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ABSTPACT

Ocecan currents and surface waves may induce serious
errors in oceanographic measurements obtained from moéred
and drifting buoy systems. A general, computationally
cfficient solution for the dynamics of moored buoy systems,
frece drifting buoys, and drogued buoy systems in three-
dimensional space is described in this veport. .Time-domaln
computer simulations of four specific configurations in
various environments arce presented. The mathematical model
of one of these configurations, a subsurface mooring, was
evaluated and improved using full scale ocean test data.

The model of the surface mooring configuration studied will

soon also be evaluated using recent test data.
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NOMENCLATURE

Acceleration vector.
Arec used in drag calculations.

Acceleration of point ¢ in the E frame.

Normal and Tangential areas for a
cylindrical body.

Relative acceleration ‘vector.

Point of aitachment between the surface
buvoy and the mooring line.

Added mass force vector.

Body coordinate system, Frame B.

Mid point of the mooring line element.
Array of constant nodal forces.

Drag coefficient.

Added mass coefficients, normal and
tangential directions, surface buoy.

Normal and tangential drag coefficients
for a cylindrical body.

Pressure «rag coefficient for the end
plate of a spar Luoy.

Appropriate drag constants corresponding
to DN, DT, and DA.

Viscous drag force on a bhudy inseried in

a mooring line.
Viscous drag force vector.

Moment vector due to viscous drag force.

Normal and tangential drag forces per unit

stretched length of the mooring line.
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Viscous draqg forces acting on the n

node of the mooring line.

Mass of water disnlaced by a differential

disk of the surface buoy, SECHS ='.

Mass of a differential disy of the surface
buoy.

Total force vector acting on the body.
Array of additionél forces and moments,
Array of wave exciting forces and moments.
Froude Krylov exciting force vcctor.

Array of hydrostatic and gravitatioral
forces and moments.

Hydrostatic pressure force acting on the
mooring line, per unit stretched length.

Acceleration due to gravity.
Length of the surface buoy.

Instantaneous draft of the surface buoy,
measured up to the mean free surface.

Spar buoy drun height.
Spar buoy mast height.
ho plus the wave elevation component.

Inertia force per unit stretched length

of the moorina line.

Inertia force vector of the inserted body.

Moments of inertia of the spar buoy in
rell and pitch about c.

Unit vectors of o,x,y,z.

Unit vectors of c,x',y',z'.
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Wave number component,

tiave number vector.

g |

COS .
wave number compernent, (K' sin £,

3tiffness coefficient of the n“h segment.
Integration limits as defined.
Total mass of the spar buoy.

Matrix of tensors of inertia and added
inertia.

Added mass of the inserted body, shape
other than cylindrical,.

Mass of the inser.ed body.

. th
Mass of water displaced by the n~ mass.

Added mass components (normal and
tangential) due to cylindrical bodies.

Number of nodes or segnents of a mooring
line. ‘

Net bouyancy of the inserted body.
Arbitrary line segment, or lumped m.ss.
ixed coordinate system, frame E.
Hydrostatic pressure of the fluid.
u i
2 '
A dB(z])

Locacvion of the centroid of thé differential
disk of a surface buoy.

- UZ sz i
= & dBe (zé)

Displacement vector.

Displacement vector from point o to point c.




Yadiun of the spar buoy or the reduced
radias of the mooring line.

Fadil oo! Lthe tured spar buoy.

Spatial vector in the x-y (horizontal)
rlane, Jdiscribing propagatior of the
SUriace wave,

Jress-soctional area of the surface buoy.
Urocs=sectional arcas of the tured spar
huoy,

spat:al coordinate of the rooring line.

The tension vector.

Lf€fective tension variable along the
mocrinn line.

“cmert of the tension force T.

Tension force vector on a mooring line noce.
Time variakle.

Fluid velocity vector,

Relative fluid velocity vector.

Normal and tangential componénts of UR.
Velocity vector,

Unit vector along *he mooring line.

Array of tiranslation and rotation rates.

Velocity cf water particle w in frame B,

Tangential relative fluid velocity at
bottom of the tuned spar.

vomponents of surface current.

Tangential relative fluid velocity at step
of the tuned spar, also static velocity
of the drogued drifting buoy system.
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1.0 INTRODUCTION

Oceanographic measurements from moored buoy
systems are contaminated by mooring motion. Numerous
articles have been publishcd in the last three years
pointing out quantitatively the errors introduced by the
surface wave field. large vertical excursions have been
experienced at great depths by instruments located on
the synthe*ic rope portions of surface-buoyed mooring
lines (WUNSCH and DAELEN, 1974). Observations during the
POLYMODE experiment showed subsurfacé mooring 1ines to
have undergone hundreds of meters of vertical excursions.
For any operational moored instrument system we'need th
models whose accuracy can be established with known
confidence: a mooring system model fram which the motion
environment of instruments can be predicted, and a model
of the instrument motion response characteristics from
which the measurement error can be estimated. PoSse§sion
of these models is required for more effective moori#g
systems design and for optimun interpretation of 1
oceanographic measurements obtained from moored syste%s.
The first of these two models is the main subject of
this report.

An alternative to the moored approach is the

use of surface-trackable drogued drifting buoys. Such a




buoy system employs a high dfag device (or drogue) at

some depth, tethered to a trackable huoy at the surface.

The major impediments in the widespread use of this approach
have been inadequate component and system design. 'Both

of these impediments can be removed by the development bf
dynamic modeling of drogued buoys. A‘part of this report
deals with the dynamic moleling of drogued buoys.

‘ Dynamic models of drogued buoys do not exist
except in primitive form, while such models of moored buoys
and free~drifting buoys are further along. This difference
stems from the fact that drogued buoy systems are dynamically
very complex, and they have only recently been considered
essential to major programs. Even though many dynaric
matheﬁatical models for moored bhuoys and free-drifting
buoys‘are available, not much has been done toward the
evaluétion of these models using full-scale ocean test
data. It is the purpose of this report to present a
general, computationally efficient approach for analyzing
moored buoy systems, free drifting buoyvs, and drogued
buoy systems and to simulate this analysis on the computer
so that these niodels can then be readily evaluated with
full scale ocean test data.

This report const.tutes parts 3 and 4 of a

four part repcrt. Parts 1 and 2 were published in




volume 1 and dealt with the "Three Dimensional Static
Analy. is and Design of Single Point Taut and Slack Moored

Buoy Systems" (CHHABRA, 1973).

1.1 Background

We at Charles Stark Draper Laboratory Inc. have
evaluated one ¢f the mathematical models presented in
this report. The mathematical model of a subsurface
mooring system (Section 2.2.1 and simulation 5.2 in this
report) has been shown previously to predict the mooring
motion forced by oceén currents of periods greater than
15 min. (CHHABRA, DAHLEN and FROIDEVAUX, 1974) .i The model
was evaluated in a full scale ocean test that provided
experimental data_on mooring response and ocean curtrent
forces. The ocean test was conducted jointly with Woods
Hole Oceanographic Institution on R. V. Chain cruise
107. We obtained a record of the motion of an acoustic
transceiver near the top of the subsurface mooring line
at the 500-m depth. The transceiver sent out a sound
pulse every minute and recorded the four return times
be replies from four near-bottom acoustic transponders
at 5460m. By comparison with this and other data from
precision pressure recorders, tensiometers, and
inclinometers, the mooring model had been found to

predict well the observed motions. The r.m.s. difference
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betweer the experimental and predicted trajectory of the
acousiic transceiver was 11.8m, about 10% of the mean
excursion. This mathematicai model was evaluated a
second time Ly data from the central mooring {(Mooring
No. 1, Station 431) of the Mid-Ocecan Dynamics Experiment
(MODE) . In that study (CHHABRA, 1976), the current record
from the topmost vector-averaging current meter on the
central mooring of the MODE experiment was corrected fur the
cffects of mooring motion, and power spectra of the uncorrected
and corrected signals were compared. The correction was

1 cn s~Y, for that mooring line (vertical excursion
< 12 m). Creep in the synthetic portion of the mooring
line was also identified.

In addition, we are planning to evaluate a
second mathematical model presented in this report. The
mathematical model i546f a tuned spar buoy (35 ft. leng,

1 ft. dia. at W.L.) tethered to a subsurface mooring line
by a stiff buoyant line. An instrument line is hanging
from the base cf the spar (Sections 2.1.1, 2.2,2, 2.3

and simulation 5.3). This confiquration was recently
tested in the ocean durinc the October 1976 ONR/NDBO
Mooring Dyvnamic¢s Experiment. A total of fifteen motion
sensing instruments (4 Force Vector Recorders, 6

Temperature/Fressure Recorders, 1 POPMIP, and 4 Acoustic




Beacons) were attached along this mooring system. The
evaluation and improvement of this mathematical model
would be done by comparing measured responses with
those computed by the computer simulatibn for the
measured/observed environment.

The above mentioned evaluation and improvement
is planned to be completed in CY77. 1If such an
evaluation and improvement is done, the 6n1y mathematical
model to be evaluated and impfoved from the analysis
presented in this report would be the drifting drogued

buoys. We plan to do that task in the near future.

1.2 Assumptions, Capabilities, and Limitations

Surface gravity waves treated in this report
have a single frequency and amplitude, propagating in a
singlé direction. It is assumed that the surface huoy
is oscillating in the path of small (i.e. amplitude
of wave train much less than its wavelength) incident
surface waves which are long in relation to the body |
dimension in the direction of wave propagation. Wave
direction has been generalized to include any arbitrary
direction in the horizontal plane. For the three-
dimensional analysis of surface buoys, we also .ssume small
displacements of buoy when compared to vertical

dimension of the buoy. Hence only the first powers of
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small quantities are retained for the three-dimersiohal
surface buoy analysis. Moments of inertia about all
axes in a horizontal plane are taken equal. Even though
moment of inertia about the longitudinal axis of the
spar buoy is negligible, it is inncluded for nuﬁerical
computational purposes.

In all mathcmatical models ar earth fixed
frame is assumed to he the valid inertial frame. Viscous
Jdrag forces are computed based on the square drag law.
For cylindrical shapes thesé forces are assumed to act
in directions normal and tangential to the longitudinal
axis; and for any other shape théy act in the direction
of the relative flow. For the case of a tuned spar
viscous drag forces and 'addled mass' due to the bottom
brse and the step are also included. The ideal fluid
damping (wave-damping) as derived by Newman (1963) for a
spar buoy was found to ke negligible and bence is neglected.

All moor:ing lines are ccnsidered elastic.
In the continuous line formula@ion of mooring lines,

1

nonlirear clasticity dcpcndent!on the prior loading history
as explained in volume 1 (CHHA&RA, 1973) is considered.
For the lumped paramcter formulltion; a linear stress-strain
curve is derived from the nonlinear curves for the range

of stresses in study. Dynamic effects on these stress-




. strain curves are ncglected. Internal damping forces in
- the mooring lines are assumed negligible when compared
with viscous drag érd stiffneés forces. The hydrostatic
pfessure forces are treated more rigorously than they
are in the traditional method employed in most previous
studies. As it turned out this new methou changed only
the stress distribution along the mooring system, while
the configuration of the mooring system remained
essentially unchanged. Instruments or bhuoyancy packages
attached along the mooring lines are treated as
concentrated forces which have length and give rise to
forces as explained in Section 2.2. A time varying
current profile of any nature and shape can be inputted
to the computer programs. A list of current profiles
used in various simulations is given in volume 1
(CHHABRA, 1973). 1In its present form no allowance for
shrinkage or creep of the synthetic ropes is taken into
account, but creep was identified in CHHABRA (1976).
Elongations due to rotation of non-torque balanced cables
is also not considered. 1In the mooring line models
viscous drag forces due to the velocity field generated
by the surface waves are included. Wave-damping forces
are neglected. In the continuous line formulation of the
mooring line, exciting forces exerted on the line by

the wave cystem are neglected; whereas i.a the lumped




parameter formulation, exciting forces are taken equal
to the 'Froude-Krylov' forces as it is assumed that the
presence of the mooring line does not disturb the wave
particle motion. For added mass purposes, it is assumed
for the continuous line formulation that the-body
(continﬁous cylindrical line) motion accelerates fluid

only in the direction normal to its longitudinal axis.

——




2.0 THECRETICAL ANALYSIS ~ MATHEMATICAL MODELS

This section derives all the equations of motion
pertinent to the analysis presented in this report.
Surface floats are analyzed in Subsection 2,1, mooring line
in 2.2, their attéchment in Section 2.3, and a window
shade drogue in Section 2.4. The mooring line analysis

includes all subsurface floats, instruments etc. attached

to the mooring line.

2.1 Surface Buoys

As is well known, the analysis of the wave
induced response of floating _odies is, ir general, a
most formidable task. Initially the action of the fluid
must be decomposed into real (viscous) and ideal (inviscid)
effects. - Each effect then must be modeled as to its
interaction with the floating body. Further, it is
convenient to assume that the ocean waves are "gentle”
enough so as to permit first order linear surface wave
theory to serve as a foundation for the calculation of the
wave exciting forces.

The ideal fluid problem is still so difficult
in general t.at only the simplest body shapes are
amenable to rigorous analytical solution (potential
flow theory). This solution involves the determination

of the (velocity) potential function ¢(5,t) which rust
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satisfy: 1) Laplace's equation, 2) the kinematic boundarf
condition on the moving body suirface, 3) the free

surface (and bottom) boundary condition(s) and 4) the
radiation condition at great distance from the body.

Assuming this potential, ¢(5,t), has been determined
hy some means, the next step is to substitute it into the
Rernoulli's expression for fluid pressure which in turn
is integrated over the inmersed portion of the body to
yield the instantaneous f“or.e and moment vectors. In
principle this is a straight-forward procedure. In practice
it is hardly ever possible to find a tractable potential
function which satisfies the abbve four conditions. In a
few notable cases, however, for simple geometries and
small bhody motions, rigorous solutions have been worked
out. 1In particular Newman (1963) has derived the linearized
equations c¢f motion for a vertical, cylindrical ° ar buoy
responding to the influence of a unidirectioral wave
train. The axisymmetryrgfm;he_puqyﬁgs yg}lquritgwﬁr
postulated slenderness was greatly exploited in the work
to yield managable results. In Newman's work as well as
in othersof comparable riqor; the computed potential
i3 the result of an intricate distribution of sinqularities
(sources, sinks, dipoles, ctc.) withir or over the wetted

body surfacec.

From these studies, it turns out that the linecarized
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hydrodynamic forces and moments in éeneral body ygeometries
may be decomposed into constituents proportional to .

body acceleration, body velocity, displaced fluid
acceleration, and the displaced fluid velocity. In
ge:sieral, rigorous integration of thé-fluid pressure, both
hydrostatic and wave, over the body.surface yields:

1) the 'Froude-Krylov" force from the pressure distribution
due to the undisturbed wave system; 2) the "diffraction"
force from disturbance of the waves by the presence of

the body: 3) the force due to the motion of the body;

and 4) the hydrostatic pressure force. The Froude-xfylov
force and the Giffraction force in combination are also
kXnown as the exciting forces exerted on the body by the
wave system. The Froude-Krylov forée equals in value

to the product.of the mass of the displaced fluid times
the acceleration cf the local undisturbed fluid particles.
The diffraction force and the force aue to the motion

of the body both yield "added mass" coefficients
proportional to accelerations and wave-damping
coefficients proportional to velocities of the fluid

and the body respectively. As éhown in Chung (1976),

the added mass coefficients are same (opposite signs) for
both the fluid and body accelerations. Also the two wave-

damping coefficients have the same (opposite signs) value.
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Hence, these two forces may be combined to represent

an "added mass" force proportional to the relative

-acceleration (fluid acceleration minus the body acceleration),

and a wave-damping force proportional to the relative

velocity. Other forces (apart fror the fluid nressure

forces) actinag on the body are: 1) the weigat of the bhody;

and 2) the actual unhalanced force which acceldrates the

body. In the real (viscous) fluid another force, the

viscous drag force, acts on the submerged portion of the

body.

| Analysis in this sectiqn includes all the above

mentioned forces, as derived from the potential flow theory,

except the following deviations: 1) the ideal fluid

damping (wave-damping) is omitted; 2) the added mass

force is treated slightly differently, and 3) the viscous

drag forces are added on to the general eguations of motion.
The ideal fluid damping is omitted here for

expediency. Later analysis of specific problem addressed

in this report showed the wave damping force, as derived

by Newman (1963) for a spér buoy, to be negligikle

compared to the viscous drag force on the submerged body.

The added mass force, which is proportional to the

relative acceleration is separated into two terms; an

added mass force proportional to the longitudinal component
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of the relative acceleration, and an added mass force
proportioral to the transvc;se conponent of the relative
acceleration. Each of these two terms is multiplied by
a different constant coecfficient, depending on the shape
of che floating body. These coefficients and the
co~fficients uscd to derive the visconus drag force are
experimentally determineu hydrodynamic coefficients.

As will be shown below, our general equations of
motion reduce to thc ones given in Rudnick (1967) fo£ a
particular value of these coefficients. Rudnick in his
analysis used the reasoning of Lamb (1945) who treats
a uniform two-dimensional flow across a lor.g circular

cylindes.

Formulation of the General Equations of Motion:

Derivation of the equations of motion for surface piercing
buoys in a train of regular harmonic ocean waves is

given. In addition a surface current (no£ due to surface
waves) is present. Surface buoys are considered as rigid
bodies with six degrees of freedom. The problem under
consideration is represented schematically in Figure 2.1.
An earth fixed cartesiancoordinate system (z positive
upwards) is situated at the undisturbed level of the free

surface. Call it the frame E with origin at o;
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Figure 2.1 Coordinate Systcm for Surface
Piercing Buoys

Py ~ ~

and ix'iy' and iz the unit vectors along x,y, and z
respectively. Frame B is a body (surface buoy) fixed
cartesian coordinate system with its origin at the centroid
(c) of the surface buoy, and x',v',z' being parallel to
X,Y,2 respectively when the puov is in the upright and
non-rotating position. 1In this analysis R represents

a displacement vector; ¥, a velocity vector, and A, an
acceleration vector. It is assumed that the surface buoy
is oscillating in the path of small (i.e., amplitude

of wave train much less than its wavelength) incident

sur face waves which are long in relation to the body

dimensions in the direction of wave propagation. Point




p is the location of the centroid »f a differential

disk (height = dz') of the surface buoy (Figure 2.1).
First, the wave direction will be generalized

to include any arbitrary direction in the x-y plane. To

this end let the wavenumber vector K specify the direction

of propagation (Figure 2.2) where:

- ‘.L":‘ ~
K= — (cosf8 i
g

+ sin8 ly)

X

K

Figure 2.2 - Generalized Wave Direction

The generalized velocity potential field of the

incident wave system may now be written:

9 IRz

» = e cos (K.S - wt)

w

~

where; S = ixx + iyy; and the wave surface elevation £ is
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given by:

Heré, g is the acceleration due to gravity, and
£o is the ampiitudo of the incident wave of frequency w.
In the oar;h fixed frame (frame E), assumed to be a valid
inertial frame for this problem, we define the fluid

particle acceleration vector:

where w is the particle of water next to the differential

disk of centroid p. It is assmed that Apw is constant

over the entire differential disk. Components of Apw at

point p are giveh by:

6; = ‘a‘-iE 9—;% = gitt, el ®l2w cos(%.3 - wt)
éy = é% %% = gliy8, erlElzw cos(K.Z - wt)
and éz = é% %% = glElgo e'ilzw sin(K.T - wt)
where; K, = K| cosB; Ky = |K| sinB, and the higher order

terms in 52 have been neglected.
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ilow; Rop = Roc + ch
°c VEp = [Rop]E = [ROC]E + wEB X ch
and AEp = [Roc]E + [wiB]E X ch + Wop x (Wgg x ch)

where; WEB is the angular velocity of the buoy.
Let us also define the relative acceleration vector
of the fluid particles with respect to the buoy (XR), at

the lccation of point p as:

R Ew AEp

A -~

©180 let, Ap, = (Ag . 12.)12-

— —

and Apn = Agp = App

~ The vector force equations of motion may now

be written as:

v b Uy
aM A, = dB A, + Cy dB Rgy +
% 2 L
{2.1)
) ujz Uy
Cop dB App - dB g + QM g
% ) )




wilere the viscous drag forces and the tension forces (duc
to the attached mooring lines) are left out for later
introduction.

Here; & = -Z,, u; =H - 2., uy =hj - Tar and

= h; = 0,. 2, is the distance between c énd the bottom

of the buoy. H is the length of the buoy, ho is the
‘instantaneous draft of the buoy measuréd up to the mean
free surface, and h; is ho plus the wave elevation component.

A

Distances Tor hy and hi are measured along iz,. aMm
is the mass of the differential disk (Figure 2.1) of

height dz' and 4B is the mass of water displaced by this

disk. Cy AWD CT are the appropriate hydrodynamic constants.

In equation (2.1) the integrals in order of their
appearance represent: 1) the actual untalanced force whichi
accelerates the buoy; 2) the Froude-Krylov force;
3) the normal component of the added mass force; 4) the
tangential component of the added mass force; 53) the
hydrostatic pressure force; and 6) the weight o1 the
buoy. This eqguation recduces to the equation in Rudni~ck (1967),
which was derived for a spar buoy, for G,y = 1.0, and
Cp = 0.0.

The vector moment equation can now he written

similarly as: (moments about C.G.)
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| JdM(RCp X Ap) = de(ch X AEw) +
|
|
1 + Cy de(ch X ARN) +
(2.2)
+ C, JdB(RCp x APT) -
( _ - [, _ -
- de(ch X g) + )QM(RCP x q)

it is also necessary to determine an appropriate
transformation scheme to relate vectors in the E franme
to vectors in the B frame. A sequence of rotations

(Figure 2.3) about the body x',y',z' axes (roll = 4,

pitch = ¢, and yaw = y} respectively yield cthe follcwing
transformation.
(A — P
ix' [;oso cosy sind cos: siny sing ix
‘ + cosy sind sing -cos¥ sind cos¢
i 1t = |-siny cosd cosy coss cosy sino {iyr
y -siny sinf sing +siny sinf cosy
iz, sin® -cosH sing cosf cos? iz
\
L— —

The inverse of this transformation matrix is given
by its transpose. The force and moment equations (2.1)

and (2.2) may be combined and written in matrix form as:




-

—_ ek - — Y

X.Xl

N

Ster 1 - Roll (;): Rotate y,z about x to obtain xl'yl'

B

!
vy X

Step 2 - Pitch (6): Rotate X102y about Y, to obtain Xy1Y502,

f}’z Y’ |2
|

2.2 2 22'2‘
Step 3 - Yaw (V): Rotate Xpe¥, about z, to obtain x",y", 2z~

Figure 2.3 Transformation Matrix Rotations
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d 2
(M] « 55 (vi = {Fy} + {Fg: + (F.) o (2.3)

Here the matrix [M] is composed of the tensors
of inertia and added inertia. The {V} colunn vector has
three translation rates and three angular rates. The vector
{FD} contains the wave exciting forces and moments. The
vector {FG} comprises the hydrostatic pressure and weight
restoring forces and moments (i.e. gravitational and
buoyancy effects); and {F,} is any additional forces
and moments including viscous drag forces and moments
introduced next and tension forces/moments from attached

mooring lines introduced in Section 2.3,

Viscous drag forces and moments- A square

drag law, where viscous drag forces are proportional to
the square of the relative fluid veloicty is used. In

Figure 2.1

If point p and w are overlapping then:

[Rpw]E = [Rpw]B = VBw = Viw T VEc ~ Ygp cp

T B o —— i
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~ ~

. . - . ¢ s R
llere; VEw i (Vox + x‘ + lY \ . + @Y) +

2 (Voz + ¢z) and Vow 18 the relative veloc.ty of water
seen by the buoy at the local point p. “Hence tho

viscous d:ag force on the submerged purtion ~f tLie buoy is

given by:

a1V IT (2.4)

Di B v
where, p is the water density, CD the drag coefficient, and
dAD the appropriate differential area. The viscdus drag
moment can similarly he written as:

—_— 1 "2 - o -

DM = 5 p Cp j dADlval (ch x Vg) (2.5)

2

Limits of integration for both (2.4) and (2.5)
are the entire submerged depth of the buoy.

In the remainder of Section 2.1 the equations
{2.1), (2.2),—(2.4), and (2.5) presented above will be
specialized to the specific problems at hand. The
matrices of equation (2.3) will then be derived and

presented for these specific problems.

2.1.1 Spar Buoy
A tuned spar buoy (Figure 2.4) will be analvzed

in this section to obtain general spar buoy equations.

//




Note: Shown for zero rotation and translation.

| L7
| , A

: _ _Lj, 4- - - )é .
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Figure 2.4 - A Tuned Spar Buoy
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Cylindrical spar buoy equations car *then be <! tained as a
speci1al case of the tuned spar buoy. bBoth two-dimensional
and three-dimensional analyeis will be presented. ‘We

will find the cguations 57 marion of its rosponse for a
train of surface gravity waves havinn a single frequency
arn- anplitude, propagating in any si-gle direction.
Variation i1n wave acceleration ard velocity over the
norizontal buoy dimensicns are noclected. 1In addition in
the three-dimensional analysis, all ro*ational angles

{(roll, pitch, and yaw) arc restricted to he small.

Two-D.mensional Analysis: Irn this analysis K

is a scaler with - = 0; and § is replaced iy the scaler

x wiich is the direction of propagation. A so, Apy =

. + ] .

and the appropriate transformation with + =0, and |+ = 0

hecomes

cos? -sinY

—— s S
-
x
- —————— ————
"
el |
> [WY
x
e s

1ginf cos# ’ iz
]

[
{




Now let, I[R

— . ~ 5
wEB ly’
o - ]
and ch = zp»xz.
‘" A = i [; + z! (; cos“-é2 sint) ]
LN ] Ep x c p AR .
: . ] -0 ip(iet
+ i, [AC vz (-6 sin®-9° cost)]
Also A = ’2{ ékz“ [; cos (Kx - t} + i sin(Kx_ - « t
¢ ’ Ew ‘o X c ! 2z ! c
(42 i ,
pefine; P, = | daB(z') i=0,1,2
e P
(Q
2 sz i
and Qi = dB e (z') i=20,1
L

Integrals of

oc]E x ¢ z “¢

equation (2.1) can now be written as:

1. IdM A, = M[ix x, + i, zc]

Where M

.

2. < . : .
2. JdB A:w = . ’qooll> cos(hxC - «t) + i, sm(Kxc - .t)

Ep c

is the total mass of the buoy.

-

\\i v

L
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3. C dB A, = C, ; {ng 0 [cos(kx_ - .t) cos’o -
* N RN N "x folate] o] * .
- sin(Kx_ - “t) sinC cos{] +

. ' " 9 .-
+ : N = 3 N - /
Po(zc sin) cos0 -.x, cos Q) Py cos03} +

N 2 - ‘ . 2
+ 2 - W - -
CN lz{w 5000[51n(kxc t)sin 0 cos(KxC t)

. . ' S
sin9 cosf] + Po(xc sinf cosf - z,sin"6) +

+ plsinoe}

- A 2 .2
= r < -
4. Cp I dB Apr Cm 1x{m ,oQo[cos(hxc «t) sin“9 +
+ sin(Kx, - 't)sing cosf] +
+ P (-; sin26 - ; sinf cosf) +
(o] C ‘'C -
+ P sinGéz} + C I {m2£ Q fcos(Xx_. - t)sinfcos™ +
1 : T ~2 o=obt """ "¢ - ' >

. 2 . .
+ { - g -x 0 -
sin(Kx, st)cos“t] + P, (-x_sinbcos!

- 7 cosze) + Py cosﬁéz}

uy u, -iosén(Kxc-mt)/cosﬂ
5. - dBg=g dB i, +g daB i,
£ o

Also; dB oSodz', where So is the cross-sectional

area of the disk of height dz'. Then;
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fu3

-} dB g = iz[Pog - osozg{o sin(Kxc - wt)/cos8]
?

where; 802 = "r,

as:

H
——
&
N
[9e]
(W
]
L
D
%
2

1. JdM(ﬁcp x Ep)

" 2
1y{m Eool[cos(xxc-ut)cose -

2. Jdg(ncp x AEw)

- sin(Kxc-dt)sine]}
= - ~ 2
3. CNJdB(RCp x ARN) = Cy Ly{w Ele[COS(KXC-ut)cose -
- sin(Kxc-gt)sinB] - Pjcosl x_ +

. B N
+ Pysint z qu}

cp 3
\
fus Uy \
5. -l dB(ch x g) = - I dB(Rcp X qg)
L '3
= 1y(-Plg sino)
~_ \ ‘ T TIES S TR
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Viscous Drag Forces and Moments:

their respective drag coefficients and areas.

VBw =i _[v._ + o, - X

- '.
< Vox c zpecose] +
+3 - 2 'Osi
1z[voz + 0, z, + zpesxne]

1x.[(vox + ¢, - x/)cos8

- (v, + o, - z2.,)sing - zéé]
+ i, [V, + o - X )sin

Vg, + o - éc)cose]

-1 i

x' vax' + iz' vaz'

Drag force components can now be written:

O
1]
L]

pCDNJrlvax'IVwa' dz’

pcDT"Irlvaz'lvaz' dz*

1

+

Ffor a tuned

spar buoy the viscous drag forces are assumed to be

acting in normal and tangential directions proportional tc

2 2 2
vi pCDpﬂ{rllvblvb + (r] - ) |vglvg}
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Here; Cpy and Cpn are normal and tangential drag

D

coefficients. C is the pressure drag coefficient due

DP
to the bottom, and the step, of the tuned spar buoy.

(z'= h, - 2))

s Bwz' 1l c

A

- ' =
and VvV, =V (= Zc,

b Bwz'

. = v '
Also; DM pCDNJrlvax'!vax' zp dz

Using the transformation matrix:

( (

DFx cosf €in@ | |DF %!

DFz ~5inb cosb | |DF -

Added Mass Force Due to the Step and Bottom Base

of the Tuned Spar: In addition to the forces mentioned

ébové{ran added mass force proportional to the tangential
body acceleration (Ap,) and acting perpendicular to the
step and the bottom end of the tuned spar is considered.
Lamb (1945) in his analysis of a cylindrical spar moving
in still water, gives an added mass coefficient equal

3

to 4/3pr~. Following representation is used in this

analysis for this force (AM).




~3C-
s [as
AM = 3“pL"1 Apelgrazy
5 (2.6)
(ry=r,)" A h e
. 1“2 Et z'—hl e
where; Kﬁt = (KEp°iz‘)iz" and a is a constant.

AM is added to the left hand side of equation (2.1).

Rep X AM would be equal to zero.

Combining all these forces and moments; the matrix

coefficients of equation (2.3) can he written as:

2 . . 2
M =M + PO(CNcos g + Cpsin 0) +

11

2

3, (rl-rz) 3]sin 8

% oplry

M12 = P051n6cose(CT - CN) +

-% aplrl3-+(rl-r2)3]sin6cose

M13 = CNPlcose
M21 = P°s1n9cose(cT - CN) +
% up[rl3-+(rl-r2)3]sinecose
M =M +.P (C sin29 + C cosze) +
22 0 "N T

”
% 00[r13 + (r‘-rz)g]cos“e




23

32

33

{v}

D1

D2

D3

Gl

G2

G3
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- CNplsine
CNplcose

- CNP151n9

Iyy + CNPZ

L] L] . . .
Lxc,zc,a];whlch is a column vector.

2 . 2 . 2
w goQo[cos(Kxc-ut)(l+CNcos 6 +Cpsine) +

sin (Kx_-uwt) sinecose(CT—CN)]

MZCOQO[Sin(KXC-Ut)(1+CNSin29+CTcosze) +

cos(Kxc-ut)sinecose(CT-CN)]

wzgool[cos(Kxc-mt)cose-sin(xxc-ut)sin9](1+cN)"

0.

Pog -9 S02 gEosin(Kxc-u.t)/cose-Mg

.
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_ a2 4 3 3 .
Fpy = CoPy5in00” + DF, - 3 ap[rl +(r1-r2j ]ZC51n66

_ .2 4 3 3

Fpy = CoP,c0s60” + DF, + 3 ap[rl +(r,-r,) ]

(h,-2 )coseéz
1l "c
and FA3 = DM

Three-Dimensional Analysis: For small angles the

appropriate transformation matrix reduces to:

~ \ - ra
flx' l e "6 lx
: - _ ‘?
i § 1 ¢ iy
i e - 1 i
z'J L ¢ J U2

define:
\
[hac]n = i#fc + iy Yo t 127¢
‘\
Wiep = 1x$ +\£yé + ;z$
and Ecp = Zé ;zv

2




R NI T G AT T T (U B i G
Ep i, e p e 25 ) 2%
'Rl .
and; AL = 2 el W [i_cosfcos(K+T- t) +
! Ew " o X ' )

-

4 < 1 . ~ E‘.F_ 1 <1 uo-"'—
i, sinccos(K-F= t) + i sin(K« .t)]

Integrals of equation (2.1) can now be written

as:
1. idw AEp = M(1_ x + lyyC + 1zzc)
2 dB A, = 2 Q [; cosrcos(K-T-.t) +
' EW Y orp¥otTX ' T by
iy sin cos(K+&- t) + i, sin (K-8~ t)]
‘ M N = 1 : - A\ — LS
q.80; Apn = ixliy c P g
Lo v e o RV
ly(-y Yo + 7' o+ ( c c)
L T 2
! = LT ‘y v & - - "
3. dp ARN 1xiu _OcosUQOcos(K R t) Po¥a pl +
I‘OAZC' + ly N Sin.'oo(:os(}\-q_ t.) -
PO'C + ()l, s Po.:v?c} +» l? Pol <\(c -ty R
4 o) _ u - Os»ln (K*S - t)
-/ dB g:J dBg1i1_ + /qu i
] (' o

= iz[POq - ‘Sozqﬁosin (K*3 - .t)]
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5. I dM g =~ Mg i,

Similarly integrals of equation (2.2) can be

written as:

where;

JdM(ch X AEP) = i, Ixx¢ + ly Iyye
JHdM 12
Tex = Iyy = ) M7
f - - " 2 . - =
JdB(ch s AEw) z lx{-w 500151n8cos(K-g—ut)}

+ iy{wzcchcosBcos(R-ﬁ—-t)}

IdB(§; X XRN; = ix{—wzioolsinecos(R-?-Ut)+Plyc—P2¢
+ Pl¢zc} + iy{wzgoolcosscos(?-§-df)

- Pyx_ - P,0+P 0z }~i P {6y +ox}

U3 uz J— T
-J dB(Rc X g) - dB(ch X q)
L )

iy(-P1og) + i (-P6g)

1 ey 88+ e

PN | .-,"
N




Hence;

and,

Viscous drag Fcrces and Moments:

~

A -o _ .o —o" - .
lx.[vox+¢x X zpe+voyw Yoy Voze+zc0]

-~

iy ' [-voxw+v;xc+voy+¢y-yc+ z;'>¢+voz¢_ z ¢

+

+ 1z'[Voxe-xce-voy¢+yc¢+voz+¢z':c]

~ A ~

= i \'4 + i, + i_, V

x' “Bwx' Yy vay’ z Bwz'

- 2 -2 '
DFy v = DCDNJI ]bwa' * VBwy! (Vg +) 92

- 2 2
DFYQ '\,DNJL‘ /Vwa| + vay| (VBWY' )dz‘

- ]
DF_, = pCDTnJrlvaz.lvaz. daz' +

2 2 2
pCppmir, lVplvy + (ry7 - 1y ) Vg V]

N>

Using the transformation matrix:

A
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4\ B . ] 1\

DF 1 -y 8 | [DF,,

L = ¥ ~— J '
DFY 1 ¢ DFI s

i DF -0 1 DF_'

l z) L ,¢ J U 2

Also DM =[(ch xd DF)

i (DM ) + iy. (DMy.)

Therefore:
(DM G. - e— |
DM, DMX.
{pM } = 1 -¢] { DM
D y$ b ¢ L
DM -0 ¢ 1l 0
\ Z} - - \

Combining all these forces and equation (2.6) of additional

added mass, we can write the non-zero elements of matrices

in equation (2.3) as:

M11=M+P°=M22

=
]

13

Myg = Py = Mg,y

23 = Po¢ - 4/3 ao[rl3 + (rl-r2)3]® =

=
1

Myg = = Py = My,

st e s

3 3
4/3 ap[rl + (ry-r,) Jo - P_©

M31

)
=

w

2




b

3 3
MJJ =M+ 4/3 (!D[rl + (rl—rz) ]

Mgy=-Pp¢

[}
L |
.
~
-
<
-
tle

{v}

2 —
oL = 2w gooocasBcos(K-S—wt)

D2 = 2wzgooos;nscos (K*S-uwt)

F

D3 wzéoQosin(f-ﬁ-mt)

Fpq == 2w2€°leinBcos(K'§-wt)

Foe = 2wzﬁoolcosBcos(ﬁ-F-wt)

DS

e e e

é, 8, ] is a column vector.
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Fo3 = Pyg - » 5029&051n(K~u-wt) - Mg
Fgqg = = Ppi9
Fgs = = P1¥9
and {FA} = [DFX, DFy, DF,, DM_, DMy, DMZ] is a column

vector.

As can be seer from these matrix elements, the

sixth degree of freedom corresponding to  does not drcp

out; but M. . equals zero. Meo is introduced in the equations

for computational purposes. “66 is given by:
-4 4
M, = ——[rl hy + r, (H—hl)]

which represents the moment of inertia of a tuned spar

about its longitudinal axis.

2.1.2 Other Shapes

To obtain the velocity potential function !
for any shapes other than for simple gcometries and small
bedy motions is hardly ever possible. lience to obtain
any reascnable solution to this problem one has to depend
on emperical approaches. Solution to these problems has

thus been left out of this report. 1In order to use the
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analysis and computer programs of this report, the readers
will have to substitute their own elements for [M], {FD},
{FG}, and {FA} matrices of equation 2.3; pertinent to the

particular surface buoy in question.

2.2 Mooring Line

A mobring line connects a surface or a subsurface
buoy to the anchor. 1In this report, a line attached to a
buoy but not to an anchor is also considered a mooring line.
Such a line could be connecting a drogue with the surface
buoy or be an instrument line hanging from a monred surface
buoy. In general a mooring line is made of any type or
number of materials (steel, nylon, dacron, etc.) and has
any type or number of instruments (including subsurface
floats) inserted along its length. .

The mathematical model of mooring line dynamics
will be formulated in two different approaches. The "first"
approach is called the "continuous line formulation". 1In
this approach the mooring line differential equations,
with respect to the spatial coordinate s, are integrated
incrementally down the mooring line, to obtain its
dynamic equilibrium at any instant of time. Velocities
and accelerationsof the mooring line differential elements
and the instruments (including subsurface floats) inserted

in the mooring line are computed by differentiating
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positions found by the dynamic equilibriums. This approach
was used to model the low frequency motion of a subsurface
rooring system, as presented later in the report. Exciting
forces exerted on the mooring line by the wave system are
neglected and so are the wave-damping forces. Viscous
drag effects duc to the velocity field generated by the
surface waves is included. This approach was found to he
computationally inefficient, und hard to solve numerically
(due to the differentiation of positions to find velocities
‘and accelerations) for the high frequency motion of a
surface moored system.

For the high frequency motion of a surface moored
system a "second" approach called the "lumped parem-=ter
formulation” is presented. Here exciting forces exerted
on the mooring line by the wave system are taken equal to the
"Froude-Krylov" forces, as it is assumed that the presence
of the mooring line does not disturb the wave particle
notion. Adgain, viscous draa effects due to the velocity
field generated by the surface waves are included, and the
wave-damping forces are neglected. .. both approa:hes, a
velocity profile (could-be time varying) can be present
along with the surface wave. Eoth formulations are presented

in three-dimensions and can be reduced to two-dimensions

when needed.

— e W W
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2.2.1 Continuous Line Formulation

On a differential element of a continuous moorirg
line the forces acting are: (a) the constant force due
to gravitational attraction, (b) the variable tensile
forces transmitted from che adjoining elements, and
(c) the variable pressure (normal) and shear (tangential)
forces applied by the fluid. The fluid forces can be
broken down into (1) the hydrostatic pressure force,
(2) the pressure force due to the acceleration of the fluid
by the element (the so-called added mass force), and
(3) the viscous drag forces due to fluid relative velocity,
which have both pressure (normal) and shear (Langential)
components. Internal damping forces are neglected in
this analysis as these are assumed small compared to
tensilz and viscous drag forces. Exciting and damping
forces due to the wave system are also neglected. From
Newton's second law of mechanics the above forces should
equal the mass of the differential element multiplied
by its acceleratioa. By computing these forces the
differential equations for the mooring line dyramic
equilibrium are derived as follcws:

The mooring line is considered to be a cylindrical
slender body. A free body diagram of a differential
element of length ds of the mooring line is shown in

Figure 2.5.

N

¢
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55 2

4
. AT dsy _ _ . _ 3T ds v ds
(T-352) - T- 5330 - 53

Figure 2.5 Mooring Line Differential

Element

The internal tension and the inclination of the

line segment change to keep all the above-mentioned forces

in equilibrium.

~

In Figure 2.5 v is a unit vector along

the mooring line given by:

~

~
v =

ixcos¢l + iycos¢>2 + i

~

2C0SP5

e




-43-

T is a tension vector, and U is a fluid velocity vector
(obtained from the current profile and the velocity fieid
generated by the surface wave). The relative velociﬁy

vector UR is given wy:

UR=U-YC
where; U= 1xe + 1yuy + 1203
and, 1= 1,x. + 1yyc + 1,2 1is the velocity of point

¢ on the diffevrential segment.

Tl.e viscous drag forces are computed according
to the square drag law and are assumed to act in normal
and tangential directions to the cylindrical line,

proportional to their respective drag coefficients and

areas.

Let: UR = UTR + UGR
where; UTR = (UR*v)Vv
and, UNR = UR - UT

From UNR and UTR, normal (DN) and tangential
(DT) draqg forces can be calculated using the pertinent
drag coefficients (Cpy and Cpq.). Representative areas of

the differential element 'ds' can be calculated using the

e
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reduced diameter and stretched length. These are given by

dAN and dAT. The standard formulation is given by:

DNds = /2 (Cpy.) (dAy) | UR | UNR
and DTds = ¢/2 (Cpp) (dAg) | UTR|UTR

The constant force due to gravitational attraction

is W=-wugds i Here, W is the weight ir air per unit

z.
stretched lencth of the mooring line. W is resolved into
normal (WN) and tangential (WT) components as:

~

WT = (Wev)v = - WadSCOS(!‘3V

and W =W - 0T

= - wads(i2 -v cos¢3)

The hydrostatic pressure force on the differential
element by the surrounding fluid is given by the weight of
the fluid displaced minus the hydrostatic pressure forces

on the end cross-sections of the element. Or,

—_ . A 2.7
FHds = (wa - W)ds i, - nr [.(Pb - pt) -
1 3v
7 ——s ds (Pb + Pt)]

e I

et

=




where, W is the weight in water per unit stretched length,
and r is the reduced radius due to stretch of the mooring
line. Py and P, are the hydrostatic pressures at the

bottom and top ends of the differential element. Assume;

(Pb - Pt) = ,g ds cos¢>3
P, + P
b t_ pc
2
W, = 2
and Wy-W,=. gnr

. FH ds = (W, - ww)dsj(iz - V cosps) +

A
P avl

“wg QSJ

Here, P is the hydrostatic pressure at the
midpoint ¢ of the differential element.

For a continuous cylindrical body it is also
assumed that the body motion accelerates water only in
the direction normal to its longitudinal axis. The
inertia forces due to body's (differential element)

own acceleration and the so called "added mass" term can

now be written as:

. o
Tt ,f/<\,. R




where; Yi=Y-YT

A A

YT (Y.v)v; and the added mass of the differential

element is assumed to be the mass of water displaced by

this element.

Combining all these forces, the force equilibrium

is written as:

[ 37 ds)[. av ds 5T ds) (. 9v ds
T+ — —||v + — =) = |T = — —||v = — —| +
N as 2! 3s 2 3s 2| 3s 2|
DN ds + DT ds - W, ds cos¢yv ~
W, ds(iz - v cos¢3) +
(2.7)
(W, - ww)dS{(iz -V cos¢3) +
P ov W e (W, - W) .
-—C—}-—ddS(N+YT)— a ¥ ds ¥N=0
fg os g g
[a'r ~ W, o, -
or, ~—] v = (-DT + W, cos¢3 + — YT)v (2.8)
las g
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Pc(wa - hw) sV . - -
and T + — = - DN + W (i, - V cosdy) +
» g 3s
{
oW, - Wyl 2o '
YN ' (2.9)
g

—
—

Also we can write:

=y C(2.10)

I'2re T, the tension, vV, the unit vector along
the mooring line, and ?, the geometric displacement vector
are the dependent variables of interest. Eguations (2.8)
and (2.9) can be simplified if we define a new variable
called the effective tension (Te) similar to the one
described in GOODMAN and BRESLIN (1976).

P_(W, - W,

Te = 7 + (2.11)
ng

Differentiating Te with respect to s

aTe T W, - W, 3P

a
-——=—+
as 3s (g 9s
aT :
= — - (wa - ww)cos¢3 (2.12)

as
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Substituting (2.11) and (2.12) in (2.8) and (2.9) we '/,
obtain: .
3Te . W, ol
— = - DT + W, cos¢, + ——= YT (2.13) i
s g :
v . X .
and Te — = - DN + Ww(lz - v cos¢J) +

~

vs

-_E-_-ﬁl YN | (2.14) o

Equations (2.13) and (2.14) are derived for a line
of an arbitrary stretched length and of consecuent reduced
diameter. Also we assume, as reasoned¢ in GOODMAN and
BRCSLIN (1976) for materials obeying Kooke's law, that the
effectiveltension and not the actual tension controls the
extensibility of the mooring linc. The extension of the

ﬁooring line is caused by (1) pulling on the line due to

~ _tension and (2) squeezing of the line due to hydrostatic
pressure. Volume I (CHHABR), 1973) plotted non-linear
curves between tension and elongation of various mooring |
cables and ropes. Using the effective tension instead
of the actual tension, mooring line stretch and the \

consequent reduced diameter from some initial reference

state are found as discussed in Volume 1I.




The analysis also allows for an arbitrary
number of intermediate bodies such as sensor packages
and subsurface floats inserted in the mooring line. For

this case equations (2.13) and (2.14) are replaced by:

Te = Te| +F : (2.15)
n+1l n

Here, F is the summatior of gravitational
at&ractién, fluid, and inertia forces of the body inserted
between n, the differential element above the bodyv, and
n+l, below it.

For cylindrical packages, ﬁhe viscous arag
representation remains similar to the one for cylindrical
nooring iine. For a spherical or any other shaped package

this viscous drag force is computed as:

where; Cob and App are the appropriate drag coefficient

and area.
The gravitational force and the hydrostatic
pressure force are combined to give:

~

NB = -~ wwb lz




where; W is the weight in water of the inserted body.
Inertia forces for cylindrical packages are
changed slightly from that of a continuous cylindricai
mooring line. lHere the assumption of the hody motion
accelerating water only in the direction normal to its
longitudinal axis is dropped. Instead two added mass
terms; one normal and the other tangential to the
longitudinal axis are used. For cylindrical paclkages

inertia force is gi‘*ren by:
IF, = -~ (mb Y + mnb YN + mtb YT)

and for any other shapc this fcrce is:

I . (mb + mab) Y

Here; m, is the mass, m_, and m,.), are the normal and

deat

tangential cob§0nent3 of aaded mass for cylindrical bodies,
and n, is the added mass for any other shaped body.
Summation of gravitational attraction, inertia, and fluid
forces gives F. Integration of équations (2.10), (2.13),
(2.14) and (2.15) along the spatial coordinate, s, of

the mooring line gives the dynamic equilibrium of the
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ﬁooring system at discrete times. At any time these four
equations can be solved for positions, Y (t), of the

mooring system. Positions Y are calculated at short

enough time intervals, Ats, so that Velocities ? and
acceleratiéns % during these time intervals can be

computed as piecewise constant. Accelerations are neglected
at t, and tyr velocities are neglected at to.

2.2.2 Lumped Parameter Formulation

In this formulation, the mooring line is reduced
to a discretized dynamic system which is solved by a lumped
parameter approach. All forces acting on the mooring line
and the inserted packages are‘transferred to a fixed
number of nodes (say N). If each node has q degrees of
freedom then N x q simultaneous differential equations, gq
for each node, describing these nodes caﬁ be solvead
simultaneously by using any of the numerical integration
techniques., Once again the'forces transferred at each
node (lumped mass) are the same as listed in 2.,2.1, with
the exception of Froude-Krvlov forces which are not

th mass for a N node

neglected here. The forces for the n
system are derived next.

Consider the discretized dynamic system as
shown in Figure 2.6, where an N-mass system is shown. In

~

this figure Vn is a unit vector along the n“Y segment




Figure 2.6 N-Mass System




(below the nt" mass). This can be written as:

A~ ~

v = 1i_ cos? + i os + i os¢
®*1n 1, ¢ ¢2n z €OSI3p

T » T, are the tension vectors, and U, is the fluid
velocity vector at the location of the nt? mass. A
typical mass could consist of cylindrical components,
spherical components, and any other shaped components.
The transfer of all adjacent forces to a typical nth mass

is done as explained below.

Viscous drag forces acting on the mooring system

have to be trarsferred at 'N' nodes. Any scheme devised
for this transfer should take into account the different
behavior of cylindrical and spherical conponents of the
mooring system. Let Bﬁn be the drag force transferred

to nt" node which is equivalent to contribution of normal
drag forces on cylindrical components lumped at the n*h
node. Similarly, DT is the drag force on nt® node
equivalent to tangential drag forces on cylindrical
components lumped at the nth node.' DA is the drag force
acting on the n*h node in the dire%tion of the relative
velocity ﬁﬁn, and is a contribution| from spherical or

any other shaped components lumped at the nt? node. These

forces are given by :




Bﬁn = (CDIN)nIUﬁTan Uﬁn
BTn = (CDIT)n!Efﬁnl BTin
DA = (CD;A)nlﬁﬁnl UR_
and Efn = D+ ‘ﬁn + DA_ _ : (2.16)

Here; En is computed from the current profile and tne
velocity of water due to surface waves at the location
of the nth mass which is exponentially attcnuated
with depth. CDIN, CDIT, and CDIA are the appropriate
drag coefficients multiplied by respecflve areas.

The gravitational forces and the hydrostatic

pressure forces are combined for all the transferred

components to give:

NB_=-W (2.17)

I 2= - (mn +m. )Y -m_ YN (2.18)

T A A P ATl




This representation is similar to the one used
for inserted bodies in the continuous line formulation.

th mass change

The tensile forces acting on the n
in direction as well as magnitude with the motion of the
nodes. The direction can be obtained by ¥ :xnd ?n-l
(refer Figure 2.46); but as the present problem is one
of large displacements the magniturle is determined at each
integration step by updating its value at the beginning
of the time step Ly the stiffress force due to the

incrementaldceformation during this time step. Let the

incremental change in length of the ntir segment —En be:

"AY

- n-1
[:cos@ln-cos¢2n—cos¢3ncos¢lncos¢2ncos¢3n iEQ ]
n /

If kn (stiffness coefficient) is defined as the

~

force required at node n for a unit displacement along Vi

then the change in tension magnitude ATn is:

ATn = knALn




or; Tn = (Tn - ATn)vn + ATnvn

Also, as tension vectors T and T .1 are acting

at the nth mass, we have:
TF_ =T ., - T | ©(2.19)

Froude-Krylov force on the submerged 'mass n' is
assumed to be given by the product of mass of water
displaced by the 'nth mass' and the acceleration of water

at that location which is exponentially attenuated with

depth. Or,

~

. ESEM A = =
FFn = Mg g&oe lxKxCOS(K‘o-wt) +

iyxycos(i-f-wt) + i, |K|sin(R-5-ut) | (2.20)

where, my, is the mass of water dispiaced by the nth méss.
Combining equations (2.16) through (2.20) for all

nodes and taking into account all the boundary conditions,

the force balance reduces in matrix notation to:

[M]{.‘}} = {DF}+{CF}+{TF}+[K]{AY}+{FF} (2.21)




where; [] is a matrix of appropriaté inertia terms.
[K] is a matrix of stiffness terms.
{TF} is an array of tension components at the nodes.
{DF} is an afray of appropriate viscous drag terms.
{CF} is an array of constant nodal forces

(gravitational and hydrostatic).

{FF} is an array of Froude-Krylov forces.
{§} is an array of accelerations at the nodes.

and {AY} is an array of incremental deformations of

the nodes.

verivation of Matrices: 1In equation (2.21), the

order of each matrix and array is equal to the number of
nodes (N) multiplied by degrees of freedom (g = 3) per

node. For simplicity the masses were assumed to be lumped

at 'N' nodes, in which case the off-diagonal terms in the

mass matrix are zero, i.e., force at node 'i' due to an

acceleration at node 'j' equals zero. A consistent mass

matrix analysis can be done to allow for distributel mass.

Mass Matrix - [M]

F‘Ml ‘]

[M] = M




where; Ml, Mz' cees MN are 3x3 matrices given by:

po

|
, 2 ' ‘ .
mn+man+mnn51n ¢1n : (mtn mnn)cos¢lncos¢2n{ (mtn-mnn)cos¢lncos¢3n
H
+ - |
m, ,cos ¢1n |
1
————-—-—.—-—-T-——-—— ————— '— —————
= ' '2 ) I
Mn (mtn-mnn)cos¢2ncos¢ln, mn"'manﬂnnns;"n ¢2n' i (mtn mnn)c°s¢2nC°s¢3n
) 2 ]
: +m,cos ¢2n :
e — et Bl i
' ) ¢, coso ' (m_ ~-m__)cos¢, co : +m__+m__si 2
(mtn "nn’ €95%30°°%%1n 1 Men"nn’ ©5%3n s¢2n ! Tt Man TS0 qb3n
i .
{ 2
: . +mtncos ¢3n
L -
th
m, = mass lumped at the n node.
mo, = added mass at n'" node due to non-
cylindrical components
and Mn'™tn = Normal and tangential components of

added mass at nth node due to
cylindrical components

Stiffness\Matrix [X] - 4 Mass System

|
\

[kt + &2 | -k? : 0 : 0
k‘ —_ — ._J _____ pe = - T
-k ' k% + k3 | =K ;0
k] = _._.__l__.._______f___._.___r____
; -k’ i K3+K4l -x4
0 | 0 : -K4 T—. K4
- | I ]

P

B V. : . .
. - C

—




.S
where; K a

and

matrices.
(
-(T

-(T

- (T

{TF} = {

-(T

L - ATy) Gy + (T - 6T CSy rFFl’l
L - OT)) €S, 4+ (T, = ATy CS, FF,
p - AT €Sy 4+ (T, - ATy CS,y FFy 4
. l{FFﬁzl . {
N-l"ATN—l)CS3,N~1'*(TN"ATN)CQ3,N )
- (Ty - ATN)CSl'N FFy o
- (1 - ATICS, | FF, o
- (TN - ATN)CS3'N FF3,NJ

re 3¥3 matrices whose elements are given by

K ij =—kscsilscs s
kg = Stiffness coefficient for segment s.
csi’S = cos¢i of segment s.

{tr}, {DF}, {CcF}, {FF}, {§} and {AY; are column

These matrices can be written as
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A ( 3 * 3 \

fDFl'l CFy ) Iyl,I fAYlll

DF, 4 CFy 1 ¥o1 8Y, 4

DF3 4 CF3 3 Y31 a¥3 4
{pF} = { . }: {cF}={ . };i (¥} =4 . }; {av} ={ . r
DF) n CFy.u ¥1.n AYy N

DFy N CFy n Yo, AY; N

DF3,NJ CF3.n : Y3,NJ C[8Y3,n

\ \ L . )

Equation (2.21) can be re-written as

{§} = [M]'1 {TF} + [MJ'l [K] {ayY} +

(M1”1 (oF} + [M]7Y (R} + [M]17Y {(cF}
These 3N second-order differential equations can be
reduced tc a set of 6N first-order differential equations

which can be solved by any of the numerical methods.
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2.3 Attachment Between Surface Buoy and a Mooring
Line

Figure 2.7 shows the attachment between a surface

buoy and a mooring line. Let the attachment point be ‘a‘',

which is fixed rigidly to the buoy.

-T
Figure 2.7 Attachment Between Surface
Buoy and a Mooring Line
In addition to all the other forces acting on the
surface buoy as outlined in Section 2.1; a tension vector
T is acting at point a,which should be included in the force

balance.

(2.22)
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Taking moment of T about point c we obtain:

T™=-R _XT (2.23)

ca

for inclusion in the moment balance.

Two Dimensional Analysis:

A A

= 3 'y
1.xa lz.z

'
a

ol
= L +
1x(xa cosf z,

c ' s _ . _
= 1y[’rz(xa cos8 + z!sin) T, (z,'cosb - x_

=3
=z
i

and;

Three Dimensional Analysis: - e e

~

- G ot " _
Rca = lx(x; wya-fezé) + 1y(wxé + yé ¢zé) +

~

: - ]
12( exa + ¢yé + zé)

tad $ ' - v 'ai
sinf) + 1z(za cosf Xy sind)
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——

And; ™ = ixLTy(-exé-+¢yé-+zé) - T, (hx+yi-¢z3)] +
iy[Tz(xé"wYé'*ezé) - T, (-6x + ¢y, +zy)] +
10T (xy + v~ 023) = Ty (x) - vy} +62))]

Change in mooring line tension magnitude due to buoy rotation

(coefficients in the stiffness matrix).

Two Dimensional Analysis:

Rotate R, through A6 to obtain Rcal

ool [

Rcal 1 ~-sinb cosb !
By J n osb||zy

For small rotations change in tension magnitude AT is given
by
AT = k(Rca - Rca).v
: 1
where k is the stiffness coefficient for the line segment

attached to the surface buoy.

~ -~

A
1f v = 1xcos¢ + i, sing

AT = k[cosr(zé cos6 - x! sing) + sin¢ (-z] sin6 -

1
Xy cosf) ]Aae
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Three Dimensional Analysis:

r - A0 :P‘j !l -y A !
| f

R = ‘ A 1 %

ca,
| s . ¢ v
-t Ao 1 -1 @ 1 -
L J L ] (%a

and;
— . ]
costz<ﬂxg-?Yg-zgxcosrl<-~x;+$yg+z;kc05¢l(-wxg-y;+:z;) ]
AT=k L] L'] i
!+cos¢3(wxé+yé-¢zéﬁ+cos;3(—xé+wyé—nzé%+cos¢2(xé—wyé+ezé)‘
— -

If more than one mooring lines are attached to the
surface buoy, as is the case of sinulation study in Section 5.3,
force and moment of both these lines are to be included
in the appropriate equations. It is important to note that
within the definition of the coordinate frame (fixed at
the anchor) if a mooring line hangs from the huoy (as is the
case in 5.3), - T of this section would be replaced by + T.

Also in this case AT would be given by

AT = - k(RCal - Rca)'v
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2.4 Window Shade Drogue

Sometimes an alternative approach to mooring
surface buoys is the use of surface tfackable drogued
drifting buoys. Such a buoy system employs a high drag
device (or drogue) tethered to a trackable buoy at the
surface. A drogue is subjected to the same forces
(including the wave effects) as a differential elemer.t
of tne mooring line. A special case of drogues, the
window shade drogue, as shown in Fiqure 2.8 ic considered
in this analysis. The drdgue, mnodeled dynamically as
a lumped parameter sysfem (Figure 2.8), is reduced to
strips. The mass, the acting forces, and the dynamic
behavior of each strip is lumped at an assigned nodal
peint. Nodal masses are linked by suitably elastic lines.

The window shade drogue is a compliant sheet.
Close observation of scale model drogues (Vachon, 1973)
has revealed that it seems nearly locted to the lccal
water mass insofar as motion normal to the ~heeiL is
concerned. However, in the tangential Jdirection,it seems
to siip through the local water mass rather easily. The
forces were therefore described as follows: the wave
forces f(Froude-Krylov force; as it is assumed that there
is no diffracted wave) acting on a material.strip are

estimated by calculating the force normal to the axis

L R R
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Figure 2.8 Drifting Drogued Buoy System
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of revolution of a hypothetical cylindrical element, the
diameter and length of which is equal to the breadth and
length of the strip respectively. This force is given
by the mass of the hypothetical water cylinder multiplied ',
by the component of water acceleration normal to the

cylinder'slongitudinal axis. Or;

~ ~

FF, = mdn.[AEw - (AEw.vn)vn] (2.24)

th'node,

where w is the particle of water next to the n
and Rsn is the mass of the hypothetical water cylinder.
For inertia forces ™on and M equal zero; whereas moa
equals ng. . The viscous drag of this strip in the normal
direction is calculated using the frontal area of the strip
and the drag coefficient measured in water-filled quarry
tests (Vachon, 1975). The elemertal strips of the droguve
are assumed subject to tangential viscous drag calculated
-using the area of the strip and a tangential drag
coefficient measured during drop tests in the ocean
(vachon, 1975).

Gravitational, hydrostatic pressure, and tensile

forces on a drogue strip are similar to the ones outlined

in Section 2.2 for a discretized dynamic system.

B
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3.0 METHOD OF SOLUTION
Section 2 outlined all the necessary ingredients

of the mathematic:l models used in this report. In this
section some details of how to use these ingredients, to
obtain a solution for a specific problem on hand, are
given. For illustrative purposes a Speéific case study,
of a spar buoy at the surface and a mooring line connecting
this buoy with the anchor, will be discussed. Method
of solution for bhoth the two-~dimensional and the thrze-
dimensional analysis of the moored sfstem will be outlined in

3.1, Section 3.2 outlines the apprpximate initial
conditions for the steady state analysis of a spar buoy

freely floating in a surface wave.

Another case study of a spar buoy at the surface

and connected to a window shade drogué at a given depth

is discussed in section 3.3.

3.1 Moored System Analysis

Two-Dimensional:

In this case, the current profile is in the same
plane as the train of surface gravity waves having a
single frequency and amplitude; ana its direction parallel

or anti-parallel to the direction of surface wave

propagation.
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Static Solution:

For the static solution, the analysis is started
at the spar buoy. The pertinent static equations for the
snar buoy (Section 2.1) with an attached mooring line

(Section 2.3) are:

DFx - Tx =0 (3.1)
P9 - Mg +DFz -~ Tz =0 (3.2)
and -Plg sin% + DM + Tz(xé cosf@ + zé sinf) -~
- - ; = )
Tx(zé cosf xé sin8) 0 (3.3)

Ilere; we have three equations and four

(Tx, T 8, hs) unknowns, where hg is the static draft of

2*
the spar buoy. Now if we assume a value for hs, the

other three unknowns can be solved by ecuations(3.1)

" through (3.3). The solu+tion for the three unknowns Ty

Tz, and ¢ is found by iterating on the pitch angle 9.

If 6 is known; DF., DF_, and DM can be computed explicitly.

Po and Pl can be calculated if hs is known and thus Tx

and T, are given by equations (3.1) and (3.2) respectively.

Moment balance can now be performed by using equation (3.3)
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to obtain the error. This e:rror is minimized by iterating
on the pitch angle 6.

Having solved the buoy force and moment balances
for a assumed hg the mooring line_can be analyzed next.

For the continuous line formulation, a numerical
integration is carried dowa the mooring line by dividing
it into a finite number of segments. 1In this representation
equations (2.13), (2.14), and (2.10) for two-dimensions

can be written as:

ATe = (-DT + W sing)As : (3.4)
TeAd = [DN + W, cos6]as : (3.5)
and AY = ixﬁS cosd + iz AS sing (3.6)

Havirg found T, and T, (or T and ¢) at the top
of the mooring line equations (3.4) through (3.6) are ¢
used to find the configuration and the tension distribution
along the rooring line. At the end of the mooring line
the boundu.y condition of the ocean floor depﬁh should
be met. If not, the whole process is repeated with a new
hgi thus computing the correct value of hs for the given
boundi:ry condition. Whenever the mooring line is

N
.

.

Ny
/
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discontinued to insecrt an intermediate body, the
discontinuity is taken as a lJumped mass and resolved as 4
done below for the lumped parameter approach.
For the lunped parameter formulation, the
configuration and the tension distribution along the

mooring line c¢an be found by (Section 2.2):

T

T =T - W _i_ + DF (3.7)

th mass and

where; fn is the tension vector below the n
T abcve it. . 7
n+1l :

Dynamic Solution: -

Equations of Section 2.2 which are written for ‘
three~-dimensional analysis can be easily reduced for the
two dimensional problem. Using the lumped parameter e
approacia for the nooring line; equations (2.21) are |
combined with equations (2.3), (2.22), and (2.23) to
obtain a global matrix equation for the mooring/buoy
system. Stiffnass coefficients for the change in mooring ~

line tension magnitude due to buoy rotation are obtained

‘;' .

from Section 2.3. This matrix equation can be solved

PR
-]

in the time domain using various numerical integration

techniques. Integrals of P; and Q,, given in Section 2.1, Vo




- are computed exactly; whereas the integral. for viscous
drag forces and moments DF,, DF,, and DM are computed
numerically by dividing the spar buoy in disks of height
dz'. The composit matrices ave of order 2N + 3. Matrices
(M], {TF}, (K}, {DF}, {FF}, {Fb}, {FG}, and {FA} are
computed at each time step of the integration.

Yor the continuous line formulation; the matrices
of equation (2.3) combined with equaticns (2.22) and (2.23)
can be solved for T in equation (2.22) if the buoy draft
ho is known. Then integration of ecuations (2.13),
(2.14), (2.10), and (2.15) along the spatial coordinate, s,
of the mooring line gives the dynamic equilibrium of the
mooring system at discrete times. Iteration on the
unknown h° may be necessary to meet the boundary condition

of the ocean floor depth.

Three Dimensional:

Here; the train of surface gravity waves having

Hé singie frequehcy and amplitude; can propagate in a \
general direction. The current profile is also three- \
dimensional and can vary, in magnitude and direction, with |

\
depth.
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Static Solution:

The pertinent static equations for the spar buoy

(Section 2.1) with an attached mooring line (Section 2.3)

are:

-JdBE + Idu@ +DF -T =0 (3.8)

and; —JdB(icp X g) + DM+ TH = 0 (3.9)

Integrations for dB are over the static draft of the

buoy,anaintegratiOn for DM is over the length of the buoy.

Equations (3.8) and (3.9) can be written as:

e iz - Mg iz + DF - T =0 A (3.10)

¢
and Je = (s (r) C(3.11)

where; [S] is a 3 x 3 matrix with components given by:

S11 = Pjgl; + DF i, - Tyy; - Tzzé
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31 x“a
S35 = - DFyIL2 + Tyzé
S33 = - Ty¥a - Tyyé
and {F} is a 3 x 1 array

= - ¥ - ]
Fl DFyzz + Tyza sza

- - . ]
F, = DFxl2 sza'+ sza

- L [
= Ty, - T,X

{
also Pb = JdB; and 21, 22 are the distances between

center of gravity and center of buoyancy and center of
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drag respectively. For the static case we also assume

(small angles):

DF, «!vV RY

x ' "Bwx' Bwx

DF_ «|V

Y Bwy!vay

and DF_ «|V

2 szIVsz

. T and ¢, 6, and ¢ can be solved explicitly from

equations (3.10) and (3.11) if h_ is known. hg is , -

deternined by iteration on the boundary condition of the

ocean floor depth.

Mooring line solution is similar to the one

presénted for the two-dimensional analysis.

Dynamic Solution:

This dynamic solution is similar to the one for
two-dimensional analysis except that the order of
matrices in chis case is 3N + 6.

3.2 Initial Conditions for the Steady-State
Analysis of a Spar Buoy

Two-Dimrensional Analysis:

Let CN = 1.0, CT = 0.0, and X, = 0.0. Also \

assuming small pitch of the buoy and neglecting viscous A
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drag forces, the equations of motion for a spar buoy

become:
2mk_ + P16 = 207 Q cosut ‘ (3.12)
M*z _ + 0S gz = - w2€ Q _ sinwt
c o2 i eJale’
+_psozg£o sinwt (3.13)
: . : 2
and Pyx. + (Iyy + P2)8 + Plge = 2y Ele coswt (3.14)
wh M* = M+ 4/3 po(x 3, (£ -r )3]
ere, pLEy 1" T2

Surge Egquation 3.12:

Let Ple << zmxc and x = CIS1nwt + Cz coswt + C3.

Now differentiating x twice and substituting in (3.12) we

obtain

X = ;VEOQO coswt/M + Cj -
and X = wE Qg §inwt/u + Cyt
Hence i(o) = 0

and x(0) = = COQO/M




Differentiating twice and substituting in equaticn (3.13) we

obtain:

and

Hence,

equation

where,
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Heave equation (3.13)

Let 7 = C1 sinwt + C2 coswt + C3

C,=Cy=0

-

€y = £o(050,9 - 02Q0) /(08,9 - MAwD)

z(o) =0

z (o) wCy

Pitch Equation 3.14:

Substituting ic from equation (3.12) into

(3.14) we obtain: e

AD + BO = C cosot

A= (I +P, -P.2/2m)
2 1

Yy

B = Plg

(3.15)
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' 2 2,
and R ) (o (2“) {,OQl = le gOQO/M)

]

Now let § Cl sinwt + C2 coswt + C3

Differentiating 9 twice and substituting in equation

(3.15) gives:

Cl = C3 = 0
2
and C, = C/(B-Aw")
C
Or, 8 = coswt
: B-2Aw"™
Hence, 2
Q EO(ZQl-PlQO/M)
6lo) = 2 )
Plg—w (IynyE—Pl /2M)
and 6(o) = 0

Three Dimensional Analysis:

Similarly; for the three dimensional case with

wave direction at an angle B with the x-axis we have:
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x{o) = - CO cosB QO/M
y(o) = - &o sinf QO/M
z(o) = 0,

x(0) = y(o) = 0

. wgo(osozg-won)
z(o) = ‘ 7]
m‘gosins(zol-ploo/m)
$ (o) = = 3 5
P,g-w (Iyy+P2-Pl /2M)
wZCO COSB(201-PlQO/M)
6(o) = 7 )
Plg-m (Iyy+P2-Pl /2M)
y(o) =0
$(0) = (o) = i(o) = 0.
ﬂ
3.3 Drifting Drogﬁed Spar Buoy

In this analys&s the drogue and the mooring line
connecting it to the spar buoyare modeled dynamically

as a lumped parameter system.
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Two-Dimensional Analysis

Static Solution:

The pertinent static equations for the spar buoy

(Section 2.1) with an attached mooring line (Section 2.3)

are:
DF, + T, = 0 : (3.16)
Pg - Mg+ DF, +T, =0 | (3.17)
- 1 - '. "' 3
and Plg sinf + DM ‘I’z(xa cos6 + z) sing)
[ - ' : =
+ Tx(za coso X3 sin6) 0 (3.18)
Here; we have three equations and five (Vs, hs,
Ty, T,, 8) unknowns where V_ is the static velocity of

the drogued drifting system. These egquations are solved
by iterating on Vg and 6. Assuming a value for Vs' Ty
and Tz can be-calculated by known weights, buoyancies,
viscous drag forces, and elastic characteristics of the
system beneath the spar. Now if a value for 6 is assumed
equation (3.17) is solved for h, and the error in
equation (3.18) is found. This error is minimized by
iterations on 8. Next Vg is iterated upon to satisfy

equation (316).
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Dynamic Solution

This solution is similar to the lumped parameter
solution discussed in Section 3.1.

Three Dimensional Analysis

Static Solution:

Here the pertinent equationse (static) remain the
same as Section 3.1 expect for replacing -T by +T and + TM
by -TM.

Also; following similar reasoning of small angles
T, ¢, 6, and ¥ can be solved explicitly from equations (3.10)
and (3.11) with new T and TM if Vg is known. Y is
dete.mined by iteration on the equation similar to (3.10).

Dynamic Solution

This soiution is similar to the one in Section 3.1
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4.0 COMPUTER PROGRAM DETAILS

This section will describe the various computer
programs written for the theoretical analysis presented in
Section 2 and using solution methods of Section 3.
Description of the programsis general and specific details
can be found in the program listings presented in Appendix A.
A1l computer programs are written in FORTRAN IV and have
been run for many case studies on the CSDL AMDAHL'470 V6
computer. Inmnut data required for these ﬁrograms is also
explained in this section. Some of the simﬁlations, along
‘with the accompanying input data, are presented in Section 5.

Computer programs written for tne surface moored
and drifting.systems are tabulated in Table 4.1. Programs
for subsurface moored systems are tabulated in Table 4.2.
Program listings for some of these computer programs are
presented in Appendi:x A. Listings not preserted are duplications

of waat is presented and can ke obtained after minor modifications.

4.1 Surface Moored/Prifting Systems

Computer program SD3.FORT is coded for the
three-dimensional analysis of surface moored and drifting
systens presented in Section 2. Four case studies can be

simulated by this program:

1. A freely floating spar buoy.
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2. A spar buoy anchored with a lumped
parameter mooring line.

3. A spar buoy anchored with a lumped
parameter mooring line and a lunped
parameter mooring line hanging froﬁ
the buoy.

4. A spar buoy attached to a window shade
drogue.

SD2.FORT does the same simulations as SD3.FORT,

but is coded for the two dimensional analysis of Section 2.
Computer programs BUOY.FORT, MDE.FORT, and DDB.FORT are
subsets of the computer program SD3.FORT. BUQY.FORT
simulates case study 1, MDE.FORT simulates case study 3,
and DDB.FORT sinulates case study 4. All these programs
use the lumped parameter formulation for the mooring line.
Input data necessary for these programs is outlined below.

Input Data Required for Computer Program
SD3.FOKT (All units in F.P.S.)

General data:

NM: Number of nodes (masses). Equals
one for case study 1.

NB: Number of the surface buoy. Starting
from the anchor, the number of the node

(anchor is not counted as a node) where
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the buoy is located. NM = NB for
case study 3. 1B equals one for
case studies 1 and 4.

ND: Mumber of the first node on the drogque.

NST: Number of steps. This is vsed for
dividing the spar buoy in NST strips
for integration of viscous drag
forces anq moments over the entire
submergedjbuoy.

NC: Number of cycles, i.e. number of
surface wéveé for which the simulations
are tc be;done.

MOOR: Index for}case study control. Equals
zero for éase study 1; one for case

studies 2 hnd 3, and two for case

study 4.
DEPTH: Ocean depth.
DT: Integration time step AT.
TMAX: Maximum time 6f simulation.
T2: Time interval for simulation printout.

Buoy Data:
RD1,RD2: Two radii (r1 and r2) of the tuned
spar buoy. RDl is for the drum and

equals RD2 for a cylindrical spar.




Z2CG:
RGYR:

HMAX:

CDL:

HST:

CON:
COT:
CDP:

ALPHA:

~87-

Distance (ZC>O)‘between centeroid of
the spar base and its C.G.

Radius of gyration of the buoy about
any axis in the.horizontal plane.
Length of the spar buoy (H).

Normal viscous drag coefficient (Cpy)
used for the spar. ‘“CDT is found by
rnultinlying CDLx0.02

Length of the drum for the tuned spar
buoy (h;). For cylindrical spar ST
is some arbitrary numbef between zero
and the submerged depth of the spar.
Added mass coefficient (Cn) for the
buoy. (Used & read in SD2.FORT only).
Added mass coefficient (Cp) for the
buoy. (Used & read in SD2.FORT only).
Viscous drag coefficient for the base
and step of the tuned spar (Cpp) -
Added mass coefficient for the base

and step of the tuned spar (a).

Mooring Line Data:

W(I):

Weight in water (wmi) of components

lumped at the Ith

th

in air for the buoy (NB node)

node. Equals weight




CM(I):
CMS (1)
CMD(I):

cMi(1),
CMT(1):

SL(I):

EK(I):

CDIN(I),
CDIT(I):

CDIA(I):

DEP (1) :

-5t

Mass of components lumped at the Ith

node (mi).

Added mass of spherical components

th

lumped at the I node (mai)‘

Mass cf water displaced by components

lumped at the Ith node (m,;).

rlormal and tangential components of

added mass of cvlindrical components

th

lumped at the I node (m ., and m .).

t1
Slacl. length of the mooring line
proceeding the Ith node (Lif.
Flastic coefficient for SL(I) (k;).
llormal and tangential

viscous drag constants (1/2 pCDAD)

of cvlindrical components lumped at

h

the It node.

Viscous draqg constant of non-

cylindrical components lumped at the

Ith node.

Depth (less than zero) of the Ith

node (approximate) (zi).
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Attachment Data:

XC1,YCl, Coordinates of the attachment point
oC1:
between spar and the anchoring line

in spar buoy coordinate frame (x°',
Y', Z').
XC2,YC2, Coordinates of the attachment point

2C2:
between the spar and the instrument

line in x', y', 2z' frame.

Current Profile Data:

V(IJ,I): Absolute velocity of water in Jth

(x, vy, and z) direction at the depth

th

of I node.

Surface Wave Data:

WE: Frequency (w) of the surface wave.
AMP: Amplitude'(ﬁo) of the surface wave.
BETA: Wave direction (RB).

All of the input data are read in the main

The main program calls subroutines: (a) STATIC;

which calculates the mean configuration or steady state

(static) solution without any surface wave forcing.

(b) BUOYS; which calculates the mass matrix [M] for the

spar buoy.

(c) DBDRG, which calculates the viscous drag
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forces/moments on the spar bhuoy. (d) MIUVER, which inverts
a matrix. (e¢) MATR X, which calculates the wave exciting
plus hydrostatic forces on the spar buoy, the stiffress
matrix [K], the remaining mass matrixz for the mocring‘
lines, viscous dragqg fofces on the nooring lines, Froude
Krylov forces on the mooring lines, and the tension force
components at each node. It also in-egrates the
differential ecuations of motion. (f) NEXT, which updates
the geometry of th¢ systen.

Before finding the steady state dynamic response
of a system to a sinusoidal surface wave, an equivalent |
current profile ﬁas to be determined to computelthe mean
configquration of the system. This current profile depends
on the original current profile plus the contribution due
to the surface wave. In effect it is a rectification of
the tiwe constant current profile by the oscillatory

velocity field generated by the surface wave. From Section 2.1

we have: : ‘ \
va = 1x(vox + @x) + 1y(Voy + ¢y) \
+ lz (VOZ + (bz) v\
- 2 2 2
also; IVEWI = (Vo + 007 + (ch + ¢y)
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And as viscous draqg forces determine the noored
or drifting system configurations for the static sclution,
and these are proportional to ;V%wfvnw, the square roct

of mean (}VEW{VEW) over a wave period (7) would give the

equivalent rectified current. vector at this leccation.

(wT
= _ l —_— — ’
Let; E = B"x"‘ Jo_ lva| (va)d(mt)

=i E_ +1 E 4+ i_ E
Tx Pu Yy Y z Tz

Now the equivalent current vector can ke written as:

Veq = E/LE

where: EE = | |E]|

This calculation to find Viq, before a static
solution is performed, is done in the mainbprogram. The
numerical integration of differential equations in the
subroutine MATRIX was performed by the rectangular rule,

which was found adequate for all case studies simulated.

4.2 Subsurface Moored Systems

Computer program SSD3.FORT is coded for the three

dimensional analysis of subsurface moored systems




(continuous line formulation) given in Section 2. The
program simuletes the response of a suhsurface moored
system to the time varying current fields. = SSD3.FORT

reads in the relative (relative to the mooring system)
velocity profile in the three orthogonal x, y, and z
directions. From these three components the viscous drag
forces can be compnted directly. These components of

the relative velocity could be the ones measured by

current sensors on the mooring line. Alternatively,
SSD31.FORT reads in the absolute (relative to the ‘ean
floor) velocity profile in the three orthogonal (x, vy,

aﬁd z) directions. Profile is read in as amplitudes of

the sinusoidally varying currents. All components {varying
with depth) are driven by a single frequency. In addition
a surface wave of given amplitude, frequency, and direction
generates velocity field exponentially attenuated in depth.
The program computes the total absolute velocity and then
substracts the mooring line velocity from this absolute
velocity to compute the visces drag forces. SSS3.FORT is
the same as SSD3.FORT Lku* it neglects all inertia forces
of the mooring systen. All three programs use the
continuous line formulation of the mooring line, given in

Section 2, as the mathematical model. Innut data, except
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for the input forcing function (velocity profiles and surface

wave) are the same for all three programs and aredetailed

below:

General Data:

WI:

NP:

NS:

NPT:

IKK:

DEPTH:

DDT:

ER:

ER1:

Number of intermediate bodies
(instrument clusters or iﬁserted
floats) to be included in the analysis.
Numter of mooring parts (each mooring
part can have different properties).
Number of segments the continuous

iine is to be divided in.

Number of dynamic equilibriumsto be
performed.

Number of locations the velocity profile
changes along the ocean depth.

Depth of the ocean. (Meters)
Approximate depth of the mooring line
top. (Meters)

Used for iteration on the boundary
condition of ocean depth. If DDT is
known with reasonable accuracy, ER

is not required. (Meters!

Used for error control in SSD31.FORT.




Irst "ument Data:

PI (1

“SI(J):

ZM (3

~

ZMC (J)

.

ZMV(J):

F(3,J):

CDIN(J),
CDIT(J):

Position of the Jth instrumnent in
slack lergth distance fron the
top. (Meters)

Lenath of the Jth instrument.
Equals zero for non-cylindrical
instruments. (Meters)

tass of the ItV instrument (mj). (£1luags)
Normal added mass component (mnj)
for cvlindrical instruments. (Slugs)
Added mass (maj) of the Jth
instrument for a non-cvlindrical
instrument. Tangential added mass
component (mtj) for cylindrical
instruments. (Slugs)

Weight in water (wwj) of the Jth
instrumert. (Pounds)

Normal and tangential viscous

drag constants (1/2 pCDAD) of the

instruments. CDIT is not used for

spherical instruments. (F.P.S. units)

Mooring Line Data:

DIAL(I):

Nominaldiameter of the Ith nmooring

part. (Inches)




SLL(I):

AWL(I):

hYJL(I):

TPLA{I):

coll(r),
co2(1),
PC1l(1),
P0O2(1),
AO(I):

cDhN (1),
CDT(I):

- —— e ——

Slack length of the Ith

moor ing

part. (Meters)

Weight in air per unit sleck longth

of the Ith mooring pari {(W,). (Tos/M)
Weight in water per unit slack

length of the th mooring part (Wﬁ).’lDS/M)
Transient peak load on the Ith mooring
part. For materials which obey Hook's

law this is substituted with thebeunq's
modulus of elasticity. (Refer volﬁmé 1
CHHABRA, 1973). (lbs. or 1lbs/in?)
Constants for stress~strain

relationships of mcoring line _
materials. (CHHABRA, 1973).Col is used for

jacket  diameter (in.) in jacketed wire rope.

Normal and tangéntial drag coafficients

h

of the It mooring part. (CDN anc CDT)

Current Profile Data:

D(I):

vV(I,J):

Depths, greater than zero, where the
current changes direction. I goes from
1 to IKK. (Meters)

For SSD3.FORT: Relative velocity in

the Ith (x, v, and z) direction for the

Jth zone. J goes from 1 to IKK + 1.

(mm/sec)
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For SSD31.FORT: Absolute velocity
. 4 s th o . -

anplitude in the I divection for
0 th 3 . vy
the J zone,  Following data are
used only in S5D31.FORT.

WE: | Fremuency of current profile
am;»1i-udes V(I,J). (Rad/sern)

nT. Time step for calculatieon of the

mooring system dynamic equilibrium.

T2: Time step for simulation output.
TMAX: Maximum time for simulation.

WS: Surface wave frequency (.). (Rad/sec)
AMP: Surface wave amplitude (CO).(mm)
BETA: Surface wave direction {(f). (Raaians)

All of input data are read in the main program.
The main program cails subroutine MJOTION which calculates
the dynamic equilibrium of the subsurface mooring svstem at
discrecte times. Subroutine MOTION calls subroutine FORCLES,
whenever an instrument package or a subsurface float is
encountered in the mooring line incremental integration
scheme., Both MOTION and FORCES call subroutincASPﬁﬁD to

find the current for viscous drag calculations.
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5.0 CASE STUDIES/SIMULATIONS

This section presents computer simulations of
specific case studies; using the computer programs outlined
in Section 4. All simulations are done in the time-domain.
Simulations of the freely floating spar buoy, as presented
in Section 5.1, were combined to obtain the response
amplitude operator (RAO) vs Kh (wave numbef multiplied bv
the appropriate buoy draft). Section 5.2 presents the
subsurface moored system simulations. Section 5.3 gives
simulations of & surface moored system, and Section 5.4

presents simulations of a drifting drogued buoy.

5.1 Spar Buoy

Both the two-dimensional computer program
(SD2.FORT) and the three-dimensional computer program
(SD3.FORT) are used to simulate each of the two spar buoys;
one cylindrical, and the other tuned presented in
Sections 5.1.1 and 5.1.2 respectively. RAO vs Kh plots
ave presented for the two-dimensional simulations of
cylindrical ana tuned spar buoys.

\
5.1.1 Cylindrical Spar

The séar buoy (Figure 5.1) used in these

simulations was tested in a series of wave tank tests to
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derive empirical response data for comparison with the
computer simulations. This comparison has not been

presented in this report. The dimensions

0.75" 0.D.

T

.

Total Weight of Buoy =
157.6 grams (0.35 pounds)

- 9*—_‘“4‘”“ "‘-'*—‘

—
R

| Buoy Radius of Gvration
10.7" T

27.1" [
21. 4" LG . g.45m
, M
8.7"
J. J._.J 1 1

Figure 5.1 Scale Model Spar Buoy
Description

and characteristics of this scale model spar buoy are
shown in Figure 5.1.

T™wo Dimensional Simulations

Figures 5.2, 5.3, and 5.4 present the typical surge,

heave, and pitch response of the buoy to surface waves of
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amplitude 0.05 ft. and different frequencies. Table 5.1 is
the input data used in conjunction with the computer program
SD2.FORT to obtain these simulations. Noteworthy is the fact
that the viscous (CDL) and préssure (CDP) drag coefficients
‘in this study egual zero. Surge drift evident in Fiqg. 5.2

is dhe to the bias or rectification of wave exciting forces,
which would be present for example if an oscillatory hydro-
dynamic force were to act on a heaving bod, whose motions
were at varying with this force. Simulations for the same
data as Table 5.1 and viscous and pressure drag coefficients
equal to 1.0 are shown in Figures 5.5, 5.€, and 5.7.
Comparison between the surge motions of Figures 5.2 and 5.5
shows the effect of viscous drag on surge drift. Surge drift
due to visccus drag occurs as the submerged area of the |
spar and its inclination vary over a wave period, and is a
function of their phaée relationships. This drift is most
predominant near resonance. In this case heave resonance
occurs at Kh = 1.0, and pitch resonance occurs at Kh = 0.4,
Heave motions (Figqures 5.3 and 5.6) are not effected much

by viscous drag because the tcngential drag due to CDL

and CDP is comparitively sméll. Comparison of figures 5.4
and 5.7 shows that the system frequency present in the top
four curves of Figure 5.4, due to approximate initial
conditions, is damped out in Figure 5.7 due to viscous

drag damping. Otherwise, the amplitudes do not show

much change.
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Response amplitudes of surge, heave, and pitch;
and surge drift as calculated from the steady state portions
of the times histories presented in Figures 5.2 through
5.7, and other simiiar simulations are tatulated in
Table 5.2. In this table column 1 tabulates the frequencies
‘(w) of waves studied. From these frequencies Kh is
calculated and tabulated in column 2. Columns 3 _Lhrough 6
afe four columns of surge amplitude divided by 50. The
first of these four columns presents the gesults of the
undamped linear analytical solution as derived in Section 3.2.
The second presents the computer simulation results with £o
equal to 0.05 ft. and no viscous dragq. Third and fourth
- present the computer simulat.on results wifh viscous drag
and £ equal to 0.05 ft. and 0.25 ft. respectively. The
sinmulated plots are shown for two wave ampiitudes to
emphasize the nonlinear response obtained Ey the nonlinear

theory. Similarly columns 7 through 10 tabulate four columns

" of heave amplitude divided by Eo, and columns 11 through 14

tabulate four columns of pitch amplitude divided by K& - K:O
is the maximum wave slope. Analytical solution for surge
drift was not found hence only three columns 15 through 17
are given for surge drift divided by Kw&oz. Km&oz is the
nean "stoles drift" velocity at the mean free surface. Data

points of Table 5.2 are plotted in Figures 5.8 through 5.11
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Figure 5.8 Surge Magnification Vs Kh
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Figure 5.11 Pitch Magnification Vs Kh




-113-

to present plots of RAO vs Kh. Figure 5.8 shows the buoy
surge per foot of wave amplitude as a function of Kh. For
zero frequency this ratio is one and for increasing
frequencies it decreases to zero. Figufe 5.9 shows the
buoy drift (in surge direction) per ngoz as a function of
Kh. Figure 5.10 shows the buoy heave per foot of wave
amplitude as a function of Kh. This ratio is one for zero
freguency and exhibits resonance at Kh of approximately 1.0.
The ratio decreases to zero with increasing frequencies.
Figuré 5.11 shows the buoy pitch per K&o as a function of Kh.
This ratio is one at zero frequency and, after exhibiting
resonance phenomenon at arcund 0.4 Kh, the ratio goes to
zero with increasing frequencies. Figqures 5.8 through

5.11 are further discussed in Section 6.

Three Dimensional Simulations

Figures 5.12 through 5.17 present the surge, sway,
heave, roll, pitch and yaw responses of the buoy to
surface waves of the same amplitude and frequencies as in
Figures 5.5 and 5.7. Table 5.3 is the input data used in
conjunction with the computer program SD3.FORT to obtain
these simulations. Here the angle B8, giving the wave
propagation direction is zero. These simulations should
give the same response as Figures 5.5 through 5.7. Comparing
Figures 5.5 and 5.12, we see a lot of difference in the

surge drifts. Figqure 5.12 looks more like Figure 5.2 which
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was obtained by neglecting viscous drag. Hence we see

that the viscous draqg effects on surge drift which show

up in the two-dimensional non-linear simulations (Figure 5.5),
do not show up in the three-dimensional simulation

(Figure 5.12) where assumptions of small motions ére made.
This assumption mav be in error the most near the

resonance freguency (Heave resonance; Kh = 1.0. Pitch
resonance; Kh = 0.4), where the two Fiqures5.5 and 5.12

differ the most. Comparison of Figures 5.14 and 5.15

to Figures 5.6 and 5.7 sho&s only slight diffefences.
Figures 5.13, 5.15, and 5.17 show no response as expected.
Simulations for the same data as Table 5.3 but g = n/4
are presented in Figures 5.18 through 5.23. These figures
show the resolution of surge in Figure 5.12 to sufge and
sway in Figures 5.18 and 5.19; and the resolutioﬁ of.pitch
in Figure 5.16 to roll and pitch in Figures 5.21 and‘5.22.

Yaw response remains the same as expected.

5.1.2 Tuned Spar

The spar buoy used in these simulations along
with its dimensions and characteristics is shown in

Figure 5.24.

Two-Cimensional Simulations

Figures 5.25, 5.26, and 5.27 show the typical surge,

heave, and pitch response of the Luoy to surface waves of
amplitude 0.5 ft. and different frequencies. Table 5.4
is the input data used in conjunction with the computer

program SD2.FORT to obtain these simulations. Here again
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Buoy Radius of Gyration = 5,11"

Total Weight of the Buoy = 3745.62 pounds

Figure 5.24 Tuned Spar Buoy Description
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viscous and pressure drag coefficients equal zero.
Figure 5.28 through 5.30 use the same data as Takle 5.4
except that viscous and pressure drag coefficients are
equal to 1.0. Once égain comparisons between the two sets
of figures (5.25 through 5.30) show similar differences
as explained for the cylindrical spar buoy. In this case
the heave resonance occurs at Kh = 0.22 and the pitch
resonance at Kh = 0.4. Also in this case the viscous
damping in heave and pitch responses is more pronounced.
Response amplitudes of surge, heave, and pitch;
and surge drift as calculated from the steady-state portions

of the time histories presented in Figures 5.25 through 5.30,

and other similar simulations are taﬁulated in Table 5.5
which is similar to Table 5.2. In;this case the wave
amplitudes £ studied are 0.5 ft. énd 2.5 fc¢. respectively.
Data points of Table 5.5 are plottéd in Figures 5.31

through 5.34 to presents plots of RAO vs Kh. These

plots are similar to Figures 5.8 through 5.11. Figure 5.33b

is an expanded view of Figure 5.33a, near the heave
resonance frequency. The ratio between bucy heave and the

wave amplitude is one at zero frequency and exhibits resoance
at Kh of approximately 0.2. The ratio decreases to zero at Kh
equal to 0.32, after which it increases a little before
decreasing to zero with increasing frequencies. Such behavior,
where the heave response is minimized at a given frequency is
the main function of a tuned (as opposed to cylindrical) spar

buoy.
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Three-Dimensional Simulations

Figures 5.35 through 5.40 present the surge,
sway, heave, roll, pitch, and yaw responses of the buoy
to surface waves of the same amplitude and frequencies as
in Fiqures 5.28 to 5.30. Table 5.6 is the input data
used in conjunction with the computer program SD3.FORT
to obtain these simulations. dere 8 equals zero.
Differencesbetween Figure 5.28 and 5.35 can be attributed
directly to the assumptions of three-dimensional
analysis. Simulations for the same data as Table 5.6

and 8 = /4 are presented in Figures 5.41 through 5.46.

5.2 Subsurface Moored System

Three dimensionai computer programs (S353.FORT,
SSD3.FORT and SSD31.FORT) described in Section 4.2 are
used for these simulatiors. Mooring system used as a
case study for these simulations is shown in Figure 5.47.
This mooring csystem was actually deployed during the MODE
experiment and was called mooring No._ll(station 481).
Figures 5.48 and 5.49 display the three coordinates
(x, y, z) of the top 6f tﬁis mooring line in response to
the relative velocity data displayed in Fiqgures 5.50 and
5.51. This simulation is a part of the stuéy (CHHABRA, 1976),

where the current record from the topmost vector-averaging
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current meter of this mooring was corrected for the effects
of mooring motion, and power spectra of the uncorrected
and corrected signals were compared. The relative velbcity
data as shown in Figures 5.50 and 5.51 was sampled every
fifteen minutes at eight locations on this moori: line.
Computer program SSS3.FORT was used for this simulaticn

and no surface wave was assumed present. Figures 5.52

and 5.53 show this same response with the computer program
SSD3.FORT, which calculates and includes inertia forces.
Overlay of the two responses shows no noticeable difference.
Input data used with these two computer programs, describing
the system are shown in Tables 5.7 and 5.8.

Response of the top of this mooring line to
hypothetical absolute velocity data (Figures 5.54 and 5.55),
is shown in Figures 5.56 and 5.57. This simulation was
done with computer program SSD31.FORT énd the input data
shown in Table 5.9. Surface wave wés again assumed to be

absent in this sim:lat.on.

5.3 Surface ..00red System

The three-dimensional computer program SD3.TORT
is used for this simulation. The surface moored system

simulated is shown in Figure 5.58. This system of spar
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Figure 5.55 Absolute Velocity Data for the Subsurface Moored System
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buoy/buoyant fether/subsurface mooring line with an
instrument line hanging beneath the spar was deployed

as part of the ONR/NDBO Mooring Dynamics Experimen£

during October 1976. The system is reduced to seven

nodes for this simulation, These nodes are shown in

Figure 5.59. Figure 5.59 shows the mean configuration

of these nodes in the x-z plane. This configuration is

the result of the static solution calculated by SD3.FORT
using the equivalent velocity profile described in

Section 4.1. The equivalent velocity profile and the

actual velocity profile in the x-z plane is also shown in
Figure 5.59. Fiqures 5.60 through 5.64 display time reSponseé
of these seven nodes to the input data presented in Table 5.10
which describes the moored system and the environment forcing
this systen. Forcing the system is a constant current
profile and a surface wave of amplitude l foot, a frequency

of 1 radian per second, and having a wave direction

inclined at 0.1 radians with the x~axis of the earth

fixed frame. Figures 5.60 through 5.62 are the plots of

surge, sway and heave responses of the seven nodes.

Figure 5.63 displays the roll, pitch and yaw of the tuned
spar buoy (node 6), and Figure 5.64 displays tensions in

the seven segments of mooring lines preceding the seven nodes.
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5.4 Drifting Droguad Buoy System

A submerged window shade drogue attached to a
cylindrical spar buby by means of an elastic nylon line
is simulated on the computer by the three dimensional
computer program SD3,FORT. The system is subjected to
simple harmonic surface waves without any current profile.
A 47 feet long 3/8" nylon line is attached to the center
of the bottom of the buoy. The spar buoy is 30 feet long
and 0.66 foot in diamecter. Its static draft with no lines
attached is 19.43 fecet and weighs 426 pcunds in air.
The distance botween the center of gravity and the bottom
end of the buoy is 8.69 feet. The window shade droque
is made of nylon cloth (9 1/4 oz/ydz) and has the
dimensions of 7.5' x 32'., 1ts approximate thickness is
0.02". The droguc has two metallic bars, one at each end.
The bottom bar also acts ac the dead weight, Peoping‘the
droque in tension. For computer simulation the drogue
was divided into four strips and the parameters of each
strip lumped at a node. Tensions in three links between
these four nodes and the tension in the nylon tether line
were simulated on the computer. Fiqgure 5.65 shows the
system, Figures 5.66 through 5.70 show the tirne histories
of the response of the system in a surface wave of
amplitude 1 foot and circular frequency of 1 radian per
secqnd, and having a wave direction inclined at 0.25 radians

with the x-axis. No current profile is present. Figuves 5.66
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through 5.68 show the surge, sway and heaﬁe coordinates

of the spar bucy C.G. and the four nodes on the drogvue.

Figure 5.69 shows the roll, pitch, and yaw angles ~f the
buoy and Figure 5.70 shows the tension magnitudng in

the nylon line lelow the buoy and the thrée‘eeqments cf

the drogue. The input data used for this simulation is

presented in Table 5.11.




~192-

WHISAS Aong panpodg bUull;TIC Oyl I03 vivg 3ndul (1°¢ 21nel

Adv3y
526 - 0°1I -~ *1  0C100

0°0 1100

0°cC 000 0°0 0°0 00°0 0°0 0°0 E£I100
000 0°0 0°0 00°0 00 0°0 0°0 CI100
69 8- 0*0 0°0 0°0 0°0 0°0 S0T00

*B&- e 1 £ S'vT1 0°0007T ‘8 00100

*06- ‘0 £°C S pTT 040001 ‘g 99000

‘8- ‘0 £°C S b1t 0°0001 ‘8 9000

‘pL- °Z £z SUVIT ‘05t *1S  £9000

“pT- , 0°0 *0055 09000

0 *HOL 5°$0L 540 b S8°19 v£000

0 X'7V4 *%0L ‘0. 1°0 9°0 ££000

0 *$0L 0L ‘0 1°0 9°0 CE000

‘0 ‘OL 1°50L 11 0°¢ v6*8 T£000

*9Zt 0£000

A - 0°1 0°T 12000

Lers 0°1 ‘og T 6948 £€°0 £€°C  0T000
6C°0 0°'55 010°0 ‘0045 T 1 82 . ¢ T S 01000

v1ivi1*334ds




-193-

6.0 SUMMARY

Dynamics of monred and drifting buoy systems in
a three-dimensional space has been presented in this
report. Formulation of mathematical models, which are
programmed on the inhouse computer AMDAHL 470 V6, along
with time-domain compnuter simulations of these systems are
presented. Four case studies (freely floating spar buoy;
a single point subsurface moored system; a spar buoy plus
instrument line/buoyant tether/subsurface mooring; a
freely drifting spar buov attached to a window shade drogue)
are simulated with forcing being supplied hy a velocity
profile and a fully developed surface wave field. One
(a single point subsurface moored system) of these four
-case stucies was evaluated with full scale ocean test
data (CHHABRA, DAHLZEN and FROIDEVAUX, 1974; CHHAERA, 1976).
Simulations of other three case studies can now be readily
evaluated with full scale ocean *est data.

For the two-dimensional analysis of a freely

: floating spar buoy, where the assumption of small motions
i 1
' is not made, three sets of computer simulations are

Xcompared with the undamped linear analytical solution.
This comparison is presented in Figures 5.8 through 5.1l1
or a cylindrical spar and Figures 5.31 through 5.34
or a tuned spar buoy. This comparison shows the effects

of viscous drag and varying wave amplitude on the response
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of a freely floating spar buoy. Plots for the undamped
linear analytical solution and the computer simulation
where wave amplitude is small and viscous drag is neglected
are almosr. identical. For the case of a cylindrical spar,
when viscous drag is added, the surge magnification vs
Kh plots show a scatter near the heave and pitch natural
freqﬁencies (Figure 5.8). This emphasizes the coupling
effects. Surgé drift vs. Kh plots in Figure 5.9 show
a markedly different responses near thesc same frequencies
and viscous darping is evident in heave and pitcﬁ
magnification plots (Figures 5.10 and 5.11). The non-
linearity in the response with respect to wave amplitude
is also evident. These plots also show a heave-pitch
coupling near their resonance frequencies. Similar
observations can be made for the case of the tuned spar.

For the three-dimensional analysis of a freely
floating spar buoy, comparison is made with the two-
dimensional analysis for the same input data. Tho only
appreciable difference is observed in the surqge drift,
which cain be attriiuted directly to the small motion assumption
of the three-dimensional analysis. |

Simulation of the spar buoy plus instrument
line tethered to a subsurface mooring line shows a note- -
~worthy transmittal of motion from the surface buoy to the

subsurface line, by the tether. The tether line seems to
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move mainly in the tangential direction due to the high
viscous drag force in the transverse direction. As a

result the combined surge, sway, and heave motions of the
spar are transmitted to the subsurface line. Hence, the
surge/sway motions of the spar (even if heave was
negligible) could be transmitted to the subsurface line as
heave. Therefore some modificatinns of the system may be
necessary to minimize longitudinal motions of the subsurface
line.

Simulation of the freely drifting spar buoy
attached to a window shade dronue shows drift of the buoy
and the drogue even though no current (except surface wave)
is present. This drift is due to the same reasons as
postulated for the freely floating spar buoy.

Full scale ocean test data for the spar buoy plus
instrument line/buoyant tether/subsurface mooring is now
available (October 1976 ONR/WDBO Mooring Dynamics Experinent).
Using this and other data which mighit be availgble in the
future; the next logical step is the evaluation of the

mathematical models of the remaining three case studies.
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~ APPENDIX A

Computer Program Listings Page

197

SD3-FORT ® 4 8 0 9 8 8 8 S F ¢ 0 0 C S 0.00 0 600 RG0S Es S LN EOEP G s

SD2.FORT +tecerescesonososssconsosnssotsscscasasssssassa 222

SSD310FORT LSRRI S AN Y A B SRR B N Y Y A R R B B IR A B B I I R Y O I A 245

SSS3.FORT  eeeesssocoscnsucosanssonssssansssnsaases 255

SSD3.FORT o eveocsoecanssoesossesancnnsasoaennnnenns 262
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