

Note that these are the desired initial coefficients , 52;3, of Pi to operate

on standardized variables. The program, however, assumes that the input hyper-

plane coefficients are not standardized; so we must supply the coefficients

of the hyperplanes comprising Pi so that, after standardization, they satisfy

Equation (3-9).

{
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Consider setting the input non-standardized'coefficients a(i) to

gk
a(qik)=01fk=i_ork¢n+1. \
o) - 510 ¢ | . (3-10)
(i) ~ ~
2, (1) = h%nﬂ) - E,: (Jk)

-~

Where the values a(1) are obtained from Equaf1on {3-9) ‘and the m, and o

are as described in Section 3.1.6. Then it can readily be verified that ..

"after the asug have been standard1zed the result will be the des1red cocf-

ficents a(1)
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IV. USE OF THE PROGRAM

- This section contains detailed instructions on the use of the COMPLIAR
software, including a description of inputs required and examples of outputs
furnished by the program.

Section 4.1 will describe how to use the program in a step-by-step
fashion. Section 4.2 contains a complete list of program inputs together
with their definitions. Before using’the program, it is recommonded that
both Sections 4.1 and 4.2 be read to get a complete idea of how to use the
program, ‘

Section 4.3 describes common problems which may Be encountered in program

operation and a]so contains a list of error messages produced by the program.
| The printed nutput of the program is described in Section 4.4. Finally,
the output ~t P-functions is described in Section 4.5.

4.1 STEP-BY-STEP PROGRAM USE
 Below is a description of typical ways of using the COMPLIAR software
to analyze data and to produce the desired multidimensional fit.

4.1.1 Initial Data Analysis Alone

By setting NPFUNC = 0, the program will take the input data (see Tables
4.1 and 4.2) and compute and print'sumhary properties of the data. The
minimum; maximum, mean, and standard deviation ére calculated for each of
the designated input variables and the output variable. Also, the correla-
tion matrix is calculated for the (n + 1)-dimensional vector composed of
the n input variables and the output variable. If NPFUNC = -1, in addition
to the above, ajlisting of all of the data points is.provided.
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One of the purposes of th1s Data Ana]ys1s opt1on is to familiarize
the user with the salient character1st1cs of the data. For examp]e,>
Tisting of the data points permits identification of outliers. The cor-
relation matrix provides-an indication of the degree of coupling which
exists between the various input variables and also-between each of the
input variables and the output variable. -The information containedﬁinkthe
correlation matrix is important to the working of the program and can in-
fluence how good the ultimate fit wiﬁi be (see Sections 3.1.2 and 3.1.3);
For example, for a given amouh; of effort spent in the various stages of
optimization, it is advisable to arrange the input variables in decreasing
order ofvimportance. This is usua11y accomp]fshed-by.arranging the inbut
ajrvariables in decreasing order of the ahso]ute;va]ue;of,theirregfrelations ;
Q%fhrthe-ou¥nut variable. This often works we11,'hut mdst:hé’téhpeked by
one's knom]edge of the problem at hand It'mustfbe remembered: that the -
correlat1on is a measure of the llgggr.assoc1at1on between two var1ab1es. E
If the correlation is near un?ty in absolute va1ue, then the two variables
are c1ose1y (and linearly) related. ‘HoweVer, the corre]at%on can be small
and the variables can still be close]yv(buf‘hot 1inear1y):re1ated ExambIes
can easily be constructed where a quadrat1c funct1ona1 re]at1onsh1p exists
between two var1ab1es, yet the corre]at1on between them is 0. Therefore,
if there is even a strong belief that a varlable is important, ft ié usefui
to place it near the top of the list. B - »

Also, an examination of the corre]at1on matr1x may revea1 a high cor-
relation between two 1nput var1ab1es. both of wh1ch have high correlation

with the output yar1ab1e. In this case, most of the information shou]d be
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obtainable from one of the two variables. Hence, a good strategy is to
include one of them near the top of the list; but to put the other one at
the bottom.

4.1.2 Initial Run of the Program

Having decided on an or&er for the input variables, the next step is
to run the program and examine the structure and quality of the fit obtained.
Unless there s a-priori knowlédﬁe that the realtionship between input and
output is convex, at leasfxfwoiPlfunctions should be used. A good rule of
thumb is to try two P-functions with two hyperplanes per'P-function and
another run with three hyperplanes per P-function. After some experimenta--
~ tion, it becomes clearer how many P-functions and hyperplanes per P-function
" are necessary .for'a good fit. ~The activity vector may be used as an indicator
of the benefit of additional hyﬁéFblanes. If adding additional hyperplanes
. 'sti11 leaves a reasonably high Tevel of activity on most hyperplanes, th n
the number of hyperplanes per P-function is probably appropriate. .However,
if many of the hyperplanes show up with a very low activity, or even Q
activity, then the complexity of the P-functions, or their number, or both,
is probably too large.* Experimentation is required in order to determine
reasonable time 1imits for the three types of optimization, as well as
values for the other optimization termination criteria.

4.1.3 Starting Off the Optimization Process from
Previously Determined P-Functions

As outlined in Section 3.3.2, there are basically two ways of starting

off the program with previously determined P-functions.

*At least for the amount of data supplied.




The first is basically a start/resjart mechanism in the program: the
P-functions, and weights along with other ésséniia] parameters can be saved
at the termination of a run of the program by specifying an appropriate save
unit, ISAVE. On another run, the brogram can read the old P-function frbﬁ
unit IOLD, where IOLD is identified as the aforémentionéd uhit., Whén'the
P-funétions}and weights are saved and restored in this fashioﬁ, they are in
binary format. One may then restart the program and proceed directly to either
Sequential 0p£imization or Joint Optimizatidn. The main uti}ity of this mode -
is to enable one to stop thg program midway through a converbence to a P;
function and to have the program compute the hypgrplané'statistics; It is

important to note that when restarting the program from P-functions and

- weights saved in this fashien,-the same P-function structure, i.e., -number.

of P-functions and number of hyperplanes in'each P-functipn, must be employed

as were used in the inj;ia] run. In fact, Zhe following parameters will be

saved and restored when using this optian:

e The number of input variables

e The total number of hyperplanes

o The number of P-functions °

® The number of hyperplanes in each P-function
¢ The hyperplane coefficients

e The P-function weights.

' The second method of starting from previously determined P-functions

involves inputting the P-functions directly (in decimal format) via the

STPARM parameter list. This option allows the user to start from a prior
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- fit and proceed with optimization while 'simultaneously changing the P-function
structure. The details of how to initialize the new P-functions are given in

Section 3.3.2.

4.2 PROGRAM INPUT PARAMETERS

Below is a table of the input parameters for the COMPLIAR program.
They are in the form of parameter.]ists. These 1lists are described in the
same order they must be supplied to the program and are described in Tables
4.1 through 4.5. The format in each table is the same: the‘first column
contains the name of the variable; the second column contains a default

value, if oﬁe exists; or a "*"* if a value must be furnished by the user;

the third column contains a definition and/nr explanation of the variable.
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4.3 ERROR MESSAGES AND COMMON PROBLEMS ‘ENCOUNTERED

This section describes some common errors that can occur in the use of
COMPLIAR and techniques for fixing these errors. Tab]e}4.6'shoﬂs the pos-
sible error messages, the subroutine from which each is printed, and a brief
statement of how to fix the error. | .

The error message in OPTW requires further explanation. It arises
if the matrix gIgﬁ using the notation of Section 2.2.3, is singular.

The matrix G has elements gzi»where, repeafing Equation (2-20),
= P (x =1 | 1
. gzi = P'i (_)_(_) ’ gz’n.ﬂ = . (4" )

The explicit dependence of gzisén only Aauamoﬁgst all the:hyperp]ane.coef-;p
ficients is suppressed for the moment to ewphasize the structure of G The
matrix GTG is singular whenever the number of Zinearly tndepeﬂdent rows or
columns of G is smaller than (NP+]). Th1s can occur, for examp]e, 1f
M>(NP+1) (the usual case) aﬁd if any two P-functions are identical. When
this happens, it ié clear that two columns of G will be identical (1ihear1y
dependent) which makes §T§_singular.
In practice, there are two common situations which can cause two or
more P-functions to be identical when OPTW is ca11ed:
(1) If two or more P-functions are input through the
STPARM Parameter List with identical hyperp]ane
coefficients _
(2) In the course of P-function In1t1a11zat10nvand
Marginal Optimization if too Tittle time is allotted

(i.e., TIME1 is too small) then two P-functions may
simultaneously:
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(a) have the same values as originally 1n1tia11zed
(i.e., no Marginal Optimization actua]]y takes
place)

(b) have the same number of hyperp1anes

(c) be initialized on the same input variable

(requires NP>n)

_ The first situation above can be fixed by simply changing one of the P-functions

a Tittle.

The second situation will arise whenever TIMET is sufffcient]y small and
two P-functions that are initié]ized'on the same variable have the same number
of hyperplanes. This will happen when there are more P-functions than input
-variables. In this situation, if P and P are two P-functions, then the
initial value of them will be the same 1f is= J (mod n), where n is the
number of input variables, and Q ;= Q (NHYP(1) NHYP(J))

Another possible s1tuat1on wh1ch can cause GTG to be s1ngu1ar is 1f any
of the P-fun¢t1ons are constant. This will cause two columns of G to be
linearly dependent because of the column of fonesf present in G. The fix is
obviously to remove these trivial P-functions whfch have zeros for the coef-

ficients of the input variables. The required constant will be absorbed by

one of the remaining P-functions.
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4.4 PRINTED OUTPUT OF THE PROGRAM

Tﬁis section of the report describes the printed output produced by
COMPLIAR. The major contribution to the output consists of seven printed
tables (referred to below as Tables 1'through 7 in accordance with the
example in Section 5). ~The reader will find it helpful to read the text of
this section while glancing at the example output contained in Section 5
of 'this report.

The printed output of the program can be readily divided into four

parts:

(1) A listing of the five parameter 1lists in which the user
specifies how the program is to operate on the data

(2) Print from each of the phases of optimization used,
: where the user selects how much- print will: be pro-
o duced - through the absolute value of IPRINT
(See Tab]e 4.5)

(3) The series of seven tables in which overall statistics
about the fit and detailed region statistics of the
fit are displayed (the printing of these seven tables
occurs when |IPRINT|>1. Table 1 will be produced on
all runs, however.

(4) A listing of all the data points used with the
following information displayed for each point:

input variable
the output variable

a
b
Cc) the predicted output var1ab1e
d) the error

(The printing of item (4) occurs after Table 1 and occurs when IPRINT is
negative.)
An examination of the beginning of the run in Section 5 and Tables

4.1 through 4.5 shows clearly the first of the four parts of the output.

This is the value of the output variable which is produced by the
final repro-model.
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The second phase‘of the output, that which occurs during optimization
of the P-functions, is also exemplified by the portion of the run in
Section 5 in which optimization occurs. The variables which control the

amount of output during optimization ére IPRINT and IPT. The elements of -

" - the output are decribed in Table 4.2.5 in the definitions of IPRINT and IPT.

. ‘These outputs are shown and labeled (i.e., which outputs occur for which
values of IPRINT, since IPT is just a frequency designator for some of the
print) at the beginning of the P-function Initialization and Optimization
print in ihe run in Section 5. )

The main purpose of these optimization prints is to give the user some
indication of what is actually going on in the optimization process. It can
1 help to answer questions like: are things improving at a.fast enough rater:
so that on a subsequent run more timé should be a11otted? 'How%does.adding
~ more P-funcéions or otherwise changing the P-functidﬁ structuﬁe affect .the

.quaiity of the fit and the computational resources requfred3~?;

The third type of print, the series of seven tables giVing detailed
statistics, is the most important odtput for analyzing the fit obtained.

An examination of Tables 1 through 7 in the example of Section 5 is recom-
mended along with a reading of the following description.

Table 1, which is divided into Tables 1A and 1B, displays the final
fit produced by the program: the P-functions appropriate to the unstandafd—
ized (i.e., "originaI"‘input) data. Table 1 is printed after the optimi-

zation is finished, hyperplanes of insufficient activity are removed




68

(see Section 3.1.5) and the coefficients of the hyperplanes are transformed
back to the original (i.e., unstandardized) coordinates. In Table 1A, the
magnitude'of the P-function weight has been absorbed into the hyperplane
coefficients;* whereas in Table 1B the separate identity of the hyperplane
coefficients and P-function weights has been preserved. Table 1A is a more
economical presentation of the final fit. Table 1B is included in case the
user wishes to input these P-functions, or a modification of them through
the STPARM Parameter List.

The detailed contents of Table 1A are as follows: FINAL ERROR is the
value of the overall RMS error obtained with the fit, .and FINAL PCTVE is the

corresponding pgr-cent variation explained.

The reader will note the terminology fbiased" and "unbiased" appended
to the numerical ERROR and PCTVE results. This terminology is borrowed from
the general problem of linear regression as‘discussed, for example, in [3].
Thus, if one considers the expression for E in (2-15) as an estimaie of the
_ varfance of the residuals, E is a biased estimate of this variance. The
bias can be removed by altering the constant factor used in (2-15). In
particular, for a regression fit'composed of NF free parameters, the unbiased
estimate of the variance of the residuals is obtained by using the divisor
(W-N:) in-(2-15) instead of M. |

Thus, when (2-15) is used as is, the resulting error is referred to as

the BIASED MSE, and when the divisor (M-NF) is used instead of M, we refer

*Remember that the P-function weights may be either positive or negative.
It is convenient to absorb the magnitude of the weights into the P-function
specification and separately keep track of the algebraic sign. The way to
combine this information to produce the final repro-model is illustrated in
the example. (See Table 1A on page 94.)

[3]Drapef. N. R. and H. Smith, Applied Regression Analysis, Wiley & Sons,
1966, p. 58-63.
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to the resulting error as the UNBIASED MSE. The RMS errors are obtained by

taking the square root of the apprOpriate MSE. -Similarly, the appropriate
- , ; «

value of PCIVE is obtained using the biased or unbiased estimator of the MSE.

PCTVE is evaluated from

2 ,
°F
PCTVE = 1 - 5 X 100%
%
where og is the biased or unbiased estimate of the MSE and q§ is the variance

of the dependent (output) variable calculated from the daté supplied.
Several comments are now in order regarding the interpretation of the

: resuTts.i Generally, the biased RMS error and:PCTVE results are satisfactory

‘for judging the quality of the fit. In any case, if M>>NF there will be very
‘ 1itf1e difference in the numerical resuits anywayf(though the biased RMS error
will always be the smaller and thereby indicate a"higher PCTVE). When M is
not much larger than NF there is a danger that too maﬁy degrees of freedom
are being utilized in the fit for the amount of data available. - After all,
with any finite set of data points, if a sufficient number of parameters are
allowed in the fit, the data can be fit exactly. This is "goldmining" and
does not necessarily result in é good fit over the overall input/output
variable space. In other words, the real use of the biased and unbiased

numerical results is to indicate when goldmining or dverfitting may be occurring.

*Unless otherwise noted in the printed output, all RMS errors and
PCTVE values are obtained}using the more common BIASED MSE expression.
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If these numerical results are approximately equal, then M is sufficiently
large for the complexity of the fit attempted. A large discrepancy between
the biased and unbiased numerical results is a strong indication that either
a less complicated fit should be used, or more data must be utilized in the
fit.

As a further safequard, if MsNF (in which case the.unbiased MSE would
produce a negative result!) the unbiased RMS error output is set to +999
and the unbiased PCTVE is set to -999, Also, an error message is printed
warning of the paucity of data.

Finally, we mention that there are situations which may cause PCTVE
to be negative. This occurs if the quality of the fit is poor. Instead
of printing the negative (and meaningless) PCfVE results, they are redefined
to be zero to make it easy to identify.

Table 2, "Overall Statistics," provides the mean and standard deviation
of all n input variables, the output variable, and the predicted variable.
Also the full covaraiance matrix and correlation matrix are provided for the
(nt2)-dimensional vector composed of: the n input variables; the single out-
put variable; and the value of the output variable predicted by the fit.
These matrices indicate whether or not the correlations between each of the
input variables and the output variables is similar to the correlation be-
tween each of the input variables and the predicted variables. Also, these
matrices reveal the correlation between the output variable and the predicted

variable.
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Table 3, “"Net Hyperplane Statisfics for XXX Regioné,“ gives a listing
of regioné in decreasing order of population. The following information is
supplied for each region: the region I.D., the population, the percentage
of theffotal population, the RMS error (taken over the points in each region
separately), and the percent variation explained in that regioh. While most
of these terms are self explanatory, the region I.D. is not. This item is
gxplained by the note provided on the sample output of Table 3 in Section 5.

Table 4, "Qualitative Characterization of the Subregions," is designed
to give some overall indication of how, in each region, the mean of the
variable compares to the overall mean. The unit of comparison is the
“standard deviation of‘the particu]ar‘variable: The way the numbers in

Table 4 are arrived at is as follows: “call tﬁe mean of the kzg-variable :

in the jzh-fegidn ukj and let L be the mean of the kib-variab]g over all
regions. - Aiso;, let o) represent the standard deviation of the/kgﬂ variable

overall. Then let e - . : B et

The quantity Rkj is a measure of how many standard deviations the mean, ukj
of the k-Eﬁ variable in regibn Jjs lies from the global mean, u. The value

printed in Table 4 is derived from Rkj is as follows:
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Value of Rkj Value Printed for Region j and Variable k
Rkjs-] ' "3
1

-]SRkjS-'Z‘ , -2

1R, <0 1
~ 7= %] : -

] .

ler, < 2
2 - kj-

Note that th~ }egiqns are numbefed the same in Tables 3 through 7. Note also,
that the variables on which the calculation of Rkj is done, include the output
variable and the predicted variable.

Table 6, "Parameters of Fit for Actual (Non-Standardized) Data," lists
the resultant hyperplane coefficients appropriate for the nonstandardized
data. This table provides the actual equation, in each subregion, between
the input and output variables.

Table 7, "Parameters of Fit for Standardized Independent Variables,"
lists the resultant hyperplane coefficients appropriate to the standardized
input variables. This display is most useful for guaging the relative impor-
tance of the input variables in each region, since these are the coefficients

of dimensionless variables.
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4.5 OTHER OUTPUT OF THE PROGRAM

The program also outputs P-functions in binary format when ISAVE is
nonzero, and it outputs them to unit ISAVE. As can be readily seen from
inspecting the listing of CMPLAR, the following are output in the order

described

NDIM1, NHYPT, NPFUNC, NHYP(I), I=%,...,NPFUNC

~

hyperplane coefficients

- weéights
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V. SOME EXAMPLES

This section of the report is intended to furnish greater insight into
the repro-modeling concept in general, and the COMPLIAR software in particular.

A sample run of COMPLIAR for a 4-dimensional case is presented in detail
in Section 5.1. This run furnishes a repro-model which explains over 95% of
the variation between the input and output variables. |

Section 5.2 describes the results of another run of COMPLIAR for an
8-dimensional case. The simplicity of the repro-model, even in this difficult

case, is a striking example of the benefits of repro-modeling.

- 5,1 A SAMPLE RUN

.Following is a sample COMPLIAR run.. This run utilized 400 data points
to fit the dependence of vehicle velocity (the "output" variable) upon Four
- terrain parameters (the "input" variables). First, in Table 5.1, is shoun
.a listing of the input cards actually used to generate this run. .Fo1lowing
this table is the run itself. The only editing that has been done in pre-
senting the results is to delete some of the iteration print in the opti-
mization section to save space. These deletions are indicated where they

occur,
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5.2 AN 8-DIMENSIONAL EXAMPLE

The COMPLIAR software was used to furnish a repro-model for an 8-
dimensional case. The example utilized 5184 data points consisting of
values for the 8 input variables (4 terrain parameters and 4 vehicle-
related parameters) together with the associated values of tank velocity.
These data were supplied using the '71 Mobility Model.

A repro-model consisting of 2 P-functions with 2 hyperplanes per
P-functions wa: capable of accounting for more than 94% of the variation
between the input/output data. |

The final repro-model is summarized in Table 5.2'below: Noté the
simplicity of the result. The repro-model given in Table 5.2 can easily

"~ be used to furnish input/output data..on.a hand calculator.
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VI. PROGRAM DESCRIPTION

The COMPLIAR program has a structure composed of a few key elements
and several supporting elements. This structure becomes evident when a
top-down form of documentation is used. Top-down documentation consists
of describing the major functions of the program and indenting at various
1gve1s to indicate the supporting structure. This type of documentation
is analogous to the kind of outline used in organizing a text, where major
ideas and their supporting discussions are clearly evidenced.

The program was written in IFTRAN, which is a TSC superset of FORTRAN.
IFTRAN is a structured programming language and has the facility to arrange
comment cards in the same structure as the IFTRAN program listing. When
appropriate comment cards are insertéd, this produces what we call a
"Commented IFTRAN Listing." For some subroutines, the commented IFTRAN
listing is an excellent way'to functioiually describe the program structure.
Where appropriate, this has been used.

Section 6.1 describes the main program. Section 6.2 describes the
routines used for inputting data and other required inputs. Section 6.3
describes the optimization routines. The statistical analysis routines
are described in Section 6.4. These routines perform the analysis by regions.

As méntioned earlier, complete annotated listings of the program can
be obtained from the Science and Technology Division of the Tank Automotive
Research and Development Laboratory. These 1listings are in FORTRAN with the

comments of the IFTRAN 1isting automatically inserted in the appropriate

positions.
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6.1 THE MAIN PROGRAM AND ITS STRUCTURE

The main program is called CMAIN. It allocates space for blank common
. and calls CMPLAR, which does all the work of the program. The subroutine
CMPLAR calls subroutines according to the étructure indicated in Figure 7.
The structure in Figure 7 indicates which subroutines are called by the
various subroutines. Figure 7 is‘not a subroutine tree as such. Figure 8
shows the tree structufe of the program. Utility routines have been left
out in_bothApf these fighres iqvorder to Simp1ify the description; a list

P

of them appear below.

XMIT - initializes arrays
DOT - performs a dot product
XNORM - takes the norm of a vector

CODE -~ changes region I.D. from form used in program :
. to more readable form for output

¥,

TIME - gets computer t1me,L

The commented IFTRAN Tisting of the main subroutine appears in Figure 9.
It spells out in detail how the program works, from input, through optimiza-

tion, to output of region stdtistics.

6.2 INPUT ROUTINES: SMNPUT AND SMINDAT

The two input routines are SMNPUT and SMINDAT, which are called in that

order by the main routine, CMPLAR. Their functions can be readily determined

by examination of the commented IFTRAN listings of these subroutines in

Figure 10.

6.3 OPTIMIZATION ROUTINES

6.3.1 INITA

The initialization of the P-functions occurs in the subkdutine INITA.

| The equations for this initialization are described in Section 3.2.1.




I. Input

A.

SMNPUT - processes 4 parameter lists (except DDPARM)

.1. DATADF - processes DDPARM parameter list

and defines INPUT file
2. CORMAT - computes correlation matrix

II. Optimization .
A. Perform numerical optimization

C.

t11.

1. INITA - initializes P-functions

2. OPTW - optimizes weights for given
hyperplane coefficients

. a.” GAUUSJ - inverts GIG matrix

3. OPT - optimizes hyperplane coefficients and
weights using gradient search

a. Function subroutine F - called every iteration

1. CFCN - computes RMS error, activity of
hyperplanes, and gradient vector

b. STOPG - tests stopping criteria -

c. STPOUT - output routine which displays
P-functions and other data

Output P-functions

1. WSFUNC

2. WSFUNF

Combute RMS error and percent variation explained

1. ENERGY (calls function subroutine F which calls CFCN)

FSTATS - Analysis of Fit by Regions
A.
‘ B.

MNCOV - computes overall statistics

NETHYP - manipulates pointers and data in order
to perform region statistics

1. HSORT2 - sorts arrays

2, HSORT3 - sorts arrays

3. RGSTAT - computes region statistics

4, ERCALC - computes region error statistics

Figure 7. Main Program and its Structure
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SUBROUTINE CMPLAR(CAAA,LAAA)
INPUT DATA AND CONTROL PARAMETERE
IF P«PUNCTIONS ARE BEING INPUT BY USBER

IF PeFUNCTIONS ARE IN BINARY FORMAT

READ NO, OF DIMENSIONS, NO, OF HYPERPLANES, NO, OF P-r)chxons,
AND No. OF HYPERPLANES [N EACK PaFUNCTION

IF INPUT DIMENEIUN DOES NOT MATCH DATA DIMENSICN

¢« PRINY ERROR MESSAGE AND STOP

ENb IF

REcADJUSY ROINTERS TO BLANK COMMON AREAS FOR INPUT P-FUNCTIONS
1F NOT ENOUGH MEMORY ALLOCATED FOR BLANK COMMON

« PRINT ERRDR ME§SAGE AND §TOP

END IF .

READ HYPERPLANES AND WEIGHTS

END IF -

PRINY INITIAL PeFUNZYIONS BEFORE STANDARDIZATION

INPUT DATA, STANDARDIZE DATA

INITIALIZE TEMPORARY DEPENDENT VARIABLE ARRAY WITH DERENDENT
VARIABLE VALUES

INITIALIZE ACGTIVITY AT HIGH LEVEL .

IF SOME OPTIMIZATICN IS YO BE vONE T

o« STANDARDIZE PwFUNCTIONS -

" FRINT IMITIAL STANDARDJZED PeFUNCTIONS

o« -OPTIMIZE WEIGHMTS -
. CALCULATE AND PRINT RMS ERRDR AND PCTVE
END IF

ELSE « TIME HAS BEEN ALLOTTED FOR MARGINAL OPTIMIZATION,

PaPUNCTIONS TO 2E INITTALIZED BY THE PROGRAK

INFUT DATA, STANDARDIZE. DATA
SET UP TIME LIMIT PLRAMATERS AND PRINT CURRENT TIME
PRINT MESSAGE INDICATING BEGINNING OF STAGE | OF OPTIMIZATION
INITIALTZE RESINDUAL ARPAY WITH DEPENDENT V.RIABLE VALUES:
PRINY ITERATION PARAMETER LIMITS FOR STAGE i
DO FOR EACH P=FUNCTION
$ET UP 8T2ES OF ITERATION ARRAYS
INITIALIZE CURREMNT PeFUNCTION USING RESIDUAL ARRAY FOR DATA
IféTg:LIZ” WEIGHTS FOR INIVIAL HYPERPLANES USING RESIDUAL ARRAY
TA
CALCULATE RMG8 ERRORs PCTVE AND ACTIVITY : .
-PRINT INITIAL P~FUNCTION BEING INITIALJZED -
BRINT INITIAL E=ROR AND PCTVE
SEE UP’SIZE OF YOTAL STATE VECTOR TO BE OPTIMIZED (2 18 FOR THE
REIGHTS)
PERFURM GRADIENY SEARCH OVER CURRENT PeFUNCTION AND THE 2 WEIGHTS
CALEULAYE AWD PRINT RMS ERROR, PCTVE, AND ACTIVITY
PRINT PwPUNCTION BEING (@YIMIZED
OFTIMIZE WEIGHTS FOR EXISTING PeFUNCTIONS.
CALCULATE AND PRINT RMS ERROR AND PCTVE
DO FOR EVERY SAMPLE POINTY :
) STURE RESIDUAL OF DEPENDENT DATA LE$5 THE EVALUATION oF
. EXISTING P«FUNCTIONS INTO RESIODUAL ARRAY

Figure 9. Commented IFTRAN Listing of
Main Program (CMPLAR)

.(continued on next page)
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e e END OO . ™~

. END DO

. RESTORt YARIABLES

ENp 1F. END OF STAGE GF ORTIMIZATION

~ IF sDME 7IFE 1S ALLOWED FOR SEQUENTIAL ORTIMIZATION
PRINT ITERATION PARAMETER LIMITS FUR STAGE 2
PRINT PuFUNCT!ONS AY STARY SEQUENTIAL DPTIMIZATION

8.
.e  BREPEATY
[ IR [ REPEAT N . -
e o« ¢ SETUP ﬁ:ELa LENGTHS
PO . SAVE THE Twn HYPERPLANE COEFFICYENTE WHICH ARE TEMPORARILY
. « & DVERWKRITTEN WITH 2 WEIGHTS
P . SET WEIGHT OF CURRENT PeFUNCTION BEING ORTIMIZED TD ZERD
e. 5 o DD FOR RACH POINT IN TEMP, DEP, VAR, ARRAY
. . . . eowPUTE RESICUAL OF DEPENDENT DATA LESS THE EVALUATION OP THE
. . ' . “CURRENZT APPROXIMATING FUNCTIUN (WITH CURRENTLY OPTIMIZED Fw=
s s . * FUNCYION ZEROED OUT)
s s . END DO
. » o -SET UP IHDEY LIMITS FOB OPTIMIZATION
a8 -0 INITIALYSE WEIGHTS FOR RESIDUAL ARRAY
. . . PERFORM GRADIENT SEARCH FOR COEFFICIENTS OF CURRENT P-FUNCTION
8- -® & BEING OPYIMIZED, ALONG WITH 1TSS WEIGHT AND CONSTANT WEIGHT
« e o PRINT CURRENT FeFUNCTION
- - .8 SET KEIGHT OF CURRENT PwFUNCTION AND CONSTANT WEIGHT
« e RESBTDRE VARTABLES AND INCREMENY COUNTERS.
. e UN»IL ALL PoFUNCTIONS HAVE BEEN DONE ONCE OR TIME LIMIT IS REACHED
e CHEWINYTIALIZE TEMPORARY DEFPENDENT VARIABLE- ARRAY
v UNTIL TIME LIMIT IS REACHED, THEN PRINT MESSAGE: INDIGATING END OF.
s  SEQUENTIAL OPTIMIZATION
.« REwORTIMIZE WEIGHTS FOR ALL PeFUNCTIONS TOGETHER
« - CALCULATE AND PRINT RM§ ERROR, PCTVE, AND AQGTIVITY

END IF, » - END OF STAGE 2 OF OPTIMIZATION
IF SOME TIME 1S ALLOWED FOR JOINT UPTIMIZATION
« PRINT ITERATION PARRMETER LIM'Ts FUR STAGE 3
_ PRINT IHITIAL PeFURCTIONS
" CALCULATE AND PRINT RM§ ERROR AND PCTVE: )

PERFORM GRADIENT SEARCH OVER ALL PwFPUNGTI ons AND wsxcuts

OATIMIZE WEIGHTS FUR ALL P=FUNCTIONS TOGETHER

CALCULATE AND PRINT RMS ERROR, PCTVE, AND Acrzvlrv

PRINT FINAL ReFUNCTIONS
END IF. » - END OF STAGE 3 OF OPTIHIZATIDN
DG FUR ALL MYPERALANES - . .
o IF ACTIVITY 1§ BELON MINIMUM
e o REMOVE HYPERPLANc _ :
e END IF 3 i - ' RN R . ,,“> ARSIV .
"END BD . ‘ T '

DO FOR ALL INPUT SAMPLE POINTS :
.« REMOVE STANDARDIZATION FSOM INDEPENDENT VARIABLES IN DATA

END BO

1F HYPERPLAKES ABE CURRENTLY STANDARDIZED

« DO FOR CACH WYPERPLANE

o. » TRANSFORYM HYFERPLANE COEPFICIENTS TO FHODSE. POB NON-STANDARDIZED,
. e I E. INPUT, DATA .
. END O - :
END XP

1F SOME UPTIMIZATION HAS BEEN PERFURHED

o OPTIMIZE WEIGHTS FOR PeFUNCTION

END IF

CALCULATE RMS ERROR, PCYVE, AND ACTIVITY

PRINT RMS ERROR, PCTVE, ALL PeFUNCTIONS, AND ALL WEIGMTS:

IF & UNIT HAS BEEN $PECIFIED FOR SAVING P-FUNCT;ONS

s SAVE ReFUNCTIONS ON UNIT ISAVE
CENp IF
_ IF FLAG INDICATES NG FURTHER ANALY§IS, sroP
- DO FDR ALL SAMPLE PDINTS

« COMRUTE PREDICTED VALUE. AND ERROR

o PRINT DATA POINT e INDZIPENDENT VARIABLES, ozﬁtnosnr VARxABLE,
e PREDICTED VALUE, AND ERROR

END DO

PERFO2X DETAILED REGION srAszrxcs

ST0P

END -

Figure 9. (Cont.) Commented IFTRAN Listing of Main Program (CMPLAR)'
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SUBROUTINE SMNPUT

INTTIALIZE FARAMETERS AND ASSIGN DEFAULTS

READ RARAMETERS IN FUUR NAMELISTS

FILL OPTIMIZATION PARAMETERS WITH DEFAULTS IF NECESSARY
READ DATA DEFINITION CARDS

IF NPFUNC 1S5 NEGATIVE

« COMPUTE STATISTICS FOR INPUY DATA

.« StOP

END 1IF S
PRINT INPARM, STRARM, JTYPARM AND OTPARM VARIABLES WITH EXPLANATION
ALLDOCATE BLANK COMMON

TEST $12E OF ELANK COMMDN

RETURN

END

a) Commented IFTRAN Listing of
Input Subroutines (SMNPUT)

SUSBROUTINE &MNDAT

READ DATA .

FIND MEAN AND STANDARD DEVIATION OF SAMPLES
NDRMALIZE SAMPLES

RETURN :

END

b) Commented IFTRAN Listing of
" Input Subroutines (SMNDAT)

Figure 10.
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6.3.2 OPTH

The optimization of the weights occurs in OPTW. The entire function
of this subroutine is to calculate the matrix gIg so that it can be inverted
by GAUSSJ and thus produce the optimized weights. Since gﬁg is symmetric,
only the upper triangular part is calculated and then the Tower triangular
part is filled in, one column at a time starting from the first. The error
message "OPTW FAILS, MATRIX SINGULAR" is printed if the subroutine GAUSSJ
passes a value of 0.0 for DET, the determinant of g?ﬁg % -
GAUSSJ calculates the inverse of the matrix ng_by using Gaussian

elimination. It does not explicitly calculate the determinant but sets-the

variable DET = 0.0 when it cannot find a pivot element which is non-zero.

6.3.3 OPT

" The SUu routine OPT performs a grad1ent search over the hyperp]ane
coeff1c1ents and weights wh1ch are be1ng optimized in one of the three types
of optimization. Figure 11 1s a commented IFTRAN Tisting of the subroutine
OPT which exp]eihs how it works.

6.3.4 The Function Subroutine F and the Subroutine CFCN

The function subroutine F simply sets up index parameters, increments
the iteration counter, NF’ used in the overall iteretion scheme, and calls
the subroutine CFCN which gives the value of the RMS error as F.

The subroutine CFCN is only ca]]ed‘from the function subroutine F and |

it performs the following function:




SUBROUTINE OPT(X,XTEST,DX,NXX,JJ) ’

DESCRIBE CALLING PARAMETERS

SETY UH ARRAYS AND CNMMON AREAS

OBTAIN INITIAL VALUE OF ERROR AND GRADIENT . -

INITIALIZE ITERATION COUNTER, SUCCESSES COUNTER, consecur've
8UCCESSES COUNTER, AND ERROR CHANGE

LOOP UNTIL ONE OF THE ITERATION TERMINATION CRITERIA 1§ SATISFIED
s IF COMPUTING TIME ENCEEDS ALOTTED TIME

o o PRINT STOPPING CRITERIA AND TIME

EXIT

. END IF

o IF STOPPING €RITERIX OF GRADIENT 8IZE, ERROR SIZE, CHANGE IN
’ ERROR, OR STEP SIZF 1§ MET .

¢t PRINT STOPPING CRITERIA AND TIME

EXIT

END IF

I1F ITERATION COUNTER IS MULTIPLE OF PRINT FREQUENCY COUNTER

. PRINT STATE VARIABLE AND GRADIENT

¢ PRINY STOPPING ERITERIA

END IF ‘

DO ELEMEMTeWISZ IN 3TATE VECTOR

° DEFINE TRYAL STATE VARJABLE AS STATE VARIABLE MINUS§ THE
. SRODU'T OF CURRENT STER SIZE AND UNIT GRADIENT

END D

EVALUATE ERROR AJD GRADIENT WITH TNIAL STATE VAFIABLE

IF ERRUR WITH TRIAL STATE VARIABLE 15 GREATER THAN ERROR KWIT,

CURRENT STATE VARIABLE

' DIVIDE CURRENT STEP SIZE BY FACTOR

. RESTGRE GRADIENT CORRESPONDING TO CURRENT S8TATE YARIAHLE

. RE®INITIALI2E CONSECUTIVE SUCCESSES COUNTER:

ELSE TRIAL STATE VARIABLE PRODUCES SMALLER ERRDR THAN CURRENT

STATE VARIAGLE

. SUBSTITUTE TRIAL STATE VARIABLE INTD CURRENT STATE VARIABLE
. &. SUBSTITUTE TRIAL STATE ERROR INTO CURRENT STATE ERROR

H INCREMENT SUTCESS AND CONSECUTIVE SUCCESSES COUNTERS

’ IF NUMBER OF CONSECUTIVE: BUCCESSES 1§ BUFFICIENT

) END ?gLTIPLY STeP SIZE BY FACTOR

Figure 11. Commented IFTRAN Listing of OPT
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1. For each sample point it evaluates each P-function,
and in the course of doing so, determines which
hyperplane is evaluated for each P-function -

2. Determines the activity vector dependihg on the
result of step 1 :

- 3. Calculates the gradient of the hyperp1ane coef-
ficients and weights being optimized

6.3.5 STPOUT

The subroutine STPOUT is an output subroutine. It firsti outputé one
line of information as shown in the listing. It then‘outputs the P~fﬁnction
being optimized and its gradient. The logic controlling which prints occur
for which values of IPRINT and the ca11ihg parameter JJ can best be seen
from the IFTPAN listing. 4
6.3.6 STOPG

When STOPG is called from OPT, it tests each éf the'stoppiﬁg criteria
against their limits and causes“oﬁtimizatjon to stos‘if any of the four |
stopping criteria RMS error, error Change,-step size, or gradient magnitude -
is exceeded. | '

6.3.7 Output P-Functions: WSFUNC and WSFUNF

The two subroutines WSFUNC and WSFUNF output the P-functions. In WSFUNC,
the weights and the hyperplane coefficients are output separately. In WSFUNF,
the magnitude of the weights are multiplied into the hyperp1ahe coefficients,
and the a]gebraiéisigh'of the we{ghts'is separately supplied.

6.3.8 ENERGY | |
The subroutine ENERGY is called from CMPLAR and is used to determine

the RMS error and percent variation explained, both biased and unbiased.
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It does this by calling the function subroutine F (see Section 6.3.4)
and implementing the definitions of RMS error and PCTVE.

6.4 FSTATS _
The subroutine FSTATS calls MNCOV, prints out results of the correla-
tion coefficient and other variables calculated in MNCOV, and then calls

NETHYP.
€.4.1 MNCOV

The subroutine MNCOV computes overall statistics over all the data
points. The following are calculated for all n input variables, the output

1

variable, and the predicted variable:

1. The means and standard deviations of each variable

2. The covariance and correlaticn matrices for all n + 2
variables together. ,

6.4.2 NETHYP

The subroutine NETHYP does the following:

1. For each sample point, it computes the active hyperplanes,
sets up various pointers and tables for sorts

2. It sorts a table of pointers to the data itself and
another table of counters into regions of increasing
numbers of points '

3. Calculates statistics for each region and stores them
on a scratch file

4. Reads back the contents of the scratch file for various
output tables.
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This subroutine can’be readily understood by examining the IFTRAN Tistings.

The comments are intended to show how the tables IWORK and INET are defined

as the program progresses.

6.4.3 Statistical Subroutines Cal]ed by NETHYP: RGSTAT and ERCALC

The subroutine RGSTAT ca]cu]ates the minimum, maximum, mean, and
standard deviation for all n input variables, the output variable, and the

predicted variable for each region.

The subroutine ERCALC calculates the RMS error, the maximum error, aﬁd

the percent variation explained in each region.
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APPENDIX A
SUMMARY OF NOTATIONS

COMPLIAR (COntinuous Multivariate Piecewise-Linear
Apprpximation/Regression)

Following is a 1ist of notations used in this document. When appropri-

ate, the corresponding symbol used in the program is indicated in brackets.

X = (xy...%p...x) vector input variable
x' = (xl...xk;..xni) input variable vector with 1
augmented [AARA(IY)]
y = scalar output variable [AAA(IF)]
n = number of input}variab1es [NDIM]
M = number of data points [NSAMP]
= index of data points (2 = 1,2,...,M)" ";» S
gf = (5f,y£) = one of the input/output data‘poiﬁts
Np = pumber of P-functions in overall fit [NPFBNC]
i = 1ndex of P-function (i =,1,2,...Np) B |
Q -= number of hyperplanes in it p_function [NHYP]
q = index of hyperplane | |
Héi)(g) = q*" nyperpiane of ith p-function
A
A = ; overall matrix of hyper lane coefficients
= —ﬂ for the Np P-functions [AAA(IHYP)]
_AN'L




(1)
L

|y

|l av, |

P;(x34;)

=

F(x*;A,W)

T [L()
=1
(1) matrix of hyperplane coefficients
% |24 th
: for the 1~ P-function
(1)
a
Q4

hyperplane coefficients
for the q th hyperplane
of the 1th P-function

step sfze in Gradient Search [TK]

). (1)
[oq 20 o]

initial step size (supplied by user) [input as TK,
stored as 0TK]

step size adjustment factor [TKFACT]
M i
]<g)<(Q { ( )(X)}

[w] Woseo ‘wNpH]

D owiPi(x*sA) + wy .4 = general form of COMPLIAR fit
. ) ,
i71 :

MSE of approximation =

1th P-function

= P-function weight vector [AAA(IW)]

o F()_‘,":A.ﬂ)]z

|-
=y

z:
[function subroutine F]

total number of degrees of freedom for the fit




Y i’ \
92.1 = Pi(l(_ ] A.i) s i 1,...,Np
2=1,...,M |
=N 41—.—':!
— P 0 1 Matrix Representation of
1 1 i
, » R A W)521,..05M)
G = M g : v .
- "Q"i r . '
]
A= i 1_
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