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ABSTRACT

This report documents a study to determine, the feasibility of

applying dimensional analysis to the prediction of mechanical reli-

abilit. The study concludes that dimensional analysis is an essential

tool for the development of empirical models for mechanical reliability.

As an example, dimensional analysis is applied to the prediction of

mean-time-to failure for involute splines. Advantages of dimensional

analysis are enumerated.
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INTRODUCTION

In conjunction with research in "Analysts of Mechanical Reli-

ability Prediction Techniques" being performed by the Naval Weapons

Engineering Support Activity (ESA-11), the ultimate goal of which is

the publication of a mechanical reliability design guide, Louisiana

Tech University has performed studies aimed at improving mechanical reli-

ability estimation and prediction techniques.

The objective of the research on which this report is based was

to demonstrate that dimensional analysis is an essential tool for the

development of empirical mathematical models for mechanical reliability.

While dimensional analysis by itself cannot produce a mathematical model,

dimensional analysis reduces the quantity of data required and makes the

resulting model simpler and more general. Dimensional analysis also

simplifies the application of regression analysis in the development of

mathematical models for mechanical reliability prediction. Furthermore,

the empirical approach using dimensional analysis does not require a

theoretical understanding of the inner workings of the phenomenon being

modeled.

A



DIMENSIONAL ANALYSIS

Dimensional analysis has been used extensively in the fields of

convection heat transfer and fluid mechanics to reduce the quantity of

experimental data and theoretical knowledge required for the develop-
ment of empirical mathematical models. Applications of dimensional

analysis may be found in almost every text on these subjects. References

(1)* and (2) are examples of such texts. The application of dimension-

less groupings of variables produced by application of dimensional

analysis is used universally in developing empirical mathematical models

(mathematical models based directly on experimental data rather than

theory) in these fields. Dimensionless groupings of variables such as

the Reynolds Number, Prandtl Number, friction factor, Mach Number and

* Nusselt Number are familiar to all who work in these areas.

Dimensional analysis has also been applied to electrical circuits

(3, 4, 5, 6), electromagnetics (4, 7), electronics (4), mechanics (3, 4,

7, 8), stresk analysis (3, 4, 5, 7), celestial mechanics (8), geology

(4), thermodynamics (3, 4, 7), radiation heat transfer (4, 5), and con-

* iduction heat transfer (3, 7).

Although the reduction in experimental data required and the elim-

Ination of the need for detailed theoretical knowledge of the inner

mechanisms of the phenomenon are exactly what is needed for mechanical

reliability, workers in the field of mechanical reliability seem to be

*Numbers in parentheses refer to an entry in the List of References.
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unaware of the tremendous potential of dimensional analysis. The only

application of dimensional analysis to mechanical reliability that has

been found thus far is incomplete and was not used to exploit the advan-

-tages of the method at all (9). Reference (10) cites as a guideline

for parameter selection in using regression analysis to predict reli-

ability of mechanical equipments, "meaningful parameter combinations

will be made so that the number of parameters can be reduced with little

or no information loss." No significant actual use of "parameter combi-

nations" is reported in reference (10), however.

Principles of Dimensional Analysis

Dimensional analysis is a tool that canbe used along with data

to develop an empirical mathematical model of a physical phenomenon.

The use of dimensional analysis is based on ". . . the single premise

that the phenomenon can be described by a dimensionally correct equation

among certain variables." (7) It is important to note that we do not

have to be able to write the equation at the outset in order to apply

dimensional analysis. Indeed, if we were able to write the-equation

(mathematical model), we would not need to employ dimensional analysis.

We merely need the assurance that the physical phenomenon could be

expressed by an equation. One of the main advantages of dimensional

analysis is the fact that dimensional analysis does not require that

we have a knowledge of the inner mechanisms of a physical phenomenon.

In order to apply dimensional analysis, we do need to know enough

about the physical phenomenon to identify all the variables that affect

,* the phenomenon. If a variable that affects the phenomenon is omitted,

4~i
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the resulting dimensionless variables obviously cannot be used to accu-

rately model the phenomenon. Once the pertinent variables are selected,

dimensional analysis is used to group thevariables into dimensionless

combinations of these variables. Thus, dimensional analysis reduces the

number of variables that describes a physical phenomenon.

Dimensions and Units

Before proceeding further, the difference between units and dimen-

sions must be made clear. Depending on which system of dimensions is

used, the dimension of a physical variable may be expressed in terms of

mass [M]*, length [L], time [T] and temperature [6] (mass system); force

[F], length [L], time (T] and temperature [O](force system), etc. It

can be shown that the different systems are equivalent. In this report,

the mass system (sometimes called the MLTO system) will be used exclusively.

* .A physical variable has but one set of dimensions; however, its magnitudes

may be expressed in a number of different'units. For example, the dia-

meter of a cylinder has the dimension length [L], but the numerical value

of the diameter may be expressed in a number of different units such as

millimeters, centimeters, inches, feet, etc. Likewise, shear stress has

* the dimension [ML'T "2 ] but its numerical values may be expressed inI

pounds per square inch, pounds per square foot, newtons per square milli-

meter, etc.

Dimensional analysis (a) predicts the number of independent dimen-

sionless groups that can be formed from a group of physical variables

and (b) provides a systematic means of forming the groups. Dimensional

*The symbols for basic dimensions are enclosed in. brackets.
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analysis does not provide the functional relationship be~t-een the dime-

sionless variables (mathematical model)--this relationship must be

determined by some other means, usually from experimental data. If

.experimental or other numerical data is available, regression analysis

can be employed to determine an equation relating the dimensionless

variables.

Advantages of Dimensional Analysis

The important advantages of dimensional analysis are summarized

as follows:

1. The number of variables required to describe a physical phe-

nomenon is reduced. The number of dimensionless variables is given by

Van Driest (11) as:

S. The number of dimensionless products in a complete

set is equal to the total number of variables minus

the maximum number of these variables that will not

form a dimensionless product.

A rule that is equivalent and easier to apply is given by Langhaar (7):

The number of dimensionless products in a complete set

is equal to the total number of variables minus the

-i ~ rank of their dimensional matrix.

- In most instances, the "maximum number of these variables that will

knot form a dimensionless product" or the "rank of their dimensional matrix"

is just the number of primary dimensions required to express th, dimen-

sional formulas of the variables involved. For example, if a physical

phenomenon is described by 7 variables and the dimensional formulas of
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these variables can be expressed using the 3 primary dimensions [M],

[L], and [T, then the physical phenomenon will be described by 7-3 -4

dimensionless variables.

Corollary advantages resulting from the reduction in the number

of variables are:

a. Data requirements are greatly reduced.

b. The fitting of equations to data is facilitated.

c. The resulting mathematical models ari easier to use and to

present.

To illustrate these advantages, consider again a physical phenome-

non that is described by 7 variables. We wish to establish a relation-

ship (model) that predicts the dependent variable in terms of the 6

independent variables. If we use experimental data to determine the

relationship by obtaining experimentally a value for the dependent

variable for 5 values of each of the independent variables, then 56

15,625 data points are required. If the results are presented in

graphical form, with each chart representing the dependent variable as

a function of 2 independent variables, the remaining 4 independent vari-

ables being constant for that particular chart, then an unwieldy 5' = 625

charts are required. If the relationship is expressed in equation form,

* "then an equation containing 6 independent variables must be fitted to the

data. The latter is a formidable task since the relations are most often

non-linear and many different variable transformations must be tried for

each variable in order to obtain an equation that fits the data well.

If dimensional analysis is used to reduce the number of variables

from 7 to 4 and experimental data is taken for 5 values of each of the

a.-
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3 independent variables, then only 53 = 125 data points are required.

In this case data requirements are reduced by over 99 percent through

the use of dimensional anslysis! Additionally, the results can be

presented graphically by a set of 5 charts rather than 625., If an

equation is to be fitted to the data, the equation would contain only

3 independent variables; consequently, the equation would be easier to

obtain and simpler to use than an equation containing 6 independent

variables.

2. A knowledge of the inner mechanism of the phenomenon is not

required.

3. The model that results from the utilization of dimensionless

groupings is very general in nature. For example, a particular value

of a dimensionless grouping of 4 variables may result from any one of

an infinite number of combinations of values of the 4 variables. This.

characteristic of dimensional analysis will be discussed in a subsequent

example.

4. The value of a dimensionless grouping of variables can be varied

in an experiment by varying the value of only one of the variables. The

experiment can therefore be planned so that the value of the dimensionless

grouping is controlled by varying the variable that is most easily and

economically controlled.

5. Dimensionless groupings can be interpreted physically, thus

adding to the understanding of the phenomenon.

WAN
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Characteristics of Dimensional Analysis

Some Important characteristics of dimensional analysis may be

summarized as follows:

1. In order to successfully apply dimensional analysis, the

phenomenon must be understood well enough so that all the variables

that affect the phenomenon are identified.

2. All variables must be quantifiable.

3. Dimensional analysis by itself does not provide a model of

the phenomenon. Information concerning the relationship between the

variables, most often in the form of experimental data, is required.

- 4. Dimensional analysis does not explain the inner mechanism of

a phenomenon.

, 5. The more we know about the phenomenon, the easier the dimen-

sional analysis and curve fitting procedures.

A.

I

4.-



APPLICATION OF DIMENSIONAL ANALYSIS TO A TYPICAL

CASE: SPLINE RELIABILITY PREDICTION

The use of dimensionless ratios as a tool in mechanical reli-

ability has potential for a wide range of components and systems. For

illustration purposes a single component with simplified assumptions

will be used in the following paragraphs. The class of mechanical

equipment which fails mainly due to wear in constant rotation has a

large number of variables suitable for dimensionless grouping and a

method suitable for one component could be expected to be similar to a

method suitable for another component. Components in this class include

gears, cams, splines, sprockets, bearings, seals, impellers, rollers,

casters and tires.

Since splines are of special interest in mechanical reliability

studies by the Navy at the present time they were chosen as an example

to illustrate the method of dimensionless ratios. Splines may be classi-

fied as fixed or working, with tooth types of different geometries (such

as full depth involute, half depth involute, circular, etc.) and possible

failure modes include fatigue, shear failure, and fretting corrosion as

well as the primary failure mode--wear.

Forming the Dimensionless Groups

A listing of the more comion independent factors affecting the

wear life of splines with a specified type of teeth includes: length,

diameter, torque, speed, tooth hardness, and misalignment. Other factors
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such as contact area, bearing stress, and horsepower transmitted are

dependent upon the above factors and are not included as variables.

In order to be expressible in equation form, a variable must

be quantifiable. The present state of knowledge-for splines does

not permit the effect of lubrication on reliability to be quantified.

Similarly, shock loading effects and tooth type have not been quanti-

fied. It should be noted that shock loading effects can be quantified;

however, much experimental work would be required and a better solution

would be to have a separate mathematical model for each application

(general type of shock effect). In addition, the best approach is a

separate mathematical model for each type of non-quantifiable parameter,

i.e., a different model for each type of lubrication and tooth type.

Adding a dependent variable, mean-time-to failure, to the list of

six independent variables gives seven variables. A letter symbol will be

used for each as follows:

t -- Torque, inch-pounds

N -- Speed, revolutions per minute

-- Spline length, inches

D -- Spline diameter, inches

B -- Tooth hardness (Brinell hardness, with units of
kilograms per square millimeter)

-- Misalignment angle, radians

F -- Mean time to failure, hours

Using the pi theorem (See Appendix A) the seven variables are put

into four dimensionless groups as follows:

FN; B D 
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Brinell hardness is used because it has a specific set of units.

If other values, such as Rockwell C are used, they must be converted to

Brinell.

To simplify the frequent use of these four parameters throughout

the example to follow, two new symbols are to be used, namely e and *.

a = 60FN and may be considered as the life of the
spline in total revolutions.

= 1422BD 3  and may be considered as a "strength-to-
t load" ratio; with higher numbers indicating

longer life for a given I/D ratio and misa-
lingment, a.

The /D ratio is large for long slender splines and small for short

stubby splines. In this case the diameter was taken to be the pitch

diameter.

Since F is in hours and N is in revolutions per minute, the con-

stant 60 minutes per hour is included to make 0 dimensionless. Similarly

1422 is included in 0 to make the units of Brinell hardness campatible

with the units of D and t.

The procedure now is to find the relationship that exists among

the four variables from some existing theory or data. Although any

one of the four variables may be used as the explicit variable, we will

choose 0 as the most desirable. That is,

S= ,1Da). ()n

Data

In order to find the unknown function in the above equation some

spline test data was sought that included all the parameters. Some

test data was available, such as from-Southwest Research Institute (12),
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but the values of N, L, D, and t were the same for all the runs. An

involute spline design procedure outlined by Raymond J. Drago (13)

includes all the needed variables in chart form to establish the above

functional relationship. It was decided to use this procedure since

results would be more complete. A copy of this procedure from Machine

Design, February 12, 1976, is included as Appendix B.

Table 1 in Appendix C was constructed by choosing several dif-

ferent values of L while holding all other variables constant to give

different X/D values. The second half of the table is constructed to

give different values of * while holding all other variables constant.
Table 2 in Appendix C is a more complete set of data for full

depth involute splines taken from the Drago charts.

The quantities in Tables 1 and 2 such as J (geometry factor),

TF (torque factor), Bs (bearing stress, and KL (life factor) are

explained in Appendix B. Also the numerical values of a in both tables

were obtained by taking the mid-range value from those given in Appen-

dix B for light, moderate, and heavy misalignment.

Establishing the Relationship Among the Dimensionless Variables

Graphical. The curves shown in Figures I and 2 show how e varies

with ¢ and L/D. When the two curves are compared it is noted that they

are similar if not identical. This implies that the two variables,

/D and p, may be combined into a single dimensionless variable to reduce

the number of variables to 3 if so desired. This provides an extra

measure of flexibility in using the dimensionless variables. Reduction

to 3 variables reduces still further the amount of test data needed to

establish a mathematical life model for a new type of spline; but keeping

j;1
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t/D as a separate variable gives the designer a special flexibility

factor for selecting spline geometry for maximum life.

Figure 3 is a set of curves of log 0 vs. log (0) for different

values of a. This represents the relationship among the variables

in graphical form. The physical significance of is that it

represents a ratio of tooth hardness to bearing pressure for the par-

ticular spline and its application.

Regression Analysis. Regression analysis was used to determine

the exact functional relationship for 0 as a function of Z/D, 0, and

a using the 33 "data" points previously discussed. Several linear

regression models were investigated.

The first approach used a stepwise regression technique to pre-

dict 0 with the variables Z/D, *, a, their squares, and their cross

products. In stepwise regression, variables are added to the model

one at a time until no further improvement can be found. The variable

with the highest correlation with the dependent variable is added first.

Other variables are chosen on the basis of their ability to produce a

significant F statistic. The F statistic is indicative of the predictive

power of the model being tested. It also reflects the goodness of the

fit. The higher the F value, the better the model describes the data.

- The term significant means that the F value being examined has a very

small probability (<.05) of occurring by chance.

Ii , The stepwise regression procedure yielded a model of the form

TV O = a0 + aI a + a2 2  For this model R .26. R2 indicates the

proportion of the variability in 0 explained (or accounted for) by the

..

41(
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current regression model. Since 74% of the variance in 0 was unex-

plained by the above model, it was deemed unsatisfactory and another

approach was initiated.

Figure 3, a plot of log o vs. log (L/D * €) for each of the

three values of a indicated a strong linear relationship. A regres-

sion model of the form log ¢ = a0 + a1 log (JL/D * *) offered support
for this notion as R2 = .81 for the case a = .0005, R2 = .82 for

a = .0060 and R2 = .93 for a = .0025.

A tingle model including the contribution of a was then investi-

gated. This model was

log e = -9.15 + 4.56 log (L/D • *) -2.36 log a.

The resulting R value was .89. Several other models were investigated,

* R2but each of the other models had an R less than 89%. The above model

was chosen as the best predictor of log 0 since it explains 89% of the

variance in log 0.

Taking the antilog of both sides of this model, we have

i = 7.08 X 10-10 (L/D . ,)4.56 -2. 36 . (2)

This equation was used to generate 33 predicted values of 0 and

comparisons were made with the actual data points. Figure 4 shows a

comparison of the values of e predicted by equation (2) vs. the actual

data point values of 0 for the 33 data points. Figure 4 along with
the value of R= 89, demonstrates that MTTF for this spline case can be

$

predicted by developing a mathematical model using dimensionless groupings.

It should be pointed out that some of the scatter in the "data" is

due to the fact that each value of 0 is a result of reading values from

4 charts in sequence so that there can be considerable accumulation of

q
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error due to reading of the charts. This scatter is not considered

detrimental to the present study since any actual experimental data

would exhibit scatter due to experimental error, variation in material

properties, etc. Another point of note is the fact that the Drago

-method represents a very elementary mathematical model and predicted

values may differ considerably from actual experimental values; there-

fore, the mathematical model obtained using dimensional analysis and

regression analysis will predict MTTF with an accuracy that is no

better than the accuracy of the data on which it is based, (i.e., the

Drago method).

,

,.1
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CONCLUSIONS

The preceding example demonstrates that dimensional analysis is

an important tool for use in the prediction of mechanical reliability and

should be implemented in all future test programs. Through the use of

dimensionless groupings of variables, a predicting equation for niean

time to failure as a function of 7 independent variables was fitted to

33 "data" points. The primary advantages of the use of dimensional

analysis are:

1. The number of variables in the problem is reduced, thus

reducing data requirements and simplifying the application of regres-

sion analysis.

2. Dimensional analysis can be very useful in planning experi-

mental work to get maximum information from i minimum amount of raw

data since only the magnitude of each dimensionless group needs to

have a range of values and every individual variable does not need to

be changed. Also, the most important or most influential variables may

be isolated easier when the variables are in dimensionless groups. By

performing a dimensional analysis before an experiment is planned, the

testing can be done more economically. Since one dimensionless group

can be varied by varying only one of the variables in the group, the

experimenter can choose to control or vary the dimensionless group by

varying or controlling the variables that are most easily varied or

controlled.

.°
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3. A mathematical model written in the form of dimensionless

groups of variables for a specific design or type of item can be more

readily adapted to a new design of the item. For example, it is likely

that a correlation for involute splines could be revised for circular

splines in an easier manner if the correlation is in the form of dimen-

sionless groups of variables.

In addition, the use of dimensional analysis allows prediction of

reliability for certain operating conditions for which data is unavail-

able. For example, suppose in the process of designing a spline that is

to operate at a speed of 4000 rpm, we find that the data is available

only for a speed of 2000 rpm. If a predicting equation in dimensionless

form is fitted to the 2000 rpm data, then, in the absence of 4000 rpm

data, the predicting equation can be used to predict reliability of

splines at 4000 rpm.

4.
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RECOMIENDATIONS FOR FUTURE WORK

1. There are strong indications that dimensional analysis could

be used in developing improved methods of accelerated testing. Further

work should be done to determine the feasibility of using dimensionless

variables to relate the results of accelerated testing to actual use

conditions.

2. The applicability of dimensional analysis to the prediction

of the reliability of variety of mechanical components should be Investi-

gated. Such an investigation would include further work on the prediction

of reliability for splines as well as devices such as gears, pumps, etc.

It is expected that such an investigation would provide input for plan-

ning and analysis of current and future mechanical reliability test

* programs.

!P
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APPENDIX A

Determination of Dimensionless Variables

for Spline Example

We wish to form a complete set of dimensionless variables for

the case of full-depth involute splines as discussed in the section

Forming the Dimensionless Groups. The method outlined in Reference (7)

will be used. The pertinent variables along with their dimensions

are:

Variable symbol Dimension

Mean Time to Failure F [T]

Speed N [T"1]

Torque t NOLT - 21

. Length L [L]

Diameter D [L]

Hardness B [ML-IT "2]

Angular Misalignment a Dimensionless

Since the misalignment is already dimensionless, we will deal with the

first 6 variables only. Any dimensionless grouping of these 6 variables

will be of the form:

-l-FaNb c d De Bf

- where I represents a dimensionless group (sometimes called a "pi-term").

The values of the exponents a, b, c, etc., will be determined such that

we have a complete set of dimensionless variables formed from the 6

variables. The dimension equation for n is

" - "" .... . . . . , . . .. . .. .



b d f
[HI( (LI [T] - T]a [T']b [I1 T2]C [L]d [Lj e [ML' T-1]

The above equation may also be written as

[1M] [L] ° [T] - [Mc+f [L]2c+d+e-f [T]a-b-2c-2f;

therefore, we can write the following 3 equations:

c+f - 0

2c+d+e-f a 0

a-b-2c-2f - 0

The matrix of the coefficients of the 6 unknown in the above equation is:

0 *0 1 0 0 1

0 0 2 1 1 -1

1 -1 -2 0 0 -2

The rank of the above matrix is 3; therefore, the number of p1-terms to

be formed from the 6 variables is 6 - 3 - 3.

Noting that we have 3 equations and 6 unknowns, we must choose

values for 3 of the unknowns and solve for the remaining 3 in deter-

mining each p1-term. For the first p1-term, we choose a - 1 (This insures

that F will appear in I), c = d 0 0. The 3 simultaneous equations now

become:

f 0

e-f 0

1-b-2f - 0

The solution of this set of equations yields f 0, e -0, b I so that
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We want the dependent variable, F, to appear in one p1-term only;

therefore, .in determining 112, we let a 0. We also let c 0 0, d 1.

The set of equations becomes:

f O

l+e-f-O

b - 2f 0 0,

the solution of which is f 0 0, b- 0, e- -1. Therefore,

112 = F' N' to Z. D" B'

H12 - /D

.1 Finally, let a = d = 0, f = 1 so that the set of equations becomes

c+1=0

2c + e - 0

-b - 2c - 2 = 0

The above set of equations has the solution c = -1, e * 3, b =0,

* yielding

f[3 = FO NO t- to 03 B

4
113 = BD'

These 3 pi-terms along with a'which is already dimensionless are a com-

A:, plete set of 4 dimensionless variables formed from the variables pertinent

to the spline case:

.. . . .. . .. . . . , . . . . l ll4i l i i
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The above dimensionless variables form a complete set because

each dimensionless variable in the set is independent of the others in

the sense that no dimensionless variable In the set is a product of

powers of the other dimensionless variable. Although Innumerable other

dimensionless variables can be formed, any other dimensionless variable

is a product of powers of the dimensionless variables in the set.

Obviously, there is an Infinite number of complete sets of dimen-

sionless variables other than the set developed above. Selection of

* the best complete set depends on the way in which the model is to be

used and the experience of the engineer. Any knowledge available con-

cerning the phenomenon enhances the ability of the engineer to select

the best complete set.

4

A"
:. *4i

AN

A
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APPENDIX B

Rating the Load Capacity of U
Much work has been done to standardize For most designs, this approximation introduces a

spline geometries, but little has been maximum error of less than 5%.
Before getting into a discussion of hqw to use

done to standardize load-capacity the charts, it is important to understand how
ratings. Thus, spline performance is splines work. how they fail, and how various

difficult to predict with conventional processes help prolong life. This understanding
e.Now, with a new set makes the load factors (K. and K.) easier todesign procedures. oestimate.

of charts, service life can be
determined quickly. Types of Spline Joluls

Generally, spline joints fall Into two categories:

RAYMOND J. DRAGO fixed and working. In a working joint, the mating
Senior En gineer members are free to move relative to each other.
Betio ng cer . But in a fixed joint, both ends of the spline are
B~oeing Vertol Co. clamped and piloted to prevent relative motion. In

* Philadeplhia, lu. addition, many intermediate (semiworking or semi-

INVOLUTE SPLINES connect rotating parts in applica- fixed) spline joints are possible. For example, a
lions as diverse as hcJicopter rotors and machine- spline with loose pilots at each end or with 0-rings
tool gearboxes. But too often, each application uses to retain a grease pack, while not fully fixed, can-
its own special design. There is very little literature not be considered fully working either because
on how to determine the interchangeability of a relative motion is restricted to some degree.
spline among different operating conditions. A working spline generally joins two inde-

As a result, a new ripline application must be pendently supported shafts that may also be slight-
analyzed in depth to determine how long a particu- ly offset axially (from tolerance buildups). This t:,pe
lar design will laq't or, conversely, which design best of spline accommodates the offset easily without
fits the functional requirements. Now, with a newly excessive loss in basic load capacity. Fixed splines
developed set of desigan charts, a spline can be may also join independently supported shafts, but
checked quickly to determine its life under specific the shafts must be aligned more accurately. Most
operating conditions. Or, the performance require- frequently, however, fixed splines mount precision
ments can be used to find a spline design that will gears to shafts. particularly In high-load, high-speed,
last for the desired life. lightweight applications.

The charts are based on equations common to Usually, the surface load capacity of a fixed
the inlustries that use involtle splines. They repre- spline is considerably higher than that of a working
sent "aveiage'" opcatilai, cmditions, and they apply spline. In a working spline, relative motion between
to almost any slilaie applicati,,n. mating surfaces induces a high wear rate. even at

The pr li. factors to consider in spline design are relatively low bearing stresses. But in a fixed joint.
the cuiprcsive (stitface -varing) stress S. and rest-ricted motion results in a low wear rate. making

-4 the sicar (touth) stress S,. The equations for these surface fatigue the primary failure node.

stresses are

., - 2T/f))10/NLI) (K) Spline Failure Modes

- Spline joints "fail" in any number of different
, ,12,)) I t/)NLt) (K.) ways, but many failure modes (such as fretting cor-

. rosion) cannot be analyzed directly. Fortunately,
1lhe.e. eIJ ltttns (with N, It. and I converted to physical failures can be analyzed, and they are

fumctioni If dh.nielral pili h) a:ie the basis for the generally divided into four classes. Two classes,
des,1n llallS pr-'fwnti.d h'r,. I i, only approxiian- shaft shear (torsional shear failure of the shIaft
lion involved in the charts is in the use of "namn- sectiifta under the spline teeth) and bursting of an
inal" touth thil kness in the sheiar stress equation. internal splitte (from radial and centrifugal loads),

III$ MACnaN. DlUS16Ni
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Involute Splines
are primarily ihaft related and are not treated

Lhere because they do atot occur often. Working Spline
The other two tooth-related failure mnodes are

much more common. These modes are tooth shear
(actual shearing off of a tooth projection froin tile
shaft) and surface distress of the teeth (from wear / 77~~
or surface fatigue). In the shear mode, a spline
immedia-tely ceases to transmit power,' while in the
wear mode it degrades gradually before complete
failure. Wear failure can only be detected during 7
periodic inspection.

Surface distress is by far the most common fail- In a working spline joint, the mating parts are
ure mode encountered in spline joints. This failure free to move relative to each other. This tyreFmay take the form of wear (material removed from of spline usually connects two independently sup-
mating surfaces) or spalling of mating surfaces ported shafts that also may be slightly offset
from fatigue. Frequently. over a long period of time, axially. It accommodates the offiset with little
these two types of failure conmbine, with fatigue loss in load bearing capacity. Wear is the pre-
resulting froin a worn surface. On the other hand, dominant failure mode.

* depending on spline configuration, thle joint may
"wear-in" it) remove a potential failure zone. Here. Fixed Spline
highly loaded local areas caused by high spots,
slight misalignment, or tooth index errors may - ---

wear to relieve the load and distribute it over a
larger area, thus prolonging life.

One of the most significant factors causing wear *,.,...,,. -

in a spline joint is misalignment, which causes high ,-

bearing stresses at the contact points. Normally,.
with a well aligned shaft, wear can be prevented
by lengthening a spline to reduce bearing stress,.
thus lowering wcar rate. Hfowever. if wear is causcd
by excessive misalignment, lengthening the spline
is not likely to reduce wear rate. Better solutions A fixed spline joint restricts relative motion be.
are to reduce length and increase diameter, or per- tween mnating parts. This type of spline usuuay
haps crown the teeth of the external member. Of mounts precision gears to shafts in high load. hirh-
course, the best solution Is to eliminate mnisalign- speed. lighitweight applications. Wear combined
ment altogether; however, this fix may not he prac- with surface fatigue is the primary failure mode.
lical froum a design standpoint (the misailignmnt
may lie thle vmr reason wby [the spline is used).A (;~Gnerally. thoug~h, if substantial nmisaligniment is

'1 inherent in the application, a crowned spline, a
larre-diametcr short-Il'ngtla splinre, or a moure corn- to accommodate thle mismatch be tween the driving

~ .~plicated coupling should be custom designed for and driven members. But quill shifts are difficult
thle applicatilln, to lubricate and position. Anid, if itaisalignincit is

One wvay ito overcome slight misalignment (par- large, a significant bending moment may h~e applied
ticialarl9 in hii-li speed, high-load. precision gear- to the quill shaft, so it behaves scimcwhat like a

a bOxes) uscs a "quill" shaft between the driving and rotating fatigue-test specimen. Crowned teeth add
driven shafts. Blasically, a quill shaft is an extra 4o the mnisalgnment capability of a quill shaft, es-
shaft. sphint-d at bonth Ii11S 1nds, that Its between pecially in higha-speed. high-load applications in
flt- oli-r two) shasfis. This free-floating capability aircraft.
allows the quill shaft to sell-aligia to some degree Shear failure, as a primary mode, is rilativ'ely
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rare in most spline ap~plir.-tisins. This fa-ilure tesually C*OtINOS and Sefae Treleent7*occurs a-s a secondairy mode after the teeth have iain o
worn excess.ively thint or as a result of scve'e over- Wear is often caused by poor luhriai.SE
load or impact loaiding. hiowever, -.hear irn he a times, despite thin most el-iltrate lubricatio.n s
primary mnode in a spline joint subjctled to) severe Icm,. the only way to prevent wear is to apply
impact loading throughout its life, 'in this cae coating or surface treatment.
shear analysis should be emphasized because the The most comtmon coatings are soft onles Ii
spline may fail in shear before it has a chafice to black oxide. phosphate, nylon. silver, and coP
wear in. Therefore, even though shear may not be and various hard coatings such as flame or plas
a determiining factor in the design of a spline joint. sprayed materials. The soft coatings aid init
shear stresses should always be checked as a matter wear-in rind also lubricate thle surface with a phi
of course. film during operation. 'The hard coatings appro

the wear problem from the opposite end of
spectrum; that is, they produce a surface that
sists wear by virtue of extreme hardness.

vsrafDet et If the surface bearing stresses ire low (less t
Ful-eph3,000 psi), a nylon coating is often the bccs t

Both full and half-depth splines can be analyze'd with to prevent wear and damp the spline joint. The co
these charts. Most splines in usc are hvalf-depth be- ing. a few thousandths of an inch thick, is arp!
cause they have a number of advantLages over full-depth t h nieshn ufc gnrlyo h
splines. First. because tooth height generally determines
the amount of backup material required behind the ternal member). Usually. to allow room forI
teeth, the half-depth splinie provides a more compact, thickness of the nylon and still provide proper f
and often lighter. oiverill desig~n. Second. the relatively the cut size of the spline must be reduced.
high teeth on a full-depth spline are somewhat more other coatings are thin enough (on the order
sensitive to miqalignment. in addition to these opera- e huadh fa nh ota omdf
tional Considerat ions, several manufacturing methods,. e huadh fa nh ota omdf
such as broatching or toll forming,. are easier to perform tionl is required.
on the %maller half-depth spline teeth. Other alternatives to improve spline load capaci

In spite of these considerations. full-depth splines have include case hardening processes such as car
abu :dut.- thsface baing)oa hlcparsy jot rin conro oiricorrecTheat reatmsen rll pitri
equivalent half-depthi splines.. It applications where dceavr hrd( 5 5 to 4) erreit
this increased capacity is needed, In,!; worth the effort dueavr hrd(,5 to6)w r sia

to overcome the inherent disadlvantalges of the full- surface. Unfortunately, they also increase the c
depth des;ign. A tsypical application for full-depth splines of the parts because special operations are need

thtare generally fixred so that other variables can be
controlled. Another application is in high-speed. "gear"
Couplings tausfuldph(fecrwd)teeth to
connect rotating shafts.

The tanardpresureange fo haf-dpthsplinets is
30.The rfsueageofuldphpinscommonly

is20,hoevr I smtiesmsthevridaccording EA PE
4 o h particular desirn to avoid pointed te-eth. The EA PE

daigshows the differences in tooth size andi bearing Problem t: ConsIdpr a fixed, half-depth splinet
area beween futl and half-depth splinies. The addendum witting torque T7'- 1.000 lb-in. and operating under
of a full-depith spline equals I/pd. while that of a half- shock and inisaligpment (less than 0.001 in./in).
depth spline equals 111s, where Pd - diametral pitch spline is made of AISI 9310 case carburized steel
(ratio of nt'.nlwr of teeth to pitch diameter) and Ps =- 6surface hardness of R. 60 to 64I. Dimensions are
'st" pitcn 2'u) The pitch of a spline commonly is 0.30 in. and D =0.75 in. i ind the bearing and a
given as a ratlo (16l/32. 20/40, and so on) with the nu- stresses and the projected life.
merator bring the diametral pitch and the denominator 1. On Chart 1. at L = 0.30 In. and D = 0.75 in.,
being the Midil pitch. HafDphJ = 9.5.

Full-Depth HalDph2. On Chart 2 (half-depth bearing stress plots. I
.4Spline Tooth Splne Tooth misalignment), at J =9.5. find K =9.5 for bea,

* -~-stress.

* A(20' Pressure Angle-) 130* pressure Angle) 3. On Chart 2 (%he~ar stress plots, light misaligmn

4 at Ji 9.5, find K -!: CP for shear stress.
- -4. Calculate S,,, = (1000) (1).5) = 9,500 psi.

S . Calculate S., =(1000) 16.0) = .000 psi.
p Loll tlioan--* 6. On Chart 3A1, for S,, - 9.50P0 psi, K, 1.0 (

I~,(I / -~ ,LM.I~2?e ~-shaock). and Rt, 60 carburized steel, find be
-- -~ /stress life factor K, = 1.30.

/ 7. On Chart 31. for S.A!4 6,000 psI, K. 1.0.
* -~I (lt'JCR, G0 rarburized steel, find shear stress life faI -. don tsrK, =-0.125.

S- - -** S. On Chatt 4. 'it IC, =1.30 forafie lie
1 hearing stress life =7.4 X 109 revolutions.

Ruht C-d 9 n Chart 4 again, at 91, 0.125. find shear
(bt loft ire =oo.

NM P10 Probable life is 7.4 X 109 revolutions.
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Although surface-hardened parts have a high wear lubricates and removes wear particles, thus reduc-

* life,.they may perform poorly if not made accurate- ing wear.
ly. These parts do not "wear-in" very well and may Another method of lubrication that has been
destroy themselves if each tooth does not carry used with some success directs oil down the center
Its share of the load. On smaller splines. lapping of a hollow shaft to radial holes in the spline. lhe

, is an inexpensive and often effective way to finish oil flows by centrifugal force through the spline
hardened surfaces. This process improves the finish and out through external metering holes. The holes
and corrects minor errors at considerably lower should be large enough to prevent clogging yet
cost than grinding. small enough to "ffood" the tooth area. This method
Lubrication is an effective means of cooling and lubricating

the joint and flushing out sludge.
" Because splines are often outside an enclosure. Coatings and lubricants generally work In con-

a pressurized oil system may not be available to cert. For example, black oxide enhances the oil
lubricate the j,,int. Therefore, grease is a common retention or oiliness of spline teeth, and silver
spline lubricant. Generally. the spline joint is plate acts like an extreme pressure film dtiring
packed full of grease and a retention method de- break-in and operation. In some cases, however.
vised so that the grease does not centrifuge out lubrication is superfluous, as with some forms of
of the joint, nylon coatings (these coatings operate best when

One drawback to grease lubrication is that wear unlubricated).
particles are trapped in the grease. After a time,
the mixture becomes abrasive and may accelerate Rating Spline Load and Life
wear. For this reason, grease lubricated working
splines should be regreased periodically, and the With this basic understanding of the factors that
old grease (and wear particles) purged rather than affect spline life, the use of the design charts for
merely replenished. One exception to this rule is rating load and life will be more clear. The charts
the case of a fully locked or fixed spline. If relative can be used in either of two cases. First, if spline
motion is severely restricted, the initial grease material, geometry, and operating conditions are
pack may last for hundreds or even thousands known, the load capacity and potential life of the
of hours. joint can be determined. Second, if the desired

* .If the spline is internal and the gearbox is oil life, loading conditions, and material are known,
. lubricated, the joint may be lubricated by oil splash the geometry can he found.

or direct oil jet. In either case, the oil flow both Two factors must be determined before the

Chart 1 - Geometry Factor
20
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analysis can begin: the toad distrihut ion factor 1C., 'The procedure when load and life must be de-
and the overloatd factor K,,. K,. is a function of the (ermined from taterinl and geometry is:
misal. mn pr1n ntejit ic iain . Chart 1: Find loponietry factor J at known
ment can have a significant effect on the load pitch diameter 1) and length L.
capacity. care Rshould he takten to chloose as realistic 2. Chart 2: On the proper curve (relatting mis.
a valuc as possible for K_, Typically, for tight mis- alignment, stress. and spline design), find
alignment (0.000 to 0.00 1 in./in.), K,, = 1.0; for torque factor K at known J and known (or
moderate misalignment (0.001 to 0.004 in./in.), estimated) K..
K,,, =2.0; and for heavy misalignment (0.0041 to 3. Calculate allowable hearing stress 5,, and al-
0.OOR in./in.), K, " 3.0. towibl e shear stress S,t from S : TK.

'The actual peak toad applied to a spline may be 4. Charts 3A and 313: Find two life factors Kr.
considerably higher than the steady-state design at known values Of SA and S..4 for (lie given
toad. Factor KC,, adjust; [lhe toad riting to account material.
for any shofck loads on the driven and driving mem- 5. Chart 4: At known values of K,., find the
hers. Trypical values for K. are listed in the table projected spline life. Use lower life as pro.
near Chart 3. jection.

Problem 2: Consider a spline made of 300 Bhn steel 6. On chart 2 (half-depthl hearing stress plots. miediumt
that must transmit a torque T' = .000 lb-in, under con- misalignment). at KC = 0.21, find J = 0.108 for bear-
ditions of moderate shock and misalignment. Required Ing stress.
life is 10? fevolutiofls. Determine the spline dimensions 7. On Chart 2 (shear stress plots, medium misalign-
for this application. ment, at X = 1.00. find J = O.R0 for shear stress.

1. On Chart 4. at life = 10, revolutions, find K, = 0.3 8. Since J for bearing stress is lower than J for shear
for shear stress and K. 0.9 for bearing stress. stress, bearing stress is the more important factor.

2. On chart 3A, at K,, = 0.9. 300 Bhn steel, and K. = Therefore, any combination' of L and D that meets
L.S (moderate shock), find S., = 1,700 psi. along the J = 0.10R line on Chart I will satisfy the

*3. On Chart 311. at K, = 0.3, 300 Bhn steel. and KC. = stress find life requirements. The choice of L and
7 1.5. find S.,~ = 8.000 psi. .D should he based on the available space. keeping

4. Calculate bearing stress torque factor KC = 1700/ Ratio LID as small as practicable. For example,
8000 =0.21. a 3.6 In. diameter spline, about 1.0 In. long wilt

5. .Calculaite she~ar stress torque factor KC 8000/8000 do the )ob here.
=1.00.

Chart 2 - Torque Factor
--- TTnT I I TTlTFTr- Frr7 V t -; M TT

00: 01 - ~~~~~Halt-~depth,Lq'ffio5r.-- \/ .,

bear t. strelssM.ecea 2i~rn
Heavy M.S019Iqfn /.~/

be.o ...../,
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For determistinp 1'eometry from desired life and Nomnclature

* material. thme p~roccedure is: D = Spline p~itch diani. in.
1. Chart 4: At detsired life, find life factor K,,. If = Tooth higmht. in.
2. Charts 3A and 313: At known IC,, find allow- K,=Lielto

able~~K =n l~srse n Load distribution factorabebearing a-shrsteesS( an Sj K. = Overload faictor
3.Calculate a torque factor K for both bear- gr = spliine type factor

ing and shear stress from K -SIT. L = Sint;O length, in.
4. Chart 2: On the relevant curves, at known K N = Nuniher of teethm

and known (or estimated) K,~ find a gcom- S,= AlowablesW (srfae ig stress
etry factor J for both bearing and shear stress. Ao. bi b S ear ingfl stress, psi

5.Chart 1: Use the smaller J from Step 4 to find S,,= Allowable shear stress, PSI
length L~ and pitch diaimeter D. T llb-n.ibm.

Both procedures determine the hearin.- stress and t = Tooth1 thitckness, in.
the shear stress. Generally, hearing stress limits
long-term life while shear stress limits the impact
or shock load capacity.0

Chart 3A -Bearing Stress Life Factor

Cae car nre-

24 2 O 20 S816 14 12 106 6 4 2 0 2 4
Allowable 8earinq Stress 5, ths,1 Life Factor 1r,

How Overload Chart 3B - Shear Stress Life Factor
Factor Reflects Shock Loads X%

Overload Factor -S1hock on Driven Member--'.' Case , but-red -

K.Light Moderate hleavy , ~ ~ *~l

Shok on Light 1.00 1.25 1.75 1""*~

Driving Moderate 1.25 1.50 2.25

Q8 44 40 36 32 '8 ?4 1 G 2 8 4 ,1

~Chart 4-Probable Life
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